
Biomathematics of Chlamydia
PhD Thesis

Bornali Das

Supervisor: Gergely Röst

University of Szeged
Faculty of Science and Informatics

Department of Mathematics
Mathematics Doctoral School

2023, Szeged





Acknowledgements
First and foremost, I would like to thank God for all the blessings He has bestowed
upon me. My thesis would not have been complete without the constant support
from my family, co-workers, well-wishers, and friends. I am grateful to have the
most supportive and loving people around me and therefore would like to give my
heartfelt thanks to the people mentioned here and others whose names I might
have forgotten to mention.

I will never be able to thank my supervisor Dr. Gergely Röst enough for his in-
spiration, assistance, and guidance throughout my Ph.D. career. Thank you for
introducing me to this field of science, without you I would never have known the
importance of this field. Thank you for offering me the opportunity to work with
your group. It was an honor to be one of the members of the group. Thank you
for being so kind and so supportive in every aspect. I am also thankful for giving
me scientific ideas that could be transformed into reality.

I would like to express my sincere acknowledgment to Dr. Dénes Attila, and Dr.
Ferenc Bartha for consistently providing me with invaluable advice, and for listen-
ing to me more times than I can count. I thank my co-author Dr. István Balázs,
with whom I had the good fortune to collaborate, his input in the construction of
my thesis has been very significant. I would like to express my profound gratitude
to Dr. János Karsai for his invaluable assistance in Mathematica. I will forever
remain grateful to Dr. Tibor Krisztin for his kindness and for his valuable lessons.

One of the best experiences I had during my time at Bolyai Institute was being in a
circle of an outstanding community. I would like to extend my special gratitude to
the members of my doctoral committee: for their help, and advice. It also gives me
immense pleasure to offer my sincere thanks to all the other staff members of the
department, Ágnes, Andrea, Csilla, Katalin, Szilvia, who are behind the smooth
coordination of everything. Lastly, I would like to thank Bolyai Institute for all the
facilities that were made available to me.

I will never be able to repay my parents, Maa and Papa for their endless love,
encouragement, help, guidance, and prayers that they have bestowed upon me.
You have always been there for me during my happiest andmost difficult moments.
I would like to take this opportunity to especially thank my sister, Nirmali Prabha

Biomathematics of Chlamydia iii



Das for her constant support no matter what situation I was in, and also thank my
brother Abhigyanjyoti Das and my sweet sister Chandramika Das for their endless
love and respect.

I would also like to thank my friends Lars, Vivienne, Peter, and Richmond for their
friendship and moral support and for always being there for me.

Last, but not least, of course, I would like to thank all others who are associated
with me or my work directly or indirectly.

iv Biomathematics of Chlamydia



Abstract

Chlamydia trachomatis (C. trachomatis) related sexually transmitted infections are
amajor global public health concern. C. trachomatis afflict millions of men, women,
and children worldwide and frequently result in serious medical diseases. In this
thesis, mathematical modeling is applied in order to comprehend the dynamics
of Chlamydia pathogens within host, their interactions with the immune systems,
behavior in the presence of other pathogens, transmission dynamics in a human
population, and the efficacy of control measures.

The thesis begins with a brief introduction of the bacteria Chlamydia in Chapter
1. In Chapter 2, we give a brief detail of the mathematical modeling of infectious
diseases, and its specific application to study the pathogen.

In Chapter 3, a linear delay differential compartmental model is developed, and its
special application is shown for a laboratory experiment conducted to study the
intracellular development cycle of Chlamydia. The delay accounts for the time
spent by bacteria in their various forms and for the time taken to go through the
replication cycle. The mathematical model tracks the number of Chlamydia in-
fected cells at each stage of the cell division cycle. Moreover, the formula for the
final size of each compartment is derived. With initial conditions taken from the
experiment, the model is fitted to results from the laboratory data. This simple
linear model is capable of reflecting the outcomes of the laboratory experiment.

In Chapter 4, at a population level, a novel mathematical model is introduced to
study the dynamics of the co-infection between C. trachomatis, and herpes sim-
plex virus (HSV). The concept of the model is based on the observation that in an
individual simultaneously infected with both pathogens, the presence of HSV will
make the Chlamydia persistent. In its persistent phase, Chlamydia is not replicat-
ing and is non-infectious. Important threshold parameters are obtained for the per-
sistence of both infections. We prove global stability results for the disease-free
and the boundary equilibria by applying the theory of asymptotically autonomous
systems. Further, the model is calibrated to disease parameters to determine
the population prevalence of both diseases and compare it with epidemiological
findings.

In Chapter 5, a compartmental maturity structured model is developed to investi-
gate an optimal control problem for the treatment of chronic Chlamydia infection.
The model takes into account the interaction of the pathogens with the immune
system and its effects on the formation of persistent Chlamydia particles. As the

Biomathematics of Chlamydia v



system takes the form of a mixed ODE-PDE system, the results of the conven-
tional form of Pontryagin’s maximal principle for ordinary differential equations
are not suitable. For our purpose, we construct an optimal control problem for a
general maturity compartmental model, and hence it consists of ordinary and par-
tial differential equations, moreover, the boundary conditions are also nonlinear.
For a fixed control, we verify the existence, uniqueness, and boundedness of the
solutions. The system is numerically simulated for a variety of cost functions in or-
der to calculate the optimal treatment for curing Chlamyida infection. We believe
that since our findings were validated for a general model with maturity structure,
they may be applied to any specific compartmental model that is compatible with
the established system.
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1 Introduction
Sexually transmitted infections (STIs) are persistently accountable for causing
health crises of epic proportions. Millions of men, women, and infants are globally
affected by STIs which can often lead to severe medical conditions including long-
term disability and death, additionally instigating psychological repercussions [1].
The World Health Organization (WHO) in 2012 estimated the loss of 100 million
disability-adjusted life years (DALYs) as a consequence of STIs. The WHO also
reported alarming statistics of 340 million annual cases of curable STIs occurring
worldwide. Chlamydia trachomatis (C. trachomatis) is the most common notifi-
able STI caused due to bacteria and is among the most significant contributors
to disease burden due to STIs. A report on the global incidence and prevalence
of selected curable STIs in the year 2008 reported 105.7 million cases of C. tra-
chomatis [1]. The Centers for Disease Control and Prevention (CDC) reports that
there are 4 million new instances of C. trachomatis infections in the United States
each year. Moreover, it is overtly distressing that young people between 15-24 are
primarily affected, marking up to 50% of new STIs occurring each year. Among
the C.trachomatis infection report received by CDC, 74% cases were recorded to
occur in persons aged 15–24 [2]. A more recent study conducted in 2018 made
a similar assertion, 2.6 million incident Chlamydia infections occurred in the age
group 15-24 representing 66.5% of the total cases [3]. The European Centre for
Disease Prevention and Control (ECDC), recently reported that the highest no-
tification rates were among women aged 15-24 years (1305 cases per 100,000
population) and men aged 15-29 years (672 cases per 100,000 population) [4]. In
Hungary, the notification rate for Chlamydia in men was 141 cases per 100,000
population, while in women, it was 173 cases per 100,000 population. This rela-
tively high male-to-female ratio in Hungary was noted, especially when compared
to other European countries with lower notification rates [4]. These statistics repre-
sent a startling fact about the epidemic stature that STIs have reached worldwide.

