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Abstract

Chlamydia trachomatis (C. trachomatis) related sexually transmitted infections are
a major global public health concern. C. trachomatis afflict millions of men, women,
and children worldwide and frequently result in serious medical diseases. In this
thesis, mathematical modeling is applied in order to comprehend the dynamics
of Chlamydia pathogens within host, their interactions with the immune systems,
behavior in the presence of other pathogens, transmission dynamics in a human
population, and the efficacy of control measures.

The thesis begins with a brief introduction of the bacteria Chlamydia in Chapter
1. In Chapter 2, we give a brief detail of the mathematical modeling of infectious
diseases, and its specific application to study the pathogen.

In Chapter 3, a linear delay differential compartmental model is developed, and its
special application is shown for a laboratory experiment conducted to study the
intracellular development cycle of Chlamydia. The delay accounts for the time
spent by bacteria in their various forms and for the time taken to go through the
replication cycle. The mathematical model tracks the number of Chlamydia in-
fected cells at each stage of the cell division cycle. Moreover, the formula for the
final size of each compartment is derived. With initial conditions taken from the
experiment, the model is fitted to results from the laboratory data. This simple
linear model is capable of reflecting the outcomes of the laboratory experiment.

In Chapter 4, at a population level, a novel mathematical model is introduced to
study the dynamics of the co-infection between C. trachomatis, and herpes sim-
plex virus (HSV). The concept of the model is based on the observation that in an
individual simultaneously infected with both pathogens, the presence of HSV will
make the Chlamydia persistent. In its persistent phase, Chlamydia is not replicat-
ing and is non-infectious. Important threshold parameters are obtained for the per-
sistence of both infections. We prove global stability results for the disease-free
and the boundary equilibria by applying the theory of asymptotically autonomous
systems. Further, the model is calibrated to disease parameters to determine
the population prevalence of both diseases and compare it with epidemiological
findings.

In Chapter 5, a compartmental maturity structured model is developed to investi-
gate an optimal control problem for the treatment of chronic Chlamydia infection.
The model takes into account the interaction of the pathogens with the immune
system and its effects on the formation of persistent Chlamydia particles. As the
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system takes the form of a mixed ODE-PDE system, the results of the conven-
tional form of Pontryagin’s maximal principle for ordinary differential equations
are not suitable. For our purpose, we construct an optimal control problem for a
general maturity compartmental model, and hence it consists of ordinary and par-
tial differential equations, moreover, the boundary conditions are also nonlinear.
For a fixed control, we verify the existence, uniqueness, and boundedness of the
solutions. The system is numerically simulated for a variety of cost functions in or-
der to calculate the optimal treatment for curing Chlamyida infection. We believe
that since our findings were validated for a general model with maturity structure,
they may be applied to any specific compartmental model that is compatible with
the established system.
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1 Introduction

Sexually transmitted infections (STIs) are persistently accountable for causing
health crises of epic proportions. Millions of men, women, and infants are globally
affected by STls which can often lead to severe medical conditions including long-
term disability and death, additionally instigating psychological repercussions [1].
The World Health Organization (WHO) in 2012 estimated the loss of 100 million
disability-adjusted life years (DALYs) as a consequence of STls. The WHO also
reported alarming statistics of 340 million annual cases of curable STls occurring
worldwide. Chlamydia trachomatis (C. trachomatis) is the most common notifi-
able STI caused due to bacteria and is among the most significant contributors
to disease burden due to STls. A report on the global incidence and prevalence
of selected curable STlIs in the year 2008 reported 105.7 million cases of C. tra-
chomatis [1]. The Centers for Disease Control and Prevention (CDC) reports that
there are 4 million new instances of C. trachomatis infections in the United States
each year. Moreover, it is overtly distressing that young people between 15-24 are
primarily affected, marking up to 50% of new STls occurring each year. Among
the C.trachomatis infection report received by CDC, 74% cases were recorded to
occur in persons aged 15-24 [2]. A more recent study conducted in 2018 made
a similar assertion, 2.6 million incident Chlamydia infections occurred in the age
group 15-24 representing 66.5% of the total cases [3]. The European Centre for
Disease Prevention and Control (ECDC), recently reported that the highest no-
tification rates were among women aged 15-24 years (1305 cases per 100,000
population) and men aged 15-29 years (672 cases per 100,000 population) [4]. In
Hungary, the notification rate for Chlamydia in men was 141 cases per 100,000
population, while in women, it was 173 cases per 100,000 population. This rela-
tively high male-to-female ratio in Hungary was noted, especially when compared
to other European countries with lower notification rates [4]. These statistics repre-
sent a startling fact about the epidemic stature that STIs have reached worldwide.

1.1 Epidemiological Background

Chlamydia is a genus of pathogenic gram-negative bacteria which are obligate in-
tracellular parasites. It is responsible for causing epizootic outbreaks in mammals,
potentially targeting domesticated poultry, cattle, pigs, sheep, and horses, as well
as feral birds and human beings [5]. The bacterial family Chlamydiaceae is in-
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clusive of several disease-causing pathogens in humans including, C. pneumoni-
ae, C. psittaci, and C. trachomatis whereas C. muridarum, C. suis are animal
pathogens, infecting mice and swine respectively [6]. Among the species, C.trach-
omatis typically affects humans and is reportedly the most common STI worldwide.
It causes diseases in humans by infecting the genital tract and ocular epithelium
[7]. C. trachomatis infections primarily do not show any symptoms, and conse-
quently are left undetected and untreated. With the rate of asymptomatic Chlamy-
dia infection ranging between 70-75% in women and 40% in men, it is frequently
attributed as the ‘silent epidemic’ [8—10]. Untreated Chlamydia infections are ca-
pable of establishing latency which may lead to long-lasting chronic infections,
further increasing the risk of acquiring and transmitting other infectious diseases,
such as HIV [11]. Untreated Chlamydia infection can manifest in serious seque-
lae in both men and women. It leads to more serious complications in women
as they develop health issues such as chronic pelvic pain, tubal factor infertility
(TFI), pelvic inflammatory disease (PID), and ectopic pregnancy, which is often
life-threatening [12].

C. trachomatis is classified into two biovars, the trachoma biovar and the Lym-
phogranuloma Venereum (LGV) biovar, which are further separated into several
serovars based on cell surface antigens. There are four LGV-causing serovars
which are designated as serovars L1, L2, L3, and L2b, serovars A-C cause tra-
choma, the leading source of preventable blindness worldwide. It is estimated
that serovars A-C infects approximately 162 million people with ocular infection
while rendering 6 million people with total blindness [6]. Although Trachoma still
prevails in some countries, it has been mostly eradicated from the rest of the world
[13]. C. trachomatis serovars D-K causes urethritis or cervicitis and represents the
world’s most prevalent bacterial STD agent. A very high percentage (85-90%) of
Chlamydia infections are chronic and asymptomatic which facilitates the bacteria
to establish long-term inflammation and tissue scarring of the genital tract. The
silent attribute of infections due to Chlamydia eventually results in more damage
sustained by the host and is the principal reason for the excessive burden of the
disease.

1.2 Biological Background
1.2.1 Life Cycle of Chlamydia

Chlamydiais unique biphasic intracellular developmental cycle differs from other
bacterial parasites (Fig. 1.1). They manifest in two morphologically distinct forms
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within the host: the elementary bodies (EBs) and the reticulate bodies (RBs). The
EBs are the extracellularly viable, but metabolically inert forms, responsible for
spreading the infection by attaching and invading susceptible epithelial human
cells. RBs are metabolically active non-infectious forms that can replicate inside
human cells. The life cycle of Chlamydia is initiated when the EBs attach them-
selves to the surface of the host epithelial cell; followed by the internalization into
an intracytoplasmatic parasitophorous vacuole called inclusion, whereby they un-
dergo morphological changes and differentiate into the replicative form RBs. The
RBs then multiply by undergoing repeated cycles of binary fission (200-500 fold
[11]). Matured RBs then differentiate back to EBs and are eventually released at
the end of the cycle with the lysis of the infected host cell [14].

1.2.2 Persistence in Chlamydia

As it stands, the fact that Chlamydia’s developmental forms exclusively alternate

between EB and RB has been oversimplified. Chlamydia can enter a non-infectious
yet viable stage known as persistence, when under stress, despite being efficiently

treatable. Persistence in Chlamydia is a reversible phase that is characterized by

an anomalous development cycle where the bacteria is capable of establishing

latent infections and can persist asymptomatically in many individuals [15]. Unre-
solved Chlamydia infections leading to the persistence of the bacteria are believed

to be a principal reason behind recurrent Chlamydia diseases.

Weiss observed in 1950 that exposure to the antibiotic penicillin caused C. muri-
darum and C.felis to exhibit an expanded, aberrant shape [16]. According to Hurst
etal., [17], Tamura and Manire [18], and Matsumoto and Manire [19], C. trachoma-
tis LGV and C. psittaci, which were at the time known as lymphogranuloma and
meningopneumonitis viruses respectively, both experienced similar outcomes.

The mechanism that induces Chlamydia into persistence is still obscure, however,
laboratory experiments have substantiated their occurrence in vivo, even prevail-
ing for several years [6]. Persistence induction offers a crucial experimental tool
for examining these fascinating creatures in the absence of a tractable genetic sys-
tem. Several studies have concluded the existence of numerous factors that can
trigger the manifestation of C. trachomatis into the persistent phase, such as expo-
sure to unfavorable physiological conditions, presence of growth inhibitors such
as IFN- , iron deficiency, nutrient deprivation, or treatment with some antibiotics
[20]. However, this process is reversed once the growth inhibitors or other hin-
drances are removed, and the persistent C. trachomatis differentiates back into
it's infectious forms [20-22]. To date, the IFN- induced persistence has been
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best specified and is characterized by the induction of Chlamydia persistence by
allowing tryptophan inadequacy, an essential amino acid that is required for the
natural development of Chlamydia [23].

Various additional experiments (recently summarized in [24, 25]) have extensively
demonstrated that growing Chlamydiae can detour from the productive develop-
mental cycle when they encounter particular stimuli. With regard to Chlamydia,
persistence is referred to as a developmental stage in which the Chlamydiae are
alive but not contagious. This usage can be a little perplexing because most micro-
biologists use the word "persistence” to describe an infection that lasts a long time
inside of a host. Chlamydial metabolism slows down during persistence and RB
division and differentiation into EB stop. This lowers the production of infectious
particles and promotes aberrant RB (AB) development.

Persistence seems to be a technique by which Chlamydiae can "ride out” adverse
circumstances and sustain a protracted infection within a host cell. It is significant
to emphasize that persistent Chlamydiae, which are alive but not contagious, have
mostly been researched in culture. The in vivo findings demonstrate that Chlamy-
diae persist, these investigations do not, however, provide solid evidence that the
Chlamydiae persist in a modified form [24, 25].

RB reorganizes
back to EBs

EB accumulation

Figure 1.1: Graphical representation of the Chlamydia development cycle in the
presence of persistence. Arrows indicate the transition from one stage to another.
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1.2.3 Therapy and Therapeutic Failure

Despite the fact that Chlamydia infections do not contribute to mortality and are
easily treatable, its pervasiveness and a high proportion of people who are asymp-
tomatically infected represent a threat to general health. Chlamydia infection can
be efficiently treated and cured with antibiotics if effectively diagnosed. The most
common treatment regimen is a single 1g oral dose of azithromycin or 7 days of
doxycycline [26]. The effects of these antimicrobial agents are purely bacterio-
static, meaning they can only inhibit the growth of bacteria [27]. Depending on
the choice of drug administered, the success of treatment may vary from 90% to
100% [28]. Regardless of these high recovery rates, there are reports of recurrent,
exacerbating infections. Survey has determined that the rates of persistent or re-
current infection range from 5% to 38% in adolescents and young women treated
for Chlamydia infection [29].

Recurrent Chlamydia infection of the genital tract is a frequent and well-known
condition. The etiology behind such a common occurrence of repeat infection
appears to be a composite of several aspects including antimicrobial resistance,
misdiagnosis, treatment non-adherence, repeat exposure to infection, frequent
screening, and limited immune system protection [26, 30].

Regardless of a few published case studies ([30—33]) pointing to resistance as the
root of clinical therapeutic pitfalls, the hypothesis surrounding C. trachomatis be-
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ing able to develop antimicrobial resistance has received no significant study. "Ho-
motypic resistance” for C. suis strains against tetracycline have been observed
in pigs [34], nevertheless, there are no examples of antibiotic resistance originat-
ing in human-pathogenic chlamydiae [35]. It is significant to note that there are
extreme challenges to studying antibiotic resistance among Chlamydia species,
including lack of a consistent in vitro test, and deficiency in comprehension of the
connection between outcomes of existing clinical results following therapy and in
vitro studies [36]. Current evidence suggests it seems improbable that antimicro-
bial resistance poses any threat to the resolution of Chlamydial infection. It is
considered advantageous that incidences of C. trachomatis resistance is uncom-
mon where in this age, antimicrobial resistance has become an issue of increasing
concern [36].

According to an in vitro research conducted to evaluate the effect of - lactam an-
tibiotics on Chlamydia persistence, all penicillins studied caused the production of
ABs with Chlamydia’s infectivity reduced by 95% [37]. In comparison, persistent
Chlamydial are more resistant to azithromycin (AZM) in culture than normally de-
veloping organisms [38, 39], whereas C. trachomatis exposure to IFN- increases
resistance to doxycycline treatment [40]. Samples from treated individuals have
shown to have persistent Chlamydial forms [33], additionally, antimicrobial resis-
tance has grown among persistent Chlamydiae in culture [39—-41]. Consequently,
some researchers have suggested that persistent Chlamydiae may exacerbate
chronic diseases by eluding antibiotic treatment.

The high frequency of recurring infection rates may also be influenced by Chlamy-
dia testing and treatment. As Chlamydia is primarily asymptomatic, regular screen-
ing of priority populations is seen as a crucial public health control strategy. How-
ever, the possible drawbacks of a "screen and treat” strategy are still up for de-
bate. It was suggested that increased rates of reinfection might be caused by
the early removal of pathogens from genital tissue following antibiotic treatment,
which might have a negative impact on the growth of naturally acquired protective
immunity. Results from a murine model with early antibiotic administration demon-
strate that, despite being extremely successful in removing chlamydiae from gen-
ital tissue and averting upper genital tract infection, mediation with doxycycline
severely reduces the growth of protective immunity [42]. It remains challenging
to answer this question in a natural infection. A study reported spontaneous reso-
lution of Chlamydia infection in women who had not received antibiotic treatment,
on the basis of which they concluded that host defense mechanisms may mediate
Chlamydial clearance [43]. If outcomes from the animal model are an appropriate
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prediction of what happens in humans, there is a greater risk of reinfection or re-
current Chlamydial infection in women who receive early treatment in the course
of the infection [42, 44]. To sum up, it is abundantly evident that it would be bene-
ficial to understand the cause behind such a common occurrence of recurrent C.
trachomatis infection.

There is presently no vaccine for Chlamydia, and the solely available treatment is
antibiotics, however, considering the high rate of reinfection, there is a growing de-
mand to provide a vaccine. Large-scale field studies in Saudi Arabia, Taiwan, The
Gambia, India, and Ethiopia were conducted in the 1960s to assess the effective-
ness of C. trachomatis vaccines against ocular infection. These studies concluded
that whole organism vaccines could promote short-term immunity to ocular infec-
tion and lower the incidence of inflammatory trachoma. At the time, extensive
research on non-human primates revealed that vaccination could cause inflam-
matory illness to worsen when challenged later, however, the evidence pointing
towards the same conclusion in humans is questionable [45].

Vast research for non C. trachomatis vaccine has been carried out with animal
models and has had greater success. The majority of these studies for vaccina-
tion trials were conducted using mouse models as hosts, the earliest of which was
developed to specifically target C. muridarum [46], that shares the maijority of the
genes with the human strains of C. trachomatis [47]. These trials indicate that
whole cell antigenic targets trigger an effective response, shielding from illness
and decreasing shedding rates. There are a number of noteworthy distinctions
between C. trachomatis and C. muridarum that may have an impact on the im-
munobiology of infection, regardless, these models appear to be helpful for exam-
ining C. trachomatis immunity [22, 48].

So far, only two Chlamydial vaccines, targeting C. felis in cats and C. abortus in
sheep have been marketed, of which C. felis was ultimately discontinued in 1992,
as it seemed to lose some of its potency [49]. A methodical research program
is being dedicated to the development of C. pecorum for koalas. The earliest
immunization trial on koalas evaluated the neutralizing ability of plasma against
C. pecorum, consequently offering an alternative to the use of antibiotics and/or
a three-dose vaccination schedule which was standard for earlier vaccine trials
[50].

Replicating mouse vaccine trial results in other host species, particularly non-
human primates, is one of the most challenging components of chlamydia vaccine
research. There have been efforts in recent years to reproduce murine model trial
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outcomes in non-human primates, the earliest of which used whole cell antigenic
targets, and documented little to no post-challenge protection [51-53]. The mouse
models provide great insight into the challenges involved in developing an effica-
cious vaccine that will provide protection against infection and disease sequelae.
Although live vaccines and Major Outer Membrane Protein (MOMP)-based vac-
cines have had some success, these outcomes have not been replicated in non-
human primate models, probably due to variations in chlamydial species genetics
and host immunity responses. Nevertheless, recent vaccine trials using the whole
cell antigen method have shown encouraging outcomes [54, 55].

A recent study concluded that the majority (85%) of vaccine studies have been
conducted in substitute hosts and have mostly focused on creating vaccines for
humans [46]. According to the survey, despite more than 70 years of research, as-
sisted with considerable technological breakthroughs, and increased understand-
ing of the target species, no transparent method of vaccine administration has
been established.
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2 Mathematical Modeling of
Infectious Diseases

2.1 Historical Background

The history of communicable diseases, although very ruthless, has been a sig-
nificant part of humanity. Since the beginning of time, epidemics have invaded
populations, frequently killing a large number of people before vanishing, possi-
bly reoccurring years later, and probably becoming less severe as populations
build up some immunity. Examples include the "Spanish” flu Pandemic of 1918—
19, which resulted in more than 50,000,000 deaths globally [56], and the annual
influenza seasonal epidemics, which can result in an average of up to 389,000 fa-
talities globally [57]. The outbreak of the novel coronavirus, first emerging in late
2019 quickly spread worldwide, leading to a significant global health crisis with
far-reaching social, economic, and public health impacts. The disease referred to
as COVID-19 (coronavirus disease), is a viral respiratory illness caused by the se-
vere acute respiratory syndrome coronavirus 2 (SARS-CoV-2) and is proclaimed
the deadliest kind since the 1918 H1N1 influenza pandemic [58].

In the fourteenth century, beginning in 1346, the Black Deaths (perhaps the bubonic
plague) moved from Asia to Europe in numerous waves, killing up to one-third of
the continent’s population by 1350 [59]. For more than 300 years, the illness re-
curred frequently in different regions of Europe, most memorably as the Great
Plague of London in 1665-1666. Then it began to progressively leave Europe.

There are other illnesses that are endemic (constantly prevalent) in some com-
munities and result in a lot of fatalities. Particularly prevalent in underdeveloped
nations with subpar healthcare services. Measles, lung infections, diarrhea, and
other conditions that are easily treatable and not regarded as dangerous in the
Western world cause millions of deaths each year. Many regions of the world are
plagued by endemic illnesses such as malaria, typhus, cholera, schistosomiasis,
and sleeping sickness. The work of John Graunt (1620-1674), published in his
book "Natural and Political Observations Made upon the Bills of Mortality” in 1662,
marked the beginning of the analysis of data related to infectious diseases [60].
The Bills of Mortality were weekly lists of the fatalities that occurred in the parishes
of London. The data used by Graunt came from the records, which were started in
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1592 and kept up to date starting in 1603. He provided the first approach to a the-
ory of competing risks by analyzing the numerous causes of death and outlining
a mechanism for calculating the relative chances of passing away from various
illnesses.

The earliest application of mathematics to study infectious diseases can be traced
back to the 18th century. During the period when smallpox was still rampant, treat-
ment and eradication of the disease was a subject of grave importance. Although
it was believed that immunity could be achieved through vaccination against small-
pox, with particles from its lesion, it was highly controversial because of the po-
tential threat and fatality linked with it. It was a matter of dispute whether the
benefits of mass inoculation counterbalanced the associated risk. In 1760, Daniel
Bernoulli, one of the most renowned scientists of the time, in his attempt to boost
global immunization against smallpox, conducted a mathematical investigation of
the fatality caused due to smallpox, with variolation and without. His approach to
the issue of competing hazards resulted in the 1760 publishing of a concise sum-
mary [61]. This was followed by a more exhaustive analysis which he presented to
the Royal Academy of Science in Paris the same year and subsequently published
in 1766 [62]. Bernoulli through his evaluation justified the claim that the merits of
variolation far surpassed the dangers of the disease and mortality caused due to it.
His studies provide a comprehensive understanding of the historically significant
disease of smallpox.

The contribution by John Snow, a medical professional from England who pio-
neered the creation of anesthesia and medical hygiene, is quite significant and
is thought to have been the beginning of the science of epidemiology. Based on
research into the temporal and geographic distribution of cholera cases during the
London outbreak of 1855, he successfully located the Broad Street water pump as
the infection source [63]. William Budd was successful in gaining a comparable
comprehension of the typhoid epidemic in 1873 [64].

