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1 In trod u ction

Branching processes have a number of applications in biology, finance, eco­
nomics, and queueing theory see Haccou et al. [7]. Many aspects of applica­
tions in epidemiology, genetics, and cell kinetics were presented at the 2009 
Badajoz Workshop on Branching Processes, see Velasco et al. [23].

Statistical inference for Galton-W atson processes have an extensive liter­
ature in the single type case. The problem in its present form was described 
by Heyde and Seneta [5], [6]. In a series of articles the authors Wei and 
Winnicki (see [24], [25], [27]) described the asymptotic behaviour of the esti­
mates gained by the conditional least squares method introduced by Klimko 
and Nelson [15] and its modification the weighted conditional least squares 
method by Nelson [18]. For a more in-depth discussion of the history of pa­
rameter estimation for branching process see the excellent survey article by 
Winnicki [26].

M ultitype Galton-Watson processes are natural generalizations of the 
single-type case. For a textbook introduction to multitype branching pro­
cesses one should check Athreya and Ney [1, Chapter V.] or Mode [17]. Sta­
tistical inference for these models are sparsely available. The asymptotic 
behaviour of the process itself was described by Quine [20] in the subcritical, 
by Ispány and Pap [12] in the critical and finally by Kesten and Stigum [14] 
in the supercritical case. Quine and Durham [21] described a strongly con­
sistent and asymptotically normal estimator for the offspring mean m atrix in 
the subcritical case, while Shete and Sriram [22] established similar results in 
the supercritical case, however in the supercritical case the estimator requires 
more information than just the generation sizes of each type of individual. 
Results in the critical case was first established by Ispány et al. [10] under 
heavy restrictions on the structure of the offspring mean matrix, then later 
Körmendi and Pap [16] lifted the restrictions and described the asymptotic 
behaviour of an estimator in both the critical and subcritical cases.

This thesis is devoted to developing a toolkit for asymptotic study of 
estimators in 2-type critical Galton-W atson processes. In Section 2 we in­
troduce the basic notations for our model. We define a criticality parameter, 
namely the spectral radius of the offspring mean matrix, and describe the 
classification of 2-type Galton-W atson processes into subcritical, critical and 
supercritical cases based on its value. Then we state a functional limit theo­
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rem  for th e  process by Ispany and P ap  [12]. T his lim it is curious, because it is 
degenerate  in th e  sense th a t  it is concen tra ted  on a  single line whose direction 
is determ ined  by th e  right Perron  vector of th e  offspring m ean m atrix .

Section 3 contains th e  developm ent of th e  too lk it. We define a  decom ­
position of th e  process based on th e  phenom ena observed a t th e  end of th e  
previous section. We w ant to  use these  random  variables as build ing blocks of 
any e stim ato r whose asym pto tic  p roperties we w ant to  investigate. In order 
to  do th a t  we need a  firm  understand ing  of th e ir behaviour, so we estim ate  
th e ir grow th as th e  num ber of generations in th e  underly ing  process tends to  
infinity. O ur first upper bounds are too  big, so in few select cases we refine 
them . T hen  we use a  theorem  by Ispany and P ap  [11] to  prove a  jo in t lim it 
theorem  for these  build ing blocks.

We dem onstra te  th e  applicab ility  of th is m ethod  in Section 4 . F irs t we 
reproduce th e  results in th e  special doubly  sym m etric  m odel described in 
Ispany et al. [10, T heorem  3.1]. T his was our first p a ram eter estim ation  
resu lt for 2-type  G a lto n -W atso n  processes and as such we chose a  special 
m odel w ith  heavy restric tions on th e  s tru c tu re  of th e  offspring m ean m atrix , 
w here everyth ing  is relatively  easy to  calculate. By developing a b e tte r  un ­
derstand ing  of th e  ideas re la ted  to  th is  decom position we m anaged to  tackle 
th e  general case, w here we only assum e th a t  th e  offspring m ean m atrix  is 
positively regular. T hese results can be found in K orm endi and P ap  [16, 
T heorem  3.1] and  are also reproduced in Subsection 4.2. We finish th is sec­
tion  w ith  a  new result: We exam ine th e  asym pto tic  p roperties of a  jo in t 
estim ato r of b o th  th e  offspring m ean m atrix  and th e  im m igration  m ean.

2 P relim in aries

Let Z +  N, R  and R+ denote  th e  set of non-negative integers, positive 
integers, real num bers and non-negative real num bers, respectively. Every 
random  variable will be defined on a fixed p robab ility  space (^ ,  A , P).

For each k, j  E Z+ and i ,£  E { 1, 2}, th e  num ber of individuals of type  
¿ i n  th e  kth generation  will be deno ted  by X k;i, th e  num ber of type  £ 
offsprings p roduced by th e  j th indiv idual who is of type  i belonging to  th e  
(k — 1)th generation  will be denoted  by and  th e  num ber of type  i
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immigrants in the kth generation will be denoted by ek,i- Then we have

X k, i

X k ^

Xfc_i,i

Z
j =1

£k j,M
Xfc_i,2

+  Z
j = 1

^W 2,1
$k,j,2,2m

+ £k,1
Gfc,2

k G N. (1)

Here { X o, ^k,j,í, ^k : k , j  G N, i G {1 ,2}} are supposed to be independent, 
where

X  k := X k,i
X k,2 «k,j,i

^WG1
.^k,j,i,2J

k̂ : Gfc,i
Gfc,2

Moreover, {€k j ,i : k , j  G N }  i€ k, j ,2 : k , j  G N} and {ek : k G N} are 
supposed to consist of identically distributed random vectors.

We suppose E (||£ 1;1;1||2) <  to, E (||£ 1;1;2||2) <  to and EQj^ ||2) <  to. 
Introduce the notations

m  :=  E (^1,1,*) G m  :=  [m c  m ] G
m e :=  E (e 1) e  R+,

and

V«, :=  V a r («1,w ) G R 2x2 V  :=  V a r ( s i)  G K 2x2, i G { 1, 2}.

Note th a t many authors define the offspring mean matrix as

2.1 E igenvectors o f th e  offspring m ean m atrix

Our ultim ate goal is to estimate the m atrix m « . In order to emphasize its 
importance we show how it plays a role in the asymptotic behaviour of the 
process. For k G Z +  let F k :=  a (X 0, X 1, . . . , X k). By (1),

E (X k | F k - i)  =  Xk-1,1 m «1 +  Xk-1,2 m «2 +  m e =  m « X k -i +  m e . (2)

Consequently,

E (X k) =  m «E (X k-1) +  m e , k G N,

which implies
k-1

E (X k) =  m « E (X o) +  Z  m « m e , k G N. (3)
j=0

Hence, the asymptotic behaviour of the sequence (E (X k))kGZ+ depends 
on the asymptotic behaviour of the powers (m «)kGN of the offspring mean
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matrix, which is related to the spectral radius r (m k ) =: g E R+ of (see 
the Frobenius-Perron theorem, e.g., Horn and Johnson [8 , Theorems 8.2.11 
and 8.5.1]). A 2-type GaltonWVatson process ( X k)kEZ+ with immigration 
is referred to respectively as subcritical, critical or supercritical if g < 1, 
g = 1 or g > 1 (see, e.g., Athreya and Ney [1, V.3] or Quine [20]). We 
will write the offspring mean m atrix of a 2-type GaltonWVatson process with 
immigration in the form

m ^  :
a ft
Y 6 (4)

We will focus only on positively regular 2-type GaltonWVatson processes 
with immigration, i.e., when there is a positive integer k E N such tha t the 
entries of m |  are positive (see Kesten and Stigum [14]), which is equivalent 
to ft,Y E (0, to), a, 6 E R+ with a  +  6 > 0. Then the m atrix m ^ has 
eigenvalues

A+ :=

X  :=

a  +  6 +  \ / ( a  — 6 )2 +  4ftY 
2 ; 

a  +  6 — \J  (a  — 6 )2 +  4ftY

satisfying A+ >  0 and —A+ <  A— <  A+, hence the spectral radius of m ^
is

g =  r (m %) =  A+ =
a  +  6 +  \ / ( a  — 6 )2 +  4ftY 

2 ■ (5)

By the Frobenius-Perron theorem (see, e.g., Horn and Johnson [8 , Theorems 
8.2.11 and 8.5.1]),

2

A+km k£ ^  UnghtuJe{t as k ^  to,

where u right is the unique right eigenvector of m k (called the right Perron 
vector of m ^) corresponding to the eigenvalue A+ such th a t the sum of its 
coordinates is 1, and u left is the unique left eigenvector of m k (called the 
left Perron vector of m ^) corresponding to the eig envalue A+ such tha t 
(u right, u left) =  1, hence we have

u right
1

¡3 T  A+ — a
ft

A+ — a 5

u left
1

A+ — A_
Y +  A+ — 6 
ft T  A+ — a
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Using th e  so-called P u tz e r’s spectra l form ula (see, e.g., P u tze r [19]), th e  
powers of can be w ritten  in th e  form

Ak
k A + A+ — 6

3 ] Ak1 A+ — a —3 1
Y A+ — a ' A+ — A— —Y A+ — 6_

( 6)

— A+ «right«left +  A—W igh^M ^ k £

w here v right and  v left are  ap p ro p ria te  right and  left eigenvectors of m ^, 
respectively, belonging to  th e  eigenvalue A_, for instance,

v right

v left

1
A+ -  A_

~ 3  — A+ T  a  
Y +  A+ — 6 ,

1
3  T  A+ — a

A+ T  a

3
T he process (X k)k£Z+ is critical and  positively regular if and  only if a, 6 £ 
[0,1) and  3 , Y £ (0, ro ) w ith  a  +  6 >  0 and 3 y — (1 _  a )(1  — 6), then  
th e  m atrix  m  ̂ has eigenvalues A+ — 1 and

A_ — a  +  6 — 1 £  (—1, 1).

Now we explore th e  rela tions of th e  eigenvectors of m  ̂ w ith  each o ther. 
O ur first resu lt is also known as th e  principle of b iorthogonality , we prove it 
nonetheless to  show its proof is different from  th a t  of Lem m a 2.3.

Lem m a 2.1. Suppose that the process (X k)k£Z+ is critical and positively 
regular, then we have (« right, v f  — (v right, « left) — 0 .

P roof. Using th a t  « right and v left are eigenvectors of th e  m atrix  m  ̂ we get

(« right, v left) — ('m £ « right, v left) — ^righO v left) — A—̂ righO v left) .

Since A— — 1 th is  concludes (« right, v left) — 0. T he  proof of (v right, « left) — 0 
can be carried  ou t similarly. □

Lem m a 2.2. Suppose that the process (X k)k£Z+ is critical and positively 
regular, then we have

d e t ( [« right v right] ) — 1.

P roof. We can calculate  th e  de te rm inan t th e  following way

d e t ( [«right v right] ) — «right
0 1
-1  0 v  right «right «left 1.

□



Lem m a 2.3. Suppose that the process ( X k)kGZ+ is critical and positively 
regular, then we have (v right , v left) =  1.

P roof. Using th a t  P y =  (1 — a )(1 — 5) we get

(v left, v right) =  \  7
1

1 1 1 + P __
1

1 —1 +  a
a  — 5 Y +  1 — 5 , P  +  1 — a P

(—P — 1 +  a ) ( —1 +  a )  +  (y +  1 — 5)P  
(2 — a  — 5)(P  +  1 — a )

(P +  1 — a )(1 — a )  +  P y +  (1 — 5)P  
(2 — a  — 5 )(P  +  1 — a )

(P +  1 — a )(1  — a )  +  (1 — a )(1  — 5) +  (1 — 5)P  
(2 — a  — 5)(P  +  1 — a )

=  1.

□

2.2 A  lim it theorem  for th e  process

N ext we will recall a  convergence result for critical and  positively regular 2- 
type  G alton-W atson processes w ith  im m igration . A function f  : R + ^  R d 
is called cadlag if it is right continuous w ith  left lim its. Let D (R + , R d) 
and  C (R + , R d) denote the space of all R evalued cadlag and continuous 
functions on R + , respectively. Let D to(R +, R d) denote the Borel a-field in 
D (R + , R d) for th e  m etric  characterized  by Jacod  and Shiryaev [13, V I.1.15] 
(w ith th is  m etric  D (R + , R d) is a  com plete and separable m etric  space). For 
R evalued stochastic pro cesses (Y  t )tGR+ and (Y (n))tGr+  n  G N, w ith

cadlag p a th s we w rite  Y Y  as n  ^  to if th e  distribution of Y  
on th e  space (D (R +, R d), D to (R+, R d)) converges weakly to  th e  d is tribu tion  
of Y  on the space (D (R +, R d), D to(R+, R d)) as n  ^  to . C oncerning th e

V
n o ta tio n  — » we note th a t  if £ and £n , n  G N, are  random  elem ents w ith

T)
values in a  m etric  space (E , p), th en  we also denote  by £n — > £ th e  weak 
convergence of th e  d istribu tions of £n on th e  space (E , B ( E )) tow ards 
th e  d is tribu tion  of £ on th e  space (E , B ( E )) as n  ^  to, w here B ( E ) 
denotes th e  Borel a -a lgeb ra  on E  induced by th e  given m etric  p.

For each n  G N, consider th e  random  step  process

X :=  n —1X L„tj, t  G R +.

T he following theorem  is a  special case of th e  m ain resu lt in Ispany and Pap  
[12, T heorem  3.1].
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T heorem . 2.4. Let (X k)k£Z+ be a 2-type Galton-Watson process with 
immigration such that a, 6 £ [0, 1) and P ,y  £ (0 , to) with a  +  6 > 0 
and Py =  (1- a )(1 - 6) (hence it is critical and positively regular), X 0 = 0 7 
E ( ||£ i,i,i ||2) < TO E ( ||£ i;i,2 ||2) < to and E d lep j2) < to. Then

( X <t ^ ) t £R  ̂ (X t )t£R+ :=  (Ztu right)t£R+ (7)

as n ^  to in D (R + ,R d), where (Zt)t£R+ is the pathwise unique strong 
solution of the SDE

dZt =  (u ieft, m e) dt +  y  (V^uieft, u ieft)Z + dW t, t £ R + ,

Z o =  0,

where (Wt)t£R+ is a standard Brownian motion and

V  : =  (e i, Uright)V $i =
i=1

is a mixed offspring variance matrix.

P V y +  (1 -  a )  V -2
P +  1 — a (9)

In fact, in Ispany and  P ap  [12, T heorem  3.1], th e  above resu lt has been 
proved under th e  higher m om ent assum ptions

E ( ll£ i,uH4) <  TO e ( II£u ,2||4) <  TO E ( lk i ||4) <  TO

which have been relaxed in D anka and P ap  [4, T heorem  3.1].

R e m a rk  2.5. The SDE (8) has a unique strong solution (Z t(z))t£R+ for all 
initial values Z ^  =  z £ R, and if z >  0, then Z t(z) is nonnegative for 
all t £ R  + with probability one, hence Z + may be replaced by Z t under 
the square root in (8) , see, for example, Ikeda and Watanbe [9, Chapter IV, 
Example 8.2].

In th is  section we have in troduced  a num ber of assum ptions on th e  process 
( X k)k£Z+ For th e  sake of easier reference we collect those  assum ptions here. 
F irs t a  condition th a t  guaran tees th a t  our process is critical and  positively 
regular. T he process satisfies th e  criticality condition if

a, 5 £ [0, 1), P ,y  £  (0, to), a  +  5 > 0, P y =  (1 — a )(1 — 5). (C PR )

T hen  we have a  condition th a t  we s ta r t  from  an em pty  in itia l population , 
th a t  is X 0 =  0 . If we d o n ’t  w ant to  be stuck  in 0 we have to  assum e th a t  th e
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immigration distribution isn’t degenerate 0 , it is sufficient to assume m e =  0 
for this. The process satisfies the zero start condition if

X  o =  0 , m e =  0 . (ZS)

Next we have a condition on the moments of the process, where we assume the 
finiteness of £th moments of both the offspring and immigration distributions. 
This in terms implies the finiteness of the £th moment of the process itself. 
The process satisfies the moment condition for some £ £ N if

E  (Il£ i,i,ill0  <  o E  (Il£l,1,2ll0 <  o , E (||ei||*) <  oo. (M)

Finally we have a condition th a t doesn’t appear in this section however it 
will be necessary later. The process satisfies the non degeneracy condition if

(V^Vieft, Vleft) =  0. (ND)

The reason for this condition can be understood if one looks at Lemma 
3.11, as tha t describes a relation between the two parts of the upcoming 
decomposition.

By the Frobenius-Perron theorem u right is a vector whose coordinates are 
all positive and add up to 1, hence V% defined in (9) is a convex combination 
of the offspring covariance matrices and as such it is a positive semidefinite 
matrix. Therefore

(V^Vieft, «left) >  0,

so when (ND) doesn’t hold, we have

(V^Vieft, «left) =  0.

One can easily check the following
2

(V £Vleft, v left) ^  ^(e1, u right)Var ( (vleft, ^ l ;l ;j ^  ,
i=1

consequently

(V^Vleft, Vleft) = 0  = ^  Var ((«left, ^ i,i,i^  = 0 ,  i =  1, 2.

So when the non-degeneracy condition fails, then both offspring distributions 
are degenerate. In this thesis we prove results under (ND), however we note, 
th a t Körmendi and Pap [16] contains some results under the degenerate case 
as well.
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2.3 Insight from  a failed  a ttem p t

W ith Theorem 2.4 in hand we will try  to use the continuous mapping theorem 
to analyse an estimator. This attem pt will fail, but understanding why it 
fails will give us clues to which direction should we continue our research.

As a method of estimation we are going to use the conditional least squares 
method, however we will not go into much detail here, since Section 4.2 
contains not only the construction of the estimator but also a successful 
attem pt at describing its limiting behaviour. The difference of the least 
squares estimate and the real offspring mean matrix can be written as

m (n) -  m  = c  «a - 1,

where
n

A n (X  i ,.. . ,  X n) =  £  X k -iX ri-1,
k = 1

n

C  n (X  i ,.. ., X n) =  Y  M k X ri-1.
k=1

For a  detailed  proof see Lem m a 4.5 and C orollary  4.6. We will focus on th e  
asym pto tic  behaviour of th e  m atrix  A n. By T heorem  2.4 and  th e  continuous 
m apping  theorem  we have

n - 3An =  / 1 X(n) (*<n)
U nfortunate ly  th e  m atrix  A is non-invertible, since d e t(A) =  0. So a 
s tra ig h t up app lication  of th e  continuous m apping  theorem  fails to  find th e  
non-zero lim it th a t  we are looking for. T he correct way to  look a t th is  is 
th a t  T heorem  2.4 is incom plete, we need som ething m ore. In th e  following 
section we are in troducing  a  decom position of th e  process and  based on th a t, 
we prove a  lim it theorem  th a t  is an extension of T heorem  2.4 allowing us to  
exam ine th e  estim ato rs successfully.

T
dt v 1 2  T

I Z t d t  u rightu right = : A

12



3 A  to o lk it for a sy m p to tic  s tu d y  o f e s tim a tes

3.1 A  d ecom p osition  o f 2 -typ e G alton^W atson  processes

In the previous section we saw tha t the eigenvectors of the matrix play an 
im portant role in the asymptotic behaviour of the process itself. It is curious 
in Theorem 2.4 tha t the limit of a 2-dimensional process is degenerate in the 
sense th a t it is concentrated on a single line whose direction is determined 
by n right. In this section we define a decomposition of the process based on 
the eigenvectors of m ^.

