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The three chapters of my dissertation are based on the papers [18, 19]
and [20], respectively. The first paper is not related to the main topic of the
dissertation—decidability problems—but gives a complete description of the
simple algebras in the variety of semilattices expanded by an abelian group of
automorphisms. In the second paper we study the decidability of the near-
unanimity problem, posed ten years ago in [5], and prove a partial version
of it to be undecidable. In the last, unpublished paper we show that the
original problem, contrary to expectations, is decidable. As a consequence, we
obtain the decidability of the natural duality problem for finitely generated,
congruence distributive quasi-varieties.

We assume basic knowledge of universal algebra and direct the reader to
either [2] or [23] for reference. Although the study of the near-unanimity prob-
lem stems from that of natural dualities (see [4, 5, 6]), the reader is not required
to know this theory. For easier reference, we kept the original numbering of
definitions and theorems of the dissertation.

F-semilattices

One of the primary goals of universal algebraic investigations is the full de-
scription of broad classes of algebras. According to a theorem of G. Birkhoff,
in equational classes of algebras, such as in the varieties of groups, rings and
lattices, every algebra can be expressed as a subdirect product of subdirectly
irreducible members of the class. Therefore, these subdirectly irreducible al-
gebras can be considered as the building blocks of varieties. The description
of subdirectly irreducible algebras is particularly important because the study
of many algebraic properties can be reduced to that of subdirectly irreducible
algebras.

This description is trivial in the variety of semilattices because only the two-
element semilattice is subdirectly irreducible. The situation is not this simple
in other varieties, e.g., every subdirectly irreducible algebra in the variety
generated by tournaments is a tournament, but not every algebra is [21]. There
are (residually large) varieties, such as the variety generated by the quaternion
group, where the subdirectly irreducible algebras form a proper class, and
their full description is practically beyond hope. Therefore, in many cases we
restrict ourselves to the study of simple algebras, i.e., subdirectly irreducible
algebras that have only trivial congruences. Even this problem is extremely
difficult in general, as witnessed by the classification of finite simple groups.

Algebras with a commuting semilattice operation, i.e., satisfying the iden-
tity

fler Ayt, -y Ayr) &= f(ar, o) A (Y1, - Yn)

for all basic operations f, have been studied in various forms. In many respects
these algebras behave similarly to modules. For example, it is proved in [15]



that if a locally finite variety of type-set {5} satisfies a term-condition similar
to the term-condition for abelian algebras, then it has a semilattice term that
commutes with all other term operations.

Within the class of modes—that is, idempotent algebras whose basic opera-
tions commute with each other—those having a semilattice term operation play
an important role (see [28, 29]); these algebras are called semilattice modes.
The structure of locally finite varieties of semilattice modes is described in [14].

An interesting class of algebras with a commuting semilattice operation
arises if we add automorphisms, as basic operations, to a semilattice. This is
a special case of the construction studied in [3]. In general, one can expand
any variety V by a fixed monoid F of endomorphisms in a natural way. The
expanded variety is the variety of V-algebras A equipped with new unary
basic operations, acting as endomorphisms on A. We study only the following
special case.

Definition 1.1. An algebra S = (S; A, F') with a binary operation A and a
set F' of unary operations is an F-semilattice, if F = (F';-, _1,id> is a group
and S satisfies the following identities:

1) the operation A is a semilattice operation,
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3) flg(x)) = (f -g)(x) for all f,g € F, and
4) fleNy) = f(z)A f(y) for all f e F.

Note that every semilattice can be considered as an F-semilattice in a
trivial way: every unary operation of F' acts as the identity function. A much
more interesting example of an F-semilattice is the following.

(1)
(2) i
(3)
(4)

Definition 1.2. For a group F = (F;-,71,id) let P(F) = (P(F); A, F) be the
F-semilattice which is defined on the set P(F) of all subsets of F' by setting

(1) ANB=AnBforall A, BCF, and
(2) f(A)=A-flforall fe Fand ACF.

Our first important statement reduces the study of subdirectly irreducible
F-semilattices to that of the subalgebras of P(F').

Lemma 1.6. If S is a subdirectly irreducible ¥-semilattice, then S 1s isomor-
phic to a subalgebra U of P(F). The algebra U can be selected so that it has
a unique element M C F' with the following properties:

(1) ide M and M -M = M,



(2) A=M-A forall AcU, and
B) M={AcU|ide A}.

