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1 In trod u ction
In the thesis a sta tistical model of linear stochastic differential equation 
w ith tim e delay is considered. The aim  of the investigation is to  prove 
local asym ptotic properties of the likelihood function. The list of the 
papers dealing w ith investigation of the  local asym ptotic properties of 
delay models is not so extensive. The m ajo rity  of the lite ra tu re  is the 
works by Gushchin, K uchler and their co-authors. The references can 
be found in Section 1.3 of the  thesis. We have to  em phasize the  paper 
was w ritten  in 1999 by G ushchin and K uchler [4]. T hey study  the local 
asym ptotic properties of the  equation

d X (t) =  (aX (t) +  b X (t -  1)) d t +  dW (t).

It is shown, th a t eleven different cases -  consisting LAN, LAMN, 
PLAM N and LAQ (the definitions can be found in this introduction  
or in Section 2.1 of the  thesis) -  are possible if the  value of the param 
eter 0 =  (a, b) runs through R 2. This study  was one of the m ost 
m otivational and useful paper for the  b irth  of th e  thesis.

The in troduction  of the  thesis contains some other m otivational ex
amples for tim e delayed models (Section 1.1) and a heuristic description 
of the basic concept of asym ptotic sta tistics (Section 1.2).

In this outline we recall the basic definitions of asym ptotic s ta tis
tics. In Section 2.1 and 2.2 of the thesis one can find a more detailed 
in troduction  of asym ptotic statistics.

1.1 D e f in it io n . (L A Q ) Let 0  C R p be an open set. A  fam ily  
(X t , X t , |P e ,T : 0 € 0 } ) t eR++ o f statistical experiments is said to 
have locally asymptotically quadratic (LA Q ) likelihood ratios at 0 €  0  
i f  there exist (scaling) matrices Tq,t  € R pxp, T  €  R + + , measurable 
functions (statistics) A q,t  : X t  ^  R p, T  € R + + , and J q,t  : X t  ^  
R pxp, T  € R + + , such that

log h,T ,T
dP « T

h T A e ,T  — ^  h T J  e,T h r  +  opeT (1) as T  —y

whenever Ht  €  R p, T  € R ++, is a bounded fam ily satisfying 0  +  
V0 T h T €  0  fo r  all T  €  R + + ,

(A 0 ,t , J 0 ,t ) — Ope,T(1), T  g R ++,

and fo r  each accumulation point p 0 o f the fam ily

(l ((A.0,t , J 0,t ) 1 P0,t ))t eR++
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as T  ^  to, which is a probability measure on (Rp x R pxp, B(Rp x 
R pxp)), we have

(1.1) p o ({(A , J ) € R p x R pxp : J  is sym m etric
and strictly positive definite}) =  1

and

(1.2) i  e x p ! h T A  -  1  hT J h \ p o ( d A ,d J )  =  1
JRpxRp'pp l 2 J

whenever h €  R p such that there exist Tk € R ++, k € N, and 
hTk €  R p, k €  N, with hTk ^  h as k ^  to, 0 +  r oTk h Tk €  0  fo r  
all k €  N.

1.2 D e f in it io n . (L A M N ) Let 0  C R p be an open set. A  fam ily  
(X t , X t , {Po,T : 0 € 0 })tgr++ o f statistical experiments is said to 
have locally asymptotically mixed norm al (L A M N ) likelihood ratios at 
0 €  0  i f  i t  is LAQ  at 0 € 0 ,  and fo r  each accumulation poin t po 
o f the fam ily (L ((A o,t , J o,T) | Po,T))t eR++ as T  ^  to, we have

I  e1 hTA p o (dA , d J ) =  /  e-hTjh /2  p o (dA , d J ),
JRPxB JRPxB

fo r  all B  €  B(Rpxp) and h €  R p , i.e., the conditional distribution  
o f A  given J  under po is N p (0, J ), or, equivalently, po  =  
L ((n o Z , nonT ) | P), where Z  : Q ^  R p and qo : Q ^  R pxp are 
independent random elements on a probability space (Q, F , P) such 
that L (Z  | P) =  NP(0, I p).