1.1 Epidemiological Background

Chlamydia is a genus of pathogenic gram-negative bacteria which are obligate in-
tracellular parasites. It is responsible for causing epizootic outbreaks in mammals,
potentially targeting domesticated poultry, cattle, pigs, sheep, and horses, as well
as feral birds and human beings [5]. The bacterial family Chlamydiaceae is in-
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clusive of several disease-causing pathogens in humans including, C. pneumoni-
ae, C. psittaci, and C. trachomatis whereas C. muridarum, C. suis are animal
pathogens, infecting mice and swine respectively [6]. Among the species, C.trach-
omatis typically affects humans and is reportedly the most common STI worldwide.
It causes diseases in humans by infecting the genital tract and ocular epithelium
[7]. C. trachomatis infections primarily do not show any symptoms, and conse-
quently are left undetected and untreated. With the rate of asymptomatic Chlamy-
dia infection ranging between 70-75% in women and 40% in men, it is frequently
attributed as the ‘silent epidemic’ [8–10]. Untreated Chlamydia infections are ca-
pable of establishing latency which may lead to long-lasting chronic infections,
further increasing the risk of acquiring and transmitting other infectious diseases,
such as HIV [11]. Untreated Chlamydia infection can manifest in serious seque-
lae in both men and women. It leads to more serious complications in women
as they develop health issues such as chronic pelvic pain, tubal factor infertility
(TFI), pelvic inflammatory disease (PID), and ectopic pregnancy, which is often
life-threatening [12].

C. trachomatis is classified into two biovars, the trachoma biovar and the Lym-
phogranuloma Venereum (LGV) biovar, which are further separated into several
serovars based on cell surface antigens. There are four LGV-causing serovars
which are designated as serovars L1, L2, L3, and L2b, serovars A-C cause tra-
choma, the leading source of preventable blindness worldwide. It is estimated
that serovars A-C infects approximately 162 million people with ocular infection
while rendering 6 million people with total blindness [6]. Although Trachoma still
prevails in some countries, it has been mostly eradicated from the rest of the world
[13]. C. trachomatis serovars D-K causes urethritis or cervicitis and represents the
world’s most prevalent bacterial STD agent. A very high percentage (85-90%) of
Chlamydia infections are chronic and asymptomatic which facilitates the bacteria
to establish long-term inflammation and tissue scarring of the genital tract. The
silent attribute of infections due to Chlamydia eventually results in more damage
sustained by the host and is the principal reason for the excessive burden of the
disease.

1.2 Biological Background
1.2.1 Life Cycle of Chlamydia

Chlamydiaôs unique biphasic intracellular developmental cycle differs from other
bacterial parasites (Fig. 1.1). They manifest in two morphologically distinct forms
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within the host: the elementary bodies (EBs) and the reticulate bodies (RBs). The
EBs are the extracellularly viable, but metabolically inert forms, responsible for
spreading the infection by attaching and invading susceptible epithelial human
cells. RBs are metabolically active non-infectious forms that can replicate inside
human cells. The life cycle of Chlamydia is initiated when the EBs attach them-
selves to the surface of the host epithelial cell; followed by the internalization into
an intracytoplasmatic parasitophorous vacuole called inclusion, whereby they un-
dergo morphological changes and differentiate into the replicative form RBs. The
RBs then multiply by undergoing repeated cycles of binary fission (200-500 fold
[11]). Matured RBs then differentiate back to EBs and are eventually released at
the end of the cycle with the lysis of the infected host cell [14].

1.2.2 Persistence in Chlamydia

As it stands, the fact that Chlamydia’s developmental forms exclusively alternate
between EB andRB has been oversimplified. Chlamydia can enter a non-infectious
yet viable stage known as persistence, when under stress, despite being efficiently
treatable. Persistence in Chlamydia is a reversible phase that is characterized by
an anomalous development cycle where the bacteria is capable of establishing
latent infections and can persist asymptomatically in many individuals [15]. Unre-
solvedChlamydia infections leading to the persistence of the bacteria are believed
to be a principal reason behind recurrent Chlamydia diseases.

Weiss observed in 1950 that exposure to the antibiotic penicillin caused C. muri-
darum andC.felis to exhibit an expanded, aberrant shape [16]. According to Hurst
et al., [17], Tamura and Manire [18], and Matsumoto and Manire [19], C. trachoma-
tis LGV and C. psittaci, which were at the time known as lymphogranuloma and
meningopneumonitis viruses respectively, both experienced similar outcomes.

The mechanism that induces Chlamydia into persistence is still obscure, however,
laboratory experiments have substantiated their occurrence in vivo, even prevail-
ing for several years [6]. Persistence induction offers a crucial experimental tool
for examining these fascinating creatures in the absence of a tractable genetic sys-
tem. Several studies have concluded the existence of numerous factors that can
trigger the manifestation ofC. trachomatis into the persistent phase, such as expo-
sure to unfavorable physiological conditions, presence of growth inhibitors such
as IFN-
, iron deficiency, nutrient deprivation, or treatment with some antibiotics
[20]. However, this process is reversed once the growth inhibitors or other hin-
drances are removed, and the persistent C. trachomatis differentiates back into
it’s infectious forms [20–22]. To date, the IFN-
 induced persistence has been
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best specified and is characterized by the induction of Chlamydia persistence by
allowing tryptophan inadequacy, an essential amino acid that is required for the
natural development of Chlamydia [23].

