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Introduction

This thesis is devoted to developing a toolkit for asymptotic study of es-
timators in 2-type critical Galton—Watson processes. We introduce the
basic notations for our model. Define a criticality parameter, namely
the spectral radius of the offspring mean matrix, and describe the clas-
sification of 2-type Galton—-Watson processes into subcritical, critical
and supercritical cases based on its value. Then we state a functional
limit theorem for the process by Ispany and Pap [6]. This limit is cu-
rious, because it is degenerate in the sense that it is concentrated on a
single line whose direction is determined by the right Perron vector of
the offspring mean matrix.

Then we develop the toolkit. We define a decomposition of the
process based on the phenomena observed at the end of the previous
section. We want to use these random variables as building blocks of
any estimator whose asymptotic properties we want to investigate. In
order to do that we need a firm understanding of their behaviour, so we
estimate their growth as the number of generations in the underlying
process tends to infinity. Our first upper bounds are too big, so in few
select cases we refine them. Then we state a joint limit theorem for our
building blocks.

Finally we demonstrate the applicability of this method. We state
results that can be proven using our toolkit. The results for the joint
estimator of both the offspring mean matrix and the immigration mean
isnew. The other theorems have been published in the following papers.

IspANY, M., KORMENDI, K. and Pap, G. (2014).

Asymptotic behavior of CLS estimators for 2-type doubly symmetric
critical Galton—Watson processes with immigration.

Bernoulli 20(4) 2247-2277.

KorMENDI, K. and Pap, G. (2018). Statistical inference of 2-type
critical Galton—Watson processes with immigration.
Statistical Inference for Stochastic Processes 21(1) 169-190.



1 Preliminaries

For each k,j € Z, and ¢,¢ € {1,2}, the number of individuals of
type i in the k™ generation will be denoted by Xy ;, the number
of type ¢ offsprings produced by the ;' individual who is of type
i belonging to the (k —1)"" generation will be denoted by & e,
and the number of type i immigrants in the k' generation will be
denoted by £y ;. Then we have

X Xe-1,1 ¢ Xi1,2 ¢
k| k1,1 k2,1 Ek,1 EeN. (1
{Xk,z} ; |:§k,j,1,2:| + ; |:§k,j,2,2:| + |:€k,2:| ’ €N (1)

Here {Xo,&; . €r:k,j €N, i€ {1,2}} are supposed to be inde-
pendent, where

X1 kgl £k,1
X, — . o |Skdg  |ERL]
i {Xk,Z} ’ Skji |:£k,j,i,2 ’ ek 5,2
Moreover, {& ;1 :k,j € N}, {§, ;0 :k,j €N} and {e: k€ N}
are supposed to consist of identically distributed random vectors.

We suppose E([|€; 1 1[1*) < 00, E([|&11]1*) <oo and E([les]?) <
oo. Introduce the notations

mﬁz = ]E(ELL'L‘) € Ri? mﬁ = [mﬁl m€2] € R?}X27
me . — E(sl) e R? ,
and
Ve, == Var(£,,,) e R*?, V.= Var(e;) e R**?, e {1,2]).
Note that many authors define the offspring mean matrix as mg For
keZy, let Fy Z:O(XO7X17...7Xk). By (1),
E(Xk | .kal) = myg Xp_1 +me.

Consequently,
k=1
E(X;) =m{E(Xo)+Y mim. kel
§=0



Hence, the asymptotic behaviour of the sequence (E(Xg))rez, de-
pends on the asymptotic behaviour of the powers (mlg)ng of the off-
spring mean matrix, which is related to the spectral radius r(mg) =:
o€ Ry of meg. A 2-type Galton-Watson process (Xy)rez, with
immigration is referred to respectively as subcritical, eritical or super-
eritical if o <1, p=1 or p > 1. We will write the offspring
mean matrix of a 2-type Galton—Watson process with immigration in
the form
o ﬁ}

mg = |:’Y 5

We will focus only on positively reqular 2-type Galton—Watson processes
with immigration, i.e., when there is a positive integer & € N such
that the entries of mg are positive (see Kesten and Stigum [7]), which
is equivalent to 8,7 € (0,0), «,d € Ry with a+ 6 > 0. Then the
matrix mg has eigenvalues

at 0t (a—08)? +48y
A > :

N a+8§—+/(a—08)2%+48y
_= 5 ,
satisfying Ay >0 and —A, < A_ < Ay, hence the spectral radius of
mye is o =r(mg) = A;. By the Perron theorem,