Applying (2), let us introduce the sequence

M k  :=  X k — E (X k | Fk-i) = X k — m ^ X k —i — m e, k G N, (10)

of martingale differences with respect to the filtration (F k)kGZ+. By (10), 
the process ( X k)kGZ+ satisfies the recursion

X k =  m ^ X k —i +  m £ +  M k, k G N. (11)

We derive a useful decomposition for X k, k G N. Let us introduce the 
sequence

Uk := (« left, X k) =  (Y +  1 -  S')Xk^ + ( 3 +  1 -  a )X k2 , k G Z+. (12)

One can observe th a t Uk >  0 for al 1 k G Z+, and

Uk = Uk-i +  («left, m e) +  («left, M k ), k G N, (13)

since («left, m% Xk-i) = « ¡¡^m ^X k -i =  « J ftX k - i  =  Uk-i, because «left 
is a left eigenvector of the mean matrix belonging to the eigenvalue 1. 
Hence (Uk)kGZ+ is a nonnegative unstable AR(1) process with positive drift 
(« left, m e) and with heteroscedastic in novation ((« left, M  k ))kGN. Note tha t 
the solution of the recursion (13) is

k
Uk =  ^ ( « left, M j  +  m e) , k G N, (14)

j=i
and applying the continuous mapping theorem to Theorem 2.4 yields

(n 1U \_nt\ )tGR+ =  ( (« left, X  )) iGR+  > ((« left, X  t ))t G R+ =  (Z t )t G R+ (15)

as n  ^  to, where (Zt )tGR+ is the pathwise unique strong solution of the 
SDE (8). We could think of the variables (Uk)kGZ+ as the well behaved part of
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our decomposition, because they allow us to get the underlying 1-dimensional 
stochastic process in Theorem 2.4 . Moreover, let

Vk :=  (vleft, X k) =

Note th a t we have

— (1 — a)Xk,i + PX k,2 
3 +  1 — a

k e  Z +. (16)

Vk = X—Vk—i + (v ieft,m e) +  (v ieft,M k ), k e  N, (17)

since (v ieft,m $ X k —i) = v Jeftm i X k —i = X—v J ftX k—1 =  X—Vk—i, because 
v left is a left eigenvector of the me an m atrix m  ̂ belonging to the eigenvalue 
X—. Thus (Vk)keN is a stable AR(1) process with drift (v left, m e) and 
with heteroscedastic innovation ((v left, M k))keN. Note tha t the solution of 
the recursion (17) is

Vk =  Y  X——j (v left, M j + m c k e  N, (18)
j =1

and applying the continuous mapping theorem to Theorem 2.4 yields

(n—lV[nt\)teR+ = ( (vleft, X(n)))teR+ — ( (vleft, X t) )teR+ =  0.

We could think of the variables (Vk)keZ+ as the problematic part of our 
decomposition, because the continuous mapping theorem does not find the 
nonzero limit of them, since the scaling is incorrect. By (1) and (10), we 
obtain the decomposition

k-1,1 Xk-k-1,2
M  =  £  te „ j , i—E ( e , j , i ) ) + £  (ik,j,2—E ( tw )) + — E (e*) ) , (19)

j = 1 j=i

for all k e N. The recursion (11) has the solution

k
X k =  Y  m ^—j  (m £ + M j ), k e  N.

j=i

14



Consequently, using (6),

X  k = ^   ̂ ^UrightUleft +  ^ — - v rightv left) ( m e +  M j ) 
j=1

=  U
k k

rightUMt (X j — m £X j-1 ) +  v rightv left ^ —  ̂(X j — m £X j - l )
j=l j =1

k k

=  UrightUleft ^ 3 (X j — X j-1 ) +  Vrightv left [^— ^X j — ^ —  ̂ X j —
j=1 j =1

=  UrightUleftX  k +  v rightv leftX  k =  Uk Uright +  W WighO
hence

X  k = Xk,1
X k,2

v right
Uk'

.Vk.
,0+1 —a 

1—a 
,0+1—a

U  —

Uk +

,0+1—a 
1— A_ 

Y+1— 
1- A_

Vk

Vk
(20)

for all k E Z+.
We w ant to  use th is  decom position as a tool to  investigate  asym pto tic  

p roperties of various estim ato rs of th e  m atrix  A ny estim ato r based
on th e  sam ple X 1, X 2, . . . ,  X n can be rew ritten  in term s of th e  variables 
U1, . . . ,  Un , V1, . . . ,  Vn, thu s a good understand ing  of th e ir behaviour can give 
us insight in to  th e  behaviour of th e  estim ato r itself. We no te  th a t  th is  re­
form ulation  of an estim ato r is s tric tly  a  theore tical tool to  prove theorem s 
ab o u t it, as w ithou t knowing m ^  we also d o n ’t  know Uieft and  v left, therefore 
we are unable to  calcu late  Uk and  Vk.

3.2 A n estim ation  o f m om ents

We w ant to  bound  th e  grow th of ( M k)keZ+, ( X k)keZ+, (Uk)kEZ+ and
(Vk)kEz + and  some rela ted  expressions as k ^  to . T he  reader will find 
s ta tem en ts  in th is  section like this:

n  7/2 sup
tE[0,T ]

LntJ
E u ?— 1 Vk—1
k=1

0 as n T O .

W h at these  allows us to  do is identify  negligible term s in an expression, th a t  
is term s th a t  w ith  th e  right scaling d isappear in th e  lim it. We will establish  
nonzero lim its for some of these  expression in th e  next section.

F irs t no te  th a t, for all k E N, E (M k  | Fk  —1) =  0 and  thus E ( M k ) =  0 , 
since M k  =  X k  — E (X k  | F k —1).

15



L em m a 3.1. Let ( X k)kGZ+ be a 2-type Galton-Watson process with im­
migration satisfying (M) with £ = 2 and X 0 = 0 . Then

V ar(M k | F k-i) =  X k-i,iV €l +  X k - igV , 2 +  V

= U k-iV  +  Vk-i V  +  V
for all k G N 7 where

V , := t  (e,, v ,„ h,)V,i .  .

( 21)

¿=1
P roof. Using the decomposition (19), where, for all k G N, the random 
vectors { £ .  - ^ k j g X  £k,j.2 - 2) , ^k - E ( ^k) : j  G N } are indepen­
dent of each other, also independent of F k-1, and have zero mean vector, 
we conclude (21). □

We will make good use of the following lemma on sums of i.i.d. random 
variables and its generalization.

L em m a 3.2. Let (Zk)kGN be independent and identically distributed random 
variables such that E(^Z1^k ) <  œ  with so me k G N.

(i) Then there exists a polynomial Q : R ^  R  with degree at most k 
such that

E ((G  +  ••• +  ZN)k) =  Q (N ), N  G N.

(ii) If  E(Z1) =  0 then there exists a polynomial R  : R ^  R 7 with degree 
at most [k /2 \ such that

E((Z1 +  ■■■ +  Zn )k) =  R (N ), N  G N.

The coefficients of the polynomials Q and R depend on the moments 
E(Zi), i G{1 , . . . , N }.
P roof, (i) By the multinomial theorem we have

N
(Z1 +  ■ ■ ■ +  Zn )k =  I ^  Zi E

k !
N

,i=1 . i 1! . . .  iN! j  .
ii , . . . , iN GZ+ j =1

n  j .

¿1+---+iN = k
Taking expectation of both sides and using the independence of the variables 
yields

k
k! ^

N
E E c.

i=1
E. i 1! . . .  iN! .=il,...,iN GZ+ j = 1

---n = k
n E  z

k

16



Since th e  variables are  also identically  d istribu ted , we can regroup th is  sum  
by in troducing

ks :=  \{ j  e  { l , . . .  ,N }  : j  | , s G {1 , . . .  , ,

leading to

N
E

i= 1
E Z i  I = E

se{1,...,k}, (ki ,...,ks )eHs

'N N

A ,

' n  -  k i ---------- ks- r
, k s

n t E  (zi )]**.
i=i

w here

H s =  { (k 1, . . . ,  k s) G Z + : k s =  0 , k 1 +  2k2 +  3k3 +  • • • +  sk s =  k} .

Since

( N \ ( N  -  k A  / N  -  k 1 ----------- ks_1 \

WA k2 y A ks y
_  N ( N  -  1) ••• (N  -  k  -  k2 -----------ks +  1)
=  k1!k2! ••• ks!

is a polynom ial of th e  variable N  having degree k1 +  • • • +  ks <  k, we have 
shown th e  existence of Q.

vii) Using th e  sam e decom position, we have 

N \  k\

E " E  z* I =  E
i=1 se{2,...,k}, 

(0 ,k2,...,ks)eHs

N

vk2/

N  -  k 2 ---------- ks-1 '
k s n  tE  (z1)

i=2

Here

/ N \  / N  -  k A  ( N  -  k 2 ------------k s -A

UA ka y A ks )
=  N  (N  -  1) ••• (N  -  k2 -  ka ---------- ks +  1)
=  k2!ka! ••• ks!

is a  polynom ial of th e  variable N  having degree k2 +  • • • +  ks. Since

k =  2k2 +  3k3 +  • • • +  sk s >  2(k2 +  k3 +  • • • +  ks),

we have k2 +  • • • +  ks <  k /2  yielding p a rt (ii).
Lem m a 3.2 can be generalized in th e  following way.

□

k

17



L em m a 3.3. Let (Z J iGN be independent and identically distributed random, 
vectors with values in R 2 such th at E  (||Z i ^k+^  <  w  with so me k,£  G N.

(i) There exists a polynomial Q : R  ^  R  with degree at most k +  £ such 
that

E  ((C1,1 +  ■ ■ ■ +  ( N , i)k (Z1,2 +  ■ ■ ■ +  Cw,2) ')  =  Q (N ), N  G N .

(ii) If  E (Z 1) =  0 then there exists a polynomial Q : R  ^  R 7 with degree 
at most | (k + £ ) /2 j such that

E ((Cm  +  ■ ■ ■ +  Cn ,G (Z 1,2 +  ■ ■ ■ +  C»,2)0 =  R (N ), N  g N.

The coefficients of the polynomials Q and R depend on the moments

E Cm C M  , i G {1 , . . .  , k }, j  G {1 , . . . , £}.

We can use Lem m a 3.3 to  express th e  m om ents of M k w ith  th e  help of 
X k- 1,1 and  X k- 1,2-

C o ro lla ry  3.4. Let ( X k)kGZ+ be a 2-type Galton-Watson process with 
immigration that satisfies conditions (C P R )7 (M) with some £ G N and 
X o =  0 . Then for all s ,t  G Z+, s + t <  £, there exists a polynomial 
R s,t : R 2 ^  R  having degree at most |_(s +  t ) / 2 j such that

E ( M ^ M ‘,2 | =  Rs,t (X k-1,1, * k _ u ) .

P ro o f . By (10) we have

Mk,1 =  e ï~M k =  X k,1 _  a X k_1,1 _  ^ X k_1,2 _  m e,1
Xk - 1,1 Xk - 1,2

=  X ]  [Çkj, 1,1 _  a \ +  ^ 2  [£kj,2,1 _  P\ +  [̂ k,1 _  m e,l] 
j=1 j =1

Xk- 1,1 Xk- 1,2

=  [̂ k,j,1d _  E (^k,j,1,1)\ +  [̂ k,jl2,1 _  E (^k,j,2,1)\
j =1 j = 1

+  [Gk,1 _  E (Gk,1)] ,

Xk - 1,1 Xk - 1,2

Mk,2 =  3  [̂ k,j,1,2 _  E (6 ,j,1,2)] +  3  [̂ k,j,2,2 _  E (Zk,j,2,2)] 
j =1 j =1

+  [Gk,2 _  E (Lk,2)] .

and

18



Cj •= ik,j, 1 -  E  (Ct ,j,i) ,  n  •= Ckj-,2 - E  (Zk,3,2) > 0  •= e k -  E (ek),

then the random vectors {Cj, V j , 0  • j  e  N} are independent and have zero 
mean vector. Using the multinomial theorem twice we get

E (M , 1 Ml,2 I F k -i)

Introduce the notations

N  M  \ f N  M

= e n s j + s j + i s q ,2 + s nj ,2 + ^ 2
0 = 1  j = i  /  V j =1 j= i N=Xfc_i,i

M=Xfc_ 1,2

s
s!t!

*i,*2,ji,j2eZ+
*1+*2<íj1+j2<t

ii!i2!(s -  ii  -  i2 ) ! ji!j2 !(t -  j  1 -  32 )!
E  Í ^1- i l- i2 ^2" j1" j2

x E

x E

n  \ 11 /  n  \ j1 '

S  ZdU j ( S  Zj' 2
j = i  /  \ j= i

M \  *2 /  M \  j2 '

S  n i . d  S  j
j= 1  /  \j= 1

N=Xfc_1,1

M=Xfc_1,2

By Lem m a 3.3 th e re  exist polynom ials R - ^  and R j j  having degrees a t 
m ost L(i 1 +  i 2)/ 2 j and \_(j 1 +  j 2)/ 2J respectively such th a t

E  ( M J iM U I F 1 -1 )

S
*1,*2,j1,j2eZ+ 

*1 + *2<í j1+j2<t

s !t ! E  ( V * 1-*2 j ’2)  < 1  (X k - u j  (X k-1,2)

ii!i2!(s -  ii -  i2)!ji!j2!(t -  j i  -  32)!

— • R s,t (X k-1,1, X k-1,2

where R s,t is a polynomial with degree

deg(Ríd  < *,*, j z + ( deg K * )  +deg ( Rj2^ )  <*1,*2,j1,j2€Z+ *1+*2<í
j1+j2 <t

S +  t 
2 ‘

□
Let 0  denote the Kronecker product of matrices, then we can state the 

following.

t
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L e m m a  3 .5 . Let (X k)k£Z+ be a 2-type Galton-Watson process with immi­
gration that satisfies conditions (CPR )7 (M) with some £ £ N and X 0 = 0. 
Then E ( ||X k||*) =  O (kl) and further

E (M f ) =  O (k X2J), E (Uk) =  O (k i), E (Vk2j) =  O (k j )

for i , j  £ Z + with i <  £ and 2j <  £.

P r o o f .  For the first statem ent it is sufficient to show, tha t for any polynomial 
P  : R 2 ^  R with degree £ there exists a constant cPy such tha t for all k £ N

E ( |P (X M ,X k,2)|) <  cpP .  (22)

We’ll show this by induction on £. 
If £ =  1, then

E (Xk,i) =  E (e J X k)

=  e T
1

k
1 -  X_

similarly

E (Xk,2) =  eT ( T- kx

k
eJ~E (X  k) =  e T ^  m k fJ m £ 

j = i

1 -  S P 1 1 -  Xk
. +--------------2

Y 1 -  a  (1 -  X- ) 2

1 -  a 
- Y

1 -  S P 1 1 -  Xk
Y 1 -  a  (1 -  X- )2

1 -  a  

- Y

- P
1 -  S

-P
1 -  S

m ei

m £.

This proves the statem ent for £ =  1.
Now fix some £ £ N and suppose, th a t (22) holds for any polynomial P  

with degree at most £ -  1. Since every polynomial is a linear combination 
of monomials all we have to prove is tha t for all s, t £ Z+, s +  t =  £ there 
exists cs,t £ R+ such th a t for all k £ N

E (X k,iX g )  <  Cs,t k‘+t.

By (11) we have

X k,iX g  =  ( e T (m {X k-i +  m e +  M k_i)) '

x ( e T (m (X k-1 +  m e +  M * - i})t

=  ( a X k-1,1 +  p X k -1,2 +  m e,1 +  M k-1,1)S

x (SXk -1,1 +  YX k -1,2 +  m e,2 +  M k-1,2̂  •

20



By Corollary 3.4 one can show, th a t there exists a polynomial Q s,t having 
degree at most s +  t — 1 =  £ — 1 such tha t

E ( X ^ X ^  | F k—0  =  ( a X k—1,1 +  p X k—i ,2)s (¿X k—1,1 +  YXk—1,2 )

+  Q s,t (X k—1,15 X k—1,2) .

Using the binomial theorem we get

( a X k—1,1 +  P X k—1,2)s (¿X k—1,1 +  7 X k—1,2)'

E  ( ■ y « " iX ; : i . , X k- u )  ( E  ( . ; ) Sj Y ‘-J Xk—i W y  ,2
i=0 

s t
-s+t —i—j ^  i +jV -  \  A X s+t—i—j X 

Z ^ Z ^ X k-1,1 X k—1,2
i=0 j=0
s+t

(O C ) a s—* P 1y  t - j  Sj

E y s + t —m y m  t
X k—1,1 X k—1,2ht,m

m=0

where

h .....= e ( £ - ■) (  ‘*=o v 7 vm  — i
\ Q̂ —t—ipiY'+i-m¿m-i

Consequently

/ X k,1 \ X k—1,1 Q i,0(X k—1,15 X k—1,2)
X k—1X t,2 X k- i ,1X k- 1,2 Q£—1,1 (X k—1,15 X k—1,2)

E

X k,1X k—1

| F k —1 =  H  t

X k-  1,1X k—1,2

+

Q 1,£—1 (X k—1,15 X k—1,2)

V X k,2 ) X k_ 1,2 Q0,i(X k—1,15 X k—1,2)

with H 1 = (ht,m)^m=0 G R ^ + LW +L. Iterating this recursion, taking expec­
tation of both sides and applying the tower-rule yields

/ Xk,1 \ E  (Q i,0(X k—1—i,15 X k—1—i,2))
X M  X k,2 k—1 E  (Q i —1,1 (X k—1—i,15 X k—1—i,2))

=  E  h  i
X k,1X k-21 i=0 E  (Q 1,i—1(X k—1—i,15 X k—1—i,2))

V X k , / E  (Q 0,i(X k—1—i,15 X k—1—i,2))

We now show th a t the m atrix H 1 has spectral radius 1, thus \\H\\\ = O (1). 
Let us denote the coordinates of vector u right with u 1 and u2 respectively,
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then introduce the vector

u (f)
right

r f  f -1\ u \  u \ U \ U 2
f - 1 T

Since u right is a right eigenvector of the m atrix belonging to the eigenvalue
1 we get

TT  u (f)
H  f U right

f
/ y U1 u 2 h0,m 

m=0
(a u 1 +  (3u2)f

( a u  +  pu2 )f-1 (Y u 1 +  6u 2)

fy^ „.f-m-.mu / j U1 u 2 hf,m 
m=0

(Yu1 +  6u 2)f

=  U (f)
right"

Therefore urfght is an eigenvector of the m atrix H f  belonging to the eigenvalue 
1 with all positive components, thus by the Perron-Frobenius theorem we 
have th a t the spectral radius of H f is 1. Consequently there exists hf  G R+ 
such tha t for a lii  G N we have ||H f || <  hf . Then by the induction hypothesis 
there exist constants cqs t ,f  such th a t for all k G N

E (\Q s i (X k, i , X k,2 )\) < c.Q , , t , fkf

Putting it all together we have

k-i
E (X k,iX k,2) <  hf m a x {cQs,t,f : 5 +  t = £} ^ (k -  1 -  i )f-1 =  0 ( kf) .

¿=0

This concludes the statem ent for X k, and by Corollary 3.4 for M k. By (12) 
we have

E(Uk ) = E (Y +  1 -  6)X k,1 +  (fi +  1 -  a )X k,2 
1 -  A_

i

Next, for j  G Z + with 2j  < £, we prove E(Vk2j) =  0 (kj ) using induction 
in k. By th e  recursion Vk =  (a  +  6 -  1)Vk-1 +  (v left, M k +  m e) , k G N, 
we have E(Vk) =  ( a  +  6 -  1)E(V k-1) +  (v left, m e) , k G N, with initial value 
E(V0) =  0 , hence

k-1
E(Vk) =  (v ieft, m e) ^ ( a  +  6 -  1)*, k G N,

¿=0
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which yields |E(Vk)| =  O(1). Indeed, for all k G N,
k—1
^ (a  +  5 -  1)i
¿=0

1
<  1 — | a  +  5 — 1|

T he  rest of th e  proof of E(V k2f) =  O (k f ) can be carried  ou t as in C orollary 
9.1 of B arczy et al. [3]. □

T he nex t corollary can be derived exactly  as C orollary 9.2 of B arczy et 
al. [3].

C o ro lla ry  3.6. Let ( X k)kGZ+ be a 2-type Galton-Watson process with 
immigration that satisfies conditions (C P R )7 (M) with some £ G N and 
X  0 =  0. Then

(i) for all i , j  G Z+ with m ax { i, j } <  |_£ /2j 7 and for all k >  i +  |  +  17 
we have

n

n —K E | u k Vf

k=1
0 as n oo, (23)

(ii) for all i , j  G Z+ with m ax{ i, j } <  £, for all T  > 07 and for all
k > i +  2 +  l-+f , we have

n K sup
t G[0,T ]

UiniJVLntJ ■+ 0 as n oo, (24)

(iii) for all i , j  G Z+ with m ax { i, j } <  [£ /4^7 for all T  > 07 and for
all k > i +  2 +  2; we have

n K sup
tG[0,T ]

LntJ
J 2 P k V f  — E (U kVf  | F k—1)]
k=i

0 as n oo. (25)

U nfo rtunate ly  th e  above corollary doesn ’t  always give good enough 
bounds. In a few select cases we provide sharper bounds on th e  grow th 
of these  variables.

