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Introduction

The systematic investigations of the convergence problems of trigonometric Fourier se-
ries was started in the middle of the 19th century. Among others, the classical convergence
tests of Dirichlet and Dins as well as the first results relating to the divergence of Fourier
series were obtained. In 1876 du Bois Raymond observed that there exists a continuous
function which cannot be reconstructed from its Fourier series by means of the convergence
of the partial sums. More exactly, he presented a continuous function, whose Fourier se-
ries diverges at some point. This example gave rise to a number of attempts to find other
reasonable methods for evaluating Fourier series. In 1900 Lipdt Fejér proved that the
first arithmetic means of the partial sums of the Fourier series of anz continuous function
converge to the function even uniformly. The same convergence result was known before
for the Abel-Poisson means.

In connection with Fejér’s theorem the following question arises: What happens to
the Fourier series if we form the arithmetic means of the Fourier coefficients instead of
forming the arithmetic means of the partial sums of its Fourier series. It is known that
in the case of a complete orthogonal system there is a one-to-one correspondence between
the expanded functions and the sequence of their Fourier coefficients. Given a periodic
integrable function f, in symbol: f € L}, we form the sequence cosisting of the arithmetic
means of its Fourier coefficients. The question is whether there exists a function g € L},
whose Fourier coefficients coincide with these arithmetic means.

Hardy raised first this question in 1928 and proved that the L}, spaces for 1 < p < o0
are invariant with respect to this averaging process (see [24]). In other words, if f € LY,
for some 1 < p < oo, then the function g, whose Fourier coefficients coincide with the
corresponding arithmetic means of the Fourier coefficients of f, also belongs to the same
space LY. The operator which maps the function f € L}, to the function g € L}, is called
the Cessdro operator acting on L}, while its adjoint is called the Copson operator. We
note that the terminology is not consistent in the literature. The term "Hardy operator”
is offen used in place of ”Cesaro operator”.

In the last few years, the study of these operators has come into fashion again. R.
Bellman, B. 1. Golubov ,D. V. Giang,F. Méricz, V. Rodin, A. G. Sisakis, K. Sternpak and
others have proved a number of interesting theorems of these operators.

In our PhD thesis, we study the behavior of these operators in the case of Walsh-
Fourier series. The methodsused here are essentially different from those used in the case of
trigonometric series. In the classical case, integration by parts and ordinary derivative play
base roles. In our investigations, the classical derivative is replaced by dyadic derivative,
while the classical integral is replaced by dyadic integral (antiderivative). For example,
an analouge of the integration by parts holds no longer in the dyadic setting. The dyadic
integral is defined in terms of a convolution with a function which can be handled with
some difficulity. As a result, the computations are more compliated than in the case of the
classical integral. This fact explains that the proofs arc longer and more technical for the
Walsh series than those for the trigonometric ones.

We define the Cesaro and Copson operators on the largest possible subclass of Walsh
series, which can be identified with the space of dyadic martingales. Then we consider the
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restrictions of these operators onto several important subspaces. A new representation of
the Walsh-Dirichlet kernel plays a crucial role in our investigations, in which the notion of
dzadic derivative is also used. :

We deal with four versions of the dzadic Cesaro and Copson operators. Namely, the
ones defined on the space of martingales, the ones defined on the one-dimensional and two-
dimensional spaces of integrable functions, respectively, and their continuous extensions
to the positive real half-axis. In the first three cases, the Cesaro operator is defined by
means of the first arithmetic means of the Walsh-Fourier coefficients of the martingales or
functions, respectively. In the fourth case, the Walsh-Fourier transform is substituted for
the Walsh-Fourier coefficient. The functions in question are defined on the unit interval
I:=1':=[0,1), on the unit square I? := I x I, and on the positive real half-axis Ry :=
[0, +00), respectively. These operators can be represented in the form of integral operators
on the corresponding L! spaces, which are a special cases of the so-called local convolution
operators introduced in Chapter 3. Beside the Cesaro operator, we also study these local
convolution operators on the spaces L!(IY) (j = 1,2), L!'(R4) as well as on the spaces L?,
Hardy and BMO. We formulate those properties of the local convolution operators, from
which the boundedness of these operators follows on the spaces mentioned above.