In [12] J. Jezek has described all subdirectly irreducible (Z; +)-semilattices.
Using our lemma above, we can easily describe the finite subdirectly irreducible
F-semilattices (Proposition 1.4), and all subdirectly irreducible F-semilattices
when F is locally finite (Corollary 1.7). In these special cases the subdirectly
irreducible subalgebra U of P(F') contains the empty set and some subgroup
M of F. These elements also play an important role in the following class of
simple F-semilattices.

Definition 1.8. If F is a fixed group and M is a subgroup of F, then let Sy,
denote the subalgebra of P(F'), the elements of which are the empty set and
the right cosets of M.

Thus the empty set is the least element in Sjs, and the right cosets of
M are the atoms. The set F' of unary operations of Sy; acts as a transitive
permutation group on the set of atoms. It is not hard to show that the algebras
Sy are exactly those simple subalgebras of P(F') that have a least element
and some atoms.

In [11] J. Jezek has described all simple algebras in the variety of semi-
lattices expanded by two commuting automorphisms, that is, in the variety
of (Z x Z;+)-semilattices. We generalize this result to arbitrary commutative
groups, which is our main result in this chapter.

Definition 1.13. Let F be a fixed commutative group. Then for every non-
constant homomorphism 4 from F to the additive group (R;+) of the real
numbers let us define an F-semilattice Rg = (R; min, F') as follows:

(1) min(a,b) is taken with respect to the natural order of R, and
(2) fla)=a—p(f) forall f € F and a,b € R.

Definition 1.16. A homomorphism §: F — (R;+) is called dense if for each
real number £ > 0 there exists an element f € F such that 0 < 8(f) <e.

If the homomorphism 3 in Definition 1.13 is not dense, then the range of
3 is isomorphic to (Z;+). We will consider this case separately:

Definition 1.18. Let F be a fixed commutative group. Then for every sur-
jective homomorphism « from F onto the additive group (Z; +) of the integers
let Zo = (Z;min, F') be the F-semilattice defined as follows:

(1) min(a,b) is taken with respect to the natural order of Z, and

(2) fla)=a—a(f) for all f € F and a,b € Z.



Theorem 1.21. If F s a commutative group, then every simple F-semilattice
15 1somorphic to one of the following algebras:

(1) Sas, where M is a subgroup of F,
(2) Zq, where a: F — (Z;+) is a surjective group homomorphism, and

(3) the subalgebras of Rg, where 8: F — (R;+) is a dense group homomor-
phism.

Furthermore, these simple F-semailattices are pairwise nonisomorphic, except
for the case when (1, B2 are dense homomorphisms, S1,S2 are subalgebras of
R, ,Rp, respectively, and there ewist real numbers t > 0 and d such that
Bo =t and So =151 + d.

We conclude this chapter by noting that there exists a simple F-semilattice
in the nonabelian case that has a least element but no atom and its semilattice
order is not linear.

Duality theory and the near-unanimity problem

General duality theory is capable of describing various well-known dualities—
for example Pontryagin’s, Stone’s and Priestley’s—between a category A of
algebras with homomorphisms and a category X of topological structures with
continuous structure preserving maps (see [6]). In these cases the class A is a
quasi-variety generated by a single algebra P € A, and X is the class of closed
substructures of powers of an object P € X having the same underlying set
as P. Without getting into the details, we note that the points of the dual
A € X of an algebra A € A are the homomorphisms ¢: A — P; while the
elements of the dual X € A of a topological structure X € X are the f: X — P
continuous structure preserving maps.

Example. For the Pontryagin duality, A is the class of abelian groups, P =
(P;-, =1, 1) is the circle group on the set P = {z € C : |z| = 1} of complex
numbers with multiplication, X 1s the category of compact topological abelian
groups, and P = (P; -, —11,7) where 7 is the restriction of the natural topology
of the complex plane to P.

Example. For the Stone duality, A s the category of Boolean algebras, P =
({0,1};A,V,7,0,1) s the two-element Boolean algebra, X is the category of to-
tally disconnected Hausdorff spaces, and P = ({0, 1};7) where 7 is the discrete
topology. It is easy to see that the wultra filters of a Boolean algebra A € A
correspond to the homomorphisms of A onto P.