R e m a rk  3.7. In the special case (£, i , j ) =  (2, 1, 0) 7 one can improve (24)7 
namely, one can show

n —K sup  U |_ntJ — > 0 as n ^  to for k  > 1, (26)
tG[0,T ]

see Barczy et al. [3].
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n -3/2 sup
te[0,T ]

P roof. In order to prove the statem ent we derive a decomposition o f ^ k=i Vk 
as a martingale and some other terms. Using the recursion (17), we obtain

E (Vk | F k- i ) =  E (A-Vk- i  +  ( v left, M k +  m e) | F k- i )

=  A-Vk- i  +  (v ieft, m e)

Lemma 3.8. Let (X k)kez+ be a 2-type Galton-Watson process with im­
migration that satisfies conditions (CPR)7 (ZS) and (M) with £ = 4 . Then
for each T  > 07

LntJ

E  Vk-i
k=i

0 as n oo.

Thus
|_ntJ [ntJ [ntJ

E  Vk =  E  [Vk -  E(Vk | F k - i) ]  +  A- E  Vk-i +  O (n )
k=i k=i k=2

Consequently
LntJ 1 LntJ A

E  Vk =  Y Z T T  E  [Vk -  E(Vk | F k - i) ]  -  - VLn tj- i +  O (n )
k=i k=i

Using (25) with (£ , i , j ) =  (4, 0,1) and (24) with (£ , i , j ) =  (2, 0,1) we con­
clude the statem ent. □

Lem m a 3.9. Let ( X k)kGZ+ be a 2-type Galton-Watson process with im­
migration that satisfies conditions (CPR )7 (ZS) and (M) with £ =  4. Then 
for each T  > 07

n - 5/2 sup
te[0,T ]

P roof. The aim of the following discussion is to decompose E d  Uk- i Vk_ i 
as a sum of a martingale and some other terms. Using the recursions (17), 
(13) and Lemma 3.1, we obtain

LntJ
y y  u k - iVk-i
k=i

0 as n oo.

E(Uk-iVk-i | F k -2) =

=  e (  (Uk-2 +  (uieft, M  k-i +  m e))( A-Vk-2 +  (vieft, M  k-i +  m £))

=  A-Uk-2Vk-2 +  (vieft, m e)Uk-2  +  A-(uieft, m e)Vk- 2  

+  uJeftm£m ] vieft +  W jIftE (M k-iM k -  | F k -2)vieft
=  A_Uk_2Vk_2 +  constant +  linear combination of Uk- 2 and Vk_2.

F k-2
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Thus

c-1
[nt\
Y ^ -1 Vk-
k=1

[ntJ [ntJ
= Y  [Uk - iVk- 1  -  E(Uk-iV k- i  | F k - 2)] +  Y  E(Uk-iV k- i  | F k - 2)

k=2 k=2
[ntJ [ntJ

=  Y  [Uk- 1Vk-1 -  E (Uk- 1Vk-1 | F k- 2)] +  A_ Y  Uk-2Vk-2
k=2 k=2

[ntJ [ntJ
+  O(n) +  linear combination of ^ ^ U k-2 and ^ ^ V k-2 .

k= 2 k= 2

Consequently

[ntJ
Y U k-iV k
k=2

X_

1 [ntJ
-1 — 1 -  X_

Y  [Uk-iVk-1 -  E (U k-iV k-i | Fk-2)]
k=2

U[ntJ-1V[ntJ-1 +  O (n )1 -  X-
[ntJ [ntJ

+  linear combination of ^ ^ U k-2 and ^ ^ V k -2.
k= 2 k= 2

Using (25) with (£ ,i ,j) — (4,1 ,1) we have

n 5/2 sup 
te[0,T ]

[ntJ
[Uk-1Vk-1 — E (U k-1 Vk-1 1 F k -2

k=2
0 as n - ^ o o .

Thus, in order to show the statem ent, it suffices to prove

[nT J [nT J
n -5/2

Y U k  - *  0, n -5 /2 Y  |Vk | - * 0
k=1 k=1

n 5/2 sup |U[niJ V[n(J | - >  0 
t€[0,T ]

(27)

(28)

as n  ^  ro. Using (23) with (£ ,i ,j) — (2,1 ,0) and (£, i , j ) — (2, 0,1) 
we have (27), and by (24) with (£, i , j ) — (3,1 ,1) we have (28), thus we 
conclude the statem ent. □
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Lemma 3.10. Let (X k)kez+ be a 2-type Galton-Watson process with im­
migration that satisfies conditions (CPR)7 (ZS) and (M) with £ = 8 . Then
for each T  > 07

n 7/2 sup
te[Q,T ]

[nt\

E fi2-iV k-i
k=1

0 as n oo.

P r o o f .  T he aim  of th e  following discussion is to  decom pose ^ j .= i  U |_ 1Vk- 1 
as a sum  of a  m artingale  and some o ther term s. Using recursions (13), (17) 
and  L em m a 3.1, we ob tain

E (U |_ i Vk- i  | F k- 2)

=  E  ( ( Uk-2 +  (« left, M k -1 +  m e) ) 2(A_Vfc-2 +  (v ieft, M k -1 +  m e))
r\

=  A_ Uk_2Vk - 2 +  constan t

Ffe-2)

O o
+  linear com bination of Uk-2, Vk-2, Uk_2, Vk_2 and Uk-2Vk-2-

T hus

Lnt\

E ^ - i U - i  =
k=i

Lnt\

=  E  [Ufc-i Vk-i
k=2
Lnt\

=  E  [U k-iV k-i
k=2

Lnt\
E lU l- i Vk- i  | F t- 2)] +  E E ( U 2 - i Vk- i  | F k- 2)

k=2
Lnt\

E lU l- iV k - i  | F k - i ) ]  +  A- E  U l- iV k -i +  O (n )
k=2

|_nt\ [nt\ [nt\ |_nt\
+  linear com bination of E  Uk-2, ^  Vk-2, E ^ E 1^

k=i k=i k=i k=i
Lnt\

and  E  Uk-2 Vk-2.
k=i
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Consequently

l_nt\
E  Ufc-iVk-1

1

k=i 1 -  A_

Lnt\
E  [V l- i Vk-i -  E (U i- i Vk-i | F k-2)
k=2

A_
Lnt\

Ufnt\ - i ^_nt\ - i  +  O(n) +  linear combination of ^ ^ U k-2,
1 -  A_

Lnt\ |_nt\ Lnt\ Lnt\
and E  Vk-2 , E  Uk-2 , E  V k - , E  Uk- 2 Vk-2 .

k=i k=i k=i k=i

Using (25) with (£, i , j ) =  (8 , 2,1) we have

k=i

n  7/2 sup 
te[Q,T ]

Lnt\
E  [Uk-iVk-i -  E(Uk-iVk-i | F k -2)
k=2

0 as n  —>■ oo.

Thus, in order to prove the lemma, it suffices to show tha t

LnT \
n -7/2 E U k  - — 0, n

k=i
LnT \

LnT \

-7/2 E  Uk2 - — 0,
k=i

LnT \

LnT \
n -7/2 E  IVkI - —  0,

k=i

n -7/2e  v 2 - — 0, n -7/2 E  |UkVkI - — 0,
k=i k=i

n  7/2 sup |UL2nt\VLnt\| - — 0 
te[Q,T ]

as n  —— oo. These follow from a straightforward application of (23) and 
(24). □

3.3 L im it theorem s for build ing blocks

Up to this point we have defined a decomposition of the process and proven 
some zero limit theorems about a few expression related to it. We will use 
these results to find nonzero limits.

First we relate the sums of squares of the variables Vk to the well-behaved 
part of our decomposition, the variables Uk. If the pro cess (X  k )kGZ+ satisfies 
the condition (ND), then this can be used to find the nonzero limit of the 
aforementioned sum.
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Lemma 3.11. Let (X k)kGZ+ be a 2-type Galton-Watson process with im­
migration that satisfies conditions (CPR)7 (ZS) and (M) with £ = 8 . Then
for each T  > 07 we have

n 2 sup  
te[Q,T ]

[nt\

E ^
k=1

( V  Vieft, v left)
1 -  A2_

Lnt\

J2 Uk~ 1
k=i

0 as n oo.

P ro o f. In order to prove the statem ent, we derive a decomposition of 
Vk2 as a sum of a martingale and some other terms. Using recursion 

(17) and Lemma 3.1, we obtain

E (V 2 | F k-i) =  E (X-Vk-i +  (vieft, M k  +  m e) )2

=  X2 Vk2_i +  2X-(vieft, m e)Vk-i +  (vieft, m e)2

F k - 1

+  v ieftE( M k M k | F k - i )v ieft
o o -1—  

=  X_Vk_i +  v leftV^v ieftUk- i  +  constan t +  constan t x  Vk- i .

Thus
Lnt\ Lnt\ Lnt\

E  Vk2 =  E  [V 2 -  E (V2 | F k-i)] +  E  E (V2 I F k-i)k = I Vk
k=i k=i

Lnt\
k=i

Lnt\ Lnt\

E  [Vk2 -  E (V 2 | F k - i) ]  +  X - Y ,  Vk-i +  v ^  V ^  £  U k-i
k=ik=i k=i

Lnt\
+  O(n) +  constant x Vk - i .

k=i

Consequently,
Lnt\

E  v 2
k=i

1
Lnt\

1 -  X2 ^ L k
-  k=i

E L *  -  E(V 2 | F k - i  )] +
( V  v ieft, v ieft)

Lnt\

1 -  X2_ E Uk
k=i

- i

X-
1 _  X2 V Lnt\

Lnt\
V 2nt\ +  O (n ) +  constan t x  Vk - i .

k=i

Using (25) with (£, i , j ) =  (8 ,0, 2) we obtain

_2n  2 sup  
te[Q,T ]

Lnt\

E  [V2 -  E(Vk2 I F k - i
k=i

0 as n  —> oo.
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Using (24) w ith  (£, i , j ) =  (3 , 0 , 2) we ob tain

n  2 sup
tG[0,T ]

V  2V[nt\ G 0 as n oo.

M oreover,
Lnt\

n - 2 ^ ^  Vk- i — > 0 as n  ^  œ .
k = i

follows by (23) w ith  th e  choice (£,i, j ) =  (4 , 0, 1). Consequently, we ob tain  
th e  s ta tem en t. □

We recall a  resu lt ab o u t convergence of random  step  processes tow ards a 
diffusion process, see Ispany and P ap  [11].

T h e o re m . 3.12. Let 7  : R+ x R d ^  R dxr he a continuous function. 
Assume that uniqueness in the sense of probability law holds for the SDE

d U t =  y (t,U t ) d W t, t e  R +, (29)

with initial value U 0 =  u 0 for adl u 0 e  R d, where (W t )teR+ is an
r -dimensional standard Wiener process. Let (Ut )teR+ be a solution of (29) 
with initial value U 0 =  0  e R d.

For each n e  N 7 let (U kn))keN be a sequence of d-dimensional mar­
tingale differences with respect to a filtration (F ;n))kez+7 b e .7 E ( U ^  | 

F (n)1) =  0  n  e N  k e N . Let

Lnt\
U (n) : = ^  Ukn ) , t  G R+, n G N.

k=i

Suppose that E ( ||U kn)||2) <  œ  /o r  adl n ,k  G N . Suppose that for each 
T >  0 ,

1) sup
tG[0,T ] 

LnT \

Lnt\
Ë  V a g  U  kn) | ) -  J0  Y (s, u <»> )y  (s, U<n>)Td s
k=1

■>0,

(ii) E E  IIU kn)Ĥ L {„U<» |>«} I F Y )  0 ¡oral l 6>  0(n)
k=1

P ( ) uwhere — > denotes convergence in probability. Then U (n) — > U  as
n —> oo.
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Note tha t in (i) of Theorem 3.12, || • || denotes a m atrix norm, while in 
(ii) it denotes a vector norm.

We will use the above theorem to prove limit theorems on our building 
blocks. However this theorem only applies to martingale differences, so we 
must restrict ourself to using those. Consider the sequence of stochastic 
processes

Z (n)
k

z  y

n 1M k  
n -2M  k Uk-i 

n - 3/2M  k Vk-1

n  1
= n -2 U k-i

n - 3/2Vk-1_

Mb' 
N w
'T>(n)

LntJ

i  z
k=i

(n)
k

t

<8> M  k

for t  G R+ and k ,n  G N.

T h e o re m . 3.13. Let ( X k)kGZ+ be a 2-type Galton-Watson process with 
immigration that satisfies conditions (CPR ) 7 (ZS) and (M) with l  =  8 . Then 
we have

Z (n) Z  as n a  to7 (30)

where the process (Z t )tGR + with values in (R2)3 is the unique strong 
solution of the SDE

d Z  t =  y  (t, Z  t) dW t
dW t t  G R +, (31)

with initial value Z 0 =  0 7 where ( W  i )(GR+ and ( W  ()(GR+ are inde­
pendent 2-dimensional standard Wiener processes, and y : R + x (R 2)3 a  
(R2x2)3x2 is defined by

Y (t, x)

((«left, Xi +  t m e) + ) i/2 
((«left, Xi +  t m e) + )3/2 

0

0
0

(V£vleft ,vleft) /
(1—A-)1/2 (« left, X1 +  t m e)

w 1/2
<8>

for t G R+ and x  =  (x 1, x 2, x 3) G (R2)3.

P ro o f . In order to show convergence Z (n) —A - Z , we apply Theorem 3.12 
with the special choices U  :=  Z , U ^  :=  Z kn), n ,k  G N, (F kn))keZ+ := 
(F k)kGZ+ and the function y which is defined in Theorem 3.13.
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[ d M t] ( ( « left, M t  +  i m e)+ )1/2 y 1/2 U W (

d Z  t — d N t _ ( ( « left, M t  +  t m e)+ )3/ 2 V 1/ 2 U W  t
|_ d P  t j T —g ; T /2 ( « left, M t  +  t m 8) V 1/ 2 U W t

We start by showing tha t the SDE (31) admits a unique strong solution 
(ZZ)teR+ for all initial values Z Z =  z  G (R2)3. The SDE (31) has the form

(32)

for all t  G R + . One can prove tha t the first 2-dimensional equation of the 
SDE (32) has a pathwise unique strong solution (^ 4 (yo))tGR+ with arbitrary 
initial value M .0yo) =  y 0 G R 2. Indeed, it is equivalent to the existence of 
a pathwise unique strong solution of the SDE

^  T?1/2 UW t ,
_ 1/2 t G R + , (33)

dS t =  (« left, m c) d t +  (S + ) 1/2 y  d W t ,

d Q t =  - n m c d t  +  (S +)1/2 (I 2 -  n )  y 1/2 d W t ,

w ith  in itia l value (S 0,yo), Q0yo)) =  f (« left, y 0) , (12 — n ) y 0) G R x R 2, where
T„  /"!  4" V i  r \  O r l  i m  A n m  A n  ^  1 i m i l  m f r l - p i v  n n z - l  *   A *  i l | T t i t a12 denotes the 2-dimensional unit matrix and 
have the correspondences

:= U rig h tu f  since we

S i y0) =  < ft( M ty0) +  tm e) ,
.T (yo) Q(yo) M (yo) (yo)«right

M (y0)   (yo) +  C(yo)u— Q t +  S t «right,

see the proof of Ispany and Pap [12, Theorem 3.1]. By Remark 2.5, S + may 
be replaced by S t for all t G R+ in the first equation of (33) provided 
th a t (« left, y 0) G R+, hence (« left, M .t +  t m e)+ may be replaced by 
(« left, M . t +  t m e) for all t G R+ in (32). Thus the SDE (31) has a 
pathwise unique strong solution with initial value Z 0 =  0.

Now we show th a t conditions (i) and (ii) of Theorem 3.12 hold. The 
conditional variance has the form

V a r(Z k n) | F k - 0  _

for n  G N, k G 
Y(s, Z i“> )y (s, Z <“>'T

n  2 n  3U*- 1
n - 3U*- 1 n - 4U*2_1

n -■5/2 Vk- 1 n "7/2U t_ 1Vt

{ i , . . . , n } with Vm  k
has the form

R n, -ft2s R n,s 0

R n, f t 3s R n,s 0

0 0 ( V left, V left) 'jy 2 
1- A2 R n

n -5 /2Vk- i
n -7 /2Uk-1 Vk-1 'Y1 k

n-3V2-1

VMk :_  V a r ( M * | Ffc-1), and
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for s E R +  where R n,s :=  (u left, +  s m e) , and we used tha t
(u left, M ^n) +  s m e) + =  (u left, M ^n) +  s m e) , s E R +  n  E N. Indeed, by
(10), we get

[nsj

R n,s — 'y ^( u left, X k k—1 ^^e) +  ( u left, s ^^nb k=i
[nsj

n ^  " ( u left, X 'k X 'k—1 ) +  s (^^left, ‘m,e
k=1

(34)

1 , v  , n s  — [nsj
— ( u left, X  [nsj) + ( u left, <me

1 n s  — |n s  I . . _
=  - U [nsj +---------------- (Uleft, m e )  E R+

n n

for s E R+, n  E N, since u ^ m i  — u f  implies (u left, m ^ X k—1) —
Uleftm £X k—1 =  f  k—1 =  (u left, X k—1) -

In order to check condition (i) of Theorem 3.12, we need to prove th a t for 
each T  >  0,

e

1

sup
tE[0,T ]

sup
tE[0,T ]

sup
tE[0,T ]

1
n 3

sup
tE[0,T ] 

[ntj

1
n 3

n 4

[ntj pt  __

E V M  k — R ,. V(
k=1 j0

[ntj pt  __

E U k —1Vm k — R V  d s
, i .70

■>0,

k=1
[ntj

■>0,

^  Uf —1VMk — /  K s  Vi ds 
k=1 j0

■>0,

E Vk2—1VM k
(VgVleft, Vleft)

k=1

sup
tE[0,T ]

1
n 5/2

1 — A—

[ntj

R l Vi ds ■>0,

sup
tE[0,T ]

1
n / 2

E ^ V m ,
k=1 

[ntj
y y  u k—1vk—1 v m  k
k=1

■>0,

0

1

t

as n oo.

(35)

(36)

(37)

(38)

(39)

(40)
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First we show (35). By (34),

TZr. d s =  -1  
n 2

[nt J— 1

Y  Uk+
n t  — | n t  I In ti +  (n t — I n t i ) 2 .

~ U\nt J +  ^ -----J 7 (Uleft, m £
k=1 n 2 2 n 2

t

Using Lem m a 3.1, we have Vm k =  Uk—1U  +  Vk—1V ^ +  Vg, thus, in order 
to  show (35), it suffices to  prove

[nTJ
n —12 V ]  |Vk| —^  0 , n —2 sup  U\ntj —^  0 , (41)

k=1 te [Q,T]
n —2 sup  [[n tj  +  (n t — [n tJ )2] ^  0 (42)

te [Q,T ]

as n  ^  ro . Using (23) w ith  (t, i , j ) =  (2, 0, 1) and  (24) w ith  (t, i , j ) =  
( 2 ,1 ,0), we have (41). Clearly, (42) follows from  |n t  — [n t j | <  1, n  e  N, 
t  e  R +, thus we conclude (35).

