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Introduction

Scattering processes are of fundamental importance in several areas of physics pro-
viding fundamental information, e.g., on the nature of the relevant interaction. In
general, scattering is a process when an object (an elementary particle, light) inter-
acts with an other object, then moves towards a possibly different direction respect
to the original trajectory. The interaction can be originated from a mechanical colli-
sion or another acting force (e.g. Coulomb force) which can be usually derived from
a potential. There is a special class of time-periodic scattering processes when we
assume that the time dependence of the scattering potential contains a single fre-
quency. Such excitation can be a beam of light (e.g. laser) or a gate-voltage applied
to a solid-state device.

The objective of the work presented in this PhD thesis is the examination of the
role of the time-periodic excitation in quantum mechanical scattering problems. If
this excitation can not be considered as a small perturbation, anharmonic effects
are observable. This complex dynamics can be described by Floquet’s theory [1-4]
which is the basis of the theoretical methods presented in this thesis. With this
approach, the fundamental quantum effects, like the interference of matter waves
in strong external fields, can be examined as well as the appearance of harmonics.
The advantage of this method is that the dynamical equations can be reduced to a
linear algebraic system of equations, and the interaction is taken into account in a
nonperturbative way.

Beside exploring the fundamental effects, our aim is also to examine the specific
properties of the quantum systems in question and to seek possible applications. We
would like to study two one-dimensional models in which we inquire the response
of a de Broglie plane wave to a time-periodic excitation. In the case of relativistic
particles, based on the linear dispersion relation of graphene, we can model the
electron transport in graphene with an applied periodic gate-voltage. Here, we
want to examine what kind of practical applications could there be for a periodic
excitation, which show the known relativistic effects, like Klein paradox. As for
nonrelativistic particles, the solid-state physical analogy could be the dynamics of
the electrons in the conduction band with an applied optical field. Of course, the

description of the dynamics of a beam consisting of charged particles naturally arises
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in both cases. After understanding the physical background, it is an important
question how the filtering of the energy can be achieved for the outgoing particles.

Additionally, our aim is to study a three-dimensional model, in which charged
particles are scattered on a sphere. Considering the possibility of the optical control,
we intend to examine the dynamics in the presence of an electromagnetic field. The
main quantity to be calculated here will be the differential cross section, whose
analysis could give an insight into the dynamics of the scattering process.

The thesis is structured in such a way that the main content of the work is divided
into two parts. Part ([l contains three brief chapters in which theoretical preliminaries
are covered. Part [l contains the main results of the thesis which are presented in
three chapters. In Chapter [l we present a nonrelativistic one-dimensional model,
where charged particles are scattered in a Ramsey-like setup. Next, in Chapter Bl
a three-dimensional electron scattering is discussed in the presence of an external
electric field. The final Chapter [6] covers the one-dimensional relativistic model in
which Dirac particles are scattered by an oscillating potential barrier. As a final
summary, the motivational aspects and methods are followed by the new scientific

results to which the author has contributed.
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Preliminaries



CHAPTER 1

Floquet’s theory

Quantum mechanical systems in external time-periodic fields allow a treatment using
Floquet’s theory, which is the analog of Bloch’s theorem in solid-state physics for
time periodicity instead of spatial periodicity. The mathematical foundations of
this approach were originally developed in 1883 by G. Floquet to study ordinary
differential equations with periodic coefficients, see Ref. [1]. Regarding quantum
systems, Floquet’s theory was first used in the context of laser-atom interaction by
J. H. Shirley in 1965. He considered a quantum system with two discrete states
interacting with a semiclassically treated oscillating field with a single frequency [2].
Later on, however, Floquet’s theory was reformulated to be applied to polychromatic
fields as well (such as multimode laser fields or several monochromatic fields with
different frequencies) [5-1].

The key feature of the application of Floquet’s theorem for the description of
light-matter interaction is that it permits the time-dependent Schrédinger equatio
of an atomic system interacting with a periodic laser field to be reduced to an
equivalent infinite-dimensional eigenvalue problem. Using this approach, the atom-

field coupling is treated in a completely nonperturbative way:.

Let us consider a quantum system whose Hamiltonian H(¢) is periodic in time,
ie, H(t) = H(t+ T), where T' = 2r/w and w is the angular frequency. The
field is assumed to be monochromatic and arbitrarily polarized. The corresponding

time-dependent Schrédinger equation can be written as

Hr(t)|W(t)) =0, (1.1)

'In this chapter, we consider only a nonrelativistic framework for the sake of simplicity. However,
Floquet’s theory can be also applied to relativistic problems described by e.g. the Dirac equation
as presented in Chapter
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with the operator

.0
Hp(t)=H(t) — zha,

which is called the Floquet Hamiltonian. As a consequence of Floquet’s original

(1.2)

theorem [1, the solution can be written as

[W(t)) = exp (—iet/)[ (1)), (1.3)

where |®(t)) is called the Floquet state which has the same time-periodicity as that
of the Hamiltonian, i.e., it satisfies |®(¢)) = |®(¢ + T')). The quasienergy ¢ has to
be a real parameter and is only defined up to integer multiples of hw.

Since the Floquet states are time-periodic, it is convenient to introduce them
as vectors of the composite Hilbert space R ® 7 made up of the Hilbert space R
of square integrable functions in configuration space and the space I of functions
which are periodic in time with period T' = 27 /w |9, [10]. For the spatial part R,
the inner product is defined by

(pales) = [ Pi(e)oale) dr = b (14)

where the range of the integration is the entire configuration space and |¢,), |¢g), - - -
are orthonormal basis vectors. The temporal part is a Hilbert space denoted by I
which is spanned by the complete orthonormal set of functions exp (inwt), with
n=0,£1,4+2, ... being integer numbers. It consists of all periodic functions of time

t with the period of T'. The inner product of the basis functions in J reads

ﬂIH

T
/exp — n)wt] dt = dpyp,. (1.5)
0

For the complete Hilbert space (R ® I, we can finally introduce a suitably extended

inner product, which, for the states |¢!') = |@a) exp (inwt) reads

T
1
(o) / DIGE(E)) At = Busbrm, (1.6)
0

here, (0 (t)|¢73(t)) denotes the usual inner product (L4) between state vectors at
equal times.

Applying the Floquet Hamiltonian operator to the wave function (L3), the ex-
ponential term cancels out, and one can observe that the Floquet states satisfy the

eigenvalue equation

Hp(1)|Pa(t)) = €a|Pa(l)), (1.7)
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where each |®,()) is a periodic function of period T, and the index a distinguishes
different eigenvalues/eigenstates. Moreover, at equal times the Floquet modes form

a complete set

Y 1@a (1) (@a(t)] = 1, (1.8)

where 1 denotes the identity in the Hilbert space of R only, i.e., not including the
space of time-periodic functions. From Eq. (L3]) and from the periodicity of the
Floquet state |®,(t)), it is clear that the same physical state is obtained from

|Wo(t)) = exp[—i(eq + nhw)t/h] exp (inwt)|P,(t)) = exp (—iest/R)|PL(t)), (1.9)

where the shifted states are defined as |®7(t)) = exp (inwt)|P?) with a quasienergy
€ = €, + nhw for any integer number n. These states are sometimes referred to as
sidebands. Therefore, any quasienergy ¢, can be reduced to a point in a "zone" such
as —hw/2 < e < +hw/2. (Analogously, in solid-state physics, the quasimomentum
k is only defined up to the reciprocal lattice vector, and it is usually chosen to be
in the first Brillouin zone.) Note that the shifted Floquet states |®7(¢)) satisfy the
same eigenvalue equation with their corresponding shifted eigenvalues €.

Due to the time periodicity of the Floquet states, we can transform the eigen-
value equation given by Eq. (7)) into an infinite-dimensional matrix equation by

expanding |®,(t)) as a Fourier series

+o0

Ra()) = 3 @), (1.10)

m=—0Q

where the expansion functions |£IV>ZL> are the harmonic components of the Floquet
state. Inserting Eq. (ILI0) into Eq. (I3]), the wave function can be rewritten as the

Floquet-Fourier expansion
—+00 ' "
W (t)) = exp (—iet/h) »  em™|o). (1.11)
The Hamiltonian H(t) can also be expanded as a Fourier series, and the eigenvalue
equation can be explicitly given as

(Fr — Lea)|Pu(t)) = 0, (1.12)

where the Floquet Hamiltonian matrix #€ is infinite. Concretely, in the orthonor-

mal basis of the composite space /R ® ', the matrix of #r is given by

(aldrlps)) = HI5™ + nhwSagbum, (1.13)
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where ﬁgﬁ_m are the coefficients of the Fourier expansion of the semiclassical Hamil-
tonian H:
[e.e]
(Pl H(D)lps) = Haplt) = S Hlye™ (114
n=—oo

The Greek letters denote the matrix elements corresponding to atomic or molecular
eigenstates, while Roman letters stand for Fourier components. If we assume that
the Hamiltonian consists of a static plus a time-periodic term, e.g., H(t) = A +

B cos (wt), the structure of the Floquet Hamiltonian matrix reads as follows

A-2ml B 0 0 0
B A—hwl B 0 0
Fp = 0 A B 0 . (1.15)
0 0 B A+ hwl B
0 0 0 B A+2hwl

where the static term A appears as diagonal blocks which are added to the integer
multiples of Aw, and the term B is present as off-diagonal blocks which is the con-
sequence of the identity coswt = (1/2)[exp (iwt) + exp (—iwt)]. Each block contains
components in the spatial wave basis |¢a),|¢s), ..., which are the eigenvectors of
the time-independent term A.

If the wave functions are written in Floquet form and the boundary conditions
are accounted for, the system is well-defined; an infinite system of linear equations
has to be solved which can be realized practically by keeping only a finite number
(2N +1) of the harmonic components. The integer number N is usually determined
by the prescribed precision of the calculation: it can be arbitrarily refined by taking

more harmonic components into account.



CHAPTER 2

Gordon-Volkov states

In this chapter, we review the semiclassical description of an electron interacting
with an external field [8]. We consider a field with a wavelength much larger than
an actual atomic system. Although, as we shall see, the time dependence of the
field can be arbitrary, in our results to be presented in Chapter 4l and [5, we restrict

ourselves to consider only sinusoidally oscillating light waves.

2.1 Electromagnetic gauges

As is known in classical electrodynamics [11], the Lorentz force acts on moving
charged particles. The Lagrangian of a particle with charge ¢ moving with the
velocity of v .= 1 in an electromagnetic field described by the scalar and vector
potentials ¢(r,t) and A(r,t) reads

L= %mr‘2 +qr- A(r,t) — qo(r, t), (2.1)

where the potentials have the usual connections to the field quantities, that is:

E:—%—?—Vé, B=VxA. (2.2)

Introducing the canonical momentum p = dL/0r, the Hamiltonian function is con-

structed by the usual Legendre transformation which results in

= [p— gA(r 0] +46(r,1). (23

For a quantum mechanical description, let us consider the Hamiltonian operator

as the quantized version of the classical Hamiltonian (2.3]). That is,

H= % [P — ¢A(R, t)] g gé(R, t). (2.4)

8
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Note that, unlike in the formalism of quantum electrodynamics, the field quantities
themselves are not operators. They are real, differentiable functions which can
depend on spatial coordinates and time. The framework with these assumptions is

said to be the semiclassical description of the light-matter interaction.

Let us assume that the wave function ¥ is the solution of the time-dependent
Schrédinger equation ih(9W/dt) = HW with the Hamiltonian defined by Eq. (2.4).
We can also define another wave function ¥’ with a gauge transformation of the first

kin as the following:
U’ = exp [%X(r, t)] v, (2.5)
where the generating function x(r,¢) is a real, differentiable function of r and t.

We can rewrite the Schrodinger equation by expressing ¥ from Eq. (2.7]), so the

"primed" Schrédinger equation is given by

ihaa\It[/:{%[p—q(A—i-VX)]Q—i-Q( —%)}@’, (2.6)

where we can immediately see that if we introduce the "primed" electromagnetic

potential
: : 2%

the form of the Schrodinger equation is unchanged. [For comparison, see the original
Hamiltonian (24])]. The gauge transformation of the first kind [given by Eq. (2H)] is
a particular case of a unitary transformation, thus, measurable quantities calculated
in different gauges must be the same. Of course, both the pairs (A, ¢) and (A’, ¢')

lead exactly to the same electric and magnetic fields.

2.2 Gauges in dipole approximation

Now, more specifically, let us focus on the quantum mechanical formalism describing
light-matter interaction. First, let us expand the Hamiltonian operator (2.4]) in

spatial coordinate basis as follows:

. h2 q q2
H=——V*4+ih—(A- “A) + —A? 2.
va +zh2m( V+V )+2m +q9, (2.8)
where we used the momentum operator P = —ihV. Because of the gauge transfor-

mations (2.7), we can impose a special condition, the so-called Coulomb (or trans-

'Here, we use Pauli’s terminology of the gauge transformations, see Ref. [12].
2This is called the gauge transformation of the second kind.
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verse) gauge on the vector potential A, which reads
V-A=0. (2.9)

It is convenient to use this condition in the absence of charges or currents as sources
of the electromagnetic field. Applying Eq. (2.9) to the Hamiltonian (2.8)), it is readily

seen that the time-dependent Schrodinger equation reads

ma\ll(r, t)

R, .. q @ o
®D (it a v LAt v, (210)

2m
Note that for weak fields, the term proportional to A? may be omitted since its

contribution to the exact solution is negligible.

Apart from the XUV domain and higher frequencies, the wavelength of the op-
tical fields is much larger than the typical size of an atom. That is, electromagnetic
radiation in the optical region (A ~ 1um) can be considered homogeneous for an
atomic system, i.e., the spatial dependence of the field quantities can be omitted.
This reduction is called dipole approximation, because in this case, the light-induced
transitions can be simply characterized by the matrix elements of the transition
dipole moment. In the following, only individual elementary particles (such as elec-
trons) are considered instead of entire atomic systems in the presence of an external
field. Therefore, we continue our description considering the charged particle to be
a free electron of charge ¢ = —e.

Using the dipole approximation in the Hamiltonian (2I0) can lead to an ad-
ditional simplification. Since the gradient of the scalar potential ¢ = ¢(t) always
vanishes, we can choose its value to be zero. Additionally, let us perform a gauge

transformation of the first kind
t
v = L A2y ar | wes (2.11)
= exp e 7)Vdr ) )
to

The resulting time-dependent Schrodinger equation is in the so-called velocity gauge

)
P e A
— 4+ —At)-P
2m+m <)

pog
iha =

ot

09, (2.12)

Here, the second term in the Hamiltonian couples the vector potential A(t) to the
velocity operator P/m. Note that Eq. (2I2) is valid no matter how intense the

external field is.

Another common form of the time-dependent Schrédinger equation in the dipole

approximation can be achieved using a gauge transformation of the first kind by

10
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taking the generating function x(r,¢) = —r - A(¢), that is
l ie v
U = exp _EA(t) B R VACH (2.13)

From Eq. (27) we can immediately recognize that the vector potential A’ is elim-
inated in exchange for the appearance of a non-zero scalar potential ¢’ = —E - r.
Therefore, the new time-dependent Schrédinger equation in the so-called length

gauge reads

-2

P A
— +eE(t)-R

2m

vl
in?

o vl (2.14)

Here, the electric field E(t) is coupled to the position operator R. The electric
dipole moment operator D= —-cR appears in the second term of the Hamiltonian
[13]. This is the reason why the approximation, in which the electromagnetic field
is considered to be homogeneous, is called the dipole approximation.

Let us add a final remark in this section concerning the velocity and length
gauges. The Hamiltonian in the length gauge can also be obtained through classical
considerations. As is known, two Lagrangians describing the same system can differ
by the total derivative of an arbitrary differentiable function [14]. (It can be verified
that both Lagrangians will always lead to the exact same equations of motion.)
Subtracting the total derivative e[d(r-A)/dt] = ef - A 4+ r - (dA/dt) from the

Lagrangian (2.1]) yields
L'= 1mI"2 - er% + e (2.15)
2 dt ' '

Furthermore, the corresponding Hamiltonian reads

~2
~ p

H= o5 Ter E(t) + eo, (2.16)

where we assumed that the total derivative of the vector potential can be replaced by
the partial derivative, i.e., dA/dt ~ 0A /Ot according to the dipole approximation.
The second term in (2I6) is the dipole energy, where the electric field E appears
in its usual form. However, we have already used dipole approximation, thus the
gradient of the scalar potential ¢ is zero. In the Hamiltonian (2.16]), the canonical
momentum equals to the kinetic momentum of the particle unlike in Eq. (23)),
where the canonical momentum p = mr + eA(t). Finally, let us emphasize that as
long as the physical system is treated exactly, both gauges are equivalent, otherwise
e.g., taking the external field into account as a perturbation, the final results using

different gauges could be entirely different [15, [16].