—k,_k T
AL = Uright Wiegy as k — oo,

where wyigne is the unique right eigenvector of mye (called the right
Perron vector of my) corresponding to the eigenvalue A, such that
the sum of its coordinates is 1, and wog, is the unique left eigenvector
of myg (called the left Perron vector of myg) corresponding to the
eigenvalue Ay such that (Wright, Wier) = 1, hence we have

rlght*ﬁ+)\+_a )\+_a )
weo =53 31 A7 Za)



Using the so-called Putzer’s spectral formula [8], the powers of mg
can be written in the form

m]g - )‘iurightul—gft + )\]ivrightvl—gfm ke N7
where vyigny and wier, are appropriate right and left eigenvectors of
my, respectively, belonging to the eigenvalue A_, for instance,

o 1 —B-Ata
rlght*)\jL_)\i ’7+)‘+_5 ’
_ 1 A+t
vleftﬁ+)\+_a|: ﬁ :|

The process (Xy)rez, is critical and positively regular if and only if
a,9 €10,1) and 8,v € (0,00) with a+d >0 and By = (1-a)(1-9),
and then the matrix mg¢ has eigenvalues Ay =1 and

A =a+d—1€e(=1,1).

Next we will recall a convergence result for critical and positively
regular 2-type Galton—Watson processes with immigration. For each
n € N, consider the random step process

XM= nX ., teRL.

The following theorem is a special case of the main result in Ispany and
Pap [6, Theorem 3.1].

Theorem. 1.1. Let (Xjy)rez, be

a 2-type Galton—-Watson process
with immigration such thaet o, € [0,1
)
)

) and B,y € (0,00) with
a+d >0 and ﬁ'y—(l—a)( -9
tively regqular), Xo =0, E([|€, >
E(|le1]|?) < oo. Then

(n) D Pp—
(Xt )tE]R+ — (Xt)tE]R+ = (yturight)tER+

as n — oo in D(R,,RY), where (Vi)ter, s the pathwise unique
strong solution of the SDE

(hence it is eritical and posi-
< 0, E(”ELLZH ) < oo and

dV: = (Wiepr, me) dt + \/<V§uleft7uleft>yt+ AW, teRy, (
yO - 07

2)



where (Wt)tER+ i$ a standard Brownian motion and

2
_ BV, + (1 — )V
‘/ﬁ = E <ei7uright>‘/ﬁi - 1ﬁ+1—a 2
i=1

is a mized offspring variance matriz.

In fact, in Ispany and Pap [6, Theorem 3.1], the above result has
been proved under the higher moment assumptions

E([€1,40") <o, E(l€r10l1) <00, E(fled]*) < 0,

which have been relaxed in Danka and Pap {3, Theorem 3.1}.

In this section we have introduced a number of assumptions on the
process (Xr),cz, For the sake of easier reference we collect those as-
sumptions here. First a condition that guarantees that our process
is critical and positively regular. The process satisfies the criticality
condition if

a,6€]0,1), B,v€(0,0), a+d>0, Bv=(1—a)(l—0). (CPR)

Then we have condition that we start from an empty initial population,
that is Xo = 0. If we don’t want to be stuck in 0 we have to assume
that the immigration distribution isn’t degenerate 0, it is sufficient to
assume m. # 0 for this. The process satisfies the zero start condition
if

Xo = O7 me 7& 0. (ZS)
Next we have a condition on the moments of the process, where we
assume the finiteness of /" moments of the offspring and immigration
distributions. This in terms implies the finiteness of the " moment of
the process itself. The process satisfies the moment condition for some
e Nif

E (||51,1,1||é) < 20, E (||51,1,2||é) < o0, E(|le1]¥) <oo. (M)

Finally we have a condition that doesn’t appear in this section how-
ever it will be necessary later. The process satisfies the nondegeneracy

condition if o
(VUiets, Vietr) 7 0. (ND)

The reason for this condition can be understood if one looks at Lemma,
2.5, as that describes a relation between the two parts of the upcoming
decomposition.