Various additional experiments (recently summarized in [24, 25]) have extensively
demonstrated that growing Chlamydiae can detour from the productive develop-
mental cycle when they encounter particular stimuli. With regard to Chlamydia,
persistence is referred to as a developmental stage in which the Chlamydiae are
alive but not contagious. This usage can be a little perplexing becausemost micro-
biologists use the word ”persistence” to describe an infection that lasts a long time
inside of a host. Chlamydial metabolism slows down during persistence and RB
division and differentiation into EB stop. This lowers the production of infectious
particles and promotes aberrant RB (AB) development.

Persistence seems to be a technique by which Chlamydiae can ”ride out” adverse
circumstances and sustain a protracted infection within a host cell. It is significant
to emphasize that persistentChlamydiae, which are alive but not contagious, have
mostly been researched in culture. The in vivo findings demonstrate that Chlamy-
diae persist, these investigations do not, however, provide solid evidence that the
Chlamydiae persist in a modified form [24, 25].

Figure 1.1: Graphical representation of the Chlamydia development cycle in the
presence of persistence. Arrows indicate the transition from one stage to another.
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Figure 1.2: The persistence phenomenon.

1.2.3 Therapy and Therapeutic Failure

Despite the fact that Chlamydia infections do not contribute to mortality and are
easily treatable, its pervasiveness and a high proportion of people who are asymp-
tomatically infected represent a threat to general health. Chlamydia infection can
be efficiently treated and cured with antibiotics if effectively diagnosed. The most
common treatment regimen is a single 1g oral dose of azithromycin or 7 days of
doxycycline [26]. The effects of these antimicrobial agents are purely bacterio-
static, meaning they can only inhibit the growth of bacteria [27]. Depending on
the choice of drug administered, the success of treatment may vary from 90% to
100% [28]. Regardless of these high recovery rates, there are reports of recurrent,
exacerbating infections. Survey has determined that the rates of persistent or re-
current infection range from 5% to 38% in adolescents and young women treated
for Chlamydia infection [29].

Recurrent Chlamydia infection of the genital tract is a frequent and well-known
condition. The etiology behind such a common occurrence of repeat infection
appears to be a composite of several aspects including antimicrobial resistance,
misdiagnosis, treatment non-adherence, repeat exposure to infection, frequent
screening, and limited immune system protection [26, 30].

Regardless of a few published case studies ([30–33]) pointing to resistance as the
root of clinical therapeutic pitfalls, the hypothesis surrounding C. trachomatis be-
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ing able to develop antimicrobial resistance has received no significant study. ”Ho-
motypic resistance” for  C. suis strains against tetracycline have been observed
in pigs [34], nevertheless, there are no examples of antibiotic resistance originat-
ing in human-pathogenic chlamydiae [35]. It is significant to note that there are
extreme challenges to studying antibiotic resistance among Chlamydia species,
including lack of a consistent in vitro test, and deficiency in comprehension of the
connection between outcomes of existing clinical results following therapy and in
vitro studies [36]. Current evidence suggests it seems improbable that antimicro-
bial resistance poses any threat to the resolution of Chlamydial infection. It is
considered advantageous that incidences of C. trachomatis resistance is uncom-
mon where in this age, antimicrobial resistance has become an issue of increasing
concern [36].

According to an in vitro research conducted to evaluate the effect of �- lactam an-
tibiotics on Chlamydia persistence, all penicillins studied caused the production of
ABs with Chlamydia’s infectivity reduced by 95% [37]. In comparison, persistent
Chlamydial are more resistant to azithromycin (AZM) in culture than normally de-
veloping organisms [38, 39], whereas C. trachomatis exposure to IFN-
 increases
resistance to doxycycline treatment [40]. Samples from treated individuals have
shown to have persistent Chlamydial forms [33], additionally, antimicrobial resis-
tance has grown among persistent Chlamydiae in culture [39–41]. Consequently,
some researchers have suggested that persistent Chlamydiae may exacerbate
chronic diseases by eluding antibiotic treatment.

The high frequency of recurring infection rates may also be influenced by Chlamy-
dia testing and treatment. AsChlamydia is primarily asymptomatic, regular screen-
ing of priority populations is seen as a crucial public health control strategy. How-
ever, the possible drawbacks of a ”screen and treat” strategy are still up for de-
bate. It was suggested that increased rates of reinfection might be caused by
the early removal of pathogens from genital tissue following antibiotic treatment,
which might have a negative impact on the growth of naturally acquired protective
immunity. Results from a murine model with early antibiotic administration demon-
strate that, despite being extremely successful in removing chlamydiae from gen-
ital tissue and averting upper genital tract infection, mediation with doxycycline
severely reduces the growth of protective immunity [42]. It remains challenging
to answer this question in a natural infection. A study reported spontaneous reso-
lution of Chlamydia infection in women who had not received antibiotic treatment,
on the basis of which they concluded that host defense mechanisms may mediate
Chlamydial clearance [43]. If outcomes from the animal model are an appropriate
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prediction of what happens in humans, there is a greater risk of reinfection or re-
current Chlamydial infection in women who receive early treatment in the course
of the infection [42, 44]. To sum up, it is abundantly evident that it would be bene-
ficial to understand the cause behind such a common occurrence of recurrent C.
trachomatis infection.

There is presently no vaccine for Chlamydia, and the solely available treatment is
antibiotics, however, considering the high rate of reinfection, there is a growing de-
mand to provide a vaccine. Large-scale field studies in Saudi Arabia, Taiwan, The
Gambia, India, and Ethiopia were conducted in the 1960s to assess the effective-
ness ofC. trachomatis vaccines against ocular infection. These studies concluded
that whole organism vaccines could promote short-term immunity to ocular infec-
tion and lower the incidence of inflammatory trachoma. At the time, extensive
research on non-human primates revealed that vaccination could cause inflam-
matory illness to worsen when challenged later, however, the evidence pointing
towards the same conclusion in humans is questionable [45].

Vast research for non C. trachomatis vaccine has been carried out with animal
models and has had greater success. The majority of these studies for vaccina-
tion trials were conducted using mouse models as hosts, the earliest of which was
developed to specifically target C. muridarum [46], that shares the majority of the
genes with the human strains of C. trachomatis [47]. These trials indicate that
whole cell antigenic targets trigger an effective response, shielding from illness
and decreasing shedding rates. There are a number of noteworthy distinctions
between C. trachomatis and C. muridarum that may have an impact on the im-
munobiology of infection, regardless, these models appear to be helpful for exam-
ining C. trachomatis immunity [22, 48].