1.3 D e f in it io n . (L A N ) Let 0  C R p be an open set. A  fam ily  
(X t , X t , {Po,T : 0 € 0 })tgr++ o f statistical experiments is said to 
have locally asymptotically norm al (L A N ) likelihood ratios at 0 € 0  
i f  i t  is L A M N  at 0 € 0 , and fo r  each accumulation point po o f the 
fam ily  (L ((A o,t , Jo ,T ) | Po,T))tgr++ as T  ^  to, we have

po  =  ^ p (0, J o) x SJ e

with some sym m etric, strictly positive definite m atrix J o €  R pxp, 
where S j e denotes the Dirac measure on (Rpxp, B(Rpxp)), concen
trated in  J  o . T h e  m atrix J o is called the in form ation matrix.
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1.4 D e f in it io n . (P L A M N ) Let 0  C R p be an open set. A  fam ily  
(X t , X t , |P e ,T  : 0 €  0 } ) t eR++ o f statistical experiments is said to 
have periodic locally asymptotically mixed norm al (P LA M N ) likelihood 
ratios at 0 €  0  i f  it is LA Q  at 0 €  0 , and

T)
(A 6,kD+d, J  0,kD+d)  > ( ^ 0  (d )  J  6 (d)) as k

fo r  all d €  [0, D ), and fo r  each d €  [0, D ), the conditional distribution  
o f A 0 (d) given J 6 (d) is N p (0, J 6 (d)), or, equivalently, there exist 
a random vector Z  : Q ^  R p and a random m atrix  n6(d) : Q ^  R pxp
such that they are independent, Z  =  N p(0 , Ip ) , and A 6 (d) =  n6(d)Z ,
J 6 (d) =  n6(d)n6> (d).

2 H esto n  m od el
For illustrating  the local asym ptotic properties of the likelihood func
tion a well-known financial model, the H eston model has been inves
tiga ted  in Section 2.3 of thesis. The results have been published in 
Benke and P ap  [3].

Let us consider a H eston model

dYt =  (a -  bYt) dt +  a ^ Y t d W t ,
d X t =  (a  -  pY t) dt +  a2 V Y {g d W t +  d B t) ,

t  >  0,

where a > 0, b, a , 0  €  R, <J\ > 0, a 2 > 0, g €  ( — 1, 1) and 
( W t ,B t ) tyo is a 2-dimensional s tan d ard  W iener process. Here one can 
in terp ret X t as the log-price of an asset, and Yt as the  stochastic 
volatility  of the asset price a t tim e t  ^  0. One can distinguish three 
cases: subcritical if b >  0, critical if b =  0 and supercritical if b <  0. 
We study  local asym ptotic properties of the  likelihood ratios of this 
model concerning the drift param eter (a, a , b, ,0).

Let P6,T denote the probability  m easure induced by (Yt , X t )te [0,T] 
on the m easurable space (C ([0, T ], R 2), B (C ([0, T ], R 2)). Introduce
the family

(2.1) (Et ) :=  (C (R + ,R 2), B (C (R + ,R 2)), {P6,t  : 0 € R++ x R 3})

of sta tistical experim ents, where T  € R ++, and the no tation

(2.2)
2

^2 g^i^22gaia2 a 2
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2.1  T h e o re m . (S u b c r i t ic a l  ca se ) I f  a G (Or , r o ) , b G R ++, and
a, P G R, then the fam ily  (Et  )t eR++ o f statistical experiments, given 
in  (2.1), is L A N  at 6 :=  (a ,a ,b ,P )  with scaling matrices r e  t  :=  
T T ̂  T  G R ++, and with in form ation m atrix

J  e :
1

- 1

E(Y»).
<g> S - 1 .