Dyadic Cesaro and Copson operators on L” spaces

First of all we introduce the dyadic Cesdro and Copson operators. Where it is possible,
we treat the one-dimensional case along with the two-dimensional case. For the proofs
of the theorems of this chapter, see [11}, [12], [13]. The operators mentioned above are
defined on the broadest possible space, on the space of the dyadic martingales M(I?). In
the case j =1, set
(3.1) Mo(D) := {F € M(I) : F(0) = 0},
and in the case j = 2 set

(3.2) Mo(I?) := {F € M(I?) : F(k,£) =0 k,£¢€ N,min(k,£) = 0}.

The Walsh-Fourier coefficients of the dyadic martingale F = (fn,n € N?) (j = 1,2) are
defined by the limit

min(ny,ng)~—

1
Fk)=  lim / fawrdz (k€ NY).
0

It is easy to see that if k < 2™ and n > ng, then

1 1
/,, fo(@)wa(z)da = A foo (2)wi(2)dz,
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consequently, this limit exists and

F(k) = / Fao(@)wi(z)dz (k< 2M).

In the two-dimensional case, the existence of the limit can be justified similarly. The Walsh
series of the dyadic martingale F' is denoted by the symbol

(3.3) freS(FY=Y Flkywe (j=1,2)

keNi

Since there is a one-to-one correspondence between the Walsh-series, the coefficient se-
quences, and the dyadic martingales, for all dyadic martingales ' € Mg(I7) there is
exactly one dyadic martingale G € My(I’) such that the Walsh-Fourier coefficients of
which are the arithmetic mean of the Walsh-Fourier coefficients of the dyadic martingale
F, namely for which

(3.4) G(n):=0 (n € N\,An =0), G(n) := ni i F(k) (n € PY),

where n* = nj - nz, An = min(n;,nz), if n € P, and An =n,if n e PP =1,2,.... The
operator C : Mo(I7) — M,(17), which is defined by the instruction

(3.5) CF :=G (F e My(l))

is called dyadic Cesdaro operator. It is obvious that in this manner we defined a linear
operator on Mg(I7).

We interpret the adjoint operator C* of the operator C in the first step on the space of
the stationary martingales M s(I’), that is, we consider such martingales, whose terms are
constant from a certa,in index (there is ng € N such that f, = fn,, for n > ng). We define
the martingale G := C*F (F € Mg(1?)) in such a way that its Walsh coefficients are

(3.6) G(n):= )Y @ (n € N).

k:n<k

Since F(k) = 0 except of finitely many index k € N7 hold, the above mentioned sum makes
sense. The mapping C* is called the Copson operator. We introduce the bilinear functional
(2.1. 7)

n—0c0

ZF(L)G = lim / fagn (F = (fa,n € N) € Mo,G = (gn,n € N) € M)

on the space M(I7) x My(I7). The name adjoint operator is explained by the following
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Lemma 3.1. The adjoint operator of the Cesaro operator C is the Copson operator C*
defined under (3.6) with respect to the bilinear functional (2.1.7), narnely

(3.7) (CF,G) = (F,C*G) (F € Mo(F),G € Ms(I¥)).

We study the operators C and C* on several subspaces of the dyadic martingales. We
give first an integral form of the Cesaro operator by showing that the martingale CF =
G = (gn,n € N?) is of the form

(3.8) gn(z) = /f,,,(t)K,gﬂ(m,t)dt (z €V, F = (fn,n € N) € My(I’))m,
it}

where the kernel function K,sj ) can be expressed in terms of the modified dyadic dif-

ference operator. Namely, denote by x, the characteristic function of the interval
Js :=[27%,275%1) (s € P?) and let

(3.9) Wi = Sou(W) (n € NY)

be the 2"th partial sum of the series

w =3 2k (j=1,2).

[ %

kepi
We show that the kernel function K’ € LY(I¥ x [9) is of the form

(3.10) K (z,8) = ) xe(A W) +1) (2.t € V),

’ s€P

where in the case j = 1 the modified dyadic one-parameter difference operator is defined
by

n—1
(A7 f)(@) = 327 (f(a) — (o +27571)) = 271 (f(z) — f(a +27°1)),
k=0
(For the definition of the two-parameter operator, see [3], [12].) We denote the dyadic
addition by the symbol +. Since the supports of the functions x, are disjoint, the sum in
(3.10) converges absolutely at all points (z,t) € I/ x IV, It is not difficult to verify that the

sum in (3.10) is convergent in the L'(I/ x I¥)-norm, and that K e LIV x ).