Regardless of Bernoulli’'s established account, a substantial length of time would
pass before the vast application of mathematical modeling in the scope of infec-
tious diseases. The works of P. D. En’ko and Ronald Ross are considered critical
in the advancement of this field. En’ko is recognized for his contribution to the the-
oretical analysis of the measles epidemic [65]. In 1889, he developed a discrete-
time model which he successfully correlated with the real measles epidemic in
educational institutions of St. Petersburg, which he surveyed in an enclosed en-
vironment. His work is the basis of the famous ‘Reed-Frost models’ proposed by
Lowell Reed and Wade Hampton Frost. Although the mathematical model was
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published only later in 1950, it was presented by Frostin a lecture in 1928. Ronald
Ross, a British medical doctor, one of the greatest in the field, is distinguished
for his remarkable contribution in the understanding of malaria disease through
mathematical modeling. His pioneering works laid the foundation for quantitative
analysis of the transmission of mosquito-borne diseases and their epidemiology.
Ross’s contribution to engineering the groundwork that laid the foundation for the
conceptual awareness of infection dynamics earns him high regard as a histori-
cal figure. Additionally, Ross is also credited for introducing a significant notion
in epidemiology (a similar concept to the reproduction number, Ry). Along with
identifying anopheles mosquitoes as vectors responsible for transmitting malaria,
his analysis of the mathematical model showed that malaria could be eliminated
so long as the number of humans per mosquito was beneath a certain "thresh-
old” value [66]. Ross’s original work which consists of two separate mathemat-
ical models greatly influenced a generation of successors in the field including
George Macdonald, which led to the development of the Ross-Macdonald theory
of mosquito-borne disease transmission [67, 68]. With the "threshold” concept
already existing in epidemiology, Macdonald also later established its link with de-
mographics and the approach to the formulation of reproduction number (using
the expression zp).

Ross’s earliest models gave rise to several other modified versions including the
Ross-Waite-Lotka Model [69], the Ross-Lotka Model [70], the Sharpe-Lotka Model
[71]. A detailed analysis of the historical evolution inclusive of more recent ad-
vancements can be found in [72]. Ross remains significant not only for his key
role in exploring mosquito-borne disease transmission but also for his fundamen-
tal part in the scientific developments in the field of mathematical studies of infec-
tious diseases.

Ross’s other major impact in the field would be his association with Anderson Gray
McKendrick, a Scottish military physician, who pioneered the use of compartmen-
tal modeling in the mathematical study of infectious diseases. McKendrick widely
acknowledges Ross for his work in epidemiology. The year 1927 is regarded as a
benchmark for the mathematical modeling of infectious diseases with the introduc-
tion of the famous Susceptible-Infected-Recovered (SIR) model by Anderson Gray
McKendrick and William Ogilvy Kermack [73]. The model which segregates a pop-
ulation into different compartments describes the movement of individuals through
successive compartments by considering progression rates of various stages of
infection. The model assumes that an individual attains lifelong immunity upon re-
covery from an infection. Adhering to Ross’ footsteps, Kermack and McKendrick
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went on to broaden the theory of "threshold” in communicable diseases by extend-
ing the SIR model and presenting through subsequent publications [74, 75]. The
1905 Mumbai plague epidemic is such a case study considered by them.

Roy Anderson and Robert May in their much-esteemed book titled "Infectious
Diseases of Humans”, further developed the SIR model and applied it to analyze
the spread of communicable diseases such as measles, malaria, river blindness,
schistosomiasis, sleeping sickness, and AIDS. Their distinctive work is aimed at
providing a comprehensive characterization for reviewing public health strategies
toward the annihilation or control of infectious diseases. This book stands out
for its demonstration of the far-reaching potential of mathematical modeling in the
field of epidemiology [76]. The due credit for finally adopting the expression "basic
reproduction rate” (resuming Macdonald’s terminology), along with the notation R,
instead of zy (representation is due to Lotka [77]) goes to Anderson and May [78],
as well as associating R, to the following definition:

” Basic Reproduction Number, Epidemiological Definition. The
number of secondary infections resulting from a single primary
infection into an otherwise susceptible population.”

Furthermore, Anderson and May proposed and analyzed the Susceptible-Infected-
Susceptible (SIS) form of compartmentalizing an infectious disease. This simpli-
fied version of the SIR model yielded high suitability for the formulation of STls,
and its application has been far-reaching in recent years.

These mathematical models have been utilized extensively in order to gain insight
into the dynamics of infectious diseases, as a tool for analyzing epidemic risk, for
devising vaccination strategies, to study the effect of biodiversity on a disease
spread, and many more. Ry can be used as a forecasting tool to measure and
prevent epidemic outbreaks, using the well-established fact that vaccination of a
population fraction larger than 1 1/R, will establish herd immunity leading the
disease to eventually die out.

2.2 Compartmental Modeling at an In-host Level:
Understanding the Infection

Compartmental modeling is a very efficient modeling technique in mathematics
and has been extensively applied to demonstrate the evolution of biological sys-
tems over time. Its applicability is largely reflected in structures that can be sep-
arated into compartments that display certain distinctive features. The flow of
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the particles along successive compartments is specified by probable input and
output factors that closely reflect the changes occurring in the system [79]. The
particles flowing through compartments can be various biological entities, such as
populations of cells, bacteria, viruses, other organisms, human populations, birds,
or animals. They are capable of reproducing and performing other biological func-
tions. Detailed discussions of multi-compartmental models used as mathematical
descriptions of biological systems can be found in various books on mathematical
models [79-81].

The SIR epidemic model introduced by Kermack and McKendrick is a major land-
mark that popularized the use of compartmental modeling for the dynamic rep-
resentation of communicable diseases. In a simplified version of the original
Kermack-McKendrick equation, the model divides the population into susceptibles
(S), infectives (), and recovered (R). The dynamics of the disease transmission
are then defined by the following system of ordinary differential equations (ODEs)

as _
dt
dr _
dt
dR _

at - "

SI;

Sl l;

where is the transmission rate and denotes the efficiency of the disease process,
and is the rate of recovery for infected individuals. This elementary approach
forms the premise for mathematical modeling of important infectious diseases and
many variations have been considered to study infection dynamics by partitioning
the population contingent upon disease status.

The SIR model is conveniently designed to model the spread of infection within a
population of human beings separated into healthy and infected individuals, but
an equal concept can be applied to describe the dynamics of infection within a
host. Various important aspects of infection can be studied and understood using
such tools, as has been proven with the research carried out in the domain of
viral infections, most notably for the human immunodeficiency virus (HIV) [82—
85]. The far-reaching insight that is gained through the analysis described in the
aforementioned works, including establishing and quantifying the interconnection
between infection parameters validate the relevance of mathematical models in
the characterization of such dynamics.

ODEs have been predominantly used to describe the basic equations used to
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PRGHOLQ KRVW G\QDPLFV DV WKHWLPHWDNHQIRUPRYHPHQV
SDUWPHQWV LV FRQVLGHU® G-@HA B HIL EOHVSHFLILHG LQ VHYH
DWXUHV IRUPRVW ELRORJLFDO VI\VWHPV WKH WUDQVLW WLP
EH WDNHQ DV+|H& R$>UHOHYDQW H[DPSOH RI VXFK D VWUXFW X|
FRPSDUWPHQWY DUH OLQNHG ZLWK HDFK RWKHU E\ SLSHV 7K
RI PDWHULDOV DORQJ WKH SLSHV PD\ EH DVVRFLDWHG ZLWK
WKHVH SLSHY DQG KHQFHDUH VLJQLILFDQW B6XFK SLSH FRPS
FDWLRQ VSHFLILFDQG FDQ EHIRXQG LQ DEXQGDQFHLQELR P
@ ,QVXFKPRGHOV WKH GHOD\ FDXVHG E\ WKH OHQJWK RI
GHVFULEHG E\GLIIHUHQWLDO HTXDWLRQV Z@WXRWHWDYGHG D
VLFDO FRPSDUWPHQWDO PRGHOV WKH V\VWHP RI 2'(V WDNHYV
WR WKH ELRORJLFDO DQG SK\®@L BF6 BKE IQRRH QIRYW W KH PDWK
FDO FKDUDFWHUL]DWLRQ RI VI\VWHPV ZLWK WLPH GHOD\ GHOTL
VSHFLILF VWUXFWXUH DUH @WDNHQ LQWR DFFRXQW >

'Q KRVW /HYHO 0RGH®DLPQ G RD

ODWKHPDWLFDO PRGHOLQJ KDV WKH SRWHQWLDO WR VLJQLIL]
REKODPWHWYHDUFK '\QDPLFDO HTXDWLRQV FDQ EH DSSOLHG
ZRUN IRU LQYHVWLJD&KMDMIGIDMHEWWRRY DQG SDWKRORJ\ UH
VXHV 2ZLQJWR WKH XQLTXHOLIH F\FOHRGDVDPOBKREKE\ WKH ED
LV VLIQLILFDQWO\DOLNH WR WKH OLIH SURFHVV RI YLUXVHYV
EHHQ FRQYHQLHQWO\ DSSOLHG WR VWXG\ LWV G\QDPLFV DW |
OLIH FRROPP\GI[®ODLQHG LQ 8KPWWRIQILJ VKDUHV ZLWK

YLUXVHV DVVXUH VXFFHVVIXO DSSOLFDWLR&B®DFLGIDID G\QDF
5HODWLYHO\ VLPSOH WR PRUH DGYDQFHG PRGHOV KDYH EHH
KRWMKODP\IGRIMFWLRQ DQG FDOLEUDWHG WR H[SHULPHQWDO
IXO LQVLIJKWY DERXW LPPXQLW\ LQFOXGLQJ FUXFLDO LQIRUT
RI YDFFLQHV +RZHYHU UHJDUGOHVV RI WKH FULWLFDO LQV
PRGHOLQJFDQ SURYLGHLQ WKHDUHD RIUHVHDUFK LQ YLUXV
&KODPWILWEHHQ PLQXVFXOH :LWK WKH YDOXDEOH LQIRUPDW
PRGHOLQJDVDWRROKDV SURYLGHG IRURWKHU67'VVXFKDYV +
6LPSOH[ 9LUXV LW LV XQTXHVWLRQDEOH WKDW G\QDPLFDO V
XQH[SORUHG LQVLJKW LQWR WK®GIDLRWBURFADKWH BORFHVYV RI

$IXQGDPHQWDO FRPSRQHQWRILQ KRVWPRGHOLQJFRPSULV!
RI WKH L QWKWICAFRDWMHDZ WK SURFHVY WKDW LQYROYHYV WKH LQFC
HSLWKHOLDO FHOOV WKH UHSOLFDWLRQ RI 5%V DQG WKHLU
VWXG\ZDV ILUVW DWWHPSGVHEE BEUHDYRQRLQ G\QDPLFV PRGHO
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LQJRIDPL[HG 2'( 3'( VIVWHP ZDV FRQVLGHUHG LQ RUGHU \
HITHFWV RI LQFUHDVLQJ WKH HIILFDF\ RI WKH 7K LPPXQH L
HULQJ WKDW WKH VA\VWHP RI HTXDWLRQV WDNHV WKH IRU|
RYHU ERWK WLPH DQG UHSOLFDWLRQ VWDJHV DUH VXEVW
WR XVXDO YLUDO G\QDPLFV HTXDWLRQV 6HYHUDO RWKH L
HUHG WR WKH PDWKHPDWLFDO GHVFULSWLRQLQ RUGHU W
&KODP\SDWBERJIJHQHVLV %\ FRQVLGHU&KO VKEIBRS XROMHWL F
VXVFHSWLEOH PXFRVDO H&KOKH GQ DHOF AHHAEON'S DWIGH O LD O |
WLPHV :LOVRQ PRGHOV WKH LQWHUDFWLYH SURFHVVHV R
PDWKHPDWLFDO ZLWK L KIOFDWPWERRG HOHQUHBIE\ :LOVRQ XVL
G\QDPLFV HTXDWLRQV DUH@ X PIROMR.QH®IGQF (@ZPRGLQ >
HOV WKH HIITHFWV RI KXPRUDO LP P X&K /D M\ELLMIVDNF IPHXIW L
WKHDQWLERG\DQG KRVW FHO O &HKRHDPWEAUDERILI IDHHOMW BRQ |
RWKHU SDSHU E\ :LOVRQ FRUUHFWO\ SUHGLFWHG WKH UHG
UHGXFWLRQ LQ LQFOXVLRQ IRUPLQJ XQLW ,)8 OHYHOV X\
FRQQHFWHG SDWKRORJ\WR WKHDUHD XQGHU WKH ,)8 WLPF
IRUPHG DQG DFKLHYHG LQ JXLQHD SLJV E\ X@H KORWKBD P
PRGHO ZDV IRUPXODWHG WR IDFLOLWDWH WKH K\SRWKHV
LQFOXVLRQ PHPEUDQH LV PRGXODWHG YLD D W\SH ,,, VHF
ORVV Rl WKHVH SURMHFWLRQV DLGV WKH WUDQVODWLRQ
OHDGLQJWR GHWDFKPHQW IURP WKB LQFOXVLRQ PHPEUD (

%XUQV HW DO XVLQJD GHOD\GLIITHUHQWLDO HTXDWLRQV
UHODWHG WRWKHLQWUDFHO O OMDJUDGHKRRA RS KD Q RBPIOHWF
DO FRQVLGHUDPXOWLVWDJHPRGHO&ROD WHK\KEL QWK DDQESH O C
ZLWKRXW WKH HIITHFW RI KXPRUDO DQG FHOO PHGLDWHG |
HPDWLFDO PRGHO FRQVLGHUHG WDNHV WKH IRUP RI 2'(V

VHSDUDWH FRPSDUWPHQWV IRU YDULRX VWDJHV RIFHOO

2WKHU VLJQLILFDQW PHQW LR QRO P @EH IR ¥ R/UPNR\GRII@MIDPDICRH \
DO 7KHLUDSSURDFKLQYROYHV GHYHORSLQJD VSDWLDO ¢
DXWRPDWD PRGBBY PRGH® DQG D FRPELQDW L@ Q7RHE RW K
VKRUWFRPLQJV RI WKH PRGHOV DUHDVVRFLDWHG ZLWK W
IURP LQ YLYR FHOO LQIHFWLRQV WKDW DUH VSDWLDOO\ H|
LPDJH SURFHVVLQJ WHFK@QLPRNFRRHWR EH DGYDQWDJHR
YLHZ

'DQDQG (QFLVR GHYHORSHG DWZR IRUP GHWHUPLQLVWLF
(%VDQG 5%V IRUPXODWHGDV D FRQVWUDLQW PD[LPL]DWL
QXPEHURI (%VDWWKHHQGRIWKH@HYKIIORBB8HQWWEKQBD W
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'‘DUZLQLDQ WKHRU\RIQDWXUDO VHOHFWLRQ DQG K\SRWKHVL
RI (% DIWHU WKH KRVW FHOO O\VLV ZRXOG EHWKH IHHGEDFN E
IURP VSHFLHY FRPSHWLWLRQ (QFLVR HW DO DQG /HH HW DC
SUREOHP LQ D VWRFKDVW@F FRQWH[W >

2QH RI WKH PRVW UHFHQW DSSOLFDWLRQV RI FRPSDUWPHQW
JDWH WKH HITHFWV RI YDULRXV WUHDWP HQ WKRPE\GQLDWLRQV
LQIHFWLRQV ZLWKLQ KRVW 3RQWU\DJLQYV OD[LPXP 3ULQFLS
WUHDWPHQW FRPELQDWLRQ WKDW GHILQHV WKH RSWLPDO FF
ILQGLQJV VXJIJHVW WKDW D FRPELQDWLRQ WKHUDS\ FRQVLV\
EDFWHULRVWDWLF HIIHFW VXSSOHPHQWHG ZLWK WU\SWR SK
SHUVLEWOIDMISDDWLFOHY LV WKH EHVW ZD\ IRU VWRSSLQJ WK
SHUVLEWOIDRYGQDHFWLRQ DQG XOW@DWH FOHDUDQFH >

SRSXODWLRQ /HYHOOKRGMHIO GQ DRI

$VLQWKHFDVHRILQ KRVWPRGHOLQJ WKHDSSOLFDWLRQ RIF
XODWLRQ WUDQVPLVEKRQ RIGDH\FW\WRKDQ VLIQLILFDQW FRPS
RWKHUG67'V 2ZLQJWRLWV DV\PSWRPDWLF QDWKOWHP\LQWHU Y F
GLDUH FHQWHUHG PRVWO\RQ VFUHHQLQJIRUV\PSWRPVRILQI
VH[XDOO\ DFWLYH ZRPHQ ZLWK YDULDEOH HPSKDVLV WR VFU
&RQVHTXHQWO\ D PDMRU SRUWLRQ RI DUW&KOBR\GHDDWHG
PRGHOLQJLV DIILOLDWHG ZLWK VWXGLHV RI VFUHHQLQJ

$Q LPSRUWDQW KLJKOLJKW LQ WKLV UHJDUG LV WKH 6WRFKD\
WKH ZRUNV Rl .UHW]VFKPDU HW HO LQ RUGHU WR VWXG\ WKF
JHQLWDO LQI& FPWLRRXRIPWN ZTKUHH Rl WKHLU HDUOLHU DUWLF
WR VWXG\ WKH HSLGHPLF VSUHDG RI 67'V GLVFXVV LQ GHWDL
> + @ 7KHLQGLYLGXDO EDVHG PRGHO FRQVLGHUV DQ DJH
XDO SRSXODWLRQ DQG DVVXPHV WKDW LQGLYLGXDOV FDQ KI
SDUWQHUVKLSY EXW WKHUH LV D FRUH JURXS ZLWK VH[XDOO
YLGXDOV LQ WKLV FRUH JURXS KDYH SDUWLFXODUO\PRUH VH]
QRQ FRUH JURXS DQG FDQ KDYH D VLQJOH VWHDG\ SDUWQHU
FDVXDO UHODWLRQVKLSY 7KHDXWKRUV H[DPLQHWKHHIIHFW
VWUDWHJILHY VXFK DV FRQWUDFW WUDFLQJ VFUHHQLQJ DQC
VXOWV REWDLQHG YLD D ORQWH &DUOR VLPXODWLRQ FRQFO X
HITHFWLYH PHDVXUH Rl SUHYHQWLRQ ZKHUHDV VFUHHQLQJ F

\HDUV UHVXOWHG LQ D PRUH VXFFHVVIXO DSSOLFDWLRQ
WUHDWPHQW RI VIPSWRPDWLFLQIHFWLRQ ORUHRYHU UHJXO
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UHGXFHWKHSUHYDOHQFHRIG67'V +RZHYHU WKHFRPSDUL
DVD SUHYHQWLRQ VWUDWHJI\ZDV PRUHHIIHFWLYHLQ FDVI
JRQRUUKHIXWRBPGLD

‘LWK WKH KLJK IUHTXHQF\ RI USK @DIRFGRQ FDW BQ LQ W HJ
SDUW RI WKH LQYHVWLJDWLRQ DQG LV FRQVLGHUHG D PD\
ODWRE RP\GLIBFWLRQ 7KHDUUHVWHG LPPXQLW)\ K\SRWK
DVVRFLDWHG ZLWK UHLQIHFWLRQ FDVHV DQG LV VXJJHVW
&KODPWEUDQVPLVVLRQ GAQDRHKYSRWKHVLV VXIJIJHVWV WKI
GHYHORSPHQW RI SURWHFWLYH LPPXQLW\ LV VXEMXJDWH
ZLWK DQWLELRWLFV 7KLV SKHQRPHQRQ ILUVW FDPH WR S
HJ\ZDV DGR S W KGWWRDRFFKIREB DHFWLRQ LQ % ULWLVK &ROXPELI
SURJUDP KDG DQ XQXVXDO RXWFRPH ZK&KUIDPWSADK \R E V H L
GURSSHG IURP WR  SHU SRSXODWLRQ LQ E
LQFUHDVHG WR H[FHHG SUHYLRXVO\@ HFRGHIQGE F VKR ER X
WKH UDWH RI UHLQIHFWLRQ LQ ZRPHQ LV GHFUHDVHG IRO
LQIHFWLRQ LQ WKH L Q8AKHOLDLFP\GALWDHS-FOLLQN LW HV W D Q@ W U H D \
%UXQKDP HW DO FRQVLGHUV D G\Q D P& PAWPIDINFKKHRARIIBVALNAD O F
PLVVLRQ WKDW LQFRUSRUDWHY PXOWLSOH UHLQIHFWLRQ
DFWLYHOLIH 7KHVWXG\RXWFRPHFRUURERUDWHY ZLWK \
EDVHG W UH D&KFO-DPWCRIHFWLRQ PD\ SDUDGR[LFDOO\ LQFU
VXVFHSWLELOLW\ IXUWKHU VXJJHVWLQJ WKH LPSRUWDQF
WLYH YDFFLQH LQ RUGHU W RVKDF W RDHFAYLBIQ S R |

9LFNHUV HW HO PDNHV XVH RI WKH GHWHUPLQLVWLF FRF
VSHFXODWLRQ WKDW HDUO\WUHDWPHQW KLQGHUV WKH IH
ZKLFK IXUWKHU HVFDODWHY VXVFHSWLELOLW\ DV WKH SR
VDPH VA\VWHP RI VH[XDO ULVN FRQQHFWLRQV 7KH PDWKF
LQWKHIUDPHZRUN RIVXVFHSWLEOH LQIHFWHG WUHDWHC
ZDVFDOLEUDWHG WRILWWKHKLVWRULFWUHQGRIQRWLIL
> @ 7KHRXWFRPHRIWKHLQYHVWLIJDWLRQ ZDV KRZHYHU
DVVXPSWLRQ WKDW DUUHVWHG LPPXQLW\FRXOG LQIOXHQ

5HIDQ HW DO PDNH XVH RIDQ 2'( FRPSDUWPREWDP\PRGH
GLWUDQVPLVVLRQ G\QDPLFV LQ D KHWHURVH[XDO SRSXOD
DVVXPHV WKDW WUHDWPHQW LV DGPLQLVWHUHG XSRQ SR
LQJ ,QGLYLGXDOV LQ WKH DJH JURXS RI +* \HDUV ROG I
HITHFWLYH WDUJHW JURXS 7KH VWXG\ SUHGLHEWDWPDAILIS L G
LQIHFWLRQ LQ \HDUV ZLWK VA\VWHPDWLF DQQXDO VFUHFE
DFKLHYHG ZLWKLQ WKH \HDUV LI RI SHRSOH XQGHUJR
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WDUJHW JURXS G6HQVLWLYLW\N\DQDO\VLY DOVR KLIKOLJKWYV
SDUDPHWHUV VWURQJGGKIDVREBLDWYM B LAMLRLR Q >