N ext we tu rn  to  prove (36). By (34),

[nt J — 1 [nt J — 1/ 1 L J '  1 L J ^
R n,s d s  =  -3  y  Ui + - 3  ( u ieft, m £) v  Uk +

*̂ q n  k=1 n  k=1

n t  — LntJ U 2
n3 U[ntJ

+
(n t — [ntJ )2

n 3 ( u left, 'm e ) U[ntJ

IntJ +  (n t  — LntJ)3 . , 2
+  — ---- o L (uieft, m e)2.3n 3

Using Lem m a 3.1, we ob tain

\ntJ \ntJ [ntJ [ntJ

E U‘—1v m  k =  E  U2—1Vi  +  E  Uk—1Uk—1 Uk—1 VU
k=1k=1

(43)
k=1 k=1

T hus, in order to  show (36), it suffices to  prove

[nT J [nT J
n —3 J ]  |Uk |

P „ _3 TT P „
— > 0, n 3 y   ̂ Uk — > 0, n  3/2 SUp U[ntJ

k=1 k=1 te[Q,T ]

n —3 sup  [ [ntJ +  (n t — [ntJ )3] ^  0
te[Q,T ]

+ 0, (44)

(45)

as n  ^  ro . By (23) w ith  ( t , i , j ) =  (2, 1, 1) and  ( t , i , j ) =  (2, 1, 0), and 
by (26), we have (44). Clearly, (45) follows from  |n t  — [n tJ | <  1, n  e  N, 
t  e  R +, thus we conclude (36).
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Now we turn to check (37). Again by (34), we have
\_nt\-1 \_nt\-1

J  d s =  ^ 4 Uk +  2^ 4^Uleft’ Uk2 +  ^ 4 , m
k=1 k=1

\2

[n t\-1

e> ; E  Uk
k=1

n t  -  [n tl 3 3 (n t -  [ n t \ ) 2 . Wr2
+  ----- n4-----UK I +  -------- 2ni ------- («left, m >U L„,\

(n t -  [n t \ ) £ .  _  v2 rr , Ln t \ +  (n t -  [n t \ )4 3
+

n 4
■(«left, m e>2 U Lnt\ + 4n 4

Using Lem m a 3.1, we ob tain
[nt\ [nt\ [nt\ [nt\
E  U 2- 1Vm  k =  E  Uk3-1 V i +  E  Uk2-1 Vk-1T^i +  E  U2- 1 V .c-1 v M fc 
k=1 k=1

(46)
k=1 k=1

T hus, in order to  show (37), it suffices to  prove
[nT \ [nT\

n -4 E  |Uk2Vk| - V  0, n -4 E  U 2 - V  0,
k=1 

[nT \
k=1

n -4 y ]  Uk — V 0, n  4/3 sup  U[nt\ — V 0,
t£[Q,T ]k=1

n -4 sup  [ [n t\ +  (n t -  [n 
te[Q,T ]

0

(47)

(48)

(49)

as n  V  to . By (23) w ith  ( T , i , j ) =  (4, 2 ,1 )  (T, i, j ) =  (4, 2 ,0), and  
( T , i , j ) =  ( 2 ,1 ,0), and  by (26), we have (47) and  (48). Clearly, (49) follows 
again from  |n t  -  [n t \ | <  1, n  £  N, t  £  R +, thus we conclude (37).

N ext we tu rn  to  prove (38). F irs t we show th a t

_3
n  sup  

t£[0,T ]

[nt\
£ V ? - 1Vm  k

( Vi  v left, v left > t t2 t7
--------------------2 ^  Uk-1Vi £  0 (50)

k=1 k=1

as n  V  to for al 1 T  >  0. Using Lem m a 3.1, we ob tain
[nt\ [nt\ [nt\ [nt\

E  vk-1 VMk =  E  Uk-1V,2_ iV i  +  E  V -  Vi +  E  V L  V .  (51)
k=1 k=1 k=1 k=1

Using (23) w ith  (T, i, j ) =  ( 6 ,0 , 3) and  (T, i, j ) =  (4 , 0, 2), we have

[nT\ [nT\
n -3 |Vk|3 - V  0 , n -3 Vk2 - V  0 as n  v  to ,

k=1 k=1

4
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hence (50) will follow from

_ 3n sup
te[Q,T ]

|ntj
E U - i v;?-! (U Vleft, v left) u 2

k=1 1 -  A? k- 1
k=i

■> 0 as n oo

(52)

for all T  >  0. The aim of the following discussion is to decompose 
£ i =  Uk- 1V^ _ 1 as a sum of a martingale and some other terms. Using 
recursions (13), (17) and formulas (21), we obtain

E(U*_iV?_i I F - 2 )

=  E —2 +  (Uleft, M k_ i +  m e) ) (A-Vk_2 +  ( V f  M ; _ l +  m e

=  A— Uk—2V;2—2 +  < t E ( M k—l M  1— 1 | F ; _ 2)«left U _2 

+  constant +  linear combination of Uk_2Vk_2, Vj?_2) Uk_2 and Vk_2 

=  A_Uk—2V;2—2 +  (V^Vleft, v left) U;2—2 +  constant 
+  linear combination of Uk—2Vk—2, Vk2_2, Uk—2 and Vk—2.

Thus
Lntj

E Uk_iVk_i
k=i

|ntj |ntj
=  E  [Uk_iVk2_i _  E(Uk_iVk_i I Fk_2)] +  E E (U k _ iV k _ i  I Fk_2)

k=2 k=2
Lntj

=  E  [Uk_iVk2_i _  E(U k_i Vk_i I Fk_2)]
k=2

|_ntj |ntj

+  A_ E  Uk—2Vk2_2 +  (V^Vleft, Vleft) E  UU  +  O (n)
k=2 k=2

|_ntj |_ntj Lnfj |_ntj
+  linear combination of E  Uk—2Vk—2, E v T E  Uk—2 ^ ^  Vk—2.

k=2 k=2 k=2 k=2
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Consequently,

[ntJ

E U k-iV i
1 [ntJ

= - i - i i  =  r ^ E  [U k-iV k-i -  ECUk-iVk-i | Fk-2)]
k=i k=2

+  (V ^left, v left) y  u 2 A2_
1 -  A2_ k=2

k -2 -  i  _  ^2 ULniJ-iVL2̂ tJ-i +  O (n )

[ntJ [ntJ [ntJ J
+  linear com bination  of £  Uk -2 Vk-2, £  v 2-2, £  Uk - 2 ^ ^  Vk-2.

k=2 k=2 k=2 k=2

Using (25) w ith  (T,i, j ) =  ( 8 ,1, 2) we have 

[ntJ_3
n  sup  

te [Q,T ]
£ [ U t - i V ? _ i  -  E (U t.iV k2_i | Fk-2)]
k=2

0 as n —> co.

T hus, in order to  show (52), it suffices to  prove

[nT J [nTJ
n -3 £  |U V * | " V  0, n -3 £  V*2 - V  0,

k=i k=i
[nT J [nT J

-3 tt p k n _-3n E U k  - V  0, n - 3 £ | V * | - V  0,
k=i k=i

— 3 TT T T'2 P ^ —3/2 tt P nn  sup  U[ntJ V nt | ----V 0 , n  1 sup  U[ntJ  V 0
te[Q,T ] te[Q,T ]

(53)

(54)

(55)

as n  V  to . Using (23) w ith  (£, i, j ) =  ( 2 ,1 ,1 )  (T, i, j ) =  (4 , 0 , 2); 
(T ,i, j ) =  (2, 1, 0), and  ( T , i , j ) =  (2, 0, 1), we have (53) and  (54). By 
(24) w ith  (T, i, j ) =  (4 ,1 ,2 ) ,  and  by (26), we have (55). T hus we conclude 
(52) , and  hence (50). By Lem m a 3.1 and  (23) w ith  ( T , i , j ) =  (2, 1, 1) and  
(T ,i , j )  =  ( 2 ,1 0 )  we get

_ Q
n  3 sup  

te[Q,T ]

[ntJ [ntJ
y  Uk-iVM t -  y  u2-i v «
k=i k=i

0 (56)

as n  V  to for al 1 T  >  0. As a last step, using (36), we ob ta in  (38). 
For (39), consider

[ntJ [ntJ [ntJ [ntJ
y  Vk-i v m  * =  y  U k _ iV k _ iy + y  v -  v « + y  v* - v ,
k=i k=i k=i k=i

(57)
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where we used Lemma 3.1. Using (23) with (£ ,i ,j) =  (4 ,0 ,2), and 
(£ ,i ,j) =  (2 ,0 ,1), we have

[nT\ [nT\
n -5/2 ^  o , n -5/2 |Vk | —-^ 0 as n  ^  to ,

k= 1 k=1

hence (39) follows from Lemma 3.9.
Convergence (40) can be handled in the same way as (39). For complete­

ness we present all of the details. By Lemma 3.1, we have

|_nt\ [nt\ [nt\

Y  U k-iV k-i =  £  U 2-iV k-i V  +  £  U k-iV k-i V
k=1 k=1 k=1

Lnt\

+ £  U k-1Vk-1Ve.
k=1

Using (23) with ( £ , i , j ) =  (4,1, 2), and ( £ , i , j ) =  (2 ,1 ,1), we have

[nT\ [nT\
n -7/2 Y  Uh-iVk-1 0, n -7/2 Y  |Ut - i Vt - i | - y  0 as n ^  to,

k=1 k=1

hence (40) follows from Lemma 3.10.
Finally, we check condition (ii) of Theorem 3.12, i.e., the conditional Lin­

deberg condition

LnT \
£ E (llZ i.n)l|2l( ||z <>'M | F - i ) ^  0 (59)
k=1

for all 6 >  0 and T  >  0. We have

E ( | |Z (n)ll2l r„„w ,, .s I F k-1) <  6j2E ( | |Z (n)l14|Z kn) II >0} F k - 1

and
|Z kn)||4 < 3 (n 4 +  n  8Uk4-1 +  n  6Vk4-1 M  ,k -1|

4

Hence 

LnT \
£ e ( | |Z kn)||2l{ |Z(n)|>0}) ^  0 as n  ^  to for all 6 >  0 and T  >  0,
k=1
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since E ( | |M k||4) =  O (k2), and further

E ( \ \ M k t U h )  <  J E ( \ \M k | 8)E (U |_ 1) =  O(k6)
\-----------------------------------  (60)

E(|M k114Vk_ 1) <  g E ( | |M k ||8)E(Vk_i) =  O(k4)

by Corollary 3.5. This yields (59). □
We call the attention to the fact th a t our eighth order moment conditions 

E ( |^ 1,1,1| 8) <  to, E (||£ M,2||8) <  to and E ( |e 1| 8) <  to are used for 
applying Corollary 3.5.

R e m a rk  3.14. Let us introduce the process Yt :=  (u left, M t +  tm £), t £ 
R +  where ( M .t )t£R+ is the unique strong solution of the first 2 -dimensional 
equation of SDE (32). Then Y0 =  0 and by ltd ’s formula we obtain

dYt =  («left, m e) dt + J Y + « Mt V 1/2 d W t, t £ R+. (61)

If  (V^uieft, « ieft) — 07 then the process

Wt :=  =
«lift V 1/2w  t

( V ^u left, u left) 1/2

is a (one-dimensional) standard Wiener process, hence (Yt )t£R+ satisfies
T)

SD E  (8 ). Consequently (Yt )t£R+ =  (Z t )t£R+ and by Theorem 2. f ,

(n)
te R+  ̂ (X t) t£R, — (Yt«right)t£R ,

as n TO.

t

T he following corollary is th e  essential piece of our too lk it. We will m ake 
heavy use of th is  s ta tem en t in th e  following section.

C o r o l la r y  3 .15 . Let ( X k)k£Z+ be a 2-type Galton-Watson process with 
immigration that satisfies conditions (C P R )7 (ZS) and (M ) with £ — 8. 
Then we have

n
n -3 U 2-i ]
n - 2V 2_i

/ ü1 Yt2 d t

(V€w ieft) / ü1 Yt d t

E n - 1M k
D— > M i

k=i n -2M  k Uk_i / o1 Yt d M t
n_3/2M  k Vk-i J

(V(i l*A2')*./)1/2 / o1 Yt V i/2 d W  t
as n —> oo.
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R e m a rk  3.16. I f the process satisfies (ND), then the above Corollary 
shows the nonzero limits of the "building blocks'1 used to construct our es­
timates. However if  the process doesn’t satisfy the condition (ND) then 
(V^vieft, v ieft) =  0 and the second and fifth coordinates tend to 0.

P ro o f. We can w rite  th e  solution for SDE (32) in th e  following way

[ M t ] Jo (uieft, M s  +  s m e) 1/2 Vk1/2 d W s

Z  t — N t — Zo (uieft, M s  +  s m £) d M s

|_ P  t j |_( i(1- fA2 )eif/t) Jo (uieft, M s  +  s m £) V k/ dW s_|

for all t G R +. By th e  m ethod  of th e  p roof of X (n) —G X  in T heorem  
3.1 in B arczy e t al. [2], applying th e  continuous m apping theorem , one can 
easily derive

X (n)
z (n)

as n oo, (62)

w here
X t •— n  X  \nt\, X t •— (^^left, +  t ^^e) u right,

for all t  G R + and n  G N. M ore precisely, using th a t

k
X  k — ^  m kf J (M  j +  m e), 

j=i
k G N,

we have
X (n)
^ (n) — fin( Z (n)) , n  G N ,

where the mapping if n • D (R + , (R 2)3) ^  D (R +, (R 2)4) is given by

fin(f l , f 2 , h )(t) • =

j  m kntJ-j ( / i  ( n ) -  f i  ( j - 1) + m*)'
f i (t) 
f 2 (t) 
f 3 (t)

for f 1, f 2, f 3 G D (R + , R 2), t  G R +, n  G N. Further, we have

=  ^ ( Z ),
X
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where the mapping ^  : D(R+, (R2)3) ^  D(R+, (R2)4) is given by

^ ( f i , f 2, f 3)(t)

( u left, f i (t) +  t<me )u right
f i (t) 
f 2 (t) 
f 3 (t)

for f 1, f 2, f 3 G D (R + ,R 2) and  t  G R +. By page 603 in B arczy e t al. 
[2], th e  m appings ^ n , n G N, and  ^  are  m easurable  (the  la tte r  one is 
continuous too), since th e  coord inate  functions are  m easurable. Hence, by 
(30) and  th e  continuous m apping  theorem , we have

X (n)
z {n) ^ n (Z (n)) A  ^ ( Z )

X
z as n to ,

as desired. Next, by L em m a 3.11 we get

n
n - 3U |_ i ] 
n -2 Vk2_i

Z0 («left, X t }2 d t

J01 («left, X t ) d t

E n - 1 M  k
D

— y M i
k=i n -2M  k Uk-i /o  Yt d M t

n -3/2M  k Vk-i J
(V(? " T ) ‘/2 /0 Y tV i/2 d W t

as n  ^  to . T his lim iting random  vector can be w ritten  in th e  form  as given 
in th e  s ta tem en t, since ( u left, X t) =  Y t for all t  G R +. □
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4 E stim a tes  for th e  offspring m ean  m atrix

Here is a showcase of the usefulness of the toolkit developed in the previous 
section. We derive a limit theorem for the estimation of the offspring mean 
matrix, in three different settings. The notations introduced in each 
subsection are unique to tha t subsection, for example the m atrix A n has a 
different meaning in each of the following subsections.

4.1 T h e  d o u b ly  sy m m e tr ic  p ro cess

The aim of this section is to reproduce the results of [10, Theorem 3.1.]. We 
call a 2-type Galton-W atson process doubly symmetric if its offspring mean 
m atrix has the form

a  ft
m ^  =

ft a

In this case 7 =  ft, 6  = a  and condition (C P R ) takes the form

a  e  (0, 1) , ft =  1 -  a  e  (0, 1) (C PR *

We have

A+ =  1 , A_ =  1 -  2ft,

u right —
1
2

Y Y - T 1 ' _ f
1 , u left — 1 , v  right — 1 , v left =  ^ 1

1
Uk =  ( u left, X k) =  X k,1 +  X k,2, Vk =  (v left, X k) = 2  (X k,2 _  X k,1)

L em m a 4.1. The joint CLS estimator for a and ft has the form

A - 1 BA n B n,

on the set Qn :=  {¡x> e  d e t(A n) >  0}7 where

n r v  v  1 2
A n(X  1 , . . . ,  X  n) =  ^

k=1 
n

B n(X  1 , . . . ,  X  n) =  ^
k=1

X k_1,1 X k_1,2
_X k_1,2 X k-1,1_

X k_1,1 X k_1,2
_X k_1,2 X k-1,1_

(X k _  m £) .
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Proof. Define the function Qn : (R2)n+1 ^  R as

Qn x 15 . . .  5 x n
a
b

n

E Xk
a b 
b a

2

X k-1 -  m £

with the convention th a t Xo =  0 . A CLS estimator of m  ̂ is a measurable 
function Fn : (R2) n ^  R 2 such tha t

Qn (x 1? . . .  5 x n  Fn (x 1? . . .  5 x n)) Qn I x 1? . . .  5 x na,be R V

for all x 15. . .  5 x n G R 2. We need to show tha t

Fn(x 15 . . .  5 x n) — A n(x 15 . . .  5 x n) B n(x 1 5 . . .  5 x n)

on the set

D (F n) :— {x15 . . .  xn  G (R2) n : d e t (A n (x b  . . .  5 x n )) >  0} .

F ix  x 15. . .  5 x n and find th e  critical poin ts (where all p a rtia l derivatives van­
ishes). T he function  Q n can be w ritten  in th e  form

Qn ( x 15 . . .  5 x n5 ) = 2̂ (xk,1 -  a x k-1,1 -  bxk-1,2 -  m e,1)2
' k=1

n
+  ^  (xk,2 -  bxk-1,1 -  a x k-1,2 -  m e,2)2 .

k=1

To find the critical points we have to solve
n

^  (xk,1 -  a x k-1,1 -  bxk-1,2 -  m £,1) Xk-1,1
k=1

n
+  ^  (Xk,2 -  bXk-1,1 -  aXk-1,2 -  m e,2) Xk -1,2 =  0

k=1
n

^  (Xk,1 -  aXk-1,1 -  bxk-1,2 -  m £,1) Xk-1,2
k=1

n
+  ^  (Xk,2 -  bXk-1,1 -  a x k-1,2 -  m e,2) Xk-1,1 — 0

daQn =  0
db Qn =  0

=> <

k=1
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Rearranging gives us the equation
f n

E
,k=1

x k -1,1 +  x k -1,2 2xk-1,1x k -1,2
2xk-1,1x k -1,2 X2k_ 1,1 +  X2k_ 12

1 a

J b_

= E
k=1 L

which can be rewritten as
n r i 2

(xk,1 -  m £,1)Xk-1,1 +  (xk,2 -  m e,2)xk -1,2 
(xk,1 -  m e,1)xk_1,2 +  (xk,2 -  m e,2)xk_1,1

E
,k=1

xk -1,1 xk -1,2
x k—1,2 x k—1,1 E

k=1 L

xk—1,1 xk -1,2
x k—1,2 x k—1,1

(xk -  m e) ,

or using the notation for A n and  B

A n(x 1, . . . , x n) — B n(x 1, . . . , x n) .

So Fn(x 1, . . . ,  x n) is t he  only critical point if (x 1, . . . ,  x n) G D(Fn). However 
we still have to prove th a t it is in fact a minimum, we will use the second 
order derivatives. The Hessian m atrix of Qn is

„2 , ^2 i n r i 2
H  n — 2 Y ,

k=1

x k - 1,1 +  x k -1,2 2xk-1,1x k - 1,2
. 2xk-1,1x k -1,2 x L  1,1 +  x L  1,2. 2 E

k=1

x k -1,1 xk -1,2
x k—1,2 x k—1,1

as we can see it does not depend on the parameters a, b. We are going to 
show tha t H n is positive definite, we are going to do this by the equivalent 
condition tha t its leading principal minors are all positive. Remember we are 
working on the set D(Fn), thus

(  n r_ _ 1 2N
0 <  det(A n(x 1, . . . ,  x n)) — det I

,k=1
n

xk—1,1 xk -1,2
xk -1,2 xk—1,1

2

E x k -1,1 +  x k- 1 , J  -  4 E x k—1,1x ^—1,2
,k=1

n
,k=1

<  Q ^ x k -1,1 +  x k - 1,2
,k=1 
'n _„2Consequently X ^ =1 xk-11 +  xk-1 2 >  0, th e  m atrix H n is positive definite,

and Fn(x 1, . . . ,  x n) ŝ th e  ^ i im u m  of Qn. This proves the formula for

□

a n
3n

n

2

2
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We have the formula for the estimators, but in order to prove limit theo­
rems we also need a formula for the difference from the real parameters.