11
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2.3 Gordon-Volkov states in dipole approximation

In this section, we give an exact solution to the time-dependent Schrédinger equation
describing a free electron in an external field. Using dipole approximation, we recall
the time-dependent Schrodinger equation in the velocity gauge [Eq. (2Z12)]:
p?

e ~
— + —A(t)-P

2m  m

g
iha =

ot

g, (2.17)

Since the external field depends only on time and exp [(i/h)p - r] is an eigenfunction
of the momentum operator P corresponding to the eigenvalue p (where p is the
momentum of the de Broglie electron wave), we can seek the solution as a modulated

plane wave
1 1
v _
Uy (r,t) = (anh) P (ﬁp : T) fo(®), (2.18)

where f,(¢) is a function which depends only on time. Substituting Eq. (2.I8) into
Eq. (ZI7), we obtain the following first order differential equation for the function

130 v
) t D e
P 2y T A 2.1
ih dt [Qm * mP <t)} fo(®); (2.19)
which is readily solved by integration:

2

¢
fp(t) =exp —% 2p—mt + % /A(t’) de' | |. (2.20)
to

Substituting Eq. (2.20) into the ansatz (2.18)), the so-called Gordon-Volkov |17, [1§]

(or sometimes simply Volkov) wave function reads

WY (r, 1) = m exp {%p e — ()] — %Et} (2.21)

where E = p?/(2m) is the electron energy, and we introduced

alt) = % / At dt, (2.22)

which is a vector corresponding to the displacement of a classical electron from its
oscillation center in the electric field.

It is also possible to apply the unitary transformation
i
\IIII)(H = exp {—ﬁa(t) : p] \If;)/ (2.23)

12
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to Eq. (ZI7), which is called Kramers-Henneberger transformation [19, 20]. Tt cor-
responds to a spatial translation characterized by the vector a(t). The new frame
(Kramers-Henneberger frame) moves with respect to the laboratory frame in the
same way as a classical electron oscillates in the electric field. In the Kramers-

Henneberger frame, the Volkov wave function is a plane wave given by

WEH (1 1) = m exp l% (p-r— Et)} | (2.24)

Additionally, the Volkov solution of the original Schrédinger equation (Z.10) can
be written by applying the unitary transformation (ZI1]) to the Volkov state (2.21))
as follows
. . . 2 t
i i ie
lpfr— _lp o LZ [ A2 (22
L r—alt] - B - [ A ) (229)

to

v —
V) (r,t) = exp

1
(27h)3/2
Sometimes only the compact form

t
1 ) 1 1 2
1% 2
V) (r,t) = rh)? exp (7_11) : r) exp \ —% / i [p+eA®(r)]” dr (2.26)

to

is used in the literature for the sake of brevity, where the second exponential expres-
sion is the modulator function f,(t) appearing in Eq. (2Z.I8]), which is also called the
Volkov phase.

Finally, based on Refs. |17, 18, 121-23], we add a few remarks regarding the Volkov
states. They form a complete set and they are orthogonal, where the normalization
condition is similar to the case of plane waves, i.e., they are normalized to the Dirac

delta function:

/\If;)//*(r, W) (r,t) d*r = d3(p — P'). (2.27)

Relativistic description of light-matter interaction can be obtained through a similar
procedure: Volkov solutions also exist for the Klein-Gordon or the Dirac equation
[17, [18]. Recently, after many decades, these relativistic Volkov states were proved

to be orthogonal and they form a complete set as well [21-23].

13



CHAPTER 3

The Dirac equation

A wide range of phenomena in physics cannot be correctly and thoroughly accounted
for without connecting special relativity and quantum mechanics. The fine structure
of the spectral lines of a hydrogen atom is one of the remarkable examples, where
these two theories should proceed together since it could not be explained exactly
by solving the Schrodinger equation. Attempting to fit the relativistic covariance
into a correct quantum mechanical equation was one of the hot research topics in
theoretical physics during the 1920s.

The relativistic covariant wave equation describing an electron was found by
P. A. M. Dirac in 1928. He was not satisfied with the earlier attempts of Klein,
Gordon, Fock, and Kudar to construct a relativistic theory as it could result in a
negative probability density for the position of the electron. Dirac was also able
to reproduce the results of Pauli’s spin model by assuming that the electron is a
point charge which should be described by a relativistic wave equation. As we can
see it from a period of many decades, the Dirac equation has been proven to be
the proper single particle quantum mechanical wave equation of all spin—% massive
particles such as electrons.

As an introduction to our results to be presented in Chapter [6] we briefly review
the solution of the Dirac equation for a free electron and for the case where the

electron is scattered on a constant potential barrier.

3.1 Dirac equation of a free particle

Neglecting any external potential, i.e., considering a free electron of mass m, the

time-dependent Dirac equation reads as follows [24]:

. v
HpU(r,t) = mw, (3.1)

14



Chapter 8 — The Dirac equation

with the Dirac Hamiltonian
3
Hp = cZ agpr + pmc?, (3.2)
k=1

where p; are the Cartesian components of the momentum operator. The Dirac

matrices o and [ are Hermitian and satisfy the following relations:
o, ca] ™ =201, [on, BT =0, of =52 =1, (3.3)

where [.,.]" denotes the anticommutator. These conditions imply that the dimension
of these N x N square matrices must be even |25]. Moreover, the possible smallest
value of N is 4. Therefore, the spinor valued wave function (also called Dirac spinor
or bispinor) ¥ must be a four-component vector as Well. One of the possible explicit

representations for the matrices above is the standard (Dirac) representation, which

0 O o 1 0
A S

where the usual Pauli matrices o, (k = 1,2,3) appear. Other representations

reads

(e.g. Weyl or Majorana) of the algebra associated with the Dirac equation are uni-

tarily equivalent [26)].

Now, let us focus on solving the free Dirac equation. We make a plane wave
ansatz
U(r,t) =uexpli(p-r — Et)], (3.5)

since the Dirac equation is a first order linear differential equation with only constant

coefficients. As it can be shown, the quantities
EL = £4/p%c? + m2ct (3.6)

are the two (doubly degenerated) energy eigenvalues of the Dirac Hamiltonian (3.2])

which appear in the time evolution. The four-component eigenspinors read

X! x*
uf=N| co-p NIk uy =N| co-p o (3.7)
E. +mc? EL 4+ mc?
and co-p . co-p
T X T o aX
uy =N | —E-+me : u, = N | —E-+mc : (3.8)
X! x*

INote that this is not a four-vector in the relativistic sense.
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Chapter 8 — The Dirac equation

Figure 3.1: Schematic layout of the eigenvalues of the free Dirac equation. The black
filled circles represent the occupied negative energy states with £/ < mc? which form
the "Dirac sea". The hollow circles are states with positive energies.

Equations (3.7) and (B.8)) are the eigenfunctions associated with the positive and
negative eigenenergies, respectively. x' = (1,0) and x* = (0,1) are the two basic

two-component spinors. The normalization constant N can be explicitly given by

E, +mc?
N=\|——— 3.9
\eE (3.9)

with the condition u'u = 1, where the dagger denotes the conjugate transpose.
Beside the energy (F.) of a relativistic particle, the opposite of it (E_) also
becomes one of the eigenenergies. According to the usual interpretation, these nega-

tive energy states with E < mc?

are all occupied by electrons and form the so-called
Dirac sea, see Fig. Bl Because of the Pauli exclusion principle (stating that two
identical fermions cannot be in the same quantum state), this also prevents an elec-

tron losing energy and dropping into the negative energy states.

3.2 Solution for a constant potential barrier

In this section, we calculate the spectrum of eigenvalues for Dirac particles in a
one-dimensional potential barrieIH of height V) and width a. For that purpose, we
divide e.g., the z axis into three domains I, IT and III as sketched in Fig. 3.2 so that
the Dirac spinors depend only on z. The one-dimensional time-independent Dirac

equation in the three regions reads

(casps + Bmc?) 1(z)
(cazps + Bmc® + Vo) ()

EyY(z), for|z| > a/2, (3.10a)
EyY(z), for|z| <a/2. (3.10b)

2In his book [25], W. Greiner presented the solutions for a constant rectangular potential well
instead of a barrier.
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I : II LI
V(') . .

—a/2 0 +a/2 Tz

Figure 3.2: One-dimensional square potential barrier with constant height V = 1}
localized between z = —a/2 and z = +a/2.

In region II, a constant potential of magnitude V; is added to the free Hamiltonian
in Eq. (3.10D)).

Since by assumption no spin-flip occurs at the boundary of the barrier, we can
restrict our discussion to solutions with e.g., spin up electrons. The energies of the
solutions can take all allowed values from —oo up to +00. We seek the solutions of
the Dirac equations (B.J0al) and (B.10D]) as right and left propagating plane waves.
Thus, they are given by

1
4 0 4 0
Wi(z) = Ae?/h e +A e e | (3.11a)
E + mc? E + mc?
0 0
1 1
0 0
Yi(z) = B/ qc + B e ta/h —qge . (3.11b)
E—Vy+me? E—Vy+mce?
0 0
1 1
. 0 A 0
?/}HI(Z) =C e”’z/ﬁ pc -+ Cl G_sz/h —pc s (3110)
E + mc? E +mc?
0 0

with dispersion relations p? = E?/c¢? — m?c? and ¢* = (E — Vp)?/c® — m?c®. At the
borders of the barrier, the wave functions must be continuous. This requirement

stems from the continuity equation. Therefore, we get the following condition at
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Chapter 8 — The Dirac equation

the two boundaries of the potential barrier:

(G <—g) = Yn (—g) ; (2 (+g) = Ym (—i—g) . (3.12)

Defining the parameter

£ (3.13)

 pc E—=Vo+me  [(E—me)(E—Vy+me?)
-~ E+me? qc V(B +me2)(E —Vy —me?)’

we can write the fitting equations in the following matrix form

S+ 1o E 71 ey

A B
( ,> 1| € § ( ,> , (3.14a)
A 2161 e—i(p+a)a/2h g+1 eila—p)a/2h B
¢ 3

(B) _ % (1 4 €)eitr—a/2h (1 — g)e—i(p+q>a/2ﬁ> (C) | (3.14D)

(1 — &)eipraa/2h (1 4 g)emilp=a)a/2h |\

and by inserting Eq. (3.14D)) into Eq. (3.14al) we can eliminate B and B’. Thus, we
have two equations with four unknown coefficients A, A, C, C".

Depending on the value of F, we can distinguish two cases:
e |E| <mc? ie. pisimaginary, or

o |E| > mc? ie. pisreal

3.2.1 Bound states

First, we consider the case where p is imaginary and assume that Imp = x > 0.
These solutions are generally called bound states. Equations (3.14a) and (3.14D))
are significantly simplified since the coefficients A and C” have to vanish, so that iy
and ;1 do not increase exponentially; i.e., they have to be normalizable. Thus, the

fitting equation reduces to

0= j_geipa/ﬁc [(1 + 6)26_iqa/h - (1 o 6)2620(1/5] . (315)

Since C' # 0 (otherwise the whole wave function will be zero), we obtain

1+ gefiqa/h _ 1- geiqa/h.

¢ " (3.16)
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Chapter 3 — The Dirac equation

Vo [me?]

Figure 3.3: Representations of the wave numbers p and ¢ in the ' — Vj plane. The
white regions mean real values. The wave numbers p and ¢ are purely imaginary for
values denoted by red and green colors, respectively. The yellow colored area means
that both wave numbers are purely imaginary.

As long as ¢ is real, i.e., E < —mc? 4V}, which is denoted by the red area in Fig. 3.3,
¢ is purely imaginary (since p is imaginary). Thus Eq. (3.16) means that

1+¢ —iga/h L+¢ —iga/h ’
iqa/h _ iqa ) 1
] —56 . —56 (3.17)
This can also be expressed as
1 )
Tm (1—J_rgeﬂqa/h) — 0. (3.18)

Introducing T" as the imaginary part of &, i.e., £ = iI" and using Eqgs. (313) and

(BI3), we finally have

cq cot (%) = ——— — KC. (3.19)

This equation determines the energy eigenvalues of the bound states. One can
solve Eq. (3.19) numerically and thus determine the energy spectrum of the bound
solutions for various parameters.

Note that Eq. (3.I6) has no solution if ¢ is imaginary, i.e., —mc*+Vy < E < mc?,
which is denoted by the yellow area in Fig. B3l As we can see from Eq. (3.13), in

this case ¢ is real and

8 J_rgzezca 21 (3.20)

where ¢ = i(, with ¢ > 0.
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Chapter 8 — The Dirac equation

3.2.2 Scattering states

Now, let us consider the scattering states, where the wave vector p is real. Again,

depending on the value of ¢, there are several domains:

e ¢ and £ are real, which can be in three cases: for E < —mc?, for E > mc*+Vj
and for —mc? + V) < E < mc® + Vp, and they are represented by the white
regions in Fig. 3.3

e ¢ and ¢ are purely imaginary for —mc? +Vy < E < mc*+Vp. This is the green
area in Fig. 3.3

We will discuss both cases successively. First, we choose one of the coefficients
A A, C,C" freely. We assume that from the right hand side no wave enters the
potential; thus, C’ = 0. C' is interpretable as the transmitted part of a wave which
arrives from the left with amplitude A. The term proportional to A’ stems from the
wave reflected by the potential. The amplitude of the incoming wave can be chosen

to be 1, and for real wave vector ¢, the transmission probability reads

cos? (%) + (1 JQF;z):inQ (%)] 7 . (3.21)

It can be rewritten in the form

1+ (1 g;z):inQ (%)] R <1. (3.22)

T=I|CP=

T —

1.0f
0.8
0.6
0.4

0.2

0.0
0 ) 10 15 20

Vo

Figure 3.4: Transmission probability 7" as a function of the barrier height V4. For
increasing value of 1}, the transmission probability surprisingly increases as well.
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Chapter 8 — The Dirac equation

On the other hand, when ¢ is purely imaginary, the transmission probability is

9 -1
1+ (1 ;PW) sinh? (%)] <1 (3.23)

Figure [3.4] shows the transmission probability as the function of Vj. It clearly

given by

T —

shows that for increasing barrier heights the transmission probability increases. Fur-
thermore, in the case of the infinitely high barrier, i.e., Vj — oo, the transmission
probability approaches unity. An extensive discussion of this counterintuitive phe-

nomenon (called Klein paradox [27]) can be found in Refs. [28;29].
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Part 11

Time-periodic scattering models
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CHAPTER 4

Charged particle scattering in a Ramsey-like setup

In this chapter, we present a scattering model, where a monoenergetic beam of mov-
ing charged particles interact with two separated oscillating fields. Time-periodic
linear potential is assumed to model the light-particle interaction using a nonrel-
ativistic, semiclassical description based on Gordon-Volkov state. Applying Flo-
quet’s theory, we calculate transmission probabilities as a function of the laser field
parameters. The transmission resonances in this Ramsey-like setup are interpreted
as if they originated from a corresponding static double-potential barrier with heights
equal to the ponderomotive potential resulting from the oscillating field. Due to the
opening of new Floquet channels, the resonances are repeated at input energies
when the corresponding frequency is shifted by an integer multiple of the exiting
frequency. These narrow resonances can be used as precise energy filters. The fine
structure of the transmission spectra is determined by the phase difference between

the two oscillating light fields, allowing for the optical control of the transmission.

4.1 Introduction

Optical control of quantum mechanical particles offers a wide variety of promising
applications, including ultrafast electronics [32-34], imaging [35, 136], or quantum
computation [37, 138]. Among the first phenomena of describing the coupling of
free electrons to light was the Kapitza-Dirac effect in the 1930s |39]. In this elastic
process, diffraction of electrons is observed in a standing light wave which acts as
an effective diffraction grating [40, 41]. Beams of electrons can also be manipulated
by optical fields [42, 44-47|, while the properties of oscillating plasmonic near-fields
can be probed by measuring electron spectra from nanostructures [48,49|. Recently,

photon-induced near-field electron microscopy revealed that the initial kinetic energy

1See, e.g., Refs. |7, 130, [31], where the scattering of electrons in the presence of an external field
is described by Gordon-Volkov states.

23



Chapter 4 — Charged particle scattering in a Ramsey-like setup

distribution of short electron pulses broadens through induced photon sidebands
136, 150].

