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Chapter 1

Scientific background

1.1 Introduction
With the invention of the laser [1], it became possible to generate coherent light pulses
short enough to capture transient phenomena in matter. As laser technology evolved [2],
the relentless pursuit of ever shorter pulse durations was driven by the principle that
faster pulses unveil faster and more localized dynamics [3, 4]. This quest has not only
deepened our understanding of ultrafast processes but has also catalyzed progress in
applied research [5] and spurred innovations in industrial domains where precise timing
and ultrafast control are paramount [6].

The historical trend toward shorter pulse durations, together with the steady increase
of achievable peak intensities, is summarized in Fig. 1.1 [7], which illustrates the remark-
able progress achieved through innovations in laser physics and nonlinear optics.

Despite these advances, there are fundamental limits on how short pulses can be di-
rectly generated from conventional laser gain media. These limits are imposed by the
finite spectral bandwidth supported by the medium and by the difficulty of achieving
uniform and controllable spectral phase across broad bandwidths. For state-of-the-art
systems such as Ti:sapphire lasers and optical parametric amplifiers, the minimum pulse
durations are typically in the 5–6 fs range [8, 9]. Pushing further into the single-cycle
regime, near 2 fs in the NIR, requires post-compression techniques. These involve spec-
tral broadening in hollow-core fibers [10–13] followed by dispersion compensation using
chirped mirrors [14, 15] or acousto-optic modulators [16]. While effective, these methods
face practical limitations, beyond which direct laser-driven generation of shorter pulses
becomes increasingly challenging. More recent developments include multi-pass cells [17,
18] and bulk-material compression schemes [19, 20].

To generate even shorter pulse durations, in the sub-femtosecond regime, one needs
to expand the spectrum to the shorter wavelength range where enough bandwidth can be
supported with the required spectral phase. To this end, alternative methods have been
developed. Among them, high-order harmonic generation (HHG) has emerged as one of
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Figure 1.1:

the most mature and experimentally accessible approach [21, 22]. Other concepts, such
as ultrabroadband light synthesis with coherent phase control [23] or free-electron lasers
(FEL) driven by plasma wakefield accelerators [24], promise extreme photon energies and
ultrashort durations but typically demand large-scale infrastructure and complex instru-
mentation [25]. In contrast, HHG can be realized on a table-top scale while delivering
femtosecond-to-attosecond pulses with high spatial and temporal coherence [26–28].

HHG is an inherently nonlinear process, in which a strong laser field drives atoms
or molecules to emit photons at multiples of the fundamental frequency. These higher
order harmonics can be either odd or even, depending on the symmetry properties of the
medium [29] or electric field [30, 31], where generation takes place. The resulting spectrum
can extend from the extreme ultraviolet (XUV) into the soft X-ray regime [32–34]. A
breakthrough in the early 2000s showed that HHG could be harnessed to generate isolated
attosecond bursts [27] or pulse trains [26], establishing the foundations of attosecond
science and enabling direct time-domain studies of electron motion and ultrafast quantum
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dynamics.
The first experimental observation of HHG was reported in 1987 by independent

groups in Chicago [35] and at CEA Saclay [36]. These early experiments used rare noble
gases such as argon, krypton, and xenon, driven by the most advanced lasers of the time:
Nd:YAG systems at 1064 nm [36], KrF excimer lasers at 248 nm [37, 38], and Ti:sapphire
lasers at 800 nm [38–40]. Through the 1990s and early 2000s, the field expanded to include
molecular targets [41–43], revealing the role of molecular orbitals and nuclear motion in
strong-field dynamics. Major milestones followed, including the demonstration of HHG
from plasma surfaces at ultra-high intensities [44–46], and the discovery of high-harmonic
emission from bulk crystals in 2010 [47–49].

The solid-state breakthrough marked the beginning of a new chapter, emphasizing the
potential of condensed matter systems as compact and efficient sources of attosecond light.
Compared to gases, solids offer higher target densities and better integration prospects
with photonic technologies, though the physics involves richer dynamics such as interband
transitions and band-structure effects.

Today, HHG serves both as a powerful light source and as a precision probe, enabling
applications ranging from ultrafast spectroscopy [26, 27, 50, 51] to coherent diffractive
imaging [52, 53] to relativistic plasma optics [54–56] and time-resolved electron dynamics.
Its continuing development remains central to advancing attosecond metrology and next-
generation ultrafast light sources.

1.2 High Harmonic Generation
Over the past several decades, a variety of theoretical approaches have been developed to
describe and interpret high-order harmonic generation. These range from simple classical
trajectory models [57] to fully quantum mechanical treatments based on numerical solu-
tions of the time-dependent Schrödinger equation (TDSE) [58]. Each approach provides
its own perspective on the physics of HHG, depending on the underlying assumptions and
the available computational resources.

In classical models, electron motion is described using Newtonian dynamics, typically
framed within the well-known three-step picture: tunnel ionization, acceleration in the
laser field, and recombination with the parent ion accompanied by high-energy photon
emission [59, 60]. Such models give clear physical intuition and are particularly effective
for predicting cutoff energies and understanding temporal gating mechanisms. However,
they cannot capture quantum interference effects or reproduce all the detailed structures
of the harmonic spectrum.

At the opposite end, full TDSE simulations provide an ab initio description by follow-
ing the time evolution of the electron wave function in the combined atomic potential and
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external laser field. While computationally demanding, these calculations can reproduce
fine spectral features and coherence effects intrinsic to HHG [61–63].

Between these two extremes lies the widely used semi-classical model introduced by
Lewenstein and co-workers in 1994 [64]. Built upon the strong-field approximation (SFA),
this framework provides a practical means of calculating the induced dipole moment of an
atom exposed to an intense laser field. The Lewenstein model successfully reproduces the
key features of HHG, including the plateau structure of the spectrum and the cutoff law
that scales with laser intensity and wavelength. Such an approach, in combination with
Saddle Point Analysis [65], can also reveal trajectory-based quantum path interference
features (see [66] and references therein). Because of its balance between physical trans-
parency and computational efficiency, it has become a cornerstone in HHG theory and is
frequently incorporated into larger simulations that include macroscopic propagation.

In practice, the Lewenstein model has proven invaluable for interpreting experiments
and guiding the design of optimized HHG setups. Despite its simplifying assumptions—
most notably the neglect of the Coulomb potential after ionization—it shows excellent
agreement with experimental results, particularly when combined with propagation mod-
els that account for dispersion, absorption, and phase matching in the generating medium.

1.2.1 Keldysh theory of ionization

Before introducing the Lewenstein model, it is useful to revisit the Keldysh theory of
strong-field ionization [67, 68], which provides the natural starting point for a discussion
on HHG. Within the SFA framework, the continuum electron is represented by a Volkov
state, and the transition amplitude from the bound state is calculated using the time-
dependent Schrödinger equation. Keldysh demonstrated that the nature of ionization is
determined by a single dimensionless parameter,


 =

s
Ip

2Up

=
!

E0

p
2Ip; (1.1)

which compares the tunneling time through the laser-suppressed Coulomb barrier to the
optical period of the driving field, Ip is the ionization potential of the target atom or
molecule and Up is the ponderomotive energy. This can be written with the electric field
amplitude E0, using the relation Up = E0/(4!2

0), where ! is the center frequency of the
laser field.

When 
 � 1, ionization takes place in the multiphoton regime, requiring the absorp-
tion of a discrete number of photons. In contrast, for 
 � 1 the process takes place
via tunneling, where the electron escapes the barrier essentially in a static field. At the
intermediate case 
 ’ 1, both regimes overlap, and the Keldysh theory provides a smooth
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interpolation between the two limits. Importantly, this framework not only explains the
onset of tunneling ionization in strong fields, but also connects directly to the saddle-point
picture in the Lewenstein model, where the electron is assumed to tunnel at a complex
ionization time and subsequently propagate in the continuum as a Volkov state.

The relevance of the Keldysh parameter for HHG is clear when considering why per-
turbative multiphoton theory fails to describe experimental spectra. In the perturbative
limit, the intensity of the n harmonic scales as I and drops rapidly with increasing
order, predicting only a few observable harmonics. Experiments, however, reveal a broad
plateau with nearly constant intensity across many harmonics, followed by a sharp cutoff.
Such behavior can only occur in the non-perturbative tunneling regime (
 � 1), where
the electron dynamics are governed by the continuum excursion in the laser field rather
than by the absorption of individual photons. This breakdown of perturbation theory
is the central reason why HHG must be treated within the strong-field approximation,
and why the Lewenstein integral—built upon the Keldysh ionization step and Volkov
propagation—forms the appropriate theoretical framework. This plateau structure in
HHG is one of the key aspects in attosecond pulse generation.

1.2.2 Time-dependent Schrödinger equation

To arrive at the Lewenstein integral for HHG within the strong-field approximation, we
begin with the time-dependent Schrödinger equation for a single active electron in an atom
subject to a strong laser field (for a detailed discussion elucidating all the assumptions,
see Ref. [65]). In the length gauge and under the dipole approximation, the equation
reads [69]:

i
@

@t
 (~r; t) =

�
�1

2
r2 + V (~r) + ~r � ~E(t)

�
 (~r; t); (1.2)

with V (~r) the atomic potential and ~E(t) the driving electric field. Atomic units are
used throughout (h̄ = me = jej = 1). The system is assumed to start in the ground state at
t ! �1, i.e.  (~r; t ! �1) = �g(~r), where the field-free Hamiltonian H0 = �1

2
r2 +V (~r)

satisfies H0�g = Eg�g with Eg = �Ip. Here Ip > 0 denotes the ionization potential.
SFA [67, 70, 71] assumes that, once ionized, the electron’s motion in the continuum

is driven almost entirely by the laser field, so the atomic potential can be neglected
during this stage [4, 64]. Ground-state depletion is also neglected, keeping its amplitude
essentially constant. Continuum dynamics are then described by Volkov states, which are
exact solutions of the free-electron Schrödinger equation in the presence of the external
field:
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i@t� =
�

�1
2
r2 + ~r � ~E(t)

�
�: (1.3)

Introducing the vector potential ~A(t) = �
R t

�1
~E(s) ds, the Volkov solution in the

length gauge takes the form [65, 71]

�~p(~r; t) = (2�)�3/2 exp
"
i(~p+ ~A(t)) � ~r � i

Z t

�1

[~p+ ~A(s)]2

2
ds

#
; (1.4)

where, the field-induced momentum shift and the accumulated phase from the classical
action are explicitly included.

The full wave function can be written in integral form using the time-evolution oper-
ator U(t; t0):

 (t) = U(t;�1)j�gi = eiIptj�gi: (1.5)

Within the SFA, propagation after ionization is approximated with the Volkov prop-
agator UV (t; t0), defined by

i@tUV =
�

�1
2
r2 + ~r � ~E(t)

�
UV ; UV (t; t) = 1; (1.6)

whose momentum-space representation is

UV (t; t0) =

Z
d3p

(2�)3
j�~p(t)ih�~p(t0)j: (1.7)

The approximate wave function then becomes [64]

 (t) = eiIptj�gi � i

Z t

�1
dt0 UV (t; t0) (~r � ~E(t0)) eiIpt0 j�gi; (1.8)

where the exponential prefactor reflects the ground-state phase evolution (e�iEgt =

eiIpt).
The quantity of interest for HHG is the time-dependent dipole moment

~d(t) = h (t)j~rj (t)i; (1.9)

whose Fourier transform yields the emitted harmonic spectrum. Since h�gj~rj�gi = 0

and the continuum–continuum contribution is neglected in the SFA, the leading contri-
bution comes from the ground–continuum cross term:

~d(t) = �ieiIpt

Z t

�1
dt0 eiIpt0h�gj~r UV (t; t0) (~r � ~E(t0))j�gi + c:c: (1.10)

Inserting the explicit form of the Volkov propagator gives
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h�gj~r UV (t; t0) (~r � ~E(t0))j�gi =

Z
d3p

(2�)3
h�gj~rj�~p(t)ih�~p(t0)j~r � ~E(t0)j�gi: (1.11)

Assuming linear polarization along z, the field reduces to ~E(t) = E(t)ẑ, ~A(t) = A(t)ẑ,
and the dipole moment simplifies to

d(t) = i

Z t

�1
dt0 E(t0)

Z
d3p

(2�)3
h�gjzj�~p(t)ih�~p(t0)jzj�gi eiIp(t�t0) + c:c:: (1.12)

The recombination and ionization matrix elements are obtained directly from the
Volkov form. For recombination,

h�gjzj�~p(t)i = exp
 

�i
Z t

�1

[~p+ ~A(s)]2

2
ds

!
~d[~p+ ~A(t)]; (1.13)

where ~d(~k) = h�gjzj~ki is the bound–continuum transition dipole. Similarly, for ion-
ization,

h�~p(t0)jzj�gi = exp
 
i

Z t0

�1

[~p+ ~A(s)]2

2
ds

!
~d�[~p+ ~A(t0)]: (1.14)

Multiplying the two gives

h�gjzj�~p(t)ih�~p(t0)jzj�gi = ~d[~p+ ~A(t)] ~d�[~p+ ~A(t0)] exp
 

�i
Z t

t0

[~p+ ~A(s)]2

2
ds

!
: (1.15)

Including the ground-state phase, the exponential factor becomes

exp
 

�i
Z t

t0

[~p+ ~A(s)]2

2
ds+ iIp(t� t0)

!
= exp

�
�i
Z t

t0

h
[~p+ ~A(s)]2

2
+ Ip

i
ds

�
: (1.16)

Altogether, the Lewenstein expression for the dipole moment is

~d(t) = i

Z t

�1
dt0
Z

d3p

(2�)3
~E(t0) � ~d(~p+ ~A(t0))| {z } e�iS(~p;t;t0)| {z } ~d�(~p+ ~A(t))| {z } +c.c.; (1.17)

where the semiclassical action is
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S(~p; t; t0) =

Z t

t0

�
[~p+ ~A(s)]2

2
+ Ip

�
ds: (1.18)

Equation (1.17) incorporates the three-step model of HHG. The ionization factor rep-
resents tunneling from the ground state at time t0, the propagation factor carries the
accumulated phase of the free electron in the laser field, and the recombination factor
gives the overlap of the returning electron with the bound state at time t.

1.2.3 Saddle point approximation

To evaluate the Lewenstein integral [65, 72] and extract the harmonic spectrum, we
take the Fourier transform of the time-dependent dipole moment d(t). For harmonics at
positive frequencies 
 > 0, the Fourier component is defined as

a(
) =

Z 1

�1
dt ei
t d(t); (1.19)

where the integration extends over the pulse duration. For multi-cycle pulses, this
is effectively over a long time window, while for spectral density one normalizes by the
total duration. Substituting the Lewenstein expression for d(t) and keeping only the
contribution relevant to positive frequencies (the conjugate term contributes to negative
frequencies), we obtain

a(
) � i

Z 1

�1
dt ei
t

Z t

�1
dt0 ~E(t0)

Z
d3p

(2�)3
~d[~p+ ~A(t)] ~d�[~p+ ~A(t0)]

� exp
 

�i
Z t

t0

"
[~p+ ~A(s)]2

2
+ Ip

#
ds

!
:

(1.20)

This expression is a multidimensional integral over t, t0, and ~p. In the strong-field
regime, where the ponderomotive energy Up greatly exceeds the photon energy !, the
integrand oscillates rapidly. The dominant contributions then come from the stationary
points of the phase, which can be identified using the saddle point approximation.