C o ro lla ry  4.2. The difference of the CLS estimator and the real parameter 
values can be written as

a n — a  

Pn — P
— A —1C^ n  ^  n 5

X k—1,1 X k—1,2
X k-1,2 X k -1,1

M  k.

where
n

C  n(X ! , . . . ,  X  n) =  ^
k=l L

P ro o f. To get the formula for the difference, one can write

=  A Z l ( B n -  A
a n — a  

Pn — P
A —1BA n B  n

— A - 1

— A - 1

— A - 1

£
k=1 
f n

£
vk=1 L

n

£
,k=1

X k—1,1 X k—1,2
X k—1,2 X k—1,1

X k—1,1 X k—1,2
X k-1,2 X k-1,1

X k—1,1 X k—1,2
X k-1,2 X k-1,1

a

.P.
n

(X  k — m e) — ^ 2

k=1

(X  k — m ^ X  k—1 — m e) 

M  k

X k—1,1 X k—1,2
2

a

X k—1,2 X k—1,1 A

□

T h e o re m . 4.3. Let ( X k)keZ+ be a 2 -type doubly symmetric Galton 
Watson process with immigration satisfying conditions (CPR*)7 (ZS) and 
(M) with £ — 8. If the process satisfies (ND) as well, then the probability of 
the existence of the estimators a n and fin tends to 1 as n A  œ , and further

n 1/2
a n — a  

Pn — P.
\ fâ p

io1 Y  dW t 

/o1 Y d t

1
-1

(63)

as n A  where (Yt)tGR+ is defined in Remark 3 .1 4 -

P ro o f. We start by finding the nonzero limit of de t(A n). This will allow
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us to  prove th e  asym pto tic  existence of th e  estim ato r. We have 

d e t(A n) =  d e t i
,k=1

n

X k-1,1 X k -1,2
X k - 1,2 X k -1,1

d e t Y ,
,k=1

X2_1,1 -2 2 X k -1 i X l  1+  X k - 12 2X k-1,1X k - 1,2
2 X k-1,1X k -1,2 X I-1,1 +  X f-1,2.

k -1,2

E  Xk2-1,1 +  Xk2-1, 2 -  E  2X k -1,1X k -1,2
^k=1 /  \  k=1
' n \  /  n
£ [ X t - U  +  X k-1,2]M  W [ X t - 1 , 1  -  X k -

vk=1 /  \k=1

T he decom position (20) yields
n n

d e t(A n ) =  4 £  £  V h ,'k-1 
k=1 k=1

(64)

for all n  £  N. By C orollary  3.15 and  th e  continuous m apping  theorem  we 
have

n -5 d e t(A n ) f  dt / Yt dt (65)
1 — A- J0 J0

as n  ^  ro . T he process satisfies (ZS), therefore m e =  0, consequently  by 
th e  SDE (61), we have

P(Y t =  0 for all t  £  [0,1]) =  0.

T his implies

P Y2 dt Yt d t>  0 = 1 .t
'0 Jo

Consequently, th e  d is tribu tion  function  of Yt2 d t Y t d t is continuous a t
0. N ote th a t

P ( ^ n) =  P  (d e t(A n) >  0) =  P  (n  5 d e t(A n) >  0) .

If th e  process satisfies (N D ), th en  (V£vleft, v left) >  0 , and  by (65),

P ( f in) ^  p ( 4 ^V$Vleft ,2Vleft)
V 1 -  A2_

Yt2 dt Yt dt > 0

=  P Yt2 dt Yt dt > 0 =  1

2 2

2

1 1

0
1 1

0
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as n  —— oo. T his proves th e  asym pto tic  existence of th e  estim ato rs.
N ext we tu rn  to  prove convergence (63). We do th is  by finding stochastic  

expansions for th e  p roduct A nC n . We will use C orollary 3.15 again, so in 
fact we are proving a  jo in t convergence of th e  sequence (d e t(A n), A nC n)neN. 
We have

A  n — E
k=1

X k-i,i +  X k-i,2 - 2 x k-i,iX k-i,2
2Xk-1,1X k -1,2 X k2-i,i +  X f-1,2_

1
2

1
2

4V 2- 1 +  U2- i  
4V2- i -  U 2-i

E  u
k=i

2
k- 1

1 - 1
-1 1

4v k -i -  u 2 - i ' 
4Vk2- i  +  U 2 -J

+  2 E  V
2
k- 1

k=1

1 1 
1 1 5

and

C  n E
k=i

X k-1,1 X k -1,2
X k-1,2 X k-1,1

M  k

E
k=i

Uk -1 -  2Vk-1 Uk -1 +  2Vk-1
Uk -1 +  2 Vk- 1 Uk -1 -  2 Vk- 1

M  k

1
2

1 1 
1 1 M kUk- 1  +

k=1

- 1  1 
1 - 1 E  M kVk-1 .

k=1

2

T hese reform ulations in te rm s of Uk-1 and  Vk-1 along w ith  C orollary 3.15 
im ply stochastic  expansions

A  n

C n

n 3An,i
1 /2
-1 /2

-1 /2 '
1 / 2 .

+  n 2An,2
2 2 
2 2 5

1 /2  1/2 ' 
1 /2  1 /2 n ‘2‘C  n,1 +

-1
1

1
-1

n 3/2C n,25
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w h e r e

An, 1 =  n 3 ^  u k-i - >  A i :=  I Y't d t,
k=i
n

An,2 =  n  ^  Vk-1 ----> A 2 : =
2 V . _(^^^left, v left)

k=1
n

1 -  A-
1

Yt d t,

Cn,1 =  n -2 y '  M kUk-1 - >  C1 := Y  d M t,
t=1 J °

Cn,2 =  n -3/2 ^  M kV k-1 - >  C2 :=
V - __(V^ v left, v left)1/2 f  ̂ T 7 1 /2

k=1 (1 -  A2 )1/2 Jo
YtV{ ' d W t,

jointly as n  >  to. Multiplying these together we get

A nC  n = n 5Dn,1 +  n 9/2Dn,2 +  n 4D n ,3 +  n 7/2D n ,4, (66)

where

D n,1 :— An,1

for all n  £ N and

D n,2 : =  An,1 

D n,3 := A n,2 

D n,4 :— An,2

1 /2  - 1 / 2 '
- 1 / 2  1 /2

1 /2  1/2 ' 
1 /2  1 /2 C  n,1 =  0

1 /2  - 1 / 2  
- 1 / 2  1 /2

2 2] [1 /2  1 /2  
2 2  |_1/2 1 /2

2 2] T -1  1 
1 - 1

1 11 „  V . 1-----1 1
1

- 1 C n,2 > A 1

1 h->■
1

1 1__
_ C 2,

C v
n,1 > A2

2 2' 
2 2

e b

2 2 C  n,2 =  0

as n  >  to. Putting it all together we get

n -9/2 A nC n A  A1
- 1  1 
1 - 1

as n  >  to , where

A - 1 1
a  1 - 1 c  2 = y 2 dt

- 1  1 
1 - 1

n
=  l  Yt2 ^  Yt d W

(V^v left, v left)1/2 f 1 V 1/2 , - r ,
(1 -  A- )1/2 J0 YtV« d W t

r 1 1
- 1

1

1

1

0
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since

- 1
1

1
-1

v 1/2w ,  =

V

v
—v

T '
left
T
left.

V f w  , =

2 (V v ie ft, Vleft)1/2 W

2 2 ^ V 1/2Vieft, W ,

' 1 '
- 1  '

1
-1

We have shown th e  jo in t convergence

n  5 d e t(A n)
n -9/2C  „ A  u

D—>■

4(V̂ Vieft,Vieft)
1- X2_ fo1 Y t2 d t /o1 Y  d t

2 { V left 7v left )
(1- À- )l/2 fo1 Y,2 d t fo1 Yt d W ,

1
-1

as n  —— oo. Using th e  continuous m apping  theorem  on th is resu lt gives us 
th e  desired convergence

n 1/2
a n — a n —9/2C  „ A

V  , /S Â  f f  Y  d W ' 1 '

ß n — ß_ n —5 d e t(A n) ß  fo1 Y, d t — 1 5

since 1 — A- =  1 — (1 — 2^ )2 =  4 afi.
In th e  critical, doubly  sym m etric  case th e  spectra l rad ius of is

□

q — A+ — a  +  ß,

so we can define a  n a tu ra l e stim ato r for q by Qn :=  a n +  fin .

T h e o re m . 4.4. Let (X k)kGZ+ be a 2 -type doubly symmetric Galton- 
Watson process with immigration satisfying conditions (C P R * )7 (ZS) and 
(M) with £ =  8. If the process satisfies (ND) as well, then the probability of 
the existence of the estimator Q)n tends to 1 as n ^  œ , and further

Yt d (Yt -  (uieft, m g) t ) 

fo1 Y t2 d t
as n —y oo.

n  (Qn -  1) — » —

P ro o f. Using Lem m a 4.1 we can w rite

Qn 1 a n a  +  fin fi

By stochastic  expansion (66) we get

T a n — a
ßn — ß

u left A nC n n   ̂ u TftD n,2 +  n  u Tft

u leftA  nC  n 
d e t(A n ) ’

D n,3,
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where
U D n,2 = An, 1 [l l]T

left D n
- 1  1 
1 - 1 C  n,2 — 0 ,

for all n  G N, and

UMtD n,3 — A n,2 f1 1] 

V

2 2 
2 2 C n ,l, — 4A n,2UleftC n,l

> 4A 2U,TftC 1 — 4 <Vr ietV2Vlett> r  Yt dtuTefJ 1 Yt A M ,1 -  XL

as n  —— to . By (65) we have

n  5 d e t(A n) 
n -4 u ieft 4̂ n C  n

■ j0 y ,2 d t / l  Yt d t '

4<V V-’f ; r rtt> /o1 Yt d t UiTtt / :  Yt d M t

as n  — to . Using th e  continuous m apping theorem  on th is  resu lt gives us 
th e  desired convergence

n  (¡On -  1) —
n —4„u f A  n C  n D fO Yt d (Yt -  <Uleft, m e>t)
n -5 d e t(A n)

n^ n u jo

/o1 Yt2 d t

as n to , since UTftM t  — Yt -  <Uieft, m e>t. □
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4.2 T h e  g e n e r a l  p r o c e s s  w i th  k n o w n  im m ig r a t io n  m e a n

N ext up we reproduce th e  results in th e  general case [16, T heorem  3.1.]. 
T here  are  two m ain differences. T he first is th e  lighter assum ptions on th e  
s tru c tu re  of th e  offspring m ean m atrix  is, we only assum e th a t  th e  m atrix  is 
positively regular. Second we needed a m ore convoluted approach  in trea tin g  
th e  estim ato r for th e  critica lity  p aram eter as it is now a non-linear function 
of th e  m atrix  elem ents.

We s tru c tu red  th e  proofs in a sim ilar way to  th e  previous section, th e  
reason for th is  is to  show how th e  m ethod  can be applied  in a  stream lined  
fashion.

For each n  E N, a  CLS estim ato r of based on a  sam ple
X  ! , . . . ,  X  n can be ob tained  by m inim izing th e  sum  of squares

n n

Y  | |X k _  E ( X k | F * _ i ) | |2 =  Y  | |X k _  m ^ X k -1 — m e ||2
k=1 k=1

w ith  respect to  over R 2x2

L e m m a  4 .5 . The CLS estimator of has the form  (n) =  B nA, - 1
n^-n on

the set Qn := {u  E Q: d e t (A n) >  0}  where

n

A n ( X  1 , . . . ,  X  n) =  Y ,  X  k_lX  1—1,
k= l 
n

B n(X  1, . . . ,  X n) = Y  ( X k _  m e) X  1_1.
k=1

P r o o f .  Define th e  function  Q n : (R 2) n x R 2x2 ^  R  as

n

Qn (X1 , . . . ,  Xn, m ) = Y  I X  _  m x k—1 _  m £\
k=i

w ith  th e  convention th a t  Xo =  0. A CLS estim ato r of m  ̂ is a  m easurable 
function  Fn : (R 2) n ^  R 2x2 such th a t

Qn (x 1, . . . , x n , Fn (x 1, . . . , x n)) Qn (x 1, . . . , x n , ^m)me R2x2

for all x 1, . . . ,  x n E R 2. We need to  show th a t

F n ( x 1, . . . , x n) — B n ( x 1, . . . , x n) A n ( x 1, . . . , x n)
-1

2
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on the set

D (F n) :=  {x i , . . .  Xn e  (R 2) n : det  (A n (x i , . . . ,  x n)) >  0} .

Fix x \ , . . . ,  x n and find the critical points (where all partial derivatives van­
ishes). Let

m  =
a b 
c d

then

Q n ( x i , . . . ,  xn , m )  =  ^ 2  (xk,i -  axk-1,1 -  bxk-1,2 -  m e,i )2
k=i

n
+ (xk,2 -  CXk-i,i -  dxk -1,2 -  m £,2)2 .

k=i
To find the critical points we have to solve

n
- 2 J2  (xk,i -  axk-i,i -  bxk-i,2 -  m , i ) Xk-i,i =  0

k=in
- 2 (xk,i -  axk-i,i -  bxk-i,2 -  m , i ) xk-i,2 =  0

k=in
- 2 J2  (xk,2 -  cxk-i,i -  dxk-i,2 -  m e,2) xk-i,i =  0

—Q =  0da Q n =  03a^n
— Q  =  0db^n
— Q =  0dcQn =  0
—Q =  0l, ddQn =  0

k=in
- 2  (xk,2 -  cxk-i,i -  dxk-i,2 -  m £)2) xk-i,2 =  0

k=i
Rearranging gives us the equation

f n

^  x k- i x i _ i ) ^ 2 ( x k -  m )̂
a b 
c d ,k=i /  k=i

which using the notation for A n and B n can be written in the form

a b
c d A n ( x ^  . . . , x n) — B n ( x ^  . . . , x n) .

So Fn(x i , . . . ,  x n) is the only critical point if (x i , . . . ,  x n) e  D (F n). However 
we still have to prove th a t it is in fact a minimum, we will use the second 
order derivatives. The Hessian m atrix of Qn is

H  „ =  2 ^
k=i

2
xk_i,i xk -i,ixk -i,2

2x k—i, i x k—1,2 
0 
0

x k-1,2
0
0

0
0

0
0

,2x k_1,1 x k—1,1 x k-1,2
2

Xk_1,1Xk_1,2 x k—1 2
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as we can see it does no t depend on th e  p aram eters a, b, c, d. We are going 
to  show th a t  H n is positive definite. N ote th a t  for any vector v  £  R 4

v t H  n v
Vi

V2
+  2

n
£  X k -ix J -i  
k=i

V3
V4

T |- ^
Vi +  2 V3

A n ( x l , . . . , x n)
V3

V2_ V4_ V4_

T herefore it is sufficient to  show th a t  th e  m atrix  A n ( x i , . . . ,  x n) is positive 
definite, we are going to  do th is by th e  equivalent condition th a t  its leading 
principal m inors are  all positive. R em em ber we are working on th e  set D (F n), 
thu s

0 <  det (A n ( x i , . . . ,  x n)) =  de t £
k=i

x k - i x I -1

n n n 2

k=i k=l
^   ̂x k—l,lx k—1,2 
k=l

< X2
k—1,1 X2

k—1,2.
k=i k=i

C onsequently  Ŷ Jk=l x 2k- i i  >  0  th e  m atri ces A n ( x i , . . . ,  x n) and H n are 
positive definite, and  F n ( x i , . . . ,  x n) is th e  m inim um  of Q n. T his proves th e  
form ula for (n^ □

We have th e  form ula for th e  estim ato r. To prove lim it theorem s we have 
to  handle  th e  difference betw een th e  estim ato r and th e  real p a ram eter value.

C o r o l la r y  4 .6 . The difference of the CLS estimator and the real parameter 
value can be expressed as

m - (n) — m $  =  C  n A —1,

where n
C  „ ( X 1 , . . . ,  X  n) =  £  M  k X  l —i.

k=i

52



P r o o f .  We can get the formula for the difference in the following way

m (n) -  m  =  B n A - 1 -  =  (Bn -  m ^ A n) A - 1

f n n \
E  (X k -  m c) X J - 1  -  m ( £  X k - i X d  A -1

n
,k= 1

n
k= 1

E  (X k  -  m ç X k -1 -  m e) X ¡f_ d  A
k= 1
n \

E  M kX E  A - 1.

-1
n

,k=1

□
In the critical case, by (7) and the continuous mapping theorem, one can 

derive
v f 1

TL A n  ̂ I Y t d t u rightu right —' A '
J0

as t  ^  r o . However, si nee det(A ) — 0, the continuous mapping theorem 
can not be used for determining the weak limit of the sequence (n3A - 1)nGN. 
We can write

m (n) -  m  =  C n A -1 =
-1 1

det(A n)
C  A^  n^-ni n G N, ( 68)

on the set Qn, where A n denotes the adjugate matrix of A n (i.e., the 
m atrix of cofactors) given by

A n :=  E
k=1 L

*2-1,2
- * k -  1,1*k-1,2

- X k-1,1X k-1,2 

*2-1,1 .

(n)

n e  N.

We can find the limit for the difference ( ) -  by describing the 
asymptotic behaviour of the sequence (det(A n) , C nA n)nGN.

T h e o r e m . 4 .7 . Let (X k)kGZ+ be a 2 -type Galton-Watson process with 
immigration satisfying conditions (CPR)7 (ZS) and (M) with £ =  8. If the 
process satisfies (ND) as well, then the probability of the existence of the 
estimator m ç (n) tends to 1 as n ^  œ , and further

(1 -  A '-)1/2 V f 2 P  Y  d W
n 1/2(m Ç (n) -  m ç )

vG
(VÇVleft, v left)1/2 / 0 Yt dt

VT
left (69)

53



as n A  with Yt :=  (« left, M . t + t m e) 7 t  G R+, where (M .t )tGR+ is 
the unique strong solution of the SDE

d M t  =  ( (« left, M t  +  t m e)+ )1/2 V 1/2dW t,  t G R + ,

M o = 0 ,

where (W  t )tGR+ and (W  t )teR+ are independent 2 -dimensional standard 
Wiener processes.

P ro o f. We start by finding the nonzero limit of d e t(A n). This will allow us 
to prove the asymptotic existence of the estimator. The decomposition (20) 
yields

k=i

d e t(A n) =  det W ) X  k_ iX  J_1
V k=i

=  det ^  [«right «right] ^  ^

(
n

T

k=i

Using Lemma 2.2 we get

d e t(A n ) =  W  U2 ) ( Y . Vk

'Uk—r 'Uk—r
Vk—1. Vk—1_

T

'Uk—r 'Uk—r
Vk—1_ Vk—1_

(«right «right

2
(det ( («right «right])] .

T

n—1 \  /  n—1

2 T V2
k=1 /  \ k =1

' n—1

Y  Uk Vk (70)
,k=1

for all n  G N. By Corollary 3.15, Lemma 3.9 and the continuous mapping 
theorem we have

n  5 d e t(A n) —AD ( V «left, «left) f  ,̂2
1 -  A2_

Yt d n  Yt dt (71)

as n  A  to. The process satisfies (ZS), therefore m e =  0 , consequently by 
the SDE (61), we have

P(Yt =  0 for all t G [0,1]) =  0.

This implies

P j ' Yt2 dt J  Yt dt > 0^ =  1.

2

1

0
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Consequently, the distribution function of f 0  Yt2 d t f 0  Yt dt is continuous at 
0. Note tha t

P(Dn) =  P  (det(A n) >  0) =  P  (n 5 d e t(A n) >  0) .

If the process satisfies (ND), then (V£vleft, v left) > 0, and by (71),

P (fi„ ) ^  P  (  £  Y 2 dt Yt dt >  o)

=  p { L  Yt2 dt 'L  Yt dt >  o)  =  1

as n  ^  r o . This proves the asymptotic existence of the estimator
Next we turn to prove convergence (69). We do this by finding stochastic 

expansions for the product C nA n . We will use Corollary 3.15 again, so in 
fact we are proving a joint convergence of the sequence (det(A n), C nA n)neN. 

The adjugate A n can be w ritten in the form

A  n
0 1

- 1  0 «-1 x  T -
¿=1

0
1

-1
0 ’

n e  N.

Using (20), we can write

C  n = M  k
k=1

0 1 
- 1  0

U k-{
T rUT iright

Vk-1_

---1
1 

s-i 
?__

i

A  n —
UT

right
VT
^ right.

i T

E
¿=1 L

U -  
W _1

u —
T rUT 1right

V^-1_

------------1

, 
.a>

1 
S-i 

?_______
i

0
1

-1
0

Similarly to Lemmas 2.2 and 2.3 one can show
TT '

right
T
right

therefore

0
- 1

T '
right
T
right.

0
- 1

T '
'right
T
right.