Interferometry induced by spatially separated electromagnetic fields is a very
important tool for the control of quantum mechanical particles (see, e.g., Ref. [51]).
Here, we present a theoretical description of a Ramsey-like setup [43|, where, instead
of being bound to nuclei, free charged particles interact with two separated periodic
electric fields in a nonrelativistic framework. In more detail, similarly to Ref. [44],
we describe the scattering of a monoenergetic particle wave on two localized optical
fields. However, the main focus is on the calculated transmission spectra which
are thoroughly investigated. Resonant tunneling is observed which is also known in
static scattering problems in the context of nanostructures [52-54]. Let us recall that
in the vicinity of metallic nano-particles, the net electromagnetic field can become
localized (e.g., in Ref. |55] a diameter of ~10nm was reported for the case of a
nanoscale tip) and the space dependence of the field can be neglected. Motivated
by this, we use dipole approximation (see Chapter [22)); i.e, we assume that the field
has only time dependence.

As a first approach, we create a static scattering model, where we consider a
rectangular potential barrier with the height of the ponderomotive potential U,,. Its
transmission spectrum is a good approximation for the time-dependent problem. We
also investigate the induced photon sidebands and the space- and time-dependent
probability current density.

This chapter is organized as follows. In Secs. and [L.3] we describe the theo-
retical framework with Gordon-Volkov states and derive the wave equations using
Floquet’s theory. In Sec. [4.4] we show that a static scattering model can be thought
as a good approximation for the time-dependent model regarding the transmission
spectra. Transmission resonances are analyzed through induced "photon" sidebands
and through space- and time-dependent probability current for various parameter

ranges. At the end of the chapter, we summarize our findings and draw conclusions.

4.2 Model

We consider a one-dimensional nonrelativistic scattering model, where a beam of
monoenergetic free charged particles is assumed to interact with two spatially sepa-
rated linearly polarized time-periodic electric fields (see Fig. A.1]). The direction of
the matter wave propagation is chosen to be the z axis, which, for the sake of sim-
plicity, is divided into five regions. In region 1, the potential is zero, the Hamiltonian

reads
H1 = T (41)
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U
A 1 1 1
1 1 1
1 2 + 3 1+ 4 . 5
| | |
1 1 1
1 1 1
1 1 1
1 1
1 1 1
| | |
1 1 1
L+ d i+ L
i I 4 >
0 X
—_— particle beam ——
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= — — o —t—
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Figure 4.1: Schematic view of the setup we consider. In region 1, we have an
incident monoenergetic free particle wave propagating towards the oscillating time-
dependent potential localized in a finite region with length L, inducing reflected and
transmitted waves in regions 1 and 5, respectively. In the interaction regions (2 and
4), superpositions of Gordon-Volkov states [see Eq. (II])] are present.

where p = —ihd/0x is the x component of the canonical momentum operator.

We assume here an incident plane wave with energy FEj, and the corresponding

momentum hky = v/2mkEy:
wzn(l‘at) _ eikox—(i/ﬁ)Eot’ (42)

which is a particular solution of the time-dependent Schrodinger equation generated
by H;. The charged particles are assumed to interact with the laser field in regions 2
and 4, inducing free reflected and transmitted waves in regions 1 and 5, respectively,
and both left and right propagating waves in region 3. In more detail, using dipole
approximation and length gauge (see Eq. 2.I4)), in region 2 we have

Hy(z,t) = % +exF(t), (4.3)

where the external electric field is assumed to have oscillating time dependence:
F(t) = Fycos (wt). At the boundary of regions 2 and 3 (z = L), F'(t) becomes zero,
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Chapter 4 — Charged particle scattering in a Ramsey-like setup

and, correspondingly, the gradient of the potential also vanishes in region 3. Since

the potential has to be continuous, we can write

2
Hy(t) = L= 4 eLF(t) = Ho(L,1). (4.4)

2m
Note that the time dependence of the spatially constant potential corresponds to an
overall, time-dependent phase factor for any wave function, and we still have free
propagation in region 3. In region 4, where the second interaction takes place, the

potential of the laser field is superimposed on the oscillation of Hj:
Hy(z,t) = Hs(t) + exF (1), (4.5)

where £ = x —d — L, and the electric field has the same amplitude and frequency as
in region 2: F(t) = Fycos (wt + ¢g). As we shall see later, the phase difference ¢y
(which is zero for the example shown in Fig. 41]) can be used to control the trans-
mission probability. Finally, the Hamiltonian in region 5 describes free propagation
again; Hj is spatially constant but oscillates in time, with its potential part being

equal to that of H, evaluated at the boundary of regions 4 and 5.

4.3 Floquet solutions

Since we consider time-periodic Hamiltonians, it is plausible to use Floquet’s theory,
which was introduced in Chapter [Il That is, in all regions, we are seeking solutions
of the time-dependent Schrédinger equation in the form

o) = (-2 )00, (46)

where I} is the Floquet quasienergy of "band" or "channel" j, where the index j is an
integerd. The Floquet state ®;(z,t) is a periodic function: ®,(xz,t) = ®;(z,t + 7),
with a time period of 7 = 27/w. Since the global Hamiltonian (which can be
obtained by applying Hj, ..., Hs in their respective domains, i.e., regions 1,...,5)
is periodic in time, global Floquet-type solutions (that are defined on the whole x
axis) of the time-dependent Schrédinger equation exist. Additionally, we can express

®;(x,t) as a Fourier series,

Oj(,t) = Y X (@)e ™, (4.7)

n=—oo

where the expansion functions ng )(x) do not depend on time.

2In this context, the terms Floquet "channel", "mode", and "(side)band" are synonyms.
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Particularly, even in region 1, where the potential is zero, there exist solutions
of the Floquet form given by Eq. (£6). We demonstrate this by taking into account
also the corresponding boundary condition for x < 0. For that region, the physical
situation requires one to have a superposition of the incident right propagating free
plane wave as given by Eq. (£.2]) plus the reflected waves. As one can easily see, one
of the Floquet quasienergies £; should be equal to Ey, the energy of the incoming

wave, which is arbitrary. Therefore, the wave function can be written as
Uy (z,t) = Yin(z,t) + Z e e int (4.8)

where the wave numbers corresponding to different Floquet quasienergies are defined

as follows,

(4.9)

and E, = Ey + nhw, where n = (..., —2,—1,0,1,2,...). The frequencies appearing

in the time evolution are
wp = En/h= Ey/h+ nw. (4.10)

We note here, that below a certain integer n, the wave number k, will be purely
imaginary, which describes evanescent waves, with decaying amplitude as x — —oo.
The Floquet quasienergies (or frequencies) with different integers n serve as a plane
wave basis set of the wave functions. In the following, we construct the solutions of
all the other regions using this basis set.

The fundamental solutions of the time-dependent Schréodinger equation with the
Hamiltonian given by Eq. (43) are the previously introduced Gordon-Volkov states
in the length gaugd?:

\% __ —tlasin 2(wt+ —B(q) cos (wt+¢o)+vyz sin (wt+ ilgr—8(q)t/h
oo t) = e [ (wt+p0)=B(q) cos (witpo)+yasin (witgo)] ilgz—E(q)t/h] (4.11)

Here, we have used notations similar to those used in Ref. [31]:

B2q? 62F02
8a)=5 -+l Up=7 7% (4.12)
and U " .
P €qryo ery
_ — 170 =7 4.13

The ponderomotive potential U, is the classical cycle-averaged energy of the free

charged particle in a sinusoidal oscillating electric field. According to Eq. ([AI2)), the

3In order to obtain the Volkov state in the length gauge, one can apply the unitary transfor-
mation ([2I3)) to the expression of the Volkov state given by Eq. (2.26).
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wave number ¢ is related to &(q) through the dispersion relation

2m(8 — U,)

h2’ (4.14)

q —=
and each &(q) is doubly degenerate due to the two possible propagation directions.

In region 2, the wave function for a given energy reads

Yo(x,t) = a@Z)ZO(x, t) + b¢yq70(x, t), (4.15)

where the initial phase g is set to zero. More generally, we can write

Uy(z,t) = [anthy, o(@.t) + 0uY, o(z,1)] (4.16)

n

where a,, and b,, denote the coefficients of right (or decaying) and left propagating
(or rising) wave modes, respectively. The wave number ¢, is defined in the same
way as k, in Eq. ([£9). In order to achieve the Fourier series form (4.7]), we use the
Jacobi-Anger identities

eia:sine _ Z JS(ZL')GiSG, (417)

[e.9]

eimcose — Z ,iSJS(x)eiSG’ (418)

where J; denotes the Bessel function of the first kind [56]. As a result, the wave

function in region 2 reads

\Ilg(x, t) = Z JS(a)izs—n+p{apj28_n+p[/B(qp)]eiqP$+

n7p7s

+ pr2sfn+p [6<_qp>]67iqpx}efi'yx sinwtefinwt. (419)

We note that the factor exp [—iyx sin (wt)] can also be expanded using the Jacobi-
Anger formulas leading to one more summation index in Eq. ({.19). However, since
in the fitting equations this factor is always 1 or canceled out, we omit the expansion
for the sake of brevity.

After the first interaction region, the particle is in region 3, outside the influence
of the laser field. It propagates further in this intermediate zone with an altered
energy due to the effect of the electric field in region 2. This corresponds to a time-
periodic oscillating rectangular potential (see, e.g. Ref. [57]). Since the commutator
[H3(t), H3(t')] = 0, the solution of the time-dependent Schrédinger equation with
the Hamiltonian (4.4]) can be constructed by direct time-domain integration. Con-

sidering the double degeneracy of the wave numbers, as well as the desirable Floquet
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form, the total wave function in region 3 reads

\1,3 (SL’, t) _ Z(unelknx + Unefikn:v)efi'yL sinwtefinwt. (420)

Describing the second interaction of the particle wave with the electric field (in

region 4) is very similar to the first one in region 2. We obtain

Uy (z,t) = Z [can‘/m% (x,t) + dnz/Jqu% (z,t)] et (4.21)

where ¢, and d,, correspond to right and left propagating modes, respectively. Using

the Jacobi-Anger identities again, we can transform the wave function into the

Floquet form

Uy(z,t) = Z Js(a)izs_n+p{cp<]23—n+p[B(QP)]eiqpx + dpJQS—n—f—p[/B(_Qp)]e_iqpx}

n7p78

% efi'y:v sin (wt+vo) efifyL sin (wt) efi(nfp)goo €7im‘)t ) (422)

Finally, the wave function in region 5 consists of free modes with two additional

oscillating phase factors:

Vs (.T, t) _ Z tneiknmefi'yL sin (thrapo)efi'yL sin (wt) einwt (423)

n

These are the transmitted waves which are propagating right (see Fig. [4.1]).

We constructed wave functions with purely exponential time dependencies using
Floquet’s theory. For practical reasons, we use local space coordinates; i.e., the
origin is redefined in each region [e.g., see the introduction of  in Eq. (£H)]. The
origins of the first and the second regions coincide, which is the zero of the global
coordinate system (see Fig. [A1]). Therefore, the continuity boundary conditions for

the wave functions and for their derivatives read as follows

(4.24)

0. V1(0,t) = 0,V5(0,t), 0, Vo (L,t) =0, V3(0,1),

(4.25)
8, U5(d, t) = 0,04(0,8), 0,V4(L,t) = 0,¥5(0,1).

Considering these boundary conditions for each Floquet channel, we obtain an
infinite system of linear equations for the unknown coefficients. However, since the

Bessel functions (appearing in the expressions of the wave functions) decrease as a
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function of their index, it is sufficient to take only a finite number of frequencies

into account.

As an example, the equation describing the continuity of the wave function at

the boundary of the first and second region, for the nth Floquet channel reads

On0 + T = ZJ Py Tag g [B(0p)] + byas nip[B(=p)]}, (4.26)

where the factor exp[—iyzsin (wt)] equals unity at x = 0. The fitting equation
originating from the continuity of the derivatives is a bit more complex. The wave
function Wy(z,t) has two coordinate-dependent factors. The derivatives read as

follows:

9
o0x

e—i'yaz sin (wt) 6:I:iqpac} — e—i'yaz sin (wt) 6:I:iqpac [—Z’}/ sin (wt) + qu] ) (427)

At the boundary x = 0, the derivative is

— % (ew Wt) + ig,. (4.28)

Therefore, after shifting the summation indices, the fitting equation for the deriva-

tives reads

o (i) = 3 e oty )) 0+
V(2s —n+p) V(25 —n+p) 2
+ qu)) + bpJos—ntp[B(—ap)] ( — @+ W) }

When fitting at the boundary of regions 2 and 3, exp [—iyLsin (wt)] cancels out.
This factor and exp [—iyLsin (wt + ¢g)] in regions 4 and 5 are also found to be

trivial in the corresponding equations.

4.4 Results and discussion

We investigate time-averaged transmission spectra for different field parameters.
As we shall see, the main features of the transmission probability as a function of
the energy of the incoming particles can be understood using an appropriate static
model. More details can be seen by exploring the role of the different scattering
channels. Besides the time-averaged quantities, we also study the dynamics of the

wave packets generated by the interaction of the particle wave with the optical fields.
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4.4.1 Cycle-averaged transmission probability

The usual nonrelativistic probability current density in one dimension is defined as

(4.30)

m X

h oV (x,t
j(z,t) = —Im {\If*(x,t)g} :
The time-dependent transmission (reflection) probability is given by the ratio of the
transmitted (reflected) current to the incoming one. By using Egs. (4.2)) and (4.23),
one can realize that the time dependence of the probability currents contain factors
exp|—i(n — m)wt], i.e., the transmission probability is a periodic function of time.
As we noted before, integer indices n, which correspond to imaginary wave num-
bers k,, mean evanescent modes. It can be readily seen from Eq. (£30), that these
waves do not carry probability currents, neither do they make any contributions to
the transmission probability. The cycle-averaged current components of reflection
and transmission (normalized to the incoming current) are given by
_ k. , k
A L I el A (4.31)
0 0
where wave numbers k,, are defined in Eq. (£9). Thus, the cycle-averaged reflection

and transmission probabilities read

(R) =it (T)=1ii (4.32)
n=no n=no
where ng is the lowest Floquet index, for which the wave number k,, is real.
The total probability must be conserved, which is formulated in one dimension

o Ip(x.t)  Dilw.t
plet) | i)

ot Ox
where we define the probability density as p = U*W. Accordingly,

=0, (4.33)

(RY +(T) = 1 (4.34)

should always hold for any system parameters [58]. This condition also serves as
an accuracy indicator of our calculations. The infinite system of equations has to
be truncated in accord with an acceptable arbitrary limit of error. For the results
to be presented in the following, |1 — (T') — (R)| < 107% is chosen. This condition
can always be met by increasing the number of modes (Floquet channels) that are
taken into account. For the parameters we used, the highest-order Floquet index
was around 25.

In Fig. 2] the cycle-averaged transmission probability (T) is plotted as a func-
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Figure 4.2: Cycle-averaged transmission probability (T") as a function of the energy
of the incoming particle Ey. Parameters in atomic units are F, = 4.88 x 1073,
L = 200, d = 400, p9 = 7, and w = 0.05732, corresponding to a wavelength
of 800nm. The inset shows the detailed transmission spectrum in the low-energy
domain.

tion of FEjy, which denotes the energy of the incoming particle. The parameters
correspond to localized optical fields (L ~ 10nm, d ~ 20nm) that can be real-
ized experimentally [55]. As we can see, in this case the transmission spectrum is
complex; there are numerous maxima and minima. The most important parame-
ter here is the ratio of the de Broglie wavelength, \yg = 27 /k¢, of the incoming
particle and the separation of the interaction regions, d. When, e.g., d = n(Asp/2),
with a large integer n, increasing Fy by a few percent of its initial value can result
in a similar ratio of d and A\4g, with n replaced by n + 1. Since the length of d
corresponds again to an integer multiple of \;5/2, the interference pattern will be
approximately the same. Therefore, for d > A\;p, whenever we see, e.g., a peak in
the transmission spectrum, it will be repeated multiple times within a short energy
interval. This is the case for the parameter range shown in Fig. A2l In order to
simplify the interpretation, in the following we consider the regime where d is not
too large in comparison to Ay, which leads to a less complex interference pattern,
the understanding of which can be straightforwardly transferred to different param-
eter regimes as well. Let us note that by increasing d, it is not only the number of
the peaks in the transmission spectra that is seen to increase, but the widths of the
individual peaks also change. Larger separation of the interaction regions results
in narrower peaks, which is general for Ramsey-like setups, and allows, e.g., precise
energy filtering. Besides these quantitative differences, according to our results, the
physical picture that explains the interference pattern for d > Ay is still valid for
d > A\gp, and all the results, including the ¢y dependence of the transmission, hold
also in this case.