The exponent can be rewritten as

i
t� i

Z t

t0

"
[~p+ ~A(s)]2

2
+ Ip

#
ds = i�(t; t0; ~p); (1.21)

with total phase

�(t; t0; ~p) = 
t�
Z t

t0

"
[~p+ ~A(s)]2

2
+ Ip

#
ds: (1.22)
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The saddle points are given by the stationary conditions @�/@t = 0, @�/@t0 = 0, and
rp� = ~0 [65, 73]. These correspond to the recombination time tr, the ionization time ti,
and the canonical momentum ~ps. Assuming linear polarization along z, we can treat the
momentum as effectively one-dimensional.

The momentum condition reads

@�

@~p
~ps

= �
Z tr

ti

[~ps + ~A(t0)] dt0 = ~ps(�) +

Z tr

ti

~A(t0)dt0 = 0; (1.23)

where � = tr � ti is the excursion time. The recombination condition is

@�

@t tr

= 
 �

"
[~p+ ~A(tr)]

2

2
+ Ip

#
= 0; (1.24)

which expresses energy conservation: the emitted photon energy equals the returning
electron’s kinetic energy plus the ionization potential. Finally, the ionization condition is

@�

@t0
ti

=
[p+ ~A(ti)]

2

2
+ Ip = 0: (1.25)

Since Ip > 0, this implies a negative kinetic energy at ionization, consistent with
tunneling. As a result, both ti and ~ps are complex in general.

Expanding the action to second order around ~ps and evaluating the Gaussian momen-
tum integral produces the prefactor (�/(i �/2 + �))3/2. At this stage, the dipole elements
are evaluated at the saddle-point momentum, and the accumulated phase is the quasi-
classical action S(~ps; t; � ). The resulting expression is [74]

~d(t) =

1Z
0

d�

�
�

i �/2 + �

�3/2

~d��~ps(t; � ) + ~A(t)
�
e�i S(~ps;t;�) ~E(t� �)

� ~d
�
~ps(t; � ) + ~A(t� �)

�
+ c.c.

(1.26)

Using Eq. (1.26) together with the saddle point equations, one can compute the high-
harmonic spectrum, as shown in Fig. 1.2.

The plateau structure is clearly reproduced: harmonic intensities remain nearly con-
stant over a broad range of orders, a feature not captured by perturbation theory. In
Eq. (1.26), the ��3/2 factor reveals that the dipole strength decreases with excursion
time, reflecting the spreading of the electron wave packet. This explains why longer driv-
ing wavelengths, which increase � , reduce efficiency. Eventually, the plateau terminates
at the cutoff, where the harmonic yield drops sharply. The cutoff energy will be analyzed
in the next section.
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Although remarkably successful, the model has known limitations. It assumes that
ionization occurs instantaneously at t = 0, which is an oversimplification. Furthermore, it
describes only the single-atom response, whereas experimentally one measures the macro-
scopic signal resulting from many emitters. Achieving measurable XUV radiation requires
phase matching, a subject addressed in Sec. 1.2.5 and Sec. 1.2.6.

1.2.4 Cutoff law

The cutoff energy in high-harmonic generation can be derived from a saddle-point anal-
ysis of the Lewenstein action. Stationarity with respect to momentum enforces that the
electron returns to the core, which gives the velocity along the saddle trajectory as

~v(�) = ~ps + ~A(�) = ~A(�) � 1

t� ti

Z t

ti

~A(t0) dt0: (1.27)

Stationarity with respect to the ionization time yields the tunneling condition

@ti
S(~ps; t; ti) = �1

2

�
~ps + ~A(ti)

�2 � Ip = 0; (1.28)
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while the recombination kinetic energy is given by

K = 1
2

�
~ps + ~A(t)

�2
: (1.29)

To make the cutoff transparent, one often adopts the tunneling-limit approximation
~ps ’ � ~A(ti), which corresponds to the electron emerging from the barrier with nearly
zero initial velocity. In this case the velocity reduces to ~v(�) ’ ~A(�) � ~A(ti), the return
condition becomes Z t

ti

�
~A(�) � ~A(ti)

�
d� = ~0; (1.30)

and the recombination kinetic energy takes the form

K(t; ti) ’ 1
2

�
~A(t) � ~A(ti)

�2
: (1.31)

For a monochromatic, linearly polarized driver with,

~A(t) = �E0

!
sin(!t) ~̂e; (1.32)

it is convenient to write A(t) = A0 sin(!t) with A0 = E0/!. The time integral then
evaluates to Z t

ti

A(t0) dt0 = A0

Z t

ti

sin(!t0) dt0 =
A0

!

�
cos(!ti) � cos(!t)

�
: (1.33)

Inserting this result into the return condition (1.30) yields

A0

!

�
cos(!ti) � cos(!t)

�
� (t� ti)A0 sin(!ti) = 0: (1.34)

After dividing through by A0 and introducing the phases � = !t, �i = !ti, and � =

!(t� ti), we obtain
cos�i � cos�

�
= sin�i: (1.35)

Substituting this into (1.31) and rearranging (1.35) gives

K(�; �i)

Up

= 2
�
sin�� sin�i

�2
; cos�� cos�i + (�� �i) sin�i = 0; (1.36)

where Up = E2
0/(4!2) is the ponderomotive energy.

Maximizing K/Up under this return condition yields the well-known result

K ’ 3:17Up; h̄! = Ip +K ’ Ip + 3:17Up: (1.37)
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The cutoff law was first formulated by Krause, Schafer, and Kulander [60], who es-
timated the maximum photon energy as Ip + 3Up in 1992. A more accurate value of
Ip + 3:17Up was later obtained independently by L’Huillier et al. [75] and by Corkum [59]
in 1993.

At longer driving wavelengths, the cutoff scales as,

h̄! ’ Ip + 3:17Up / �2I; (1.38)

since the ponderomotive energy grows quadratically with the laser wavelength � at fixed
intensity I. This quadratic scaling makes it possible to reach much higher photon energies
in the mid-infrared regime. However, the single-atom emission yield drops sharply with
wavelength, typically as ��5 to ��6 in the tunneling regime, due to the spreading of the
electron wave packet over its longer excursion time in the continuum. Consequently, while
longer wavelengths extend the cutoff, they reduce efficiency, highlighting the importance
of phase matching and macroscopic optimization in high-harmonic generation.

1.2.5 Wave Propagation in a Medium with Absorption

While the microscopic mechanism of HHG—typically described by the three-step model,
is well understood, the generation of bright and coherent harmonics suitable for experi-
mental applications relies heavily on the macroscopic phase matching conditions within
the generation medium. Macroscopic phase matching refers to the constructive interfer-
ence of harmonic fields emitted by individual atoms across the length of the interaction
region. Achieving phase matching ensures that the generated harmonics add coherently,
leading to a significant enhancement in the high harmonic yield.

The total harmonic signal generated in a gas target is determined by the coherent sum
of the contributions from all atoms. This summation is strongly affected by the relative
phase of the harmonic field emitted at different locations. When these phase differences
are small or vary slowly along the propagation direction, the generated field interferes
constructively, resulting in efficient buildup of the harmonic intensity. However, if the
phase differences are large, destructive interference occurs, severely limiting the observed
harmonic yield. Also, as the medium, where HHG occurs, can also absorb the generated
XUV radiation.

First, we need to understand wave propagation in an absorptive medium. To ana-
lyze how absorption affects the propagation of an electromagnetic wave at the q -order
harmonic, ~Eq(~r; t), in a dielectric medium, we start from the inhomogeneous wave equa-
tion [76] in three spatial dimensions, ~r = (x; y; z). In the time domain, this equation can
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be expressed as

r2 ~Eq(~r; t) � n2

c2

@2 ~Eq(~r; t)

@t2
= �0

@2 ~P (~r; t)

@t2
; (1.39)

where ~P is the nonlinear polarization vector, which acts as the driving term for the
generation of new frequencies, such as higher-order harmonics. Here, n is the refractive
index of the medium, c is the speed of light, and �0 is the vacuum permeability.

To simplify the analysis, we separate the temporal and spatial dependencies of the
fields. We also assume that the electric field can be decomposed along the three Cartesian
axes and select the z-axis as the propagation direction. Since the fundamental laser field
propagates with a different phase than the harmonic field, we introduce a phase factor
exp(ik1z), where k1 is the wavenumber of the fundamental field.

In the expansion of the harmonic field and the nonlinear polarization, we have ex-
plicitly written both the forward oscillating term and its complex conjugate (c.c.), since
the physical field must be real. However, when solving the wave equation, we are usu-
ally interested in the propagation of the positive-frequency component of the field. The
negative-frequency part, given by the complex conjugate, carries redundant information
because it is simply the Hermitian counterpart of the positive-frequency solution.

Therefore, in the standard treatment, one keeps only the terms proportional to

exp(ikqz � i!qt)

and neglects the complex conjugates during the derivation. At the end of the calculation,
the full real physical field can always be reconstructed by adding the complex conjugate
of the obtained solution.

Eq(z; t) =
1

2
Eq(z)e

i(kqz�!qt) (1.40)

and
Pq(z; t) =

1

2
Pq(z)e

i(qk1z�!qt) (1.41)

where k1 = 2�n1/�1 is the wave number of the fundamental driving field, while kq denotes
the wave number of the q-th harmonic. In order to evaluate the source terms appearing in
Eq. (1.39), we proceed by taking the necessary derivatives. First, the temporal derivative
of the electric field envelope reads

@Eq(z; t)

@t
=

1

2
Eq(z)(�i!q)e

i(kqz�!qt); (1.42)

and the second-order time derivative becomes

@2Eq(z; t)

@t2
= �1

2
Eq(z)!

2
qe

i(kqz�!qt): (1.43)
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Similarly, for the polarization we find

@2Pq(z; t)

@t2
= �1

2
Pq(z)!

2
qe

i(qk1z�!qt): (1.44)

Since we restrict the problem to propagation along the longitudinal direction z, the Lapla-
cian reduces to a derivative with respect to z. The first spatial derivative of the field
envelope is then

@Eq(z)

@z
=

1

2

@Eq(z)

@z
ei(kqz�!qt) +

ikq

2
Eq(z)e

i(kqz�!qt); (1.45)

while the second-order derivative becomes

@2Eq

@z2
=

1

2
ei(kqz�!qt)

�
@2Eq

@z2
+ 2ikq

@Eq(z)

@z
� k2

qEq(z)

�
: (1.46)

Substituting the time and space derivatives into Eq. (1.39), we obtain

1

2
ei(kqz�!qt)

�
@2Eq

@z2
+ 2ikq

@Eq(z)

@z
� k2

qEq(z)

�
� n2

c2

�
�1

2
Eq(z)!

2
qe

i(kqz�!qt)

�
= ��0

1

2
Pq(z)!

2
qe

i(qk1z�!qt):

(1.47)

Dividing both sides by 1
2
ei(kqz�!qt) and using the relation kq = nq!q/c, we obtain

@2Eq(z)

@z2
+ 2i

nq!q

c

@Eq(z)

@z
= ��0!

2
qPq(z)e

i(qk1�kq)z: (1.48)

To further simplify this expression, we invoke the Slowly Varying Envelope Approxima-
tion (SVEA) [77], which assumes that the second derivative of the envelope is negligible
compared to the first derivative, i.e.

j@2
zEq(z)j � jkq @zEq(z)j: (1.49)

Defining the phase mismatch as �k = qk1 � kq and using the relation �0 = (�0c
2)�1,

the equation reduces to
@Eq(z)

@z
= i

!q

2nq�0c
Pq(z)e

i�kz: (1.50)

From Eq. (1.50) we see, that the spatial dependence of the q harmonic along the prop-
agation axis is defined by the polarization vector and the phase mismatch, the causes of
this mismatch is further elaborated in section 1.2.6. At this stage, we also take into ac-
count absorption of the harmonic radiation in the medium. According to Beer–Lambert’s
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law [78, 79], the transmitted intensity decays exponentially with propagation distance:

Iq(z) = Iq(0)e��qz; ) Eq(z) = e� �q
2

z Eq(0); (1.51)

where �q is the absorption coefficient. To consider the effect of absorption in Eq. (1.50),
we modify it in the following manner relying on Eq. (1.51):

@Eq(z)

@z
+
�q

2
Eq(z) = i

!q

2nq�0c
Pq(z)e

i�kz: (1.52)

Note that, in the absence of a source, the solution of the Eq. (1.52) results the Beer-
Lambert law, as it defined in (1.51) Multiplying both sides by the integrating factor
exp
��q

2
z
�
, the left-hand side can be written as a total derivative,

@

@z

h
e

�q
2

z Eq(z)
i

= e
�q
2

z�q

2
Eq(z) + e

�q
2

z @Eq(z)

@z

= i
!q

2nq�0c
Pq(z)e

z(i�k+�q/2):
(1.53)

Assuming, that at the beginning of the gas medium there were no harmonics before the
interaction, the boundary condition becomes Eq(0) = 0. One can assume homogeneity
of the medium, resulting a constant nonlinear polarization Pq(z) = Pq, and introducing
the absorption length as L = ��1

q . The absorption length is inverse proportional to
the ionization cross-section (�q), which can be found in databases and the density of the
medium (�) which has to be measured, giving the expression as L =

1

�q�
. We integrate

the propagation equation over a medium of length L . The macroscopic polarization
can be written as the product of the microscopic dipole response and the number density
of emitters,

Pq = � dq; (1.54)

where � denotes the atomic (or molecular) density and dq the single-atom dipole moment
at harmonic order q.

e
�q
2

L Eq(L ) =
!q

2nq�0c
� dq

LZ
0

e
z(i�k+

1
2L

)
dz: (1.55)

Carrying out the integration yields

Eq(L ) = i
!q

2nq�0c
� dqe

� L

2L
e

(i�k+ 1
2L

)L � 1

i�k + 1
2L

: (1.56)
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R0 = 0:62 ���M�/L �+�Q�?= 5L �K�2�/�- �r�B�i�?R0 = 1:25�X �q�?�2�ML �+�Q�?/ L ���#�b�Q�T�i�B�K���H �T�?���b�2 �K���i�+�?�B�M�;

�B�b �M�Q�i �T�Q�b�b�B�#�H�2�- �`�2�b�m�H�i�B�M�; �B�M �H�Q�r �>�>�: �v�B�2�H�/�- �i�?�B�b �`�2�T�`�2�b�2�M�i�2�/ �B�M �6�B�;�X�R�X�j�X �h�?�B�b �b�B�i�m���i�B�Q�M

�+���M ���M�/ �b�?�Q�m�H�/ �#�2 ���p�Q�B�/�2�/ �#�v �m�b�B�M�; �i�?�B�b �b�B�K�T�H�2 �K�Q�/�2�H �/�m�`�B�M�; �i�?�2 �/�2�b�B�;�M �T�`�Q�+�2�b�b �Q�7 �� �>�>�:

�#�2���K�H�B�M�2�X



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �R�3

�6�B�;�m�`�2 �R�X�9�,�*���H�+�m�H���i�2�/ �/�B�T�Q�H�2 �B�M�/�m�+�2�/ �T�?���b�2 �K�B�b�K���i�+�?�X �S���M�2�H �U���V �b�?�Q�r�b
�i�?�2 �x �/�2�T�2�M�/�2�M�+�2 �Q�7� kd�- �r�?�B�H�2 �U�#�V �b�?�Q�r�b �H�B�M�2�Q�m�i�b �7�Q�` �� �7�2�r �b�2�H�2�+�i�2�/ �x

�p���H�m�2�b�X

�R�X�k�X�e �S�?���b�2 �K���i�+�?�B�M�; �7���+�i�Q�`�b

�P�#�i���B�M�B�M�; �i�?�2 �+�Q�?�2�`�2�M�+�2 �H�2�M�;�i�?L �+�Q�?�B�b �� �+�`�m�+�B���H ���M�/ �`�2�H���i�B�p�2�H�v �+�Q�K�T�H�2�t �i���b�F�- ���b �T�?���b�2

�K���i�+�?�B�M�; �/�2�T�2�M�/�b �Q�M �K�m�H�i�B�T�H�2 �7���+�i�Q�`�b�- ���M�/ �i�?�`�Q�m�;�? �i�?�2 �`�2�H���i�B�Q�M �(�3�j�)

L �+�Q�?= � / j� kj ; �U�R�X�e�9�V

�+�Q�?�2�`�2�M�+�2 �H�2�M�;�i�? ���H�b�Q �/�Q�2�b�X �h�?�2 �i�Q�i���H �T�?���b�2 �K�B�b�K���i�+�?� k �B�M �1�[�X �U�R�X�e�9�V �B�b �m�b�m���H�H�v �r�`�B�i�i�2�M

���b �i�?�2 �b�m�K �Q�7 �7�Q�m�` �7���+�i�Q�`�b �(�3�j�)

� k = � kd + � kg + � kn + � kp ; �U�R�X�e�8�V

�`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �T�?���b�2 �K�B�b�K���i�+�? �/�m�2 �i�Q �/�B�T�Q�H�2 �U� kd�V�@ ���M�/ �;�2�Q�K�2�i�`�B�+ �T�?���b�2�b �U� kg�V�- ���H�Q�M�;

�r�B�i�? �M�2�m�i�`���H �U� kn �V�@ ���M�/ �T�H���b�K�� �/�B�b�T�2�`�b�B�Q�M �U� kp�V �(�3�k���3�9�)�X

�h�?�2 �/�B�T�Q�H�2�@�B�M�/�m�+�2�/ �T�?���b�2 �K�B�b�K���i�+�?� kd �+���M �#�2 �+���H�+�m�H���i�2�/ ���b �i�?�2 �T�?���b�2 �U� d�V ���+�+�m�K�m�@

�H���i�2�/ �#�v �i�?�2 �2�H�2�+�i�`�Q�M �B�M �i�?�2 �+�Q�M�i�B�M�m�m�K �(�3�9�-�3�8�)�,

� kd =
@� d

@I(z)
@I(z)

@z
; �U�R�X�e�e�V

�r�B�i�? �i�?�2 �i�2�t�i�#�Q�Q�F �2�t�T�`�2�b�b�B�Q�M �Q�7 �Q�M�@���t�B�b �B�M�i�2�M�b�B�i�v �p���`�B���i�B�Q�MI (z) �Q�7 �:���m�b�b�B���M �#�2���K�b�- �;�B�p�B�M�;

� kd;i = �
2z� d(z)
L2

R + z2
; �U�R�X�e�d�V



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �R�N

�r�?�2�`�2

� d;i (z) = � d;i I (z) �

 d;i

I (z)

�
! q �

I p

�‰h

� 2

: �U�R�X�e�3�V

�h�?�2 �B�M�/�2�ti �+���M �#�2 �`�2�T�`�2�b�2�M�i�B�M�; �p���H�m�2�b �#�2�H�Q�M�;�B�M�; �i�Q �b�?�Q�`�i �Q�` �H�Q�M�; �i�`���D�2�+�i�Q�`�B�2�b�-� �B�b �i�?�2

�T�Q�H���`�B�x���#�B�H�B�i�v�-I p �B�b �i�?�2 �B�Q�M�B�x���i�B�Q�M �T�Q�i�2�M�i�B���H�-
 �7�Q�` �b�?�Q�`�i �i�`���D�2�+�i�Q�`�B�2�b �2�[�m���H �i�Q �y�X�k�kcme/( �� )

���M�/ �@�y�X�R�Ncme/( �� ) �7�Q�` �i�?�2 �H�Q�M�; �i�`���D�2�+�i�Q�`�B�2�b ���M�/ �`�2�H���i�2�/ �i�Q �i�?�2 �;�`�Q�m�T �/�2�H���v �/�B�b�T�2�`�b�B�Q�M �Q�7

�i�?�2 �?���`�K�Q�M�B�+ �`���/�B���i�B�Q�M�-� �B�b �i�?�2 �r���p�2�H�2�M�;�i�? �Q�7 �i�?�2 �?���`�K�Q�M�B�+ �Q�`�/�2�`�-c �B�b �i�?�2 �b�T�2�2�/ �Q�7 �H�B�;�?�i

���M�/me �B�b �i�?�2 �K���b�b �Q�7 �i�?�2 �2�H�2�+�i�`�Q�M�X �A�i �B�b ���H�b�Q �B�K�T�Q�`�i���M�i �i�Q �M�Q�i�2�- �i�?���i �i�?�2� kd;i �b�B�;�M

�+�?���M�;�2�b �#�2�7�Q�`�2 ���M�/ ���7�i�2�` �i�?�2 �B�i�2�`���i�B�Q�M�X

�S�2���F �B�M�i�2�M�b�B�i�v �Q�7I 0 = 2 � 1014 �q / �+�K�k �?���/ �#�2�2�M ���T�T�H�B�2�/ ���M�/ �_���v�H�2�B�;�? �H�2�M�;�i�? �Q�7

LR =192 �K�K�- �#�Q�i�? �p���H�m�2�b �Q�`�B�;�B�M���i�B�M�; �7�`�Q�K �i�?�2 �2�t�T�2�`�B�K�2�M�i���H �+�Q�M�/�B�i�B�Q�M�b �/�2�i���B�H�2�/ �B�M �b�2�+�@

�i�B�Q�M�k�X�k�X�R�X �6�Q�` �i�?�2 �`�2�b�m�H�i�b �B�M �}�;�m�`�2�R�X�9�Q�M�H�v �i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M�b �7�`�Q�K �i�?�2 �b�?�Q�`�i �i�`���D�2�+�i�Q�`�B�2�b

�?���/ �#�2�2�M �+�Q�M�b�B�/�2�`�2�/�- �r�?�B�+�? ���`�2 �m�b�m���H�H�v �i�?�2 �/�Q�K�B�M���M�i �Q�M�2�X �A�i �B�b �B�K�T�Q�`�i���M�i �i�Q �M�Q�i�2�- �i�?���i

���7�i�2�` �7�Q�+�m�b �U�2�X�;�X �x�4�y�V� kd �i���F�2�b �Q�M�H�v �T�Q�b�B�i�B�p�2 �p���H�m�2�b�X

�h�?�2 �;�2�Q�K�2�i�`�B�+ �T�?���b�2 �K�B�b�K���i�+�? �B�M �?�B�;�?�@�?���`�K�Q�M�B�+ �;�2�M�2�`���i�B�Q�M ���`�B�b�2�b �7�`�Q�K �i�?�2 �7�Q�+�m�b�B�M�;

�T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �/�`�B�p�B�M�; �H���b�2�` �#�2���K�X �6�Q�` �� �:���m�b�b�B���M �#�2���K�- �i�?�B�b �T�?���b�2 �p���`�B���i�B�Q�M �B�b �;�Q�p�2�`�M�2�/

�#�v �i�?�2 �:�Q�m�v �T�?���b�2 �b�?�B�7�i�- �r�?�B�+�? �B�b �/�2�}�M�2�/ ���b

� (z) = �i���M� 1

�
z
zR

�
; �U�R�X�e�N�V

�r�?�2�`�2z �B�b �i�?�2 �T�`�Q�T���;���i�B�Q�M �+�Q�Q�`�/�B�M���i�2 ���H�Q�M�; �i�?�2 �#�2���K ���t�B�b ���M�/zR �B�b �i�?�2 �_���v�H�2�B�;�?

�H�2�M�;�i�? �(�3�9�)�X �h�?�2 �:�Q�m�v �T�?���b�2 �`�2�T�`�2�b�2�M�i�b �i�?�2 ���/�/�B�i�B�Q�M���H �T�?���b�2 ���+�[�m�B�`�2�/ �#�v �i�?�2 �#�2���K ���b �B�i

�T���b�b�2�b �i�?�`�Q�m�;�? �i�?�2 �7�Q�+���H �`�2�;�B�Q�M�- ���K�Q�m�M�i�B�M�; �i�Q �� �i�Q�i���H �b�?�B�7�i �Q�7� �`���/�B���M�b �7�`�Q�Kz ! �1 �i�Q

z ! + 1 �X

�A�M �i�?�2 �+�Q�M�i�2�t�i �Q�7 �>�>�:�- �p���`�B���i�B�Q�M�b �B�M �i�?�2 �7�m�M�/���K�2�M�i���H �}�2�H�/�ö�b �T�?���b�2 �/�B�`�2�+�i�H�v ���z�2�+�i �i�?�2

�T�?���b�2 �K���i�+�?�B�M�; �#�2�i�r�2�2�M �i�?�2 �/�`�B�p�B�M�; �B�M�7�`���`�2�/ �U�A�_�V �H���b�2�` ���M�/ �i�?�2 �;�2�M�2�`���i�2�/ �?���`�K�Q�M�B�+ �}�2�H�/�X

�q�?�2�M �+�Q�M�b�B�/�2�`�B�M�; �Q�M�H�v �i�?�2 �/�2�7�Q�+�m�b�B�M�; �2�z�2�+�i �Q�7 �i�?�2 �A�_ �#�2���K ���M�/ �M�2�;�H�2�+�i�B�M�; �+�Q�M�i�`�B�#�m�i�B�Q�M�b

�7�`�Q�K �i�?�2 �?���`�K�Q�M�B�+ �#�2���K�ö�b �/�B�p�2�`�;�2�M�+�2�- �i�?�2 �;�2�Q�K�2�i�`�B�+���H �T�?���b�2 �K�B�b�K���i�+�? �+���M �#�2 �2�t�T�`�2�b�b�2�/

���b

� kg(z; q) = q
d� (z)

dz
= �

qzR

z2 + z2
R

: �U�R�X�d�y�V

�>�2�`�2�-q �/�2�M�Q�i�2�b �i�?�2 �?���`�K�Q�M�B�+ �Q�`�/�2�`�- ���M�/ �i�?�2 �M�2�;���i�B�p�2 �b�B�;�M �`�2�~�2�+�i�b �i�?�2 �7���+�i �i�?���i �i�?�2

�:�Q�m�v �T�?���b�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �;�2�M�2�`���H�H�v �Q�T�T�Q�b�2�b �T�2�`�7�2�+�i �T�?���b�2 �K���i�+�?�B�M�;�X �h�?�B�b �i�2�`�K �#�2�+�Q�K�2�b

�K�Q�b�i �b�B�;�M�B�}�+���M�i �M�2���` �i�?�2 �7�Q�+���H �`�2�;�B�Q�M�- �r�?�2�`�2 �i�?�2 �/�2�`�B�p���i�B�p�2d� / dz �`�2���+�?�2�b �B�i�b �K���t�B�K�m�K

�K���;�M�B�i�m�/�2�X

�6�B�;�m�`�2�R�X�8�b�?�Q�r�b �i�?�2 �+���H�+�m�H���i�2�/ �;�2�Q�K�2�i�`�B�+���H �T�?���b�2 �K�B�b�K���i�+�?� kg ���b �� �7�m�M�+�i�B�Q�M �Q�7

�T�`�Q�T���;���i�B�Q�M �/�B�b�i���M�+�2 �7�Q�` �/�B�z�2�`�2�M�i �?���`�K�Q�M�B�+ �Q�`�/�2�`�b�X �h�?�2 �`�2�b�m�H�i�b �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �>�>�:

�T�`�Q�+�2�b�b �B�M �i�?�2 �>�>�:�R �;���b �+�2�H�H �/�2�b�+�`�B�#�2�/ �B�M �a�2�+�i�B�Q�M�k�X�k�X ���b �+���M �#�2 �b�2�2�M�- �?�B�;�?�2�` �?���`�K�Q�M�B�+

�Q�`�/�2�`�b �2�t�?�B�#�B�i �T�`�Q�T�Q�`�i�B�Q�M���H�H�v �H���`�;�2�` �;�2�Q�K�2�i�`�B�+ �T�?���b�2 �K�B�b�K���i�+�?�- �r�?�B�+�? �+���M �b�i�`�Q�M�;�H�v �H�B�K�B�i



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�y

�6�B�;�m�`�2 �R�X�8�,�:�2�Q�K�2�i�`�B�+���H �T�?���b�2 �K�B�b�K���i�+�?� kg(z; q) �7�Q�` �b�2�H�2�+�i�2�/ �?���`�K�Q�M�B�+
�Q�`�/�2�`�b�- �+���H�+�m�H���i�2�/ �m�b�B�M�; �i�?�2 �#�2���K �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �>�>�:�R �;���b �+�2�H�H�X �h�?�2
�K�B�b�K���i�+�? �B�b �H���`�;�2�b�i �M�2���` �i�?�2 �7�Q�+�m�b �Uz = 0 �V ���M�/ �b�+���H�2�b �H�B�M�2���`�H�v �r�B�i�? �i�?�2
�?���`�K�Q�M�B�+ �Q�`�/�2�`q�X �S���M�2�H �U���V �b�?�Q�r�b �i�?�2 �x �/�2�T�2�M�/�2�M�+�2 �Q�7� kg�- �r�?�B�H�2 �U�#�V

�b�?�Q�r�b �H�B�M�2�Q�m�i�b �7�Q�` �� �7�2�r �b�2�H�2�+�i�2�/ �x �p���H�m�2�b�X

�i�?�2 �+�Q�?�2�`�2�M�+�2 �H�2�M�;�i�? �m�M�H�2�b�b �+�Q�K�T�2�M�b���i�2�/ �#�v �Q�i�?�2�` �T�?���b�2 �K���i�+�?�B�M�; �+�Q�M�i�`�B�#�m�i�B�Q�M�b �b�m�+�? ���b

�T�H���b�K�� �Q�` �M�2�m�i�`���H �;���b �/�B�b�T�2�`�b�B�Q�M�X �L�2�m�i�`���H �/�B�b�T�2�`�b�B�Q�M ���H�b�Q �+���m�b�2�b �T�?���b�2 �K�B�b�K���i�+�?�-� kn �-