Beside the kernel functions just introduced we shall use the function
(3.10%) E9(z,t):= > x)(A, W)z +t) (z,t €l).

sEW
Similarly to that what we have said above, we have K/} ¢ L (I). Motivated by these we
define the integral operators
(3.11) (K h)(=) = / KWK (z,t)dt, (K h)(z) := / h(t)K 9 (z, ) dt
|4 it}

(z € U,h € LY(lP),5 = 1,2), where L}(IV) consists of the functions in L!'(I7), whose
integral is zero over the interval 17,
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Lemma 3.2.. The Cesaro transform CF :=G = (gn,n € N) of the dyadic martingale
F = (fa,n € N7) € Mo(l’) can be represnted in the form

(3.12) gn =K f, (n e N).

The operators K& :.L](]Ij) — L}(I’) (n € N?) are uniformly bounded, and the operator
K49 . LYIV) — L'(IY) is bounded, that is, there exists a constant C > 0 such that

(3.13) Ikl S Cllklly  and  [IKYA]y < Cllkll (h € L'(F),n € N).

In the following we consider the Cesaro operator on the subspace of the space of the
L'-bounded martingales:

MY W) := {F = (fa,n € N%): sgg; | frlli < oo}.

This subspace can be identified with the space of the functions of bounded variation on the
interval 17, and the corresponding Walsh series can be identified with the Walsh-Fourier-
Stielties series of the functions of bounded variation.

Theorem 3.1. The restriction of the Cesaro operqtoraonto the space of the L!-bounded
martingales is a bounded linear operator on M*(I7).

Taking into account the connection between the spaces M*(I’) and BV(I’), we obtain
the following

Corollary 3.1. Let ® € BV(I’) be a function of bounded variation, and
ar :=/ wy, d® (k € N7)
-

the Walsh-Fourier-Stieltjes coefficients of ®. Then there exists a function ¥ € BY(I?) of
bounded variation such that for the Walsh-Fourier-Stieltjes coefficients we have

1 ,
/njwkd\I/=-k—* Z ag (kGP]).

0<E<k

In the following we shall restrict the domain of the Cesaro operator. We proved in
Lemma 3.1 that the integral operator K¢ : L!(I7) — L*(I’), which is defined by means of
the kernel function K¢/ (see (3.10’)), is bounded. We show that this operator is precisely
the Cesaro operator on the space L}(I7).

Theorem 3.2. The operator K : L)1) — L*(I) is identical with the restriction of
the operator C onto the space L}(17), that is,

(3.2.1) (ROPYk) = 2= 3 f(O) (k€ P, f € Li(li),j = 1,2).
T o<k
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There is a strong connection between the one-parameter Cesaro operator C. , Which is
defined on the space of martingales, and the Cesaro operator C, which is defined on the
space of integrable functions. since for all martingales F' = (f,,n € N) we have

(3.2.3) (CF), = Eo(Cfn) (n€N),

where

(Bnf)(z) = II( TR / f)dt (zeLneN)

I.(z)

is the conditional expectation of f. Here I,(z) denotes the dyadic interval of length 277,
which contains z. The following notation is suggested by (3.2.3). Let ® : L!(I) — L!(I)
be bounded linear operator. We call the operator & defined on the spaces of martingales
for which

(3.2.4) (BF)m := En(®fm) (m €N, F = (fa,neN) € M)

holds, the diagonal eztension of ¢ to M.

We studied the following problem: under what conditions imposed on the diagonal
extension ®, we obtain dyadic martingales from diagonal martingales. In connection with
this we introduce the following notion. We say that the operator ® : L*(I) — L*(I) is
spectrum-preserving if (®f)Tk) =0 (k = 0,...,2™ — 1) follows from the conditions that
feL', meNand f(k)y=0(k=0,..,2™—1).

It can be proved that if the operator @ is spectrum-preserving, then the operator 3 maps
martingales to martingales, and the operator & is the extension of the operator @ from
Lj(I) to My(T). Indeed if the function f € L is integrable, then ®F = (Em(®f),m € N)
(see [15]).

