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1 Introduction

Digital topology is the study of the topological properties of binary digital pictures (pictures
in short) that assign a color of black or white to each element, i.e., point of the given
grid [15]. An important requirement in digital topology is to ensure topology preservation
of picture operators. Among the binary picture operators, our attention is restricted to
reductions, which can only change some black points to white ones (referred to as ‘dele-
tion’), but cannot affect the white points from the input picture [12]. Sequential reductions
can delete only one point at a time, while parallel reductions may delete a set of points
simultaneously [12].

In skeletonization, our goal is to give reduced representations of digital objects by ex-
tracting skeleton-like shape features, which should preserve their topology and shape [17].
In 3D, there are three kinds of skeleton-like shape features, see Fig. 1. The medial surface (or
so-called surface skeleton) can both contain (2D) surface patches and (1D) line segments.
In contrast, the centerline (or so-called curve skeleton) should have only line segments. Fi-
nally, the topological kernel is a minimal set of points that is topologically equivalent to the
original object. Note that a line segment can also be called a branch.

Thinning is an iterative object reduction technique for producing all three skeleton-like
shape features in 3D. A thinning algorithm terminates if stability is reached, i.e., there are
no more ‘deletable’ points in the actual picture. It is the fastest skeletonization method,
it can be efficiently parallelized, and topology preservation can be guaranteed. To ensure
topology preservation and produce geometrically correct shape-feature, thinning methods
are often combined with the distance transform (DT in short), which assigns to each point
in the input binary picture the distance from its nearest white point [9]. Note that the
produced distance map strongly depends on the applied distance.

original object medial surface centerline topological kernel
(surface skeleton) (curve skeleton)

Figure 1: Examples for each 3D skeleton-like shape feature.

The cubic grid is mostly preferred for sampling 3D digital pictures due to its fairly sim-
ple and easy-to-implement structure. Two of its alternative sampling schemes are the body-
centered cubic (BCC) grid and the face-centered cubic (FCC) grid [15, 20], which tessellate
the 3D Euclidean space into truncated octahedra and rhombic dodecahedra, respectively.
It is known that they have beneficial topological and geometrical properties compared to
the cubic grid [11, 15, 20]. Inspired by their advantages, in the dissertation, we put an
emphasis on these two non-standard 3D grids.

The dissertation consists of four major parts. After a brief introduction, the second
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chapter reviews the basic concepts and existing results in the field of digital topology,
topology-preserving reductions, and skeletonization. Then, in the next three chapters, the
Author’s new scientific results are discussed as three thesis groups.

2 Basic notions and results

A (k, k) binary digital picture on a grid V is defined as a quadruple (V, k, k, B) [15], where
* V is the set of picture elements (i.e., points),
* B C Vis the set of black points,
* £ is the adjacency relation assigned to the black points,
* k is the adjacency relation assigned to the white points.

Since the adjacency relations are symmetric, their transitive closures form equivalence
relations, and their generated equivalence classes are called components. In a picture, a
black component or an object is a k-component, while a white component is a k-component
of the set of white points V' \ B. A black point is called a border point in a picture if it is
k-adjacent to at least one white point. Furthermore, a border point p is called an isolated
point if all points in its k-adjacency are white (i.e., {p} is a singleton object). In a finite
picture, there is a unique white component that is called the background, while each finite
white component is called a cavity.

The dissertation focuses on two 3D grids, which are the subsets of the cubic grid (Z?):

* the body-centered cubic grid (BCC grid in short) — denoted by B —, in which each
point’s coordinates have the same parity, and

* the face-centered cubic grid (FCC grid in short) — denoted by F —, in which the sum of
each point’s coordinates is even.

Hence, V € {B,F}. On the BCC grid, each truncated octahedron (i.e., voxel) p has 14
face-neighbors — denoted by Ny4(p) — with a Euclidean distance of at most 2. Thus, we
assume (14, 14) pictures on this type of grid. However, 8 of them are closer — included in
Ng(p) — with a (Euclidean) distance of v/3. On the FCC grid, each voxel p has 12 face-
neighbors — denoted by Ni,(p) —, and there are six further vertex-neighbors. All neighbors
that share at least a vertex with p are included in N;5(p). We say that elements of Nj(p)
are k-adjacent to p. Gau and Kong examined three ‘reasonable’ types of pictures on the
FCC grid, where (k, k) € {(18,12), (12,18), (12,12)} [11].