So far, only two Chlamydial vaccines, targeting C. felis in cats and C. abortus in
sheep have been marketed, of which  C. felis was ultimately discontinued in 1992,
as it seemed to lose some of its potency [49]. A methodical research program
is being dedicated to the development of C. pecorum for koalas. The earliest
immunization trial on koalas evaluated the neutralizing ability of plasma against
C. pecorum, consequently offering an alternative to the use of antibiotics and/or
a three-dose vaccination schedule which was standard for earlier vaccine trials
[50].

Replicating mouse vaccine trial results in other host species, particularly non-
human primates, is one of the most challenging components of chlamydia vaccine
research. There have been efforts in recent years to reproduce murine model trial
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outcomes in non-human primates, the earliest of which used whole cell antigenic
targets, and documented little to no post-challenge protection [51–53]. Themouse
models provide great insight into the challenges involved in developing an effica-
cious vaccine that will provide protection against infection and disease sequelae.
Although live vaccines and Major Outer Membrane Protein (MOMP)-based vac-
cines have had some success, these outcomes have not been replicated in non-
human primate models, probably due to variations in chlamydial species genetics
and host immunity responses. Nevertheless, recent vaccine trials using the whole
cell antigen method have shown encouraging outcomes [54, 55].

A recent study concluded that the majority (85%) of vaccine studies have been
conducted in substitute hosts and have mostly focused on creating vaccines for
humans [46]. According to the survey, despite more than 70 years of research, as-
sisted with considerable technological breakthroughs, and increased understand-
ing of the target species, no transparent method of vaccine administration has
been established.
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2 Mathematical Modeling of
Infectious Diseases

2.1 Historical Background

The history of communicable diseases, although very ruthless, has been a sig-
nificant part of humanity. Since the beginning of time, epidemics have invaded
populations, frequently killing a large number of people before vanishing, possi-
bly reoccurring years later, and probably becoming less severe as populations
build up some immunity. Examples include the ”Spanish” flu Pandemic of 1918–
19, which resulted in more than 50,000,000 deaths globally [56], and the annual
influenza seasonal epidemics, which can result in an average of up to 389,000 fa-
talities globally [57]. The outbreak of the novel coronavirus, first emerging in late
2019 quickly spread worldwide, leading to a significant global health crisis with
far-reaching social, economic, and public health impacts. The disease referred to
as COVID-19 (coronavirus disease), is a viral respiratory illness caused by the se-
vere acute respiratory syndrome coronavirus 2 (SARS-CoV-2) and is proclaimed
the deadliest kind since the 1918 H1N1 influenza pandemic [58].

In the fourteenth century, beginning in 1346, the Black Deaths (perhaps the bubonic
plague) moved from Asia to Europe in numerous waves, killing up to one-third of
the continent’s population by 1350 [59]. For more than 300 years, the illness re-
curred frequently in different regions of Europe, most memorably as the Great
Plague of London in 1665–1666. Then it began to progressively leave Europe.

There are other illnesses that are endemic (constantly prevalent) in some com-
munities and result in a lot of fatalities. Particularly prevalent in underdeveloped
nations with subpar healthcare services. Measles, lung infections, diarrhea, and
other conditions that are easily treatable and not regarded as dangerous in the
Western world cause millions of deaths each year. Many regions of the world are
plagued by endemic illnesses such as malaria, typhus, cholera, schistosomiasis,
and sleeping sickness. The work of John Graunt (1620–1674), published in his
book ”Natural and Political Observations Made upon the Bills of Mortality” in 1662,
marked the beginning of the analysis of data related to infectious diseases [60].
The Bills of Mortality were weekly lists of the fatalities that occurred in the parishes
of London. The data used by Graunt came from the records, which were started in
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1592 and kept up to date starting in 1603. He provided the first approach to a the-
ory of competing risks by analyzing the numerous causes of death and outlining
a mechanism for calculating the relative chances of passing away from various
illnesses.

The earliest application of mathematics to study infectious diseases can be traced
back to the 18th century. During the period when smallpox was still rampant, treat-
ment and eradication of the disease was a subject of grave importance. Although
it was believed that immunity could be achieved through vaccination against small-
pox, with particles from its lesion, it was highly controversial because of the po-
tential threat and fatality linked with it. It was a matter of dispute whether the
benefits of mass inoculation counterbalanced the associated risk. In 1760, Daniel
Bernoulli, one of the most renowned scientists of the time, in his attempt to boost
global immunization against smallpox, conducted a mathematical investigation of
the fatality caused due to smallpox, with variolation and without. His approach to
the issue of competing hazards resulted in the 1760 publishing of a concise sum-
mary [61]. This was followed by a more exhaustive analysis which he presented to
the Royal Academy of Science in Paris the same year and subsequently published
in 1766 [62]. Bernoulli through his evaluation justified the claim that the merits of
variolation far surpassed the dangers of the disease and mortality caused due to it.
His studies provide a comprehensive understanding of the historically significant
disease of smallpox.

The contribution by John Snow, a medical professional from England who pio-
neered the creation of anesthesia and medical hygiene, is quite significant and
is thought to have been the beginning of the science of epidemiology. Based on
research into the temporal and geographic distribution of cholera cases during the
London outbreak of 1855, he successfully located the Broad Street water pump as
the infection source [63]. William Budd was successful in gaining a comparable
comprehension of the typhoid epidemic in 1873 [64].

Regardless of Bernoulli’s established account, a substantial length of time would
pass before the vast application of mathematical modeling in the scope of infec-
tious diseases. The works of P. D. En’ko and Ronald Ross are considered critical
in the advancement of this field. En’ko is recognized for his contribution to the the-
oretical analysis of the measles epidemic [65]. In 1889, he developed a discrete-
time model which he successfully correlated with the real measles epidemic in
educational institutions of St. Petersburg, which he surveyed in an enclosed en-
vironment. His work is the basis of the famous ‘Reed-Frost models’ proposed by
Lowell Reed and Wade Hampton Frost. Although the mathematical model was
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published only later in 1950, it was presented by Frost in a lecture in 1928. Ronald
Ross, a British medical doctor, one of the greatest in the field, is distinguished
for his remarkable contribution in the understanding of malaria disease through
mathematical modeling. His pioneering works laid the foundation for quantitative
analysis of the transmission of mosquito-borne diseases and their epidemiology.
Ross’s contribution to engineering the groundwork that laid the foundation for the
conceptual awareness of infection dynamics earns him high regard as a histori-
cal figure. Additionally, Ross is also credited for introducing a significant notion
in epidemiology (a similar concept to the reproduction number, R0). Along with
identifying anopheles mosquitoes as vectors responsible for transmitting malaria,
his analysis of the mathematical model showed that malaria could be eliminated
so long as the number of humans per mosquito was beneath a certain ”thresh-
old” value [66]. Ross’s original work which consists of two separate mathemat-
ical models greatly influenced a generation of successors in the field including
George Macdonald, which led to the development of the Ross-Macdonald theory
of mosquito-borne disease transmission [67, 68]. With the ”threshold” concept
already existing in epidemiology, Macdonald also later established its link with de-
mographics and the approach to the formulation of reproduction number (using
the expression z0).