ODWKHPDWLFDO PRGHOLQJ KDG DOVR EHHQ DSSOLHG IRU HVY\
YDFFLQH HIILFDF\ RQ GLVHDVH SUHYDOHQFH GH OD 0OD]D DQ
DFRPSXWHU PRGHO IRUPHG LQ WKH PDWKHPDWLFDO IUDPHZF
VWXG\ GLVFUHWH WLPH V\VWHPV 7KH\FRQGXFWHG VLPXODW
RI'YDFFLQH HIILFDFLRXV RQ WKH SRSXODWLRQ IRU SHULRGV |

YDFFLQH HIILFDFLHV UDQJLQJ EHWZHHQ WR 7TKHLU VLI
WKDW E\ YDFFLQDWLQJ \HDUV ROGV IRU VWHDG\ \HDUV Zl1
WKDW LV HITLFDFLRXV IRU D GXUDWLRQ RI \HDUV D UHGX

RI GLVHDVH IRU WKH HQWLUH SRSXODWLRQ FRXOG EH DFKLHY
EHDFKLHYHG ZLWK \HDUV RI FRQWLQXRXV YDFFLQDWLRQ Z
HIILFDFLRXV IRU @\HDUYV >

7KH PRGHO GHYHORSHG E\ %UXQKDP HW HO &MROVWXG\ SRWH
GLOH HPHUJHQFH ZDV DOVR XVHG WR LQYHVWLJDWH WKH HIII
PRGHO RXWFRPH SUHGLFWYV WKH LPSHUDWLYH SUHVHQFH RI1
YH@QWODP\&SUBYDOHQFH DW D SRSXODWLRQ OHYHO LQ WKH DE
QLQIJWR UHFRQVWUXFW WKHVH[XDO QHWZRUN 7KHLU VLPXOI
WR DFKLHYH WRWD & KHOUDRGIFKIDWR AR @Q@RH[WHQVLYH YDFFLQDWL

RI WKH SRSXODWLRQ DUH YDFFLQDWHG ZLWK HITLFDFLR

2QH PRGHOLQJ VWXG\ H[DPLQHG W K&KIOFDSFR BIMWEFQ O HDAVBHEW V |
WDNLQJLQWR DEFFRXQW PHDVXUDEOH ELRORJLFDO SKHQRPH(
LQJ YDFFLQHV LQ DGGLWLRQ WR SRWHQWLDO YDFFLQH RXW|
LQGLYLGXDO EDVHG PRGHO GHYHORSHG E\ *UD\ HW DO ZDV :
YDFFLQHV ZLWK YDU\LQJ OHYHOV RI HIILFDFLRXV DW D SRSXO
WDNLQJLQWR DFFRXQW WKH SURJUHVVLRQ RI LQIHFWLRQ DW
NHHSY WUDFN RI WKH EDFWHULDO ORDG LQ HDFK LQGLYLGXD
QHVV ZLWK WKH YDFFLQH DRLKCOIISPDMR®B ALDHIDM HEWHG LQGLY L (
DQG LQFUHDVLQJWKH3*FULWLFDO ORDG’ LQ VXVFHSWLEOHLQ
TXLUHG WR VXFFHVVIXOO\LQIHFW D VXVFHSWLEOH LQGLYLG}
IXOO\ DGHTXDWH YDFFLQH FRXO G&K\S R PR ING.IF PIOFOL BIUD G L F I
\HDUV JLYHQ WKDW \RXQJ SHRSOH DUH YDFFLQDWHG DW WKH
> @

$QLQ GHSWK D& VIERAB®MHOV IRUVFUHHQLQJ SURJUDPV KDV
ULHG RXW E\ FRQWUDVWLQJ GLITHUHQW WUDQVPLVVLRQ PRC
VWUDWHYV WKDW D VFUHHQLQJ SURJUDPYV LPSDFW LQFUHDYV
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WRPDWLF SHULRG ORUHRYHU WKHUHLVDQLQGLFDWLRQ
PLVVLRQLQ WKHZLGHU SRSXODWLRQ ZLWK D SHULRGLF DC
XODU VHIPHQW RI WKH SRSXODWLRQ 7KHUHVXOWV IURP
VWUDWH KRZ GLVHDVH VSHFLILFIDFWRUV FDQ VLIJQLILFDC
HITHFWLYHQHV® >

- 9L.DQD HW DO SUHVHQW D FRPSRVLWH GLVFUHWH HYHQ
6' VLPXODWLRQDSSURDFKWRLQYHVWLIJDWHKRZWKHRS
WKHKRVSLWDO RXWSDWLHQW GHSDUWPHQWIRWBRA\BIDFW F
RQDFRPPXQLW\@HYHO >

OXFK PRUH UHFHQWO\ DQ 2'( PRGHO ZDV XVH G KDY D O X D
GLYDFFLQHV ZKHUH 3RQWU\DJLQYV OD[LPXP 3ULQFLSOH Z
SUHYHQWLRQ DQG W UH D &G QRIEHDB F WU Q bR U

$OWKRXIJIK WKHDSSOLFDWLRQRIPDWKHPDWLFDO PRGHOL
DEOHUHVHDUFKDUWLFOHVKDYHSURYHQWKDWPDWKHPD)
DWGLITHUHQWOHYHOV LQLPSURYLQJRXUXQGHUVWDQGL
GDWDEDVHIRUPDWKHPRERWDODREIPORRI KOMOQD®RLQ KRVWDQG |
XODWLRQOHYHO ZLOO EULQJPDQ\PRUH UHKWKOWPNRUD/FLI
WKDQ KDVEHHQ FXUUHQWO\ FLWHG ZKLFKLVDQLQGLFDW
PRGHOLQJ KDV EHHQ VXFFHYVYVIXOO®D P\&I@@D PIGFWR VW X G\
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'HOD\/LQHDU &KDLQV LQ
ODWKHPDWLFDO %LRORJ\ ¢
QVLIJKW LOWR WKH ,QWUDF
&KODP\E@IMHFWLRQ

 QWURGXFWLRQ

7KHUH LV D ORQJ KLVWRU\ RI WKH DSSOLFDWLRQ RI 2'(V DQG
WLRQV 3'(V WRPRGHO GLYHUVLILHG VA\VWHPV LQFOXGLQJ EL
FDO DQG FKHPLFDO VI\IVWHPV $OWKRXJK WKHVH PDWKHPDWI
RUGLQDWHO\ KHOSIXO LQ JHWWLQJ PHDQLQJIXO LQVLJKWYV L
LVLQGLVSXWDEOH WKDW D PRGHO WKDW LQFRUSRUDWHYV VRF
DPRUHUHDOLVWLF UHIOHFWLRQ RI WKH VA\VWHP 7KH UHDVRC
DV DUWLILFLDO VA\VWHPYV KDYH WLPH GHOD\V WKDW PXVW EH \
WKDW KDVDQLQLWLDO GHSHQGHQFHRQLWYVY SDVW LV FDOOHC
)'(V RUGHOD\ GLITHUHQWLDO HO XDNMH RYM RI(V(WILYHV XV
PDQ\DGYDQWDJHV RYHU WKHPRGHOV WKDW XVHODUJHU V\VYV
RYHUFRPH WKH SLWIDOOV DVVRFLDWHG ZLWK VLPSOHU V\VW
RGHRUSGH V\VWHPVLQWR PRGHOV WKDW LQYROYH PRUH HT X
DFFXUDWHUHSUHVHQWDWLRQV RIWKHEHKDYLRU RIWKH SKH
DWD GLVDGYDQWDJH RI KDYLQJWR GHDO ZLWK PXOWLSOH SC
ZKLFK FDQQRW RIWHQ EH GHWHUPLQHG TXDOLWDWLYHO\

$ FODVVLF H[DPSOH RID GLIIHUHQWLDO HTXDWLRQ ZLWK WLP|
HTXDWLRQ ZKHUH WKH ODJ WLPH HPSKDVL]JHVY WKH LQGLUHF\
XODWLRQ GHQVLW\FDQ KDYHRQ WKHHQYLURQPHQW E\LQIOX
GXH WR GHOD\ LQ JURZW K@ Q7K P IP® XUKIHWP\D\W LFDO PRGHOLQJ |
UHJHQHUDWLRQ DIWHU KDUYHVW LV DQRWKHU H[DPSOH RI D
WLPH GHOD\ DVLW LV DSSDUHQW WKDW D IRUHVW DIWHU GLVV
RI \HDUVWRDUULYHDWDQ\OHYHORIPDWXULW\ &RQVHTXH
VIVWHP XQGHU FRQVLGHUDWLRQ WKH GHOD\V PD\ UHSUHVHQ
WLPH WUDQVLWLRQ GHOD\ RU FDQ VLPSO\ DFFRXQW IRU WK
SOH[ SURFHVVHV 7KHVLPSOHVW GLIIHUHQWLDO HTXDWLRQ Z
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KLVWRU\LV RI WKHIRUP

xqt) = f(x(@);x(t r));

ZKHUHM OLV WKH GHOD\ )RU FRPSDUWPHQWDO V\VWHPV V
IHUHQWLDO HTXDWLRQV LV VSHFLILF WR WKH ELRORJLFDC
YDULDEOHYVY DUHDVVLIJQHG WR FRPSDUWPHQWY WR H[SUH
EHKDYH KRPRIJHQHRXVO\ 7KH WUDQVLWLRQ IURP RQH FRF
SODFH ZKHQ WKH SDUWLFOHVY XQGHUJR VRPH SK\VLFDO R/
FKDQJH WKHLU VSDW@&@D OQCRAEDMOLNRH ZH FRQVWUXFW D PRG
QXPEHU RI FRPSDUWPHQWY ZKHUH WKH UDWHV RI LQIORZ
SK\WLFDODQG ELRORJLFDO PHFKDQLVPV

‘HGHYHORSDOLQHDU VA\VWHP RI GHOD\ GLIITHUHQWLDO HT:
PDWKHPDWLFDO UHSUHVHQWDWLRQ RI VRPHFRPSDUWPHC
RJ\ 7KLV PRGHO LV VXLWDEOH IRUVWXG\LQJHFRORJLFDO
ELUG PLIJUDWLRQ ZKLFK GHVFULEHV WKHPRYHPHQW RI W/
F\FOHRI PLJUDWLRQ $Q H[DPSOH RIELRORJLFDO DSSOLFI
XUDWLRQ ,WDOVRLVODUJHO\DSSOLFDEOHIRUPRGHOLQ
SDWKRJHQV VXFK DV YLUXVHVY RUEDFWHULD

/KHORGHO '"HVFULSWLRQ

&RQVLGHU D GHOD\HG OLQHDU FKDDQRVWHKRWQ QQ SDUWLF
WKURXJKD QXPEHU RIVXFFHVVLYH FRPSDUWPHQWYVY EHIRU
PXOWLSOLFDWLYHUDWHY UHSUHVHQW JURZWK EHWZHHQ
PHQWY KDYH LQIORZ DQG RXWIORZ WHUPV H[FHSW WKH ILI
SDUWPHQW KDV RQO\ RXWIORZ DQG WKH ODVW FRPSDUWP|
VLIQLILHV WKH WLPH QHHGHG WR FRPSOHWH WKH WUDQVL
VLYH FRPSDUWPHQWYV

JHWWKH QXPEHU RI $WHK\WR PGS B U WE® AEBt DiW QY1 P Hn

JLIXUH 6FKHPDWLF GLDJUDP RIDOLQHDU FKI

7KH UDWH DW ZKLFK WKH SDUWLHWHKVFRPIS P RW P RXW REIH
Ew IRG0;%:::;n 1DQG, LVWKHUDWHDW ZKLFKWKHSDUWLFO
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i WK FRPSDUWPHRDW;IR$GOVR ZHDVVXPH WKDW WKH SDUWLFOH
ZLWK D WLPH GRWH\WKHRPSDUWRHQRW IRU:H GHVFULEH
VXFK D SURFHVV E\D VI\VWHP RI GHOD\ GLITHUHQWLDO HTXDW.L

yo(t) = aoyo(t);
yt) = h 1y ot 1) ayi(t); i=1;2::5n L
yr?(t) = bn 1Yn 1(t n 1);

ZKHEBM Oh>0DQE O0IRUIDJIRH QDWXUDO SKDVH VSDFH IRU RXL
LE( ;O0LR™) ZKHUHPDfo:::;n19 ,QLWLDO FRQGLWLRQV IRU WKI
DUHJLYHQ E\

yi()="i() IRR[ ;0fi=0;:::;n
ZKHUHE ("o 5" )2 C( ; OLRY™)

) WLVZHOONQRZQWKDWWKHLQLWYZOIDSGRNEGRERGRHIDW
RI'WKHLQLWLDO GDWD LV D QDWXUDO UHTXLUHPHQW IRU WK F
DQGIURPWKHQRQ QHJDWLYLW\RIWKHUDWHV LW IROORZV WK
IRUDOO IXWXUH WLPH

JRUWKHELRORJLFDO SUREOHPV ZH FRQVLGHU ODWHU LWLV
WXDO VWDWH RI WKH VA\VWHP 7KLV LVDGGUHVVHG LQ WKH IR
H[SOLFLWH[SUHVVLRQ IRUWKH OLPLW RIHDFK FRPSDUWPHQ\

SURSRVLWLEB®ROXWLRQV RI SKPEOMPH IROORZLQJ OLPLWYV

t.PLth):O IRIF0;1,2:::;n 1

DQG

OBRY= 2L g 2L g AL

Zl an 1 anZl

tb g ° biiihy g

"n0)t o(S)dS+ — ' 1(s)ds

ap::: 1 0 Zan 1 1
Loy o g . ds+ ° ds:
- nznz(S)s b1 n 1(s)ds:

n 1

BURRIROYLQJ WKH ILUVW KgltX-D'WD)R @' J L7KKWY X get) =

0 1H[W ZH DVVXPH WHKDMW ORP VRPIBLQFHK+RWH KDYH

Y ® = Byt ) @caVer(®) WKH DVVXPS Wk RRWKDWPG DR HV
OlP Visi ()=0 %\ LQGXFWLRQ ZHaAQQG:WKDWHIIRAK FRPSDUW
PHQW KDV OLPLW JHUR
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1RZ IRYO0;L:::;n ZH GHI;L@I—I?J yvi(t)dt D Qg = Rok'k(s)ds ,QWH
JUDWLQJWKH ILUVW HTXDWLRQ | YR Bo(tHoR WHR KRYHQ LW\ VI
Zl Zl
aglo = aoYyo(t)dt = yo()dt = yo(0) = ' o(0):

0 0

+HQHAH= ' 0(0)

,(QWHIUDMNIQE WADHW LR Q R1 WHHRR WHR W RILQU;L:Q;bW\ IR U

1 DOG XVLQN@LPO ZH KDYH
Z 1
yk(0) = b 1y 1(t k1) ay(t)]dt
’ "Z 0 Z 1 # Z 1
= b1 "k 1(s)ds+ Yk 1(s)ds & Yk(t)dt

k 1 0 0

=b1Jk 1+ bl Al

SHDUUDQJLQJ WKHZWHUPGE WRH UHFXUVLYH UHODWLRQ

1
[ = EIk 1+ %Jk 1+ a k0 IRK=1;2:::;n L

6XEVWLWAWODQUVKH DERYH UHODWLRQ ZH KDYH

I = %'0"‘ %Jo"' i 1(0)
—_— b) 1 b) O 1 1' .
= a0dn 0(0) + a o(s)ds + a 1(0):

0

,WHUDWLYHO\ I[IURP WKH DERNKHNUHODWKRYPHVXEVWLWXWL

Dl Dl 1
b= 22 o) 220+ 20
P DERE D gdse 2RI (gdse i
Z 0 e 1
+ SIERR d
a, 1 n 2(5) S

)LQDOO\ LQWHJUDWLQJ WKH ODVW IHTRED M URQMR MXKIH /L W
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KDYH
Z,
B 1yn 1(t  n 1)dt+ y,(0)
Z, Z,
= bn 1 ' n 1(S)d5+ Yn 1(S)dS + n(o)

n 1 0

=by 1Jdn 1+ by oaln 1+ 0(0):

O LyR(t)

thl 0

6XEVWLWXWLQULWRK GG XHBENQUKH LOQWHJIJUDO ZH KDYH WKF
DV

OBRD= 2L o) 2L g e 22
‘an 1 %10 ‘an 1 anZl
0+ 2B e B LT s
1 . 1 0 Zan 1 1
b b | Z o
+ 4 2h 1 "no2(s)ds+ by g ''n 1(s)ds:
an 1 n 2 n 1

]

ODWKHPDWLFDO )RUPXODWLRQ RI WKH .
&KODP\GLYOHORSPHQW &\FOH

,Q WKLV VHFWLRQ ZH FRQVWUXFW D PDWKHPDWLFDO PRGHO
FRQGXFWHG WR LQYHVWLJDWH S/K®D_RYEOAWFHHIOEDXFKHU JUR Z W |
LQWUDFHOOXODU&HIMHROREPRIOMWURIHG E\ D YHU\ GLVWLQFW C
WKH PHFKDQLVP RI ZKLFK KDV EHHQ H[ISEWLRAGEGLQ &KDSWHU
+RZHYHU LQ WKHDEVHQFH RIWKH SHUVLVWHQW IRUP LW DO\
IRUPV )LJXUWAKH OLIH F\FOH VWDUWY ZLWK WKH (%V DWWDFK|
VXVFHSWLEOHFHOOV 7KH (%V WKHQ WUDQVIRUPLQWR5%V Z
UHSHDWHG F\FOHVRIELQDU\ILVVLRQ ZLWKLQDQLQWUDF\WR.
XROH FDOOHG LQFOXVLRQ $IWHU WKHVHFRQGDU\WUDQVIRU
WKH KRVW FHOO O\VHVY UHOHDVLQJ D ODUJH QXPEHU RI QHZ (
FHOO® >

OLFURELRORJLFDO LQYHVWLJDWLRQ R ®HK®IDLRIBUDEHO O X O D
HIWHQVLYH ILHOG ROUBWRBQMO% D QXPEHU RI G\QDPLF PRGF
HDVH WUDQVPLVVLRQ DV ZHOO DV LQWUDFHOOX@DU JURZWk
+HUH ZH SUHVHQW D PRGHO IRU D ODKGRIPWERIBIFMSOIUKRH QW
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PDQ FHO @ >

J)LIXUH *UDSKLFDO UHS UKOVHD@WEHWHRR RP WEW F\FOH
LQ WKHDEVHQFH RI WKH SHUVLVWHQW SKDVH

7KH EDVLF PRGHO IRUWKH LQWUDFHEOR B IBLOE VY H Q RIS FYHR
LV IRUPXODWHG Dy(t) REHIGRRZWH AMKH QXPEHU (%V RXWVLGH K
WLPH() GHQRWHY WKH (%V DWWDFKHG WR SSRQKXPIBIG \WHR Q
RI WKH KHDOWK\ KXPDQ FHOOV WKH LQWUDFHOOXODU (%
WKH 5%V XQGHUJR UHSHDWHG F\FOHV RI GLWLYLRY +HQFF
WKDW KDYH WUDQVIRYRHGLWR BXHY RMWIGWKH QXPEHU RI 5%
iWK F\FOH RI UH$©3; EDWLRIQ TRH 5%V WKHQ UHRUJDQL]H ED
(%V IROORZLQJZKLFKWKHKRVWFHOO O\WHV UW@HDVLQJ
ZLOO GHQRWH WKH QXPEHURI5%V FRQYHUWLQJEDFN WR (
DFFRXQW IRUWKH WLPH QHHGHG IRU WUDQVIRUPLQJ EHW.
IRUFRPSOHWLQJFHOO GLYLVLRQ

) XUWKHUPRUH WKHUDWHDW ZKLFK WKH (% Vald QMU KXPD
DUHDVVXPHG WR GLITHUHQa&Y IL QW HGNMHRNRAHKOWP D QY BMWBIOV 31|
a4 1 LVWKHUDWHDW ZKLFK WK R\F0OWHRQ WHBOEBWLRQ IRU

1 DQG WKH5%V ZLOO FRQYHUW EDF& WR WKH (%V ZLWK WK|

$FFRUGLQJWR WKHVHDVVXPSWLRQVDQGLQWHUDFWLRQV
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DOQG5%VFDQEHGHVFULEHG LQ PDWKHPDWLFDO WHUPV DV IR

yo(t) = ayo(t);

Yi(t) = aoyo(t o) auya(t);

ya(t) = aryi(t 1) apya(t);

yAt) =2a 1y 1t 1) ayi(t); i=3;4:;n 1
Ya() = an 1yn 2t o )

,QFRQVLVWHQF\ZLWK WKH OD E@ UDHWKROJY HH WoKIHU L HW WDO FR Q (

Yo(0) = 100;
Yo(t) =0; | Rt O;
yi(t) = 0; IRtW 0; ZKHUKI1;2:::;n:

$V LQ WKH SUHYLRXV WZR FDVHV ZH FDQ KDYH HTXDWLRQV IR
GHUJRLQIJWUDQVIRUPDWLRQ RUGLITHUHQWLDWLRQ EXW VLC
WKHUHVW ZH LJQRUH WKHP LQ WKLV FDVH WRR

SBURSRVLWLRKXH FRPSDUWPHQWYV RI WZKAVK\VOMHWLDO FRQGLW
KDYH WKHIROORZLQJOLPLWYV
tlg)LyF(t)=O IRIFO;L:::;n 1
DQG

.0 LyR(t) = 100 2" 3

SURKRIKH VA\VWHP RI HTXDWLR®SHFLDO FDVH RI WKMW¥\VWHP
a=h IRIKO;1bh=2 IRU=1;2:::;n 2 DQEG1=0b 1 ZLWXKO
DQG LQLWLD QyBRQIBGAL WERQOW IRt 0 DQY0) =0 IRtU 0
i=1;2:::;n ODNLQJWKHVHVXEVWLWXWLRQVLQ 3URSRVLWLRAQ