Example. For the Priestley duality, A is the category of bounded distributive
lattices, P = ({0,1};V, A,0,1) is the two-element bounded distributive lattice,
X s the category of totally order-disconnected spaces, and P = ({0,1}; <, 7)
where T 1s the discrete topology. It is easy to see that the prime filters of a
distributed lattice A € A correspond to the homomorphisms of A to P.

We say that an algebra P admaits a natural duality, if there exists a topo-
logical structure P defined on P such that the quasi-variety generated by P is
dually represented, as defined by duality theory, by the category X of closed
substructures of powers of P. Therefore, to leverage the power of duality, it
is natural to ask which finite algebras admit a natural duality. Is this charac-
terization possible? Is it decidable of a finite algebra P whether it admits a
natural duality? This second question is known as the natural duality problem.
Currently, we do not know the answer to this problem, but many expect it to
be undecidable.

The natural duality problem was partially reduced to a pure algebraic
problem in the following way. We call a term ¢ of an algebra P a near-unanimaty
term if it satisfies the following identities:

ty,z,....¢0) =~ t(x,y,x,...,¢0) = - = t(x,...,1,y) =~ T

An algebra is congruence join-semi-distributive if its congruence lattice satisfies
the quasi-identity

xrVy=xzVz = zV(yAz)=xVy.

B. A. Davey and H. Werner proved in [6] that in the presence of a near-
unanimity term of P, the quasi-variety A generated by P admits a natural
duality. The converse was proved in [5] under the assumption that A is con-
gruence join-semi-distributive:

Theorem (B. A. Davey, L. Heindorf and R. McKenzie [5]). Let P be a finite
non-trivial algebra and let A be the quasivariety generated by P. The following
are equivalent:

(1) P has a near-unanimity term;

(2) P admits a natural duality, and every algebra in A is congruence distrib-
utive; and

(3) P admits a natural duality, and every finite algebra in A is congruence
join-semi-distributive.

This theorem, known as the near-unanimity obstacle theorem, motivates the
near-unanimity problem, the problem of deciding whether a finite algebra has



a near-unanimity term. Clearly, if the arity of the near-unanimity term of P
is known, then finding the near-unanimity term is easy by simply calculating
the free algebra in A generated by the appropriate number of elements. The
difficulty lies in the fact that we do not even have an upper bound for the arity
of a possible near-unanimity term.

Near-unanimity term operations come up naturally in the study of algebras.
For example, all lattices have a ternary near-unanimity term

(xAy)V(yAz)V(zAx).

From E. L. Post’s classification [26] we know that almost all clones on a two
element set contain a near-unanimity operation. It is also well known that an
algebra having a near-unanimity term lies in a congruence distributive variety,
and has a finite base of identities provided it is of finite signature (see [30]).

It is easy to decide whether the quasi-variety A generated by a finite algebra
P is congruence distributive because it is enough to search for Jonsson terms
among the finitely many ternary terms of P. Therefore, by the near-unanimity
obstacle theorem, if the near-unanimity problem were undecidable, then the
natural duality problem would also be undecidable.

The undecidability of a partial near-unanimity term

In an attempt to prove the undecidability of the near-unanimity problem the
following approach was taken by R. McKenzie.

Definition 2.1. Let A be a fixed finite algebra, t(z1,...,x,) be a term of A,
and S C A. We say that t is a partial near-unanimity term on S if

ty,z,....o0) =tx,y,z,...,x) = =tuz,...,z,y) =
for all x,y € 5.

Clearly, a term of A is a near-unanimity term if and only if it is a partial
near-unanimity term of the two-generated free algebra in the variety generated
by A on the set {z, y} of generators. Thus it is natural to study the decidability
of the partial near-unanimity problem on some fixed subset of a finite algebra.
It is proved in [22] that the existence of a partial near-unanimity term on a
fixed two-element subset is undecidable. In Chapter 2 we extend this result to
a subset excluding two fixed elements:

Theorem 2.2. There exists no algorithm that can decide of a finite algebra
A and two fized elements r,w € A if A has a partial near-unanimity term on

the set A\ {r,w}.



This theorem does not seem to be significant after learning the decidabil-
ity of the near-unanimity problem. Nevertheless, the methods used in the
proof are interesting on their own and may be useful for the study of other
decidability problems.

