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List of Symbols and Abbreviations

N,Z,R - set of natural numbers (N = {0,1,2,...}), integers, reals

| -1l = supremum-norm: f: X — R, [|f|| = sup,ex |f(z)]-

Part I

X,z,y — set of states, states

A,a,b — set of actions, actions

p(z,a,y) — transition probabilities; p(z,a,y) > 0, > »p(z,a,y) =1

¢(z,a,y) — transition costs

B(X) - bounded real-valued functions over X (B(X) ={f: X - R|||f|| < oo}
R(X) - extended real-valued functions over X (R(X) = [—oo, oo]X)

Q — cost propagation operator; Q : R(X) — R(X x A)

T, b, ¢ — policies

v, g, v*9 — cost-to-go function, cost-to-go function associated to the policy ,
optimal cost-to-go function

T — optimal cost-to-go operator; T : R(X) = R(X), (Tv)(z) = infca(Qv)(z, a)

LSC,USC,M,I,D - lower-, upper-semicontinuous, monotone, uniformly increas-
ing, uniformly decreasing

IT, IT*,T" — set of policies, set of optimal policies, greedy operator
w.r.t., Lh.s., r.h.s — with respect to, left-hand-side, right-hand-side

II(X) — set of probability distributions over the the finite set X

Part 11

v — 0 < v < 1, contraction factor

Ti(-,-) — approximating optimal cost-to-go operator; T3 : B x B — B, where B is
a normed vector space

P(-), E(-), Var(-) — probability, expectation, variance

G4(+), Fi(-) — Lipschitz coefficient functions
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0¢(+), A¢(+), Vi(+) — difference functions, estimated optimal cost-to-go function

w.p.1, a.s., a.e. — with probability one, almost surely, almost everywhere



Foreword

In this thesis the theory of optimal sequential decisions having a general recur-
sive structure is investigated via an operator theoretical approach, the recursive
structure (of both of the dynamics and the optimality criterion) being encoded
into the so-called cost propagation operator. Decision problems like Markovian
Decision Problems with expected or worst-case total discounted/undiscounted
cost criterion; repeated zero-sum games such as Markov-games; or alternating
Markov-games all admit such a recursive structure. Our setup has the advan-
tage that it emphasizes their common properties as well as it points out some
differences.

The thesis consists of two parts, in the first part the model is assumed to
be known while in the second one the models are to be explored. The setup
of Part I is rather abstract but enables a unified treatment of a large class of
sequential decision problems, namely the class when the total cost of decision
policies is defined recursively by a so called cost propagation operator. Under
natural monotonicity and continuity conditions the greedy policies w.r.t. the
optimal cost-to-go function turn out to be optimal, due to the recursive structure.

Part II considers the case when the models are unknown, and have to be
explored and learnt. The price of considering unknown models is that here we
have to restrict ourselves to models with an additive cost structure in order to
obtain tractable learning situations. The almost sure convergence of the most
frequently used algorithms proposed in the reinforcement learning community is
proved. These algorithms are treated as multidimensional asynchronous stochas-
tic approximation schemes and their convergence is deduced from the main the-
orem of the second part. The key of the method here is the so called rescaling
property of certain homogeneous processes. A practical and verifiable sufficient
condition for the convergence of on-line learning policies to an optimal policy is
formulated and a convergence rate is established.

The algorithms discussed in this thesis has been tried out on a real-robot with
some success [36, 37] (the robot is shown in Figure 1). The experiments were
analyzed by ANOVA and the results indicated the significant superiority of the
model-based learning algorithms over the model-free ones. Although the learnt
policy differed from that of a handcrafted policy, the respective performances
were indistinguishable.
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Figure 1: The Khepera robot

The figures show a Khepera robot equipped with eight IR sensors, siz in the front and
two at the back, the IR sensors measuring the proximity of objects in the range 0-5 cm.
The robot has two wheels driven by two independent DC motors and a gripper that has
two degrees of freedom and is equipj)ed with a resistivity sensor and an object-presence
sensor. The vision turret is mounted on the top of the robot as shown. It is an image
sensor giving a linear image of the horizontal view of the environment with a resolution
of 64 pizels and 256 levels of grey. The horizontal viewing angle is limited to about
36 degrees. This sensor is designed to detect objects in front of the robot situated at a
distance spanning 5 to 50 cm. The image sensor has no tilt angle, so the robot observes
only those objects whose height is exceeds 5 cm. The task was to find a ball in the
arena, bring it to the stick which is in a corner and hit the stick by the ball so as to it
jumps out of the gripper. Some macro actions such as search, grasp, etc. were defined
and the number of macro actions taken by the robot until the goal was reached were
measured. A filtered version of the state space served as the state space and the robot
learnt a decision policy by the algorithms investigated in this thesis.
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Part 1