Qa12ay 1128, 28y 1
O yR(t) =
i1 YR(1) Aoy :iian 1

=100 2" 3

100

DQG
tllOLyF(t):O IRIFO0;1;:::;n 1L

]
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JLIXUH ORGHO EDVHG FXUYHV DIWHU SDUDPHWHU ILW
WDNHQ IURP ODERUDWRU\ PHDVXUHPHQWYV ,W VKRZV WK
HQW VW USK@QYPRERPWHULD WKH | RV W WhSORBBWLNRIZ
UHSOLBRDWQRBIPRIMDHIOHFWHG LQ WKH ILIJXUH

7KHUHVXOW RI WKH SURSRVLWLRQWLP BB S OWHDMNWHMWG KD R
+RZHYHU WKH PRGHO FDQ DFFXUDWHO\ UHSURGXFH WKH
RUDWRU\ H[SHULPHQWY LQ SDUWLFXODU LW FDQ SUHGLF
WLPH )LIXWKRZV WKDW DIWHU ILWWLQJRXUPRGHO SDUDP
WLPH FXUYHV WKDW PDWFK WKH O D E@ UDRWHRIWU WRMHLDQY/IXZJOH\P 8
LQODWKHPDWLFD XVLQJ WKH OHDVW VTXDUH PHWKRG WK/
LQ WKHVXSSOHPHQWDU\ ILOHDYDLODEOH L@ RV WXHOLF
SORWWLQJ LV GRQHRQ D ORJDULWKPLF VFDOH IRU WKH S
DULWKP RI WKH VROXWLRQ DQG ILW WKH VROXWLRQ WR WE
UHVSHFW WR WKH SDUDPHWHUV
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$ODWKHPDWLFDO ORGHO RI
DQ&KODP\&RD, QIHFWLRQ ,Q
+XPDQV

 QWURGXFWLRQ

6LPXOWDQHRXV LQIHFWLRQ RI SDWKRJHQV LV D YHU\ FRPPRQ
SUHYDOHQW LQ QBN XKH FR LQIHFWLRQ PD\LQYROYH SDWKRJ
WR GLITHUHQW VSHFLHV OLNH YLUXVHV EDFWHULD SURWRIF
HWF 7KHUH DUH VHYHUDO LQVWDQFHV LQYROYLQJ WKH KXP
+,9 IRUH[DPSOH FR LQIHFWLRE RU+: 8 I DWEWRB %HS

DWLWLV@: RU PDOD@LD2WKHU FR LQIHFWLRQV PD\ RFFXU ZLW
VWUDLQV RU VHURW\SHV Rl WiH VWP H [P®BIDHL VR >L QIHFW LR C

PXOWLSOH VWUDLQ\ER IRW+OIBHQ]D >

7KHLQWHUDFWLRQ EHWZHHQ WKH FR LQIHFWLQJ SDWKRJHQV
QDPLFV RI WKH LQIHFWLRQ DV FRPSDUHG WR WKH LQIHFWLRG
'HSHQGLQJ RQ WKH LQWHUDFWLRQ EHWZHHQ WKH FRH[LVWLC
GLUHFW RU YLD WKH KXPDQ KRVWYTV LPPXQH V\WVWHP RURWKH L
QLILFDQW HIIHFWVRQWKHFRQVHTXHQFHVRIWKHLQIHFWLRQ
RXWFRPHRIPL[HGLQIHFWLRQLVHQKDQFHG SDWKRJHQ DEXQ
KHDOWK FRQG@W)RWWKHU FR LQIHFWLRQV KDYH EHHQ GLUH
LQFUHDVLQJ PRUELGLW\ DQ@® PRBWRQOH PW UPWHYYSROYLQJ +,¢
PRVW W\SLFDO H[DPSOH RI VXFK DQ LQVWDQFH WKH SUHVHQ
SRVVLELOLW\RI FRQVHEXWLYH LQIHFWLRQV B FPXXLQJ LPP X
HYHU WKHUH DUH D QXPEHU RI VLPXOWDQHRXV LQIHFWLRQ |
RI D SDWKRJHQ GXULQJDQ RQJRLQJLQIHFWLRQ L@KLELWV W
&R LQIHFWLRQLQYROYLQJWZRRUPRUHVWUDLQVRILQIOXHQ
DPSOHV RIVXFKDQHYHQW LQIHFWLRQ ZLWK RQH VWUDLQ LPS
RWKHU VWUDLQV D SKHQRPHQRQDOVR UHIHUW GIWIR DV FRQF
FR LQIHFWLRQ RFF XU WIUDIFKHEWBMWHW LD DQG +69 ZKHUH WKH ¢

HQFHRIDFWLYH +69 KDV EHH Q & Q\GLIF DRAREN EMNVWGDXVEH ZK H U H
LWLV QRQ LQIHF\@LIRXMO LQVWDQFH RIVXFKDFR LQIHFWLRQ

([SHULPHQWDO VWXGLHVY KDYH GHP R Q& WWUDWHK ®RIBANHL R F F X U L
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KHUSHV VLPSOH[YLUXV W\SH L®YLDR&E GOQWDBWIRRQOAMH OO F:
LQGLFDWHFHUWDLQ W\SHV RI +69 VXFKDV +BHODR\&G+PD D
SHUVLVWHQFH 7KH RFFXUUHQFH RI FR LQIHFWLRQ EHWZ
PDQV KDVEHHQ ZHOO GRFXPHQWHGL Q@ D&HN OR O/RIJNIFW. QL H
JDWLRQVKDYHLQGLFDWHG WKDW WKHUHLV D KLJKSUREDI
EHLQJIWUDFKRRDNMFWHG DV&Z HXWWKHUPRUH GLUHFW H[D
FHUYLFDO ELRSV\VSHFLPHQV E\ 3&5 KDV & P8 O DH & R\WPHDHVR. N
+69 DQG +XPDQ 3DSLOORPD 9LUXV VLPXOWDRIHRPWHOQ\ LQ FF
> @

+HUSHV 6LPSOH[ 9L DR F6IHVQG +BIDUH WZR PHPEHUV RI W
YLUDO HOHPUL®NV YDQIGGIUHH WKH PRVW VLIJQLILFDQWKXPDQ S
LV WKH PDMRU FDXVH RI JHQLWDO KHUSHV DQG LV SUHGR
+691 SULPDULO\ FDXVHV RUDO LQIHFWLRQV KRZHYHU LW
SRUWLRQRIJHQLWDO +@9 $PFREGLRQWR HVWLPDWHYV RQ I
200000 500000 FDVHV RI SULPDU\ JHQLWDO +69 RFFXU ZKLFK
WKDW WKH DODUPLQJEXU®HG ®I KDVYDMDKEZDEEOLW\ WR H\
WHQW LQIHFWLRQ LQ WKH QHXURQV Rl WKH JDQJOLD DQG
2QFH ODWHQF\ KDV EHHQ HVWDEOLVKHG WKH YLUXV SHU\
$ QXPEHURILQWHUQDO DV ZHOO DV H[WHUQDO VWLPXOL V
VWUHVV RULPPXQH VXSSUHVVLRQ FDQ LQGXFH WKH YLU>
> @ $ XQLTXH ELRORJLFDO FKDUDFWHWU\DW K RBIBMLEL W |
+69 LV WKHLU FDSDELOLW\ WR HVWDEOLVK ODWHQW LQIH]
KLGGHQ HSLGHPL®V >

,Q YLRARWGRHO LQYHVWLID® LMRQNAKIRBELVQPLNFWLRQV KDYH LQC
WKDW WKH SUHVHQFH R I&KE®D PDEMBHORERHQW 7KH QXPE
FHOOV LQIHFWHG ZLWK FKODP\GLDH ZDV DOVR OHVV DFFR)
FR LQIHFWHG ZL WK PFKRADRYBU@>)LQGLQJVIURP D WLVV
WXUH PRGHO Rl &6 WUDGERPIWIGVRFXPHQWHG D GHFUHDVH
WLRQ RILQIHFWLRXV FKODP\GLDO SURJHQ\LQGLFDWLQJ \
SHUVLVWHQFH LQWR GHYHO®S LIQQ ¥KBOHW RILIMHFKDQLVPV
EHHQ VWDWHG WKDW PLJKW EH WBH WSURIDAKLFS BN RVWLHQEERHE
VXFK DV +69 LQGXFHG FHOO GHDWK UH \PX@DW PG HOOW K H
YHORSPHQWD Q@ RROMP QR DFLG VWD UWNUDW K R BMINRK\M K H

FRPSHWLQJ SUHVHQFH RI +69 ZKLFK LV D ZAK®® P Q&/LHD/AV L
SHUVLVWH®@FHQRMXHBWSHRULPHQW KDV GHPRQVWUDWHG \
RSPHQWDO F\FOH Rl & WUDFKRPDWLV LV LQWHUIHUHG ZLV
KHUSHV YLUXV ++9 W ZDVHVWDEOLVKHG WKDW WKH S
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EDODQFHG RILGDWLYH VWUHVV LQGXFLQ&DWXDEKRFPHUVLE
WLNVQIOXHQFLQJ LWV LQIHFWLYLW\ VXEVWDQWLDOO\ 6LPLOI
LQIHFWLRQYZDWKR+6EQGXFHV FKODP\GLDO SHUVLVWHQFH E\D V
+RZHYHU FRQWUDU\ WR WKH SHUVLVWHQFH FDXVHG E\ DQWL
PRYHGIURP WKHFXOWXUH WKHEDFWHULDLVDEOHWRUHWDI
F\FOH UHFRYHULQJIURP WKHYLUXWLQGXFHG SHUVLVWHQFF

ODWKHPDWLFDO PRGHOV VWXG\LQJ VXFK PL[HG LQIHFWLRQV
QDPLFVRIFR LQIHFWLRQVDQGFDQEHIRXQGLQDEXQGDQFH I
DO >@ LQ WKHLU DUWLFOH FRQVLGHU FKROHUD VFKLVWRVRI
WKH ORFDO DV\PSWRWLF VWDELOLW\ Rl WKH GLVHDVH IUHH |
PRGHOV DQG WKH IXO0 PRGHO DOVR VKRZLQJ WKH H[LVWHOQ
DQGLQYHVWLIJDWLQJWKH S SRVVLELOLW\RIELIXUFDWLRQ ,Q I
OHP LV IRUPXODWHG $ &KLNXQJXQ\D GHQJXH FR LQIHFWLRC
OXVD HW D@ ZKHUH WKH ORFDO DV\PSWRWLF VWDELOLW\RIW
VXE PRGHOV DQG WKHIXOO PRGHO DQG QXPHULFDO DQDO\VL
SKHQRPHQRQ RI EDFNZDUG ELIXUFDWLRQ IRU WKH VXE PRGH
PDWKHPDWLFDO DUWLFOHV VWXG\LQJ WKH G\@DR&QFV RI +,9 7
,Q>@ WKH7%DQG +,9 VXE PRGHOV DUH ORFDOO\ DQDO\]HG

VA\VWHP LV VKRZQ WR EH JOREDOO\ DV\PSWRWLFDOO\ VWDEO
HTXLOLEULXP SRLQW LV VKRZQ WR H[LVW RQO\ XQGHU VRPH |
WHUV *DNNKDUGHMWOD@KHLU +,9 DQG 7% FR LQIHFWLRQ PRGHC
DQDO\VLV RI WKH GLVHDVH IUHH +,9 IUHH DQG 7% IUHH HTXI
SXQRY VWDELOLW\ WKHRUHP XQGHU FHUWDLQ FRQGLWLRQV
)XUWKHU WKHHQGHPLFHTXLOLEULXP SRLQW LV VKRZQ WR EF
1DUHVK HW @ FRQVLGHU D QRQ OLQHDU PRGHO IRU +,9 7% FF
WKH\ VWXG\WKH ORFDO DV\PSWRWLF VWDELOLW\RIWKH GLVF
HTXLOLEULXP SRLQWYV WKH HQGHPLF HTXLOLEULXP SRLQW L
WRWLF VWDELOLW\ ZKHQHYHU LW H[LVWV XQGHU VRPH DVVXP
3LQWR HW@®BR®VLGHUV WKH LQWHJHU RUGHU DQG WKH IUDF\
7% FR LQIHFWLRQ PRGHO ZKHUH WKH\ VWXG\ WKH VWDELOLW
RUGHU PRGHO DORQJ ZLWK VRPH ELIXUFDWLRQ GLDJUDP LOO
IUDFWLRQDO RUGHU PRGHO QXPH@L.FRQW®L G BUX G XIHIN ® @ %>

FR LQIHFWLRQ PRGHOV ZLWK DQG ZLWKRXW WUHDWPHQW 7K
H[KLELW EDFNZDUG ELIXUFDWLRQ DQG WKH JORFDO DV\PSWR
+,9 $,'6 RQO\ PRGHO LV DQDO\]HG )XUWKHU WKH +,9 $,'6 7%
LV VKRZQ WR KDYH D /$6 GLVHDVH IUHH HTXLOLEULXP

7KH DIRUHPHQWLRQHG SDSHUV VWXG\ FR LQIHFWLRQ RI D V\(
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WKDWEHLQJLQIHFWHG ZLWKW\SHRQHHQKDQFHV WKH VXYV
WKH SRVVLELOLW\ WKDW WKH WZR FR LQIHFWLQJ SDWKRJF}
+RZHYHU WRRXUNQRZOHGJH QR PDWKHPDWLFDO PRGHO
&KODP\GADPFR LQIHFWLRQ ORUHRYHU WKHFR LQIHFWLRQ
LVXQLTXHSHUWDLQLQIJWRLWY XQFRRSHUDWLYHDWWULE
WR WKHJURZWK RI WKH RWKHU

7KHVWUXFWXUHRIWKLY &KDSWHU LV RUJDQL]HG DV IROOF
OLQHDU PDWKHPDWLFDO PRGHO L V&S WRERAKRIBB\REYH V F U |
LQIHFWLRQLQ D SRSXODWLRQ ,Q 6HFVEL RQWV FER@BBWHV SH
+69 VXEV\VWHPV DUH VWXGLHG ZKHUH ZH FRPSXWH HTXLC
WKHLU VWDELOLW\ %XLOGLQJRQ WKHVHUHVXOWV ZHLQ
BHFWLRQ ,Q6HFWLRQ ZHFRQVLGHUDOLPLWLQJV\VWE
PRGHO DQDO\]H LWV G\QDPLFV DQG GHWHUPLQH WKH FR
DQ HQGHPLF HTXLOLEULXP 7KHQ ZH H[WHQG WKH UHVXOW
RULJLQDO VIVWHP ,Q 6HFWLRQ ZHVKRZXQGHU ZKLFK FR
SHUVLVW LQ WKH SRSXODWLRQ 6HFWLRQ FRQWDLQV QXP
DOQDO\WLFDO UHVXOWVY ,Q6HFWLRQ ZHFDOLEUDWH WKH
ERWK GLVHDVHV LQ WKH SRSXODWLRQ DQGFRPSDUHLW ZL
7KH &KDSWHU LV FRQFOXGHG ZLWK D GLVFXVVLRQ LQ WKH

ORGHO )RUPXODWLRQ

$ VL[ GLPHQVLRQDO GHWHUPLQLVWLF QRQ OLQHDU PDWKF
VHEFWLRQ WR DQDO\]H WKH W U £Q WALLNF/K. R RIEMPMRISLHAY FRR
LQIHFWLRQ LQ KXP N (@) BH@RIW H/WWH WRWDO QXPEHU RI SRS
t 7KH KXPDQ SRSXODWLRQ LV VXEGLYLSHGHDWRR MV[WRR S
FODVV RI SRSXODWLRQ VXVFHSWLEOHW R B R WKEELDMDW H V
DQG KHUSHMY LUK FODVV Rl SRS X0 D W& RQUIA K ENBN\G LAL W
KDYLQJ ODWHQW KHU SH(Y) L¥KAIRER WIHIBOEGHQRWH WKH QX P
SRSXODWLRQV ZLWK DFWLYH KH U8 HWUDXAK FIRIY MWD WEHU V L\
FODVV RI SRSXODWLRQ ZLWK ODWHQW KHUSHV +HQFH

N(t)= S(t)+ C(t)+ H(t) + lc () + Tup (1) + L(1):

,QRUGHU WR IRUPXODWH WKHPRGHO WKHIROORZLQJDVYV

$ & WUDFKRPDWLV LQIHFWLRQ PD\ RFFXU XSRQ WKH VX
HITHFWLYHO\ FRPLQJLQ FRQWDFW ZLWK DQ LQIHFWHG DQ
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WKH FOOW\WRR¢ () DW WKH UDWH

$ 6XVFHSWLEOHV DFTXLUH +69 LQIHFWLRQ GXH WR HIITHFWL)
IURP FE@VRAp () DW WKA UDWH

$ 6XVFHSWLEOH LQGLYLGXDOV FDQQRW DFTXLUH & WUDFKI
RXVO\ ZKLFKPHDQV WKH\FDQQRWPRYH GLUHIEAMP\LQWR WK
R Up (1)

$ &R LQIHFWLRQ RI & WUDFKRPDWLYV +69 PD\QRIFFXU ZKHQ &
LQIHFWHG LQGLYLGXDOV JHW L ®IH FWHE ZWW& & QB IRUL EXD OV
LQIHFWHG ZLWK & WUDFKRPDWLY LQ ERWK FDVHV HIIHFWLY!
WHULD LQWR LWV ISHUVLVWHQW SKDVH

$ 7KHFODVV RIDFWLYH & WUDRKRPPWQVHERDWEBERSIBEDD WL
LVIJHQHUDWHG DV D FRQVHTXHQFH RILQGLYLGIXDDOV IURP WK
DFTXLULQJ & WUDFKRPDWLV

$ ,Q WKHFDVHRIWKHFODVVRIFR LQIHFWHG SRSXODWLRQV
FODMMHNQIGp RFFXUV ZKHQ WKH DFWLYH KHUSHV JRHV WR ODW
UHQGHULQJ & WUDFKRPDWLYV LWV SHUVLVWHQW SKDVH RU
LWV DFWLYH VWD WXXVWDWLWK K UWDWMHFKRPDWLY LQWR SHUVLVW

$ & WUDFKRPDWLV LQIHFWHGLQGLYLGXDOV ZLOO UHFRYHU
UDMWIHQG PRYH ERtFf NZWRUHDV WKHLQGLYLGKXHO QNVAOREMWKH FO
DGGHG WR WKH FODV\WR) OPRNHDOMWFRMHEHMJIRP & WUDFKRPDW

$ 7KHPRYHPHQWEHWZHHQ WRKktF BBNXHV DV +69 LQIHFWHG
LQGLYLGXDOV JR LQWR ODWHQF\ RU LQGLYLGXDOV ZLWK ODV
SKDVHV DW WHE@ GLHVIBWFWLYHO\

$ )LQDOO\ IRUVLPSOLFLW\ ZH KDYH WKH IROORZLQJDVVXP
W LNR(Q

N(t)= S(t)+ C(t)+ H(t) + I.c(t)+ Iyp (t) + L(t) = Constant:

$FFRUGLQJO\ ZH GWKGRVWHFEXLWPHQW UDWH RI QHZO\ VH[XDOC
WLEOHLQGLYLGXDOV LQWR S KB @GP WKRIIWXWFHRI\8 HP®RH VD S K
WXUQRYHUIRURXUSRSXODWLRQ :HQRUPDOWHMWKHFRQVWD
W LVLPSRUWDQW WR QRWH KHUH WKDW ZLWK WSILV QRUPDOL
LV PDWKHPDWLFDOO\HTXLYDOHQWI WNR\RKH RYDWBQWSRGKL C
ODWLRQ VL]H
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JLIXUH 6FKHPDWLF G& DWUDF KRB BD\RRVQIHFWLRQ PRG

JURP WKHVHDVVXPSWLRQV WKHGHVFULSWLRQRIYDULDE
EOHDQGWKHDERYH PHQWLRQHGIDFWYV WKHPDWKHPDWL
ZLWK WKH KHOS RI WKH VFKHPDWLF GLRQRNVOFPPODLW\HY KB FIRJ
LQIHFWLRQ PRGHO FRQVLVWY RI WKH IROORZLQJ V\VWHP F
HTXDWLRQV

S0= SC SH Slic Bluyp S +1rC;

C’= sC+ Slc TH Ty rCc C;

H°= BH + Blyp HC Hlc H+ L H;

1% =1lw+ LC + Ll ;¢ rehic e e

19 = CH + HC + Tl wyp+ Hl .c lup  lwp + | (c;
L°= H +rJdec L LC LI ¢ L

ZKHUBHQRWHY WLPH GHULYDWLYH ZLWK QRQ QHJDWLYH |
Po = (S(0); C(0); H(0); I .c (0); Iwe (0); L(0)) 2 D;
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ZKHUH
D=f(S;C;H;lic;lup;L) 2R jS+ C+H+lc +lpp +L =19

LVWKHQDWXUDO VWDWH VSDFH DQG LV FOHDUO\ SRVLWLYH I

SDUDPHWHUV'HVFULSWLRQV

WUDQVPLVVL& QWWDDFEK RPD WLV

n WUDQVPLVVLRQ UDWH IRU +69
UDWH DW ZKLFK DFWLYH +69 JRHV LQWR ODWHQF\
UDWH DW ZKLFK ODWHQW +69 LV DFWLYDWHG
QDWXUDO GHDWK UDWH

r UHFRYHU\ §DWHDRKRPDWLYV

7TDEOH SDUDPHWHUV DQG WKHLU '"HVFULSWLRQ\

TKIRKODP\G6XBV\VWHP

‘HFRQVLGHU WKH +69 ITUHH VXEVSDFH GHILQHG E\
Dc = f(S;C;H;lc;lup;L)2DjS+ C=1g;

ZKLFKLVFOHDUO\LQYDULDQW 7KHG\QDPLFVLQ WKLV VSDFH
VI\VWHP RIHTXDWLRQV

S0= SC S +1rC;
c’= sCc rC CC:

(TXLOLEULD %DVLF5HSURGXFWLRQ 1XPEHU D¢
6WDELOLW\

7KH HTXLOLE&KO IRR\WXKEBV\VWHP DUH HDVLO\ REWDLQHG E\ VR(
JHEUDLF VA\VWHP RI HTXDWLRQV

0= SC S + rC;
0= SC rc C;
UHVXOWLQJLQ WKHWZR SRVVLEOHHTXLOLEULD

r+ r
Eo =(S0;Co) =(1;0); Ec =(Sc;Cc) = , ;
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ZKHBH. V VKD DP\BULHDH HTXLOLEULXP SRLQW ,WLVFOHDU W
W KK O D P\SBLHDV HQW H T X L &L EDULKK B BRILW WY H RQ OSZK H Q
L HZKHQ+ )>1 ZKHUH

RC:

r +

LV WKH EDVLF UH S UR G Y&\ DRPQLAQ KBPFEW UR @B3:3LX VEWLIQQV R
WKH HTXDWLRQKDYH

c=( r )X 1 ——C

7KLVLVWKHORJLVOW IZRER WKXADVULRDQYRBED SD FAKMARQr +

+HQFH ZHFDQDSSO\WKHVWDQGDUG UHVXOWV IRUD OR.
UHSURGXFWLRQPAX WKHBD WKH HEXLO UBRIEOPOO\ DVI\PSWRW
VWDEOH DRXG 2ZKW®&HQ WKH HHXWNOLEREX® O\ DV\PSWRWLFD

7KH +69 6 XEV\VWHP

‘HFRQVLGKEBHWOWKRHIG®IHMH VXEVSDFH GHILQHG E\
Dy =1(S;C;H;lc;lpp;L)2DjS+H+ L =1g;

ZKLFK LV FOHDUO\LQYDULDQW 7KHG\QDPLFVLQ WKLV VSL
VA\VWHP RIHTXDWLRQV

= BH s
H=SH H+ L H;
L°=H L L

(TXLOLEULD %DVLF5HSURGXFWLRQ 1XPEHL
6WDELOLW\

6RPHDOJHEUDLF FDOFXODWLRQV VKRZWKDW WKHUHDUH \
I[UHH HTXLOLEULXP SRLQW LV JLYHQ E\

E =(S;H;L)=(1:00);
DQG WKH +69 SUHVHQW HTXLOLEULXP SRLQW LV JLYHQ E\
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'R (+ +) b

")

ey (e

YROORZLQJWKH QH[W JHQHUDWLRQ PDWUL[ ®SEHRFRPK HVWDE
SXWH DQDO\WLFDOO\ WKH EDWyFRIHSURGKR\QLRPOWHE ER B
SDUWPHQWQBUHLQHDUL]LQJ DW WEK HWHR KX MOULEQVY RPVVLRQ DQ
WUDQVLW L RQIPQGVRILIF H V

N O# " . #

Fi= 00" Vi = + ;
JLYLQJ " e o o#
Flvll: (+O+ ) (+O+ )

7KXV ZH KDYH WKH UHSURGH%hRW bHR @ KHPHEH UMW HQW YV WK H
VSHFWUDO UDGLXV JLYHQ E\WKHIRUPXOD

()

,WLVFOHDUWKDWDOB,WKH FRPWRAOHOWSURHVHQW HTXLOLEUL
HILMWNR, = L+ ) >1

(++)

' QWKHIROORZLQJVHFWLRQ ZHSURYHWKHJOREDO DV\PSWR
ULD FRUUHVSRQGLQJWR WZR FDVHV RIWKHUHSURGXFWLRQ Q
WKDQ RQH XVLQJ/\DSXQRY WKHRU\

7TKHRUHP ,Ry 1 WKHQ WKH GLVHDYVH EUHWYVO\RED® ¥\VWDIVWAH
WRWLFDO®yWVWDEOH LQ

SURKFIKH VA\VWHP RI HT XDIWLFRRBQDVKHPDWLFDOO\ HTXLYDOHQW W
FRQVLGHUH@ AKX 8OH WKHLU ELRORJLFDOLQWHUSUHWDWLRQ
WR 7TKHRUHP @ @H FDQ\GHLLIQR, E\

V(SiHL)= ——(S S)2+( + )H+ L:
25
)W LV FOH DR WKIHM DQBESMH BQUHDFKHV LWV JOREMO PLQLPXP L

%LRPDWKHPOKOLIFRA R L D



7KH GHULYDWLYXHVWRK UHY DHDRQWRROXWLRQ EXUYMM@®E\

dH  dL
-+ =
at Tt
;’—(s S %BH s)

VASIHIL) = —o—(S $) 0+

+( + NBH (+ H+ L)+ (H (+ )L

(S S)(S BH S)+( + )BH

(+ + )H:

+ +

(+ + )H:

ODNLQJ XVH RI WKH H[SUHVVLRQ

’SHSS _%(SSS)+’H(S S);

ZH REWDLQ

ViSHL) = ——( + H)(S 8’

S5(+)
(+ +)

= ;_( +H)S S)> (+ + )HA Ry):

+ (+ + )H 1

7KHUHIRURy ZKIWAS;H;L) O0IRU(B;BIQ)2 Dy D QG WASDON) =
0 +HQ¥HV D/\DSXQRY IXQFWLRQ DEGLWKB RBRMHDG\ VW B B/\M
FDOO\VWRPEOH LQ O

7TKHRUHP ,Ry>1 WKHQ WKHHQGHPEF HVM XCEEDBOIOAM V\P SW
LFDOO\VWDEOH L@jyWKHLQWHULRU RI

SURRBILPLODUO\DVLQWKHSUHYLRXV WKHRUHP @RAHIROOR
GHIUQMHS;H;L)2 Dy jS;H;L> 0g! R, E\

J(S;H;L) = M+(H Hy Hy o#)
H

2SH
L
s SR Ly Ly 08
H 4 Ly

7KLVIXQFWLRQLVFRQWLQXRXVO\GLIITHUHQWBPHOKHDQG E
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LVDQHQGHPLF HTXLOLEULXP SREQGWRYMKH VI\VWHP

L H
= ByHn+ Sp (+ )= B+ =+ )= N
Hn Ln

&RPSXWLQJ WKH GHULDORQXYWIRH VRO XWLRQXHRR K WDNLIDP

S $dS_ H HydH  Ln, Lpdl
“H: = _t ———+ — — )=
NSHL= =g = Aoodt T H, D
=5 S BH S)+(H  H(B )
Sh H

+

L Ln ,
H_h(l T)(H ( + L)

8VLQIJ WKH UHODAHLREWD L Q

ASHLI= TS S+ SH SH+(H H) 'S S)
L Lh L h Lh I—h .
+ (H_h ﬁ) + H_h(l T)( H H hT)-

6LQSH S Hy = Sh(H Hh)+ H(S Sh) 7KXV

HSHL= ZLT((S S+ (SH H)+ HIS S)
FUHOHNS SO LaE i gt
L
= (B PN Le e
S emE LR R

7TKHUHIRSH;L) OZKHQHIYHWGHILQRG;, MRG0 KROGV ZKHQ
S=Sy DQHLy =HyL ,W LV HDV\WR VHHSMKIDW DYJESHI N W

0 DQXYS;H;L)=0g FRQWDLQV RQO\ WKH HEEGHPHRRAMRXEDWKWL X P
/ID6DOOHYV LQYDULD @F FAKUH. QW HEFHGHV/YWWO BRWBIOO\ DV\PSWRWLFI

VWDEOHLQ WKOH LQWHULRU RI ]

1RWH WKDW WKH JOREDO DE,\FBQ EW HDWWOEHPAUMQRBRHG WR Wi

Dy nfE g
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ODWKHPDWLFDO $QDO\VLV RI WKH &R
ORGHO

(TXLOLEULD 5HSURGXFWLRQ 1XPEHUYV

6\VWHP PD\ KD#BLIIHUHQW HTXLOLEULXP SRLQWV :H GF
I[UHH HTXLOLEUE XKBERK QW ZAD\V HI[ILVWV DQG FRUUHVSRQG
ZKHUH DOO WKH LQIHFWHG FRPASKDUOMWIRN@WEHTXDO WR

Es =(S;C;H;lc;lnp ;L) =(1;0;0;0;0;0):

7KH VHFRQG HTXLOLEULXESRROQWHESRRGEW® B\WKH VLW XC
RQAKODPIGLMFWLRQ LV SUHVHQW DQG LV JLYHQ E\

Ec =(S=Sc;C=Cc;H=0;lc =0;lyp =0;L =0);

ZKHBHC: DUH DV LQ7KH WKLUG HTXLOLBEY EXRRGHYQ&RMUHEGVEW |
WKH VLWXDWLRQ ZKHUH RQO\ +69 LQIHFWLRQ LV SUHVHQW

EH :(S: SH,CZO,H = HH;ILC :O;IHP =0;L = LH),

ZKHBHHy Ly DUH DV LQ 7KHUH LV D SRVVLELOLW\ RI H[LVWF
HTXLOLEULXP SRLQW ZKLFK LV WKH HQGHPLF HTXLOLEULX
DUH SRVLWLYH :H GHQRWH WKHY HTXE QWMKEHJE R B G RW Q RIQEA
H[LVWHQFH ZLOO EH GLVFXVVHG ODWHU

9DULRXV UHSURGXFWLRQ QXPEHUV FDQ EH FREKROPDWHG E
GLRQIHFWHG DQG LQIHFWLRXV LQGLYLGXDO RUD VLQJOH
LQGLYLGXDO LQWR D FRPSOHWHR\ VXNAHRWHEWHGRBROL
PHQW\CDHUHyp lic DQIG 8VLQJ WKH QH[W JHQHUDWLRQ PDWU
XV LQWURGXFH WXBQRMWMDWKKRDWUDQVPLVVLRQ DQG WUDC
/JLQHDUL]LQJ DW WHS HZHTKD®HE UL X P

2 3 2 3
0 00 r+ 0 0 0 0
o "o "o 0 + 0 0
F,= 80 0 0 O V,= 8 0 0 r+ + 0
0 00O 0 0 + 0
0 00O00O 0 r 0

'H REWDLQ WKH H[SUHVVLRQ IRU WKH EDVLF UHSURGXFWL
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PRGHO DV
Ro = %F,V, 1) = PDf[R¢;Rug;

ZKHUH

_ )
rv o DQBw= Ty

DUH WKH UHSUR G XFWIKR® @ RRIEHKHUIRHY UHVSHFWLYHO\ DQG |
VLVWHQW ZLWK WKH UHSURGXFWLRQ QXPEHUV REWDLQHG LQ

LV REYLRXV WKDW WKH H TDXQE HHUVXWPLS BIOFMR/Q ®\QLG
Ry>1UHVSHFWLYHO\

RC:

7KH QH[W UHSURGXFWLRQ QXPEHU LV REWDLQHG E\FDOFXOD)
VHFRQGDU\LQIHFWLRQV FDXVHE BAQ\Y LGWD® G & AVR LDRSRRSIXO0
HILVWLQJ LQ WKE HTXWXLFWMXYPXDWLRQ WKHLQHHFWHG FRPS
lup lic DQIG %\ LQWURGXFLQJFA/RB\Q RRUDWHIR QW DQVPLVVLRQ D
WUDQVLWLRQ PDWULFHV DQG O EQ HMHUKLDLYRI DW WKH HTXLOLE

R 3
(r+ ) 0

"r+ )

2
0
F3:§A( r )
0

o O o o
A>
- o
o
O~RRN

0 0
DQG 2 3
r+ 0 0
+ 4+ +
V3=E 0 r 0 r g
r + + 0
r 0 r+

'H REWDLQ WKH VSHF@wwplpzu#ﬁ)—;(vmoxv ZH REWDLQ H[DFWO
WKH VDPH UHSUR GX{WLRW KX WEDQ VP L W LR U D MGXIDRWP L V
WKH VDPH SROQ@KRPSDUWPHQWYV

TR FDOFXODWH WKH ODVW UHSURGXE W RREQ VIXEFEMHW L DRVIRQDNVIJH
XODWLRQ H[LVWLQJ IEW WRB HRACBZENKHRH[W JHQHUDWLRQ
SURDFK 6SOLWWLQJ WKHXVAV®YIHPILQ WHRRPISRWRGWI LQIHF

WLRXV FRPSDUWPHGBWMHYL DEBPSRVHG RI QRQ LQIHFWLRXV FR
PHQWYV ZLWK UHVSHFW WR FKODP\GLD WKH V\VWHP FDQ EH F

XP= Fi(X;Y) Vi(X;Y); i=1;23
YP=g(X;Y); =123

ZKHBHUHSUHVHQWY WKH QHZ REIHFRNBRG \F R @ W MRV WK H
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WUDQVLWLRQV EHWZHHQ LQIHFWHG FRPSDUWPHQWY DQG

2 3
SC + Sl ¢
Fi = 9 LC + LI ¢
HC + HI ¢

DQG

3
TH+TClgp+rC+ C

Iwp +rlc+ e+ I ~z>
‘TH Tlup + Lup + 1 up I Lc

<
I
M N

%\ PHDQV RIOLQHDUL]DWLRQ DW By KHH BE WIHIHOHA K H GHLTEXUDLY
X0%= AX

ZKHAHY WKH -DFRELDQ PDWUL[ 1H[W ZH WDNH WKH GHFRI
A=Fs Vg

ZKHUH

@i @

@(j (E+) (V4)i;j = _(EH)

(F4)i;j = @

,Q WKH SUHVHQW VFHQDULR WKH QRQ QHJDWLYH PDWULFE
VSRQGLQJ WR WKH QHZ LQIHFW&RQ P\BIEG WWH @ IEXBILVQ R (
WUDQVIHU WHUPV UHVSHFWLYHO\ WDNH WKH IRUP

2 (+ +) (+ +) 03
A(A(+ )) A(A(+ ))
_ + +
Pz By teey L omey teey 10O
+ +
~ ((+ +)) 1 o ((+ +)) 1 0
DQG
2 A 3
r+ 575 0 0
V4:§ O r+ + %
"+ ) +

7KH UHSURGXFWLRQ QXPEHU DVVRFLDWH G ZH Q/RKW\HGHEAT X
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Recy LV ILYBYRL\EY) ZKH#HY WKHVSHFWUDO UDGLXV DQG LV REV

— 11,
RCH - T
12

ZKHUH

w=l (P34 + )+ "+ )+ T (+3 )+ (+ 4 )
(4+2" + 20+ )+ "+ N+ 3T +3(+ )+ 2

A G B (R &)1

DQG
P GRS (CA D TG RN G (R D R (R ) I

TKHGHWDLOV RIWKHDOJHEUDLER PM)@EF KO DWHRRX @& DG WEHW F
VXSSOHPHQWDU\ILOHDYDLODEOHLQ RXU SXEOLB®*LW+XE UH.

SHODWLRQ RY\V DRHQ

,Q WKLV VHFWLRQ ZH HVWDEOLVK WKH UHODWLRQ EHWZHHQ
DVVRFLDWHKDDPRELDOR:y FDOFXODWHG DW WKHEHTXLOLEUL X
DQEs UHVSHFWLYHO\

IHPPD "KHQHRHULY GHILQHRS; * 1H WKR4Q< R¢

SURRHEHILQ ZLWK WKHDVVXPSWLRQ WKDW WRH KMUSHV UHS
JUHDWHIU 2WKLIF&X LPSOLHYV WKDW

N

(+) (+ +)>0
HVHW (242 + (+ D+ (+ + )2+r3( + + )
+r("C+ )+2 243 (+ )+( + )

WLV FOHDUWKDGWYVLWLYH SDUDPHWHY ¥DOXHV +HQFHIRU

N

(+) (+ +) <O

'LWK VRPHDOJHEUDLF PDQLSXODWLRQ WKHOHIWKDQG VLGH
RXW WRFEH 1 2 ZKHUHDQG, DUH WKH QXPHUDWRUV DQG GH¢
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QDWRRY IHVSHFWLYHO\ +HQFH

11

2 I+

<0

ZKLFK LPSORd4YV WKOW ‘HFDQ WKHUHIRUH RRBQFBXGH WKD!
ZKHQHRyHYUL: 7KH DOJHEUDLF FDOFXODWLRQV FDUULHG RX!
PDWLFD DUHDYDLODEOH LQ RXU SXEOLF *LW+XE UHSRVLW
> @

]

7KLV PHDQV WKOW/PNEBW DY PRUH GLIILFXOW WR LQYDGH D ¢
+69LVHVWDEOLVKHG WKDQ D SRSXODWLRQ ZLWKRXW +69

IRFDO $V\PSWRWLF 6WDELOLW\RI WKH 'LVHI
(TXLOLEREJLXP

7KHRUHP 7KHHTXLEEVIORFDOO\DV\PSWRMLEDQG\ VWDE
Ry<1DQG XQVWBDEORR, > 1

S3URRH FRPSXWH WKH HLIHQYDOXHV RI WKH -DFRELDQ RI \
DURXQG WKH HEF XLOLEULXP

A 2

2 ( M2+2 +2" + 2

p
r 2 ( nN2+2 +2r + 2

&OHDYOV QHIJDWLY HV MGG DWIYHLIRIV IRU FRQMXJDWH SDL
HLIJHQYDMXHY VLQFH DOO WKH SDUDPHWHUYV DUH SRVLWL!
VTXDUH URRWY DUH QRQ QHJDWLYH DQG KHQFH ERWK WK
SURGXFW LV REWDEQHG(DV ) ZKLFK LV JUHDWHU WKHQ JHUF
Ry<1ZHKDYH+ + )>" + ) ORUHRYHU WKHRU+VXP LV
ZKLFKLVDOZD\V @HIDWIURPIWKLY LW kRQGERIZVHADKIDAD \ V
QHIJDWIR(HKIIRBLPLODUO\ LW FDQsEH DRORBZO WHIWH DOO
WKH HLJHQYDOXH V BJ<HL@HRR W LYOHIG WKH GLVHDVH IUHH V
VWBMWRKN ORFDOO\DV\PSWRWLFDOO\VWDEOH O
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IRFDO $V\PSWRWLF 6 WOKQ D P VEWRE\WH KN
(TXLOLEREJLXP

7TKHRUHP /HR>1 7KH HTXLOLEERLPDRR SRLKHDQWRGHO VA\VWHP
LVORFDOO\DV\PSWRMW<LFED Q G \X\QN DHEHD HI L |

SURRIKHHLIJHQYDOXHV RIWKH-DFRELDQRIWKHOLQHDUL]HG F
OLEBE,LRPHJIJLYHQ E\

N 2 .

2 ( M2+2 +2" +

p
r 2 ( nN2+2 +2r + 2

1
3;4_5
1
5;6—5
&OHDUDY QHIDWLYHYV QOIGDWIEYH IBOVR VLQFH DOO WKH SDUEL
WHUV DUH SRVLWLYH WKH WHUPV XQGHU WRRDXHUH URRWYV
QRQ QHIJDWLYH +HQFH WKH\DUHERWKUHDOV 7KHVXP RI WE
YDOXHDQG LY r) + )+ ZKLFKLVJUHDWHUWKH{OQ JHUR DV IUR
ZH KDY>Hr + ORUHRYHU WRKRAGLLRVXP LYZKLFK LV DOZD\V
QHIJDWIRCcHIRUURP WKLV LW IRDOQRDYMWRDWD\V QHIDWLYH IR
Rc>1 $OVRDQG DUH WKH VDPH DV WKH FRUUHVSRQGLQJ HLJH
SUHYLRXV VHFWLRQ DQGKDYH EHHR\WKR Z @ ORHE HDQ B M KH. Y H
HLIHQYDOXHV DWIRd Q HDOM{LYH VIKXYV WKHHTXLEBLEVULXP SRLQ\
ORFDOO\DV\PSWRWLFDOO\ VWDEOH LQ WKLV FDVH

*OREDO $V\PSWRWLF 6WDELOLW\RIWKH 'LVHD
(TXLOLEESLOPR) G WKODP\GUBVHQW (TXLOLEULXF

Ec

7TKHRUHP $VVXPH R{KDW ,Rc 1 WKHQ WKH HTXLEBRLEULXP SRL
LVJOREDOO\DV\PSWRWRED O ON KBVDE ODBIREQRGQVDV\PSWRWLFI
VWDEOH

SURRIRQVLGHU WKH DX[&:OD.IDB) IXQFWLRQ

(L+1lc)+( + )H+Iup),
(+ +) ’
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ZKLFK LV FRQWLQXRXVO\ GLITHUHQWLDEOH DQG ERXQGH(
ZLWK UHY DHORMQWRROXWLRQ EXUYMM®E\

o= (1% + LY +(H°+15)( + )
()
A #
(+)
(+ +)
=(H+lgp)[(C+ SRy 1]

=(H+1lwp) 1+(C+59)

7TKHIROORZLQJWZR FDVHV DULVH FRUWHVSRQGLQJ WR WK

TKHILUVW FD\PHGRDE ZKRIQ/ KLY FDRKH MLOQEBZFC 1 ZH
KDYH 0 WKXV /D6DOOHYTV ,QYDULDQFH SULQFLSOH LPSOLH

F(Po) f (S;C;H;ILC;IHP;L)ZDj0£=Og=f(S;C;O;ILC;O;L)ZDg:
,QVL@EH WKH G\QDPLFVLVY GHVFULEHG E\WKHIROORZLQJ\

S0= SC Sl,c S +rC;
c’= sC + Sl rC C;
II?C = LC + LI LC rlc I ¢ | c:

L°=rlc L LC Ll c L

JRU WKLV VA\VWHRc@H KE)YH ( + )lc+L) $SSO\LQJ/D6DOOH:?
,QYDULDQFH 3ULQFLSOH RQFH PRUH ZH REWDLQ

1 (P) = f(S;C;0,0,0,0)2 R jS+ C=1q:

7TKH RWKHU FDWH2ID¢ ZKHWKLY FDVH GXH WR WKHO:QYDULDC
WKH RPHJD OLPLW VHWR IZW& B EQLDNVLIDAK AR LDWHLWKHU FD
WKH RPHJD OLPLW VHW LV GIHRRZF WKEHHWGHEDUH WZR FDVHV ZL\
WR WKHUHSURGXFWKRQ B\RgBPHU IRU