�r�?�B�+�? �/�2�T�2�M�/�b �Q�M �i�?�2 �`�2�7�`���+�i�B�p�2 �B�M�/�2�t �Q�7 �i�?�2 �;�2�M�2�`���i�B�Q�M �K�2�/�B�m�K ���i �i�?�2 �r���p�2�H�2�M�;�i�? �Q�7 �i�?�2

�;�2�M�2�`���i�B�M�; �}�2�H�/ ���M�/ �i�?�2 �;�2�M�2�`���i�2�/ �s�l�o ���+�+�Q�`�/�B�M�; �i�Q �1�[�X �U�d�V �Q�7 �_�2�7�X �(�3�j�)�- �i�?���i �B�b

� kn = q
! 1

c
(n1 � nq) ; �U�R�X�d�R�V

�_�2�7�`���+�i�B�p�2 �B�M�/�2�tn1 �7�Q�` �i�?�2 �+�2�M�i�`���H �r���p�2�H�2�M�;�i�? �Q�7� = 840 �M�K �r���b �Q�#�i���B�M�2�/ �7�`�Q�K �_�2�7�X �(�3�e�)�X

�A�M �+���b�2 �Q�7 �s�l�o �T�?�Q�i�Q�M �2�M�2�`�;�B�2�b�- �i�?�2 �`�2�7�`���+�i�B�p�2 �B�M�/�2�tnq �r���b �+���H�+�m�H���i�2�/ �#���b�2�/ �Q�M �2�t�@

�T�`�2�b�b�B�Q�M�b �B�M �_�2�7�X �(�3�d�) �m�b�B�M�; ���i�Q�K�B�+ �b�+���i�i�2�`�B�M�; �7�Q�`�K �7���+�i�Q�`�b �7�`�Q�K �L�A�a�h �(�3�3�)�X �A�M �+���b�2 �Q�7

�#�Q�i�? �`�2�7�`���+�i�B�p�2 �B�M�/�B�+�2�bn2 � 1�-n1 ���M�/nq�- �B�i �b�i���M�/�b �i�?���i(n2 � 1) � � �U�j�X�R�9�V�- �Q�` �b�B�K�T�H�2�`

(n � 1) � � �i�?���i �B�b �i�?�2�B�` �/�B�z�2�`�2�M�+�2 �7�`�Q�K1�- �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �M�m�K�#�2�` �/�2�M�b�B�i�v�X

�h�?�2 �`�2�b�m�H�i�B�M�; �T�?���b�2 �K�B�b�K���i�+�? �B�b �T�H�Q�i�i�2�/ �B�M �6�B�;�m�`�2�R�X�e���b �� �7�m�M�+�i�B�Q�M �Q�7 �T�?�Q�i�Q�M �2�M�2�`�;�v

�7�Q�` �i�?�2 �?�B�;�?�2�b�i �M�m�K�#�2�` �/�2�M�b�B�i�v �B�M�p�Q�H�p�2�/ �B�M �i�?�B�b �b�i�m�/�v�-� = 2:4� 1018 �R/ �+�K�j �X �h�?�2 �B�Q�M�B�x���i�B�Q�M

�� ���M�/ �i�?�2 �T�H���b�K�� �;�2�M�2�`���i�2�/ �� �B�b �� �F�2�v �7���+�i�Q�` �i�m�M�B�M�; �T�?���b�2 �K���i�+�?�B�M�; �i�?�`�Q�m�;�? �i�?�2 �i�2�`�K

� kp�X �h�?�B�b �T�?���b�2 �K�B�b�K���i�+�? �i�2�`�K �r���b �+���H�+�m�H���i�2�/ �m�b�B�M�; �1�[�X �U�3�V �Q�7 �_�2�7�X �(�3�j�)�- �r�?�B�+�? �`�2���/�b ���b

� kp = q
! 1

c
(ne

1 � ne
q) ; �U�R�X�d�k�V

�/�2�}�M�2�/ �#�v �i�?�2 �T�H���b�K�� �`�2�7�`���+�i�B�p�2 �B�M�/�2�tne
q =

p
1 � Ne/ Nc�- �r�?�2�`�2Ne = � � �B�b �i�?�2 �M�m�K�#�2�`

�/�2�M�b�B�i�v �Q�7 �7�`�2�2 �2�H�2�+�i�`�Q�M�b �U� �#�2�B�M�; �i�?�2 �B�Q�M�B�x���i�B�Q�M �`���i�B�Q ���M�/� �i�?�2 ���i�Q�K �M�m�K�#�2�` �/�2�M�b�B�i�v�V�X



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�R

�6�B�;�m�`�2 �R�X�e�,�*���H�+�m�H���i�2�/ �T�?���b�2 �K�B�b�K���i�+�? �/�m�2 �i�Q �`�2�7�`���+�i�B�p�2 �B�M�/�2�t �Q�7 �i�?�2
�M���i�m�`���H ���i�Q�K�b �B�M �i�?�2 �K�2�/�B�m�K�X ���b �i�?�B�b �B�b �M�Q�i �/�2�T�2�M�/�2�M�i �b�i�`�Q�M�;�H�v �Q�M �i�?�2 �x
�T�Q�b�B�i�B�Q�M�- ���H�H �i�?�`�2�2 �H�B�M�2�b �Q�p�2�`�H���T�X �S���M�2�H �U���V �b�?�Q�r�b �i�?�2 �x �/�2�T�2�M�/�2�M�+�2 �Q�7� kn �-

�r�?�B�H�2 �U�#�V �b�?�Q�r�b �H�B�M�2�Q�m�i�b �7�Q�` �� �7�2�r �b�2�H�2�+�i�2�/ �x �p���H�m�2�b�X

�6�B�;�m�`�2 �R�X�d�,�h�?�2 �+���H�+�m�H���i�2�/ �T�?���b�2 �K�B�b�K���i�+�? ���`�B�b�B�M�; �7�`�Q�K �7�`�2�2 �2�H�2�+�i�`�Q�M�b �B�M
�i�?�2 �K�2�/�B�m�K �2�t�?�B�#�B�i�b �B�i�b �H���`�;�2�b�i �M�2�;���i�B�p�2 �p���H�m�2 ���i �i�?�2 �7�Q�+�m�b �Uz = 0 �V �r�?�2�`�2
�i�?�2 �B�M�i�2�M�b�B�i�v �B�b �?�B�;�?�2�b�i�- ���M�/ �;�`���/�m���H�H�v ���T�T�`�Q���+�?�2�b �x�2�`�Q ���i �T�Q�b�B�i�B�Q�M�b �7���`�i�?�2�`
�7�`�Q�K �i�?�2 �7�Q�+�m�b�- �r�?�B�+�? �H�B�2�b ���i �i�?�2 �+�2�M�i�2�` �Q�7 �i�?�2 �;���b �K�2�/�B�m�K�X �S���M�2�H �U���V �b�?�Q�r�b
�i�?�2 �x �/�2�T�2�M�/�2�M�+�2 �Q�7� kp�- �r�?�B�H�2 �U�#�V �b�?�Q�r�b �H�B�M�2�Q�m�i�b �7�Q�` �� �7�2�r �b�2�H�2�+�i�2�/ �x

�p���H�m�2�b�X

�h�?�2 �T�?�Q�i�Q�M �2�M�2�`�;�v �/�2�T�2�M�/�2�M�+�2 �Q�7 �T�H���b�K�� �`�2�7�`���+�i�B�p�2 �B�M�/�2�t ���T�T�2���`�b �i�?�`�Q�m�;�? �i�?�2 �+�`�B�i�B�+���H

�/�2�M�b�B�i�vNc = "0m! 2/ e2�X �h�?�2 �`�2�b�m�H�i�B�M�; �p���H�m�2�b �Q�7� kp ���`�2 �T�H�Q�i�i�2�/ �B�M �6�B�;�m�`�2�R�X�d���b ��

�7�m�M�+�i�B�Q�M �Q�7 �T�?�Q�i�Q�M �2�M�2�`�;�v �7�Q�`� = 2 � 1018 �R/ �+�K�j �/�2�M�b�B�i�v ���M�/ ���M �B�Q�M�B�x���i�B�Q�M �`���i�B�Q �Q�7

� = 5 �W �U�i�?�B�b �+�?�Q�B�+�2 �Q�7 �B�Q�M�B�x���i�B�Q�M �`���i�B�Q �r�B�H�H �#�2 �2�t�T�H���B�M�2�/ �H���i�2�`�V�X �h�?�B�b �T�?���b�2 �K�B�b�K���i�+�?

�i�2�`�K �B�b �T�`�Q�T�Q�`�i�B�Q�M���H �#�Q�i�? �i�Q �/�2�M�b�B�i�v ���M�/ �B�Q�M�B�x���i�B�Q�M �`���i�B�Q �(�3�k�)�- �i�?���i �B�b� kp � � � �U�b�2�2



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�k

�6�B�;�m�`�2 �R�X�3�,�*���H�+�m�H���i�2�/ �i�Q�i���H �T�?���b�2 �K�B�b�K���i�+�?� k(z) �7�Q�` �i�?�2 �>�>�:�R �;���b
�+�2�H�H �+�Q�M�}�;�m�`���i�B�Q�M�X �h�?�2 �7�Q�+�m�b �B�b �T�H���+�2�/ ���i �i�?�2 �+�2�M�i�2�` �Q�7 �i�?�2 �+�2�H�H�- �`�2�b�m�H�i�B�M�; �B�M
�7���p�Q�`���#�H�2 �T�?���b�2 �K���i�+�?�B�M�; �7�Q�` �H�Q�r�@�Q�`�/�2�` �?���`�K�Q�M�B�+�b ���i �i�?�2 �2�M�i�`���M�+�2 ���M�/ �7�Q�`

�?�B�;�?�2�`�@�Q�`�/�2�` �?���`�K�Q�M�B�+�b �M�2���` �i�?�2 �2�t�B�i�X

�2�t�T�H�B�+�B�i �2�t�T�`�2�b�b�B�Q�M�b �7�Q�` �#�Q�i�?� kn ���M�/� kp �B�M �_�2�7�X �(�3�k�)�V�X �S�?���b�2 �K���i�+�?�B�M�; �B�M �?�B�;�?�@�?���`�K�Q�M�B�+

�;�2�M�2�`���i�B�Q�M �B�b ���+�?�B�2�p�2�/ �r�?�2�M �i�?�2 �i�Q�i���H �T�?���b�2 �K�B�b�K���i�+�?�- �/�2�}�M�2�/ ���b �i�?�2 �b�m�K �Q�7 ���H�H �`�2�H�2�p���M�i

�+�Q�M�i�`�B�#�m�i�B�Q�M�b �B�M �1�[�X �U�R�X�e�8�V�- ���T�T�`�Q���+�?�2�b �x�2�`�Q�X �A�M �i�?�B�b �b�B�i�m���i�B�Q�M�- �i�?�2 �T�?���b�2 �p�2�H�Q�+�B�i�v �Q�7 �i�?�2

�;�2�M�2�`���i�2�/ �?���`�K�Q�M�B�+ �}�2�H�/ �B�b �K���i�+�?�2�/ �i�Q �i�?���i �Q�7 �i�?�2 �/�`�B�p�B�M�; �B�M�7�`���`�2�/ �}�2�H�/�- ���H�H�Q�r�B�M�; �i�?�2

�?���`�K�Q�M�B�+ �2�K�B�b�b�B�Q�M �7�`�Q�K �/�B�z�2�`�2�M�i �T�Q�b�B�i�B�Q�M�b ���H�Q�M�; �i�?�2 �K�2�/�B�m�K �i�Q �B�M�i�2�`�7�2�`�2 �+�Q�M�b�i�`�m�+�i�B�p�2�H�v�X

�h�?�2 �+�Q�?�2�`�2�M�+�2 �H�2�M�;�i�? �B�b �B�M�p�2�`�b�2 �T�`�Q�T�Q�`�i�B�Q�M���H �i�Q �i�?�2 �T�?���b�2 �K�B�b�K���i�+�? �U�1�[�X �U�R�X�e�9�V�V�- �B�M �i�?�2

�b�T�2�+�B���H �+���b�2 �r�?�2�`�2� k = 0�- �i�?�2 �+�Q�?�2�`�2�M�+�2 �H�2�M�;�i�? �#�2�+�Q�K�2�b �7�Q�`�K���H�H�v �B�M�}�M�B�i�2�- �K�2���M�B�M�; �i�?���i

�i�?�2 �;�2�M�2�`���i�2�/ �?���`�K�Q�M�B�+ �}�2�H�/ �+���M �#�m�B�H�/ �m�T �+�Q�?�2�`�2�M�i�H�v �Q�p�2�` �i�?�2 �2�M�i�B�`�2 �B�M�i�2�`���+�i�B�Q�M �`�2�;�B�Q�M

�r�B�i�?�Q�m�i �/�2�b�i�`�m�+�i�B�p�2 �B�M�i�2�`�7�2�`�2�M�+�2�X �A�M �T�`���+�i�B�+�2�- �T�2�`�7�2�+�i �T�?���b�2 �K���i�+�?�B�M�; �B�b �`���`�2�H�v ���+�?�B�2�p�2�/

�Q�p�2�` �H�Q�M�; �/�B�b�i���M�+�2�b�- �#�m�i �T���`�i�B���H �+�Q�K�T�2�M�b���i�B�Q�M �Q�7 �T�?���b�2 �K�B�b�K���i�+�? �+���M �b�i�B�H�H �b�B�;�M�B�}�+���M�i�H�v

�2�M�?���M�+�2 �i�?�2 �>�>�: �v�B�2�H�/�X

�6�B�;�m�`�2�R�X�3�B�H�H�m�b�i�`���i�2�b �i�?�2 �b�T���i�B���H �/�2�T�2�M�/�2�M�+�2 �Q�7 �i�?�2 �i�Q�i���H �T�?���b�2 �K�B�b�K���i�+�?� k(z) �7�Q�`

�i�?�2 �b�T�2�+�B�}�+ �+�Q�M�}�;�m�`���i�B�Q�M �r�?�2�`�2 �i�?�2 �H���b�2�` �7�Q�+�m�b �B�b �T�Q�b�B�i�B�Q�M�2�/ ���i �i�?�2 �+�2�M�i�2�` �Q�7 �i�?�2 �;���b �+�2�H�H

�U�x�4�y�V�X �l�M�/�2�` �i�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b�- �H�Q�r�2�`�@�Q�`�/�2�` �?���`�K�Q�M�B�+�b ���`�2 �2�{�+�B�2�M�i�H�v �;�2�M�2�`���i�2�/ �M�2���` �i�?�2

�2�M�i�`���M�+�2 �Q�7 �i�?�2 �+�2�H�H�- �r�?�2�`�2 �i�?�2 �T�?���b�2 �K�B�b�K���i�+�? �B�b �b�K���H�H ���M�/ �T�Q�b�B�i�B�p�2�- �r�?�B�H�2 �?�B�;�?�2�`�@�Q�`�/�2�`

�?���`�K�Q�M�B�+�b �i�2�M�/ �i�Q �#�2 �;�2�M�2�`���i�2�/ �+�H�Q�b�2�` �i�Q �i�?�2 �2�t�B�i �Q�7 �i�?�2 �+�2�H�H�- �r�?�2�`�2 �i�?�2 �T�?���b�2 �K�B�b�K���i�+�?

