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Our theses are based on the classical results of Bernstein and Zygmund giving sufficient
conditions for the absolute convergence of the Fourier series of a complex valued function with
period 27. Namely, if the function f(z) satisfies either a Lipschitz condition of order o where
a > 1/2; or is of bounded variation and satisfies a Lipschitz condition of order o where v > 0,
then its Fourier series converges absolutely (see for example in [19]).

Many generalizations of these theorems were proved, for example by Szdsz [12], Salem [9]
and the latest one by Gogoladze and Meskhia [4]. In the first part of our theses we extend these
results from single to double Fourier series.

In the second part of our theses we study the absolute convergence of double Walsh-Fourier
series. Inspired by the results of F. Méricz [5] on the absolute convergence of single Walsh-Fourier
series, we give sufficient conditions for the absolute convergence of double Walsh-Fourier series

in terms of (either global or local) dyadic moduli of continuity and bounded s-fluctuation of f.
New results on double Fourier series

Let f = f(z,y) be a complex-valued function periodic with period 27 in each variable. We
recall that if f € L'(T?), where T? := T x T, then the double Fourier series of f is given by

~ 3TN fmon)el e () € T2,

MEZ neZ

where the Fourier coefficients f(m,n) are defined by

flm,n) : 42//]”3:3/ —imatm) dody,  (m,n) € 72,
m

We will introduce the notion of moduli of continuity for functions of two variables. To this

end, we use the notation
(1) A (fsz,y5he, o) =

J(x 4 hi,y+ho) = f(x,y + ho) — f(x+ hy,y) + f(2,y)

where (z,y) € T? and hy, hy > 0. The integral modulus of continuity (in the norm of LP) of a
function f € LP(T?) for some 1 < p < oo is defined by

1 1/p
w(f;61,02)p = SUP{ (R// AL f;2,y; h17h2)’pdl‘dy) ;
TQ

O<h1§51 and O<h2§52}, (51,(52>0.
In the case when f € C(T?), the modulus of continuity of f is defined analogously:
w(f;01,02) == sup{|A11(f;2,y; hi, ho)| :
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(ZL’,y) €T2, 0<h1 §51 and0<h2 §52}, 51,(52 > 0.

Analogously to the definition for a single sequence {7,,} to be in A, (see [4]), we say that a
double sequence ¥ = {Vm, : (m,n) € N7} of nonnegative numbers belongs to the class 2, for

some « > 1 if the inequality

1/
2) DD V| SRS TN Y
meD, neD, meD, 1 neD, 1
is satisfied for all u,v > 0, where
(3) Dy:={1}, D,:={2"""+1,2¢""+2,...,2"}, peN,,
and we agree to put
(4) D_1 = D() = {1}

For convenience in writing, we agree to put
(5) V—m,n = Ym,—n = V—m,—n ‘= Tmn; (m7 n) S Ni
For more details see [4] and [13].

Theorem 1. Suppose f € LP(T?) for some 1 <p < 2. If

Y = {Vmn} € Ap)p—rptr) for some r € (0,q),

where 1/p+1/q =1, then

(6) Z(% = Z Z ’Ymn’f<man)|r <

[m[>1 [n|>1

S S (15 2),

pn=0 v=0

where K is from (2) corresponding to oo :=p/(p —rp + 1),

(7) PMV = Z Z Tmn fOT w, v Z _17

meD, neD,

with the agreement (4) that

(8) F—LV = Fol,, F,u,,—l = F'u() fO?” o, v Z 0, and F—l,—l = FOO = {’)/11}.



Corollary 1. Under the conditions of Theorem 1, we have

(9) > (i) < HCii(mn)‘”%an (f;%,%)p.

m=1

We recall that a function f € C(T?) is said to belong to the Lipschitz class Lip(ay,ay) for

some aq, g > 0 if
(10) W3 81,82) = O(83552).

It is worth formulating Theorem 1 in the particular case when f € Lip(ay, as) and 7y, = 1

or y=mln® and r = 1.

Corollary 2. Suppose f € Lip(ay, as) for some a, 0 >0 and 1 < p < 2. If

q
1+ ¢gmin{ay, as} ST
then
a S5 ) < e

[m|>1 [n|>1

Corollary 3. Suppose f € Lip(ay,as) for some ay,a0 > 0 and 1 < p < 2. If B1,52 € R are
such that
1
B'<Q'__7 j:1727
j T

then

(12) > w2 f(m,n)| < .

m[>1 |m|>1

Now, Theorem 1 and Corollary 1 were proved in [7] in the case when A, = 1, p = 2 and

r = 1. In particular, in this case the double series on the right-hand side of (6) is convergent if
f € Lip(ay, ) for some aq, a9 > 1/2.