Point p is the smallest element of the set @) if p < ¢ for each ¢ € @ \ {p}, where ‘<’
denotes the lexicographical order of point coordinates.

A 3D reduction preserves the topology if

* it does not split any object (into several objects) in the input picture,
* it does not completely delete any object in the input picture,

* it does not merge any cavity with the background or another cavity in the input
picture,



* it does not create a cavity where there was none in the input picture,
* it does not eliminate or merge any existing hole in the input picture, and
* it does not create new holes where there was none in the input picture.

A black point is called simple if its deletion is a topology-preserving reduction [15].
Furthermore, a set of black points is called a simple set if its elements can be arranged in
a sequence such that the first point is simple, and each point is simple after deleting all
of its preceding elements [14]. Additionally, a set of black points in an arbitrary picture
is a minimal non-simple (MNS) set if it is non-simple but all of its proper subsets are sim-
ple [16]. It is showed that, on the BCC and FCC grids, the simpleness of a point can be
determined by investigating its 14- and 18-adjacency, respectively [11, 21].

A thinning algorithm is topology-preserving if it is composed of topology-preserving re-
duction operations. Sequential reductions may delete only one black point at a time, hence
for such operations, the deletion of only a simple point ensures topology preservation. In
contrast, parallel reductions can delete a set of points simultaneously. To make sure a par-
allel reduction preserves the topology, we rely on Ronse’s general sufficient condition: if a
parallel reduction never deletes MNS sets, it is topology-preserving [16].

Thinning algorithms can be classified as sequential or parallel depending on whether
they delete one or more border points at a time [12]. Additionally, parallel thinning strate-
gies can be further distributed into subcategories. Among them, we focus on the fully
parallel and the subfield-based ones.

* In fully parallel algorithms, each iteration step requires exactly one parallel reduction
with a global deletion rule

* In the subfield-based strategy, the set of all picture elements )V is partitioned into
t > 2 subfields. In each subiteration, only one subfield is activated, and the set of
points corresponding to the currently activated subfield are taken into consideration
for possible deletion.

3 Sufficient conditions for topology-preserving parallel
reductions

Based on the characterizations of MNS sets in the considered picture types [11, 13], in
Chapter 3 of the PhD thesis, we present some novel sufficient conditions for topology-
preserving reduction operations for (14, 14) pictures of the BCC grid, and all three types
of pictures on the FCC grid. They can be separated into two categories: configuration-
based, and point-based ones. In addition, the generated reductions from the point-based
conditions are also introduced.

3.1 Configuration-based and point-based conditions

We established one configuration-based condition for topology-preserving reduction oper-
ations applied on the BCC grid, and further seven ones for reduction operations acting on



the FCC grid. The last one of them is a unified condition for the FCC grid, which makes
easier to understand the difference between the three considered picture types.

The previous conditions just provide a method of verifying that a formerly constructed
parallel reduction preserves the topology, rather than a methodology for constructing
topology-preserving reductions. That is why we proposed point-based conditions that di-
rectly provide deletion rules of topology-preserving reductions, and allow us to develop
topology-preserving thinning algorithms.

Two of these point-based conditions are established for the BCC grid and eight for the
FCC grid. Like in the case of the configuration-based conditions, the last two of them are
unified ones for the FCC grid. The proposed point-based conditions can be classified into
two groups:

* The symmetric conditions claim that any point belonging to at least one MNS set
is classified as non-deletable. Hence, they do not make a distinction between the
elements of the examined sets.

* The asymmetric variants say that only the smallest element of each MNS set is non-
deletable.

The result of the point-based sufficient conditions is that they take the deletion of
individual points into account (instead of point-configurations). The proofs of all theorems
can be found in the Author’s corresponding publications.

3.2 Generating topology-preserving parallel reductions

The point-based conditions cannot be applied just for the validation of thinning algorithms’
topology-preserving behaviour, but we can develop such new algorithms with them, whose
topology preservation is guaranteed. For this purpose, the first step is establishing new
parallel reductions based on all of these conditions.