Starting with the properties of the Cesaro operator, we introduce a new class of oper-
ators, that of the local convolution operators which will be denoted by the symbol A7)
(7 = 1,2). We define the elements of N () by a sequence of dyadic convolution operators
O f = fax A (n € N7). We assume that the functions ¢m (k € N) are integrable,
and in the two-parameter case the functions in question are the Kronecker product of the
one-parameter functions, narnely,

(2) (1) (

(3.3.1) bu' = b X by (n=(n1,m2) € N?).

The operators ®¢ € M9 is of the form

(3.3.2) U f == N ® (xnf) (f € Ly(F),j =1,2),

nep
where x, (n € P?) is the characteristic function of the interval .J,.
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The convolution operators o map the class of the Walsh polynomials onto itself, and
(33.3) (@42f,9) = (f,@9) (f € I'(V),g € PY),ne W),

where

(f,9) = /]I F()g(t)dt

denotes the usual inner product of f and g. The class N of operators contains the
convolution operators. Namely, if ¢§j) =..= ¢$,j) =...= ¢\, then &) f = f ¢\,

The maximal operator of the sequence (<I>.$,] ),n € N?) of operators is denoted by @
and defined by

ij)

(3.3.4) 8 f .= sup |f| *|¢{].
neN

It can be verified that a local convolution operator is spectrum-preserving, if the Walsh-
Fourier coefficients ¢;(k) (k < 27~ !) are independent from j.
The following theorem applies to the operator ®{).

Theorem 3.3. i) If for the sequence ¢$,j) (n € N?) of functions generating the operator
4 ¢ NU) we have '

(3.3.5) M := sup ||¢8||; < oo,
nep

then ®%9) is a bounded linear operator from L'(I7) to L'(I7), and
(3.3.6) 1892 fll: < Milfll: (f € L(17)).

ii)Letl < p<oo,andlfp+1/p' =1 If 3 is a bounded operator from L”'(I[j) to
L?'(I7), that is, if for some constant My > 0 we have

(33.7) 12l < Mllgly (9 € L7 (1)),
then ®%9 is a bounded linear operator from L?(I7) to L?(I¥), and

(3.38) 129 fll, < MylIfll,  (f € LP(E)).

If we apply this theorem for the Cesaro operator, then we get the following

Theorem 3.4.
i) The Cesaro operator is a bounded linear operator from LP(I7) to LP(I7) if 1 < p <
0.
ii) The Cesaro operator is not bounded from L®(I7) to L>°(17).
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We define the adjoint operator C* of the Cesaro operator on the set of the Walsh-
polynomials P(I?). Since

Cfe Lil) if feLl(lV), and C*geP(l’), if geP(l),
by Lemma 3.1, (3.7) and (2.1.7) we get that

(3.4.1) (f,C*g) = (Cf,9) (f € Ly(1V),g € P(I)).

Relying onthis and using the well-known duality principle, we show that the operator
C* can be extended from the subspace P(I’) to a bounded operator C* : LP(I?) — LP(I’) if
1 < p < oo. In the case p = co we consider the closure of the subspace P(I’) with respect
to the L°-norm, instead of the space L*°(I’), and we denote this space by X°°(I), and
in case 0 < p < oo let be X?(IY) := LP(IY).

Theorem 3.5. There exists a constant C, > 0 depending only on p for all1 < p < o0
such that

(342) IC*gll, < Cllgll, (9 € P(I)).

The Copson operator can be extended from P(VY) to a bounded linear operator C* :
XP(I7) — XP(17), such that

(3.4.3) (C*g)(k) = > %e) (g € XP(IY), k € V).
k<t

For the function w; € L'([), we have

(C*w, ) k) = Z% —o00 (kEN).

k<¢

This shows that the condition p > 1 in Theorem 3.5 can not be replaced by the condition
p2L

The dyadic Cesaro and Copson operators on the dyadic Hardy-
and BMO spaces

In this paragraph we consider the dyadic Cesaro operator on the dyadic Hardy space
H(I), and its adjoint operator, the dyadic Copson operator is considered on the closure
of the space of the dyadic step functions with respect to the BMO-norm, on the space
VMO(I). We show that these operators are bounded. These statements follow from those
statements that concern the local convolution operators, which are the consequences of the
properties of the kernel functions. For the proofs of the theorems of this chapter, see [11},
[15].
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We consider first the one-parameter operators introduced in the previous section, which
are of the form (3.3.2) and belong to A}, In the following we also assume that the

generating sequence ¢, := q')g) (n € N) of the operator & := ®{!) obeys the condition
(3.3.5). Then
(4.1.1) &f = (xnf) * bn,

nElP

and this series is convergent in L'-norm. By Theorem 3.3 & : L!(I) — L'(I) is a bounded
operator, and the inequality (3.3.6) holds. The following theorem is connected with the
restriction of this operator onto the Hardy space H(I) C L'(I).