Consequently, the fam ily (C (R +, R 2), B (C (R +, R 2)) , {Pe+h/C T T ■ 
h  G R 4})t eR++ o f statistical experiments converges to the statistical 
experiment (R 4 x R 4x4, B(R 4 x R 4x4) , {N4(J e h , J e ) : h  G R 4}) as 
T  oo.

2 .2  T h e o re m . (C r i t ic a l  ca se ) I f  a G (O r, r o ) , b =  0, and a , P G
R, then the fam ily (Et )t eR++ o f statistical experiments, given in  
(2.1), is LA Q  at 6 := ( a, a, b, P) with scaling matrices

r e , t
0
1  
T J

® 12, T  G R ++,

and with

(A e , r (Y, X ), J e ,T (Y, X )) A  (A e , J e ) as T  ^  ro

where

A e  :=

2 X -1/2

S -

& 1 a  2 Q
0 &2 V l  -  Q2

a - Y i ~ 
a  — Xi

Z  2

J e  := a -  Y -1 0
<g> S 1

0 /a1 Ys ds_

where (Yt , Xt)t£R+ is the unique strong solution o f the SD E

1
aa 2

dYt =  a d t +  a W Y t  dW t,
dXt =  a  d t +  &2 V Y t(Q  dW t +  V l  -  Q2 d B t),

t  G R+ ,

with initial value (Ya, X a) =  (0, 0), where (W t , Bt)ter+ is a 2
dim ensional standard W iener process, Z 2 is a 2-dim ensional standard
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norm ally distributed random vector independent o f (Y i, J0 Yt dt, ,
and S  is defined in  (2.2).

Consequently, the fam ily (C (R + , R 2) , B (C (R + , R 2)) , {Pe+re Th,T : 
h  € R 4})t eR++ o f statistical experiments converges to the statistical 
experiment (R4 x R 4x4, B(R4 x R 4x4) , {Qe h  : h  € R 4}) as T  ^  to, 
where

Q e,h(B ) := E ^exp j h TA e -  2 h TJ e h  j  1b (A e , J e )^ ,

whenever B  € B (R 4 x R 4x4) and h  € R 4 .
I f  b =  0 and ft €  R  are fixed, then the subfamily

2
(C  (R +, R 2) , B (C  (R +, R 2)) , { P e ,T : a €  , to) , “  € R } ) TeR++

o f statistical experiments is L A N  at (a, a ) with scaling matrices
r (1)

e ,T
1

2

/lOgT 
2 \ —1

S

1 2, T  e  R ++> and with in form ation m atrix J (1)

Consequently, the fam ily (C (R+ , R 2), B (C (R+ , R 2)),{Pe+h /^ iog t  t : 
h i € R 2})t eR++ o f statistical experiments converges to the statistical 
experiment (R2 x R 2x2, B (R2 x R 2x2), {N2( J ^ h i , J g 1̂ ) : h i € 
as T  ^  to, where h  :=  ( h i , 0 )T € R 4.

e
1aa —

2 .3  T h e o re m . (S u p e r c r i t ic a l  ca se ) I f  a € [^¡f, to) , b € R __, and
a, ft € R , then the fam ily  (Et  )t eR++ o f statistical experiments, given 
in  (2.1), is not LA Q  at d  :=  (a ,a ,b ,f t)  with scaling matrices

re,T
1 0
0 ebT/2 ® 1 2, T  € R ++,

although

(A e,T  (Y, X  ) , J  e ,T (Y, X  )) A  (A e , J  e ) as T  ^  to

with

A e  1 2 <8> ^1 &2Q
0 &2\ / 1 -  £2

a —1V 
Z 1

v \ 1/2
Z  2

1
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J  q : Zo 1/b V  du 
0 Y-i/b

b

0
<8> S - \

where (3 t )t£R+ is a CIR process given by the SD E

d 3 t =  adt +  a i y  3 t d W t, t  €  R+,

with in itial value 3o =  Vo, where (W t )t£R+ is a standard W iener 
process,

V := log 3 - i /b  -  log Vo
, - i /b

3 u d ua
2 o

Zi is a 1-dim ensional standard normally distributed random variable, 
Z 2 is a 2-dim ensional standard norm ally distributed random vector 
such that (3 - i /b , Zo 1/b 3 u du ), Zi and Z 2 are independent, and 
S is defined in  (2.2). Moreover, (1.1) also holds, but (1.2) is not valid.