It is worth observing that Theorem 1 and Corollary 1 remain valid if the modulus of continuity
is replaced by the modulus of smoothness in them.

Next, we recall the notion of bounded s-variation (in the sense of Vitali) for functions of two
variables, where s € R,. We consider an arbitrary partition P = P; x P of the closed square

TQ, where P; and P, are given by

Pr:—rm=xg<x1<Ty< < Ty, =T,



772:—7r:y0<y1<y2<--~<yn:7r.

A function f = f(x,y) periodic in each variable with period 27 is said to be of bounded s-
variation, in symbols: f € BVS(TZ), if

(13) Va(f) s=sup > > [ f@rsye) — flak, ve)—

k=1 ¢=1
—f(%,yf—l) + f(xk—1,y£—1)|s < 00,

where the supremum is extended for all partitions P of T°. In the case when s = 1, see this
definition for example in [3].

If a function f € BV,(R) is such that the marginal functions f(-, ¢) and f(a,-) are of bounded
variation over the intervals [a, b] and [c, d], respectively, then f is said to be of bounded variation
over R in the sense of Hardy and Krause, in symbols: f € BV} (R) . (See also [3].)

Theorem 2. Suppose f € C(T?)N BV,(T ) for some s € (0,2). If

Y = {Vmn} € Azy2—y) for some r € (0,2),

then
(14) SDihe= > Amalfmn)|" <
[m|>1 |n|>1
7”/2 < +l/r (2—s)r/2 T
<kCV] ZZQ (u p—1p—1W (f’Qu 2,,)»

pn=0 v=0
where K is from (2) corresponding to oo :=2/(2—r), Vi(f) is defined in (13), and Iy, is defined
in (7) and (8).

Corollary 4. Under the conditions of Theorem 2, we have

(15) d (e <wCVIP(S szn Yo W 28)’"/2<f;%,ﬁ>-

n
m=1n=1

We formulate Theorem 2 in the particular case when the function f € B VS(TQ) N Lip(ay, ag)
and y=1or r = 1 and Y, = m”n?2, where 31, 3, € R.

Corollary 5. Suppose f € Lip(aq, ag) N BVS(TQ) for some ay,a0 >0 and 0 < s < 2. If

1

>
: 14 (1—s/2)min{aq, as}’

then (11) is satisfied.



Corollary 6. Suppose f € Lip(ay, as) N BVS(TQ) for some ay, a0 >0 and 0 < s < 2. If

Bj<(1_8/2)aj7 j:1a27
then (12) is satisfied.
Theorem 2 and Corollary 4 were proved in [6] in the case when 7,,, =1, s = 1 and r = 1 and

in [14] in the case when 7,,, = 1 and s = 1. More generally, in this particular case the double

series on the right-hand side of (15) is convergent if

w (f; %, %) =0 (<log %)ﬁl (log g>62> for some [y, By > QQTS

The following characterization is proved in [1]: a function f is absolutely continuous on
R := [a,b] X [c,d] (see, for example, [1]) if and only if there exist functions g € AC([a,?]),
h € AC([c,d]) and ¢ € L*(R) such that

(16) flz,y) =g(x) + h(y) + /I /y d(u,v)dudv, x € la,b], y € [c,d].

Now, in the special case when 7,,, = 1 and r = 1 Theorem 2 yields the following

Theorem 3. If f € AC(T") and fry € LP(T?) for some p > 1, then

(17) ST ST )| < VPN eyl

Im[>1 |n|>1

Combining Theorems 1, 2 and 3 and the theorems for single Fourier series (see [4]), we can

easily find sufficient conditions for the convergence of the double series
mEZ nEZ

As an illustration, it is worth to present some simple corollaries in the particular case when

Ymn = 1 and 7 = 1, these conditions ensure the absolute convergence of the double Fourier series

of f.
We note that the majority of the results were extended from double to multiple trigonometric

Fourier series (see [6] and [7] for details).
New results on the absolute convergence of double Fourier series

To the convergence of the series in (18) in the special case when 7,,, = 1 and r = 1 let

ZZ'f(mvnN =

MEZ nEZ



Do D )+ Y 1 O,m)] + Y 1f(m,0)] = 1£(0,0)].

|m|>1 |n|>1 nez meZ

In the special case when n = 0 or m = 0, we may write that

(19) f(m,0) = fi(m), where fi(x): /f z,y)dy, x € T,
and
(20) f(0,n) = fo(n), where fox): /f z,y)dz, y € T.