Ross’s earliest models gave rise to several other modified versions including the
Ross-Waite-LotkaModel [69], the Ross-LotkaModel [70], the Sharpe-LotkaModel
[71]. A detailed analysis of the historical evolution inclusive of more recent ad-
vancements can be found in [72]. Ross remains significant not only for his key
role in exploring mosquito-borne disease transmission but also for his fundamen-
tal part in the scientific developments in the field of mathematical studies of infec-
tious diseases.

Ross’s other major impact in the field would be his association with Anderson Gray
McKendrick, a Scottish military physician, who pioneered the use of compartmen-
tal modeling in the mathematical study of infectious diseases. McKendrick widely
acknowledges Ross for his work in epidemiology. The year 1927 is regarded as a
benchmark for the mathematical modeling of infectious diseases with the introduc-
tion of the famous Susceptible-Infected-Recovered (SIR)model by AndersonGray
McKendrick andWilliamOgilvy Kermack [73]. The model which segregates a pop-
ulation into different compartments describes the movement of individuals through
successive compartments by considering progression rates of various stages of
infection. The model assumes that an individual attains lifelong immunity upon re-
covery from an infection. Adhering to Ross’ footsteps, Kermack and McKendrick
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went on to broaden the theory of ”threshold” in communicable diseases by extend-
ing the SIR model and presenting through subsequent publications [74, 75]. The
1905 Mumbai plague epidemic is such a case study considered by them.

Roy Anderson and Robert May in their much-esteemed book titled ”Infectious
Diseases of Humans”, further developed the SIR model and applied it to analyze
the spread of communicable diseases such as measles, malaria, river blindness,
schistosomiasis, sleeping sickness, and AIDS. Their distinctive work is aimed at
providing a comprehensive characterization for reviewing public health strategies
toward the annihilation or control of infectious diseases. This book stands out
for its demonstration of the far-reaching potential of mathematical modeling in the
field of epidemiology [76]. The due credit for finally adopting the expression ”basic
reproduction rate” (resumingMacdonald’s terminology), along with the notationR0

instead of z0 (representation is due to Lotka [77]) goes to Anderson and May [78],
as well as associating R0 to the following definition:

” Basic Reproduction Number, Epidemiological Definition. The
number of secondary infections resulting from a single primary
infection into an otherwise susceptible population.”

Furthermore, Anderson andMay proposed and analyzed the Susceptible-Infected-
Susceptible (SIS) form of compartmentalizing an infectious disease. This simpli-
fied version of the SIR model yielded high suitability for the formulation of STIs,
and its application has been far-reaching in recent years.

These mathematical models have been utilized extensively in order to gain insight
into the dynamics of infectious diseases, as a tool for analyzing epidemic risk, for
devising vaccination strategies, to study the effect of biodiversity on a disease
spread, and many more. R0 can be used as a forecasting tool to measure and
prevent epidemic outbreaks, using the well-established fact that vaccination of a
population fraction larger than 1 � 1/R0 will establish herd immunity leading the
disease to eventually die out.

2.2 Compartmental Modeling at an In-host Level:
Understanding the Infection

Compartmental modeling is a very efficient modeling technique in mathematics
and has been extensively applied to demonstrate the evolution of biological sys-
tems over time. Its applicability is largely reflected in structures that can be sep-
arated into compartments that display certain distinctive features. The flow of
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the particles along successive compartments is specified by probable input and
output factors that closely reflect the changes occurring in the system [79]. The
particles flowing through compartments can be various biological entities, such as
populations of cells, bacteria, viruses, other organisms, human populations, birds,
or animals. They are capable of reproducing and performing other biological func-
tions. Detailed discussions of multi-compartmental models used as mathematical
descriptions of biological systems can be found in various books on mathematical
models [79–81].

The SIR epidemic model introduced by Kermack and McKendrick is a major land-
mark that popularized the use of compartmental modeling for the dynamic rep-
resentation of communicable diseases. In a simplified version of the original
Kermack-McKendrick equation, themodel divides the population into susceptibles
(S), infectives (I), and recovered (R). The dynamics of the disease transmission
are then defined by the following system of ordinary differential equations (ODEs)

dS

dt
= ��SI;

dI

dt
= �SI � 
I;

dR

dt
= 
I;

where � is the transmission rate and denotes the efficiency of the disease process,
and 
 is the rate of recovery for infected individuals. This elementary approach
forms the premise for mathematical modeling of important infectious diseases and
many variations have been considered to study infection dynamics by partitioning
the population contingent upon disease status.

The SIR model is conveniently designed to model the spread of infection within a
population of human beings separated into healthy and infected individuals, but
an equal concept can be applied to describe the dynamics of infection within a
host. Various important aspects of infection can be studied and understood using
such tools, as has been proven with the research carried out in the domain of
viral infections, most notably for the human immunodeficiency virus (HIV) [82–
85]. The far-reaching insight that is gained through the analysis described in the
aforementioned works, including establishing and quantifying the interconnection
between infection parameters validate the relevance of mathematical models in
the characterization of such dynamics.

ODEs have been predominantly used to describe the basic equations used to
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�R�Y�H�U�F�R�P�H �W�K�H �S�L�W�I�D�O�O�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �V�L�P�S�O�H�U �V�\�V�W�H�P�V�� �:�K�L�O�H �H�[�S�D�Q�G�L�Q�J �V�L�P�S�O�H

�R�G�H �R�U �S�G�H �V�\�V�W�H�P�V �L�Q�W�R �P�R�G�H�O�V �W�K�D�W �L�Q�Y�R�O�Y�H �P�R�U�H �H�T�X�D�W�L�R�Q�V �F�D�Q �K�H�O�S �X�V �L�Q �P�R�U�H

�D�F�F�X�U�D�W�H �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q�V �R�I �W�K�H �E�H�K�D�Y�L�R�U �R�I �W�K�H �S�K�H�Q�R�P�H�Q�R�Q �X�Q�G�H�U �V�W�X�G�\�� �Z�H �D�U�H