2 A toolkit for asymptotic study of estimates

2.1 A decomposition of 2-type Galton—Watson processes

In the previous section we saw that the eigenvectors of the matrix

me play an important role in the asymptotic behaviour of the process

itgelf. It is curious in Theorem 1.1 that the limit of a 2-dimensional

process is degenerate in the sense that it is concentrated on a single

line whose direction is determined by right. In this section we define

a decomposition of the process based on the eigenvectors of meg.
Applying (1), let us introduce the sequence

Mk::Xk—E(Xk|Fk,1):Xk—m€Xk,1—ms7 k€N7 (3)

of martingale differences with respect to the filtration (Fi)rez,. By
(3), the process (Xy)rez, satisfies the recursion

Xp=me X1 +me + My, ke N. 4)

We derive a useful decomposition for X, k € N. Let us introduce
the sequence

(Y+1-0)Xp1 +(B+1—0a)Xio
1—A_ ’

One can observe that Uy >0 for all k€ Z;, and

Up = (Weg, X 1) =

keZy.

Up = Up—1 + (W, Me) + (Wiers, M), ke N.

Hence (Ug)iez, isanonnegative unstable AR(1) process with positive
drift (wiest, me) and with heteroscedastic innovation ({(we, M) ken.
Note that the solution of the recursion is

k

Up = (wien, Mj+me),  keN,
=1

and applying the continuous mapping theorem to Theorem 1.1 yields
— n D
(n 1ULntj)t€]R+ = ({wier, XE )>)tE]R+ — ((Wiers, Xt>)tE]R+ = (yt)tE]R+

as n — oo, where ();)ier, is the pathwise unique strong solution
of the SDE (2). We could think of the variables (Uy) ., as the well



behaved part of our decomposition, because they allow us to get the
underlying 1-dimensional stochastic process in Theorem 1.1 . Moreover,

let
—(1—a)Xp 1+ BXip
B+1—a

Vi = (Viest, Xi) = ) keZ,.
Note that we have
Vie = A Vi1 + (Viest, Me) + (Viest, M), ke N.

Thus (Vi )rew is a stable AR(1) process with drift (ves, me) and with
heteroscedastic innovation ({(vie,, M) )ken. Note that the solution
of the recursion is

k
Vi = Z)\]iij«vlef‘m M; +m,), keN,
=1

and applying the continuous mapping theorem to Theorem 1.1 yields

(nilvtnﬂ)t@& = ((Viets, Xgn)>)tE]R+ 2> ({Vtets, Xt>)tE]R+ = 0.
We could think of the variables (Vi ), as the problematic part of our

decomposition, because the continuous mapping theorem does not find
the nonzero limit of them. The recursion (4) has the solution

k
Xk:Zmlg*j(merMj)? ke N.
j=1

Consequently, using (1) yields

B Btl—«a
B+1704Uk e el

1— 1-98
B+1ga Uk + ’Yltki Vk ’

X = UpUright + ViUrighy =

forall k € Z,.

We want to use this decomposition as a tool to investigate asymp-
totic properties of various estimators of the matrix mg. Any estimator
based on the sample X {, Xo,..., X, can be rewritten in terms of the
variables Uy, ..., U,, V1, ..., V,, thus a good understanding of their be-
haviour can gain insight into the behaviour of the estimator itself. We
note that this reformulation of an estimator is strictly a theoretical tool
to prove theorems about it, as without knowing m,¢ we also don’t know
e and vier therefore we can’t calculate Uy and V.



2.2 An estimation of moments

We want to bound the growth of (My)rez,, (Xi)rez,, (Ur)rez,
and (Vi)rez, and some related expressions as k — oo. The reader will
find statements in this section that allows us to identify negligible terms
in an expression, that is terms that with the right scaling disappear in
the limit. We will establish nonzero limits for some of these expression
in the next section.

First note that, for all k& € N, E(My | Fr—1) = 0 and thus
E(Mk) == 0, since Mk == Xk — E(Xk | }-kfl)-

Lemma 2.1. Let (Xy)icz, be a 2-type Galton-Watson process with
immigration that satisfies conditions (CPR), (M) with some £ € N and
Xo=0. Then E(|Xi|*) = O(k") and further

E(M;") = O(kU/?), E(U) = O(k), E(V7) = O(k)
for i,j €Zy with i <{ and 2j </,

The next corollary can be derived exactly as Corollary 9.2 of Barczy
et al. {2].