/JHW XV FRQVLGHRY WKH KBR O\ ZKROH W UD M® FWKR ¥ \FLDQAH. (
LV WKH VHW FRQWDLQLQJ RQO\ WKl GhVW B W H URSH H WXLHO
WKHOLPLW (PHWEsg WKH VROXWLR QE; FRIQIPFHHN B WER.W UD U\
6LQFH ZH NQRZWKPOW KRHQ@ 1 WKH FRQYHUJHQFE LR'SOLHYV
JOREDOO\DV\PSWRWLFDOO\VWDEOH

6HFRQGO\ FRQVL®RHU WKHONVNRGM KH G\QDPLFV LV GHVFUL!
WKEKODP\GABV\VWHP OHW XV GHQRWH WKLV ™R DIPUL¥VWO \
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WZR HTXDWS(tRQQ@WRWR | WKH VIVWHPQ EH FRQVLGHUHG DV D QR
DXWRQRPRXV VIVWHP RI GLIIHUHQWLDO HTXDWLRQV WKDW J*
G\QDPLFDO V\&MMH: | c(t);lup(t);L()! 0DV!I1 LV DV\PS
WRWLFDOO\ HTX$WOLOHQMRWRDFW LQYDULDQW VHW WKH IRUZ
SUH FRPSD&WEs/BBWE: DQG = WS(ey)) WKH LQYDULDQW VHW FRQW
WKH GLVHDVH IUHEY HHX . ODEX.LXPLY FORVHG E\ GHILQLWLRQ I
X, LV RSHI) R OXWLRQV X;WD OW LKRIQLEHD WW RV LV WKH RQO\
HTXLOLEULXPREGRUGEWLYR®6 LOKHQFH VROXWLRQVZNVWDUWLQJ L
FROQYHWIWR *$6 IRUUHVWWEWLRQIRQYDULDQW KHQFH HYH!L
RUELW VWBR ZWQQ FRQ &EHMUJE RIRQQRW FBQ ¥H QEHLIWFRD

ZHDN UHSHOOHU 7KXV HYHU\ SBH FFLRP & DFREF RRQLGZBDLLGH V

WeR +HQFH DOO WKH FRQGLWLRQVARD @KHPWHP ILHRG >+HQFH |
SO\LQJ WKH WR§ R Y HR KHIQ WKH VRO XW LR & R @\DHW HYIJWRR P
Es HOVH LW FREYHEOUONHWAY NQRZLW KPOMNZ KR4 Q 1 WKH
FRQYHUJHQFH LP S LNV /RBEMOWKBV\PSWRWLFDQ@O\ VWDEOH

/IRFDO $V\PSWRWLF 6WDELOLW\RI WKH +HUSHYV
(TXLOLEULXE SRLQW

,Q WKLV VHFWLRQ XVLQJ7KHRUHP RIYDQGHQ'U@HVVFKH :C
ZH HVWDEOLVK WKH ORFDO DV\PSWRWLFEYWDELOLW\ RI WKH H

7TKHRUHP 7KH HTXLOLEWBIARWBRIKHWRGHO VIWVWHRPFD OO\
DV\PSWRWLF DR xUW QEOHIMWRBPEOH LI

SURRH FRQVLGHU WKH FDVH ZKHQ WKH VA\VWHP LV HILVWLQJ C
HTXLOLEUEXP, BRI QSWHVXPHG WKDW WKH QHZ LQIHFWLRQ WH
WR WKH LOQIHFWLRQKWBPXGHIHBEUO\ WKH DVVXPSWLRQV $
7TKHRUHP @DUH REYLRXVO\VDWLVILHG ZH YHULI\FRQGLWLR
SDUW

BHWWLQJWKH QHZ LQIHFWLRQ WHR PRVURI W FHAE WWWH. B J
WR JHUR ZH REWDLQ WKH -DEREHR@WDRQFXODWHG DW

= (Ru 1)
WKHPDWUL[LV RREWDLQHG DV IROORZV
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7TKHHLJHQYDOXHVY FRUUHVSRQGLQJ WR WKLV -DFRELDQ PL

1
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TRl @@ sT Ty e Top
ZKHUH

h=r+2 + + ;

®=( NP2 +2(r+ )+ F

G="(+ P+ (+ + )

w= "2+ ) 2°C + )@ + ) + + )
+ + + )P4 3+8 2 +(5 + ) 2+ 3);

DQm=( + )( + + ) $O0O WKH SDUDPHWHUV DUH, SRWIQEBLYH D
»<0 JRUWKHFRQMXJDWH S D;LIUQRE MLKH QY HIPXHMGHU WKH V
URRWLY SRVLWLYH KHQFHERWKDUH YUHDQOW #KHLU SURG
ZKLFK LV SRVLWLYH DOG2WKHLU ZXRHEK LV QHIJDWLYH LPS
WKDW ERWK HLJHQYDOXHV DUHQGH ED WIDWH. QI WIIRK GLIIHU
RI WKH VITXDUHV Rl WKH ILUVW UHVS WKH VHFRQG WHUP
a0+ )2+ + )N+ ) (+ + ) ZKLFKLVJIJUHDWHU WKHQ JHUF
Ry>1 ZHKDYH ) (+ + ) JURP WKLV IRG ®RZVDVOKR DW
KDYH QHIJDWLYH RHDQ@ STKKWVARWFEDQ FRQFOXGH WKDW WK
SRIEQWV /$6 ZKHQ WKH UHSURGBXFWLRQ QXPEHU [
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7TKH/LPLWLQJ 6\VWHP

,(QWURQGXBHt@Iy=H+Ilypp DQ&=L+1lc WKHV\VWHMHGXFHV WR

x?= Xy X;
=% y+z vy
2=y z z

7KH VA\VWHP LV FRPSOHWHO\DQDORJRXV WR WKH +69 VXEV\VV
V\VWHP 7KHWZR HTXLOLEULD DUHJLYHQ E\

E=(X%¢2=E; DQ& =(x;y;z)= Ey:

+HWEHDQE FRUUHVSRQG WR WKH GLVHDVH IUHH HTXLOLEULXP
OLEULXP UHVSHFWLYHO\DQG DUH REWWMREGHRBUWRPHIG BWURQ
\WLV LV VXEMHFW WR WKH FRQGLWLRQ WKDWWHBEHYUHS URG X FW
E\ LV ODUJHU WKDQ )URP WKHDQDO\VLV RI WKH +69 VXE\
LW LV FOHRWU WKWWHQ WKH HEXL\DtEU LDQPWKH RWKHU KDQG D
t!'17 VLQFH WKH WRWIOXSRSYXOPWDRG L2V ZKHRY > 1

7KXV ZHKDYH WKH FRQYHUJHQFH

S+C! x; H+Ilpp ! vy; L+lc! 1 x y:

7KHV\VWHP RI CTXDWQ&QAMDQ EHFRQVLGHUHG DV D QRQ DXWR
VI\VWHP RIGLITHUHQWLDO HTXDWLRQV ZKHUHIWIKIH QRQ DXWR
DUHJHQHUDWHG E\VROXWLRQV RI W&WY GHNEDF H-\V R H F\RWQMN P U

JHQFH WKLV VA\VWHP LV DV\PSWRWLFDOO\DXWRQRPRXV ZL\
WLHV

S=X C; H=vy lup; L=1 x y lLc:
&RQVHTXHQWO\ WKHOLPLWLQJ V\VWHP KDV WKHIRUP

C’= x CC+ (x Ol Yy C rCc C;
1e=1luw+ (1 x y)C+ (I x Yyl 1wcC 1%
i c I Lc I c;

10, =4

mp= Y C+ (y 1up)CH+ (y dppdlict lic lwp  |wp;
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ZLWK SKDVH VSDFH

DL=f(Cilc;lup)2R3jC X:lic Yilwp 1 X Vg

/KH %DVLF SHSURGXFWLRQ 1XPEHU LQ WKH

JRUWKHOLPLWLQJ WWNWHRIR HT XL & =0 QB)ASFRILTXWY DO HQW
WR WKHRULIJLOQDPHAQWBW WKHKHUSHV HTXL@QKBWIPXP DQG
GLDQIHFWLRQLQ WKH VA\VWHP ,Q WKLV VHFWLRQ ZHFDOF
R, DVWKH H[SHFWHG QXPEHU RI VHFRQGDU\ FDVHV FDXVH
&KODPUWAQALIKHFWHG LQGLYLGXDO LQWR WKH VA\VWHP DVVXPL
KHUSHV HTXLOLE&LXP;00K LR WKH OLPLWLQJ FDVH )RU W|
ZHILUVW HVWDEOLVK WEMWYXHMHP RI

= () W(); ZKHUH,=(C;lic;lup)":

+H U= (F;F2;F3) UHSUHVHQWY WKH QHZ& QVWPW K REKELVG MW W R
V = (Vi;V: V) FRQWDLQV WKH WUDQVLWLRQV EHWZHHQ LQIH
OLQHDUL]BW WKH JHUR HEXQLODEWRXREWDLQ WKH HTXDWLR

’= K;

ZKHBAHYV WKH -DFRELDQ PDWUL[ 1H[W ZHAVDNHWKH GHFI

ZKHUH
" # " #
. @ _ @
F= ol ® V= o

JRUWKH OLPLWLQJ ¥ HKHYAH

0 1
X x 0
F=8 0 X
y y ©
DQG
0 1
r+ 7y + 0 0
V= X +y rH x +y + + X
Y +
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7KH GRPLQDQW HIFYHQMMWD O XH RI

AN

AFV = (r+y + )+ (x +y)+ )+ )+ )
[ (rl+x) )+ Yy +rl+x +y) + 72

AN

+y("+ %+ ) +@+x) (+ +x )

$W WKH HT XL O0DW)L XPH KDSY=Hx ;H=y;L=1 x y B6XEVWL
WXWLQJ

(+ + )
X =—Fx— DQB=3
(+)
IURP ZHKDYH

R, = %FVv Y= =2
22

ZKHUH

2= (+ )+ ) P+ @B+ )+ (+2) +" 2+
+ )+ 2+ + P orrc(+ + )+ ) %+ (B + )+
( +2 ) + 5+2 2+ )+ 22%2+2 4+ 2+ 2+ )

DQG

2=("C+ )+r(+ + ) (+) "+ P+ (+ )

L G (G S G D (G (G I

SHODWLRQ EHWZHHQ WKH5HSBRORBWLRQ 1XP

Rch

,Q WKLV VHFWLRQ ZH HVWDEOLVK WKDW UHODWLRQ EHWZHH
VRFLDW XK ODWKEWLDDQRE REWDLQHG E\ L QKWORPEXELRJ D
IHFWHG LQGLYLGXDO LQWR D SRSXODWLRQ H[LVWLQJLQ D KH!
WKH RULJLQDO VDOWHWKH OLPLWLQJ VA\VWHP

IHPPD TKHUHSURGXFWRRD@PEKDVH WKHVDPH WKUHVKR
WKDW LV WKH\DUH ERWK VPDOOHU WKDQ RQH RUERWK ODUJ}

SURRA\ VXEWUDBRRBRWK WKHUHSURGXFWLRQ QXPEHUV ZH KL
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HTXDOLWLHYV

11 12,
12 12

R 1= -2 1=-2 2

e 22 22
JURP WKHH[SUHVVLRQV RIWKH WZR UHBHREKWDOLAA@HND B}
OLHU LW LV FOHDU WKDW % KH 6 BRREWQLYWRRIY SRVLWLYH
%\ GLYLGLQJ WKH QXPHUDWRUV RI WKHEMWRRWPDIQHVVLRQV

11 12: + > 0

21 22

+HQFH ZH FDQ FRQFOXGH WKDW WKH WZPR Q5 UIR®XFWLR

KDYHWKHVDPHWKUHVKROG 7KHDOJHEUDLFFDOFXODWL

ODWKHPDWLFD QRWHERRNDYDLODEOHLQRXUSXE®LF*LW
]

/IRFDO $V\PSWRWLF 6WDELOLW\RIBYKH (TXL(

8VLQJ 7TKHRUHP RIYDQ GHQ 'ULHVVFKH @ WHKRXIRKOORZLX
UHVXOWLY HVWDEOLVKHG

7TKHRUHP 7KHHTXLOLEBLRPWRHQWVWHF ORFDOO\DV\PSW
LFDOO\ RVBEOMHQG XQVWDEDH LI

BURRIKH DVVXPSWLRQV $ $ RI GKBIRWHAEPHDUO\ VDWLVII
RQO\ KDYH WR YHULI\ FRQGLWLRQ $ 8 V WEH WK FHREX. B\DW
D (E) DW WKH HTRLEQLEYLO®G LV JLYHQ E\ WKH PDWULJ

1
0 0

0
r RH
%T T+RH r + 1 ,\(+)( Ry g;

+ Ry

ZKHBH LY WKH UHSURGXFWLRQ QXPEHU IRU KHUSHV JLYHQ
HLIHQYDOXHV FRUUHYV S RMG) QIKWR MUKWHVPHDIW H QR O XH LV
ZKLFK LV QHIJIDWLYH IRU SRVLWLYH SDUDPHWHUV :H GHQF
DVIROORZV

1= 21+ 7 DQG =179 pz_si
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JRUWKHFDVHZKHQ WKHWHUPV XQGHU WKHVTXDUHURRWY DU
ZLOO KDYH LPDJLQDU\ SDUWYVY 7KH UHDO SDUW IRU HDFK HLJH

7, = "2 o2 (o + )

ZKLFK LY QHIJDWLYH ,Q WKH RWKHU FDVH WKH VXP DQG WKH
IROORZYV

1+ 2= 27+ )2 2 (+ o+ )
2° + )+ o+ )r+2 + o+ )
1 2=47C ) )N )+ )
TOH )+ P (O F )P ()

,WLVFOHDU WKDW WKHVXPLVDOZD\VQHJIJDWLYHDQG WKH SU
WKHWZRHLIJHQYDOXHVDUHQHJDWLYHIRUSRVLWLYHS SDUDP
WKH HTXLE+®WOXRPV /$6 RRd1 DQG XQVWRHEBAH IRUJ

*OREDO $V\PSWRWLF 6WDELOLW\ REEWKH (TXLO

7TKHRUHP 7KHHTXLOLEHBLRR WKHOMVVWHRE JOREDOO\DV\PS
WRWLFDOO\ VWREOHIKXG QQVWRDEDOH LI

SURKRIKH VI\VWHP RIHTXDWERQEHMH[SUHVVHG LQ WKHIROORZL
QHU

o) - C(t)
%dch(t)E—(P v 6)%&0(0

dip (t
e @) e (1)

ZKHUH WKH FIDMQWIDAHVDY GHILQHGIDIEWRY Q REQGHIDWLYH PDWU

JLYHQ E\
0
6= %,Hc ILC 0§

e lwp O
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7TKXV 0 1
i S,

dt
%w (F V)&l

i (t
e (1) Iup (1)

JURP WKH ORFDO VWDELOLW\ W MVDRIOD® B RY HQKIDW K H Q

WV )< 1 ZKLFK LV HTXEY DVOKIW. @ RDOO LWV HLJHQYDO XH
KDOI SOD@H W IROORZV WKDW WKH OLQHDUL]JHG GLIIHUHGQ
LV VWDEOH RKKQHYHROQVHTXEBOWEO®M): lue (1) ! (0;0:0) DV

t!l1 IRU WKLV OLQHDU 2'( VIVWHP 7KXV XVLQJD VWDQGD
> 3 @) lc);lup()! (0;0,00DVZHOOIRUWKHQRQOLQHDU V
LPSO\LQJ WKDW WKH G LV HP VW 4$6QHQ0A K M QOR(EXLL X P

7KH (QGHPLF (TXLOLEULXP 3RLQW

7TKHHQGHPLFHTXLBIFEOLXPISRLYWEWDLQHG E\ VHWWLQJ
KDQG VLGHV LQWR JHUR ,WV H[LVWHQFH LV HVWDEOLVKHC(

IHPPD ,RL>1 WKHQ WKHOLPLWL@&DV\VWRPYLWLYH HQGH
HTXLOLEULXP SRLQW

SURRIW HQGHPLF HTXLBD L MKIXP\SRIIHPMFRPHV

x C)C+ (x Cll (¥ +r+ )C =0
lpp+ (1 x  y)NC +1c) 1 c(C +1l) (r+ + )l =0;
(y + (& lp)C +( + (v lyplc ( + )lyp =00

JURP HTXDWLRDRQYG ZH REWDLQ WKHIROORZLQJLPSOLFL
UHVSHFWLYH FRPSDUWPHQWYV

L cCr+C x +y + )
LC — (C X) ’
1 &+ C (1+x +y)+lc(r+ + (C 1+x +y)).

lup =

ZKHOHLVY WKH VROXWLRQ RI WKHIROORZLQJHTXDWLRQ

C

Wflc4+f2C3+f3C2+f4C =0;

f(C)=
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DQG[0;x)! RLVDFRQWLQXRXVIIXFEWURYHQWK IROORZV

fi1= (r"'/)\/)(/)\/ );

fa= y3™2C N+r’((y 1 Y + )+ Y% "(@x? 1

+ )+ N0+ N+ x)+HrRYY( D

+y @°x D+ )+ + Y (O o+ +2)F (+ 0 22))
+Y(C+ ) (+x +2x ) ;

fa=x P+ "y3+r((y D+2Yy +2 o+ )
+ My (x D2+ + ) y( 2 202 2
+ %X @+ N+r(y 3 +MH+ %2+2 2 X

+Y (2 +x 44 +2 D+ ( (+ )+ (42 +2x);
fa=x2 Ty 2402 + )+ y N (x D+ 2
+Y (+ o+ )+ A+ o+ ) ( + + x)

+ro oy 1) + Y+ )+ (2 +2 + )

N

AN N

IR® 2 [0;x) :H KDY@) =0 DQG o®) = 1 7KH GHULYDWLYH RI
¢
f(C) DOVLV JLYHQ E\

fO)= (+) "2+ + + ) (+ + )
+ M0+ ) (32 2+ ) (+ )+ (2 +(+ )2
+r( o+ o+ )P+ )+ ) (+ + )
+ 72342 2+ ) (+ )+ (2 +(+ )
/ ( + + )3

1RZ

£90) i A
(Ru 1RL 1) (Ru+rc)r(+ )+ )+ +)

+ 7 CH ) F P () )

+ (+ + )/ (Ru 1)

+HQFH LI ERWK WKH UHSURGRPWL RPQ H) 3B HB VI W NHK® Q
fq0) > 0 7KXV WKHUH B[OVWVIX¥FIOQKEDWOLO<C < %)\
FROQWLQXMKHRIHMZUYMWWXFK WEDMW +HQFH ZH FDQ FRQ
FOXGHWKDW WKHRRGB®DZD\V KDYHDQ HQGHPLF HTXLOLEUL
HYRU>1 )RU WKH DOJHEUDLF FDOFXODWLRQV UHIHU WR WK
QRWHERRNDYDLODEOH LQ RXU SXEOLF *LWa+XE UBHSRVLWRU\
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/IHPPD 7KH UHJLRQ
DL = f(S;CHlicilup;L)2DjS+C=x ;H+1luwp =y g

LVLQYDULDQW ZLWK UHV SHG W WRHWG KLHHQ WYXKW BRIDYHQ/SDFF
E\

SURRURP WKHRULJLQDO FR LQIBDBWLRQ WWHWHHRO/GLRQV ||
C ZH KDYH

(S+C)°=  (S+C)H+1wp) (S+C)
= ’>\(y X
)URP ZHVXEVWLWXW Ex VWDKMYWDRORBEW BRI Q
N
+ C)°= ——~(Ry 1) —=0:
(S+ C) roa(Re D) 2-=0

6LPLODUO\ DGGLQJ WHKBIQHGEX ZW IKPQW IR U

(H+ 14p)°= "(S+ C)(H + Iup) (H+1yp)+ (L+ 1) (H+ lup)
=%y y+ @ x y) y:

6XEVWLWXWLQIXWKGYSY MOCHWLRISOLI\LQJ ZH KDYH

(H+ 1yp)°=

Ru A

7TKXV ZH KDYH VIORZ§ WXDDW LDQW ZLWK UHVSHFW WR WKH
VA\VWHP GHILQHG LQ WX HHRKBIWH ¥ SWPHMSDEB ORDR XV WR
ZKHUH WKH OLPLWLQUWGWHWMHIM G [l

7TKHRUHP 7KH HTXLOLEGBLXRWBWKEWRGHO VLWWIOREDOO\
DV\PSWRWLFDRQ\<VMWIDE® KQVVRBEDOH LIQ WKH ODWWHU FD\
FR H[LVWLQJ HEXHDLMBVL X P

SURKFRIKH JOREDO VWDELOLW\RI WKH]JHUR HTXLOULBPULXP LC
SOLHVY WKDW WKH KHUSHV HTXLOLE BL X0PVW\RW WIXKAHM X OUX M \X/K
VXEVSMHFNLQFBEB . RMQKH WZR VA\VWHPVY FRLQFLGH 6LQFH VRO
LQDO VI\VWHP FB.Q YWHHDH RMRV VHW RI DQ\ VROXWLRQ RI WKF
LOQWHUVHFWY WKH EDVLQ RI DWWUDFWLRQ RI WKH JHUR H
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KHQFH E\ WKH WKHRU\ RI DV\IPSWRWLFDOO\ DXWR&RPRXV V\V
WKH KHUSHV HEfL XULWNOLEULQX RVKH RULJLQDDKWHEYWHHPU JHUR LV
*$6 LQ WKHOLPLWLQIJVWWREPMPQA 7KHRUHP HTXLYDOHQWO\
Rew >1ZLWK UHVSHFW WR WKRYMAYH® XQVWDEOH LI WKH JHUR
XQVWDEOH LQ WKH OLPLWRQS V\VWHRPUHP HTXLYDOHQWO\
Rechy<1ZLWK UHVSHFW WR WKHRULJLQDO FR LQIHFWLRQ V\VWFE