Combining the famous theorems of Bernstein and Zygmund for the absolute convergence of
single Fourier series (see for example in [2], [15], [17], [18]) with Theorem 1, 2 and 3 yield the

following corollaries.

Corollary 7. If a function f : T? — R is such that f € Lip(ay,as), fi € Lip(asz) and
fo € Lip(au) for some oj > 1/2, j =1,2,3,4; where f; and fo are defined in (19) and (20), then

the double Fourier series of f converges absolutely.

Corollary 8. If a funtion f : T? — R is such that f € Lip(a1, az) N BVS(T ) f1 € Lip(az) N
BV,,(T) and f, € Lip(ay) N BV,,(T) for some a; >0, j =1,2,3,4 and 0 < s,81,59 < 2 ; where
f1 and fy are defined in (19) and (20), then the double Fourier series of f converges absolutely.

Corollary 9. If f € AC’(Tz), fey € LP(T?), ¢’ € LP/(T) and h' € LP*(T) for some p,p1,p2 > 1,

where the functions g and h occur in (16), then the double Fourier series of f converges absolutely.

New results on double Walsh-Fourier series

Given a function f : I? — R, integrable in Lebesgue’s sense on the unit square 12 = [0,1) x
[0,1), in symbols: f € L'(I?), its double Walsh-Fourier series is defined by

(21) flay) ~ >0 flmn)wa(@)w(y),

meN neN

where the

(22) f(m,n) ::/0 /0 flz, y)wn(x)w,(y) dedy, m,n €N,

are the Walsh-Fourier coefficients of f and w,,(z) is the mth Walsh-function.



Denote by Cyy (I?) the collection of W-continuous functions on I?, where the dyadic topology

on I? is generated by dyadic rectangles
(23) I(k,m;l,n) = I(k,m) x I(l,n)
=[k27" (E+1)27™) x [127", (I +1)27"),
0<k<2™ 0<I1<2" and k,l,m,n€N.
The (global) dyadic modulus of continuity of a function f € Cy (I?) is defined by
W(f;01,02) :=sup{|Av1f(z,y; h1, ha)| : (2,y) € I,
Oghj<5j,j:].72}, 0<(5J§1
We recall that the difference operator A;; are defined in the usual way:
(24) A f(z,y;ha, he) = [f(@ + hayy + he) — f(2,y + ho)

—flz+hi,y) + flz,y).

Furthermore, the dyadic LP-modulus of continuity of a function f € LP(I) for some 1 < p < oo

is defined by
1 pl 1/p
w(f;61,02), :=sup { (/ / |A11f(x,y; b, he)|? d:vdy) :
o Jo

0<h;<d;, j=1,2}.

For ay,ay > 0, the dyadic Lipschitz class Lip(a, ag; W) is the collection of those functions
f € Cw(I?) which satisfy the inequality

W(f, 61752) S 05?15327 0< 61762 S 17

where C' is a constant which depends only on f. Analogously, for a;,as > 0 and 1 < p < oo, we

denote by Lip(ay, ag; LP) the collection of functions f € LP(I?) which satisfy the inequality
w(f;61,02), < COTH052, 0 < 1,00 < 1.
For each dyadic rectangle
I(k,m;l,n) = I(k,m) x I(l,n) =: 1 x J,

where 0 < k< 2™ 0 <1<2" k,I,m,n €N (see (23)), the local dyadic modulus of continuity
of a function f € Cy (I?) is defined by

w(f; I x J) == sup{|Ar1f(z,y; b1, ha)| (2, y) € I X,



0<hy <|I|, 0<hy<]|J|},

where |I| =27 and |J| = 27" are the length of the intervals I and J, respectively. Morever, for

each 1 < p < oo, the local dyadic LP-modulus of continuity of a function f € LP(I?) is defined by

1 l/p
w(f;01,02)p := sup { <W/I/J\A1,1f(1}y; hhhz)’pdﬂ?dy) :

Finally, we say that a function f : > — R is of s-bounded fluctuation for some 0 < s < o0,
in symbols: f € BF,(I?), if

om_19n_1 1/s
(25) FI,(f;T?) := sup sup ( lw(f; I(k,m) x I(l,n))|s> < o0

mzl nzl \ = 1=

Theorem 4. Suppose f € LP(I?) for some 1 <p < 2. If

1 1
(26) {vmn} € Apyp—rpiry for some 0 <r <gq, where -+ —=1,
p q
then
(27) SN vl fmon)|"
m=1 n=1

<4k Z Z 2—(M+u)r/q1ﬂ#_17y_1|w(f; 271 27V, |,

pn=0 v=0

where k is from (2) correspondings to o :=p/(p —rp+r) and L', is defined in (7) and (8).