Figure 3] shows the cycle-averaged transmission probability (T') as a function
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Figure 4.3: Cycle-averaged transmission probability (T") (red solid line) and trans-
mission probability for the corresponding static double barrier (blue dashed line, see
the main text for more details) as a function of the energy of the incoming parti-
cle Ey in atomic units. Parameters are Fy = 0.1, L = 10, d = 30, w = 0.2 and
po = m. For low energies, the cycle-averaged transmission probability has peaks at
the same input energies where transmission resonances occur in the static double
barrier model.

of the energy of the incoming particle. (This is denoted by the red solid line, while
the meaning of the dashed blue line is explained in the next subsection.) Increasing
this energy means that the transmission probability approaches unity as expected.
However, before the saturation happens, a system of transmission peaks and dips is
observed at particular values of Ej,. The details of the transmission spectrum are

explained in successive steps in the next subsections.

4.4.2 Scattering resonances

As we can see, in regions 2 and 4 of Fig. 1] (where the oscillating field is localized)
the wave numbers defined by Eq. (£14) are exactly the same as in the case of a
static rectangular potential barrier with a height of the ponderomotive potential U,
defined in Eq. (412), where U, > 0 holds for any charged particle. Along this line,
as a first approximation, we can replace the two oscillating linear potentials with a
static, symmetric rectangular double-barrier system |59, 160]. The first consequence
of this model is a correct prediction for the overall E, dependence of the time-
averaged transmission probability: when Ey < U,, (T') is close to zero, while for
input energies considerably above U, it is not far from unity. (See the dashed blue
line in Fig. @3l) Clearly, the transition between (T) = 0 and 1 takes place around
Up.

Additional aspects of the transmission spectra can also be understood using the
static model described above. By determining the transmission probability of an

incoming particle of energy £y for two rectangular barriers of height U, as a static
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scattering process, we obtain multiple sharp resonances at certain energies, as shown
in Fig. by the blue dashed line.

Transmission resonances are generally related to the presence of bound states,
quasibound states, or other localized solutions. In order to understand the transmis-
sion spectra shown in Fig. [£.3], it is instructive to find the eigenstates and eigenen-
ergies of the static double-barrier system. To this end, we consider a discretized
version of the model, where the time-independent Schrédinger equation is solved
with two spatially separated potential barriers of height U,. A periodic boundary
condition is used: the Hamiltonian matrix is constructed in such a way that the

rightmost grid point is connected to the leftmost one.
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Figure 4.4: Probability densities of the first three localized states in the double-
barrier system. Localized states with increasing eigenenergies are denoted by blue,
red, and green lines, respectively. As a reference, the potential barriers are drawn

by black dashed lines.

Figure [4.4] shows the probability densities calculated for three such eigenstates
which are found to be localized between the two potential barriers that are indicated
by black dashed lines in the figure. These states correspond to the same energies,
where the transmission spectrum (in Fig.[4.3)) has pronounced peaks. In other words,
the reason for the transmission resonances observed for the static potential barriers
is the existence of these localized states.

Returning to Fig. [43] now it is clearly seen that the previously introduced scat-
tering problem with oscillating potential also has transmission resonances around
these particular energies. That is, the static model can be viewed as a first approx-
imation for low energies (below Ey = hw). However, as it is clear by comparing
the red and the blue curves in Fig. [4.3] for higher energies, the oscillation of the
potential results in a structured transmission spectrum that cannot be explained by
the static model. The physical processes determining this part of the spectra are

examined in the following subsection.
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4.4.3 Shifted, "multiphoton" resonances
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Figure 4.5: Cycle-averaged transmission probabilities (T') as a function of the in-
coming particle’s energy FEj in atomic units. Parameters: L = 10, d = 10, and
wo = 7. The open circles and triangles correspond to the first and second scattering
resonances, respectively.

As a next step, we investigate the scattering process by varying the parameters so
that the pondoromotive energy U, defined by Eq. (412 is kept constant. In this way
the static model introduced in the previous subsection is unchanged (by definition),
and we can explore effects beyond this approximation. (In other words, we are to
explain the difference between the two curves in Fig.[4.3]) Figure shows that for
different electric-field amplitudes and angular frequencies of oscillation, the locations
of the resonances (below Ey = hw) stay approximately the same. In more detail,
the parameters in this figure correspond to only two static scattering resonance
energies (at £y = 0.0193 and 0.0643 a.u.), which are denoted by gray dashed lines
as references. As we can see, the static barriers indeed mean good approximation
for the expected resonance energies when Fy < hw.

For larger input energies, however, there are even more peaks and dips in the
transmission probability for the oscillating case. In Fig. [L.5] circles and triangles
correspond to the static scattering resonance energies shifted by nhAw. These res-
onances can be explained by noticing, that after losing an integer multiple of the
energy quanta hw, the energy of the scattered particle coincides with the energy
of one of the previously shown localized states. In this sense, the open circles and
triangles correspond to the first and second scattering resonance energies, respec-
tively. Note that this explains the energy value at which these resonances appear,
but the behavior of the transmission probabilities at these energies (e.g., whether
we experience a peak or a dip) needs a more detailed description (see the next

subsection).

As an additional interesting feature, Fig. shows the transmission probability
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Figure 4.6: Cycle-averaged transmission probability (T") as a function of incoming
particle’s energy FEjy in atomic units. Parameters: Fy = 0.1, L = 10, d = 10,
w = 0.3, and g = 7. All the insets show the individual current contributions jI" of
the Floquet channels to the transmission probability for different values of Ej.

as well as the contributions of every single Floquet channel to it at different energies.
Although the transmission probability is almost unity at the three specified energies,
they correspond to entirely different probability current distributions as is shown by
the insets of Fig. .6l The blue dot in the insets marks the probability current of
the central Floquet channel (n = 0).

When the incoming energy Fj reaches hw, the scattering channel n = —1 opens
and can also contribute to the transmission probability. The same happens after
every single additional energy quantum hAw: a previously evanescent wave mode
transforms into a propagating one. This phenomenon is due to the emission of
"photons", where the particle can transmit energy to its environment. Therefore,
the probability currents jI can be also called the "multiphoton" components of

transmission.

4.4.4 Phase dependence of the transmission

So far, Figs. 4.3 .5 and show transmission spectra when the two localized
electric fields have a phase difference ¢y of m, which corresponds to a symmetric
oscillating trapezoid potential. In the following, we inspect the phase difference
dependence of the scattering process.

Figure [4.7] shows the transmission probability as a function of ¢y for different
separation distances (denoted by d) of the optical fields. The quasiperiodicity of the
time-averaged transmission probability as a function of d (with a period of A\;5/2)
clearly shows the fact that we have already mentioned earlier: for two values of d for
which 2d; /\gp and 2d,/\4p differs by only an integer, the interference pattern is very

similar, leading to similar transmission probabilities. According to our calculation,
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Figure 4.7: Transmission probabilities (T') as a function of the phase difference ¢y
for different lengths d of region 3. System parameters: Ey = 0.025, \yp = 28.0993,
Fy=0.1, L =10, and w = 0.2.

when all other parameters are fixed, (T') can change 50% as a function of g, and

this behavior is observable also for experimentally relevant parameter ranges.

In order to understand the detailed role of the phase difference in the scattering
process, we analyze the space and time dependence of the probability current den-
sity. Generally, due to the population of various Floquet channels, the solution will
obviously not be monoenergetic, propagating wave packets emerge. As a physical
picture, we may consider that the wave packets generated in region 2 approach the
second optical field, where, depending on the relative phase difference ¢, the slope
of the potential experienced by the wave-packets will be different. In other words,
the wave packets entering region 4 will either experience an "attractive" potential
that forces them to move towards region 5 (and consequently increase the trans-
mission probability), or a "repulsive" one leading to reflection. As a consequence,
focusing on transmission resonances, we can observe that transmission peaks can
transform into dips and vice versa as we sweep through ¢g. Clearly, this is only a
first approach (since, e.g., oppositely moving wave-packets in region 3 can interfere),
but it can capture the essential mechanism beyond the ¢y dependence of (7).

As an illustration, Figs. £8|(a) and [£8|(b) show density plots of j(x,t) for two
different ¢y values (all other parameters are the same, see the caption). Figures
18(a) and E8(b) correspond to the maximum and minimum of (T), respectively.
In both cases, the ripples in region 1 are related to the interference of the incoming
and reflected waves. Two optical cycles are shown, and the + signs in the interac-

tion regions show the sign of the classical force that corresponds to the oscillating
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Figure 4.8: Density plot of j(z,t) as a function of time and coordinate x. For
parameters £y = 0.06, Fy, = 0.1, L = 10, d = 10, and w = 0.2, panels (a) and
(b) correspond to the maximal and minimal transmission probabilities, respectively.
Numerically: (T) = 0.8941 at ¢y = 3.3772 in panel (a), and (7') = 0.3920 at
o = 0.7226 in panel (b). Horizontal dashed lines indicate the boundaries of the
different regions, and vertical ones correspond to the zeros of the classical force
exerted on the charged particle. The sign of this force is also shown in the various
space-time regions.

potential. As we can see, when the transmission probability is minimal, the most
pronounced wave packet reaches region 4 in a time interval when the oscillating
potential repels it. On the other hand, as is shown by Fig. £8(a), the maximum
of (T') corresponds to the case when the wave packet in the second interaction re-
gion is pushed towards region 5. Note that for higher input energies and stronger
optical fields more structured wave packets are generated in the outermost region.
Additionally, when Ey > U, (or Ey < U,), (T') is very close to unity (or zero) and

consequently cannot have strong o dependence. Therefore, in order to control the
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transmission by changing ¢, the parameters of the electric fields must correspond
to a ponderomotive potential close to the characteristic kinetic energy, Ejy, of the
particle beam.

As a possible application, let us emphasize that the time-averaged transmission
probability can strongly depend on the phase difference , also at the transmission
resonances. For large enough separation of the interaction regions, these resonance
peaks are narrow, and, consequently, for a realistic, nonmonoenergetic particle beam,
they can serve as narrow band energy filters. More interestingly, the properties of
these energy filters can be controlled by changing only g, without modifying any

other parameters of the experimental setup.

4.5 Summary and conclusions

We presented a nonrelativistic time-periodic scattering problem where a charged
particle, e.g., an electron was assumed to be scattered on two spatially localized
time-periodic optical fields. Considering dipole approximation and using Floquet’s
theory, the cycle-averaged transmission probabilities were calculated with different
system parameters. Results showed a very sophisticated spectrum, which was ex-
plained in successive steps. First, we recognized that a double-potential-barrier
system (with barrier heights being equal to the ponderomotive potentials) serves
as a fair approximation for low energies. We determined the energies of the scat-
tering resonances in the static model and identified them in the spectrum of the
time-dependent model. We also explained the additional resonances occurring at
higher energies through the behavior of the probability currents belonging to differ-
ent Floquet channels. Finally, we explained the phase difference dependence of the
transmission probability by inspecting the temporal behavior of the generated wave
packets.

The results presented here point out how optical fields can control moving
charged particles. Although we used the context of a beam propagating in free
space, understanding the basic phenomena that govern interferometric processes in-
duced by separated fields is crucial also from the viewpoint of ultrafast, light-induced
electronics, i.e., when the charged particles move in a solid. Although our model
focuses on the most important, qualitative aspects of the interaction, it can provide
an adequate first approach to more complex systems as well. With acceptable in-
crease of numerical costs, our method can also treat two-dimensional problems or
bichromatic excitation. As an important generalization, the spatial dependence of

the exciting fields can also be taken into account.
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CHAPTER 5

Laser-assisted electron scattering on a hard sphere

In this chapter, we discuss a three-dimensional time-periodic model, where the scat-
tering of electrons is investigated on a hard sphere in the presence of a laser field
of arbitrary intensity. We use spherical Gordon-Volkov states, which have already
been introduced in Ref. [61]. However, we give an alternative derivation based on
the translational addition theorem of spherical waves [62-64]. Eventually, either
derivation requires the efficient computation of the same integral. The computa-
tional method presented here is based on an analytic integration which results in
summations of hypergeometric functions. In the case of the weak field limit, closed
form formulas can be obtained [61], which can be verified with the numerically exact

model. Additional results are analyzed through differential scattering cross sections.

5.1 Introduction

Laser-assisted electron scattering has been widely studied in the past, primarily
in the context of multiphoton Bremsstrahlung and plasma heating [65, 66]. Re-
cently, the application of this process has received a growing importance in various
branches of research aiming, for instance, the generation of ultrashort (even at-
tosecond) electron pulses [67-69]|, four-dimensional imaging and ultrafast electron
microscopy |70, [71], or photon-induced near field electron microscopy [36, 50, [72].
The theoretical description of laser-assisted scattering processes of charged parti-
cles relies on the nonperturbative treatment of the interaction with the laser field
|61, [73, [74], which is usually based on Volkov states (see Chapter [2)).

The structure of this chapter is the following. In Sec. 5.2, we describe the setup
of the hard sphere scattering model, and in Sec. (.3, we present an ansatz as the
solution of the Schrédinger equation following the work of Varré and Ehlotzky [61].
The expansion of the spherical waves is derived with the translational addition

theorem in Sec. 5.4l We show that the scattered wave function can be written in
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the Floquet form, and we present a novel efficient method of computing an integral
appearing in the Floquet wave function. Finally, we analyzed the numerical results

involving differential cross sections in the weak field limit in Sec.

5.2 Model

e~ detector
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Figure 5.1: Schematic model of the electron scattering on a nano-particle in the
presence of a linearly polarized laser field. The electrons are modeled as a (de

Broglie) plane wave, and they are scattered by an impenetrable hard sphere of
radius R.

We consider electron scattering on a nano-particle in the presence of a low-
frequenc laser field, modeled as a plane wave with linear polarization in the z
direction, see Figure 5.1l In this setup, the nano-particle is assumed to be a hard
sphere of radius R; i.e., the potential energy is infinitely large inside the sphere, while
it is zero everywhere else. This simplification rules out any kind of dielectric effects,
e.g., near-field enhancement or polarization, therefore, the sphere merely acts as an
obstacle in this model. The electrons are considered to be independent, and they are
described by the Schrodinger equation. We must emphasize that in contrast to the
scattering model presented in Chapter 4], the laser field is not assumed to be localized

in a finite area, that is, the incident electrons are effected in the entire domain. In

IThis condition is required to allow the usage of the dipole approximation; thus, the field can
be considered homogeneous.
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other words, they are not free particles in the laboratory frame. Their interaction
with the laser field is taken into account by the usual minimal coupling. Choosing the
Coulomb gauge and using the dipole approximation, the vector potential depends

only on time and reads

A = (0,0, Ap coswt). (5.1)

The incident electrons of charge —e and massH M propagate towards an arbitrary
direction. Let us recall from Chapter 2] that by means of the unitary transforma-
tion [Eq. (ZI0))], we can eliminate the interaction term proportional to A? in the

Hamiltonian. The Schrodinger equation in velocity gauge reads

2
P e L0
— + —A -p|V=ih—V. 2

{QM T p} ot (5:2)
Next, the Kramers-Henneberger transformation can be applied (see Eq. (Z23)),

which results in a coordinate translation given by the vector

A
a(t) = ezj\/j—f) sin wt. (5.3)

Outside the sphere, this transforms Eq. (5.2)) into the free-particle Schrodinger equa-
tion: 2 90

— —V?® = ih— 4

oY P =g (5.4)

where the Volkov wave function is denoted by ® in the Kramers-Henneberger frame.
The space-shifted solution of Eq. (54) given as

U =®(x,y,z — asinwt,t) (5.5)

yields the solution ¥ of Eq. (52) in the laboratory frame (see Fig. BI). Here,
a = eAy/Mw denotes the amplitude of the coordinate translation.
Since we consider an impenetrable sphere with a radius R, we specify the follow-

ing boundary condition:
P(x,y, 2 — asinwt, t)|,._, =0, (5.6)

which must hold for all values of ¢ and for all polar angles ¥ and ¢. That is, the

wave function must vanish at the surface of the hard sphere for every time instant.