In the proof of this theorem we employ Minsky machines, which are equiv-
alent to Turing machines (see [24, 25]). The “hardware” of a Minsky machine
consists of a pair of registers that can contain arbitrary natural numbers. The
“software” is a finite set of states containing an initial and a halting state to-
gether with a list of commands. There are two types of commands: the first
instructs the machine to increase the value stored in one of the registers by
one, and then to go to another state. The second command first checks the
value stored in one of the registers; if it is zero, then the machine goes to one
state; otherwise the value stored in the register is decremented by one and the
machine goes to another state. The computation of the machine is a possibly
infinite sequence of states together with the values of the registers at each step.

Since the halting problem for Minsky machines is undecidable, it is enough
to construct (by an effective algorithm) for each Minsky machine M an algebra
A (M) with two special elements r,w € A(M) such that A(M) has a partial
near-unanimity term on the set A(M) \ {r,w} if and only if M halts.

In the construction the universe and the set of basic operations of A (M)
depend on the set of states and commands of M, respectively. Our goal is to
encode the halting computation of M into a partial near-unanimity term. The
key step is to show that given a partial near-unanimity term t on A(M)\{r, w}
one can reconstruct the halting computation of M from the term tree of ¢.
The definition of the basic operations forces the shape of the tree to be almost
“linear” with the basic operations encoding a sequence of commands of M.
With the proper definition of the basic operations, for example making their
range pairwise disjoint, we can easily ensure that the sequence of states is
correct except possibly those steps where the next state depends whether the
content of a register is zero or not. We solve this difficulty by encoding whether
the contents of registers are zero at each step together with the states. We
cannot encode the actual values of the registers, which can be arbitrary large
natural numbers, because A(M) must be finite. Our final task is to verify
whether the sequence of states together with these special markings for zero
values correspond to the halting computation of M. We achieve this by forcing
an appropriate matching of the variables of ¢ via the known value of ¢ at near-
unanimous evaluations.

The element w € A(M) has (essentially) the absorbing property: for all
basic operations f(z1,...,xy,) and elements x1, ..., z, € A(M) the implication

we{ry,...,xn} = f(x1,...,20) =w

holds. We use w to indicate that either the shape of ¢ is incorrect, or the



sequence of encoded states does not correspond to that of the halting compu-
tation. If some local inconsistency is detected, then one of the basic opera-
tions in the term tree returns w at an appropriate near-unanimous evaluation
(z,...,z,y,z...,x). Then the element w propagates to the root of t by the
absorbing property, thus t(z,...,x,y,z,...,x) = w, which is a contradiction.
An improvement of this method might be possible to the subset A(M) \
{w}, which could be formulated, analogously to the results in [13], as the
undecidability of the near-unanimity problem for partial algebras:

Problem 1. Given a finite partial algebra, decide whether it has a term that
1s defined on all near-unanimous evaluations and satisfies the near-unanimity
wdentities.

The decidability of a near-unanimity term

In the last chapter of the dissertation we prove the decidability of the near-
unanimity problem, a rather surprising development after the negative partial
results. We state this theorem in the language of clones:

Theorem 3.17. Given a finite set A and a finite set F of operations on A,
it 1s decidable whether the clone generated by F contains a near-unanimaty
operation.

Instead of working with operations and their composition, we introduce an
equivalence relation on the set of operations in such a way that

(1) the near-unanimity operations form an equivalence class of the relation,

(2) anew notion of composition can be introduced on the equivalence classes,
and

(3) it is possible to algorithmically compute the closure of equivalence classes
under this new notion of composition.

Based on these requirements, our next definition might not be so surprising.
We will need the following notations. Let w and w™ be the set of all finite and
countable cardinals, respectively. Let O4 be the set of all operations on the
set A, and for n € w let OXL) — AA" that is, the set of all n-ary operations on
A. Given an operation f € O4, we consider those binary operations—called
polymers—with their multiplicities that arise as f(x,...,x,y,z,..., ) where
the lone y is at a fixed coordinate:

Definition 3.1. For f € OXL) and i € w, the ith polymer of f is f|; € Of)
defined as

fla,....x,y,x,...,x) if0<i<n,
flx,...,x) if i > n,



where y occurs at the ith coordinate of f in the first case. The collection of
polymers of f together with their multiplicities is the characteristic function

of f, which is formally defined as the map x : Of) — w' where

xrb) =Hicw: fli=b}.

Clearly, near-unanimity operations are characterized by their polymers;
namely all of them must be equal to x. Therefore, the characteristic functions
of near-unanimity operations are the same and equal to

w if b(z,y) = x,
Xnu(b){ ( )

0 otherwise.