I f  a € ( f f i , to) and a  €  R  are fixed, then the subfamily 

(C (R+ ,R 2) , B (C (R+ , R 2)) , {PqjT : b €  R _ _ , fi €  R } )t £R++

o f statistical experiments is L A M N  at (b, fi) 
r Q)T :=  ebT/21 2, T  €  R ++ , and with

with scaling matrices

A (2) : 
Q :

3 - i /b
b

i/2 r
^ i
0

V20
&2 J l  -  g2

i
Z  2,

J  Q2) := ( - n r )  S - -

Consequently, the fam ily (C (R+ , R 2), B (C (R+ , R 2)), {PQ+e6T/2h T  : 
h.2 €  R 2})t eR++ o f statistical experiments converges to the statistical 
experiment (R2 x R 2x2, B (R2 x R 2x2), {L ((a Q2) +  JQ2)h 2, jQ2)) | P) : 
h 2 €  R 2}) as T  ^  to, where h  :=  (0, h.2 )T € R 4.
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3 U n iform ly  d istr ib u ted  d elay  case
In C hapter 3 of the thesis the m ain results are presented. Assume th a t 
we have a stochastic process (X (t) ) te [_r ,T], which satisfies the  linear 
stochastic delay differential equation

d X (t) =  $  / X ( t  +  u) a(du) d t +  dW (t), t  ^  0,
[_r,0]

where a is a finite signed m easure on [—r, 0] and W  is a standard  
W iener process. The real param eter $  is unknown, hence a good esti
m ation from the continuous sample (X (t))te[_r,T] is needed. For this, 
the  local asym ptotic properties of the likelihood function are studied.

After a prelim inaries in Section 3.2 a special case have studied, 
when the delay is uniform. The results for th is case have been published 
in Benke and P ap  [1]. Namely, assume (X (^ )(t))ieR+ is the solution 
of the SDDE

d X (t)  =  $  f _ 1 X ( t  +  u) d u d t +  dW (t), t  G R +,
X ( t ) =  X o(t), t  G [—1,0],

where (X 0(t))ie [_10] is a fixed continuous initial process. Further, 
for all T  G R ++, let P^,T be the probability  m easure induced by 
(X (^ )(t))ie[_ 1,T] on (C ([—1 ,T ] ,R ) ,B (C ([—1 ,T ],R ))). In troduce the 
family

(3.1) (Et ) :=  (C (R + ,R ), B (C (R + ,R )), | P^,t  : $  G R })

of sta tistical experim ents, where T  G R ++.

3.1  T h e o re m . I f  $  G (—n r , 0) then the fam ily  (Et )t gr++ o f statis
tical experiments given in  (3.1) is L A N  at $  with scaling r$,T =  ,
T  G R ++, and with

CO /  n 0

U_ i ^ (t +  u) du ) dt.
2

3 .2  T h e o re m . The fam ily (Et )t gr++ o f statistical experiments
given in  (3.1) is LA Q  at 0 with scaling r o,t  =  T , T  G R ++ , 
and with

Ao
1

0
W  (t)d W  (t), Jo

1

0
W (t)2 dt,
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where (W(i))te[o,i] is a standard Wiener process.

3 .3  T h e o re m . The fam ily (Et )t eR++ o f statistical experiments
given in  (3.1) is LA Q  at — nr with scaling r _ ¿2 t  =  T ’ T  € R ++, 
and with

A_ .2 =  . 2 , 1 M  (W i(s)dW a(s) - W 2(s)dW i(s))2 n (n 2 +  16) \ Jo

—4 n J  (W i(s )d W i(s )  +  W 2(s )d W 2(s))

J
16

n2 n 2(n 2 +  16)
(W i(t)2 +  W 2(t)2)d t,

i

i

i

o

where (W i(t), W2(i))te[o,i] is a 2-dim ensi°nal standard W iener pro
cess.