Since only (14, 14) pictures are considered on the BCC grid, we proposed one symmetric
and one asymmetric operation for this type of pictures. For the FCC grid, we generated
one symmetric and one asymmetric reduction for each of the three types of pictures.

The support of an image operator is the minimal set of points whose values determine
whether a point is changed [12]. On the BCC grid, the support of the symmetric parallel
reduction contains 64 points, and the count of points in the support of the asymmetric par-
allel reduction is 47. On the FCC grid, all generated symmetric and asymmetric reductions
have a support with 84 and 64 elements, respectively.

Since all of these reductions are proved to be topology-preserving, they ensure a safe
technique for designing topology-preserving parallel thinning algorithms.

4 Parallel kernel-thinning algorithms

With the help of the previously generated asymmetric reductions, in Chapter 4 of the PhD
thesis, we derived fully-parallel kernel-thinning algorithms. Furthermore, two subfield-
based methods are proposed in order to extract the topological kernels of objects sampled
on the BCC grid.



4.1 Fully parallel algorithms

We constructed fully parallel kernel-thinning algorithms by iteratively applying the asym-
metric reductions described in Chapter 3 of the dissertation. With this technique, we
established four methods in total: one for the BCC grid, and three for each picture type of
the FCC grid. We showed that all of these algorithms are capable of producing topological
kernels.

It is important to note that we could also establish thinning algorithms from the sym-
metric reductions. However, the symmetric reductions are not suitable for kernel-thinning,
since they cannot produce topological kernels. For example, if an object is formed by two
black points, they will leave it unchanged instead of shrinking it to a isolated point.

4.2 Subfield-based algorithms on the BCC grid

We partitioned the BCC grid into four and eight subfields such that each point belongs to
a different subfield than any of its 14-adjacent ones.

Due to the fact that there are not any two adjacent points in the same subfield, we can
simplify our configuration-based sufficient condition: if only simple points are deleted,
their parallel deletion is a topology-preserving reduction.

We reported two subfield-based parallel kernel-thinning algorithms with this deletion
rule. The thinning process is terminated if no points are deleted within an iteration step).
Note that some black points may become simple directly after a subiteration process, which
may overdeform an object, and may cause that the resulting skeletal points are not cen-
tered of the input object. To prevent this phenomenon, we must ensure that only those
black points are visited which were border points at the beginning of the actual iteration.
That is why the border points are collected into a set before the first subiteration. We
showed that these two methods have a similar computational cost due to the fact that any
border point is examined exactly once in each iteration.

5 Distance-oriented sequential thinning

Distance transform is often applied in thinning in order to ensure topology preservation
and produce geometrically correct skeleton-like features, especially medial surfaces and
centerlines. These methods can be classified as follows:

e Anchor-based thinning: First, the set of CMBs is detected as safe skeletal (anchor)
points. Then thinning is applied to connect CMBs and determining the set of further
skeletal points.

e Distance-driven thinning: Distance mapping is followed by a thinning process. In the
i-th iteration, only object points with distance value i are taken into consideration
for possible deletion.

e Hybrid approach: It combines the anchor-based and distance-driven approaches.

Point p is called a local maximum if for any point ¢ € N;(p), DT (p) > DT(q), where i
is the considered neighborhood. In a Chamfer distance map, point p is a center of maximal
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ball (CMB, for short) [18] if DT'(q) < DT(p) + w for any point ¢ concerned in the Chamfer
mask, where w is the weight that corresponds to ¢ in the Chamfer mask. Note that local
maxima coincide with CMBs in case of neighbor-based distances.

It is showed that the original object can be completely reconstructed from the skeleton
if all the CMBs are included in the produced medial surface [22].

In Chapter 5 of the PhD thesis, our attention is focused on sequential thinning com-
bined with the distance transform to produce the medial surface and the centerline of
objects. We used three types of distance functions: neighbor-based, weighted (Cham-
fer) [10], and the non-errorfree Euclidean distance [19].