Abstract Dynamic Programming



0.1. OVERVIEW OF PROBLEMS S

Introduction

Abstract dynamic programming (ADP) analyses structural questions associated
to sequential decision problems, based only on the recursive structure of such
problems. It provides general tools for solving many kinds of sequential decision
problems, such as ordinary Markovian decision problems with the total expected
discounted cost [13, 65], worst-case cost [4, 28] (see Section 4.5), or exponential
utility criterion [32, 6, 16|, multi-step games (both alternating and Markov games
(60, 17]) (see Example 0.1.4 and Section 4.4) or "mixed” sequential optimization
problems where these various criteria and dynamics are combined [31].

The objective of this part of the thesis is to fill in some gaps in the theory
of ADP. This part consists of two further chapters. In the next chapter, the
evaluation of general (not necessarily Markovian) policies are defined, for the
first-time, using cost propagation operators only. It is shown under a positivity or
negativity assumption that when the cost propagation operator satisfies certain
continuity properties, the optimal cost-to-go function remains the same as the
optimal cost-to-go function defined for Markovian policies. Then related problems
such as the convergence of the value iteration algorithm and existence of optimal
policies are considered.

In the second chapter we consider increasing models under minimal continuity
assumptions. It is shown that Howard’s policy improvement routine decreases the
“long-term cost-to-go” but does not necessarily yield optimal policies even for
finite models. We also give a description of the relationships of the key theorems
for increasing models under the minimal continuity assumptions (see Figure 2).

0.1 Overview of Problems

0.1.1 Notation

The relation v < v will be applied to functions in the usual way: v < v means
that u(z) < v(z) for all z in the domain of u and v. Further, u < v will denote
that v < v and that there exists an element z of the domain of v and v such
that u(z) < v(z). We employ the symbol < for operators in the same way, and
say that S; < S5 (51,52 : R(X) — R(X)) if Sjv < Syv for all v € R(X). If
S : R(X) — R(X) is an arbitrary operator then S* (k = 1,2,3,...) will denote
the composition of S with itself k¥ times: S% = v, S'v = Sv, S?v = S(Sv), etc.

0.1.2 Definitions

First, we give a definition of abstract sequential decision problems.



Figure 2: Relations among the statements concerning best stationary
policies in models satisfying M,I and LSC.

The arrows indicate consequences, i.e., if an arrow points from one node to an-
other then the statement of the goal node is a consequence of the statement of
the start node. Black dots denote the “and” operation, so, for example, from
TV = Voo and vy # O it follows that v** = v,. The arrows with white heads
denote trivial assertions. The non-trivial relations are proved in the text.

DEFINITION 0.1.1 An abstract sequential decision problem (ADP) is a quadru-
ple (X, A, Q,0), where X is the state space of the process, A is the set of actions,
Q : [—00,00]¥ — [—00,00]**4 is the so-called cost propagation operator and
¢ € R(X) is the so-called terminal cost function (R(X) = [—oo,+00]* and
R(X x A) = [—00, +0o0]¥*4).

The mapping Q makes it possible to define the cost of a decision (action)
sequence in a recursive way: the cost of decision a in state z is given by (Qf)(z, a)
provided the process stops immediately after the first decision and the terminal
cost of stopping in state y is given by f(y).

Then action sequences can be evaluated via @ in the following way. The cost
of the finite decision sequence (ag,ay,...,a;) (the first decision is ag, the second
is a1, etc.) can be built up working backwards from the last decision to the first.
If the process starts in state = the cost of (ag, ay,...,a;) is defined as '

U(ag,a1,.--,at) (1') — (Q’U(al ,a2,...,af,)) (l‘, a0)7

where
Va1, va¢) (Z) = (QU(az,03,..,a0)) (T, @1)-
etc. with the terminal condition ve,)(z) = (Q¢)(z,a:), i.e., in finite-horizon

models the terminal cost function determines the terminal cost: when the final
state is y the decision maker incurs a final cost of £(y).
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