�D�W �D �G�L�V�D�G�Y�D�Q�W�D�J�H �R�I �K�D�Y�L�Q�J �W�R �G�H�D�O �Z�L�W�K �P�X�O�W�L�S�O�H �S�D�U�D�P�H�W�H�U�V�� �W�K�H �V�L�J�Q�L�I�L�F�D�Q�F�H �R�I

�Z�K�L�F�K �F�D�Q�Q�R�W �R�I�W�H�Q �E�H �G�H�W�H�U�P�L�Q�H�G �T�X�D�O�L�W�D�W�L�Y�H�O�\��

�$ �F�O�D�V�V�L�F �H�[�D�P�S�O�H �R�I �D �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q �Z�L�W�K �W�L�P�H �G�H�O�D�\ �L�V �W�K�H �G�H�O�D�\�H�G �O�R�J�L�V�W�L�F

�H�T�X�D�W�L�R�Q�� �Z�K�H�U�H �W�K�H �O�D�J �W�L�P�H �H�P�S�K�D�V�L�]�H�V �W�K�H �L�Q�G�L�U�H�F�W �D�G�Y�H�U�V�H �L�P�S�D�F�W�V �K�L�J�K �S�R�S��

�X�O�D�W�L�R�Q �G�H�Q�V�L�W�\ �F�D�Q �K�D�Y�H �R�Q �W�K�H �H�Q�Y�L�U�R�Q�P�H�Q�W �E�\ �L�Q�I�O�X�H�Q�F�L�Q�J �E�L�U�W�K �U�D�W�H�V �O�D�W�H�U �L�Q �O�L�I�H

�G�X�H �W�R �G�H�O�D�\ �L�Q �J�U�R�Z�W�K �D�Q�G �P�D�W�X�U�L�W�\ �>������ �@�� �7�K�H �P�D�W�K�H�P�D�W�L�F�D�O �P�R�G�H�O�L�Q�J �R�I �I�R�U�H�V�W

�U�H�J�H�Q�H�U�D�W�L�R�Q �D�I�W�H�U �K�D�U�Y�H�V�W �L�V �D�Q�R�W�K�H�U �H�[�D�P�S�O�H �R�I �D �Q�D�W�X�U�D�O �V�\�V�W�H�P �W�K�D�W �L�Q�Y�R�O�Y�H�V

�W�L�P�H �G�H�O�D�\�� �D�V �L�W �L�V �D�S�S�D�U�H�Q�W �W�K�D�W �D �I�R�U�H�V�W �D�I�W�H�U �G�L�V�W�X�U�E�D�Q�F�H�� �Z�L�O�O �U�H�T�X�L�U�H �D �P�L�Q�L�P�X�P

�R�I ���� �\�H�D�U�V �W�R �D�U�U�L�Y�H �D�W �D�Q�\ �O�H�Y�H�O �R�I �P�D�W�X�U�L�W�\�� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �L�Q �D�F�F�R�U�G�D�Q�F�H �Z�L�W�K �W�K�H

�V�\�V�W�H�P �X�Q�G�H�U �F�R�Q�V�L�G�H�U�D�W�L�R�Q�� �W�K�H �G�H�O�D�\�V �P�D�\ �U�H�S�U�H�V�H�Q�W �O�D�W�H�Q�F�\ �S�H�U�L�R�G�� �J�H�V�W�D�W�L�R�Q

�W�L�P�H�� �W�U�D�Q�V�L�W�L�R�Q �G�H�O�D�\�� �R�U �F�D�Q �V�L�P�S�O�\ �D�F�F�R�X�Q�W �I�R�U �W�K�H �W�L�P�H �W�D�N�H�Q �W�R �H�[�H�F�X�W�H �F�R�P��

�S�O�H�[ �S�U�R�F�H�V�V�H�V�� �7�K�H �V�L�P�S�O�H�V�W �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q �Z�L�W�K �D �G�H�S�H�Q�G�H�Q�F�H �R�Q �L�W�¶�V �S�D�V�W

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�K�L�V�W�R�U�\ �L�V �R�I �W�K�H �I�R�U�P��

x0(t) = f (x(t); x(t � r )) ;

�Z�K�H�U�Hr > 0 �L�V �W�K�H �G�H�O�D�\�� �)�R�U �F�R�P�S�D�U�W�P�H�Q�W�D�O �V�\�V�W�H�P�V�� �W�K�H �V�W�U�X�F�W�X�U�H �R�I �W�K�H �G�L�I��

�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �L�V �V�S�H�F�L�I�L�F �W�R �W�K�H �E�L�R�O�R�J�L�F�D�O �D�Q�G �S�K�\�V�L�F�D�O �D�V�S�H�F�W�V�� �7�K�H �P�R�G�H�O

�Y�D�U�L�D�E�O�H�V �D�U�H �D�V�V�L�J�Q�H�G �W�R �F�R�P�S�D�U�W�P�H�Q�W�V �W�R �H�[�S�U�H�V�V �W�K�H �Q�X�P�E�H�U �R�I �S�D�U�W�L�F�O�H�V �W�K�D�W

�E�H�K�D�Y�H �K�R�P�R�J�H�Q�H�R�X�V�O�\�� �7�K�H �W�U�D�Q�V�L�W�L�R�Q �I�U�R�P �R�Q�H �F�R�P�S�D�U�W�P�H�Q�W �W�R �D�Q�R�W�K�H�U �W�D�N�H�V

�S�O�D�F�H �Z�K�H�Q �W�K�H �S�D�U�W�L�F�O�H�V �X�Q�G�H�U�J�R �V�R�P�H �S�K�\�V�L�F�D�O �R�U �E�L�R�O�R�J�L�F�D�O �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �R�U

�F�K�D�Q�J�H �W�K�H�L�U �V�S�D�W�L�D�O �O�R�F�D�W�L�R�Q �>������ �@�� �,�Q �R�X�U �F�D�V�H�� �Z�H �F�R�Q�V�W�U�X�F�W �D �P�R�G�H�O �Z�L�W�K �D �I�L�Q�L�W�H

�Q�X�P�E�H�U �R�I �F�R�P�S�D�U�W�P�H�Q�W�V �Z�K�H�U�H �W�K�H �U�D�W�H�V �R�I �L�Q�I�O�R�Z �D�Q�G �R�X�W�I�O�R�Z �D�U�H �J�R�Y�H�U�Q�H�G �E�\