JRcy>1 WKRH{Q 1DV ZHOO VHH /HPMDEXNQ WKH OLPLWLQJ V\VWH
LV XQVWDEOH 7KHRR@WPHTXHQWOQVWDEOHLQ WKHLQYDULDQ
D. IRUWKHRULJLQDO VIVWHP KHQFH LW%V/KO@PWDEOH LQ V\V
WKHUH H[LVWV DQ HQGHPLEF HTXLOLEULXP SRZKQWKQWKH OLF
VLQHLV LQYDULDQW FRUUHVSRQGV WR D FR B[LRIWLQJ HTXL
WKH V\VWHP O

SHUVLVWHQFH RI ERWK 'LVHDVHYV

L QWKHSUHYLRXVVHFWLRRQV ZBY R Y HEKWHKDBERW K GLVHDVHV
GLH RXWEML\QF®IREDOO\DV\PSWRWLFDOO\ RWDED®&\ 7KHRUH
Rc>1 WKHQ KHUSHV GLHV RXW EXW FKODP\GLD SHUVLVWV L
Ec LV *$6 E\ 7TKHRUHP )XUWKHUPRUH 7KHRUHP VWDWH"
DOQRcy 1 WKHQ KHUSHV S&KVRRWV. BEXWGLFDWHGY VLQFH
*$6 7KHQ WKH UHPDLRLS1 PMWe,LV1 WKHQ ZH NQRZ WKDW
WKH FRH[LVWHQFH HTXLOLEULXP H[LVWV DQG EHORZ ZH ZLOC
GLVHDVHV ZLOO UHPDLQ LQ WKH SRSXODWLRQ

7R SURYH RXU SHUVLVWHQFH UHVXOWYV ZH XVH VR&®H GHILQLW

'"HILQLWLRQ@HW EH D QRQHPSWW%W KW RQGS$ VHPLIORZ
R, X! X LVFDOOHG XQLI®SMHOWVZNBMHDW LI WKHOH H[LVWV V
VXFK WKDW

OLPX®(t )> IRUDDQY )>O:
LV FDOOHG XQLIR®BBGW VMUWRIW\L | W KH O X K WWAK\D WR P H
OLPI(t )> IRUDDQX )>O:

$VHW X LV FDOOHG ZHBNOOLQJ LI WX WX K PGB \0
DQGt )! M DV!I1

6\VWHP JHQHUDWHYV D FRQWLQXRXV IORZ R WKH IHDVLEOH V
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TKHRUHP Ry > 1DQBcy >1 WKHQ ERWK GLVHDVHV DV ZH
VXVFHSWLEOH SRSXODWLRQ DUH XQLIRUPO\ SHUVLVWHQW

3URRILS(t) LV XQLIRUPO\ SHUVLVWHQW

‘H XVH WKH PHWKRG RI IOXFWXDWLRQ B} SAHRIYH WK$BSHU
SHQGL[ $ R®> :H GHQRBWMWEM OLPLW S(OQIHULRWBRLQJ

WKH IOXFWXDWLRQ OHPPD LW IROORZY% WK D WXW K BUHD M[ L \
S(t)! St DQYt)! 0DW!1T :HDSSO\WKLVIRUWRE HTXDWLRC

St + Ct)+ H )+ 1c)+ Trup(t)+ St =+ rC(t);
DQG XVL@M);H(t); lc(ti);luwp(tk) 1 ZH REWDLQ

2 +2"+ )5

L HS - >0
Yoo 1oy

LL &KODP\GLD SHUVLVWHQFH

J)RU WKH VDNH RI VLPSOLFLW\ IRUWKH VWDWH R+ WKH V\V
(S;C;H;l c;lup;L)2D /H¥=C+Ilc+lyp EHRXU SHUVLVWHQFH IXQFYV
FRQVLGHU WKH FRUUHVSRQGLQJH[WLQFWLRQ VSDFH ZKL

Dy=f 2D:%( )=0g=f(S;0;H;0;0;L)2RS : S+ H+ L =1g:

&OHDYQAW LQYDULDQW )ROIIRIWAUW >@ ZH H[DPtQH WKH \
[ 20, () 2Q WKH H[WLQFWLRQ VSDFH WKH V\VWHP FRLQFLC
WHP  ZLWK VROXWLRQV FRQYHUJLQJ WR RQH WKH WZR H
Es DOQB 7KXV= fEg;Eyg :H OMMW= fEgg DQM, = fE4g 7KHOQ
M.[ M, DQf®;;M,g DF\FOLMDD@&, DUH LQYDULDQW LVROD
FRPSDFW :HKDYH WR DIQRBZ DWKHDBRWK ZHDNO\ UHSHOOLQJ
JHW XV VXSSRYHWXOWZHDONSHOOLQJ L H WKHUH H[LVWV I
WKDW
O US(); C(1); H(1); 1 (0; 1w (D L(D) = Bs = (1;0;,0,0;0;0)
DQG
%()>0:

7KHQ HIC@KHW RIU(0) >0 RIYp(0)>0 ,Q WKH ODWWHU FDVH I
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llc HTXDWLRQ ZHIERIPFODRMHO 7KLV LPSOLHW MYXQWWRA
C(t)>0DV ZHOO ,Q DQ\ FDMH >DH R(® O H

YRUDO\W IRUVXIILFLHKGNY® (10 DUHINI< ;I (c(t) < ;1 up (1) <
DQGt)< KROG DQG ZH FDQJLYH WKHIRGQRZLQJHVWLPDWLRQ

Cxy=c@(s@® H@ Tw® r )+ SOOI
> C (1) TN )+ @)

%XRW>1PHDQM + VRILVVPDOOHQRXJKWKHQ )>o0
FROQWUDGUORWLQIVLQJI WKH SUHYLRXV DUJXPHQW ZH FDQ FR(
% )>0 WKHQ WKH VROXWLRQ FIDOXDROW) FR QW HWIZHHWD R O \

% UHSHOOLQJ 7R VKRZ WKH UWHSBPVUYXK®B SWKRDSVHWWHRH H[LVW
VROXWLRQ VXFK WKDW

O US(1); C(OH (Wi e (i lwp (1LY = — 5
¢ (+)
() ()

K—l;o;o;,\(+) (+ +) 1

(+ +)

DQ¥%>0 7KH-DFRELDQ FRUUHVSRQGCQJ;VORIGHKRIHMKBDWLRQV
V\VWHP FDOFXODWHG DWMWMWKKN HITXHQLERULXP

2 3
(+) (+ +) (+ +)
' (++) ") N+ ) 0
- 1 1
Je. = (AR ¥ SR z

(+NOCC+) (++) + 4+ _(*)
M+ o+ ) A (+ +)

7KH FKDUDFWHULVWLF SRO\QRPLDO RI WKHDERYH-DFRELDQ !
P( )= St P+ o+ g

ZKHU#> 0 IRRcy > 1 VHH WKH GHWDLOV RI WKH DOJHEUDLF FDC
VXSSOHPHQWDU\ ILOH @HFWKRQ LRI WKLV POYH @H KDYH
DQG, ®LP =1 DQG WKHUM H[VXWK WKDW +HQFH ZH

FDQ FRQFOXGH WKDW WKHUH H[LVWV D RRV:WLYEHLIHQYDO
FDQ FKHEN WKDWWKHTXDWULJRVLWLYH DQG DOVR LUUHGXFL
D SRVLWLYH OHIWRIEJHORHFKWRRVH WKLY HLJHQYHFWRU WR C
% = viC+ Vol ic + Valyp ZLWK OV, > Ovz> 0 EHLQJ WKH FRPSRQHQWV RI
&OHDWOA OLIRU VRPH VRO XWLRDWZKHO® 7KLV ZD\ ZH KDYH ZL\
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WKH QRWOHWLRWQR I c (t); e (1)

%%( V()= VT M) = Vi (D) + ok y(DK?)

= v L)+ ok (KD = Y%, ( )+ ok (H)k?) >0
IRU VRDOKW ZKLFK FRQWUDGLFWYV WKDW WEK HWLRG VWAL RDWE F
LPSOLBY 0DQ%(t)! 0DV ZHOO

‘HHVWDEOLVKHG WKH ZH®N SHUVLVWHQFH RI

LLL +HUSHV SHARQVMEGHBFGRH + I c + lyp + L 7KH FRUUH
VSRQGLQJ H[WLQFWLRQ VSDFH LV

Dc=f 2D:%( )=0g=f(S;C;0,0;0;0)2 R® : S+ C=1g:

&OHDYQV LQYDULDQW S@)<ELY WCItW RWQLWYPKRH HIWLQFWLRQ VSI
V\VWHP WDNHV WKH IRUP

CYt)= (1 C@)C() rC() C ():

7KH WZR HTXIRRLEUDDHRQG r ) FRUUHVSRER®E WR
Ec 6LPLODUO\DV LQ FDVH LL:= FRQN (¢ HUKWKK MHMQ WKL
FDVH fEs;Ecg :H OMME: fEsg DQNB, = fEcg 7KHQ Mi[ M, DQG
fM1;M,g DF\FOLMDI@& DUH LQYDULDQW LVRODWHG DQG FR
WR VKR HMWIXQMY DUH ERWK ZHDNO\UHSHO®@LQJ ZLWK UHVSH

)LUVW ZH VKRZ WKH UH SW;0 OH W X ¥ WDR/S/AHKUWPW \VRK D W

O UK(t); C(t); H(t); Ic (1); Twe (1);L(1) = (1;0;0;0;0;0);

th

DQ%( (1)) > 0O IRUIDOKVINGHQRWH WKH -DFRELDQ FRUUHVSRQG
WLRQVM;Ilhp DOQIGRI WKH VA\VWHPOFXORBWKGHAXW.YV JLYHQ E\

2/\ A 3
0 0
0 r 0
JES_E 0 0 %

r 0

7KHODUJHVW HLIHQYD OXHLFNIMKHQOERRELDQ

1/\ q N\ N
=5(" 2 £ DEe2 s20 4 2
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‘HKDYH OIRR,,>1 $ OHIWHLJHQYHFWRU FRUUHVSRQGLQJ WR \
LVJIJLYHQ E\
2 3
1
1 A N2 A 2
5 + )2+2 +2° +

1

w0 M2e2 2"+ 2

I\)l'_\

$00 WKH FRP SRDUWK) /R/'VR.R,LY H I/RIW XV FRo@(\/)_:G\MTUW
ZKHUHE (H;lcilup;L)T

7KHR (1) >0 IRUDID®G( (1)) ! 0DV!1T )YRUVXIILFLHQXIO\ ODUJH
FDQ PDNH WKH IROORZLQJHVWLPBM (IRQ IRUWKH GHULYDWLY

%%( ()= wh L1 = W' Ig w(t)+ ok w(t)k?)

=w' () + ok w(t)k?) = %a( (1)+ ok w(t)k?) > O;

ZKHQHYH)k LV VPDOO HQRXJK +HQOFHVIRQUFOBDYH QJ ZKLFK LV I
FRQWUDGLFWLRQ WR Wi HODNV \DOPISWLRQ WKDW

I1H[W ZH VXSSRY HWKRPW 241 UDMSGHOOLQJ L H WKHUH H[LVWYV I
VXFK WKDW

r+ r +
01

O I(F(t); C(t); H(1); Tic (1); The (1); L(Y)) =

th

:0:0:0;0

D )>0 :LWKDQDQDORJRXV DUIJXPHQW ZHFDE@GFDOFXODWF
DORQJZLWK WKH SRVLWLYHHLJHQYREKSODLEGW A VW IEYRH) N MJIU
DIXQFWDR@ORJIRXVO\DQG SURYH WK Dty ' WKBYDYVXPSWLRQ
OHDGV WR D FRQWUDGLFWLRQ 7KH FDOFXODWLRQV DUH RPL
6HFWLRQ RIRXUSXEOLF *LVW@W+XE UHSRVLWRU\ >

7KXV XQLIRUP ZHDN SHUVLVWHQFH LV VKRZQ %% ERWK SHU\
6LQFH WKH SKDVIHVVFSOFSDFW WKH H[LVWHQFH RI D FRPSDFW
WRU IROORZV &RQVHTXHQWO\ 7TKOIR FRP G L@ KRRP\GRDO G WK)
ZH REWDLQ XQLIRUP VWURQJ SHUVLVWHQFH LQ ERWK FDVHV

WLRQV ZHUH JLYHQ DV D VXP RIDOO LQIHFWHG LQGLYLGXDOV
UHVSHFWLYHO\ ZH SURYHG WKDW ERWK GLVHDVHV ZLOO UHP|

%LRPDWKHPOKOLIFRA R L D



1XPHULFDO 5HVXOWYV

7KH VA\VWHPLY QXPHULFDOO\ VLPXODWHG IRU YDULRXV VH
VWDELOLW\ RI WKH GLVHDV HeJ UNH KR X QOLLGE YL RXRHBRH. Q W
ERWK WKH UHSURGXReVWLRY QO XPMEHHWY WRDBDQ@QVKH SDUDPHW
YDOXHV DUH DV IROORZV

=O:054;A:O:0086 =0:05 =0:0 =0:0154r =0:145

TKHUHSURGXFWLRQ QXPEHU LQ WKEQ:G5DD/RGL ¥+ REBWDLQHG
J)LIXUHLOOXVWUDWHYVY WKHH[LVWHQFHRIDQHQGHPLFHTX
HWHU YDOXHYV

=0:34 =0:11, =0:3; =0:12 =0:0154r =0:145

ZKHUHDOO WKHVWDWH YDULDEOHV DUH SRVLWLYH DQG D
WKDRQG DUH JRR¥H QI \R, =2:22 D QR = 2:08

JLIXUH VWEBBLOWWHRUXUH ([LV WH QHKHRI
FDVHZRHYH D@Rp <1 Rc>1Ry>1 DRy >1

6LPLODUO\ WKE MWDEHLPRQNWUDWHGZKO REHIXUD QG
Ry<1E H[LVWV EXW LV XQVWDEOH DQBE \WWIKQESH G RIHVICETW. X P
H[LVW 7KHFRUUHVSRQGLQJSDUDPHWHU YDOXHV DUH DV

=0:34"=0:0, =0:3; =0:12 =0:0154r =0:145

7TKHUHSURGXFWLRQ QXPEHUV LQ WRE V¥ ¥HYVNWQRRIFDUH REW
02 7KHVWDELOVWHRIRQVWUDWHBKHUH YWKKIHHUHSURGXFWLF
EHRy LVJUHDWIHBERK DY OHVY W MK L\EFDQES H[LVWYV EXW
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DUH XQVEAMDERHVQIW H[LVWV 7KH SDUDPHWHU YDOXHV DUH D
=0:163"=0:11 =0:3 =0:12 =0:0154r =0:145

7KH UHSURGXFWLRQ QXP E IRY ¥ 1D03 IR RE2D D QREG D49
W LVWREHQRWHG WKDW WKLV VRWXID \I ¥ RAKIHVSW B RIQQFERIXR Z |
&KODP\GIRHVQIW DIIHFW WKH WUDQVPLVVLRQ RI KHUSHV LQ W

J)LIXUH 6 WBELQ WNK\HRIJXUH 6 WBELQ WKHRADVH
FDVHZRHUH D@ERa<1 ZKHRBEH>1 D@®Gy <1

J)LIXUH JLIXUH LOOXVWUDWLQJ HILVWHGEHRHDR FR LQIHF
Rc = 2:14861 Ry = 1:9699 DQBcy = 2:02736 7KH ILJXUH LV D SURMHF
WLRQ RI WKH VROXWLRQ H XSLOMHYHRMOQW KWK RZYVY WKH FRQYHUJ
RI VROXWLRQV WR WKH FR LQIHFWLRQ HTXLOLEULXP VWDUW
I1XPHULFDO YDOXHV RI WKH VWDWH YDULDEOHY DW WKH HTX
WR BEH 0:399268C = 0:193693H = 0:0339702lyp = 0:0833719l ¢ =

0:0471582 DQIG = 0:0786341 7KH QXPHULFDO YDOXHV RI WKH HLJF
D UH0:262134 + 0i; 0:162314 + Qi; 0:0732374 + 000898708 0:0732374

0:0089870B 0:0157534 + 00188849 0:0157534 0:0188849 & OHDUO\ DOO HLJHQ
YDOXHV KDYH QHJDWLYH UHDO SDUWYV
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J)LIXUH ([LVWHQFH DQG VWDELOLW\ GLDJUDP RI HTXLOC
Rc Ry DQRcy 7KH JOREDO G\QDPLFV LV IXOORGHVIFULEHG .
&URVV PDUNV GHQRWHFRPELQDWLRQV RIUHSURGXFWLRQ

SDUDPHWUL]DWLRQ DQG 3UHYDOHQF

,Q WKH DERYH VLPXODWLRQV WKH SDUDPHWHU YDOXHV K
FLOLWDWH WKH UHDOL]DWLRQ RI DOO SRVVLEGRYBHQDU |
VSRQGLQJ WR WKH WKUHH UHSURGXFWLRQ QXPEHUV $ P
SHUIRUPHG WR REWDLQ PRUH UREXVW SDUDPHWHUV WKD)
VLPLODU VWXGLHV :HZRXOG OLNHWR GUDZDWWHQWLRQ
HWHUV UH&KWDHPG®ERH UH DUH VHULRXV VKRUWFRPLQJV DQ
URXJK DSSUR[LPDWLRQV ,W LV XQFHUWD WY RREK PRNH DY L
VH[XDO FRQWDFW ,WLVEHOLHYHG WKDW WKRXJKWKHWUI
DUH ORZHU WKH GXUDWLRQ RILQIHFWLRXVQHVV ODVWYV C
VXFK DV JRQRUBKHADNLQJLQWR DFFRXQW WKH ODUJH LQIU
SDUDPHWHU YDOXHYV VHYHUDOPRGHOV KDYHFRQVLGHUH
JLHV LQ UHGWRIDFX BPBIWDOHQFH $ VWXG\EDVHG RQ D QD
FDUULHG RXW LQ WKH 1IHWKHUODQGV HV V&L A\ A KRR DRV W\
DVGHSHQGLQJRQ WKH W\SHRIFRQQHFWLRQ VH[XDO FRQ
VLRQ OLNHOLKRRG SHU @H [PRYHFRQWDVMWI OLILFDQWO\ YDL
WKH G\QDPLFV RI VH[XDO SDUWQHUVKLSY FDQ UHVXOW IUF
WKHLQGLYLGXDOYTV VH[XDO EHKDYLRU LQ GLIIHUHQW PRG
DO\]JH WKH HITHFW RI VFUHHQLQJ GHG XFH GV\R KEHH EBIOWZHH R IQu

DQG SHU SHUVRQ SHU \HDU E\DGDSWLQJ GLVHDVH V'
WKH SUHYLRXVO\ XWLOL]HG UDQJH 7KHLU GDWD DQDO\VL
WLRQ LV PDLQO\ UHSUHVHQWHG E\ D QDWXUDO BOHDUDQF

%LRPDWKHPOROLIFRAR L D



GHWHUPLQLVWLF FRPSDUWPHQWDO PRGHO FRQVWUXFWHG W
UHODWLRQVKLSVEHWZHHQ +,9DQG +69 JLYHVWKHUDQJHRII
RIODWHQW +69 WR EH DQG WKHEDVHOLQH UDWH RI
LQJODWHQWDYV @ LWK GLVHDVH VSHFLILFSDUDPHWHU YL
DVDERYH ZHRD8BH =0:436r=0:07 DQG0:00128 WKH WLPH XQLW LV
PRQWKY ‘HWKHQ SHUIRUP QXPHULFDO VLPXODWLRQV WR DG
LQ RXUPRGHO LQ RUGHU WR REWDLQ WKH VDPH EDVHOLQH U/
GLVHDVHVY 7KHEDVHYDOXHIRUWKHUHSURGXFWLRQ QXPEHL
> @ ZKHUHDV LW LV HVWLPO® WH® MKREEW LVIWK WKH

GLVHDVH VSHFLILF SDUDPHWHU YDOXHVDERYH IRUWKHVH UI
WDLQ WKH WUDQV P I2OWZE3QDUGAMHI3D WP R U H RYH11:06

IROORZV

+69 SUHVHQW +69 SEVHQW
$SFWRKWWDP\GLD

SHUVLRWBOD®P\GLD

7TRWDO

7DEOH JUHT XHQBDRKRODWKIVSUHVHQFH RUDEVHQFH RI +

‘HHVWLPDWHG WKHGLVHDVH SUHYDOHQFHREWDLQHG YLD WK
DQG WKH UHVXOWY REWDLQHG KDG KLJK FRUUHVSRQGHQFH
LQWKHLQFDUFHUDW KRG 3RS RBBWOR/QPXODWLRQ VKRZHG
SUHYDOHQFH DV FRPSDUHG WR REWDLQHG LQ WKH DUWLF
GLFWHG SUHYROWQBR KRB D IWQWW DFFRUGLQJ
WR WKH SDSHU ,W LV LPSRUWDQW WR QRWH WKWWID UHODW
FKRPDDMWULHW DV\PSWRPDWLF LQ QDWXUH ,W LV REVHUYHG WKD
LQIHFWLRQV ZLWK & WUDFKRPDWLV UXQ DQ DV\PSWRPDWLF
WHFWHG 7KH GLITHUHQFH LQ % KW U-D/F/K IRFPIMELR/Q XKR/W WIK H G
E\ WKLV ID®W >H DOVR FDOFXODWHG WKH EBUDFWLRKRRDSHUVL
WLQIHFWHG SRSXODWLRQ LQ WKH SUHVHQFH RI +69 DQG IRXC
& WUDFKBRBWODWLRQ $ VWXG\ FDUULHG RXW WR H[DPLQH
YDULRXV GUXJWKHUDS&HW URE ISERDWIOWW KQAFH RUUHFXUUHQ
IHFWLRQ LQ ZRPHQ UHFRUGHG FDVHY RVIWBHAKRRDWHIQW 5
FDVHV ZKLFK LV DSSUR[LPIWH®H PRGHO SUHGLFWV WKDW ZK
LV SUHYDOHQW LQ WKH SRSXODWLRQ WK H& HVMILWDEF KRR DKW O\ (
WIMWKDQ LW ZRXOG EH RWKHUZLVH EXW DPRQJ WKH LQIHFWH
LQGLYLGXDOV K D& HWSJHDUF\KIREVDHIVEMWL R Q FRPSDUHG WR ZK
+69 LV DEVHQW 'LWK WKH JLYHQ SDUDPHWHU YDOXHV [
QXPEHUV WKH VHFRQG FROXPQ RI WKH GLVHD¥R SWHYDOHQF
VSRQGV WR WKH VFHQDULR GHSLFWHG LQ WKH ILUVW TXDGUTI