Corollary 2.2. Let (Xy)rez, be a 2-type Galton—Watson process
with immigration that satisfies conditions (CPR), (M) with some £ € N
and Xo = 0. Then

(i) forall i,5 € Zy with max{i,j} < |[€/2], and for all x > i+%+1,
we have

n’“Z‘U,iV,f‘gO as n— o,
k=1
(ii) for all i,J € Ly with max{:,7} < ¥, forall T >0, and for all
k>i+ 4+ L, we have

P
— 0 as n — o0,

n~ " sup ‘Uin v
tc[0,T] Ln] Tt



(iii) for all 4,5 € Ly with max{i,j} < [€/4], forall T >0, and
forall k>i+ %+ 2%, we have

[nt)
0 sup [N O[UVE —EUEV] | Fio)l| = 0 as n — .
t€[0,T] |,

Unfortunately the above corollary doesn’t always give good enough
bounds. In a few a select cases we provide sharper bounds on the
growth of these variables.

Remark 2.3. In the special case (£,4,7) = (2,1,0), one can show

n= " sup Uy o as n—> oo for k> 1,
t€[0,7)

see Barczy et al. [2].
Lemma 2.4. Let (Xy)icz, be a 2-type Galton-Watson process with

immigration that satisfies conditions (CPR), (ZS) and (M) with ¢ = 4.
Then for each T >0,

[nt] [nt]

n3? sup Zqu 250, 2 sup ZUkAVkA =0
te(0,T] |15 te[0,T] | .=

a8 n — 00. If further the process satisfies the higher moment condition,
(M) with ¢ =8, then for each T >0,

Lnt]
n~? sup ZU,ile,l =0 as n— 0.
2 (0 i

2.3 Limit theorems for building blocks

Up to this point we have defined a decomposition of the process and
proven some zero limit theorems about a few expression related to it.
We will use these results to find nonzero limits.

First we relate the sums of squares of the variables Vi to the well-
behaved part of our decomposition, the variables U,. If the process
(X&) ez, satisfies the condition (ND), then this can be used to find

the nonzero limit of the aforementioned sum.

10



Lemma 2.5. Let (Xy)rez, be a 2-type Galton—Watson process with
immigration that satisfies conditions (CPR), (ZS) and (M) with ¢ = 8.
Then for each T >0, we have

[nt] Lnt |

- (Ve Vlett, Viett) P
n~? sup ZVk— 516)7\26 ZUkl —0 as n — 0o.
¢c[0,T) -

The following corollary is the essential piece of our toolkit. We will
make heavy use of this statement in the following section.

Corollary 2.6. Let (Xy)rez, be a 2-type Galton-Watson process
with immigration that satisfies conditions (CPR), (ZS) and (M) with
¢ = 8. Then we hgve

3772 f01 ytz &
n U4 (V& Vlegt ,Vleft
n n V2 b 7]0 Yedt
s o |2 M
=1 | n MU fol yt dM,
73/2Mkvk*1 (Ve Vloft Vot ) W
Do = [ 0V aw,

as n — o0,

3 Estimates for the offspring mean matrix

Here is a showcase of the power of the toolkit developed in the previous
section. We derive a limit theorem for the estimation of the offspring
mean matrix, mg in three different settings. The notations introduced
in each subsection are unique to that subsection, for example the matrix
A, has a different meaning in each of the following subsections.

3.1 The doubly symmetric process

The aim of this section is to reproduce the results of {4, Theorem 3.1.}.
We call a 2-type Galton—Watson process doubly symmetric if its off-
spring mean matrix has the form

11



In this case v = 8, § = o and condition (CPR) takes the form
€ (0,1), B=1-aec(0,1) (CPR¥)
We have Ay =1, A_ =1-28, and

1 1 -1 1[-1
right = 5 1]° Ulet, = 11’ Uright = 1| Vieft = 5 1 .

The decomposition then simplifies to
1
Up = X1+ Xpa, V= 3 (Xi2 — Xi1)

Lemma 8.1. The joint CLS estimator for o and 8 has the form
a
= AilBrw
-
on the set Q, == {w € Q: det(A,) > 0}, where
n 2
- Xp—11 Xp—12
An(X17"'7X’n) *Z |:Xk12 Xk171:|

’

_ Xp—11 Xp—12
BuXs X = 32 [ R (e,

In the critical, doubly symmetric case the spectral radius of myg is
0= )\+ = o+ ﬁ7
so we can define a natural estimator for ¢ by 2, := @, + En

Theorem. 3.2. Let (Xy)rcz, be a 2-type doubly symmetric Galton—
Watson process with immigration satisfying conditions (CPR¥*), (ZS)
and (M) with £ = 8. If the process satisfies (ND) as well, then the

probability of the existence of the estimators &y, By, and 0, tends to 1
as n — oo, and further

)

fo Ve dt
0, —1) 2 D, fo Vi d (Vi = (wiers, me)t)
! fo 2 dt

12



as n — oo, where ()it)tg]R+ is defined in (2).