Theorem 4.1. Assume that for the generating sequence ¢, (n € N) of the operator

® € N1 condition (3.3.5) holds. If one of the following three conditions

i) ¢n(k)=0(0<k<2"neP),
11) ¢'n. = Dyn (n € ]P),
iii) ¢n = 2n(52ﬂW - 5211—1 W)
holds, then ® is a bounded linear operator from H*(I) to H'(I), and

(4.1.2) |2 fllar < Myl fllen (F € H' (D)),

where M; is a constant, which depends on the constant M occurring in condition (3.3.6).
Applying this theorem yields the following
Theorem 4.2. The dyadic Cesaro operator is bounded from H'(I) to H*(I), that is, there

exists a C > 0 constant such that

ICfllas < Cllfller (f € H(T)).

The BMO space is an intermediate one between the spaces L? (p < co) and L*:
L>(T) ¢ BMO(I) C L*(I) (p < o0).

We have seen that C : LP(I) -—» LP(I) is bounded if p < 0o, and is not bounded if p = o0. It
comes naturally the question: What can we say about the restriction of C onto the space
BMO? The following theorem answers this problem.

Theorem 4.3. The Cesaro operator is not bounded from the space VMO(I) to the space
BMO(1). '

We start with the Walsh-series

wi(z) +a wy(z) + ws(z) won-1(z) + -+ + wan_1(2) L.

flz) = a 252 4 0, 2T . +a =
o< 2™ =1
= Za..,,,'.,_"" Z wg(z),
n=| k=2n-1
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where a, = 1//n (n € P). It can be verified that f € VMO, and C'f ¢ BMO.

It follows from duality considerations, similarly as in Theorem 3.5, that the dyadic
Copson operator is bounded from BMO(I) to BMO(I), and is not bounded from H(I) to
H(I).

In the following, we shall give sufficient conditions for the boundedness of the diagonal
extensions of the local convolution operators on the dyadic Hardy spaces H? (1/2 < p < 1).
At the same time, we present a new proof in the case p = 1 for Theorem 4.1.

Let ¢ = (¢n,n € N) be a sequence of integrable functions. We introduce the following
quasi-norm for 0 < p < 1:

(42.1) 1811y = sup (Z ( /, |¢n(t>|dt)") "

n€eN I€T,

In particular, if p = 1 and ¢ is a martingale, then ||¢||(1) is equivalent to the usual L' (I)-
norm of ¢.

Theorem 4.4. Let 1/2 < p < 1. Assume that d is a diagonal extension of the local
convolution operator ® (see (3.2.4)), and for the generating sequence ¢ = (¢n,n € N) one
of the following conditions holds:
(i) $n(k)=0 (0<k<2",neN), [dlp < oo;
(i1) ¢n = Dan (n € P);
(iil) ¢n = 2%(Spn W — Sgu-1 W).
Then & is bounded on the space HP(I), that is, there exists a constant C, depending only

on p such that _
|@F||er» < Coll F'l| v

holds for all F € HP(I).

By what has been said before Theorem 3.4, the local convolution operators playing role
in Theorem 4.4 are spectrum-preserving, which means that their diagonal extension is an
M — M opcrator, indeed.

It can be proved that the Cesaro operator can be represented as a sum of three operators,
which statisfy one of the conditions of Theorem 4.4 if 1/2 < p < 1.

Theorem 4.5. The dyadic Cesaro operator is bounded on the dyadic Hardy space HP(I)
if1/2<p<1.