�+�?���M�;�2�b �b�B�;�M ���M�/ �+�Q�K�T�2�M�b���i�2�b �Q�i�?�2�` �/�B�b�T�2�`�b�B�p�2 �2�z�2�+�i�b�X �h�?�B�b �b�T���i�B���H �b�2�T���`���i�B�Q�M �Q�7 �Q�T�i�B�K���H

�;�2�M�2�`���i�B�Q�M �x�Q�M�2�b �`�2�~�2�+�i�b �i�?�2 �B�M�i�2�`�T�H���v �#�2�i�r�2�2�M �;�2�Q�K�2�i�`�B�+�- �/�B�b�T�2�`�b�B�p�2�- ���M�/ �T�H���b�K���@�B�M�/�m�+�2�/

�+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�Q �i�?�2 �T�?���b�2 �K�B�b�K���i�+�?�X

�h�?�2 �i�Q�i���H �>�>�: �v�B�2�H�/ �+���M �#�2 �+���H�+�m�H���i�2�/ �m�b�B�M�; �1�[�X �U�R�X�8�N�V�- �i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �T�`�2�p�B�@

�Q�m�b�H�v �/�2�}�M�2�/ �+�Q�?�2�`�2�M�+�2 �H�2�M�;�i�?�X �h�?�B�b ���T�T�`�Q���+�? ���H�H�Q�r�b �m�b �i�Q �K�Q�/�2�H �/�B�z�2�`�2�M�i �2�t�T�2�`�B�K�2�M�i���H



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�j

�b�+�2�M���`�B�Q�b�- �i�?�2 �`�2�b�m�H�i�b �Q�7 �r�?�B�+�? ���`�2 �T�`�2�b�2�M�i�2�/ �B�M �a�2�+�i�B�Q�M�k�X�j�X

�R�X�k�X�d �S�`�2�b�b�m�`�2 ���M�/ �H�2�M�;�i�? �/�2�T�2�M�/�2�M�+�2 �Q�7 �T�?���b�2 �K���i�+�?�B�M�;

�J���t�B�K�m�K �?���`�K�Q�M�B�+ �;�2�M�2�`���i�B�Q�M �Q�+�+�m�`�b �r�?�2�ML �+�Q�?� L �K�2�/�- �K�2���M�B�M�; �i�?���i �2�{�+�B�2�M�i �T�?���b�2

�K���i�+�?�B�M�; �B�b �K���B�M�i���B�M�2�/ �Q�p�2�` �i�?�2 �2�M�i�B�`�2 �H�2�M�;�i�? �Q�7 �i�?�2 �K�2�/�B�m�K�X �A�M �+�Q�M�i�`���b�i�- �b�?�Q�`�i�2�` �+�Q�?�2�`�@

�2�M�+�2 �H�2�M�;�i�?�b �H�2���/ �i�Q �T���`�i�B���H �/�2�b�i�`�m�+�i�B�p�2 �B�M�i�2�`�7�2�`�2�M�+�2 ���M�/ �i�?�m�b �� �`�2�/�m�+�2�/ �v�B�2�H�/�X �q�?�2�M �i�?�2

�T�?���b�2 �K�B�b�K���i�+�? �B�b �p�2�`�v �b�K���H�H �UL �+�Q�?� L ���#�b�- �Q�` �2�[�m�B�p���H�2�M�i�H�v�
L �+�Q�?

� 1
2L ���#�b

�- �B�X�2�X� k ! 0�V�- ���#�@

�b�Q�`�T�i�B�Q�M �#�2�+�Q�K�2�b �i�?�2 �/�Q�K�B�M���M�i �H�B�K�B�i�B�M�; �7���+�i�Q�`�X �A�M �i�?�B�b �`�2�;�B�K�2�- �m�b�B�M�; �i�?�2 �7�Q�`�K �B�M�i�`�Q�/�m�+�2�/

�B�M �1�[�X �U�R�X�e�j�V�- �i�?�2 �i�2�`�KR0 �p���M�B�b�?�2�b�- ���M�/ �i�?�2 �2�t�T�`�2�b�b�B�Q�M �b�B�K�T�H�B�}�2�b �i�Q

I q = S�K���t

�
�1 � e� L

�
�2

; �U�R�X�d�j�V

�r�?�2�`�2L = L �K�2�//(2 L ���#�b)�X ���b �7�Q�` �Q�T�i�B�K���H �>�>�: �+�Q�M�/�B�i�B�Q�M�b�-L � 1 �i�?�2 �2�t�T�Q�M�2�M�i�B���H �+���M �#�2

�2�t�T���M�/�2�/ �B�M�i�Q �� �h���v�H�Q�` �b�2�`�B�2�b ���`�Q�m�M�/ �G�4�y �U�i�?�2 �b�K���H�H ���#�b�Q�`�T�i�B�Q�M �H�B�K�B�i�V�- �r�2 �Q�#�i���B�M

1 � e� L = 1 � (1 � L + : : : ) = L � : : : �U�R�X�d�9�V

���M�/�- �F�2�2�T�B�M�; �Q�M�H�v �i�?�2 �}�`�b�i�@�Q�`�/�2�` �i�2�`�K�- �i�?�2 �>�>�: �~�m�t �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ ���b

I q = Aq � 2jdqj2 L2
�K�2�/ � (N0L �K�2�/)2 / (PL �K�2�/)2: �U�R�X�d�8�V

�h�?�2 �2�[�m���i�B�Q�M �b�?�Q�r�b �i�?���i �r�?�2�M �i�?�2 �T�`�2�b�b�m�`�2 �B�b �H���`�;�2�- �i�?�2 �K�2�/�B�m�K �H�2�M�;�i�? �b�?�Q�m�H�/ �#�2

�b�?�Q�`�i �i�Q �2�M�b�m�`�2 �Q�T�i�B�K���H �v�B�2�H�/ ���M�/ �p�B�+�2 �p�2�`�b���X �h�?�B�b �[�m���/�`���i�B�+ �/�2�T�2�M�/�2�M�+�2 �Q�M �#�Q�i�? �i�?�2

�T�`�2�b�b�m�`�2 ���M�/ �i�?�2 �K�2�/�B�m�K �H�2�M�;�i�? �B�b �i�?�2 �+�2�M�i�`���H �`�2�b�m�H�i �/�B�b�+�m�b�b�2�/ �B�M �a�2�+�i�B�Q�M�k�- �r�?�2�`�2 �i�?�2

�+�Q�`�`�2�b�T�Q�M�/�B�M�; �b�B�K�m�H���i�B�Q�M�b ���M�/ �2�t�T�2�`�B�K�2�M�i���H �`�2�b�m�H�i�b ���`�2 �T�`�2�b�2�M�i�2�/�X

�R�X�k�X�3 �h�2�K�T�Q�`���H �T�?���b�2 �Q�7 �m�H�i�`���b�?�Q�`�i �T�m�H�b�2�b

�h�?�2 �i�2�K�T�Q�`���H �7�Q�`�K �Q�7 ���M �2�H�2�+�i�`�B�+ �}�2�H�/ �+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K �i�?�2 �B�M�p�2�`�b�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K

�Q�7 �B�i�b �b�T�2�+�i�`���H ���K�T�H�B�i�m�/�2 ���M�/ �b�T�2�+�i�`���H �T�?���b�2 �(�3�N�)�,

E(t) = F � 1
�
E(! )e� i� (! )ei!t

�
: �U�R�X�d�e�V

�h�?�2 �b�T�2�+�i�`���H �T�?���b�2� (! ) �+���M �#�2 �2�t�T���M�/�2�/ �B�M �� �h���v�H�Q�` �b�2�`�B�2�b ���`�Q�m�M�/ �i�?�2 �+�2�M�i�`���H �7�`�2�@

�[�m�2�M�+�v! 0�,

� (! ) = � (! 0) +
d�
d! ! 0

(! � ! 0) +
1
2

d2�
d! 2

! 0

(! � ! 0)2 + : : : ; �U�R�X�d�d�V



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�9

�r�?�2�`�2 �i�?�2 �+�Q�2�{�+�B�2�M�i�b �Q�7 �i�?�2 �}�`�b�i ���M�/ �b�2�+�Q�M�/ �/�2�`�B�p���i�B�p�2�b �B�M�i�`�Q�/�m�+�2 �B�K�T�Q�`�i���M�i �i�2�K�T�Q�`���H

�+�?���`���+�i�2�`�B�b�i�B�+�b �Q�7 �i�?�2 �T�m�H�b�2�X �q�2 �/�2�}�M�2

� GD =
d�
d! ! 0

; � GDD =
d2�
d! 2

! 0

; �U�R�X�d�3�V

�r�?�B�+�? ���`�2 �`�2�7�2�`�`�2�/ �i�Q ���b �i�?�2�;� �̀Q�m�T �/�2�H���v���M�/ �i�?�2�;� �̀Q�m�T �/�2�H���v �/�B�b�T�2�`�b�B�Q�M�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�A�M �;�2�M�2�`���H�- �i�?�2 �+�2�M�i�2�` �Q�7 �i�?�2 �i�2�K�T�Q�`���H �T�m�H�b�2 �2�M�p�2�H�Q�T�2 ���M�/ �i�?�2 �T�?���b�2 �Q�7 �i�?�2 �+���`�`�B�2�`

�r���p�2 ���`�2 �M�Q�i �T�2�`�7�2�+�i�H�v �b�v�M�+�?�`�Q�M�B�x�2�/�X �h�?�2 �T�?���b�2 �Q�7 �� �b�?�Q�`�i �:���m�b�b�B���M �H���b�2�` �T�m�H�b�2 �+���M �#�2

���T�T�`�Q�t�B�K���i�2�/ �#�v �i�?�2 �+���`�`�B�2�`�@�2�M�p�2�H�Q�T�2 �T�?���b�2 �U�*�1�S�V �(�N�y�)�,

� CEP = � GD ! 0 � � 0 � 1
2 ���`�+�i���M

�
4�H�M2� GDD

� 2
p0

�
; �U�R�X�d�N�V

�r�?�B�+�? �+�?���`���+�i�2�`�B�x�2�b �i�?�2 �Q�z�b�2�i �#�2�i�r�2�2�M �i�?�2 �+���`�`�B�2�` �Q�b�+�B�H�H���i�B�Q�M�b ���M�/ �i�?�2 �T�m�H�b�2 �2�M�p�2�H�Q�T�2�X

�6�B�;�m�`�2 �R�X�N�,�1�H�2�+�i�`�B�+ �}�2�H�/ ���M�/ �T�m�H�b�2 �2�M�p�2�H�Q�T�2 �Q�7 ��4 �7�b �T�m�H�b�2 �b�?�Q�r�M �7�Q�` �i�r�Q
�/�B�z�2�`�2�M�i �*�1�S �p���H�m�2�b�X �h�?�2 �p�2�`�i�B�+���H �/���b�?�2�/ �H�B�M�2�b �B�M�/�B�+���i�2 �i�?�2 �i�B�K�2 ���i �r�?�B�+�?

�i�?�2 �2�H�2�+�i�`�B�+ �}�2�H�/ �`�2���+�?�2�b �B�i�b �T�2���F �7�Q�` �2���+�? �+���b�2�X

�h�?�B�b �T�?���b�2 �/�B�z�2�`�2�M�+�2 �#�2�+�Q�K�2�b �T���`�i�B�+�m�H���`�H�v �B�K�T�Q�`�i���M�i �B�M �i�?�2 �+���b�2 �Q�7 �7�2�r�@�+�v�+�H�2 �H���b�2�`

�T�m�H�b�2�b�X �6�Q�` �B�M�b�i���M�+�2�- �B�M �i�?�2 �b�B�M�;�H�2�@�+�v�+�H�2 �H�B�K�B�i�- �� �+�Q�b�B�M�2 �}�2�H�/ �U� CEP = 0�V �`�2���+�?�2�b �B�i�b

�K���t�B�K�m�K �Q�M�H�v �Q�M�+�2 �U�#�H�m�2 �p�2�`�i�B�+���H �/���b�?�2�/ �H�B�M�2 �}�;�m�`�2�R�X�N�V�- �r�?�2�`�2���b �� �b�B�M�2 �}�2�H�/ �U� CEP =

� /2 �V �`�2���+�?�2�b �B�i�b �K���t�B�K�m�K �i�r�B�+�2 �U�;�`�2�2�M �p�2�`�i�B�+���H �/���b�?�2�/ �H�B�M�2 �}�;�m�`�2�R�X�N�V�X �*�Q�M�b�2�[�m�2�M�i�H�v�-

�B�b�Q�H���i�2�/ ���i�i�Q�b�2�+�Q�M�/ �T�m�H�b�2�b �+���M �#�2 �;�2�M�2�`���i�2�/ �Q�M�H�v �B�M �i�?�2 �+�Q�b�B�M�2 �+���b�2�- �K���F�B�M�; �*�1�S �b�i���#�B�H�B�i�v

�� �+�`�B�i�B�+���H �`�2�[�m�B�`�2�K�2�M�i �7�Q�` �b�m�+�? �2�t�T�2�`�B�K�2�M�i�b�X

�h�?�2 �K�2���b�m�`�2�K�2�M�i �Q�7 �i�?�2 �*�1�S �B�b �i�?�2 �+�2�M�i�`���H �i�?�2�K�2 �Q�7 �*�?���T�i�2�`�9�X �A�M �i�?�B�b �+�?���T�i�2�`�- �i�r�Q

�i�2�+�?�M�B�[�m�2�b ���`�2 �B�M�i�`�Q�/�m�+�2�/�, �b�i�2�`�2�Q ���h�A�- �r�?�B�+�? �2�M���#�H�2�b ���#�b�Q�H�m�i�2 �*�1�S �K�2���b�m�`�2�K�2�M�i�- ���M�/



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�8

�i�?�2 �7���k�7 �K�2�i�?�Q�/�- �r�?�B�+�? ���H�H�Q�r�b �i�`���+�F�B�M�; �Q�7 �`�2�H���i�B�p�2 �*�1�S �p���`�B���i�B�Q�M�b�X �6�m�`�i�?�2�` �/�2�i���B�H�b �Q�M

�i�?�2�b�2 �i�2�+�?�M�B�[�m�2�b ���`�2 �T�`�Q�p�B�/�2�/ �B�M �a�2�+�i�B�Q�M�9�X�R�X

�R�X�j �J���+�`�Q�b�+�Q�T�B�+ �T�?���b�2 �K���i�+�?�B�M�; �b�B�K�m�H���i�B�Q�M �+�Q�/�2

�h�Q �B�M�i�2�`�T�`�2�i ���M�/ �+�Q�K�T�H�2�K�2�M�i �2�t�T�2�`�B�K�2�M�i���H �}�M�/�B�M�;�b �B�M �>�>�:�- �r�2 �+���`�`�v �Q�m�i �/�2�i���B�H�2�/ �H���`�;�2�@

�b�+���H�2 �M�m�K�2�`�B�+���H �b�B�K�m�H���i�B�Q�M�b �i�?���i �B�M�+�Q�`�T�Q�`���i�2 �i�?�2 �7�m�H�H �K���+�`�Q�b�+�Q�T�B�+ �`�2�b�T�Q�M�b�2 �Q�7 �i�?�2 �M�Q�M�H�B�M�2���`