Let X4 be the set of characteristic functions of operations on A. Now the
kernel of the operator

X: Oy — Xy, X: f—=xr

satisfies our condition (1) stated above.

We do not give the technical definition of the composition operator Cr as
the following shall be sufficient. We distinguish the “outer” set 7 C O4 of
operations from the “inner” objects on which we apply the members of F. For
F.G C Oy the set Cx(G) contains all operations t of the form

Y1, yk) = f(g(:l;ll,...,:I;ln),...,g(:l;ml,...,:l;mn)),

where f € F and g € G are m and n-ary operations, respectively, and
{r11, - s T} € {y1,...,yx}. We employ the same operator symbol Cx for
characteristic functions, thus Cx(U) C X4 for every U C X4. The connection
between the two composition operators, the real meaning of condition (2), is
expressed by the next lemma.

Lemma 3.6. XCx(G) = CxX(G) for all F,G C Og4.

Up to this point, we showed that the clone (F) generated by F C Oy
contains a near-unanimity operation if and only if the characteristic function
Xnu can be obtained from the characteristic function yiq of the unary projection
by finitely many applications of the composition operator Cr. However, we
are still far from establishing requirement (3), our ultimate goal.

Suppose that the sets A and F C Oy4 are finite, and that the clone (F)
contains a near-unanimity operation. Then, using a theorem of L. Lovasz
on the chromatic number of Kneser graphs [17], we can show that (F) must
contain an operation g of bounded arity (dependent only on |A|) that satisfies
a set of technical identities similar to that of near-unanimity operations. We
can effectively find g since its arity is bounded.



Recall that a partially ordered set is called well-ordered, if it has no infi-
nite anti-chains and satisfies the descending chain condition, i.e., contains no
strictly decreasing infinite sequence of elements. Using the properties of g, we
introduce a well-ordered partial order on a special subset of X4. By applying
the composition operator Cx to an order filter of characteristic functions, we
get another order filter whose minimal elements can be effectively computed
from that of the original filter. If we apply the composition operator iteratively,
we get an increasing sequence of order filters under inclusion. However, a well-
ordered partially ordered set cannot have a strictly increasing infinite chain
of order filters, therefore this process must terminate in finitely many steps.
This proves that the closure of characteristic functions under the composition
operator can be effectively calculated.

As an immediate consequence of the decidability of the near-unanimity
problem and the near-unanimity obstacle theorem from [5], we also obtain the
decidability of the natural duality problem for finite algebras in a congruence
join-semi-distributive variety.

Since there are only finitely many algebras on a fixed n-element set whose
basic operations are at most r-ary, by the decidability of the near-unanimity
problem, there exists a recursive function N(n,r) that puts an upper limit on
the minimum arity of a near-unanimity term operation for those algebras that
have one. Consequently, given an algebra P whose operations are at most -
ary, one can decide the near-unanimity problem by simply constructing all at
most N (| P|,r)-ary terms and checking if one of them yields a near-unanimity
operation. If no such is found, then P has no near-unanimity term operation.
We know that such recursive function N(n,r) exists, but currently we do not
have a formula for one.

A very interesting group of open problems is related to the constraint sat-
isfaction problem, which we do not define here and refer the reader to [8] for
details. It is proved in [10] that if a set I" of relations on a set admits a compat-
ible near-unanimity operation, then the corresponding constraint satisfaction
problem CSP(I') is solvable in polynomial time. Therefore, it is natural to
consider the near-unanimity problem for relations:

Problem 2. Giwven a finite set T' of relations on a set, decide whether there
exists a near-unanimaity operation that is compatible with each member of T'.

Currently we are unable to solve this problem, even in the light of our
result. We know that if a clone has a near-unanimity operation, then both the
clone and its dual relational clone are finitely generated (see [30]). Inspired by
this fact, we ask the following:

Problem 3. Given a finite set of operations and a finite set of relations on
the same underlying set, decide if the functional and relational clones they
generate are duals of each other.

10



References

1]

2]

[10]

[11]

[12]

[13]

[14]

L. M. Bobek: Groups Acting on Join Semilattices. Ph.D. dissertation,
Browling Gree State University, 1992.

S. Burris and H. P. Sankappanavar: A course in uniwersal algebra. Grad-
uate Texts in Mathematics, Springer-Verlag, New York, 1981.