0 - 1
1 0

—v T '
left

UT
left

C  nA  n ^   ̂M  k
k=1

Uk-1
Vk_ 1

0 1
-1  0

n

E
¿=1

U -  
W_ 1

u —
T

Vleft
W-1_ . Uleft _

Denote the standard base of R 2 by

r u O'
e1 :—

i 0 1 
_ , e2 :— 1
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C orollary  3.15 im plies stochastic  expansions

T

£ M  k
k= 1

£
1=1

U -  

V i-1

Uk-1
Vk-1

Ui-1 
Vi_ 1

=  n 2C  n,1 +  n 3/2C  n,2,

n T
=  n 3A„, 1 +  n 5/2A„,2 +  n 2A„, 3,

(72)

(73)

w here
n n 1

C n,1 :=  n - 2 V  M kUk- ie l  A  C1 := Y t d M , e l ,
k=1 •'»

C „,2 :=  n -3/2 £  M kV k_1eJ
k=1

V
> C2 :=

(V(V left, Vleft)1/% 7 1/2
V{" 7  Yt d W t e l ,

(1 -  A2 )1/2

and

An, 1 :=  n  3 £
i=1

U?-1 0' 
0 0

A1 :=  I Y , dt
1 0' 
0 0

A„,2 :=  n  5/2 £
i=1

0 Ui-1Vi-1
U i- 1Vi_ 1 0

r>
> 0

A„,3 :=  n  2 £
i=1

0 0
0 V/_1

.1
A  A 3 :=  /  Yt d t

0 0' 
0 1

jo in tly  as n  ^  œ .  Consequently, we ob ta in  an asym pto tic  expansion

C  nA  n =  (n 5 D „,1 +  n<9/2D n ,2 +  n4^ n ,3 +  n?/2 D n,4)
— VT '

left
u T

left
(74)

w here

D n,1 : =  C n,1
0 1

- 1  0
n n

A n,1

=  n -5 £ £  M  k Uk-1 U2- 1e T
k=1 i=1

---
1

0 __
1

'1 0'

1---
- 1 0
 

1__ 0 0

(75)
0

1

0

0
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for all n  G N, and

' 0 1 
- 1  0D n,2 •— C n,1 

D n,3 •— C n.l

D n,4 :— C n,2

0 1 

- 1  0 
0 1 

- 1  0

A n,2 +  C  n,2

A n,3 +  C  n,2 

V

---
---

---
---

---
1

o 1
An,1 -------------> C 2

1

o

> __
__

__
__

__
1

1--
---

---
- 1 1—
1

c
 

1 __
__

__

oI—1 1______
1

---
---

---
---

---
1

o 1
A n,2 -------------> C 1

1

o

> __
__

__
__

__
1

1--
---

---
- 1 1—
1

c
 

1 __
__

__

oI—1 1______
1

A l ,

A 3,

A n,3 g C 2
0 1

- 1  0 A 3

as n  ^  œ .  F inally  p u ttin g  it all together we get

n -9/2C n A n  C 2
0 1

- 1  0
A

—v T '
left

u T
left

as n  —> oo, where

0 1
- 1  0

A
—v T ' 

left
u T

left

f T j f 1 Yt2 d i Yt d W  t eT

(VVleft, Vleft) 1/2 / * \ , ^ t71/2 ^
---

-1 o __
1

'1 0' ’- V Mt’
1--

-- 1 o
 

1__ 0 0 . Uleft .

-  (1 -  A2 )1/2 Jq Y  dt Y  dW t V f

We have shown th e  jo in t convergence

Jo1 Yt2 dt £  Yt dtn  5 d e t(A n) 
n -9/2C  n-A n Y - W U  Jo1 Y 2 d t V W ;,1 Yt d W t Vjeft,T

as n  —— oo. Using th e  continuous m apping  theorem  on th is resu lt gives us 
th e  desired convergence

n 1/2( m (ni—m  )
n "9/2C  A (1 — A—) 1/2 v U  Jo1 Yt d W  t£>G
n —5 d e t(A n) (V?Vleft, Vleft)1/2 / J  Yt d t

VlTft-

□

T h e o r e m . 4 .8 . Let ( X k)kGZ+ be a 2-type Galton-Watson process with 
immigration satisfying conditions (C P R )7 (ZS) and (M) with £ — 8. If the 
process satisfies (ND) as well, then the probability of the existence of the 
estimator pn tends to 1 as n ^  œ 7 and further

Yt d(Yt -  (uleft, m g)t)

/o1 Yt2 d t
as n -G oo.

n(pn -  1) - >  —
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P ro o f. Using the estimates
^  T ---- (n)an :=  e 1 ( )e 1,
^ T ---- (n)7n :=  e ^ m ^( )e i, 

we can write Qn — 1 in the form 

Qn 1 Qn Q

7  T (n)/Qn :=  e 1 m ^ ( )e 2,
7  T (n)Qn :=  e 2 m ^ ( )e 2,

( a n — a )  +  ( Qn — 5 ) +  V ( a n — Qn ) +  4 / nQn — \ /  ( a  — 5) +  4 / Y

an — a  +  Qn — 5 
2

+
a n  — Qn — ( a  — 5 ) +  4/3n7n — 4/ y

2

cn

a n — Qn ) +  4 / nQn +  \ ( a  — 5) +  4 / Y

a n — Qn ) +  4/QnQn +  (1 — A—)

where

Cn :— ( a n a )

+  ( Qn _  5

an  — Qn ) +  4/nQn +  (1 — A—) +  (an  +  a )  — ( Qn +  5

a n — Qn ) +  4/QnQn +  (1 — A — ) — ( a n +  a )  +  ( Qn +  5

+  4 \j3n — / J  Qn + 4  (Qn — Y) /

We handle cn by replacing some terms with their limits, then we prove tha t 
the difference tends to 0 with the right scaling. Finally we show tha t the re­
sulting simpler expression has the right limit with the same scaling. Slutsky’s 
lemma and (69) imply (n) — m  ̂ —W 0 , and  hence m ^(n) — m  ̂ —W 0
as n  w  to . T h u s Qn —W Y? and

( a n +  a )  — ( Qn +  5^ — w 2 ( a  — 5) ,

a n — Qn + 4 /3n7n — w (a  — 5) +  4/ y =  (2 — a  — 5) =  (1 — A—)2

2

2

2

2

2

2
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V
as n  P  to . T he  aim  of th e  following discussion is to  show n (c n — dn) — P 0 
as n  —> oo, where

dn :=  (an  — a )  [2(1 — A—) +  2a  — 26j +  ^ n  — 6J [2(1 — A—) — 2 a  +  26

+  4 (Jin — p )  Y +  4 (Yn — Y) P

=  4(1 — 6 )(an  — a )  +  4y (pn — P ) +  4P (7n — Y) +  4(1 — a )(? n  — 6). 

We have

n  (cn — dn) =  n  

+  n

an  — 7n ) +  4pn7n — (1 — A—)

+  4n( a n a )  ( 7n 6

( a n a )  +  ( 7n 6

— Y) .

We can w rite  th e  difference \ ( a n — pn ) +  4p n7n — (1 — A—) as

an  — 7n ) — (a  — 6)2 +  4 (pin — P ) 7n +  4 (7n — Y) P

a n — 7n ) +  4/7n7n +  (1 — A—)

while expanding  ( a n — pn ) — (a  — 6)* 2 yields

a n 7n ) ( a  6) ( a n a )  ( 7n 6 ) ( a n +  a )  ( 7n +  6

Hence n (c n — dn) —P  0 as n  p  to will follow from  f n —P  0 as n  p  to,

2
n

2

2

2
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w here

f n • n  ( a n a )  \/ ( a n 7n ) +  4 (i nr'fn +  1 A-  +  a n +  a  7n 6

+ 4 n  (an  -  a ) (£n  -  P ) 7n +  4n  (an  -  a ) (in  -  7 ) P 

- 2 n (an -  a) (6n -  6 ) \ l  ( an  -  7n ) +  4/3n7n +  1 -  A_

a n -  7n ) +  4Ai7n +  1 -  A-+4n  (/n -  P J  (7n -  7)

+4n  {/in -  P )  (6n -  6) 7n +  4n  (%  -  7 ) (6n -  6) P

+ n  (6n -  6)2 a n 7n ) +  4/7n7n +  1 A-  a n a  +  7n +  6

as n  —— to . By (69) we have 

n 1/2(m ^ (n) -  )
(1 -  A -)1/2 v i1/2/ 01 y  a w , r T

^  ---  ■ - -  1 v left
(V^lefO  v left)1/2 f 0 Yt d t

as n to . Consequently,

a n -  a

n 1/2 Pn -  P
7n -  7
7n -  6

r> C
P +  1 — a

- (1 -  a ) e (  I
P  e T l

- ( 1  -  a ) e T l
. P e T l  .

as n  —> oo, w ith

C •=
(1 -  A -)1/2

(VjVleft, Vleft)1/2 7  Y, d t ’
I  •=  v f Y, d W ,.

1
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By th e  continuous m apping  theorem ,

n

(an  — a ) 2 " (1 — a ) 2X J e 1 e JX  "
(an  — a ) ( ftn — ft) — (1 — a ) ß  X  J e 1 e JX
(an  — a)(ftn  — Y) (1 — a ) 2X J e 1 e JX
( a n a )(ftn ft) D C2 — (1 — a ) ß  X  J e 1 e jX
(ßn — ft )(ftn — Y) (ft +  1 — a ) 2 — (1 — a ) ß  X  J e 1 e jX

(ftn — ft )(ftn — ft) ß  2X  J e 1 e jX

(ftn — Y )(ftn — ft) — (1 — a ) ß  X  J e 2 e jX

(ftn — ft)2 ß  2X  J e 2 e jX

as n  —— to , and  using th e  continuous m apping theorem , S lu tsky ’s lem m a 
and  as n  — to, we get

fn  - — 2(1 -  a ) 2X Te i e ^ X [1 -  A_ +  a  -  6] -  4(1 -  a ) f tX Te ie ^ X y  

+  4(1 -  a ) 2X Te i eT>Xft +  4(1 -  a ) f tX Te ie T X (1 -  A -)

-  8(1 -  a ) f tX Te ie T X  (1 -  A -) +  4ft2X Te ie T X 7

-  4(1 -  a ) f tX Te2eTX ft +  2ft2X Te 2 e T X [1 -  A- -  a  +

=  X T f  (i)e ie T  +  f  (2)e ie T  +  f  (3)e2eT ) X  =  0 ,

since

f (1) =  2(1 — a ) 2 [1 — A-  +  a  — ft] — 4(1 — a ) f t7  =  0,

f (2) =  4(1 — a ) 2ft +  4(1 — a ) f t  (1 — A—) — 8(1 — a ) f t  (1 — A—) +  4ft27  =  0 ,

f  (3) =  —4(1 — a ) f t2 +  2ft2 [1 — A— — a  +  ft] =  0.

Consequently, (76) will follow from

n d n D /o1 Yt d(Yt — t (uieft, m e))

2 /o1 Yt2 d t
a n — ftn ) +  4ßnftn +  (1 — A—)

2

as n  ^  to . We can w rite

dn =  4(1 — ft) e j  (n) — m ^  e 1 +  47 e j  (n) — m ^  e 2

+  4f te j  ( m €(n) — m ^  e 1 +  4(1 — a ) e j  ^ m ^ (n) — m ^  e 2 

=  4e j  ( m (n) — m ^  [(1 — ft) e1 +  7 e2]

+  4e j  (n) — m ^  [fte1 +  (1 — a ) e 2 ] .
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N oticing

/ e 1 +  (1 -  a ) e 2 =
1 -  a =  ( / + 1 a )  Uright,

(1 -  5) e 1 +  7 e 2 =
T -  5'

Y
=  Y 

1 -  a 1 -  a =  (Y +  1

we get

dn =  4 [(7 +  1 -  5) e j  +  ( /  +  1 -  a) e j ] ( m ^ (n) -  UrigM

T (n)
heft ( )

We use again th e  asym pto tic  expansion (74) of C nA n. We have

=  4(1 -  A_) (n) -  Uright.
(77)

Dn,2 =  n -9/2 M  * (  V t - l U i l  -  U k ^ U - V - ' )  v
k=1 ¿=1

im plying D n,2Uright =  0 for all n  G N. Therefore

d = 4(1 -  A -) Ulj ft ( D n,3 +  n -1/2D n ,^  Uright 

ndn =  n - 5 det(A n)

w here

UTft ( D n,3 +  n   ̂ D n,4̂  Uright  ̂ UTft ^ C

(V^Vieft, Vieft) r1 r1

T
left,

0 1
- 1  0 A 3

—v T '
left

UT
left

Uright

1 -  A-  JO JO

P u ttin g  it all together we have

4(1 -  A -)

Yt dt  Û ieft Y t dM t  UiDftUright.

2

G 1,

a n -  dn] +  4 / n7n +  (1 -  A -)

and
.TUTft (D n,3 +  n   ̂ D n,4) Uright

n - 5 d e t(A n)

D (V^Vieft, Vieft) f 1
1 -  A2_

Yt dt Uij ft /o1 Yt d M t 
/o1 Yt2 d t

T hus we can conclude (76). □
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4.3 T h e  g e n e r a l  p r o c e s s  w i th  u n k n o w n  im m ig r a t io n  m e a n

In th is  section we offer a sm all extension on th e  previous results. So far 
we always assum ed th e  knowledge of th e  im m igration  m ean vector, in w hat 
follows we tre a t th is  p a ram eter as unknow n and  prove results on th e  existence 
and  lim it d is tribu tion  of a jo in t estim ato r of th e  two m eans. U nfo rtunate ly  
th is  does no t offer a  significant im provem ent as th e  results on th e  offspring 
m ean estim ato r are  unsatisfactory .

For each n  E N, a  joint CLS estim ato r m ^ (n) of and m £(n  ̂ of m £ 
based on a  sam ple X 1 , . . .  , X n can be ob tained  by m inim izing th e  sum  of 
squares

n n
^  | |X k _  E ( X k | F * _ i ) | |2 =  ^  | |X k _  m ^X k - 1 _  m e ||2
k=1 k=1

w ith  respect to  m ^ , m £ over R 2x2 x R 2.

L e m m a  4 .9 . The joint CLS estimator o fm ^and  m £ has the form

m € (n) =  B  n A —1

(n) 1
m £ =  -

n s x  k - m (n) n ^  x
i

k—1,
k=l k=1

on the set Qn :=  {w E Q: det (A n) >  0}  where
n n

A n (X  1, . . . , X  n) = J 2  X  k- l X  l_ i -  - Y ,  X  k- l Y  X
rbk=l

n

k-1
k=1 k=1

n n
T
k -1.

T
k—1,

B  n (X  1, . . . , X  n) = Y  X  k X  J_1 _  Y  X  „ Y  X ;
rnk=1 k=1 k=1

P r o o f .  The proof uses the same ideas as in Lemma 4.5, but for the sake of 
completeness we present it here. Define the function Q n : (R2) x R 2x2 x 
R 2 R as

Qn ( x 1 , . . . ,  Xn, m ,  u )  =  ^ 2  l|xk -  m X k-1 -  u |
k=1

with the convention th a t x 0 == 0. A joint CLS estimator of m  ̂ and m £ is a 
measurable function Fn : (R 2=n ^  R 2x2 x R 2 such tha t

Q n (x ^  . . . , x n , F n (x 1, . . . , x n)) Q n (x 1, . . . , x n , u )mER2x2, uER2

2
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for all x i , . . . ,  x n G R2. We need to show that on the set

D(Fn) :— { x i , . . .  Xn G (R 2) n : d e t ( A n ( x b . . . ,  Xn)) >  0} ,

we have

Fn (x 1, . . . , x n) —
Fn,m,£ (x 1, . . . , x n) 
Fn,me (x 1, . . . , x n)

where
-1

F n,m£ ( x ^  . . . , x n) B n ( x p  . . . , x n) A n ( x 1, . . . , x n)
1 n 1 n

F n,me ( x 1, . . . , x n) — ^   ̂x k F n,m£ ( x 1, . . . , x n) ^   ̂x k -1.
k=1 n k=1

Fix x 1, . . . ,  x n and find the critical points (where all partial derivatives van­
ishes). Let

m  —
a b 
c d

u  —
u 1
U2

then

Qn ( x 1, . . . , x n , u )  ^   ̂ (xk,1 a x k -1,1 bxk -1,2 u 1)
k=1

n

+  X ]  (Xk,2 -  CXk-1,1 -  dXk-1,2 -  U2)2 .
k=1

To find the critical points we have to solve
n

2 y ' (xk,1 axk -1,1 bxk - 1,2 u 1) x k -1,1 — 0
k=1n

- 2  (xk,1 -  axk-1,1 -  bxk-1,2 -  U1) Xk-1,2 — 0
k=1n

- 2  x ;  (xk,2 -  cxk-1,1 -  dxk-1,2 -  U2) xk-1,1 — 0

—Q — 0da Q n — 0d a ^ n
—Q — 0db Q n 0d b ^ n
—Q — 0dcQn 0
—Q — 0ddQn — 0
— Q — 0duiQn 0
— Q — 0 kd«2Qn 0

k=1n
- 2 x ;  (xk,2 -  cxk-1,1 -  d x k-1,2 -  U2) x k-1,2 — 0

k=1n
- 2 (xk,1 -  a x k-1,1 -  bxk-1,2 -  U1) — 0

k=1n
- 2 Y , (xk,2 -  CXk-1,1 -  d x k-1,2 -  U2) — 0

k=1
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Rearranging gives us the equations

a
c

^ X k - i x J - !  +
k=1

n
u 1
U2

+

U1 
U2

a b 
c d

J 2 Xk-1 = Xkx k -1,
k=1 k=1
n n

^   ̂x k -1 — ^   ̂x k.
k=1 k=1

So Fn( x 1, . . . ,  x n) is th e  only critical po in t if ( x 1?. . . ,  x n) £  D (F n). However 
we still have to  prove th a t  it is in fact a  m inim um , we will use th e  second 
order derivatives. T he Hessian m atrix  of Q n , H n is

2X2Xk -1,1 x k-1,1x k -1,2 0 0 x k -1,1

1----o

x k-1,1x k -1,2 x2
Xk -1,2 0 0 x k -1,2 0

n

2 E
k=1

0
0

0
0

2X2x k—1,1
x k -1,1 x k—1,2

x k-1,1x k -1,2 
x2
Xk -1,2

0
0

x k -1,1 
x k -1,2

x k -1,1 x k -1,2 0 0 1 0
0 0 x k -1,1 x k -1,2 0 1

as we can see it does no t depend on th e  param eters a, b, c, d, u 1, u 2. Forgetting  
ab o u t th e  positive constan t m ultip lier 2, and  exchanging th e  th ird  and  fifth 
rows and th e  th ird  and  fifth colum ns (th is does no t change th e  positive 
definite p ro p erty  of a  m atrix ) we get a  block diagonal m atrix

x 2
Xk -1,1 x k-1,1x k -1,2 x k -1,1 0 0

x k -1,1 x k—1,2 x2
Xk-1,2 x k -1,2 0 0

n
V x k -1,1 x k -1,2 1 0 0

k=1
0 0 0 x2

Xk -1,1 x k-1,1x k-
0 0 0 x k-1,1x k -1,2 x 2x k -1,2
0 0 0 x k -1,1 Xk-1,2

0
0
0

x k -1,1 
x k -1,2 

1

To show th a t  th is  m atrix  (and consequently  H n) is positive definite, it is 
sufficient to  show th a t  th e  3 x 3 m atrix  in th e  upper right corner

h  : E
k=1

2
x k 1,1 Xk -1,1 x k—1,2 x k - 1,1

2
x k-1,1Xk -1,2 Xk- 1,2 x k - 1,2

x k -1,1 x k - 1,2 1

is positive definite. We are going to  do th is by showing, th a t  its leading
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principal minors are all positive, that is

0 <  d e t ( H n),
/  n

0 <  det i
n r 2

Xk-i,i Xk-1,lXk-1,2
2

x k—1,1 x k—1,2 Xk—1 2

0 <  E

,k=1

„2
<  ^ x k—1,1,

k=1

if (X1, . . . ,  Xn) G D (F n) . Surprisingly 

d e t ( H n) =  n d e t ( A n ( x b . . . ,  Xn))

=  n  ^  x k—n Y l x2—1,2 — n  S x k—1,1Xk— 1,2
k=1 k=1

n
,k=1

n n
+  2 ^   ̂x k—1,1Xk—1,2 ^   ̂x k—1,1 ^   ̂x k—1,2 

k=1 k=1 k=1
2

E  x k—1,1 E x k - 1,2 E  x k—1,2 E x k—1,1
k=1 ,k=1 k=1 ,k=1

n  d e t V  Xk—11 xk—121Xk—12
\k = t  Lx * —1,1x k —1,2 x k—1,2 .
n /  n n

— I Xk—1,1 x ^—1,2 +  x k—1,2 x i —1,1
k=1 V ¿=1 ¿=1

Therefore on the set D(Fn) we have

0 <  de t (A n (x 1, . . . ,  Xn)) =  -  de t (H n)

<  d eW

n
n r 2

xk—1,1 Xk—1,1Xk—1,2
2

Xk—1,1Xk—1,2 Xk—1,2,k=1

=  E  A u E  Xk—1,2 -  E x k—1,1Xk— 1,2
k=1 k=1
n n

<  ^ x k—1 , ^  x k—1,2.