3 .4  T h e o re m . I f  A € (0, to) then the fam ily  (Et )teR++ of 
statistical experiments given in  (3.1) is L A M N  at A with scaling 
r#,T =  e - v °(^ )T, T  € R ++, and with

Atf =  Ja =
(1 -  e-v oW)2

2v0(A)(v0(A)2 +  2v0('$) — $ )2
(U(a))2

with

/ 0 /»0 /»̂ o
/ e-v°(^)(s - “ )Xo(s) ds d u + /  e-v °(̂ )s dW (s),

-Wu ./o

and Z  is a standard normally distributed random variable independent
o f J-&.

3 .5  T h e o re m . I f  A €  (—to, — nr )  then the fam ily  (Et )t eR++ of 
statistical experiments given in  (3.1) is P L A M N  at A with period 
D  =  KJ tf) , with scaling r^,T  =  e- v°(^)T , T  € R ++, and with

Atf(d) =  Z v J , ( d ) ,  M d ) =  e -2v°(^)s(V W (d  — s))2 ds,
o
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whenever d <E Ko(ti) where

/0 p0
/ < ^ (t +  u - s}e-Vo(^)(s-“ )X 0(s} d sd u

- l J  U
/•TO

+  / <po (t -  s)e-v °W s dW (s), t  e  R +,
0

with

n0

<fv(t) := Ao(d) cos(Ko('&)t) + B o(fi) sin(«o($)t), t  e  R ,

and Z  is a standard normally distributed random variable independent 
o f Jo(d).

11



4 G eneral delay  case
In Section 3.3 of the thesis the  general case are presented. The results 
have been published in Benke and P ap  [2]. Consider now the SDDE

J d X (t ) =  $ f —r 0] X (t +  u ) a (du ) d t +  d W (t ) , t G R + ,
\ x (t ) =  Xo(t ) /  t G [- r , 0],

where now the  delay m easure a is an a rb itra ry  finite signed m easure 
on [—r, 0].

The asym ptotic behaviour is connected w ith the so-called charac
teristic function h# : C ^  C, given by

M A) :=  A -  ÿ  eXu a (du ) , A G C ,
J[-r, 0]

and the  set A$ of the (complex) solutions of the  so-called characteristic 
equation

A — ÿ i eXu a (du ) =  0 .
[-r,0]

A crucial quan tity  is the real p a rt of the rightm ost characteristic root, 
which is defined by

v0(ÿ) :=  sup{Re(A) : A G A^} <  to.

For A G A# , denote by m # (A) the m ultiplicity of the  characteristic 
root A.

In the  uniform  delay case and in each of the  earlier results, which 
concern local asym ptotic properties of delayed models, LAN has been 
proved in case of v0($) <  0. Accordingly one can imagine, th a t this 
condition would be the sufficient for LAN. B ut it tu rns out, th a t is not 
the tru th . We give an example, where v0($) =  0, and LAN holds 
(see, Exam ple 3.3.7 in the thesis). A m odification is needed to  give the 
proper condition. For this, for each A G A# , denote by fn# (A) the 
degree of the complex-valued polynomial

(A) — 1
P M (t)  :=  c#,A,r t

£=0

w ith

c$,X,£
1
n

m&(X) — 1—£

E
A

j=0

j —l—r (A) 
j!

I u j eXu a(du),
[-r,0]
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where A j jk (A), k G {—m j (A), —m j (A) +  1 , . . . } denotes the coeffi
cients of the  L au ren t’s series of 1 /h j (z) a t z =  A, and the  degree of 
the zero polynom ial is defined to  be —to. P u t

vj  := s u p {Re(A) : A G Aj , fh j (A) ^  0}, 
m j  := m a x {fh^ (A) : A G A j , Re(A) =  vj },

where s u p 0 :=  —to and m a x 0 :=  —to.
For all T  G R ++ , let P j  T be the probability  m easure induced 

by (X W ( t)) ie [_ riT] on (C([- r ,T ], R), B (C ([—r ,T ], R ))). Introduce 
the family

(4.1) (Et ) :=  (C (R + , R), B (C (R + ,R )), {Pj ,t  : 0  G R })

of sta tistical experim ents, where T  G R + + .