5.1 Surface-thinning

Strand proposed the first — and, to the best of our knowledge, the only existing — surface-
thinning algorithms for (14, 14) pictures of the BCC grid and (12, 12) pictures of the FCC
grid. Both can be categorized as ‘hybrid’, since they combine the anchor-based and distance-
driven approches. His methods rely on neighbor-based distances, and consider CMBs as
safe skeleton points. As a consequence, the original objects are fully reconstructible from
their medial surface. He introduced a surface edge point condition in order to preserve
surface patches. The thinning algorithms consist of two thinning phases. Forward thinning
reduces the input objects to 2-3 voxel thick surface patches, which are peeled further in
the backward thinning. The unusual aspect of this process is that during backward thin-
ning, object points are visited in descending order of their distance value. The sequential
thinning is rather sensitive to the visiting order of border points. As a result, the final skele-
ton usually has some unwanted branches or surface segments. We showed that Strand’s
methods have nonlinear time complexity.

We established two modified versions of Strand’s methods — an anchor-based and a
distance-driven one - for each of the two considered picture types. In order to construct
linear time surface-thinning methods, we merged the thinning phases in Strand’s algo-
rithms and simplified the organization of the thinning iterations. Our deletion rule also
preserves non-simple points and surface edge points. We showed that our modified vari-
ants have linear time complexity by giving an upper limit to the visiting number of all
black points during the thinning phase. Furthermore, we also determined that they are
less sensitive to the visiting order of border points due to the fact that, in each iteration,
the border points are visited in lexicographical order.

5.2 Curve-thinning

We established two, distance-driven curve skeletonization methods. One of them works
on (14, 14) pictures of the BCC grid, and the other one considers (12, 12) pictures of the
FCC grid. For this purpose, instead of surface edge points we retain either of two types of
curve endpoints. We consider a border point deletable if it is simple but not an endpoint.
We reorganised the thinning iterations: the non-deleted black points must be visited again
during the further iterations in order to shrink the surface patches until line branches are
only left. The sufficient number of iterations depends on the structure of the objects in
the input picture. Therefore, it is impossible to set a constant upper limit to the visiting
number of object points. As a result, the extraction of the curve skeleton has nonlinear



time complexity. To ensure distance-driven thinning, all distinct distance values are col-
lected into a set right after the distance transform. As a consequence, the total number of
iterations is equal to the number of (positive) unique distance values, which depends on
the shape of objects and the chosen distance function.

It is important to note that anchor point condition should not be used because the
detected ridge points belong to the surface skeleton, so surface segments will probably be
also generated.

We measured the reconstructibility of the original objects from their produced center-
line on the FCC grid. We determined that the reconstructed object from a more compact
representation usually have significantly less black points because of the loss of details of
its shape.

On the FCC grid, we also measured the required time for the curve-thinning method to
process. We can state that the better the approximation to the Euclidean distance is, the
more time the thinning takes. This happens due to the growing number of distinct values,
which implies that the number of thinning iterations is increasing as well. Additionally,
the Euclidean DT takes more raster scans than chamfer ones through the picture, which
makes it computationally even more expensive. We can also state that thinning with the
stricter endpoint condition takes less time because it leaves fewer border points to visit for
possible deletion in the remaining iterations.

6 Contributions of the thesis

In the first thesis group, my contributions are related to constructing sufficient conditions
for topology-preserving parallel reductions. Detailed discussion can be found in Chapter 3
of the PhD thesis.

I/1. 1 verified the proposed configuration-based sufficient conditions for topology-
preserving parallel reductions on (14,14) pictures of the BCC grid, and (18,12),
(12,18), and (12, 12) types of pictures of the FCC grid.

I/2. 1 verified the proposed symmetric and asymmetric point-based sufficient conditions
for topology-preserving parallel reductions on (14, 14) pictures of the BCC grid, and
all three types of pictures of the FCC grid.

I/3. Timplemented the two topology-preserving parallel reductions derived from the sym-
metric and asymmetric point-based conditions on (14, 14) pictures of the BCC grid,
and all three types of pictures of the FCC grid, and identified their support.

In the second thesis group, my contributions are related to constructing parallel kernel-
thinning algorithms. Detailed discussion can be found in Chapter 4 of the PhD thesis.