�K�2�/�B�m�K�X �h�?�2�b�2 �b�B�K�m�H���i�B�Q�M�b ���`�2 �2�b�b�2�M�i�B���H �7�Q�` �2�H�m�+�B�/���i�B�M�; �i�?�2 �B�M�i�2�`�T�H���v �#�2�i�r�2�2�M �H���b�2�` �T�m�H�b�2

�T�`�Q�T���;���i�B�Q�M�- �B�Q�M�B�x���i�B�Q�M �/�v�M���K�B�+�b�- ���M�/ �?���`�K�Q�M�B�+ �;�2�M�2�`���i�B�Q�M �K�2�+�?���M�B�b�K�b�X �A�M �T���`�i�B�+�m�H���`�-

�i�?�2�v ���H�H�Q�r �m�b �i�Q ���+�+�m�`���i�2�H�v �+���T�i�m�`�2 �F�2�v �T�?�v�b�B�+���H �2�z�2�+�i�b �b�m�+�? ���b �T�H���b�K���@�B�M�/�m�+�2�/ �/�2�7�Q�@

�+�m�b�B�M�;�- �M�Q�M�H�B�M�2���` �`�2�7�`���+�i�B�p�2 �B�M�/�2�t �K�Q�/�m�H���i�B�Q�M�- ���#�b�Q�`�T�i�B�Q�M �Q�7 �#�Q�i�? �i�?�2 �7�m�M�/���K�2�M�i���H ���M�/

�?���`�K�Q�M�B�+ �}�2�H�/�b�- ���M�/ �T�?���b�2 �K���i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b���2���+�? �Q�7 �r�?�B�+�? �+�`�B�i�B�+���H�H�v �B�M�~�m�2�M�+�2�b �i�?�2

�Q�p�2�`���H�H �2�{�+�B�2�M�+�v ���M�/ �b�T�2�+�i�`���H �T�`�Q�}�H�2 �Q�7 �>�>�:�X

�h�Q �i�?�B�b �2�M�/�- �r�2 �m�i�B�H�B�x�2 �� �+�Q�K�T�`�2�?�2�M�b�B�p�2 �i�?�`�2�2�@�/�B�K�2�M�b�B�Q�M���H �U�j�.�V �M�Q�M�@���/�B���#���i�B�+ �K���+�`�Q�@

�b�+�Q�T�B�+ �b�B�K�m�H���i�B�Q�M �b�+�?�2�K�2�- �7�Q�`�K�m�H���i�2�/ �B�M ���+�+�Q�`�/���M�+�2 �r�B�i�? �i�?�2 �K�Q�/�2�H�B�M�; ���T�T�`�Q���+�?�2�b �/�2�@

�b�+�`�B�#�2�/ �B�M �_�2�7�b�X �(�3�R�-�N�R�-�N�k�)�X �h�?�B�b �7�`���K�2�r�Q�`�F �2�M���#�H�2�b �� �i�B�K�2�@�`�2�b�Q�H�p�2�/ ���M�/ �b�T���i�B���H�H�v �`�2�b�Q�H�p�2�/

�i�`�2���i�K�2�M�i �Q�7 �i�?�2 �B�M�i�2�`���+�i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �B�M�i�2�M�b�2 �/�`�B�p�B�M�; �H���b�2�` �}�2�H�/ ���M�/ �i�?�2 �B�Q�M�B�x�B�M�;�- �+�v�H�B�M�@

�/�`�B�+���H�H�v �b�v�K�K�2�i�`�B�+�- �;���b�2�Q�m�b �K�2�/�B�m�K�X �h�?�2 �b�B�K�m�H���i�B�Q�M �2�p�Q�H�p�2�b �i�?�`�Q�m�;�? �� �b�2�[�m�2�M�+�2 �Q�7 �i�?�`�2�2

�B�M�i�2�`�+�Q�M�M�2�+�i�2�/ �+�Q�K�T�m�i���i�B�Q�M���H �b�i���;�2�b�X �A�M �i�?�2 �B�M�B�i�B���H �b�i���;�2�- �i�?�2 �T�`�Q�T���;���i�B�Q�M �Q�7 �i�?�2 �H�B�M�2���`�H�v

�T�Q�H���`�B�x�2�/ �H���b�2�` �T�m�H�b�2~E(~rL ; t) �i�?�`�Q�m�;�? �i�?�2 �M�Q�M�H�B�M�2���` �K�2�/�B�m�K �B�b �;�Q�p�2�`�M�2�/ �#�v �� �K�Q�/�B�}�2�/

�b�+���H���` �r���p�2 �2�[�m���i�B�Q�M �i�?���i ���+�+�Q�m�M�i�b �7�Q�` �b�T���i�B�Q�i�2�K�T�Q�`���H �p���`�B���i�B�Q�M�b �B�M �i�?�2 �`�2�7�`���+�i�B�p�2 �B�M�/�2�t�X

�h�?�2 �;�Q�p�2�`�M�B�M�; �2�[�m���i�B�Q�M �`�2���/�b

r 2 ~E(~rL ; t) �
1
c2

@2 ~E(~rL ; t)
@t2

=
! 2

0

c2

�
1 � n2

�2�7�7(~rL ; t)
� ~E(~rL ; t); �U�R�X�3�y�V

�r�?�2�`�2~rL �`�2�T�`�2�b�2�M�i�b �i�?�2 �+�v�H�B�M�/�`�B�+���H �+�Q�Q�`�/�B�M���i�2 �b�v�b�i�2�K ���H�B�;�M�2�/ ���H�Q�M�; �i�?�2 ���t�B�b �Q�7 �H���b�2�` �T�`�Q�T�@

���;���i�B�Q�M�X �h�?�2 �2�z�2�+�i�B�p�2 �`�2�7�`���+�i�B�p�2 �B�M�/�2�tn�2�7�7(~rL ; t) �2�M�+���T�b�m�H���i�2�b �#�Q�i�? �H�B�M�2���` ���M�/ �M�Q�M�H�B�M�2���`

�+�Q�M�i�`�B�#�m�i�B�Q�M�b ���M�/ �B�b �2�t�T�H�B�+�B�i�H�v �/�2�}�M�2�/ ���b

n�2�7�7(~rL ; t) = n + �n2I (~rL ; t) �
! 2

p(~rL ; t)

2! 2
0

; �U�R�X�3�R�V

�r�?�2�`�2n �B�b �i�?�2 �H�B�M�2���` �`�2�7�`���+�i�B�p�2 �B�M�/�2�t �Q�7 �i�?�2 �M�2�m�i�`���H �K�2�/�B�m�K�-�n2 �B�b �i�?�2 �M�Q�M�H�B�M�2���` �`�2�7�`���+�i�B�p�2

�B�M�/�2�t �+�Q�2�{�+�B�2�M�i �U���b�b�Q�+�B���i�2�/ �r�B�i�? �i�?�2 �E�2�`�` �2�z�2�+�i�V�- ���M�/I (~rL ; t) = 1
2 � 0cj ~E(~rL ; t)j2 �/�2�M�Q�i�2�b

�i�?�2 �B�M�b�i���M�i���M�2�Q�m�b �B�M�i�2�M�b�B�i�v �Q�7 �i�?�2 �H���b�2�` �T�m�H�b�2�- �/�2�`�B�p�2�/ �7�`�Q�K �i�?�2 �+�Q�K�T�H�2�t�@�p���H�m�2�/ �2�H�2�+�i�`�B�+

�}�2�H�/ �2�M�p�2�H�Q�T�2~E(~rL ; t)�X �h�?�2 �T�H���b�K�� �7�`�2�[�m�2�M�+�v! p �B�b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �H�Q�+���H �7�`�2�2�@�2�H�2�+�i�`�Q�M

�/�2�M�b�B�i�vne(~rL ; t)�- �;�B�p�2�M �#�v �i�?�2 �`�2�H���i�B�Q�M! p(~rL ; t) =
p

ne(~rL ; t)e2/( m� 0)�X �h�?�B�b �7�Q�`�K�m�H���i�B�Q�M

���H�H�Q�r�b �m�b �i�Q ���+�+�Q�m�M�i �b�B�K�m�H�i���M�2�Q�m�b�H�v �7�Q�` �b�2�H�7�@�7�Q�+�m�b�B�M�; �/�m�2 �i�Q �E�2�`�` �M�Q�M�H�B�M�2���`�B�i�v�- �/�2�7�Q�+�m�b�B�M�;

�B�M�/�m�+�2�/ �#�v �T�H���b�K�� �;�2�M�2�`���i�B�Q�M�- ���M�/ �7�`�2�[�m�2�M�+�v�@�/�2�T�2�M�/�2�M�i �/�B�b�T�2�`�b�B�Q�M�X ���#�b�Q�`�T�i�B�p�2 �H�Q�b�b�2�b



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�e

�/�m�2 �i�Q �B�Q�M�B�x���i�B�Q�M ���`�2 �K�Q�/�2�H�2�/ �i�?�`�Q�m�;�? �i�B�K�2�@�/�2�T�2�M�/�2�M�i �B�Q�M�B�x���i�B�Q�M �`���i�2�b�- �7�Q�H�H�Q�r�B�M�; �i�?�2

�T�`�2�b�+�`�B�T�i�B�Q�M �Q�m�i�H�B�M�2�/ �B�M �_�2�7�X �(�N�j�)�X �h�Q �b�B�K�T�H�B�7�v �i�?�2 �M�m�K�2�`�B�+���H �i�`�2���i�K�2�M�i �Q�7 �r���p�2 �T�`�Q�T���;���@

�i�B�Q�M�- �r�2 ���/�Q�T�i �i�?�2 �T���`���t�B���H ���T�T�`�Q�t�B�K���i�B�Q�M ���M�/ ���b�b�m�K�2 �+�v�H�B�M�/�`�B�+���H �b�v�K�K�2�i�`�v ���#�Q�m�i �i�?�2

�T�`�Q�T���;���i�B�Q�M ���t�B�b�X �"�v �i�`���M�b�7�Q�`�K�B�M�; �1�[�X �U�R�X�3�y�V �B�M�i�Q �i�?�2 �7�`�2�[�m�2�M�+�v �/�Q�K���B�M �p�B�� �� �i�2�K�T�Q�`���H

�6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K ���M�/ �B�M�i�`�Q�/�m�+�B�M�; �� �+�Q�@�K�Q�p�B�M�; �`�2�7�2�`�2�M�+�2 �7�`���K�2�- �r�2 �Q�#�i���B�M �� �`�2�/�m�+�2�/ �r���p�2

�2�[�m���i�B�Q�M �Q�7 �i�?�2 �7�Q�`�K

�
@2

@r2L
+

1
rL

@
@rL

�
E(rL ; zL ; ! ) �

2i!
c

@E(rL ; zL ; ! )
@zL

=
! 2

c2
F

��
1 � n2

�2�7�7(rL ; zL ; t)
�

E(rL ; zL ; t)
�

;

�U�R�X�3�k�V

�r�?�2�`�2F �/�2�M�Q�i�2�b �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�B�K�2�X �h�?�B�b �2�[�m���i�B�Q�M �B�b �M�m�K�2�`�B�@

�+���H�H�v �B�M�i�2�;�`���i�2�/ �m�b�B�M�; ���M �B�K�T�H�B�+�B�i �*�`���M�F���L�B�+�Q�H�b�Q�M �}�M�B�i�2�@�/�B�z�2�`�2�M�+�2 �b�+�?�2�K�2�- �r�?�B�+�? �2�M�b�m�`�2�b

�M�m�K�2�`�B�+���H �b�i���#�B�H�B�i�v ���M�/ ���+�+�m�`���+�v �Q�p�2�` �i�?�2 �b�B�K�m�H���i�B�Q�M �/�Q�K���B�M�X �h�?�2 �B�M�B�i�B���H �H���b�2�` �}�2�H�/ �T�`�Q�@

�}�H�2 ���i �i�?�2 �2�M�i�`���M�+�2 �Q�7 �i�?�2 �K�2�/�B�m�K �B�b �+�Q�M�b�i�`�m�+�i�2�/ �m�b�B�M�; �i�?�2 ���"�*�.�@�>���M�F�2�H �7�Q�`�K���H�B�b�K�-

���b �/�2�b�+�`�B�#�2�/ �B�M �_�2�7�b�X �(�N�9�- �N�8�)�- �r�?�B�+�? �T�`�Q�p�B�/�2�b ���M ���+�+�m�`���i�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �b�T���i�B���H

�#�2���K �T�`�Q�}�H�2 �m�M�/�2�` �`�2���H�B�b�i�B�+ �7�Q�+�m�b�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X �A�M �i�?�2 �b�2�+�Q�M�/ �b�i���;�2 �Q�7 �i�?�2 �b�B�K�m�H���i�B�Q�M�-

�r�2 �+�Q�K�T�m�i�2 �i�?�2 �K�B�+�`�Q�b�+�Q�T�B�+ �`�2�b�T�Q�M�b�2 �Q�7 �B�M�/�B�p�B�/�m���H ���i�Q�K�b �i�Q �i�?�2 �H�Q�+���H �H���b�2�` �}�2�H�/ �m�b�B�M�; �i�?�2

�r�2�H�H�@�2�b�i���#�H�B�b�?�2�/ �G�2�r�2�M�b�i�2�B�M �b�i�`�Q�M�;�@�}�2�H�/ ���T�T�`�Q�t�B�K���i�B�Q�M �(�e�9�)�X �h�?�B�b �K�Q�/�2�H �v�B�2�H�/�b �i�?�2 �b�B�M�;�H�2�@

���i�Q�K �/�B�T�Q�H�2D(t)�- �7�`�Q�K �r�?�B�+�? �r�2 �+�Q�M�b�i�`�m�+�i �i�?�2 �K���+�`�Q�b�+�Q�T�B�+ �M�Q�M�H�B�M�2���` �T�Q�H���`�B�x���i�B�Q�M �}�2�H�/�X

�h�Q ���+�+�Q�m�M�i �7�Q�` �B�Q�M�B�x���i�B�Q�M�@�B�M�/�m�+�2�/ �/�2�T�H�2�i�B�Q�M �Q�7 �i�?�2 �;�`�Q�m�M�/ �b�i���i�2�- �r�2 �B�M�+�H�m�/�2 �� �/���K�T�B�M�;

�7���+�i�Q�` �B�M �i�?�2 �K���+�`�Q�b�+�Q�T�B�+ �T�Q�H���`�B�x���i�B�Q�M �2�t�T�`�2�b�b�B�Q�M�- �`�2�b�m�H�i�B�M�; �B�M

P�M�H(t) = naD(t) �2�t�T
�
�

Z t

�1
w(t0) dt0

�
; �U�R�X�3�j�V

�r�?�2�`�2na �/�2�M�Q�i�2�b �i�?�2 �M�2�m�i�`���H ���i�Q�K�B�+ �M�m�K�#�2�` �/�2�M�b�B�i�v ���M�/w(t) �B�b �i�?�2 �B�M�b�i���M�i���M�2�Q�m�b