�S�K�\�V�L�F�D�O �D�Q�G �E�L�R�O�R�J�L�F�D�O �P�H�F�K�D�Q�L�V�P�V��

�:�H �G�H�Y�H�O�R�S �D �O�L�Q�H�D�U �V�\�V�W�H�P �R�I �G�H�O�D�\ �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �W�K�D�W �L�V �D�S�S�O�L�F�D�E�O�H �W�R �W�K�H

�P�D�W�K�H�P�D�W�L�F�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �V�R�P�H �F�R�P�S�D�U�W�P�H�Q�W�D�O �P�R�G�H�O�V �L�Q �E�L�R�O�R�J�\ �D�Q�G �H�F�R�O��

�R�J�\�� �7�K�L�V �P�R�G�H�O �L�V �V�X�L�W�D�E�O�H �I�R�U �V�W�X�G�\�L�Q�J �H�F�R�O�R�J�L�F�D�O �S�K�H�Q�R�P�H�Q�D �V�X�F�K �D�V �V�H�D�V�R�Q�D�O

�E�L�U�G �P�L�J�U�D�W�L�R�Q�� �Z�K�L�F�K �G�H�V�F�U�L�E�H�V �W�K�H �P�R�Y�H�P�H�Q�W �R�I �W�K�H �E�L�U�G �S�R�S�X�O�D�W�L�R�Q �G�X�U�L�Q�J �D �I�X�O�O

�F�\�F�O�H �R�I �P�L�J�U�D�W�L�R�Q�� �$�Q �H�[�D�P�S�O�H �R�I �E�L�R�O�R�J�L�F�D�O �D�S�S�O�L�F�D�W�L�R�Q �L�V �W�R �V�W�X�G�\ �V�W�H�P �F�H�O�O �P�D�W��

�X�U�D�W�L�R�Q�� �,�W �D�O�V�R �L�V �O�D�U�J�H�O�\ �D�S�S�O�L�F�D�E�O�H �I�R�U �P�R�G�H�O�L�Q�J �W�K�H �H�Y�R�O�X�W�L�R�Q �R�I �G�L�V�H�D�V�H���F�D�X�V�L�Q�J

�S�D�W�K�R�J�H�Q�V �V�X�F�K �D�V �Y�L�U�X�V�H�V �R�U �E�D�F�W�H�U�L�D��

������ �7�K�H �0�R�G�H�O �'�H�V�F�U�L�S�W�L�R�Q

�&�R�Q�V�L�G�H�U �D �G�H�O�D�\�H�G �O�L�Q�H�D�U �F�K�D�L�Q �D�V �V�K�R�Z�Q �L�Q �)�L�J���������� �L�O�O�X�V�W�U�D�W�L�Q�J �S�D�U�W�L�F�O�H�V �P�R�Y�L�Q�J

�W�K�U�R�X�J�K �D �Q�X�P�E�H�U �R�I �V�X�F�F�H�V�V�L�Y�H �F�R�P�S�D�U�W�P�H�Q�W�V �E�H�I�R�U�H �U�H�D�F�K�L�Q�J �D �I�L�Q�D�O �V�W�D�J�H�� �7�K�H

�P�X�O�W�L�S�O�L�F�D�W�L�Y�H �U�D�W�H�V �U�H�S�U�H�V�H�Q�W �J�U�R�Z�W�K �E�H�W�Z�H�H�Q �W�K�H �F�R�P�S�D�U�W�P�H�Q�W�V�� �$�O�O �W�K�H �F�R�P�S�D�U�W��

�P�H�Q�W�V �K�D�Y�H �L�Q�I�O�R�Z �D�Q�G �R�X�W�I�O�R�Z �W�H�U�P�V �H�[�F�H�S�W �W�K�H �I�L�U�V�W �D�Q�G �W�K�H �O�D�V�W�� �W�K�H �I�L�U�V�W �F�R�P��

�S�D�U�W�P�H�Q�W �K�D�V �R�Q�O�\ �R�X�W�I�O�R�Z �D�Q�G �W�K�H �O�D�V�W �F�R�P�S�D�U�W�P�H�Q�W �K�D�V �R�Q�O�\ �L�Q�I�O�R�Z�� �7�L�P�H �G�H�O�D�\

�V�L�J�Q�L�I�L�H�V �W�K�H �W�L�P�H �Q�H�H�G�H�G �W�R �F�R�P�S�O�H�W�H �W�K�H �W�U�D�Q�V�L�W�L�R�Q �R�I �S�D�U�W�L�F�O�H�V �E�H�W�Z�H�H�Q �V�X�F�F�H�V��

�V�L�Y�H �F�R�P�S�D�U�W�P�H�Q�W�V��

�/�H�W �W�K�H �Q�X�P�E�H�U �R�I �S�D�U�W�L�F�O�H�V �L�Q �W�K�Hi �W�K �F�R�P�S�D�U�W�P�H�Q�W �D�W �W�L�P�Ht �E�Hyi (t) ��i = 0; 1; : : : ; n����

�)�L�J�X�U�H �������� �6�F�K�H�P�D�W�L�F �G�L�D�J�U�D�P �R�I �D �O�L�Q�H�D�U �F�K�D�L�Q��

�7�K�H �U�D�W�H �D�W �Z�K�L�F�K �W�K�H �S�D�U�W�L�F�O�H�V �D�U�H �P�R�Y�L�Q�J �R�X�W �R�I �W�K�Hi �W�K �F�R�P�S�D�U�W�P�H�Q�W �L�V �G�H�Q�R�W�H�G

�E�\ai �I�R�Ui = 0; 1; : : : ; n� 1 �D�Q�Gbi � 1 �L�V �W�K�H �U�D�W�H �D�W �Z�K�L�F�K �W�K�H �S�D�U�W�L�F�O�H�V �D�U�H �H�Q�W�H�U�L�Q�J �W�K�H

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



i �W�K �F�R�P�S�D�U�W�P�H�Q�W �I�R�Ui = 1; 2; : : : ; n�� �$�O�V�R�� �Z�H �D�V�V�X�P�H �W�K�D�W �W�K�H �S�D�U�W�L�F�O�H�V �D�U�H �D�U�U�L�Y�L�Q�J

�Z�L�W�K �D �W�L�P�H �G�H�O�D�\� i � 1 �L�Q�W�R �W�K�Hi �W�K �F�R�P�S�D�U�W�P�H�Q�W �I�R�Ui = 1; 2; : : : ; n�� �:�H �G�H�V�F�U�L�E�H