,k=1

k=1 k=1

2

2

2

2
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C onsequently  ^ n = i  x k -1 1 >  0  th e  m atrices H*n and  H n are  positive defi­
nite , and  F n ( x 1, . . . ,  x n) is th e  m inim um  of Q n. T his proves th e  form ula for 
th e  jo in t estim ato r. □

We have th e  form ula for th e  estim ato r, b u t in order to  prove a  lim it 
theorem  we have to  express th e  difference from  th e  real p a ram eter values in 
a form  th a t  we can work w ith.

C o r o l la r y  4 .1 0 . The difference of the CLS estimates and the real parameter 
values can be expressed as

m (n) -  =  C nA-1,-1

1 n 1 n
m  (n) — m e =  — E  M k — ( m i (n) — ~  E

k= 1 k=1
k—1,

(78)

where

— n n
C n ( X  1, . . . ,  X n) = Y ^  M k X J— 1 — -  £  M k  £  X J— 1.

I  Vk= 1 k=1 k=1

P r o o f .  We can find th e  form ula for th e  difference w ith  a stra igh tforw ard  
calculation

(n) B vA n 1 — m i

E x  k X  J—1

(B  n — m i  A n) A —1
1 n n

-  E  X  k E  X  J—1
k=1 k=1

m iA n A — 1
n

E ( X  * m i x  k—1) x  j —1
,k=1

n
E  ( X  k — m cX  k—1) E  X  J—1 A —1
k=1 k=1

E  (X  < m i X  k—1 — m e) X  J_ 1
,k=1

n
E  (X k  — m j X k —1 — m €) E  X  J—1 A —1
k=1 k=1

C  A 1C  nA n.

—

—

□
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In th e  critical case, by (7) and  th e  continuous m apping  theorem , one can 
derive

n 3 A n l I Y 2 dt -  ( /  Yt dt « T
right «right A

21 1

as n  ^  r o . However, si nee d e t(A )  =  0, th e  continuous m apping  theorem  
can no t be used for determ in ing  th e  weak lim it of th e  sequence (n 3A - 1)neN- 
We can w rite

m (n) -  =  C n A —1 =  d e t (A  ) C nA n, n e  N, (79)

on th e  set Qn, where A n denotes the ad juga te  of A n (i.e., th e  m atrix  of 
cofactors) given by

A  n
0 1

- 1  0
£  x  t - i X  u
k=1

n n
£  x  k -i £  x  Ï-1
k=1 k=1

0 - 1
1 0

(80)

We can find th e  lim it for th e  difference (n) — by describing th e
asym pto tic  behaviour of th e  sequence (d e t(A n), C nA n)neN.

T h e o r e m . 4 .1 1 . Let ( X k)kGZ+ be a 2-type Galton-Watson process with 
immigration that satisfies conditions (C P R )7 (ZS) and (M) with £ =  8. If 
the process also satisfies (N D ), then the probability of the existence of the 

estimators (n) a n d m e(n) tends to 1 as n »  œ , and further

n 1/2( m (n) ) a  ^  -  A- )1/2 v 1/2J q y t vT
4 ) V v left, vieft.)1/2 / ;  Yt d t lel

--- (n) D . aJ -  m e — » M 1

(81)

(82)

as n »  œ , with Y t :=  ( « left, M . t +  tm e), t G R +  where (M .t )tGR+ is
the unique strong solution of the SD E

dM t  =  ( («left., M t  +  i m e) + )1/2 V 1/2 dW t , t  G R + ,

M q =  0,

where ( W  t )teR+ and ( W  t)teR+ are independent 2-dimensional standard 
Wiener processes.
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P r o o f .  We s ta r t  by finding th e  nonzero lim it of d e t(A n). T his will allow us 
to  prove th e  asym pto tic  existence of th e  estim ato rs. By th e  decom position 
(20) and Lem m a 2.2 we get

k—1X  I - 1
,k=1

det(A n) =  det ( ^ X  k—1X

(n

T

k=1 
/  n

= det T

n T  X  k—1 T  X I - 1
k=1 k=1

.k=1

1--
---

---
1

1__
__

__
__

__
__

_1

T
P

 
1_____________1

I  -| n

— 1 T
k=1 i 

i 
i__

__
_

i n

T
k=1 i 

i 
i___

__
__

__
__

__
i

1--
---

---
1

1__
__

__
__

__
__

_1 T
P

 
1_____________1

— 1 T
k=1 i 

i 
1__

__
_

1 n

T
k=1 i 

i 
1__

__
__

__
__

__
_1

d e t ( (u right v right] )

TN

1

for all n  G N. By C orollary 3.15, Lem m as 3.8 and  3.9 and th e  continuous 
m apping  theorem  we have

n  5 d e t(A n) D (V^Vieft, Vieft)
W  1 -  A2_

1
' Yt dt
0

1
I Yt2 dt 
0

(83)

as n  w  œ .  T he process satisfies (ZS), therefore m e =  0, consequently  by 
th e  SDE (61), we have

P(Y t =  0 for all t  G [0,1]) =  0.

T his implies w ith  th e  help of th e  Cauchy-Schw arz inequality, th a t
•1 •1

P Yt dt Yt2 d t —
o \ 2N

Yt dt ) >  0)  =  1.
'0 \J0 \J0

Consequently, th e  d is tribu tion  function of

Yt dt I I Y t  dt —
.1 \ 2N

Yt dt )
J0 W 0 w o

is continuous a t 0. N ote th a t

P ( ^ n) =  P  (d e t(A n) >  0) =  P  ( n -5 d e t(A n) >  0) .

If th e  process satisfies (N D ), th en  (V£vleft, v left) >  0, and  by (83),

r ^ 2 d t -  ( / l y t d t

i  Yt d t l

P ( f in) w  P \  (V V f 22left) / '  Yt d t
1 — A—

r1 *1
=  P I Yt d t I J  Y t  d t  — > 0)  =  1

> 0
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as n  —— oo. T his proves th e  asym pto tic  existence of th e  estim ato rs.
N ext we tu rn  to  prove convergence (81). We do th is  by finding stochastic  

expansions for th e  p roduct C nA n . We will use C orollary 3.15 again, so in 
fact we are proving a  jo in t convergence of th e  sequence (d e t(A n), C nA n)neN. 
Using (20), we can w rite

C  n

A  n ---
-1 o __
1 rwT i

right

1--
-- 1 o
 

1__

----1
, 

.a>
1 

S-i 
?__

i

1
n

n n

E M dC
n

E Vk

rwT i
right

i
0 1 1—̂

1
, 

.a>
1 

s-i 
?__

i 1 0

5

Sim ilarly to  Lem m as 2.2 and  2.3 one can show

n T
1ITright
v Tu right.

0 1
- 1  0

therefore 

C  A —^  n^-n

u  Tright
v Tu right.

0 1
- 1  0

T ■right
v T_ right.

0 - 1
1 0

—v T - 
left

u T
left

Uk-1 
Vk- 1

T 1
n

Uk
Vk

n T

E M  *E
k=i

Uk

k=i

1

'U k-1- ' 0 1"
_Vk-1_ - 1  0

n S V k E
k=1 L J k=1 L

Uk
Vk

“1 TN
—v T '

left
u T

left _

C orollary  3.15 and  Lem m as 3.8 and  3.9 implies stochastic  expansions

T _. n n

E M  k
k=1

Uk-1 
Vk_ 1

1
n E m dC

k=1 k=1

Uk-1 
Vk- 1

.2— n  C  n,1C  n,1 +  n 3 /2 c  n,2,

n

E Uk
Vk

1  Uk
n  “  Vkk=1

n

E n 3 An,1 +  n 5/2An,2 +  n 2An,3,
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where

Cn,i : _  n _ 2 E  M kU k_i -  -  E  M k  E  U n  e j
,k=1

x>

k
k=1 k=1

*1
>C i := Yt d M t  _ M i  Yt d t e j ,

'0
1

C  n,2 :=  n_3/2( J 2  M  k Vk_i _  M  k ^  Vk_i) e
vk=1 k=1 k=1

*1V „  _  (V^Vleft, Vleft)1/^ 7 1/2
' 2 : _  (1 _  x 2_ )1/2

> C2 : _  V 1' 7  Yt d W  t e j ,

and

A „,1 : _  n _ 3 ( E  U2_1 _  n  E  U>_1
k=1

V
> A \  :

,k=1
*1 /  r 1

Yt2 d t _
'0 \J0

1

1 0' 
0 0

Yt d t
1 0' 
0 0

An,2 :_  n _ 5/2 E Uk_1 Vk_1 _  -  E Uk_1 E Vk_1
,k=1 
n

k=1 k=1

A n,3 :_  n _ 2 ( E  V _  _  M E  Vk_1 ' 0 0
k=1 \k=1

0 1 
1 0

v
> 0

0 1

•1
A  A s  :_  I Yt d t

0 0' 
0 11 _  ^_  Jo

jo in tly  as n  ^  to. Consequently, we ob ta in  an asym pto tic  expansion

C nA n _  (n  ̂D n,1 +  n /̂2Dn,2 +  n^D n,s +  n ? /2 D n,4)
— VT '

left
u T

left
(84)

1
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where

D n,1 • — C

— n

n,1

-5

0 1
- 1  0
n

A n,1

,fc=i 
n

e «  k Uk-i -  n z  m  u

i

- i
k=i k=i

X E U* -i -  n  E  Uk-i
k=i ,k=i

e T ---
1

0 __
1

'1 0"

1---
- 1 0
 

1__ 0 0
0

for all n  £  N, and

D n,2 •— C n,i 

D n,3 •= C n,i 

D n,4 •— C n,2

0 1 

- 1  0 
0 1 

- 1  0 
0 1 

- 1  0

A n,2 +  C  n,2

A n,3 +  C  n,2 

V

---
--

1
0 1 A D „

A n,i ----— C 2

1
O

> __
_1

1--
- 1 1—
1

0
 

1 __

OI—1 1__1

---
--

1
0 1

A n,2 ----— C i

1
O

> __
_1

1--
- 1 1—
1

0
 

1 __

OI—1 1__1

A i,

A 3,

A n,3 2
0 1

- 1  0 A 3

as n  —— 00. F inally  p u ttin g  it all together we get

n -9/2C n A n  - — C 2
0 1

- 1  0
A

—v T '
left

UT
left

as n  —> 00, where

C2
0 1

- 1  0
A

—v T '
left

UT
left

(VfVleft, Vleft)i/2
(1 -  M ) i/2

•i
Y 2 d t - y , d t )  ) v (i/2[  y , d w t

x e T ---
-1 O __
1 1 10

Vleft

1--
-- 1 O
 

1__ 0 0 . Uleft .
•i

(1 -  A2 ) / !  \ J 0 y 2  d t -  ( / o  Yt d ^  ) V i / ^ 1 y ,  d W , V ,Tft .
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We have shown th e  jo in t convergence 
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as n  —— oo. Using th e  continuous m apping  theorem  on th is resu lt gives us 
th e  desired convergence
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To prove convergence (82) we use th e  sam e m ethod . By C orollary  3.15 we
have
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C orollary  3.15 and  (84) implies stochastic  expansions
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jo in tly  as n  ^  to. By Lem m as 2.1 and 2.3 we have
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C onsequently  we ob ta in  a  stochastic  expansion
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T he o ther term s in th e  expansion are
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proves th e  s ta tem en t. □

l

l

T h e o r e m . 4 .1 2 . Let ( X k)kGZ+ be a 2-type Galton-Watson process with 
immigration satisfying conditions (C P R )7 (ZS) and (M) with £ =  8. If the 
process satisfies (ND) as well, then the probability of the existence of the 
estimator Qn tends to 1 as n ^  œ 7 and further

n(Qn -  1) ---->
d / 0i Yt d(Yt -  (u ieft, m £)t) -  (Yi -  (u ieft, m £) ) f 0i Yt dt

f 0 Yt  d t  -  ( T  Yt d t )

(85)

as n oo.
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P r o o f .  We can follow th e  proof of T heorem  4.8 up to  th e  po in t of expressing 
dn in (77). T hen  by stochastic  expansion (84) we have D n,2u right =  0 for all 
n  e  N.

Therefore
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Using (u left, M t )  =  Yt +  (u left, m e) t , we can conclude (85). □
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5 A  d iscu ssion  o f th e  resu lts

In th is  section we discuss th e  results in Sections 3 and 4 . We po in t ou t open 
questions, possible avenues of im provem ents and  investigations.

5.1 A  d iscussion  o f th e  too lk it

In Section 3 we developed a too lk it for study ing  th e  asym pto tic  p roperties 
of estim ato rs of th e  offspring m ean m atrix  in critical 2-type G alton -W atson  
processes w ith  im m igration . We in troduced  a decom position of th e  process 
based on th e  eigenvalues and eigenvectors of th e  offspring m ean m atrix , th en  
we investigated  th e  asym pto tic  behaviour of these  build ing blocks. It was 
a two step  process, first we in troduced  zero lim it theorem s to  u n ders tand  
which term s will be negligible in an  expression, th en  we proved a jo in t lim it 
theorem  finding th e  non-zero lim its of th e  build ing block. T his lim it was 
described in C orollary  3.15.

O ne way these  results could be im proved is by relaxing th e  m om ent condi­
tions. W hile th e  question of estim ating  th e  offspring m ean only requires th e  
existence of th e  first m om ent we require th e  existence of th e  8 th  m om ents. 
It is reasonable to  expect th a t  th e  m om ent condition (M ) could be relaxed 
to  £ =  4. If som eone sets ou t to  achieve th is, th en  th e re  are  two po in ts in 
th e  proof th a t  needs im proving. T he first is checking condition (ii) of T heo­
rem  3.12, as expressed in form ula (60), and  th en  th e  m ultip le  app lication  of 
convergence (25) of C orollary 3 .6 . O u t of these  two, th e  la tte r  seems m ore 
difficult to  improve.

A possible d irection of generalization could be to  exam ine d -type G a lto n - 
W atson processes, w here d >  2. T his d isserta tion  deals w ith  th e  2-type case 
inspired by th e  results available for th e  single-type case. T he advantage of 
w orking in 2-dim ensions is th a t  we can solve qu ad ra tic  equations therefore 
we can explicitly  describe th e  eigenvalues and eigenvectors in te rm s of th e  
elem ents of th e  offspring m ean m atrix . T his advantage is lost in higher 
dim ensions. One could possibly gain insight in to  th e  problem  by first try ing  
to  solve cases w ith  heavy restric tions on th e  s tru c tu re  of th e  offspring m ain 
m atrix , th is is w hat we did for th e  2-type case[10]. To give an im pression as to  
w hat would be needed for th e  general case we po in t to  th e  proofs of Lem m as
2.1 and  2.3. T he first proof only uses general p roperties of eigenvectors, 
while th e  next one requires us to  w rite  ou t th e  coordinates of th e  vectors in 
question, for th e  general case all proofs would need to  be carried  ou t in th e
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sam e m anner as th e  first one.

5.2 A  d iscussion  o f th e  estim ates

In Section 4 we used our too lk it to  exam ine th e  asym pto tic  behaviour of th e  
estim ato rs for th e  offspring m ean m atrix  under th ree  set of assum ptions. All 
of these  estim ato rs were ob tained  by th e  conditional least squares m ethod, 
however w e’d like to  note, th a t  th e  too lk it is not restric ted  to  these  types of 
estim ato rs. A ny estim ato r ob tained  by any heuristics can be exam ined th is 
way as long as it can be w ritten  as a  continuous function of our building 
blocks.

Subsection 4.1 reproduces our first published results [10] on th is  sub ject. 
It was proved using our too lk it, however in a  m ore obscure form, no t as 
stream lined  and clearly s tru c tu red  as it is p resented  here. L ater we trea te d  
th e  general case [16], those  results are  reproduced  in Subsection 4 .2 . F inally  
Subsection 4.3 offers a  sm all extension in trea tin g  th e  im m igration  m ean as 
unknow n param eter.

In all th ree  cases th e  estim ates for th e  offspring m ean m atrix  and  th e  
critica lity  p aram eter found to  be weakly consistent and  th e ir lim it behaviour 
is described w ith  n 1/2 and n  scaling respectively. A next logical step  would 
be to  use these  lim it d istribu tions as a  basis for constructing  tes t, however 
th a t  is no t feasible. T he problem  is th a t  in all cases th e  lim iting d istribu tions 
depend on th e  very param eters we are estim ating  in an  in trica te  way, nam ely 
th e  process Yt , t  E R+ in troduced  in R em ark 3.14 th a t  appears in our lim its 
depend on th e  eigenvectors of th e  offspring m ean m atrix , see SDE (61). A t 
th is  tim e we found no way to  work around  th is  problem . N evertheless these 
are  th e  only consistent estim ato rs available in th e  lite ra tu re  of critical 2-type 
G a lto n -W atso n  processes.

We also note th a t  Subsection 4.3 contains a  jo in t estim ato r of b o th  th e  
offspring and th e  im m igration  m eans. U nfo rtunate ly  th e  estim ato r for th e  
im m igration  m ean requires no scaling for a  lim it, therefore even weak con­
sistency canno t be established . T he problem  of estim ating  th e  im m igration  
m ean in b ranching  processes is a  g rea t deal harder th a n  estim ating  th e  off­
spring m ean, we d id n ’t  expect strong  results in th is area.
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A  Sum m ary

In th is  section we sum m arize th e  results. For th e  sake of conserving space 
we keep form ulas and references to  o ther p a rts  of th e  thesis to  a  m inim um .

As th e  title  suggests th e  goal of th is  thesis is to  estim ate  th e  offspring 
m ean m atrix  in critical 2-type G a lto n -W atso n  processes w ith  im m igration. 
A fter some prelim inaries in Section 2 th is is achieved in two large steps. 
F irst, in Section 3 we establish  a  too lk it for asym pto tic  stu d y  of estim ato rs, 
th en  in Section 4 we in troduce  estim ato rs and use those tools we developed 
to  exam ine th e ir asym pto tic  properties. T he core of th e  thesis ends w ith 
Section 5 a  discussion of th e  results as well as some open questions. Below 
is a short sum m ary  of th e  ideas and key insights th a t  went in to  these  results 
and  some descrip tion of w hat was achieved.

We begin w ith  in troducing  th e  process th a t  we are working w ith, it is a 
sim ple generalization  of single-type G alto n -W atso n  processes w ith  im m igra­
tion . Going from  one dim ension to  two m eans th a t  now we are dealing w ith 
vectors and m atrices and we have th e  tools of linear algebra a t our disposal, 
for exam ple we m ake good use of th e  F roben iu s-P erron  theorem . T hen  we 
define a classification of these  processes, based on th e  spectra l rad ius of th e  
offspring m ean m atrix , we d istinguish  3 categories: subcritical, critical, and 
supercritical, for th is  thesis we focus on th e  critical case. We spend some 
tim e exploring th e  eigenvalues and  eigenvectors of th e  offspring m ean m a­
trix , as th ey  are used to  describe th e  lim iting behaviour of th e  process and 
will be in stru m en ta l in a decom position in troduced  la ter. T heorem  2.4 by 
Ispany and P ap  [12] describes th e  aforem entioned lim iting behaviour of th e  
process. T his lim it is curious, because it is degenerate  in th e  sense th a t  it 
is concen tra ted  on a  single line whose d irection is de term ined  by th e  right 
Perron  vector of th e  offspring m ean m atrix . F inally  we in troduce a set of 
conditions th a t  we will reference th ro u g h o u t th e  thesis.