�B�Q�M�B�x���i�B�Q�M �`���i�2�- �2�p���H�m���i�2�/ �m�b�B�M�; �i�?�2 �?�v�#�`�B�/ ���M�i�B�b�v�K�K�2�i�`�B�x�2�/ �+�Q�m�T�H�2�/ �+�?���M�M�2�H�b �U�?���*�*�V

�7�`���K�2�r�Q�`�F �(�N�e�)�X �h�?�B�b �K�2�i�?�Q�/ �?���b �#�2�2�M �#�2�M�+�?�K���`�F�2�/ ���;���B�M�b�i �b�i���M�/���`�/ �K�Q�/�2�H�b �b�m�+�? ���b

�i�?�2 ���K�K�Q�b�Q�p���.�2�H�Q�M�2���E�`���B�M�Q�p �U���.�E�V �i�?�2�Q�`�v �(�N�d�) ���M�/ �/�2�K�Q�M�b�i�`���i�2�b �+�Q�M�b�B�b�i�2�M�i ���+�+�m�`���+�v

���+�`�Q�b�b �� �r�B�/�2 �`���M�;�2 �Q�7 �B�M�i�2�M�b�B�i�B�2�b�X �h�?�2 �}�M���H �b�i���;�2 �B�M�p�Q�H�p�2�b �b�Q�H�p�B�M�; �i�?�2 �B�M�?�Q�K�Q�;�2�M�2�Q�m�b

�b�+���H���` �r���p�2 �2�[�m���i�B�Q�M �i�Q �/�2�b�+�`�B�#�2 �i�?�2 �T�`�Q�T���;���i�B�Q�M �Q�7 �i�?�2 �;�2�M�2�`���i�2�/ �?�B�;�?�@�Q�`�/�2�` �?���`�K�Q�M�B�+�b�X

�h�?�2 �?���`�K�Q�M�B�+ �2�H�2�+�i�`�B�+ �}�2�H�/Eh(~rL ; t) �2�p�Q�H�p�2�b ���+�+�Q�`�/�B�M�; �i�Q

r 2Eh(~rL ; t) �
1
c2

@2Eh(~rL ; t)
@t2

= � 0
@2P�M�H(t)

@t2
; �U�R�X�3�9�V

�r�?�2�`�2� 0 �B�b �i�?�2 �p���+�m�m�K �T�2�`�K�2���#�B�H�B�i�v�X �h�?�2 �M�m�K�2�`�B�+���H �K�2�i�?�Q�/ �m�b�2�/ �7�Q�` �b�Q�H�p�B�M�; �1�[�X �U�R�X�3�9�V

�K�B�`�`�Q�`�b �i�?���i �Q�7 �i�?�2 �/�`�B�p�B�M�; �}�2�H�/�- �r�B�i�? �i�?�2 �F�2�v �/�B�z�2�`�2�M�+�2 �#�2�B�M�; �i�?�2 �F�M�Q�r�M �b�Q�m�`�+�2 �i�2�`�K �Q�M

�i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2�- �r�?�B�+�? �2�M���#�H�2�b �/�B�`�2�+�i �2�p���H�m���i�B�Q�M �Q�7 �i�?�2 �}�2�H�/ �`�2�b�T�Q�M�b�2�X �S�`�Q�T���;���i�B�Q�M



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�d

�B�M �i�?�2 �s�l�o �/�Q�K���B�M �B�b �B�M�~�m�2�M�+�2�/ �#�v �/�B�b�T�2�`�b�B�Q�M ���M�/ ���#�b�Q�`�T�i�B�Q�M�- �#�Q�i�? �Q�7 �r�?�B�+�? ���`�2 �K�Q�/�@

�2�H�2�/ �i�?�`�Q�m�;�? �� �+�Q�K�T�H�2�t �`�2�7�`���+�i�B�p�2 �B�M�/�2�t�X �h�?�2 �`�2���H �+�Q�K�T�Q�M�2�M�i �Q�7 �i�?�B�b �B�M�/�2�t �;�Q�p�2�`�M�b �i�?�2

�T�?���b�2 �p�2�H�Q�+�B�i�v �Q�7 �i�?�2 �?���`�K�Q�M�B�+�b�- �r�?�B�H�2 �i�?�2 �B�K���;�B�M���`�v �T���`�i �/�2�b�+�`�B�#�2�b ���i�i�2�M�m���i�B�Q�M �/�m�2 �i�Q

�T�?�Q�i�Q���#�b�Q�`�T�i�B�Q�M�X �J���i�2�`�B���H�@�b�T�2�+�B�}�+ �T���`���K�2�i�2�`�b ���`�2 �Q�#�i���B�M�2�/ �7�`�Q�K �i���#�m�H���i�2�/ ���i�Q�K�B�+ �b�+���i�@

�i�2�`�B�M�; �7���+�i�Q�`�b �(�3�d�)�- �2�M�b�m�`�B�M�; �� �T�?�v�b�B�+���H�H�v ���+�+�m�`���i�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M �Q�7 �s�l�o �H�B�;�?�i���K���i�i�2�`

�B�M�i�2�`���+�i�B�Q�M�b�X

�h�?�B�b �+�Q�/�2 �r���b ���T�T�H�B�2�/ �B�M �a�2�+�i�B�Q�M�k�X�j�i�Q �b�i�m�/�v �?�Q�r �i�?�2 �?�B�;�?�@�?���`�K�Q�M�B�+ �~�m�t �/�2�T�2�M�/�b �Q�M

�i�?�2 �T�`�2�b�b�m�`�2 ���M�/ �H�2�M�;�i�? �Q�7 �i�?�2 �;�2�M�2�`���i�B�Q�M �K�2�/�B�m�K�X �A�M �a�2�+�i�B�Q�M�j�X�N�- �B�i �r���b �/�2�K�Q�M�b�i�`���i�2�/

�i�?���i �p���`�B���i�B�Q�M�b �B�M �;���b �/�2�M�b�B�i�v �r�B�i�?�B�M �i�?�2 �K�2�/�B�m�K �+���M �H�2���/ �i�Q �M�Q�i�B�+�2���#�H�2 �~�m�+�i�m���i�B�Q�M�b �B�M �i�?�2

�>�>�: �~�m�t�X �6�B�M���H�H�v�- �B�M �a�2�+�i�B�Q�M�9�X�k�- �i�?�2 �*�1�S �/�2�T�2�M�/�2�M�+�2 �Q�7 �;���b �?�B�;�?�@�?���`�K�Q�M�B�+ �;�2�M�2�`���i�B�Q�M

�r���b �B�M�p�2�b�i�B�;���i�2�/ �7�Q�` �#�Q�i�? �b�?�Q�`�i ���M�/ �H�Q�M�; �/�`�B�p�B�M�; �T�m�H�b�2�b�- �?�B�;�?�H�B�;�?�i�B�M�; �?�Q�r �T�m�H�b�2 �/�m�`���i�B�Q�M

�B�M�~�m�2�M�+�2�b �*�1�S �b�2�M�b�B�i�B�p�B�i�v�X

�R�X�9 �A�M�i�`�Q�/�m�+�i�B�Q�M �i�Q �>�>�: �B�M �"�m�H�F �a�Q�H�B�/�b

�>�B�;�?�@�?���`�K�Q�M�B�+ �;�2�M�2�`���i�B�Q�M �B�M �b�Q�H�B�/�@�b�i���i�2 �K���i�2�`�B���H�b �?���b �[�m�B�+�F�H�v �2�b�i���#�H�B�b�?�2�/ �B�i�b�2�H�7 ���b �#�Q�i�? ��

�b�Q�m�`�+�2 �Q�7 �m�H�i�`���7���b�i �H�B�;�?�i ���M�/ �� �T�`�Q�#�2 �7�Q�` �2�H�2�+�i�`�Q�M �/�v�M���K�B�+�b �B�M �+�Q�M�/�2�M�b�2�/ �K���i�i�2�`�X �q�?�B�H�2

�>�>�: �r���b �Q�`�B�;�B�M���H�H�v �/�B�b�+�Q�p�2�`�2�/ ���M�/ �2�t�i�2�M�b�B�p�2�H�v �b�i�m�/�B�2�/ �B�M ���i�Q�K�B�+ ���M�/ �K�Q�H�2�+�m�H���` �;���b�2�b�-

�2�t�i�2�M�/�B�M�; �i�?�2 �T�`�Q�+�2�b�b �i�Q �+�`�v�b�i���H�H�B�M�2 �b�Q�H�B�/�b �?���b �Q�T�2�M�2�/ �2�M�i�B�`�2�H�v �M�2�r ���p�2�M�m�2�b �B�M ���i�i�Q�b�2�+�Q�M�/

�b�+�B�2�M�+�2�- �b�i�`�Q�M�;�@�}�2�H�/ �T�?�v�b�B�+�b�- ���M�/ �K���i�2�`�B���H�b �b�T�2�+�i�`�Q�b�+�Q�T�v�X �q�?�2�M ���M �B�M�i�2�M�b�2 �7�2�K�i�Q�b�2�+�Q�M�/ �Q�`

�K�B�/�@�B�M�7�`���`�2�/ �H���b�2�` �T�m�H�b�2 �B�M�i�2�`���+�i�b �r�B�i�? �� �b�Q�H�B�/�- �i�?�2 �M�Q�M�H�B�M�2���` �K�Q�i�B�Q�M �Q�7 �2�H�2�+�i�`�Q�M�b �r�B�i�?�B�M �i�?�2

�T�2�`�B�Q�/�B�+ �T�Q�i�2�M�i�B���H �Q�7 �i�?�2 �H���i�i�B�+�2 �T�`�Q�/�m�+�2�b �?�B�;�?�@�Q�`�/�2�` �?���`�K�Q�M�B�+�b �Q�7 �i�?�2 �/�`�B�p�B�M�; �}�2�H�/�X �h�?�2

�}�`�b�i �+�H�2���` �/�2�K�Q�M�b�i�`���i�B�Q�M �Q�7 �i�?�B�b �2�z�2�+�i �B�M �� �#�m�H�F �+�`�v�b�i���H �+���K�2 �7�`�Q�K �:�?�B�K�B�`�2�2�i ���H�X�(�9�d�)�- �r�?�Q

�Q�#�b�2�`�p�2�/ �?���`�K�Q�M�B�+ �2�K�B�b�b�B�Q�M �7�`�Q�K �w�M�P �/�`�B�p�2�M �#�v �K�B�/�@�B�M�7�`���`�2�/ �T�m�H�b�2�b�X �a�B�M�+�2 �i�?���i �r�Q�`�F�-

�b�Q�H�B�/�@�b�i���i�2 �>�>�: �?���b �#�2�+�Q�K�2 �� �`���T�B�/�H�v �;�`�Q�r�B�M�; �}�2�H�/�- �Q�z�2�`�B�M�; �`�Q�m�i�2�b �i�Q �+�Q�K�T���+�i �+�Q�?�2�`�2�M�i

�1�l�o �b�Q�m�`�+�2�b�- ���i�i�Q�b�2�+�Q�M�/ �T�m�H�b�2 �;�2�M�2�`���i�B�Q�M �/�B�`�2�+�i�H�v �7�`�Q�K �b�Q�H�B�/�b�- ���M�/ �M�2�r �i�Q�Q�H�b �7�Q�` �m�H�i�`���7���b�i

�#���M�/�@�b�i�`�m�+�i�m�`�2 �b�T�2�+�i�`�Q�b�+�Q�T�v�X

�h�?�2 �K�B�+�`�Q�b�+�Q�T�B�+ �T�?�v�b�B�+�b �Q�7 �>�>�: �B�M �b�Q�H�B�/�b �/�B�z�2�`�b �(�N�3�-�N�N�) �B�M �2�b�b�2�M�i�B���H �r���v�b �7�`�Q�K �i�?�2

�;���b�@�T�?���b�2 �+���b�2�X �A�M �;���b�2�b�- �i�?�2 �b�2�K�B�+�H���b�b�B�+���H �i�?�`�2�2�@�b�i�2�T �K�Q�/�2�H���i�m�M�M�2�H �B�Q�M�B�x���i�B�Q�M�- ���+�+�2�H�2�`�@

���i�B�Q�M �B�M �i�?�2 �H���b�2�` �}�2�H�/�- ���M�/ �`�2�+�Q�K�#�B�M���i�B�Q�M �r�B�i�? �i�?�2 �T���`�2�M�i �B�Q�M���T�`�Q�p�B�/�2�b �� �`�2�K���`�F���#�H�v

���+�+�m�`���i�2 �T�B�+�i�m�`�2�X �A�M �b�Q�H�B�/�b�- �?�Q�r�2�p�2�`�- �i�?�2 �+�Q�H�H�2�+�i�B�p�2 �`�2�b�T�Q�M�b�2 �Q�7 �2�H�2�+�i�`�Q�M�b �B�M �i�?�2 �T�2�`�B�Q�/�B�+

�H���i�i�B�+�2 �T�Q�i�2�M�i�B���H �;�Q�p�2�`�M�b �i�?�2 �T�`�Q�+�2�b�b�- �K���F�B�M�; �i�?�2 �#���M�/ �b�i�`�m�+�i�m�`�2�- �b�+���i�i�2�`�B�M�;�- ���M�/ �B�M�i�2�`�#���M�/

�+�Q�?�2�`�2�M�+�2 �+�2�M�i�`���H �i�Q �i�?�2 �/�v�M���K�B�+�b�X �h�r�Q �K�2�+�?���M�B�b�K�b ���`�2 �m�b�m���H�H�v �/�B�b�i�B�M�;�m�B�b�?�2�/�,�B�M�i� �̀��#���M�/

�/�v�M���K�B�+�b�- �r�?�2�`�2 �2�H�2�+�i�`�Q�M�b �m�M�/�2�`�;�Q �M�Q�M�H�B�M�2���` �K�Q�i�B�Q�M �r�B�i�?�B�M �� �b�B�M�;�H�2 �2�M�2�`�;�v �#���M�/�- ���M�/

�B�M�i�2�`�#���M�/ �i� �̀��M�b�B�i�B�Q�M�b�- �r�?�2�`�2 �2�H�2�+�i�`�Q�M�b �2�t�+�B�i�2�/ ���+�`�Q�b�b �i�?�2 �#���M�/ �;���T �+���M �+�Q�?�2�`�2�M�i�H�v �`�2�+�Q�K�@

�#�B�M�2 �r�B�i�? �i�?�2�B�` �T���`�2�M�i �?�Q�H�2�b �i�Q �2�K�B�i �?���`�K�Q�M�B�+�b�X �"�Q�i�? �+�Q�M�i�`�B�#�m�i�B�Q�M�b ���`�2 �M�2�+�2�b�b���`�v �i�Q �7�m�H�H�v

�/�2�b�+�`�B�#�2 �>�>�: �B�M �+�`�v�b�i���H�b�X



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�3

�� �M�m�K�2�`�B�+���H �7�`���K�2�r�Q�`�F �7�Q�` �i�`�2���i�B�M�; �i�?�B�b �T�`�Q�#�H�2�K �r���b �B�M�i�`�Q�/�m�+�2�/ �#�v �S�H���D�� ���M�/ �+�Q�@