4 .1  T h e o re m . I f  $  G R  with vQ <  0, then the fam ily  (Et )TeR++ 
of statistical experiments given in  (4.1) is L A N  at $  with scaling 
rp,T =  T -1 /2 , T  G R + + , and with

J j
-r,0]

x o ,j(t +  u) a ( d u d  dt.

2

Particularly, i f  a ( [ - r ,  0]) =  0, then  vQ =  —to, m 0 =  —to, and the 
fam ily (Et )t eR++ o f statistical experiments given in  (4.1) is L A N  at 
0 with scaling r o,t  =  T  1/ 2, T  G R + + , and with

J o =  [  a ( [ - t ,  0])2 dt.
o

4 .2  T h e o re m . I f  $  G R  with v ,  =  0, then the fam ily  (Et )t gr++ 
of statistical experiments given in  (4.1) is LAQ at $  with scaling 
r , T =  T -m S-1  and with

A j 53 Cj,A,mtf
AeA^n (iR) 
m tf(A)=mtf

f Z Im(A),mtf (s) dZ Im(A),0 (s), 
0

J j E
AeA^n (iR) 
m (A )=mtf

|Z Im(A),m^(s)| d 's

13



with
( W , i f  ¥  =  0 ,

Zp,0 :=  < (Wp,Re +  iWp,Im), i f  ¥  € R ++,

[ ¿ -ip,0, i f  ¥  € R — ,

where (W ^ ^ s e p ,^  (Wp,Re(s))se[0,i] and  (Wp,Im(s))se[0,l], ¥  € 
R ++, are independent standard W iener processes, and

Z p ,i( s ) :=  [  (s -  u )  d Z p,o(u ) , s € [0, 1], ¥  € R , ^ € N .
0

Particularly, i f  a ([ -r , 0]) =  0, then  vQ =  0, m0 =  0, and the fam ily  
(Et )t £r++ o f statistical experiments given in  (4.1) is LA Q  at 0 with 
scaling ro,T =  T - i , T  €  R ++, and with

Ao a ([ - r ,  0])
i

0
W  (s )d W  (s), Jo a ( [ - r ,  0])2

i
I W (s)2 ds.
0

4 .3  T h e o re m . Let $ €  R  with v(Q > 0. I f

Hu :=  |Im (A ) : A € Au n  (vQ +  iR ++), m-u(A) =  m*u } =  0,

and the numbers in  Hu have a common divisor Du (namely, they are 
pairwise commensurable, and the quotients o f these numbers and Du 
are integers), then the fam ily ( Et ) t £r++ o f statistical experiments 
given in  (4.1) is P L A M N  at $  with period , with scaling ru,T =  
T -m $ e - v #T , T  €  R + + , and with

A u(d) =  Z  ■\fjufd),

Ju (d) e
0

2v^  Re E  CU,A,mJ U<'>e'<d- ‘' I"<A)
.AGA^n (v  ̂+ iR) 

m ̂ (A)=mJ

2
dt,

fo r  d €  [0, ), where

U-(u) / n0 p<O
/  e- X(s- u)X 0 ( s ) d s a ( d u ) +  e-As dW (s)

l —r,0]Ju J 0
whenever A € C and Z  is a standard norm ally distributed random  
variable independent o f (X 0( i)) t£ [- r ,0] and ( W ( t))ieR+ .

14



I f  =  0, then the fam ily (Et )t eR++ of  statistical experiments 
given in  (4.1) is L A M N  at A with scaling r$,T =  T e- v®T , T  G 
R ++, and with

c2̂,vj ,ml  (u W)2 
2v£ ( v  )
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