II/1. Iimplemented the (topology-preserving) fully parallel kernel-thinning algorithm on
(14, 14) pictures of the BCC grid, and proved its capability of producing topological
kernels.



II/2. 1 implemented the (topology-preserving) fully parallel kernel-thinning algorithms

on all three types of pictures of the FCC grid.

II/3. Timplemented and evaluated the proposed kernel-thinning algorithms working with

4 and 8 subfields on (14, 14) pictures of the BCC grid.

In the third thesis group, my contributions are related to constructing computationally
efficient sequential thinning methods to extract medial surfaces and centerlines. Detailed
discussion can be found in Chapter 5 of the PhD thesis.

I1/1.

II/2.

I11/3.

I11/4.

I reproduced Strand’s sequential surface-thinning algorithms combined with
neighbor-based distance information on (14, 14) pictures of the BCC grid and (12, 12)
pictures of the FCC grid, and proved their runtime complexity.

I modified Strand’s methods to produce surface skeletons in linear-time on both
considered types of pictures.

I constructed a distance-driven sequential thinning method with two line endpoint
criteria to extract curve skeletons directly from the input object on (14, 14) pictures
of the BCC grid.

I constructed a distance-driven sequential thinning method with two line endpoint
criteria to extract curve skeletons directly from the input object on (18, 12) pictures
of the FCC grid. I measured this algorithm’s execution time and the reconstructibil-
ity of the original objects from their produced centerline.

Table 1 summarizes the relation between the thesis points and the corresponding publica-

tions.

Table 1: Correspondence between the thesis points and my publications.

Thesis point

Publication | | ;'\ [ o /3111 (/2 |1/3 | M0/1 |02 | /3 | /4

[1] . . .

[2] ° ° ° °

[3] . .

[4] .

[5] .

[6] ° ° ° °

[7]

[8]
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7 Osszefoglalas

Az értekezés a digitdlis topoldgia és vazkijelolés teriiletén mutat be 1ij ismereteket két
alternativ 3D racsra, a tércentralt (BCC) kockardcsra és a lapcentralt (FCC) kockaracsra
Osszpontositva.

A munka harom {6 témakorbdl all. Az els6 részben a parhuzamos redukciok topoldgia-
mego6rz6 tulajdonsagara adtunk elegendé feltételeket, a masodikban az 1j feltételeinket
hasznaltuk fel zsugorité algoritmusok tervezésére, mig a harmadik részben hatékony
szekvencidlis vazkijelol6 modszereket ismertettiink az objektumok kozépfelszinének és
kozépvonalanak kijelolésére.

A ,,Sufficient conditions for topology-preserving parallel reductions” cim fejezetben
konfiguracié-alapu és pont-alapu feltételeket fogalmaztunk meg a topologia megorzésére
parhuzamos redukciok szdmdra a BCC rdcs (14, 14), valamint az FCC récs (18, 12), (12, 18)
és (12,12) képeire. Kozos jellemzdbjiik, hogy a vizsgalt képtipusokon el6forduld osszes
lehetséges minimdlisan nem egyszeri (MNS) halmazok torlésének tiltdsat kovetelik meg.
A pont-alapu feltételek k6zott megkiilonboztetjiik a szimmetrikusokat és az aszimmetriku-
sokat. Tovabba az aszimmetrikus pont-alapu feltételekbdl topoldgia-meg6rz6 parhuzamos
redukciokat szarmaztattunk.

A ,,Parallel kernel-thinning algorithms” cim fejezetben teljesen parhuzamos zsugorité
algoritmusokat szarmaztattunk az altalunk konstrudlt redukciokbol azok iterativ végre-
hajtasdaval mind a négy figyelembe vett képtipusra. Bebizonyitottuk, hogy nem marad
egyszeri pont az erdményképeken, vagyis mindegyikiik az objektumok topoldgiai magjat
allitja el6. Ezenkiviil felosztottuk a BCC racsot négy, illetve nyolc almezére ugy, hogy
minden pont kiilonb6z6 almezdbe tartozzon, mint barmely szomszédja. Ezt kihaszndlva
olyan almezé-alapu zsugorité algoritmusokat konstrudltunk, melyek egy-egy aliteraciéban
az azonos almezdébe tartozd 0sszes egyszeri pontot torlik. Ezdltal a tobbelem@ MNS hal-
mazok vizsgalata nélkiil is garantaltan topoldgia-megérzé eljarasokhoz jutottunk.