The dyadic Cesaro operator on Lipschitz spaces

In this paragraph we consider the dyadic Cesaro operator on Lipschitz spaces. We prove
that the operator in question is bounded on the space Lip(a,p) if 0 < a < 1,1 < p < o0,
« < 1/p. Furthermore, we show that this condition can not be weakened if p > 1. For the
proofs of these theorems, see [14].
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The LP-modulus of continuity (1 < p < oo) of an f € LP[0,1) is defined by

wll(f’ 6) ‘= sup ”f - Tyf"P (6 > 0)7
y<é

where 7 means the dyadic translation operator. For arbitrary o > 0 we call the space
Lip(a,p) := {f € L? : w?(f,8) = 0(6%) as 6 — 0} (1 <p < o0)

Lipschitz space (or Holder space). It is known (see Sch-W-S-P [30] p. 189 Th.3) that a
function f belongs to Lip(a, p) (1 < p < o0) if and only if

(5.1.1) If — Enfllp =0(27"), n—>oo (a>0).
We introduce the norm

(5.1.2) |l fllLip(a,p) == S‘ég 2" f — Enfllp-

Consequently, the function f belongs to Lip(a, p) if and only if || f||Lip(e,p) < oo
In the following, we will estimate the 2™th partial sum at the point zero of the Walsh-
Fourier series of the functions belonging to the spaces L? and Lip(a, p), respectively.

Lemma 5.1. If f € L?[0,1), then

n—1

(Bnf)(O)] < ) 206340/ £ — Bif)l, + 1F(0)] (1 <p< oo,

k=0

]
o
~—

8|~

Corollary 5.1. Ifa < 1/p, 1 < p < oo, f € Lip(e,p) and f(0) = 0, then

(Ea £)O)] < Mp,a - 2P~ flLip(a,p,

where the constant M, o depends only on p and a.

For the LP-norm of the partial sums

2"-1

= Yk
Wn'— ,‘;] k (T”EN)

of the Walsh-Fourier series of the kernel function of the dyadic integral W the following
estimates are true:

Lemma 5.2. If n € N, 1 < p < o0, then

1 ,
”Wn.+] - W.n”p Z gz—n/p'
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Lemma 5.3. If1 < p < oo, then there exist contstants 0 < ¢, < C, < oo, for which
cz'zan/p S|W = Wall, < sz_n/p’
and if p = 1, there exits a constant Cy, for which
(W — Wall, < Ci27"
The following theorem estabilishes the connection between the dyadic Cesaro operator

and the operator of the conditional expectation.

Lemma 5.4. If f € L}(T), then
Cf — En(Cf) = C(f — Enf) + (Enf)0) - (W - Wy) (n€P)

By means of the above mentioned lemmas we prove the following two theorems.

Theorem 5.1. If 0 < « < 1,1 < p < o0 and o < 1/p, then the Cesaro operator is
bounded on the space Lip(c. p).

In the following theorem we prove that the condition & < 1/p can not be weakened if
p>1

Theorem 5.2. Forall 1 < p < oo there exists a function f € Lip(1/p,p) such that Cf
does not belong to the space Lip(1/p, p).

We show that for the function

2ntl
0 Dzn o
=YY Y w
n=0 n=0 k=2n

we have f € Lip(l/p,p) if p>1, and Cf ¢ Lip(1/p,p).

The dyadic Cesaro operator on R,

We consider the continuous equivalent of the Cesaro operator in this section by replacing
the Walsh-Fourier coefficient by the Walsh-Fourier transform. We give an integral form
of the Cesaro operator in the form of a sum of local convolution operators. Similarly to
the previous sections, we consider the interval R := [0, +00), in place of the dyadic field
(which is represented by this interval) in our investigations. For the proof of the theorems
of this chapter see [16].

We interpret the Walsh-Fourier-transform with the help of the generalized Walsh func-
tions by (y € Ry) according to the characters of the dyadic field. Namely, let

o0
>z FjY—-j-—1

bye) = (-1p=== "
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where the z;,y; € {0,1}(j € Z) are the binary coefficients of the numbers z,y € R, in
the dyadic representations

. Tk _ Yk
l_ZW’ y= 9k+1"
k€L keZ
In particular, if
R 2 zj _ o
r=otmptootggp €L and y=yt+y2+-+y_ a2+ €N,

then it follows from the interpretation (2.2.5) of the Walsh functions that

wy(z) = Py(z) (z€Ly€N),

. and thus the functions ¥, can be regarded as the extensions of the functions w,. It follows
easily from the definition that if £ € N, then the function v, is periodic of period 1.
The Walsh-Fourier transform of the function f € L'(R4) is defined by

(6.1.2) f(z) = / fObe(t)dt (= € Ry).