2Since later we use the letter m as a summation index, the electron mass is denoted by M.
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5.3 Expansion in terms of spherical Volkov states

Because of the geometry of the scattering process, it is convenient to introduce
spherical polar coordinates (7,9, ¢) taking the z-axis as the polar axis, as shown in
Fig.[51l The boundary condition (5.6) can be also formulated in an easier way. If we
express the Schrodinger equation (B.2)) in these coordinates, the term representing
the interaction with the radiation field is independent of the azimuth angle ¢ as
is the boundary condition (5.6]). However, choosing the incoming electron wave
to depend on ¢, the total scattering wave function must be ¢ dependent as well,
which means that there is no cylindrical symmetry with respect to the z-axis. If we
write r = r (sin 9 cos ¢, sin ¥ sin ¢, cos ¥), and similarly represent the wave vector of
the incoming free electron by kg = kq [sin ¢y cos ¢g, sin g sin ¢, cos Jg) then we find

ko - v = kor [sin ¥y sin ¥ cos (¢ — @) + cos ¥ cos Yy].

Now, let us focus on finding the solution of the Schrédinger equation. In view
of the previous considerations, we attempt to solve Eq. (5.4]) with the time-periodic

boundary condition (5.6]) in Floquet form by the ansatz

® =exp[i(ko-r— wot)] + Z Z Z A(n,l,m)

n=—oo [=0 m=-—I

y hl(l) (kn'f’) P (COS 19) exp (zm@) exp [—i (wo + nw) t],

(5.7)

where we have an incident free electron wave in the Kramers-Henneberger frame
with energy Ey = hwg plus the sum of Fourier decomposed outgoing spherical waves
(or partial waves) given by hl(l) (k1) P (cos ) exp (imy) = foim(r, 9, ) which
satisfy the Helmholtz equation

[VQ + k?z] fn,l,m(n 797 ()0) = 0. (58)

The spherical Hankel functions of the first kind are denoted by hl(l) (k,r) and the
products P/™ (cos ) exp (imgp) are the ordinary spherical harmonics Y, (¢, ) (apart
from a normalization factor), where P (cos ) is the associated Legendre polyno-
mial.

In the laser field, the wave numbers k,, of the scattered electrons are given by

2M (Eo + nhw
T (;;HL ):ko,/1+ni, (5.9)
Wo

which can be real or purely imaginary, depending on the value of the integer n for

a given ratio w/wp, similarly to the one-dimensional model in Chapter [ If the

wave numbers k, are purely imaginary, the spherical Hankel functions represent
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exponential decay of the partial waves. This means that the laser field can induce
evanescent partial electron waves bound to the outer surface of the sphere. At this
stage, the coefficients A(n,l,m) in Eq. (6.7)) are unknown, and have to be determined
by means of the boundary condition (5.6)).

Applying Eq. (55) to Eq. (5.7), the total wave function ¥ can be written in the

space-translated form

U =exp {ilko - r — kg cos (Jg)asin (wt)]} + Z Z Z A(n,l,m)

n=—o00 [=0 m=—1

x B! [k (£)] B [cos 0(t)] exp (imp) exp [—i (wo + nw) 1],

(5.10)

where 7(t) and 9J(t) are the space-shifted spherical coordinates. Equation (5.10)
clearly shows that the wave function is a superposition of an incoming plane Gordon-
Volkov state and outgoing spherical Gordon-Volkov states with energies Fy + nhw.
In other words, because of the Kramers-Henneberger transformation, the free plane
wave describing the incident electrons is transformed into a plane Gordon-Volkov
state [see Eq. (22])) in Chapter 2] and the partial spherical waves become spherical
Gordon-Volkov states. In Eq. (5.10), the explicit expressions for r(t) and ¥(t) are
given by

r(t) = /12 — 2ra(t) cos ¥ + a(t)?, (5.11)
_z—at) rcost — at)
cosvlt) = — 5y = V2 — 2ra(t) cos v + a(t)? (5:12)

where we recall that the magnitude of the space shift is given by

A
a(t) = asinwt, a=20

= (5.13)

5.4 Spherical Gordon-Volkov states

In order to be able to evaluate the coefficients A(n, [, m) from the boundary condition
Eq. (56), we first have to determine the explicit form of the spherical Gordon-
Volkov states hl(l) [knr(t)] P™ [cos 9(t)] exp (im¢) in terms of the ordinary spherical
waves hl(l) [knr] P™ [cos V] exp (imyp). This calculation was already carried out by
the authors of Ref. [61]. Here, we present an alternative approach based on the
expansion of the space-translated spherical Gordon-Volkov states without the need
of using subsidiary variables. For actual calculations, this method was found to be
more practical.

A few works about the translational (and rotational) addition theorems for spher-

ical waves have been published in the early 60s |62-64]. The authors of these papers
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showedH how the spherical wave functions z,(kR)P! (cos @) exp (ipnp) with reference
to the origin O can be expanded in terms of spherical wave functions with reference
to the origin O, where O’ has the coordinates (Ry, 6y, ¢9) with respect to O. The
notation z,(kR) stands for the spherical Bessel, Neumann, or Hankel function of
the first or second kind. Since the scattered wave function is described by outgoing
spherical waves, we focus on the spherical Hankel function of the first kind, i.e.,
2,(kR) = h(yl)(kR). In the next subsection, we show the result of the expansion
following the works [62-64].

5.4.1 Translation addition theorem of spherical waves

\
7

X

Figure 5.2: The two reference frames we consider in the translational addition theo-
rem of spherical waves. O denotes the origin of a reference frame K with coordinates
(R,0,¢). In this frame, O" at (Ry, 0y, ¢9) denotes the origin of a second reference
frame K’, which uses the coordinates (R', 6, ¢').

Let O denote the origin of a reference frame K with coordinates (R,0,¢). In
this frame, let O" at (R, 6y, ¢o) represent the origin of a second reference frame K’
having coordinates (R', ', ¢'). The orientation of K’ is such that a rigid translation
of K by the vector Ry = (R, 0o, ¢o) takes it into the frame K’. In other words, the

corresponding axes of the two reference frames are parallel, see Fig. For the

3Here and in Subsec.[[.Z.1] we use a notation based on Stein’s work for the expansion of spherical
waves, see Ref. [63].
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values —v < u < v, where v > 0, the addition theorem reads

n n—+v
h (kR)P (cos ) exp (ipp) Z Z Z m'n+p_y(2n+1)a$#(fp) (5.14)
n=0 m=—n p=|n—v| :

X h (M (kr>)]n(kr<)P“+m(cos 0=) P, ™ (cos O) exp [i(p + m)gs — ime<],

where
([ r. = R, r« = Ry
0. = 0, 0. = b if R > Ry, (5.15)
\ o> = ¢/a b< = o
and

(
r~ = Ry, r« = R

9> — 907 9< — 9/ lf R/ S RO. (516)
\ o> = ¢07 o< = <Z5/

The symbols a;"#(p) are the so-called Gaunt coefficients [75], which appear in the

linear expansion of the product of two associated Legendre polynomials:

n-+v

P (cos ) P*(cos ) = Z a)t(p) By (cos B). (5.17)

n,v

p=|n—v|

Their explicit form [64] can be expressed as

(N 1\men (n+m)!(v + w)!p —m — p)!
.y (p) =(-1) (2p + 1)\/(n —m)l(v—pw)l(p+m+ p)!
y [n v op
0 00

n v P
m o —m—p

where the Wigner 3-j symbol appears, see, e.g., Ref. [76].

(5.18)

Y

5.4.2 Applying the theorem to the spherical Volkov states

As we have seen earlier, the Kramers-Henneberger transformation shifts the coordi-
nate system into an accelerating frame with a time-periodic space translation with
respect to the laboratory frame. In the previous subsection, we showed that the
translation addition theorem allows to express a spherical wave in a reference frame
K in terms of spherical waves in an other one denoted by K.

We use the translation addition theorem (5.I4]) for the spherical Gordon-Volkov
states hl(l) [knr(t)] P [cos O(t)] exp (img), by identifying K’ and K as the laboratory

frame and the Kramers-Henneberger frame, respectively. It can be easily seen that
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the translation vector with Cartesian coordinates reads
Ry = [0,0, —asin (wt)]. (5.19)

We note that in Eq. (5.19), since the radius is a positive number, we must distinguish

two cases:

T
Ry = asinwt, 6y = m, if0<tmodT < —,
2 (5.20)
T
Ry = —asinwt, 0y = 0, ifggtmodTgT,

where T' = 27 /w is the time period of the oscillation. Substituting the spherical
coordinates of the vector (5.19) into Eq. (5.14]), and rewriting the indices, we obtain

U U+l

hi" [kt (£)] Py [cos 9(t)] exp (imgp) Z Z ST =yl + Dag ™ (p)

U p=|l'-1|
X hl(,l)(knr)jl/ [knasin (wt)]P;”er (cos V)P, (cos ) exp [i(m + m’)y],
(5.21)

where we assumed r > a according to the condition in Eq. (5I5). If we look
at the expansion (5.21]), we can immediately notice that because of the equality
P (cos ) = (—1)! 8w, We can make a simplification by ignoring the summation
over m' and taking only m’ = 0. On the other hand, if we take Pl,_m,(cos 0) = dmro,
because of the parity property of the spherical Bessel function jp(x) = (—1)" jy (=),
the two cases in Eq. (5:20) lead to the same result. Therefore, the simplified expan-

sion reads
co U+l
hl(l) [knr ()] P [cos D(t)] exp (ime) Z Z Pl 1)“1/ (p)
I'=0 p=|l’—1| (522)

X hz()l) (k) ju[—knasin (wt)] P (cos ) exp (imep).

Only the spherical Bessel function depends on time on the right-hand side of
Eq. (522)). Multiplying both sides in the formula (8.534) of Gradshteyn and Ryzhik
[56] by a Legendre polynomial, we can express jy|—kpasin (wt)] with a projection

as follows

1

/ Py(x) exp [—ikyasin (wt)z] dz, (5.23)

-1

1

Jv[—knasin (wt)] = oG

which is the integral representation of the spherical Bessel function. Using the

Jacobi-Anger identity in the exponential term, and substituting Eq. (5.23) into
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Eq. (5.22)), the Fourier decomposed spherical Volkov state reads

00 '+ 00

hl(l) [knr(t)] P [cos 9(t)] exp (img) Z Z Z zp i 2l'+1)al, (p)
V=0 p=|[l/— l\s——oo
X " (5.24)
X /Pl/(x)JS(—knax)dx hl(,l)(knr)P;”(cosﬁ)eXp (tmep) exp (iswt).

—1

In order to avoid numerical integration in Eq. (524]), we use the power series

expansion of the Legendre polynomial

= 212 ( ) (Hk )xk (5.25)

The integral of a product of a power function and a Bessel function of the first kind

results in an expression involving Lommel functions [56], which can be rewritten as

1

/kas(—kna:c) dz =277 [(—=1)"(kna)® + (—kna)®]

1 (5.26)
1 ~ 1 2

xF<k+S+ )1F2{k+§+ ;k+§+378+ ; (kn4a) |

where | F} is the regularized hypergeometric function defined by

[ 1Fo(ar; b1, bo; 2)
e L(b)T (b))

(5.27)

here, 1 F5(ay; by, bo; 2) is a generalized hypergeometric function. Thus, the integral
in Eq. (524)) can be computed with a finite sum of hypergeometric functions. We
note that a similar integral also appears in recent works on laser-assisted electron
scattering, see e.g., Refs. |73, [74]. Since the scattered wave function is built up by
sums of spherical Volkov states, using Eqs. (510) and (5:24]), we can formulate it in

the Floquet form as

scatt - Z A TL, la m Z _'Lp l(2ll + ]') (p)g)(llv S|kna)
n,l,m l’ps (528)

X hl()l)(knr)P;”(cos V) exp (imp) exp {—i [wo + (n — s)w]t},

where
1

Pl s|kna) :/Pl/(x)JS(—knax) dz. (5.29)

-1
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5.4.3 Matching equations

We can also rewrite the wave function of the incident electrons using the Jacobi-
Anger identity and the formula (8.534) of Gradshteyn and Ryzhik [56] as follows

Yipe, = Z Jn(koa cos )i (20 + 1) (

—m)! .
m]l(kor)

(5.30)

n,l,m

X P/™(cos o) P (cos ¥) exp [im(p — o)) exp (—iwyt),

where the angular frequencies read w,, = wy + nw. Then, according to Eq. (5.10),
the total wave function can be written as an incoming wave W;,. plus a scattered
wave V... in the laboratory frame.

Taking into account Egs. (5.30) and (5.2])), we can finally rewrite the boundary
condition (5.6)) in the form

[\I/(Tv 197 2 t) = \Ijinc. + \I/scatt.]r:R = 0 (531)

for all values of 9, ¢ and t. Using the orthogonality of the associated Legendre
polynomials and the orthogonality of the different Fourier components in ¢, we obtain

the following matching equations

2J (koa cos ﬁo)ip/jp/(koR)P;’?(cos Vo) exp (—impy) + Z A(n, 1, m)i?

n,l,l
” 5.32
20+1 o (5:32)

8 " ' +m)!
op/ +1 1

/ / " 1)
(p )‘@(l y—mn |kna)h / (knR) (p/ . m)'

p

=0

for a fixed set of values n”, p/, m. From this coupled system of linear equations, the
unknown coefficients A(n, [, m) can be evaluated with high precision, if we include
sufficient number of partial waves (indexed by p’,m) and Floquet channels (indexed
by n”).

5.5 Results in the weak-field limit

In the following, we consider the low intensity limiting case where |k,a| < 1. It can

be easily shown [61] that the coefficients A(n,l,m) can be explicitly given by

(L —=m)! ji(koR)
(+m) 0 (o R)

A(n,l,m) = —i'(21 + 1) P™(cosdp)e ™0 J, (koa cosg). (5.33)

In three-dimensional scattering problems, the process is often characterized by
differential cross sections. In some way, they can be considered as the three-

dimensional analogous quantities of the previously introduced one-dimensional trans-
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Figure 5.3: Density plots of the logarithm of the probability density in the z — z
plane in the absence and presence of the laser field shown in panel (a) and (b),
respectively. The incoming electron energy Ey = 0.5 €V and the hard sphere has a
radius of 5 nm.

mission probabilities. The total differential cross sections can be obtained through
the asymptotic form of the scattered wave function. Inserting Eq. (B33) into the
expression of the scattered wave function and taking the limit r — oo, the total

differential cross sections read

2
do,  ky| 1 & Gi(koR) )
10 = 55 22D m ok 5.34
dQ 0 kn ;( [+ )hl(l)(k}nR> Z(COS'YO) Jn(k’oaCOS’l%), ( )
where
cos vy = cos v cos Uy + sin ¥ sin ¥g cos (¢ — ¢p), (5.35)

and n denotes the index of each Floquet channel. Since the wave function (G510
is expressed in terms of a nested infinite series, it is obvious that the numerical
evaluation requires that only a finite number of terms should be taken into account.
The accuracy of the wave function and the total differential cross sections depends on
the truncation of the infinite series. In the following results, the boundary condition
(B3T) is accurately satisfied, i.e., the real and the imaginary parts of the wave
function on the boundary are less than 107°, if we choose the upper limit of the
series to be N = 15 — 20, depending on various parameters.

Figure shows the logarithm of the probability densities of the total wave
function (BI0) for two cases: in the absence and presence of the laser field (in
the weak-field limit) in panel (a) and panel (b), respectively. In both cases, the
electron wave impinges the hard sphere with a diameter of 10 nm from a direction
with a polar angle 99 = 0, which corresponds to a beam coming in along the vector

of linear polarization of the laser field. This is also a configuration for which a
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Figure 5.4: Polar plots of the total differential cross section as a function of the
polar angle, in relative units normalized to the maximum of the n = 0 case, for (a)
n=-2,(b)n=-1,(c)n=0,(d) n=1, (e) n = 2. Parameters: incoming electron
energy Ey = 4 eV, photon energy hw = 1.5 éV, field strength 2.5711 x 107 V /m.

maximum of interaction between the electron and radiation field can be expected.
The probability densities, which are calculated in the z — z plane at y = 0, show an
interference pattern. Without the external field, the process can be viewed as the
Mie scattering of electrons, where the de Broglie wavelength is comparable with the
size of the nano-sphere. The electrons are scattered back to the opposite direction
of incidence, which causes the interference pattern in front of the sphere. However,
in the presence of the laser field, interference fringes appear also in the "shadow"
region behind the nano-sphere, due to the interaction between the laser field and the
electrons. Here, the collision of the electrons and the hard sphere induces reflected

waves causing the interference.

In order to gain more insight into the dynamics of the laser-assisted scattering
process, it is worth examining the angular distribution of the total differential cross
section. In Fig. 5.4l the total differential cross section of the nth scattering channel
is presented as a function of the polar angle ¥ in a polar plot. Since we chose 9y = 0
for the incoming electrons, it is straightforward to study the directional dependence

in the x — 2 plane where the azimuth ¢ is zero. From panel (a) to (e), the total
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differential cross section for each Floquet channel from n = —2 to n = 2 is shown in
relative units normalized to the n = 0 case. It is clearly seen, that the more energy
is lost or gained by the electrons in the form of "photons", the wider (and in the
case of energy loss also the more complex) the angular dependence becomes, along

with increasing probability of backscattering.