It is worth formulating Theorem 4 in the particular case when f € Lip(as,az; W), and
Yoo = 1 0T Y = mP1nP2 and r = 1.
Corollary 10. Suppose f € Lip(ay, ag; W), for some oy, a0 >0 and 1 <p < 2. If

q
1+ gmin{ay, s}

<r<gq,

then

(28) S fmn)]” < o

Corollary 11. Suppose f € Lip(ay, ag; W), for some aq, a0 >0 and 1 <p < 2. If 1,02 € R
are such that

1
B'<Oé'__7 j:1727
J J P



(29) >N w2 f(m,n)| < co.

m=1 n=1

Theorem 5. Suppose f € LP(I?) for some 1 < p < 2. If {7 > 0} satisfies condition (26),
then

(30) SO Al f(mn)I”

m=1n=1

0o o o819V —1 1/p
<4TRY Y 2T, (Z Sl Ik, 551, v>>p\p> ,
=0

pn=0 v k=0 (=0
where k is from (2) corresponding to o == p/(p—rp+r), ', is defined in (7) and (8), I(k, ;1 v)
is defined in (23).

Theorem 6. Suppose f € Cy N BF,(1?) for some 0 < s < 2. If

(31) {tmn >0} € Ayyo—yy for some 0 <1 <2,
then
(32) SO> Amnlfm, )"

m=1n=1

0o oo
< 471"H|Fls(f; H2) |rs/2 Z Z 2*(#+1/)TFH71?V?1 |U.)(f, 2,“’ 271/”(173/2)1"’

pn=0 v=0
where K is from (2) corresponding to o :=2/(2—7r), Fl,(f) is defined in (25) and I, is defined
in (7).

Similarly to Theorem 4 we can formulate Theorem 6 in the particular case when 7,,, =1 or

r =1 and Y, = mPn2,

Corollary 12. Suppose f € Lip(ay,as; W) N BE,(I?) for some oy, >0 and 0 < s < 2. If

1

> )
" TH (1= s/2) min{ay, s}

then (28) is satisfied.

Corollary 13. Suppose f € Lip(ay,az; W) N BE,(I?) for some oy, >0 and 0 < s < 2. If
Bi<(l—=s/2)ay, j=12,

9



then (29) is satisfied.

Combining Theorems 4 and 6 with the theorems for absolute convergence of single Walsh-
Fourier series (see [10]), we can easily find sufficient conditions for the convergence of the double
series

o oo
(33) Z Z’Ymnhg(man)r

m=0 n=0
As an illustration, it is worth to present some simple corollaries in the particular case when
Ymn = 1 and r = 1, these conditions ensure the absolute convergence of the double Walsh-
Fourier series of f.

Further references to this part are [8].
New results on the absolute convergence of double Walsh-Fourier series

To the convergence of the series in (33) in the special case when ~,,, =1 and r =1 let

m=1 n=1 =0
In the special case when n =0 or m = O, we may write that

(34) f(m,0) = fi(m), where fi(z / fz,y)dy, wel
and
(35) F(0,n) = fo(n), where fo(y / f@,y)dz, yel

Combining the dyadic analogue of the famous theorems of Bernstein and Zygmund for the
absolute convergence of single Walsh-Fourier series (see [10]) with Theorem 4 and 6 yield the

following corollaries.

Corollary 14. If a function f : 1> — R is such that f € Lip(ay,as; W), f1 € Lip(as; W) and
fa € Lip(aq; W) for some a; > 1/2, j =1,2,3,4; where f; and fy are defined in (34) and (35),

then the Walsh-Fourier series of f converges absolutely.

Corollary 15. If a funtion f : I* — R is such that f € Lip(ai,as; W) N BEJ(I?), f1 €
Lip(ag; W) N BF, (I) and fy € Lip(ay; W) N BF,, (1) for some a; > 0, j = 1,2,3,4 and 0 <
S, 81,82 < 2, where fi and fy are defined in (34) and (35), then the Walsh-Fourier series of f

converges absolutely.

10
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