A ,,Distance-oriented sequential thinning” cim{ fejezetben kielemeztiik Strand tavolsag-
térképpel kombindlt, kozépfelszinre vékonyité algoritumsait a BCC racs (14,14) és az
FCC rdcs (12,12) képeire vonatkozdan. Megdllapitottuk, hogy egyik sem linedris futasi
komplexitdsd. Kidolgoztuk Strand eljardsainak két-két, bizonyitottan linedris futdsi idejl
modositott valtozatdt. Ezenkiviil a BCC racs (14, 14) és az FCC racs (18, 12) képeire java-
soltunk kozépvonalra vékonyitd eljarasokat. Ennek érdekében két-két vonalvégpont fel-
tételt vezettlink be. Az FCC racson értelmezett valtozatnal megallapitottuk, hogy a kom-
paktabb kozépvonalbdl rekonstrudlt objektumok altaldban jelentésen kevesebb fekete pon-
tot tartalmaznak, mivel az eredeti alakjuk részletei elvesznek a tomorebb reprezentacio
miatt.
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Nyilatkozat

Karai Gabor ,Topology preservation and skeletonization on the BCC and FCC grids” cim( PhD
disszertacidjaban a kdvetkezd eredményekben Karai Gabor hozzdjarulasa volt a meghatdrozo:

I/1 A topolédgia-megbrzéd parhuzamos redukcidkra javasolt konfiguracié-alapa
elegendé feltételek ellendrzése a BCC racs (14,14) képeire, valamint az FCC racs
mindharom képtipusdra, vagyis a (18,12), (12,18) és (12,12) képekre.

I/2 A topoldgia-megbrzé parhuzamos redukciokra javasolt szimmetrikus és aszimmet-
rikus pont-alapi elegendd feltételek ellenérzése a BCC racs (14,14) képeire,
valamint az FCC racs mindharom képtipusara.

I/3 A topolégia-meg6rz6 parhuzamos redukcidkra javasolt szimmetrikus és aszimmet-
rikus pont-alapl elegendd feltételekbdl szarmaztatott (garantaltan topolégia-
meg6rzd) parhuzamos redukcidk lokdlis kornyezeteinek meghatdrozasa és
implementéldsa a BCC racs (14,14) képeire, valamint az FCC racs mindharom
képtipusara.

II/1 Egy teljesen pdrhuzamos zsugorité algoritmus implementédldasa a BCC rdacs
(14,14) képeire, tovabba annak bizonyitasa, hogy az algoritmus topoldgiai magot
allit el6.

1I/2 Teljesen parhuzamos (topoldgia-megdrzd) zsugoritd algoritmusok implementalasa
az FCC racs mindharom képtipusara.

II/3 4- és 8-almezds (topoldgia-megbrz8) zsugoritd algoritmusok implementaldsa és
kiértékelése a BCC racs (14,14) képeire.

III/1 Strand algoritmusainak implementalasa a BCC récs (14,14) képeire, valamint az FCC
racs (12,12) képeire, valamint a futasi komplexitasuk bizonyitasa.

III/2 Strand algoritmusainak két, bizonyitottan linearis idGigényli modositott valtozata-
nak kidolgozasa mindkét vizsgalt képtipuson. ' '

1I1/3 - Egy tavolsag-rendezett bejarasi sorrendet kovetd, kozépvonalra vékonyitd eljaras
konstrudaldsa két vonalvégpont-kritériummal a BCC récs (14, 14) képeire.

III/4 Egy tavolsag-rendezett bejarasi sorrendet kovetd, kdzépvonalra vékonyitd eljaras
konstrudldsa két vonalvégpont-kritériummal az FCC racs (18,12) képeire. Az eljards
futdsi idejének és az eredeti objektumok rekonstrualhatésdganak vizsgalata a
kinyert kézépvonalukbdl.
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