10¢

¢ Eg: 2 8V_
10740 © Ey= 5 eV
o By=10 eV
Q 1079 v ]
<=
Bou ]
_% 10
10710 ]
10724,| |,
1
-4 -3 -2 -1 0 1 2 3 4

Figure 5.5: Total differential cross section (in relative units) at the forward direction
(¥ = 0) as a function of the scattered electron energy FE, in the weak-field limit.
The different colored lines mean different incident electron energies. The photon
energy hw = 1.5 eV.

In Fig. 5.5 we focus on forward scattering, where the scattering angle 1 is chosen
to be zero and the field strength takes such a value that the weak field limit condition
can still be considered to be satisfied. The total differential cross section is plotted as
a function of the electron energy in the nth channel. The positive and the negative
values of n correspond to "photon" absorption and emission, respectively. It is
clearly shown by this plot that the sidebands corresponding to the indices n # 0 get
more populated with increasing incoming electron energy [36].

If the low intensity assumption is released, then the linear system of equations
becomes coupled, and, in order to ensure convergence, we can truncate the system
of equations only at much larger values of n,l, m. In this case, the calculations can
only be carried out with high-performance computation. At a qualitative level, we
expect that for higher intensities, the higher order sidebands get more populated
at the expense of the central (n = 0) band’s significant reduction, and that the

interference patterns in the electron probability density become more pronounced.

5.6 Summary

Based on the work [61], we have presented a three-dimensional model which de-
scribes the scattering of monoenergetic electrons on a hard sphere in the presence

of a linearly polarized laser field. We gave an alternative derivation of spherical
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Gordon-Volkov states using the translational addition theorem of spherical waves.
We also gave an analytic expression in order to allow the practical application of
this approach. We presented and analyzed the scattering process by inspecting the
total differential scattering cross sections. We concluded that the sidebands are
more populated for increasing electron energies, similarly to the one-dimensional

Ramsey-like model.
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CHAPTER 6

Relativistic scattering by an oscillating barrier

In this chapter, transport properties of massive Dirac particles are investigated
through an oscillating rectangular barrier. Like in the previous models, the Floquet
quasienergies appear both in transmission and reflection as sidebands around the
incoming electron’s energy. We take all relevant sidebands into account and present
time-averaged transmission probabilities in a wide energy range. Most qualitative
features of scattering on a static barrier — like Klein paradox — are still visible, but
the transmission probability in the evanescent regime observably increases due to
the oscillation of the potential. The strongly inelastic scattering process is shown to
lead to multiple Fano-type resonances and temporal trapping of the particles inside
the oscillating potential. We also present a detailed study of the time evolution of
the wave packets generated in the scattering process. The results can be relevant

for graphene with an induced energy gap.

6.1 Introduction

Photon-assisted tunneling |77, (78] is a remarkable example showing that the presence
of an alternating field can lead to strongly inelastic processes. Nonrelativistic quan-
tum mechanical scattering on barriers with oscillating height has been investigated
intensively, mainly in the context of traversal time and photon assisted transport,
see, e.g., Refs. [7880]. It has also been proven that Floquet’s theory provides an
efficient tool for the investigation of various time-dependent scattering processes
[57, 181]. Fano-type resonances [82,83] can appear in this context due to transitions
between sideband states and bound states. Developments in the experimental tech-
niques during the last decade enable that these results have the potential of direct
applications in the rapidly expanding field of meso- and nanoscale quantum devices
13, 184].

Much of the theoretical works published so far studied transport through time-

o4



Chapter 6 — Relativistic scattering by an oscillating barrier

dependent potentials in a nonrelativistic framework |57, (7881, 185, [86]. Transport
related problems with oscillating spin-orbit interaction have been studied, e.g., in
Refs. [87-89]. A few recent papers [90-92|, treating massless Dirac particle scat-
tering on time-harmonic potentials, are inspired by the unique electronic dispersion
relation of graphene [93,94]. In this single layer of hexagonal carbon atoms, as has
been demonstrated experimentally [95-97|, the carriers exhibit striking relativistic
features like Zitterbewegung [98, 99|, Klein paradox |27, [100-103], and Klein tun-
neling 104, [105].

The substrate-induced band gap in epitaxially grown graphene [106] opened the
way for its usage as an electronic material. This induced band gap leads to a
finite mass for its charge carriers which obey the massive Dirac equation, and the
energy dispersion relation is no longer linear in momentum. Based on this, Klein
tunneling of massive Dirac fermions through a static barrier [107], and massive Dirac
electron tunneling through a time-periodic potential in single layer graphene [108§]
were studied.

This chapter is organized as follows. In Sec. [6.2] we define the model and derive
the equations for the amplitudes, to be solved numerically, from the one-dimensional
Dirac equation using Floquet’s theory. In Sec. [6.3] we present the physical contents
of the numerical solution (e.g., Klein tunneling) in terms of the cycle-averaged trans-
mission probabilities. We explore the details of the scattering with the help of space-
and time-dependent charge current and electron density. Finally, we analyze and
explain in detail the Fano-type resonances [82,183] found in the transmission curves.

We close the chapter by summarizing the results and drawing conclusions in Sec.

6.2 Model

We consider a relativistic one-dimensional model where a constant plus a harmoni-

cally varying potential is applied:
V(t) = Vo + Vi(t) = Vo + R cos wt. (6.1)

Outside the oscillation region the potential is zero, see Fig. A monoenergetic
spin-polarized free electron wave is assumed to impinge the oscillating potential

barrier, i.e, in the standard representation (which was discussed earlier in Chapter
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Figure 6.1: Schematic view of the one-dimensional scattering problem we consider.
The harmonic oscillation of the potential has an amplitude of A{) and angular fre-
quency of w. That is, V(t) = Vy+ h€2 cos wt in region 2, while the potential is zero in
regions 1 and 3. A monoenergetic electron wave is assumed to impinge the oscillat-
ing barrier inducing reflected and transmitted waves in region 1 and 3, respectively.
The input energy Ej is always larger than mc?, but the magnitudes of Ey, V; and
hQ relative to each other were varied in our calculations.

B), we have
1

0
iz, ) = M o | (6.2)

0
where the direction of propagation has been chosen to be the z axis. The spinor
above is a solution of the Dirac equation with hky = ++/EZ — m2c¢*/c. According to

the geometry shown in Fig. [6.1l we choose the positive sign here.

Note that in one dimension, it is sufficient to consider two-component spinors
only, since two of the bispinor components are always zero. However, for the sake

of clarity, we continue with the full four-component bispinor form.

6.2.1 Solution of the Dirac equation with oscillating potential

Inside the region 0 < z < L the time-dependent Dirac equation reads

L0
ihortb(z1) = H(HU(=, 1), (6.3)
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with the Hamiltonian

H(t) = Hy+ Vi(t) = cas (—z’h%) + Bmc® + Vi + Vi (1), (6.4)

where the standard a3 and 8 matrices appear. Since the commutator [H (t), H ()] =

0 holds for any time instant, an eigenstate defined by
Hop = &8¢ (6.5)

can be used to construct a solution to Eq. (€3):

t
o(t) = ¢(0) exp —% &t + / Vi(tyde | | (6.6)
0
For a fixed value of wave number k, (i.e., spatial dependence of e™*?), we have
(k) = £vVm2c* + h2k2c2 + V), (6.7)

which are both doubly degenerate (due to the two possible spin directions). Since the
interaction is independent of spin [the terms Vg + Vi(¢) are proportional to the unit
matrix in Eq. (63)], the solutions of Eq. (€3] that correspond to the monoenergetic
incoming spinor (6.2]) as a boundary condition, have nonzero components at the
same positions as v;,. Therefore it is sufficient to consider only

, + Q
gpi(z,t) _ ezkzui(k;) exp |:—i (% + —sin wt)} , (68)

w

u (k) = 0 (6.10)

that clearly satisfy Eq. (63). Using Eq. (671), it is readily seen that the Dirac spinors
above do not depend on V;. Thus, e.g., the wave function of the incoming electron
described by Eq. (6.2)) can be rewritten as ¢, (2, t) = e’oz~#Fot/hy+ (k). [In this case
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&1 (ko) = Ep.|

Note that the only restriction in Eqs. (G.7)—(6.I0) concerning k is that h%k* >
—m?2c? [ensuring that * are real, see Eq. (6.7))]. This means that evanescent solu-
tions with purely imaginary k are also allowed.

Using the Jacobi-Anger identity

Q = Q\ .

exp <—z; smwt) = n:z:m In (;) et (6.11)
where .J,, denote Bessel functions of the first kind, we see that the frequencies ap-
pearing in the time evolution are given by §=(k)/h + nw, with integer n. Note that
since the differential operator given by Eq. (6.4) is periodic in time (7 = 27/w),
Floquet’s theory [1, 2] can be applied. The states (6.8]) are orthogonal in the spinor
sense; they can be considered as elements of a time-dependent basis. Apart from the
factors exp(—i&=(k)t/h), these solutions are periodic, thus (k) can be called the
(nonequivalent) Floquet quasienergies. The term nonequivalent means here that,
e.g., 8 (k) = & (k) + nhw can also play the role of a Floquet quasienergy (with n
being an integer), but states corresponding to & and & are dynamically equiva-
lent as was discussed in Chapter [l On the other hand, (k) and &~ (k) correspond
to qualitatively different dynamical behaviors (unless their difference is an integer

multiple of Aw).

6.2.2 Fitting the solutions

In the previous subsection plane wave solutions of the Dirac equation in periodic
external field were obtained. It was shown that for a given (real or purely imaginary)
value of k, Eq. (6.3) is satisfied by the spinors ¢*(z,t) given by Eq. (6.8). However,
as we shall see, in order to obtain a solution to the problem over the whole 2 axis,
several (in principle an infinite number of) different wave vectors are needed.
According to the previous subsection, in region 2 (where the potential oscillates)
whenever a frequency &/h appears in the time evolution, the harmonics 8 /h+nw are
also present (n =...,—-2,—1,0,1,2,...). However, if we want to impose continuity
of the spinor valued wave function at the boundaries (z = 0 and z = L), the linear
algebraic equations have nontrivial solutions only if the input frequency equals to
one of the harmonics mentioned above. In other words, the frequencies we have to
take into account are
wp = En/h = Ey/h+ nw, (6.12)

where Fj is the well-defined energy of the input spinor, see Eq. (62). In region 1,
the only right propagating spinor (see Fig. [6.1]) is the input; a particular solution of
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the Dirac equation corresponding to frequencies w,, is given by

Vi(z,t) = Yin(z, 1) + Z rpe” Fniy T (=K, et 4 Z e *ny = (—k, et

wn>0 wn<0
(6.13)
where
2 _ 2 A
”Tn;c, if £2 > m?c*
ki = ’ 4C i (6.14)
—F
i ZZE—;%E—E——JZ, if l;i < 771204.
c

The signs here have been chosen such that the terms proportional to 7, in Eq. (6.13)
describe either reflected or evanescent waves (with exponentially decaying amplitude

as z — —00.) Analogously, in region 3:

Uy(z,t) = > tae™ 2 ub (kp)e ™ + Y " e u (ke ", (6.15)

wn>0 wn<0

The problem is somewhat more complicated in region 2, where

E — 2 2.4
\/<n Vo) mc’ if (E, —Vy)? > m?c

2.2
K = - e i (6.16)
— (B, — W .
i\/m ¢ 71(202 ) , i (B, — Vp)? < m?ct
are the solutions of
&*(ky) = E,. (6.17)

Additionally, in this case, due to the oscillation of the potential, a given wave number
k! corresponds to not only a single w,. For the sake of simplicity, we collect the
coefficients of the two types of spinors given by Eqs. (6.9) and (6.10) separately, and
write

Uy(z,t) = U (2,t) + U, (2, 1). (6.18)

The first term here is given by

@;(Z,t) _ Z efiwntfi(ﬂ/w) sin wt aneik;qur(k;) + bnefik;qur(_k;L) ’ (619)

wn>0

where, as we can see, both propagation directions appear. Additionally, due to the
finite size of the region, exponentially growing spatial dependence is also allowed.
Next we insert the Jacobi-Anger expansion (6.11]) and obtain an equation where the

frequencies w,, appear explicitly. For the sake of brevity, we present this step only
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for the terms containing the spinor u~:

Q . .y L,

Vs (2,t) = Im | — _W“mt[ n€ ™ (KLY + bye = (—kL)| . (6.20
()= 32 50 () e ane ) b ()] (620
The condition of continuity at z = 0 (z = L) now can be formulated by evaluating

Uy(0,¢) and Wo(0,t) [Wo(L,t) and W3(L,t)]. Working in frequency domain, as an

example, the contribution of V5 (z = 0) to the frequency component w; is given by
Y i —
> Jiw - [anu™(K,) + byu™(—k,)] - (6.21)

By comparing these coefficients for each w; at the boundaries and for each propa-
gating direction, we obtain an infinite system of linear equations for the unknown
coefficients {r,, t,, a,, b, }. However, since the Bessel functions J for a given argu-
ment generally decrease as a function of their index, correct numerical solutions
could be obtained by taking only a finite number of frequencies into account. If we
consider a set {w, : n = —N,...,0,... N}, there will be 8N + 4 fitting equations
and the same number of unknowns. As we shall see in the next section, the time
averages of the transmission and reflection probabilities provide an efficient tool for
monitoring the accuracy of the numerical method: If their sum is not as close to

unity as we require, N has to be increased.

6.3 Results and discussion

In this section, the obtained results will be shown based on the model discussed in
the previous section. Note that the parameter ranges we use are ideal to see and
identify the physical processes that are responsible for the effects to be presented.

To this end, we use "natural units" (i.e., A =1,m =1, and ¢ = 1) for the figures.

6.3.1 Cycle-averaged reflection and transmission probabilities

The time-dependent reflection and transmission probabilities are given by the ratio

of the transmitted and reflected currents to the incoming one:

i (T Ey+mc® =5 ~
R(t) :jj_( ) _ ;chko lasT,(0,1), (6.22a)
(T Ey +mc?
T(t) :];f ) _ : e WlasWs(L,b), (6.22b)
where
Uy =Ty — i, (6.23)
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i.e., the reflected (or exponentially decaying) part of ¥;. Since the time dependence
of both T" and R contains factors exp|—i(w, — wn)t] = exp[—iw(n — m)t], these
functions are periodic, T'(t + 7) = T'(t), R(t + 7) = R(t), with 7 = 27 /w. First we

calculate the time average of the reflection and transmission probabilities,

T T

() = / T dt,  (R) = - / R(t)dt. (6.24)

T
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Figure 6.2: (T') as a function of barrier height V4 for the indicated values of the
oscillation amplitude Q. Additional parameters: Ey = 1.1mc?, w = 0.2, L = 10. The
physical meaning of the spikes will be discussed later in Subsec. [6.3.3

Inserting Eqs. (6.I3) and (6.I5) into Eqgs. (6.22a)) and (6.221) leads to products

of sums, which reduce to

B o 2chk,
(T) _@(;_OH"' E T ma’ (6.25a)
2chk
R) = W — 6.25b
(R) @(;_OV | E 1 me ( )

since the integral (1/7) [ exp (inwt) dt = 8,0 for any integer values of n. Because
of the time-periodicity of the scattering problem, the cycle average of the incoming

current should be equal to (j;) — (jr) = |(J)| + [{jr)| . In other words,
(T) + (R) = 1 (6.26)

should hold for any system parameters similarly to Chapter d. This requirement can
be used to monitor the accuracy of our calculations. Since we truncate the infinite
system of equations, it is not necessary that Eq. (6.26) is satisfied. However, if the

populations of the states that are neglected due to the truncation are negligible,
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the error can be kept below an acceptable limit. For the results to be presented in
the following, |1 — (T") — (R)| < 1075, and to achieve this limit, it was sufficient to

truncate the system at N ~ 25 depending on various parameters.
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Figure 6.3: Panel (a): (T') as a function of barrier height Vj for the indicated values
of the oscillation amplitude Q. Additional parameters: Ey = 2mc?, w = 0.2, L = 10.
Panel (b): Zoom into the interval Fy — mc? < Vy < Ey + mc? of panel (a).