G enerally  one would find an estim ato r and th en  app ly  T heorem  2.4 along­
side some form  of th e  continuous m apping  theorem  to  describe its lim iting 
behaviour. We do exactly  th a t  using th e  conditional least squares m ethod, 
and  we find th a t  T heorem  2.4 is insufficient for our purposes. T he inverse 
of some m atrix  A n appears in th e  form ulation whose lim it can be described 
using th e  continuous m apping theorem , b u t whose lim it is non-invertib le and 
our a tte m p t fails here. We theorize th a t  th e  problem  is T heorem  2.4 being 
incom plete and poin t to  th e  curious phenom enon ab o u t th e  lim it described in
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it as s ta rtin g  po in t for fu rther investigation. T his concludes th e  prelim inaries.
Section 3 opens w ith  a  decom position of th e  process based on th e  (left) 

eigenvectors of th e  offspring m ean m atrix . We in troduce  th e  random  variables 
Uk in (12) as th e  well-behaved p a rt of our decom position, we know their 
lim iting behaviour, it coincides w ith  th e  underlying 1-dim ensional stochastic  
process in T heorem  2.4. T hen  we in troduce th e  random  variables Vk in (16) 
as th e  problematic p a rt of th e  decom position .T his p a rt doesn ’t  con tribu te  
to  th e  lim it of th e  process, b u t as we will see it la ter it does in case of th e  
estim ato r.

A ny estim ato r based on observing th e  process can be rew ritten  in term s 
of th e  variables Uk and  Vk. T his is purely  a  theo re tica l tool, if we only 
observe th e  process th en  we d o n ’t  have in form ation  on th e  eigenvectors of th e  
offspring m ean m atrix , thus we canno t tell th e  values of Uk or Vk, however 
if we u n d ers tan d  th e ir lim iting  behaviour th en  we can use them  to  prove 
theorem s ab o u t th e  estim ato rs. T he rest of th is  section is devoted to  th e  
asym pto tic  s tu d y  of these  variables and various expressions of them .

We prove some bounds on th e  grow th of th e  m om ents in Lem m a 3.5 , then  
we use those to  estab lish  a  set of zero-lim it theorem s in C orollary 3 .6 . We 
d o n ’t  have to  prove th is  corollary as it can be done in exactly  th e  sam e way 
as in B arczy et al. [3, C orollary  9.2], T hese lower bounds on th e  scaling 
necessary to  get a  lim it of 0 are  no t sharp , and  m ore im p o rtan tly  not good 
enough for our fu tu re  proofs. W here we need it la te r we im prove these 
bounds, these  results are expressed in Lem m as 3 .8 , 3 .9 , and  3.10. We use 
T heorem  3.12 by Ispany and P ap  [11] to  prove our m ain result, it gives a 
set of sufficient conditions under which random  step  processes form ed from  
m artinga le  differences converge to  a  diffusion process. O ur m ain results are 
contained  in T heorem  3.13, a lthough  th ey  are easier to  grasp in C orollary 
3.15, w here we form ulated  them  in way th a t  best suits our purpose.

T he proof of T heorem  3.13 is ju s t  a  careful checking of th e  conditions of 
T heorem  3.12 using our set of supporting  Lem m as bu ilt up in th e  beginning of 
Section 3 . We no te  th a t  th e  difficulty of th is p a rt is in figuring ou t th e  correct 
lim it, th a t  can be proven. T his was done via an  ite ra tive  process, we had  an 
educated  guess on th e  lim it, we tried  to  prove it, b u t failed repeatedly , each 
failure giving us some insight and  ge tting  us closer to  th e  correct form ulation.

Briefly in Section 3 we identified a set of build ing blocks w ith  known 
lim iting behaviour. A ny estim ato r we can build  (or reform ulate) using these 
build ing blocks can be exam ined using our too lk it.
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Section 4 contains 3 subsections, each dedicated  to  finding and analysing 
th e  estim ato r under different assum ptions. F inding  th e  form ula for th e  es­
tim a to rs  is a sim ple m inim ization problem . Since we know from  our earlier 
observations th a t  th e  estim ato r contains th e  inverse of a  m atrix  whose lim it 
is not invertib le we use th e  ad juga te  m atrix  to  express th e  inverse before 
try in g  to  find th e  lim it d istribu tion .

We gain insight in to  why T heorem  2.4 was insufficient w hen we use 
stochastic  expansions. It is a  m ethod  by which we w rite  an  expression as 
a sum  of p a rts  w here we now th e  right scaling and  non-zero lim it for each 
p a rt, see for exam ple (73). W hen m ultip ly ing  stochastic  expansions together 
som etim es th e  leading te rm  vanishes, it is because in 2-dim ension you can 
m ultip ly  together 2 non-zero m atrices w ith  th e  result being a  zero m atrix , 
to  see an exam ple of th a t  look a t form ula (75). T his enables th e  lower order 
te rm s to  d ic ta te  th e  lim it behaviour, th is  th e  reason why we needed to  work 
on th e  prob lem atic  p a rt of our decom position.

We call th e  spectra l rad ius of th e  offspring m ean m atrix  th e  criticality  
p aram eter and  as it can be expressed as a function of th e  m atrix  elem ents 
we can n a tu ra lly  define an estim ato r for it. In th e  doubly  sym m etric  case 
in subsection 4.1 w ith  th e  restric tions on th e  m atrix  s tru c tu re  is is a  linear 
function  of th e  m atrix  elem ents, therefore it is easy to  handle. In th e  gen­
eral cases however th e  spectra l rad ius is a  non-linear function of th e  m atrix  
elem ents and require qu ite  a b it of work to  estab lish  asym pto tic  results.

T he last section, Section 5 contains a  discussion on th e  results and  some 
open questions. It discusses how one could try  to  relax th e  ra th e r high 
m om ent conditions of our theorem s and also sheds some light on th e  difficulty 
of generalizing th e  results to  an a rb itra ry  num ber of types. We also discuss 
th e re  th a t  while our theorem s prove th a t  th e  estim ato rs for th e  offspring m ean 
m atrix  are  weakly consistent and  describe th e ir lim iting behaviour there  is 
ra th e r  big obstacle  in th e ir app lication . We canno t construct s ta tis tica l te s ts  
using these  results as th e  lim it d istribu tions depend on th e  very th ings we aim  
to  estim ate  in an in trica te  way, nam ely th ey  appear in th e  drift and  volatility  
te rm  of th e  stochastic  differential equation  describing th e  underlying one­
dim ensional process of C orollary 3.15, see SD E (61) for m ore details.

A p art from  th e  results them selves th e  biggest takeaw ay is, th a t  w henever 
a s tan d ard  m ethod  fails, it is w orthw hile to  u n d ers tan d  why it did. U nder­
stand ing  th e  reason of failure often reveals o ther p o ten tia l angles of a tta c k  
on th e  problem .
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B  Ö sszefoglaló

E bben  a fejezetben összefoglaljuk a dolgozat eredm ényeit. A hely­
takarékosság jegyében a form ulákat és a  dolgozat több i részére való hi­
vatkozást igyekszünk m inim ális szinten ta r ta n i.

M int az a cím ből is k iderül a d isszertáció célja az utódeloszlás várha tó  
é rték  m átrix án ak  becslése kritikus, kéttípusos, bevándorlásos G alton -W atson  
fo lyam atokban. M iu tán  bevezetjük  a  szükséges előism ereteket a  2 . Fe­
jezetben , a  tényleges becslés és annak  aszim pto tikus v izsgálata  két nagy 
részből tevődik  össze. Először a  3 . Fejezetben felépítünk egy eszköztárat 
ezen m odellbeli becslések aszim pto tikus v izsgálatára , m ajd  a 4 . Fejezetben 
bevezetjük  a  vizsgálni kívánt becsléseket és az eszköztárunk felhasználásával 
határeloszlás té te leket adunk  rá juk . A disszertáció lényegi ta r ta lm a  az 5. 
Fejezettel zárul, m ely az eredm ények diszkusszióját ta rta lm azza . Az a lábbi­
akban  a k u ta tá s  során felhasznált kulcsfontosságú ö tle tek  és észrevételek egy 
rövid összefoglalása olvasható.

É rtelem szerűen a m odell bem u tatásával kezdünk, am i egyszerű ál­
ta lán o s ítá sa  az egytípusos, bevándorlásos G alto n -W atso n  folyam atoknak. 
Mivel á tté rü n k  egy dim enzióról kettő re, i t t  m ár vektorokkal és m átrixokkal 
dolgozunk, ez lehetővé teszi, hogy lineáris algebrai té te leket alkalm azzunk, 
példáu l a F roben iu s-P erron  té te l k im ondo ttan  hasznunkra  válik. E zu tán  a 
bevezetjük  a  fo lyam atok klasszifikálását, ez az utódeloszlás várha tó  érték  
m átrix án ak  spek trá lsugara  a lap ján  tö rtén ik , 3 csoporto t kü lönböztetünk  
meg, ezek a  szubkritikus, a  kritikus, és a szuperkritikus. Jelen d isszertá­
ció a  kritikus esetre  fókuszál. Foglalkozunk még a várh a tó  érték  m átrix  
sa já tvek to raival, erre  a  folyam at aszim pto tikus viselkedésének leírásához van 
szükség, valam int ezen vektorok képezik az a la p já t a  később bevezetett fel­
bon tásnak . A 2.4 T étel leírja  az előbb em líte tt aszim pto tikus viselkedést. A 
határeloszlás különös, ugyanis degenerált abban  az értelem ben, hogy a sík 
egyetlen egyenesére van korlátozva, m elynek irányát a  várha tó  érték  m átrix  
jobb  oldali Perron  vek to ra  ha tá rozza  meg. V égezetül az i t t  felhasznált k rité ri­
um oknak sa já t nevet és jelö lést adunk, mivel ezekre a  későbbiekben többször 
hivatkozunk.

Á lta lában  ilyen p rob lém ákban  kézenfekvő m ódszer a  becslések vizs­
g á la tá ra  a  folytonos leképezések té te lének  alkalm azása a 2.4 T étellel karöltve. 
Mi is ezt tesszük, becslési m ódszernek pedig a  feltételes legkisebb négyzetek 
m ódszerét alkalm azzuk, azonban azt ta lá ljuk , hogy a 2.4 T étel nem  elégséges
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a céljainkhoz. A becslések v izsgálatakor m egjelenik egy A n m átrix  inverze 
és ugyan a folytonos leképezések tételével ad h a tu n k  határeloszlás té te lt  a 
m átrix ra , azonban a h a tá ré rték b en  m egjelenő m átrix  nem  invertá lható , így 
a m ódszerünk i t t  m egbukik. A zt sejtjük , hogy a problém a abban  áll, hogy 
a 2.4 T étel nem  ad elég átfogó képet a  becslés építőelem einek aszim pto tikus 
viselkedéséről, ezért az előbb em líte tt különös jelenség nyom án kezdünk vizs­
gálódni.

A 3 . Fejezet elején bevezetjük  a  fo lyam at fe lbon tását a várha tó  érték  
m átrix  baloldali sa já tv ek to ra i a lap ján . E lsőként az Uk változókat vezetjük 
be a (12) képletben, ezeket nevezzük a felbontásod/ viselkedő részének, mivel 
ha tárelosz lása  egybeesik a 2.4 T ételben  m egbúvó egydim enziós fo lyam attal. 
A felbontás m ásik ta g já t, a  problémás részt, a  (16) form ulában bevezetett Vk 
változók képezik. Ezen változók szerepe nem  tükröződ ik  a  fo lyam at aszim p­
to tik u s viselkedésében, azonban m in t később lá tn i fogjuk a becslések aszim p- 
to tiká jához  m ár hozzájáru lnak .

B árm ely becslés am it a fo lyam at megfigyelésével fe lírhatunk  á tírh a tó  az 
előbb bevezete tt felbontás szerint. M egjegyezzük, hogy ez pusz tán  elm életi 
eszköz, ha  csak a fo lyam ato t figyeljük meg, akkor nem  rendelkezünk inform á­
cióval a  v á rha tó  érték  m átrix  sa já tvek to ra iró l és így nem  ism erjük az Uk és 
Vk értékeket. A zonban am ennyiben m egértjük  ezen változók aszim pto tikus 
viselkedését, akkor ezt felhasználhatjuk  a  becslésekre vonatkozó határeloszlás 
té te lek  bizonyításához. A fejezet további részei ezen változók és különböző 
kifejezéseik vizsgálatával foglalkoznak.

A 3.5 L em m ában a várha tó  értékek növekedési rá tá já ra  adunk  felső 
korlátokat m ajd  ezek segítségével a 3.6 K övetkezm ényben nullához ta r tó  
h a tá ré rték  té te leket igazolunk. E zt a  következm ényt nem  vezetjük le, csupán 
m egadjuk a  megfelelő hivatkozást egy hasonló következm ényhez, m elynek bi­
zonyítása  lépésről lépésre á tü lte th e tő  a mi m odellünkre. Az így k ap o tt alsó 
becslések a  0 h a tá rérték h ez  szükségez skálázás nagyságrendjére nem  élesek, 
sőt nem  elegendőek a később b izonyítandó tételeinkhez. É ppen  ezért speciális 
esetekben jav ítu n k  a becsléseinken, ezen eredm ényeket a  3 .8 , 3 .9 , és 3.10 Lem- 
m ák írják  le. A fe lbon tásra  vonatkozó nem nulla határeloszlás té te lü n k e t a 
3.12 T étel segítségével b izonyítjuk. Ispány M árton  és P ap  G yula ezen ered­
m énye elégéseges fe lté te lt ad m artingálkülönbségekből képzett lépcsős füg­
gvények diffúziós folyam athoz való konvergenciájára. A fejezet fő eredm énye 
a 3.13 T étel, m elynek eredm ényeit a  3.15 K övetkezm ényben oly m ódon fogal­
m az tu n k  meg, m ely a legcélszerűbb a későbbi alkalm azásuk szem pontjából.
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A fő té te l b izonyítása  nem  m ás m int a 3.12 T étel feltételeinek ellenőrzése 
a korábban  bevezetett segédlem m áink felhasználásával. A té te l k ita lá lásában  
a határeloszlás leírása je len te tte  a  legnagyobb nehézséget, hogy pon tosan  mi­
hez is konvergál az á lta lu n k  vizsgált folyam at. A helyes választ egy ite ra tív  
fo lyam at végeredm ényeként kap tuk , ahol a  ha tá relosz lásra  a d o tt in tu itív  tip - 
pünkből indulva m inden egyes sikertelen bizonyítási k ísérlette l egyre közelebb 
kerü ltünk  a helyes eredm ényhez.

Röviden összefoglalva a  3 . Fejezetben azonosíto ttunk  néhány építőelem et 
m elynek ism erjük az aszim pto tikus viselkedését. Az így k ap o tt eszköztár 
felhasználható  ezen építőelem ek segítségével k ifejezett becslések v izsgálatára .

A 4 . Fejezet 3 alfejezetből áll, m indegyik az utódeloszlás várha tó  érték  
m átrix án ak  becslésével foglalkozik különböző feltételezések m ellett. A becslés 
m eghatározása  egy egyszerű m inim alizálási feladat. Mivel az előző sikertelen 
próbálkozásunkból tu d ju k , hogy ahol m egjelenik a m átrix  inverze o tt  az a 
h a tá ré rték  nem  invertá lha tó  ezért eleve az ad jungá lt m átrix  segítségével írjuk 
fel az inverzét.

M ikor sz tochasztikus kifejtést használunk, akkor é rtjü k  meg, hogy m iért 
nem  elégséges a 2.4 T étel. Ez egy olyan m ódszer, ahol a vizsgálni kívánt 
kifejezést felírjuk olyan tagok  összegeként m elynek ism erjük a  megfelelő 
skálázását és nem nulla  h a tá ré rték é t, ilyenre az olvasó a  (73) képletben  ta lá l 
pé ldá t. M ikor sztochasztikus kifejtéseket szorzunk össze, akkor a legm a­
gasabb rangú  tag  e ltűnhet, ez azért van m ert 2 d im enzióban össze tu d u n k  
szorozni nem nulla m átrixokat úgy, hogy az eredm ény nu llm átrix  legyen. E rre 
szo lgálta t pé ldá t a (75) összefüggés. így lehetséges, hogy kisebb rendű  tagok  
is szerepet já tsszan ak  a határeloszlásban , em ia tt volt szükség a felbontásunk  
problémás felének v izsgálatára .

Az utódeloszlás várha tó  é rték  m átrix án ak  spek trá lsu g arára  kritikussági 
param éterkén t is h ivatkozhatunk . Mivel ez a  m ennyiség kifejezhető a m átrix  
elem einek függvényeként, ezért term észetes m ódon kap juk  a  becslését a 
m átrix  becsléséből. A duplán  szim m etrikus esetben , a  4.1 Fejezetben a 
m átrix  s tru k tú rá já ra  t e t t  m egszorításaink m ia tt az összefüggés a spek trál- 
sugár és a m átrix  elemei között lineáris, következésképpen a kritikussági 
p a ram éter becslése könnyen kezelhető. Az álta lános esetben  sajnos ennél 
bonyolu ltabb  a  helyzet, jóval tö b b  m unkára  van szükség a határeloszlás vizs­
gála tához.

Az utolsó, 5 . Fejezet az eredm ények és néhány n y ito tt kérdés diszkussz­
iója. Szó esik benne arról, hogy m ilyen m ódon lehetne a  m eglehetősen
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m agas m om entum feltételek  gyengíteni, valam int rávilágít, hogy m ilyen ne­
hézségekkel nézne szem be az, aki m agasabb dim enziókra p róbálná  á lta lánosí­
tan i az eredm ényeket. A rról is i t t  esik em lítés, hogy ugyan a határeloszlás 
té te le ink  leírják  a  becslések aszim pto tikus viselkedését a  s ta tisz tika i p róbák  
konstruá lásának  van egy nagy akadálya, a  határeloszlás elég össze te tt mó­
don függ a becsülni kívánt m ennyiségtől. Az utódeloszlás várha tó  érték  
m átrix án ak  sa já tv ek to ra i m egjelennek a a  határeloszlás leírásához használt 
sz tochasztikus fo lyam ato t m eghatározó  sztochasztikus differenciálegyenlet 
eg y ü tth a tó ib an , m ely a  (61) képletben  ta lá lh a tó .

Az eredm ények m ellett ezen k u ta tá s  fő tanúságakén t azt em elnénk ki, hogy 
ahol a  beve tt m ódszerek csődöt m ondanak, o t t  érdem es alaposan  m egvizs­
gálni, hogy m ely pon ton  bukik meg a folyam at, ez ugyanis gyakran  nyom ként 
szolgálhat a rra  nézve, hogy m ilyen irányból érdem es m egközelíteni a  p rob­
lém át.
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cesses w ith  im m igration . Bernoulli 2 0 (4 )  2247-2277.
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lem  of th is  d isserta tion . We use heavy restric tions on th e  s tru c tu re  of th e  
offspring m ean m atrix  to  prove lim it theorem s. T he m ain results are repro­
duced in Section 4.1 of th is  thesis.

Körm endi, K. and  Pa p , G. (2018). S ta tis tica l inference of 2-type c rit­
ical G a lton -W atson  processes w ith  im m igration . Statistical Inference for  
Stochastic Processes 2 1 (1 )  169-190.

In th is  artic le  we tre a t th e  general case, th is  work is th e  basis of th e  dis­
serta tion . T he m ain results are  reproduced in Section 4 .2 . T he publication  
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behaviour of th e  estim ato r in th e  subcritica l case.

Barczy , M., Körm endi, K. and Pa p , G. (2015). S ta tis tica l inference 
for 2-type doubly  sym m etric  critical irreducible continuous s ta te  and  con­
tinuous tim e branching  processes w ith  im m igration . Journal of Multivariate 
Analysis 1 3 9 (2 0 1 5 )  92-123.

T he m ethod  of th is  thesis has been ad ap ted  to  continuous s ta te  and contin­
uous tim e branching  processes, a lbe it w ith  heavy restric tions on th e  s tru c tu re  
of these  m odels. T he results are  in th e  above publication .

Barczy , M., Körm endi, K. and Pa p , G. (2016). S ta tis tica l inference 
for critical continuous s ta te  and  continuous tim e branching  processes w ith 
im m igration . Metrika 7 9 (7 )  789-816.

D uring th e  s tudy  of 2-type m odels th e  au tho rs realized th a t  results are 
no t available even in for th e  single-type version of th e  problem , so th ey  solved 
and  published it.
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