%LRPDWKHPOKOLIFRA R L D



ZLRHK >1 7KLV LV WKHVLWXDWLRQ ZKHUH ERWK WKH G
WKH SRSXODWLRQ DQG WKHUHH[LVWV DQHQGHPLFHTXLC
UHSURGXFWLRQ QXPEHURI+69LVUHGXFHG EHORZ WKHQ
DVGHSLFWHG LQ WKH WKLUG FROXPQ RI WKH GLVKBVH SU|
G\QDPLFV RI WKH SRSXODWLRQ LV WKHQ VKLIWHG WR WKH
WLRQ GLDJUD® WKLWEDVHLY QR ORQJHU DFFRXQ&VDEOH I
WUDFKRPDIWIHYDOHQW LQ WKH SRSXODWLRQ

'LVFEFXVVLRQ

,Q WKLV &KDSWHUV WD EDYNWKHG DQG DQDO\]HG D VL[ FRPSD
VFULELOUDFKRBDWRWQIHFWLRQ 7KHPRGHOLQWURGXFH
DSSURDFK WR GHILQLQJ LQIHFWLRQ G\QDPLFV RZLQJ WR \
EHWZHHQ WZR FRKDELWLQJ SDWKRJHQV 7KH RFFXUUHQF!
VHUYHGWREHPRUHFRPPRQ KRZHYHU W KH WQW A K R P DWW WM
DQG +69 JLYHV XV WKLV XQLTXHRSSRUWXQLW\WR PDWKHP
PRGHO :HGHULYHLPSRUWDQW WKUHVKROG SDUDPHWHU
XQGHU Z&K LWWKUDFKRPRQWIHWPDLQ HLWKHU DFWLYH LQ WKH SR
VLVWHQW SKDVHLQ LQIHFWHG LQGLYLGXDOV

7KH DQDO\V LY RMUWDKK RRLWHGEY VXEVI\VWHPY ZKHQ RQO\ RC
GLVHDVHV LV SUHVHQW VKRZ WKDW ZKHQ WKH UHVSHFWL
DUHOHWMVWKBPQWKHGLVHDVHIUHHHTXLOLEULXP SRLQWYV
VWDEOH DQG XQVWDEOH ZKKHRHQGBDMMHWHWXDQLEULXP SRL
FDVHV H[LVWSURYLGHG WKHUHSURGXEWLR® QX E6 R E DI
DV\PSWRWLFDOO\ VWDEOH

7TR XQGHUVWDQG WKH G\QDPLFV RIWKHIXOO FR LQIHFWLR
DUHLQ FLUFXODWLRQ ZHLGHQWLI\WZR QHZ UHS&RGXFW
WUDFKRPRDPAWHOBNO UHSURGXFWLRQ QXPEHUV FDOFXODWHG D!
ULXP 7KHVH QHZ WKUHVKROG SDUDPHWHUYV GHWHUPLQH 2
D SRSXODWLRQ ZKHUH WKH RWKHU GLVHDVH LV DOUHDG\
QXPEHURI +69 FDO F X0 WW B & KDRWRIPMHBPL F VW HD G\ VWDWH LV
WKHUHSURGXFWLRQ QXPEHU FDOFXODWHG DW WKH GLVHD
WKH VSUHDG RI +69 LV QRW LQI0 XH& AMGDER RHWBKIHN YV \H/Q F H
WHP 2Q WKH RWKRU WDQEKRMNBWRGXFWLRQ QXPEHU FDO|
WKH +69 HQGHPLF VWHDG\ VWDWH LV VPDOOHU WKDQ WKH
& WUDFK®PMDWKM GLVHDVH IUHH HTXLOLEKORP\I®HDWYLQJ
PRUH GLIILFXOW WR LQYDGHD SRSXODWLRQ WKDW KDV +6
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"3HUVLVWHQFH  LQ D&K/RFR MNIORIQ ZHWB ORQJ WHUP LQWHUUH
WZHHQ WKH EDFWHULXP DQG WKHLU OLYLQ Y KNMWAV LEQUX G LHV
PRVWO\ FRQVWLWXWH WKH FX U BHKOW NGR QB ENGW HQYHI DDGE Q
DOWKRXJK VXFK H[SHULPHQWY KDYH SURYLGHG FRQFOXVLYH
QLHG E\WKHLU RZQ OLPLWDWLRQV 6XEVWDQWLDO HYLGHQF#
H[SHULPHQWY DQG HSLGHP L RO RPIFDOPHRXGLHNWB RUPHG RQ |
WR VV@KGDP\IBUMHVFHQFH KDYH VKRZQ WKDW LPPXQRVXSSUHV!
UHDFWLYDVEHK GRPRAOQIFFWLRQ RUFDQLQGXFH UHFXUUHQFH |
FKODP\GLDOLQIHFWR @V I501RXPHAY IURP WKHVH VWXGLHV GH
WKDW SH&YKD\DW HERKWH UHDFWLYDWHG XSRQ FRUWLVRQH WKH
PLQLVWHUHG DIWHU FOHDUDQFHRID FXOWXUH SRVLWLYHLQ]
WKDW 3H WBAKLO/MPHN®MDYR WHUPHG DV DEHUUDQW 5K UZHUH IRUPI
GDUXPIHFWHG PLFH DIWHU W UHDW Ré}, QW ZM\8 R WIPARH QFLD O L Q
KDYH FRUURERUDWHG WKDW SHQLFLOOLQ RU KLJK LQWHUIH!
&KODPIGLBXOWXUHLQKLELWY ELQDU\ILVVLRQDQG OHDGV WF
5%V > @ 3HUVERXWBPWRIIPY KDYH DOVR EHHQ FORVHO\
FLDWHG ZLWK LQVHQVLWLYLW\ WRZDUGV DQWLELRWLFV WKD
DQG DUHD VLIJQLILFDQW FDXVH Rl WU HIKOPHPQSWPIDLMXYUHV |, Q
LQGLVFHUQLEOH E\ FHOO FXOW X U & K3ODG RAQ\IS W PR QW [FK DR Q
VXE FOLQLFDO@ DEQHALHV LQGLFBWEG DWPKBQDERWRRQN G XH
WR SHUVLVWHQFH RUUHFXUUHQW LQIHFWLRQ DUH DOVR OLQ
FRQGLWLRQV,W LV \HW XQNQRZQ Z&HKIWIKFH B YERFOH ULUDN) W
YLYORQG LI VR ZKHWKHU WKH\ FRQWULEXWH WR SHUVLVWHQW
VFDUULQJ 7KLV LV GHVSLWH WKH IDFW WKDW DOO SHUVLVWH
FDSDEOH RIEHLQJ WKHUH

7KH GLYHUJ&KQFHPRERP LWV QRUPDO JURZWK LV VHHPLQJO\D V
UHVSRQVH DQG WKH SUHVHQFH RI QXPHURXV GLYHUVLILHG |
&KODP\BRDIXUWKHU JLYH ULVH WR FRPSOLFDWLRQV WKDW FI
ORJLFDO SURFHVVHV ,Q RXU FXUUHQW VWXG\ ZH KDYH HPSK
DEQRUPDO O &KORVA\®IDHFRQVHTXHQFH RI +69 LQGXFHG SK\VL
WUDXPD :HK\SRWKHVL]H WKDW W& KGR BRWDNIRV BR Q W VVUMH Q \
YHUVHG XSRQ WKH +69 UHQHJLQJLWV DFWLYHIRUP 8QGHU Wk
GHILQHG VLWXDWLRQV FRUUHVSRQGLQJ WR.&ODIWDWIHDSDUDP'|
FDQ HLWKHU SUHYDLO LQ WKH SRSXODWLRQ UHPDLQ HSLGHPI
FR H[LVW ZLWK +69

'HFKDUDFWHUL]HG WKHVLWXDWLRQ ZKHQ WK® HP\EWDHHQ FH R
LQWR HIWLQFWLRQ LQ D SRSXODWLRQ 7KHPRVW LQWHUHVW
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FDVHLV ZKHQ DOO UHSURGXFWLRQ QXPEHUV DUH JUHDWH
UHPDLQLQ FLUFXODWLRQ 7KHQ LWLVDQLPSRUWDQW SX
SDFWRI+69RQ WKHRYHUDOO G L \&HKD\DHP EGLUABKHHD FFOSOVHIBVEL
JLYHQ WKDW ZKLOH WKH SUH &K QB R\RIUHDBEQ WRHG/X/ARWYD LQ WK
XODWLRQ WKH FRPSRVLWLRQ RI FDVHV VKLIWHG WRZDUG
KDYLQJ SH EKIODPHNEIWH FWLRQ

W SRVHV D IDVFLQDWLQJ FDVH VWXG\ WR FRPSDUH DQG
WKHWZR VLWXDWLRQV UHSUHVHQW IRU SXEOLF KHDOWK |
WKDW WKH SUHVHQFH RI DFWLYH KHUSKYXGDP\G@BKFH SH
QDWXUDO LQIHFWLRQ ,I HYLGHQFH RI VXFK D SKHQRPHQ
LQ YLYRFK GLVFRYHULHV FRXOG KDYH SURIRXQG LPSOLFLE
FDO WUHQG DORQJZLWK VLIJQLILFDQW L Q ISKGIMA\IG L Q W K
LQIHFWLRQ $OWKRXJK FRQFOXVLRQV REWDLQHG IURP D
WKH OLNHO\ RFEXYUWR BHK GBR\GL\DNV H@Q FWIKHUH DUH PDQ\ F
VEXULWLHY VXUURXQGLQJWKH FKDUDFWEKOIDPNGRDAR | SH
IHFWLRQ )XUWKHUPRUH WKHUH H[LVWV QR FRQYHQWLR
&KODP\6GHDULVWHQFH DQG UHTXLUHV PXFK PRUH LQYDVLY
RI DFXWBDP\GQDHFWLER®Q $SFWKYPP\BUDHDFWLYDWLRQ RI ¢
WHQAHODP\ZHIDOH RQ RQH KDQG FDQ IDFLOLWDWH WUDQVP
LQIHFWLRQ LW PLJKW LQFUHDVH DQWLELRWLF YXOQHUDE
FDO UHVHDUFK TXHVWLRRQD S\ISMDWQWW ZQWHK H[SHULHQF |
RXWFRPHV WKDQ LQGLYLGXDOV ZKR GR QRW 7KLV FXUUH
RQ VRPH LQWULJXLQJ WRSLFV DERXW WKH FLUFXPVWDQF
&KODP\BQO +69 IXUWKHUPRUH LW KDV HOHYDWHG WKH VI
TXHU\SHUWDLQLQJ WR W KHKSORO/P MEWDID U WHE FW V R
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2SWLPDO &RQWURO IRU

ODWXULW\ 6WUXFWXUHG 6\
ZLWK DQ $SSOLFDWLRQ WR
&KODP\GUBDWPHQW

 QWURGXFWLRQ

([SHULPHQWDO VWXGLHV KDYHGHPRQVWUDWHG WKDW WKH UF
LPPXQH UHVSRQVH LV RI SULPDU\LPSRUWDQFHLQ SURWHFWL
LQDQW LQ KRVW G RIK@QI/AM DQDHINMR Q@ +XPRUDO LPPXQLW\
DQ&KODP\IQWLERGLHY DOWKRXJK LV DEOH WR QHXWUDOL]
SOD\V D VLJQLILFDQW UROHLQ WKHVHFRQGDU\PHPRU\UHVS!
VXEVWDQWLDO GXULQJ@QIWH DQ WQERGLIHRVQSYRGXFHG YLD K.
PXQLW\KHOS LQ WKH DWW D F&R 6 QRMMSENOIRFEINE@QH \R IEXKHR QFH W
LQIHFWLRQ LV HYWDEOLVKHG WKH FHOO PHGLDWHG LPPXQH
WKH UHP RKIMDRIG @D $PRQJWKH GLIIHUHQW FHOO W\SHV HV VI
QLW\ DJ® LWQVDVF KRPOMED QG &' 7 O\PSKRF\WHV SOD\D VLJQLILF
UROH SDUWLFXODUO\WKURXJK WKRHLUH® UHWKRY RI LQWH
EHHQ NQRZQ W&RKODH\PWGAIFHWWLRQ DQG KLJKFDHYFRR RI ,)1
SOHWHO\LQKLELW LQW UDKEGIDMEQB®U UHSOLFDWLRQ RI

&XUUHQWO\ WKHUH LV QR ¥ PG BPQGIMDY DLIO BETHORGBPHQW RI D
HITHFWLYH YDFFLQHLVFRQVLGHUHGRISULPDU\LPSRUWDQFH
LQ E\ :+2 +RZHYHIDP\GQAIHFWLRQ FDQ EH HIILFLHQWO\ WUHD\
ZLWK DQWLELRWLFV LI HIIHFWLYHO\ GLDJQRVHG 7KH PRVW F
DVLQJOH JRUDO GRVH RI®DLWR URR |\VF\GERIIKH>H I ITHFWV R
WKHVHDQWLPLFURELDODJHQWY DUH SXUHO\EDFWHULRVWD\
WKHJURZWK RI IDFWHULD >

:KLOHODUJHUFRVWLVD FRQFHUQIRUVLQJOH GRVHWKHUD S\
WR WZHOYH WLPHV PRUH HI[SHQVLYH WKDQ PXOWL GRVH WKH!I
RQWKHRWKHUKDQGLVDVVRFLDWHG ZLWK QRQ FRPSOLDQFH
WKHUH DUH VLIQLILFDQW WUDGH RIIV EHWZHHQ SXEOLF DQG
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XVH HITHFWLYHQHVV RI YDULRXV UHJLPHQV ZKLFK GHSHQ
SOLDQF® >0RUHRYHU LW KDV EHHQ VXJJHVWHG WKDW DQ
EHDV HITHFWLYH IRU FKURQLF FRQGLWLR QRQ EOF WHULLELY
GHYHORSPHQW DUH PHGLDWHG E\ WKH LQGXFHPHQW RI L¢
'2 DQHQ]\PHLPSOLFDWHG LQ/ WU\SWRSKDQ PHWDEROI
VHQWLDO DPLQR DFLG UHTXLUHG IRU WKH ELRV\QWKHVLV
ULYH VROHO\ IURP IRRG @QRXWLPKBHOWHG WU\SWRSKDQ C
DSSHDUV WR EH WKH PDLQ LQQDWH LPP X @R &R DLFKRP P MAK/
GHYHORSPHQW LQ KX DQ@NWMOAPKXODWHYV WKH SURFHVV RI U
FHQWUDWLRQRI/ WU\SWRSKDQLQWUDFHOOXODU SRROV
WLRQ RI SHWKRQD ME&RB®WR VWDUYDWLRQ Rl WKH QHFHVVDL

@ 7KHRUJDQLVP WKHQ WUDQVIRUPVLQWRDQDEQRUPD
LQ UHVSRQVH WR OLPLWHG FHOO X O D U@V Z\SLW¥F R SHKODQERR IQ[F
WUHPHO\HIIHFWLYHO\ UHDFWLYDWHG OHDGLQJWR WKH E
FOHRQFH WKH SHUVLVWHQFH LQGXF®Q 5 MWH @ WOX W\LK/HIHF
EHHQ DQ H[SDQGLQJ DWWUDFWLRQ LQ UHVHDUFK UHJDUGH
FDWDO\]LQJ DJHQWV VXFK DV ,'2 ,'2 DQG WU\SWRSKDQ
WKDW KDV EHHQ VSDUNHG E\ WKH DVVRFLDWLRQRILPEDOTL
ZLWK GLVRUGHUV LQFOXGLQJ FDQFHU DQG @HXKR®HEIJHQF
VHQFH RI UHJXODWRU\ PHFKDQLVPV WKDW PDLQWDLQ LPP
UHFWO\ FRQQHFWHG ZLWK DOOHUJLF GLVHDVHV XQUHVRH
> @,0 YLWMOBRULPHQWY FRQGXFWHG WR VWXG\ WKH PHFK
SURFHVV Rl SBKODWPWNRIIMDWLRQ GXBWRLWY UHYHUVDO |
VKRZQ WKDW WKH DGGLWLRQ RI OHYR PHWK\O WU\SWRS
WR DV OHYR PHWK\O WU\SWRSKDQ VMW DRF X GFIDV@ H3EHWHU\ S VI |
GHSOHWLRQ FDXVLQJKLQGUDQFH W R KMXMHPS GRB XIPFWLRQ F
WKHU FRQFOXGHG WKDW / 07 FRQVLGHUDEO\LQFUHDVHG
HUDGLFDWLQ&SMUNENRANMERMW.® /DERUDWRU\VWXGLHV KD
WKDW FRPPHUFLDOO\ SURGXFHG / 07 FDQ DGHTXDWHO\ V
EDODQFLQJ LWV GHILFLW PHGLDWHG E\,'2 $GGLWLRQDOO
FDQ UHVWRUH ,"21VLPPXQRUH® OFIX\WRH\SDFHWHR QY B Y LG HC
KLJKO\ VXJJHVWLYH Rl WKH IDFW WKDW D WKHUDS\ WKDW
DQG DQWLELRWLF FDQ SURPRWH D EHWWHU DQG PRUH VXF
FKURSQKGDP\GQLIBIFWLRQV

‘HKDYH GHYHORSHG D FRPSDUWPHQWDO PDWXULW\ VWUX
FHOOXODU GHY&IORGSGPWIDPW IRQJ LOQWR DFFRXQW LWV LQWH
LPPXQH V\VWHP EDVHG RQ DQ HDUOLHU PRGHO @HIWORSEH
WKHVDPHWLPHH[WHQGLQJ WKHPRGHO IURP VHYHUDO SR
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GHVFULELQJWKHLQWUDFHOOXRODRBBXBR®SEH ® AWFHBOHVR R
ORZMt) GHQRWHY WKH FRQFHQW URWQ R P\@L\B [\ UDKH ® OX O D U
WHR() WKHFRQFHQWUDWLRQ RI KRN WDFHSDOWIGABAWHG ZL W k
WKH FRQFHQWUDWLRQ R& K Q DHPR(@ANIBVFIHDMON U RRK) J WR 5 % V

WKH FRQFHQWUDWLRQ RI FHO OKIOD MM BW R HWR G FHHY W H Q
WLRQ RIFHIOOV SURGXFHG E\ WKH FHOO PHGLDWHG LPPXQH Ul
EHSURGXFHG DW D UDWH SURSRUWLRQDO WR WKH QXPEHU RI

() > @

‘H GHQRWHIEWKH FRQFHQWUDWLRQ R MKFOWW HFGIV® IOWHIDW FARLGP\M [
UHSOLFDWLQJ 5%V DW WKEH VWD RY RUPDRHXUHBOLFDWLQJ SK
i(nt) GHQRWHV WKH FRQFHQWUDWLRQ RI KRVW FHOOV WKDW FF
VWUXFWXUHG ZLWK UHVSHEWZWK RUAHKHr ) D WX S VU DR W E U

r GHQRWHY DQ DJH SDUDPHWHU WUDFNLQJ WKH PDWXULW\ RI
SURFHVV ZKLFKFDQEHDVVRFLDW K& @ D\W XoW RiHPRIPHIOQW\ R |
LQ LWV LQWHUQDO LQFOXVLRQ )RU WKH VDNH RI VLPSOLFLW
WXUHG FRPSDUWPHKHDWY V))RAK WKRMW RQVLVWY HQWLUHO\ RI K
FHOOV WKDW LQFOXGH UHS(@t)FFIRPSQLY%V KRV FBO®OV WKDW
HQWLUHO\RI (%V WKDW KDYH WUDQVIRUPHG LQWR 5%V DQG D!
FDWLRQ )FRBRMSCHUWPHQWOZKHFRQVLVWY HQWLUHO\ RI KRVV
WKDW FRQWDLQ 5%V WUDQVIRUP L@t ERPIS WLR/ H¥ \K RZ\KW F H DD \
WKDW FRQVLVW RI 5%V WKDW DUH DW WKH ILQDO VWDJH RI UH S
k RIUHSOLFDWLKQ JRI%%% \WRREQYHUWLQJ WR (%V WKURXJKRXV
LQJ SKDVH DUH!SIRQIPWLRHHRIEH WKH GXUDWLRQ Rl WKH UHSO
DQBGEH WKH GXUDWLRQ IRUWUDQVIRUPDWLRQ IURP 5%V WR (¢
GHVFULSWLRQ RI WK6 ORWUNTM@EO KRXUV 7KH@s=6

VVXPLQE WUKDWRQVWDQW IXQFWLRIHG:IMLPPSDUBYV WK BWY H

0 i5ds=16 ZKLFK LRSQUBVZKHQLY D FRQVWDQW IXQFWLRQ

7KH GHYHORSPHQW RI D PDWKHPDWLEDO PRGHO WR LQYHVWL
SHUVL¥KWOIMRMGLIBIFWLRQ LQ WKH SUHVHQFH RIFHOO PHGLDW &
GHULYHV LWV PRWLYDWLRQ IURP DQ HDUOLHU BRGHO SUHVHC
DSSO\3RQWU\DJLQYV PD[LPXP SULQFLSOH WR GHWHUPLQH WK
IHEWLYH FRQWURO WR PLQLPL]H VI\VWHPLE FRVWV RI WKH WUH
PLQLPL]LQJWKHFRQFHQWUDWLRQV RI H[WUDFHOOXODU (%V
WHQWO\LQIHFWHG FHOOV SUHVHQW DW WUHDWPHQW FHVVDW
HDVHDQG WR HQVXUH RSWLPXP FOHDUDQFH DWUHDWPHQW F
WKH QXPRKOBPIGLIHFWHG FHO O\QBAFK G BHUVLVWHQW ZLWKI
DOVR OLPLWVY WKH SURGXFWLRQ RI LQIHFW&RRDR¥OLDV DGYR
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