�r�Q�`�F�2�`�b �(�R�y�y�)�- �r�?�Q �b�Q�H�p�2�/ �h�.�a�1 �Q�M �� �"�H�Q�+�?�@�b�i���i�2 �#���b�B�b�X �6�Q�` �� �H�B�M�2���`�H�v �T�Q�H���`�B�x�2�/ �H���b�2�`

�}�2�H�/ ���H�Q�M�; �i�?�2 �Q�T�i�B�+���H ���t�B�b�- �i�?�2 �b�v�b�i�2�K �+���M �#�2 �`�2�/�m�+�2�/ �i�Q ���M �2�z�2�+�i�B�p�2�H�v �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H

�K�Q�/�2�H�X �A�M �i�?�2 �p�2�H�Q�+�B�i�v �;���m�;�2�- �i�?�2 �h�.�a�1 �i���F�2�b �i�?�2 �7�Q�`�K

i �‰h
@
@t

j (t)i =
�

p̂2

2m
+ V(x̂) +

e
m

A(t)p̂
�

j (t)i ; �U�R�X�3�8�V

�r�?�2�`�2̂p �B�b �i�?�2 �K�Q�K�2�M�i�m�K �Q�T�2�`���i�Q�`�-V(x̂) �i�?�2 �T�2�`�B�Q�/�B�+ �H���i�i�B�+�2 �T�Q�i�2�M�i�B���H�- ���M�/A(t) �i�?�2

�p�2�+�i�Q�` �T�Q�i�2�M�i�B���H �Q�7 �i�?�2 �H���b�2�`�X �"�2�+���m�b�2 �i�?�2 �r���p�2�H�2�M�;�i�?�b �Q�7 �B�M�i�2�`�2�b�i ���`�2 �K�m�+�? �H���`�;�2�` �i�?���M

�i�?�2 �H���i�i�B�+�2 �b�T���+�B�M�;�- �i�?�2 �}�2�H�/ �+���M �#�2 �i�`�2���i�2�/ ���b �b�T���i�B���H�H�v �m�M�B�7�Q�`�K �r�B�i�?�B�M �� �m�M�B�i �+�2�H�H�- �B�X�2�X�-

A(x̂; t ) ' A(t)�X �h�?�2 �p�2�+�i�Q�` �T�Q�i�2�M�i�B���H �B�b �+�Q�M�M�2�+�i�2�/ �i�Q �i�?�2 �2�H�2�+�i�`�B�+ �}�2�H�/ �#�v

A(t) = �
Z t

�1
E(t0)dt0: �U�R�X�3�e�V

�h�?�2 �2�B�;�2�M�b�i���i�2�b �Q�7 ���M �2�H�2�+�i�`�Q�M �B�M �� �T�2�`�B�Q�/�B�+ �T�Q�i�2�M�i�B���H ���`�2 �"�H�Q�+�? �7�m�M�+�i�B�Q�M�b�-

 ~k(~r) = ei~k�~r u~k(~r); �U�R�X�3�d�V

�r�B�i�?~k �i�?�2 �+�`�v�b�i���H �K�Q�K�2�M�i�m�K ���M�/u~k(~r) �� �H���i�i�B�+�2�@�T�2�`�B�Q�/�B�+ �7�m�M�+�i�B�Q�M�X �1�t�T���M�/�B�M�; �i�?�2 �r���p�2

�7�m�M�+�i�B�Q�M �B�M �i�?�B�b �#���b�B�b �(�R�y�R�)�-

j k(t)i =
X

n

an
k (t) j� n

k i ; �U�R�X�3�3�V

�H�2���/�b �i�Q �2�[�m���i�B�Q�M�b �Q�7 �K�Q�i�B�Q�M �7�Q�` �i�?�2 �#���M�/ �+�Q�2�{�+�B�2�M�i�ban
k (t)�X �h�?�2 �"�H�Q�+�? �b�i���i�2�bj� n

k i �b���i�B�b�7�v

�i�?�2 �b�i���i�B�Q�M���`�v �a�+�?�`�º�/�B�M�;�2�` �2�[�m���i�B�Q�M�-

�
p̂2

2m
+ V(x̂)

�
�� n

k = En (k) j� n
k i ; �U�R�X�3�N�V

�r�?�2�`�2n �H���#�2�H�b �i�?�2 �#���M�/�b ���M�/En (k) �i�?�2�B�` �/�B�b�T�2�`�b�B�Q�M�X

�h�?�2 �H���b�2�`���b�Q�H�B�/ �B�M�i�2�`���+�i�B�Q�M �;�2�M�2�`���i�2�b �� �K���+�`�Q�b�+�Q�T�B�+ �+�m�`�`�2�M�i �/�2�M�b�B�i�v �Q�#�i���B�M�2�/ �#�v �b�m�K�@

�K�B�M�; �Q�p�2�` ���H�H~k �p���H�m�2�b �B�M �i�?�2 �"�`�B�H�H�Q�m�B�M �x�Q�M�2 �(�R�y�R�-�R�y�k�)�-

~j (t) = �
e
m

Z

�"�w

h
�_�2(h k(t)j p̂ j k(t)i ) + e~A(t)

i
dk: �U�R�X�N�y�V

�h�?�2 �?���`�K�Q�M�B�+ �b�T�2�+�i�`�m�K �B�b �i�?�2�M �;�B�p�2�M �#�v �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7~j (t)�X �h�?�B�b �7�Q�`�K���H�B�b�K

�+���T�i�m�`�2�b �#�Q�i�? �B�M�i�`���#���M�/ ���M�/ �B�M�i�2�`�#���M�/ �/�v�M���K�B�+�b ���M�/ �?���b �#�2�+�Q�K�2 �� �b�i���M�/���`�/ �K�B�+�`�Q�b�+�Q�T�B�+

�/�2�b�+�`�B�T�i�B�Q�M �Q�7 �>�>�: �B�M �b�Q�H�B�/�b�X

���H�i�?�Q�m�;�? �+�Q�K�T���+�i�- �i�?�2 �p�2�H�Q�+�B�i�v �;���m�;�2 �/�Q�2�b �M�Q�i ���H�r���v�b �K���F�2 �i�?�2 �T�?�v�b�B�+���H �`�Q�H�2�b �Q�7 �i�?�2

�/�B�z�2�`�2�M�i �+�Q�M�i�`�B�#�m�i�B�Q�M�b �i�`���M�b�T���`�2�M�i�X �h�?�2 �H�2�M�;�i�? �;���m�;�2 �Q�7�i�2�M �T�`�Q�p�B�/�2�b �+�H�2���`�2�` �b�2�T���`���i�B�Q�M�-



�*�?���T�i�2�` �R�X �a�+�B�2�M�i�B�}�+ �#���+�F�;�`�Q�m�M�/ �k�N

�b�B�M�+�2 �i�?�2 �2�t�i�2�`�M���H �}�2�H�/ �+�Q�m�T�H�2�b �/�B�`�2�+�i�H�v �i�?�`�Q�m�;�? �i�?�2 �/�B�T�Q�H�2 �B�M�i�2�`���+�i�B�Q�M�,

i �‰h
@
@t

j 0(t)i =
�

p̂2

2m
+ V(x̂) + e~E(t) � ~̂r

�
j 0(t)i : �U�R�X�N�R�V

�1�t�T���M�/�B�M�; ���;���B�M �B�M �"�H�Q�+�? �b�i���i�2�b�-

j 0
k(t)i =

X

n

Cn
k (t) j� n

k i ; �U�R�X�N�k�V

�i�?�2 �`�2�b�m�H�i�B�M�; �2�[�m���i�B�Q�M�b �M���i�m�`���H�H�v �b�2�T���`���i�2 �B�M�i�Q �B�M�i�`���#���M�/ ���M�/ �B�M�i�2�`�#���M�/ �i�2�`�K�b�X �h�?�2 �i�Q�i���H

�K���+�`�Q�b�+�Q�T�B�+ �+�m�`�`�2�M�i �+���M �i�?�2�M �#�2 �r�`�B�i�i�2�M ���b �(�R�y�j�)

~j (t) = ~j �B�M�i�`��(t) + ~j �B�M�i�2�`(t); �U�R�X�N�j�V

�r�B�i�? �i�?�2 �B�M�i�`���#���M�/ �+�Q�M�i�`�B�#�m�i�B�Q�M�-

~j �B�M�i�`��(t) = � e
X

n

Z

�"�w
jCn

k (t)j2r kEn (k)dk; �U�R�X�N�9�V

���M�/ �i�?�2 �B�M�i�2�`�#���M�/ �+�Q�M�i�`�B�#�m�i�B�Q�M�-

~j �B�M�i�2�`(t) = �
e
�‰h

d
dt

X

n6= m

Z

�"�w
Cn

k (t)Cm
k (t) ~dnm (k)dk; �U�R�X�N�8�V

�r�?�2�`�2r kEn (k) �B�b �i�?�2 �#���M�/ �p�2�H�Q�+�B�i�v ���M�/~dnm (k) = h� n
k j ~̂r j� m

k i �i�?�2 �B�M�i�2�`�#���M�/ �/�B�T�Q�H�2 �K���i�`�B�t

�2�H�2�K�2�M�i�X

�h�?�B�b �/�2�+�Q�K�T�Q�b�B�i�B�Q�M �T�`�Q�p�B�/�2�b �� �+�H�2���` �T�?�v�b�B�+���H �B�M�i�2�`�T�`�2�i���i�B�Q�M�, �B�M�i�`���#���M�/ �+�m�`�`�2�M�i�b �`�2�~�2�+�i

�i�?�2 �M�Q�M�H�B�M�2���` �"�H�Q�+�? �Q�b�+�B�H�H���i�B�Q�M�b �Q�7 �2�H�2�+�i�`�Q�M�b ���M�/ �?�Q�H�2�b �r�B�i�?�B�M �B�M�/�B�p�B�/�m���H �#���M�/�b�- �r�?�B�H�2

�B�M�i�2�`�#���M�/ �+�m�`�`�2�M�i�b ���`�B�b�2 �7�`�Q�K �+�Q�?�2�`�2�M�i �2�H�2�+�i�`�Q�M���?�Q�H�2 �`�2�+�Q�K�#�B�M���i�B�Q�M ���+�`�Q�b�b �/�B�z�2�`�2�M�i �#���M�/�b�X

�h�?�2 �Q�#�b�2�`�p���#�H�2 �b�T�2�+�i�`�m�K �7�Q�H�H�Q�r�b �7�`�Q�K �i�?�2 �6�Q�m�`�B�2�` �i�`���M�b�7�Q�`�K �Q�7 �i�?�2 �i�Q�i���H �+�m�`�`�2�M�i�-

S(! ) /

�
�
�
�

Z
dtei!t ~j (t)

�
�
�
�

2

; �U�R�X�N�e�V

�r�B�i�? �H�Q�r�2�`�@�Q�`�/�2�` �?���`�K�Q�M�B�+�b �i�v�T�B�+���H�H�v �/�Q�K�B�M���i�2�/ �#�v �B�M�i�`���#���M�/ �/�v�M���K�B�+�b ���M�/ �i�?�2 �T�H���i�2���m��

�+�m�i�Q�z �`�2�;�B�Q�M �b�?���T�2�/ �#�v �B�M�i�2�`�#���M�/ �`�2�+�Q�K�#�B�M���i�B�Q�M�X

�h�?�2 �T�`�Q�T�2�`�i�B�2�b �Q�7 �b�Q�H�B�/�@�b�i���i�2 �?�B�;�?�@�?���`�K�Q�M�B�+ �;�2�M�2�`���i�B�Q�M ���`�2 �i�?�2 �+�2�M�i�`���H �7�Q�+�m�b �Q�7 �*�?���T�@

�i�2��̀9�- ���M�/ �� �F�2�v ���b�T�2�+�i �Q�7 �i�?�B�b �i�Q�T�B�+ �B�b �m�M�/�2�`�b�i���M�/�B�M�; �i�?�2 �K�2�+�?���M�B�b�K�b �#�v �r�?�B�+�? �B�M�i�2�`�#���M�/

���M�/ �B�M�i�`���#���M�/ �?���`�K�Q�M�B�+�b ���`�2 �;�2�M�2�`���i�2�/�X �A�M �i�?�B�b �+�Q�M�i�2�t�i�- �i�?�2 �2�z�2�+�i�b �Q�7 �i�?�2 �*�1�S �Q�M �i�?�2

�b�Q�H�B�/ �#���b�2�/ �>�>�: �v�B�2�H�/ ���`�2 ���H�b�Q �B�H�H�m�b�i�`���i�2�/ �i�?�`�Q�m�;�? �b�B�K�m�H���i�B�Q�M�b�X �h�?�2�b�2 �b�B�K�m�H���i�B�Q�M�b�- �r�?�B�H�2

�T�`�Q�p�B�/�B�M�; �p���H�m���#�H�2 �B�M�b�B�;�?�i �B�M�i�Q �i�?�2 �m�M�/�2�`�H�v�B�M�; �T�?�v�b�B�+�b�- �7���H�H �Q�m�i�b�B�/�2 �i�?�2 �b�+�Q�T�2 �Q�7 �i�?�B�b �i�?�2�b�B�b

���M�/ ���`�2 �i�?�2�`�2�7�Q�`�2 �Q�M�H�v �/�B�b�+�m�b�b�2�/ �B�M �� �b�m�T�T�Q�`�i�B�M�; �`�Q�H�2�X


	Scientific background
	Introduction
	High Harmonic Generation
	Keldysh theory of ionization
	Time-dependent Schrödinger equation
	Saddle point approximation
	Cutoff law
	Wave Propagation in a Medium with Absorption
	Phase matching factors
	Pressure and length dependence of phase matching
	Temporal phase of ultrashort pulses

	Macroscopic phase matching simulation code
	Introduction to HHG in Bulk Solids

	High Harmonic generation yield dependence on medium length
	Phase matching consideration for HHG beamlines
	Experimental results
	IR characterization
	XUV characterization
	Pressure dependence of HHG

	Simulated results
	Summary

	Characterization of gas jet for High harmonic generation
	Mach-Zehnder Interferometric Measurement of Gas Density
	Principle of the MZI
	Interference Pattern and Phase Measurement
	Inverse Abel transform
	The Lorenz-Lorenz Expression

	Simulation of Interferometric Phase Retrieval for Low Refractive Index Media
	Experimental Apparatus for the interferometric measurement
	Software development for the jet characterization setup
	Phase Retrieval from Measured Interferograms
	Reconstruction of the Gas Density Profile
	Temporal evolution of the gas density
	Backing pressure dependence of the gas density
	Experiment with SYLOS GHHG Compact
	Temporal resolved measurement
	Laser induced strong-field ionization gas jet characterization

	Summary

	Machine learning aided CEP detection
	Carrier-Envelope Phase measurement
	Stereo ATI
	f-2f Interferometry

	CEP Dependence of High Harmonic Generation in Gases
	Machine Learning-Based Regression Models for Scientific Applications
	ML based CEP prediction for gas harmonics
	CEP Dependence of HHG in solid
	Simulation Support and Model Performance for Solid-State High Harmonic Generation (SHHG)
	Experimental setup
	Experimental results
	Summary

	Summary
	Magyar nyelvű összefoglaló
	Publications
	Acknowledgements