3.2 The general process with known immigration mean

Lemma 3.3. The CLS estimator of me has the form g™ = B, A"
on the set Q,, == {w € Q: det (A,,) > 0}, where

n

A=Y XXy, B =Y (Xp-mo) X[,
k=1 k=1

Theorem. 3.4. Let (Xjp)pez, be a 2-type Galton—Watson process
with immigration satisfying conditions (CPR), (ZS) and (M) with £ =
8. If the process satisfies (ND) as well, then the probability of the

(n)

existence of the estimators mg""’ and 9, tends to 1 as n — oo, and

further
122 Ly dw
W) — ) 2y LAY Ty YW
<V§vleft7vleft> / fo Y, dt
D fo yt <uleft7ms>t)

n(on —1) —

fo 2 dt

as n— oo, with V; = (Weg, Mi+tme), t € Ry, where (My)ier,
is the unique strong solution of the SDE

AM; = (et My + tm) 2T 2 aw,, teRry,
MO - 07

where (Wi)ier, and (VVJtEM are independent 2-dimensional stan-
dard Wiener processes.

3.3 The general process with unknown immigration mean

Lemma 3.5. The joint CLS estimator of mg and m, has the form

me™ = B, A

TN ZXk_/\(n ZXk 1

13



on the set Q,, == {w € Q: det (A,,) > 0}, where

n 1 n n
An(Xy, . X)) =) X X — ~ S X X,
k=1 k=1 k=1

B (X1,..., X,) =Y XiX| |- %Zxk > X,
k=1 k=1 k=1

Theorem. 3.6. Let (Xk)kgz+ be a 2-type Galton—Watson process
with immigration that satisfies conditions (CPR), (ZS) and (M) with
¢ = 8. If the process also satisfies (ND), then the probability of the

eristence of the estimators ﬁg("), ma™ and On tends to 1 as n — o0,

and further

=1/2 (1 0
—(n p o (1=X)Y2 V'O [ Ve dW,
2 (g —me) = — R Viers
<‘/§vlef‘c7vlef‘c> fo yt dt
™ —m. 2 My,
also

D, fol Ve d(Ve — (Wiets, me)t) — (Vi — (Wietr, M) fol Y, dt
2
fol yt2 dt — (fo1 Vi dt)

as n— 00, with Vi = (Wery, My +tmg), t R, where (M)icr,
is the unique strong solution of the SDE

n(/Q\n - 1)

AM; = (et My + tm) D22 aw,, teRry,
Mo =0,

where (Wi)ier, and (VVJtEM are independent 2-dimensional stan-
dard Wiener processes.

14



References

(1]

2]

(5]
(6]

7]

18]

Barczy, M., IsPANY, M. and Pap, G. (2011). Asymptotic behav-
ior of unstable INAR(p) processes. Stochastic Processes and their
Applications 121(3) 583-608.

Barczy, M., IspPANY, M. and Papr, G. (2014). Asymptotic be-
havior of conditional least squares estimators for unstable integer-
valued autoregressive models of order 2. Scandinavian Journal of
Statistics 41(4) 866-892.

Danka, T. and Papr, G. (2016). Asymptotic behavior of critical
indecomposable multi-type branching processes with immigration.
European Series in Applied and Industrial Maothematics (ESAIM).
Probability and Statistics. 20 238-260.

IspANY, M., KOrMENDI, K. and Pap, G. (2014). Asymptotic
behavior of CLS estimators for 2-type doubly symmetric criti-
cal Galton-Watson processes with immigration. Bernoulli 20(4)
2247-2277.

IsPANY, M. and Pap, G. (2010). A note on weak convergence of
step processes. Acta Mathematica Hungarica 126(4) 381-395.

IsPANY, M. and Papr, G. (2014). Asymptotic behavior of crit-
ical primitive multi-type branching processes with immigration.
Stochastic Analysis and Applications 32(5) 727-741.

KesTEN, H. and STicum, B. P. (1966). A limit theorem for mul-
tidimensional Galton-Watson processes. The Annals of Mathemat-
ical Statistics 37(5) 1211-1223.

PurzER, E. J. (1966). Avoiding the Jordan canonical form in the
discussion of linear systems with constant coefficients. The Amer-
ican Mathematical Monthly T3(1) 2-7.

15