Figures show (T') as a function of Vj for the weakly relativistic, rel-
ativistic, and ultrarelativistic cases (when Ej is close to mc?, Ey = 2mc? and
Ey = 10mc?, respectively). The dashed black curve — as a reference — corre-
sponds to the case of = 0 (nonoscillating barrier) in all ﬁgure. The most
important point that Figs. have in common is that for Q = 0 (and oscil-
lations with small amplitude) (T') is practically unity when Vy < Ep; it is almost

2 < Vo < Ey + mc® and converges (in an oscillating way) to

zero when Eg — mc
1 again, when Vy > FEy + mc?. This is a well-known behavior, that can be under-
stood readily by investigating Eq. (6.I6): The solutions in region 2 (see Fig. [6.1))
are propagating waves in the first case, real exponentials in the evanescent domain

(Ey — mc? < Vy < Ey +mc?) and propagating waves again when Vy > Ejy + mc?. In

!This has already been discussed and shown at the end of Chapter Bl
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other words, (T') reproduces the Klein paradox [27, [100-103] for small values of €.

()
1.0

0.8

0.4

0.2

0.0

Figure 6.4: (T) as a function of barrier height V; for the indicated values of the
oscillation amplitude . Additional parameters in panel (a): E; = 10mc*,w =
0.2, L = 10, panel (b): Ey = 10mc*,w = 0.2, L = 1.

The oscillations that can be seen in Figs. are signatures of quantum
mechanical interference: There are maxima (minima) in (7") when the spinor valued
waves interfere constructively (destructively) at z = L. When the ratio {2/w is small,
terms corresponding to wave numbers ky and k{, dominate the dynamics. For larger
values of {2/w, the expansion (6.11]) in terms of Bessel functions contains numerous
frequency components resulting in more complex oscillation patterns in Figs. [6.2H6.4l

The figures show an additional, important effect, namely the gradual disappear-
ance of the pronounced flat minimum of (T') (V) as either L is decreased, or Q2
increased. The first case is related to the role of the evanescent solutions, since tun-
neling becomes increasingly efficient when the width of region 2 is decreased. When
the amplitude of the potential oscillations is increased, more and more frequency
components play a relevant role in the dynamics. Some of them corresponds to
(quasi)energies FE,, that are higher than the oscillating barrier, and consequently the

related part of the spinor valued waves are transmitted with a high probability.
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This effect is still present in the case when the energy of the incoming spinor Ejy

is below the minimum of the oscillating potential:
Ey —mc* < Vo — hAd. (6.27)

Without oscillations, (T') = T would be practically zero in this case. Figure
corresponds to parameter values where Eq. (6.27) is satisfied and T < 1077 when
2 = 0. However, as we can see in the figure, orders of magnitude higher cycle-
averaged transmission probabilities arise when € = 0.3 (in natural units.) The
dependence of (T") on the frequency w shown in Fig. tells us that although lower
values of w with a fixed 2 means that more frequencies w, should be taken into
account, this effect is weaker than the fact that higher values of w corresponds to
larger steps in the ladder w, = wy + nw. That is, as a tendency, (T') (w) is an

increasing function in the parameter range given by Eq. (6.27).
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Figure 6.5: (T) as a function of w, for parameters Ey = 2.5mc* Vy = 1.75, L =
10,2 = 0.2. Note that the transmission probability in the static case for the same
parameters (evanescent solutions) has the order of magnitude of 1075. Note that

the physical relevance of the abrupt changes seen in this figure will be analyzed in
detail in Subsec. [6.3.3]

6.3.2 Wave-packet generation and propagation
In this subsection, we examine the dynamics of the scattering. It is instructive to
investigate the space and time dependent quantities

plz,t) = Uz, 0)¥(z, 1), j(z,t) = cV(z,t)s¥(2,1) (6.28)

that satisfy the one-dimensional continuity equation

0

9 plet) =~ 5z 1), (6:29)
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The Dirac spinor ¥ in Eq. (628) above stands for ¥;, i = 1,2,3, depending on
whether the space coordinate z is in region 1, 2 or 3, respectively. Note that without
potential oscillation, i.e., for {2 = 0, p does not depend on time, and consequently j
is constant as a function of z. Considering an oscillating potential, the space-time
dependence of both quantities are considerably more interesting, and sheds light on

the cycle-averaged results presented in the previous subsection.
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Figure 6.6: Density plot of p(z,t) in panel (a), and of j(z,t) in panel (b), and plot of

Eyin.—V (t) = Ey—mc*—V (t) in panel (c), for the parameters L = 10, Vj = 1.95mc?,
Ey = 3mc?, and Q = 0.2.

The physical phenomena being responsible for the results presented so far are
most visible by focusing on parameters yielding (7') = (R) = 1/2. Figures and
show p(z,t) and j(z,t) in this case, for different values of Q2. As previously, the
patterns that can be seen are more complex for a larger amplitude of the potential
oscillations, but the qualitative features of Figs. and are the same. Con-
sidering the probability density, it has certain pronounced maxima in region 2 (the
value of p at these points can be larger than anywhere else by a factor of two), i.e.,
we observe a kind of temporal "trapping" of the population inside the oscillating

barrier.
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Figure 6.7: Density plot of p(z,t) in panel (a), and of j(z,t) in panel (b), and plot of
Ein.—V (t) = Eg—mc*—V (t) in panel (c), for the parameters L = 10, V, = 1.85mc?,
Ey = 3mc?, and Q = 0.5.

We can also see structured wave-packets that propagate in the positive (negative)
z direction in region 3 (1) due to the "pumping" (see, e.g., Refs. IB, , Eﬁg, IE])
caused by the oscillating barrier. Considering the time intervals when these wave-
packets are released, it is instructive to see panel (c) in Figs. and [6.7] where
Ey — mc®> — V(t) is plotted as a function of time. The difference of kinetic energy
FEyin. = Eg — mc? and the time-dependent potential is shown. When Ey;, — V(1)
is positive, the potential barrier is lower than Ej, and we see wave packets leaving
the central region in the forward direction (transmission). Oppositely, when Ej;, —
V(t) < 0, we have mainly reflection.

The space-time behavior of the current density resembles that of p, but in this
case the sign contains an additional information. In region 3, j is by construction
always positive, although its magnitude varies. In this region p and j have very sim-
ilar space-time dependence. For z < 0, however, both the incoming and the reflected
spinor valued wave functions contribute to the current density, and their interference

can result in negative or positive j (depending on whether @1 or v, is the domi-
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nant, respectively.) Note that when (R) & 1, j(z,t) is practically zero except region
1, where it represents a truly alternating current, with max[j;(¢)] ~ — min[j; (¢)].

Obviously, in this case the cycle average of the current is zero everywhere.

6.3.3 Fano-type resonances

As is known, whenever the energy of a scattering state coincides with that of a
bound state, or in other words, these two different kinds of eigenstates happen to
belong to the same degenerate energy level, then the transition probability between
the states becomes large and a resonance occurs in the transmission spectra. In
general, this effect is known as a Fano resonance |82, 183].

The role of Fano-type resonances has been discussed earlier in the context of the
model of gapless graphene 92|, which has a different dispersion relation than the
one discussed here. Reference [92] presents a detailed analysis of these resonances
for the case of a potential well, in the context of a two-dimensional massless Dirac
equation. The way the plots of the transmission probability vs. incident energy in
Ref. [92] depend on the most important model parameters is a description of the
Fano-type resonances which is complementary to ours. By calculating the Wigner
delay time [111, 112], they also predict the temporal trapping that we are going to
show below explicitly.

In our present case a Fano-type resonance may occur if the energy of the scattered
electron, after losing a number of quanta nhAw, coincides with the bound state energy

e of a Dirac particle in the time-independent potential, lying between —mc? and mc?:

Ey+nhw=¢, n=-1,-2, .. (6.30)

In the following we focus on positive values of V), as is depicted in Fig. For
L =1, one usually finds a single bound state of the static potential barrier, which
simplifies the interpretation of the results. The energy eigenvalues € corresponding
to these states are in the range of [—mc? mc?], thus they are evanescent in regions
1 and 3, where the potential is zero. Inspecting the positions of the resonances in
Fig. 6.8 we find that they appear when

Ey+ nhw =~ ¢, (6.31)

with n being integer. Note that we cannot expect exact equality in Eq. (6.31]), since
AC Stark shift modifies the energy levels. In the investigated parameter ranges,
the relative difference of the left end right hand sides of Eq. (G.31]) was around 5%

for low barriers (in the sense that V{ is not considerably larger than A€)), and it
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Figure 6.8: Panel (a): (T') as a function of barrier height Vj for the indicated values
of the oscillation amplitude . Additional parameters: Ey = 1.1mc*,w = 0.2, L = 1.

Panel (b): Sideband transmission amplitudes ¢,, as a function of barrier height Vj, for

comparison with the 2 = 0.2 curve of panel (a). Note that the curves corresponding
ton = —1 and n = —2 have been rescaled (divided by a factor of 100).

decreased for larger values of V4.

As one can expect, resonances corresponding to increasing magnitudes of n are
weaker. According to the terminology that is often used, in spite of the fact that the
potential oscillations are not quantized, we may say that the probability of higher
order processes that involve 2, 3, etc. excitation quanta ("photons") are considerably

lower than that of "single photon" processes. However, when the amplitude of the
oscillation increases, higher order resonances get more pronounced.

Panel (b) of Fig. shows a clear example that whenever there is a resonance in
(T'), the transmitted amplitude ¢, corresponding to the incoming electron’s energy
has a sharp minimum. At the same value of V;, one of the coefficients ¢, (that
belong to w, = Ey/h + nw, with n < 0) has a peak. We can clearly identify the
peaks corresponding to n = —1 and —2 in Fig. b).

As an example for a third order resonance, Fig. shows p(z,t) for parameter

values where t_3 has the highest magnitude amongst all transmission coefficients.
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Figure 6.9: Density plot of p(z,t), for L = 1, Vy = 3.9Tmc?, Ey = 1.1mc* and
Q=14.

As we can see, the fact that the incoming electron excites a localized bound state
appears in this figure as an increase of the electron density. Note that this temporal
trapping in region 2 is considerably more pronounced than in the cases seen in
Figs. and [6.7;, the maximal value of p(z,¢) inside the oscillating potential is five
times larger than anywhere else.

Figures and demonstrate that the abrupt changes in the cycle averaged
transmission and reflection probabilities are due to Fano-type resonances as de-
scribed by Eq. (6.31)). Note that this kind of behavior can appear in principle for
higher energies as well, but then the order of the process [the values of n in Eq. (6.37])]
is so high, that it means only a practically invisible correction for the transmission
probabilities.

Finally, let us analyze to what extent the effects presented so far are relevant
for graphene. According to Ref. [L06] a band gap A as large as 0.26eV can appear
in epitaxially grown graphene on SiC substrate. The electronic structure of the
graphene layer has been modified and the degeneracy of the Dirac point at the
intersection of the valence and the conduction bands could be removed by growing
the sample on a SiC layer. As shown by the measurements, this band gap plays
the role of the energy difference of 2mc? that separates positive and negative energy
eigenstates of the massive Dirac equation we considered. Our findings are relevant
when A2, Vy and hw has the same order of magnitude as A. The characteristic
frequency w/2m is in the THz regime (hw ~ A/2 gives w = 25 THz), which is in the
experimentally achievable range. That is, generation of wave-packets, the existence
of alternating relativistic currents in the reflected region as well as the appearance
of Fano-type resonances, can be visible also in the case of the graphene. We also
note that the nonrelativistic version of a similar problem has been considered in

Refs. 113, [114] in the context of multiphoton ionization. Besides its relevance to
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graphene with a band gap, this work may also contribute to the manipulation of

relativistic charged particle beams by powerful laser pulses [115-117].

6.4 Summary

We presented a relativistic model of scattering of massive Dirac particles on a time-
periodic rectangular potential barrier, using Floquet’s theory. We used the de-
pendence of the cycle-averaged transmission probability on the barrier height to
describe the quasistationary behavior of the system, in the case of a weakly rela-
tivistic, relativistic and ultrarelativistic incident particle. We explored the details
of the transport with the help of space- and time-dependent currents and densities,
which show explicitly that the oscillating barrier generates wave packets from the
incident plane wave. We explained in detail the Fano-type resonances with the in-
terplay of the sideband states generated by the oscillating potential and the bound
states of the barrier, and showed the corresponding temporal population trapping
in the barrier region. Finally we discussed the relevance of our results to graphene

with an induced band gap.
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Introduction

Quantum scattering by time-harmonic potentials is an important and vivid research
area. It provides deep understanding of a rich variety of interesting and partly
unusual phenomena in strongly driven quantum systems. For strong excitations,
the highly inelastic photon-induced processes that involve the absorption/emission
of one or a few photons can be appropriately described by using classical, peri-
odic fields. In this intensity regime, Floquet’s theory is proved to be one of the
most efficient methods. Although in this case the exciting field that oscillates with
a frequency of w is not quantized, the corresponding quasienergies are separated
by integer multiples of Aw. This means that for an inelastic process, the material
response will contain frequency components that are integer multiples of w, and,
e.g., in transport processes, the transmitted energy spectrum will contain sidebands

around the input energy.

Objectives

The objective of the work presented in this PhD thesis was to examine the role of the
time-periodic excitation in quantum mechanical scattering problems. If this excita-
tion can not be considered as a perturbation with a small amplitude, anharmonic
effects are observable. This complex dynamics can be described by Floquet’s theory
(see the next section) which is the basis of the theoretical methods presented in this
thesis. With this approach, the fundamental quantum effects like the interference
of matter waves in strong external fields can be examined as well as the appearance

of harmonics.

We investigated the general properties of quantum mechanical processes in the
presence of oscillating external fields via three examples. Besides exploring funda-
mental effects, a second, equally important aim of our research was to determine
properties that are specific to the physical systems that we consider, with the focus

being on the possible applications.
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We studied two one-dimensional models, where initially free particle waves were
excited by localized, periodic external fields. The simplest interpretation of these
models can be a beam of charged quantum mechanical particles that interacts with
an oscillating field in a finite domain. The one-dimensional approach is valid either
if the excitation induces changes in the dynamics along the propagation direction
(like in the case of an external field that is linearly polarized in this direction), or
if additional constraints (that are not taken into account in our model) ensure one-
dimensional propagation. Quantum wires provide a prominent example for the sec-
ond case. When e.g., these wires are fabricated using GaAs/GalnAs heterojunctions,
the framework of effective mass approximation allows us to consider the conduction
band electrons as free particles [118]. Our relativistic model, where the Dirac equa-
tion is considered, can be related to charge carrier propagation in graphene. The
usual analogy to which we can refer here is based on the linear dispersion relation of
the graphene. (More strictly, because the Dirac equation describes massive particles
and has a band gap of mc?, our model is applicable for the description of graphene
samples with an induced band gap.) In both cases, the physical systems that are
closely related to our model meant an additional motivation, since having under-
stood the fundamental mechanisms, we could also investigate what effects can be
used to control the electron dynamics in nanoscale electronic devices. Excitation by
light pulses is of outstanding importance from this viewpoint, because they mean a
very versatile control tool, their properties can be varied experimentally in a wide
parameter range. Therefore our plan was to explore what properties of the transport
(scattering) processes can be modified by changing the parameters of the excitation.

We also planned to investigate a three-dimensional example. Concretely, we
aimed to describe the scattering of electrons on a nano-particle, that is modeled by
a hard sphere (i.e, an impenetrable, sphere shaped obstacle.) Keeping in mind the
possibility of the optical control, we wanted to describe the process in the presence of
laser light. According to the traditional description of three-dimensional scattering,
we planned to calculate differential cross sections, and their dependence on the
various parameters. We wanted to analyze these results in order to gain an insight

into the dynamics of the process.

The results discussed in the thesis indicate that all the research objectives have
been accomplished. Moreover, we experienced additional effects that could not be
foreseen before the actual calculations. The physical background of these effects are

also explained in the thesis.
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Methods

We planned to use a method that is based on Floquet’s theory — an approach that
has many times been proven to fit problems with periodic excitations perfectly. The
method is not a perturbative one, the interaction with the oscillating fields can be
described "to all orders", numerically exactly. This allows the investigation of all
the nonlinear processes that appear in strongly driven systems.

Time-periodic systems are described by a Hamiltonian H(t) = H(t + T), where
the time period T' = 27 /w and w is the angular frequency of the excitation. Based
on Floquet’s theorem, the wave function can be written in the form |¥(t)) =
exp (—iet/h)|®(t)), where |®(t)) is the so-called Floquet state, whose periodicity
is the same as that of the Hamiltonian, i.e., |®(¢)) = |®(t + T)). The Floquet
quasienergy € is a real parameter and is defined up to the integer multiples of Aw.
In other words, it can be reduced to a zone with a width of hw. As an analogy to
solid-state physics, this zone and the quasienergy e correspond to the first Brillouin
zone and to the quasi wave vector, respectively. Due to their periodicity, the Floquet
states can be expanded into Fourier series, which is the reason why the eigenvalue
equations can be transformed into an infinite dimensional matrix equation. Practi-
cally, the linear system of equations are solved by including only a finite number of

the Floquet channels.