If the support of f is a subset of 1 , and y € N, then we get back the Walsh-Fourier
coefficient of f. It is known that the Walsh-Fourier transform can be extended from
L*(R4) N L%(R4) to a unitary map F : L2(R4+) — L%(R4), and

(Ff)(z) = nli_)ngo/0 f(&)Yz(t)dt for a.e. z € Ry.

In the following we will use that decomposition of the interval [0, £] given in the following

Lemma 6.1. If ty,k € Z are the binary coefficients of t € R, and
Ay :=[27%1 278 (kez),

then
U ¢+an=[0

kEZ, =1
holds for almost every t € Ry, wheret+ A = {t + = : 2 € Ax}.
The generalized Walsh-Dirichlet kernel is defined by

L

Dﬂm=/@4wm (t,y € Ry).
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If t =n € N, then D, vanishes outside the interval I, and it is equal to the ordinary
Walsh-Dirichlet kernel on I. Namely,

S wi(y) = Da(y) (v el),
0

piw = (v € [1,00))

forallt =n €N, and
(6.1.5) D3 = 2*X(0,2-4)

for all k € Z, where D, denotes the ordinary Walsh-Dirichlet kernel (see Sch-W-S-P [30]

p. 428 Ch.9.4).
We prove that for every function f € L!(R4) there exists exactly one function g €

L'(R4), for which
" (6.2.1) i(z) = % /0 ’ f(uw)du (z >0).

The map C from L*(R4) to L!(R,) defined by Cf := g is called the dyadic Cesdro operator
on L'(R;). We shall show that C can be written as the sum of certain local dyadic wavelet
operators. To describe these kernels of the wavelet operators, we start with the Walsh-
Fourier transform of the function a(t) := (¢ — [t])/t (t € R4):

1[4

(6.2.2) _ Az) := (Fa)(z) = nli—l}go/o w(t)dt (z € Ry).

We shall prove in Lemma 6.2 that A € L'(R4). To this end we introduce three new
functions:

n

fa(z):= ) 27> Dz +277),

j==co . i=j
gn(z):= Y 29 27'D5i(z +277),
j=—o0 i=n
m .
ho(z) : =Y 2" "2 D3i(z),

where n € Z, and z € R;;.
Lemma 6.2. For all z € Ry and n € Z we have
(6.2.3) (2 A(25)| < fa() + ga(®) + hn(a),

consequently A € L'(R4).

In the proof of the most important, theorems of this paragraph we shall use the following
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Lemma 6.3. The maximal functions
F*h :=sup|h|*|fn|. and G*h :=sup|h|*|g.]
n€Z n€i
are of weak type (1,1) and of strong type (00, c0).
Let a(z) :=(z — [z])/z ,
(6.2.10) v(z) = 2a(z) — a(27'z), V(z):=(Fv)(z) (z € Ry),

and denote by xn (n € Z) the characteristic function of the interval [27™~! 27 ™). Then
by (6.2.2) and by the well-known properties of the Walsh-Fourier transform we get that

V(z) = 2(A(z) — A(2z)) (z >0).

We introduce the wavelet operator
(6.2.11) (W f)(z) := 2"/ fRWV(@™ (z+1t)dt (f e L',n € Z),
0

and then we form the following local convolution operator as follows:

(6.2.12) W= Wa(fxa) (f € L")

nek

It is easy to see that the series in (6.2.12) converges a.e. as well as in L!-norm. We prove
in Theorem 6.2 that the operators W and C are equivalent on the space L'(Ry). To prove
the boundedness of the operator W in LP := LP(R,), we use the maximal operator

(6.2.13) (Vf)(z) :=sup2™ /°° |f(z + )V (2™t)|dt (z € Ry).
nek 0

Denote by || f|l, the LP-norm of f € LP(R4).

Theorem 6.1. Thc maximal operator V is of weak type (1,1) and of strong type (q,q)
for every 1 < q < oo, that is,

(6.2.14) IV£lle < Cliflly (f € L9,1 < g < 00),

where the constant C|, depends only on g.

Theorem 6.2. The operator W is bounded from L' to L' and coincides with the dyadic
Cesaro operator C, that is,

(6.2.16) | (Vv\f) (2) = 1 /I f(t) dt (z>0,felL).
. x g
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Moreover, W is bounded from LP to L? for every 1 < p < oo, that is,

(6.2.17) IWFlls < Collfll, (f € LP),

where Cp, = Cy, 1/p+1/q = 1 and C is from (6.2.14). The operator W is not bounded

on L%,
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