S. Burris and M. Valeriote: Expanding varieties by monoids of endomor-
phisms. Algebra Universalis 17 (1983), 150-169.

B. A. Davey: Duality theory on ten dollars a day. Algebras and Orders
(Montreal, 1991), NATO Advanced Study Institute Series, Series C, 389,
71-111.

B. A. Davey, L. Heindorf and R. McKenzie: Near unanimaity: an obstacle
to general duality theory Algebra Universalis, 33 (1995), 428-439.

B. A. Davey and H. Werner: Dualities and equivalences for varieties of
algebras. Contributions to lattice theory (Szeged, 1980), Colloq. Math.
Soc. Janos Bolyai, 33 (1983), 101-275.

R. El Bashir and T. Kepka: Commutative semigroups with few invariant
congruences. Semigroup Forum 64 (2002), 453-471.

T. Feder and M. Y. Vardi: The computational structure of monotone
monadic SNP and constraint satisfaction: A study through Datalog and
group theory. STAM Journal of Computing 28 (1998), no. 1, 57-104.

D. Hobby and R. McKenzie: The structure of Finite algebras. Contempo-
rary Mathematics 76, American Mathematical Society, Providence, RI,
1988.

P. Jeavons, D. Cohen and M. C. Cooper: Constraints, consistency and
closure. Artificial Intelligence 101 (1998), 251-265.

J. Jezek: Simple semilattices with two commuting automorphisms. Alge-
bra Universalis 15 (1982), 162-175.

J. Jezek: Subdirectly irreducible semilattices with an automorphism.
Semigroup-Forum 43 (1991), 178-186.

J. Jezek and M. Maréti:  Membership problems for finite entropic
groupoids. (manuscript).

K. A. Kearnes: Semilattice modes I. The associated semiring, II. The
amalgamation property. Algebra Universalis 34 (1995), 200-303.

11



[15] K. A. Kearnes and A. Szendrei: Self-rectangulating varieties of type 5.
Int. Journal on Algebra and Computation 7 (1997), 511-540.

[16] O. G. Kharlampovich and M. V. Sapir: Algorithmic problems in varieties.
Int. Journal of Algebra and Computation 5 (1995), 379-602.

[17] L. Lovéasz: Kneser’s Conjecture, Chromatic Numbers and Homotopy. J.
Combin. Theory, Series A, 25 (1978), 319-324.

[18] M. Maréti: Semilattices with a group of automorphisms. Algebra Univer-
salis, 38 (1997), no. 3, 238-265.

[19] M. Maréti: On the (un)decidability of a near-unanimity term. (submitted)

[20] M. Maréti: The existence of a near-unanimity term in a finite algebra is
decidable. (manuscript)

[21] M. Maré6ti: The variety generated by tournaments. Vanderbilt University,
Ph.D. dissertation, 2002.

[22] R. McKenzie: Is the presence of a nu-term a decidable property of a finite
algebra? October 15, 1997 (manuscript).

23] R. McKenzie, G. McNulty and W. Taylor: Algebras, Lattices, Varieties,
Volume I. Wadsworth & Brooks/Cole, Monterey, CA, 1987.

[24] M. L. Minsky: Recursive unsolvability of Post’s problem of “tag” and other
topics in the theory of Turing Machines. Ann. Math. 74 (1961), 437-455.

[25] M. L. Minsky: Computations: finite and infinite machines. Prentice-Hall,
Englewood Cliffs, N.J., 1967.

[26] E. L. Post: The two-valued iterative systems of mathematical logic. Num-
ber 5 in Annals of Math. Studies. Princeton Univ. Press, 1941.

[27] M. O. Rabin and D. Scott: Finite automata and their decision problems.
IBM Journal of Res. and Devel. 3 (1969), no. 2, 114-125.

28] A.Romanowska: An introduction to the theory of modes and modals. Pro-
ceedings of the International Conference on Algebra (Novosibirsk, 1989),
Contemporary Mathematics 131 (1992), Part 3, 241-262.

[29] A. Romanowska and J. D. H. Smith: Modal theory: an algebraic ap-
proach to order, geometry, and convexity. Research and Exposition in
Mathematics vol. 9, Heldermann Verlag, Berlin, 1985.

[30] A. Szendrei: Clones in universal algebra. Volume 99 of Séminaire de
mathématiques supérieures. Les presses de 1'Universit’e de Montréal,
Montréal, 1986.

12