Scientific results

In the following, I present a brief summary of the new scientific results discussed in
the thesis which are collected in five thesis points. The publications connected to

my statements are listed at the end of the dissertation and cited in each title.

T1. Scattering of charged particles in a Ramsey-like setup:

transmission resonances [P3]

— I constructed a quantum mechanical model in which charged particles (e.g. elec-
trons) are scattered by a time-oscillating electric field in a spatially separated
(Ramsey-like) setup [43|. T analyzed the cycle-averaged transmission probabil-
ities as the function of the energy of the incoming electrons Ej, and identified

transmission resonances in the spectrum.

— In order to interpret the results, I created a model, based on a classical physical
consideration, by replacing the oscillating electric fields with static potential

barriers of heights equal to the ponderomotive energy of the electron.
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— I proved that the static double-barrier system is a proper first approximation
in finding the transmission resonances. For low values of Ej, the oscillating
model has transmission resonances around the energy eigenvalues of the static
model. I concluded that the localized states, which exist between the two

potential barriers, are the reason for the appearance of the resonances.

T2. Scattering of charged particles in a Ramsey-like setup:
phase dependence [P3]

— In the model examined in [P3], T also analyzed the dependence of the cycle-
averaged transmission probability (T") on the separation distance d and the
phase difference ¢y between the two optical fields. I found that (T") is quasi-
periodic in d, and the transmission probability can change as much as 50% as

a function of .

— With the examination of the space- and time-dependent probability density
and current, I analyzed the scattering process in the case of low and high
transmission probabilities, and I interpreted the dynamics in these limiting

cases using classical terms.

— I showed that in order to control the transmission by changing the phase
o, the parameters of the electric fields must correspond to a ponderomotive

potential close to the energy of the particle beam.

T3. Describing laser-assisted electron scattering with spheri-
cal Gordon-Volkov states [P2]

— Based on the work of Varré and Ehlotzky [61], I investigated the electron
scattering on a hard sphere in the presence of a laser field. I derived the
spherical Gordon-Volkov states using the translational addition theorem of
spherical harmonics |63, [64]. I reduced the Fourier spectrum of these states
to a series of hypergeometric functions. The resulting analytic expression

significantly simplifies the calculation of the spectrum.

— I examined the differential cross sections for different Floquet channels in the
weak-field limit. I found that the Floquet channels indexed by n # 0 get
more populated for increasing electric field strengths. For increasing electron
energies, Fy, new scattering channels open up similarly to the model presented
in |[P3].
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T4. Relativistic electron scattering on an oscillating potential

barrier: cycle-averaged transmission probabilities [P1]

— I studied the scattering of relativistic electrons on an oscillating potential
barrier in one dimension. By examining the cycle-averaged transmission prob-
abilities (T'), I observed that the Klein paradox is also visible in the oscillating
case similarly to the one-dimensional relativistic static scattering. That is, the

transmission probability approaches 1 for increasing potential heights Vj.

— T also showed that when the barrier heights are within the band gap of 2mc?,
the cycle-averaged transmission probability can take non-zero values, if the
oscillation amplitude is large enough or the oscillation is localized in a narrow

region.

T5. Relativistic electron scattering on an oscillating potential

barrier: wave-packet generation, Fano-type resonances [P1]

— In the model studied in [P1], in order to understand the details of the transmis-
sion spectrum, I examined the space- and time-dependent probability density
and current. I identified the effect of "temporary trapping" inside the oscil-

lating potential barrier.

— For a low incoming electron energy Fjy, I discovered Fano-type resonances |82]
in the transmission probability. Using the Dirac equation, I calculated the
bound states and the corresponding energies of the static relativistic poten-
tial barrier, which I identified to be the reason for the appearance of these

resonances.
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Osszefoglalas

Bevezetés

Az id6ben periodikus potencidlokon bekdvetkezd kvantummechanikai szoras egy len-
diiletesen fejl6ds, fontos kutatasi teriilet. Segitségével szamos érdekes jelenség érthe-
t6 meg az erdsen gerjesztett rendszerekben. Az optikai kontroll, a lézerfény altal ki-
sért szoras vagy a transzportfolyamatok kivald példak annak megmutatasara, hogy a
valtakozo mezd jelenléte erésen rugalmatlan folyamatot eredményezhet. A kvantum-
mechanikai részecskék optikai kontrollja igéretes alkalmazéasok széles skalajat nyujtja
példaul az ultragyors elektronikaban [33, 134], képalkotasban |35, 136] vagy a kvan-
tuminformatikaban [37,138]. Napjainkban a lézerfény altal kisért szoras kiemelkedd
szerepet kapott tobbféle kutatasi tertileten, mint példaul az ultrarévid (attoszekun-
dumos) elektron impulzusok létrehozasaban [68, 69|, a négydimenzios képalkotas-
ban és az ultragyors elektronmikroszkopiaban |70, [71] vagy a fotonindukalt kozeltér
mikroszkopiaban [36, 50]. Az id6fiiggs potencialokon torténd elektrontranszportot
kiemelked6 tudomanyos érdekl6dés ovezi, hiszen a kisérleti technikdknak az elmiult
évtizedekben végbemend fejlédése lehetévé tette az elméleti eredmények koézvetlen

alkalmazasat a mezo- és nanoszkopikus méretii eszkozokben |3, 184].

Célkittizések

A disszertacioban bemutatott doktori munka célja az volt, hogy az idében perio-
dikus potencidlok szerepét vizsgaljuk kiilonb6zé kvantummechanikai szorasi prob-
lémakban. Ha ez a gerjesztést jelent6 potencial nem tekinthets kis amplitadoja

perturbacionak, akkor jol megfigyelhetd anharmonikus jelenségek lépnek fel.

Az alapvetd effektusok feltérképezése mellett célunk volt a konkrétan vizsgalt
esetekben az adott kvantumrendszer specifikus tulajdonsagainak a vizsgalata, a le-
hetséges alkalmazéasok keresése. Két egydimenzidos modellt tanulméanyoztunk, ame-
lyek kapcsan a szabadon terjedd kvantummechanikai sikhullamok periodikus ger-

jesztésre adott valaszéra voltunk kivancsiak. Relativisztikus részecskék esetén, a

“, 0,
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kapufesziiltségekkel modulalt grafénben lezajlo elektrontranszport modellezésére is
alkalmas. Itt azt vizsgaltuk meg, hogy az ismert relativisztikus effektusok, mint
példaul a Klein-paradoxon, milyen gyakorlati alkalmazasokat is felvillanté mdédon
jelennek meg periodikus gerjesztés esetén. Nemrelativisztikus részecskék esetén a
szilardtestfizikai anal6gia optikai terekkel befolyasolt vezetési savbeli elektrondina-
mikat jelent. Természetesen a legkézenfekvébb alkalmazés mindkét modell esetén a
toltott részecskékbdl allo nyalab dinamikajanak a leirasa. A fizikal hattér megérté-
se utan fontos kérdés volt, hogy a gerjesztés paramétereinek a megvaltoztatésaval
hogyan érheté el példaul a kimend részecskék energidjanak a sztirése.

Célul ttztiik ki ezen feliil egy haromdimenzidos modell vizsgalatat is, amelyben
toltott részecskék (pl. elektronok) egy "kemény gémb"-bel modellezett nanorészecs-
kén szérodnak. A jelenség lehetséges optikai kontrolljat is figyelembe véve a szoérast
elektromégneses tér jelenlétében terveztiik vizsgélni. A f6 kiszamitandé mennyi-
ség itt a differencialis hataskeresztmetszet, amelynek az elemzése modot adhat a

folyamat részleteinek tanulmanyozésara.

A dolgozatban targyalt eredmények fényében elmondhato, hogy a fenti kutatasi
elképzeléseket sikeresen valositottuk meg. Emellett szamitasaink soréan olyan jelen-
ségeket is tapasztaltunk, amelyek a célok kittizése idején nem voltak elérelathatoak.
Ezen jelenségek fizikai hatterének magyardzata szintén a dolgozattal kapcsolatos

kutatomunka eredményei kozé tartozik.

Mob6dszerek

Periodikus idéfiiggéssel bird rendszereket példaul a Floquet-elméleten alapulé mod-
szerrel lehet hatékonyan leirni, amely a szilardtestfizikiban ismeretes Bloch-tétel
analogiaja az id6periodicitasnak (a térperiodicitas helyett). G. Floquet 1883-ban irt
cikke alapozta meg ennek a megkozelitésnek a matematikai alapjait [1]. A modszert
el6szor 1965-ben J. Shirley alkalmazta kvantummechanikai rendszerekre: kétnivos
atom kolcsonhatéaséat vizsgalta 1ézerfénnyel, amelyet egyetlen frekvenciaval rendelke-
z6 klasszikus mezdként vett figyelembe |[2].

Az id6ben periodikus rendszerek kvantummechanikai leirdsa egy idében perio-
dikus H(t) = H(t + T') Hamilton operatorral torténik, ahol 7' = 27 /w a periddus-
ideje, w pedig a korfrekvencidja a gerjesztésnek. Floquet tétele alapjan az idéfliggs
Schrodinger egyenlet megoldéasat ado hullamfiiggvény a |W(t)) = exp (—iet/h)|P(t))
alakban irhato fel, ahol |®(¢)) az un. Floquet allapot, amelynek periodicitasa ugyan-
az mint a Hamilton operatornak, vagyis |®(t)) = |®(t + T')). Az € az un. Floquet
kvézienergia, amely egy valos paraméter és hw egész szami t6bbszordséig van egyér-

telmien meghatarozva, vagyis egy hw széles "zonara" redukalhato. Ez a kvazienergia
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a szilardtestfizikaban ismeretes kvézi-hullamszamnak, mig az el6bb emlitett zona az
elsé Brillouin-zénanak felel meg anal6g moédon. A Floquet-allapotok periodicitasuk-
nak koszonhetGen Fourier sorba fejhetk, emiatt lehetséges a sajatérték-egyenletek
egy végtelen dimenziés matrix egyenletté alakitdsa. Ily modon a kiils6 periodikus
gerjesztést nemperturbativ moédon vessziik figyelembe.

Amennyiben a hullamfiiggvényeket Floquet-féle alakra hozzuk és a peremfelté-
teleket is figyelembe vessziik, a rendszer egyértelmien definialt. A végtelen linearis
algebrai egyenletrendszert tigy oldjuk meg a gyakorlatban, hogy csak egy véges,
2N + 1 harmonikus komponenst vesziink figyelembe. Az N egész szamot az eldirt
szamolasi pontossiag hatarozza meg; még tébb harmonikus komponens belefoglala-

saval tetszélegesen lehet finomitani az eredmények pontossagat.

Tudomanyos eredmények

Az aldbbiakban roviden ismertetem a disszertacioban bemutatott Gj tudoményos
eredményeket 0t tézispontban Osszefoglalva. A megallapitasaimhoz kapcsolédo pub-
likdciokat a disszertacié végén talalhato lista gytjti Ossze, illetve a tézispontok ci-

mében hivatkozom.

T1. Toltott részecskék széré6dasa Ramsey-féle elrendezésben:

transzmisszios rezonanciak [P3]

— Toltott részecskék (pl. elektronok) idSben oszcillalo elektromos mezén va-
16 szorodasanak kvantummechanikai modellezését végeztem térben szeparalt,
un. Ramsey-féle elrendezésben [43]. Az id6atlagolt transzmisszios valoszind-
ségeknek az elektronok bejové Ey energiajatol vald fiiggését elemeztem, és

transzmisszios rezonanciakat azonositottam a spektrumban.

— Az eredmények értelmezése céljabol megvizsgaltam egy olyan, klasszikus meg-
fontolasok alapjan kidolgozott modellt, amelyben az id&fiiggs elektromos teret
helyettesitettem az elektron ponderomotoros energidjanak megfelel6 magassé-

gu sztatikus potencidlgattal.

— Bebizonyitottam, hogy a transzmisszioés rezonanciak megtalaldsahoz jo els6
kozelités a kettds sztatikus potencidlgat rendszer. Alacsony E, értékek ese-
tén a rezgd modellnek transzmisszids rezonanciai vannak a sztatikus modell
energia sajatértékei koriil. Azt a kovetkeztetést vontam le, hogy a rezonancidk

megjelenését a két potencidlgat kozott lokalizalt allapotok okozzék.
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T2. Toltott részecskék szorédasa Ramsey-féle elrendezésben:
fazisfiiggés [P3]

— A [P3] munkaban vizsgalt modellben a periodusra atlagolt (T') transzmisszios
valoszintiség d szeparacios tavolsagtol és ¢, faziskiilonbségtsl valo fliggését is
elemeztem. Azt taladltam, hogy (T') kvaziperiodikus d-ben, valamint akar 50%-

kal is megvaltozhat a ¢, fiiggvényében.

— A valoszintiségi aram tér- és idéfliggésének vizsgalataval elemeztem a szorést
kicsi és nagy transzmisszios valoszintiség esetén, és ezekben a hataresetekben

klasszikus gondolatmenet alapjan értelmeztem a dinamikat.

— Megmutattam, hogy a transzmisszios valoszintiség ¢, fazissal torténé kontrol-
lalasadhoz olyan kiils6 elektromos teret érdemes alkalmazni, amely a részecske-

nyalab energiajahoz kozeli ponderomotoros potencialt jelent.

T3. Lézerfény altal kisért elektronszoras leirasa gombi Gordon-
Volkov allapotokkal [P2]

— Egy kemény gémbbel modellezett nanorészecskén torténd elektronszorast vizs-
galtam lézertér jelenlétében Varr6 és Ehlotzky [61] munkija alapjan. Szar-
maztattam a gombi Gordon-Volkov allapotokat a gémbhullamok transzlacios
addicios tétele segitségével 63, 164]. Ezek Fourier spektruménak kiszamitasat
egy, a hipergeometrikus fliggvényekbdl allo sorra vezettem vissza. A kapott

analitikus kifejezés a spektrum kiszamitasat jelentGsen leegyszertsiti.

— Megvizsgaltam a szorasi hatéskeresztmetszeteket gyenge-tér hataresetben a
kiilénbo6z6 Floquet csatorndk esetén. Megéallapitottam, hogy az n # 0-val
jelolt Floquet csatornak novekvd térerdsség értékek esetén jobban betoltédnek,
tovabba hogy novekvs Ey elektron energia esetén 1j szorasi csatornak nyilnak

meg a |P3| munkiban targyalt modellhez hasonléan.

T4. Relativisztikus elektronszoéras rezgé potencidlgaton: peri-

6dusra atlagolt transzmisszios valoszintiségek [P1]

— Egydimenzios relativisztikus elektronok rezgé potencialgaton torténd szorasat
tanulméanyoztam. A (T") idGatlagolt transzmisszios valoszintségek vizsgalata
soran kimutattam, hogy rezgd esetben is megfigyelheté a Klein paradoxon a
relativisztikus sztatikus szoréashoz hasonléan. Ez azt jelenti, hogy novekvs Vj

atlagos potencialmagassag esetén a transzmisszios valoszintiség 1-hez kozelit.
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— Megmutattam azt is, hogy amikor V; a 2mc? nagysagu "tiltott savban"-ban
van, akkor az idGatlagolt transzmisszios valoszintiség nem nulla értéket is fel-
vehet, ha az oszcillaciéo amplitidoja elegendGen nagy, vagy ha az oszcillacio

elegendGen keskeny tartomanyon lokalizalodik.

T5. Relativisztikus elektronszéras rezgé potencialgaton: hul-

lamcsomag generalas és a Fano-tipusi rezonanciak [P1]

— A |P1] munkéban tanulméanyozott modellben a transzmisszios spektrum rész-
leteinek megértése céljabol megvizsgaltam a tér- és idétiiggs valoszintségi st-
rliséget és aramot, amelynek alapjan az ideiglenes "csapdézodas" jelenségét

mutattam ki a rezgd potencialgaton beliil.

— Alacsony Ej bejovs elektron energia esetén a transzmisszids valoszintiségben
Fano-tipust rezonancidkat [82| fedeztem fel. A Dirac egyenlet segitségével ki-
szamoltam a relativisztikus potencialgat kotott allapotait és a megfelel§ energi-
akat, amelyekkel megmagyaraztam a Fano-tipust rezonancidk megjelenésének
okat.
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