�V�X�F�K �D �S�U�R�F�H�V�V �E�\ �D �V�\�V�W�H�P �R�I �G�H�O�D�\ �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �D�V �I�R�O�O�R�Z�V��

y0
0(t) = � a0y0(t);

y0
i (t) = bi � 1yi � 1(t � � i � 1) � ai yi (t); i = 1; 2; : : : ; n � 1;

y0
n (t) = bn� 1yn� 1(t � � n� 1);

����������

�Z�K�H�U�Hai > 0��bi > 0 �D�Q�G� i � 0 �I�R�U �D�O�Oi �� �7�K�H �Q�D�W�X�U�D�O �S�K�D�V�H �V�S�D�F�H �I�R�U �R�X�U �V�\�V�W�H�P

�L�VC([� �; 0]; Rn+1 )�� �Z�K�H�U�H� = �P�D�[f � 0; : : : ; � n� 1g�� �,�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V �I�R�U �W�K�L�V �V�\�V�W�H�P

�D�U�H �J�L�Y�H�Q �E�\

yi (� ) = ' i (� ) �I�R�U� 2 [� �; 0]; i = 0; : : : ; n ����������

�Z�K�H�U�H' := ( ' 0; : : : ; ' n ) 2 C([� �; 0]; Rn+1
+ )��

�,�W �L�V �Z�H�O�O �N�Q�R�Z�Q �W�K�D�W �W�K�H �L�Q�L�W�L�D�O �Y�D�O�X�H �S�U�R�E�O�H�P ���������������������� �L�V �Z�H�O�O �S�R�V�H�G�� �1�R�Q���Q�H�J�D�W�L�Y�L�W�\

�R�I �W�K�H �L�Q�L�W�L�D�O �G�D�W�D �L�V �D �Q�D�W�X�U�D�O �U�H�T�X�L�U�H�P�H�Q�W �I�R�U �W�K�H �E�L�R�O�R�J�L�F�D�O �V�\�V�W�H�P�V �Z�H �F�R�Q�V�L�G�H�U��

�D�Q�G �I�U�R�P �W�K�H �Q�R�Q���Q�H�J�D�W�L�Y�L�W�\ �R�I �W�K�H �U�D�W�H�V �L�W �I�R�O�O�R�Z�V �W�K�D�W �V�R�O�X�W�L�R�Q�V �U�H�P�D�L�Q �Q�R�Q���Q�H�J�D�W�L�Y�H

�I�R�U �D�O�O �I�X�W�X�U�H �W�L�P�H��

�)�R�U �W�K�H �E�L�R�O�R�J�L�F�D�O �S�U�R�E�O�H�P�V �Z�H �F�R�Q�V�L�G�H�U �O�D�W�H�U�� �L�W �L�V �S�D�U�D�P�R�X�Q�W �W�R �S�U�H�G�L�F�W �W�K�H �H�Y�H�Q��

�W�X�D�O �V�W�D�W�H �R�I �W�K�H �V�\�V�W�H�P�� �7�K�L�V �L�V �D�G�G�U�H�V�V�H�G �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �S�U�R�S�R�V�L�W�L�R�Q�� �J�L�Y�L�Q�J �D�Q

�H�[�S�O�L�F�L�W �H�[�S�U�H�V�V�L�R�Q �I�R�U �W�K�H �O�L�P�L�W �R�I �H�D�F�K �F�R�P�S�D�U�W�P�H�Q�W��

�3�U�R�S�R�V�L�W�L�R�Q �������������6�R�O�X�W�L�R�Q�V �R�I �S�U�R�E�O�H�P ���������� �K�D�V �W�K�H �I�R�O�O�R�Z�L�Q�J �O�L�P�L�W�V��

�O�L�P
t !1

yi (t) = 0 �I�R�Ui = 0; 1; 2; : : : ; n � 1

�D�Q�G

�O�L�P
t !1

yn (t) =
b0 : : : bn� 1

a0 : : : an� 1
' 0(0) +

b1 : : : bn� 1

a1 : : : an� 1
' 1(0) + � � � +

bn� 1

an� 1
' n� 1(0)

+ ' n (0) +
b0 : : : bn� 1

a1 : : : an� 1

Z 0

� � 0

' 0(s)ds+
b1 : : : bn� 1

a2 : : : an� 1

Z 0

� � 1

' 1(s)ds

+ � � � +
bn� 2bn� 1

an� 1

Z 0

� � n � 2

' n� 2(s)ds+ bn� 1

Z 0

� � n � 1

' n� 1(s)ds:

�3�U�R�R�I���6�R�O�Y�L�Q�J �W�K�H �I�L�U�V�W �H�T�X�D�W�L�R�Q �J�L�Y�H�V �X�Vy0(t) = ' 0(0)e� a0 t �� �7�K�X�V�� �O�L�Pt !1 y0(t) =

0�� �1�H�[�W�� �Z�H �D�V�V�X�P�H �W�K�D�W �O�L�Pt !1 yk(t) = 0 �I�R�U �V�R�P�Hk�� �6�L�Q�F�H �I�R�Uk + 1 �Z�H �K�D�Y�H

y0
k+1 (t) = bkyk(t � � k) � ak+1 yk+1 (t)�� �W�K�H �D�V�V�X�P�S�W�L�R�Q �W�K�D�W �O�L�Pt !1 yk(t) = 0 �L�P�S�O�L�H�V

�O�L�Pt !1 yk+1 (t) = 0 �� �%�\ �L�Q�G�X�F�W�L�R�Q�� �Z�H �I�L�Q�G �W�K�D�W �I�R�Ui = 0; 1; : : : ; n � 1�� �H�D�F�K �F�R�P�S�D�U�W��

�P�H�Q�W �K�D�V �O�L�P�L�W �]�H�U�R��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�1�R�Z�� �I�R�Uk = 0; 1; : : : ; n�� �Z�H �G�H�I�L�Q�HI k :=
R1

0 yk(t)dt �D�Q�GJk :=
R0

� � k
' k(s)ds�� �,�Q�W�H��

�J�U�D�W�L�Q�J �W�K�H �I�L�U�V�W �H�T�X�D�W�L�R�Q �I�U�R�P �]�H�U�R �W�R �L�Q�I�L�Q�L�W�\�� �V�L�Q�F�H �O�L�Pt !1 y0(t) = 0 �� �Z�H �K�D�Y�H��

� a0I 0 =
Z 1

0
� a0y0(t)dt =

Z 1

0
y0

0(t)dt = � y0(0) = � ' 0(0):

�+�H�Q�F�H��I 0 = 1
a0

' 0(0)��

�,�Q�W�H�J�U�D�W�L�Q�J �W�K�Hk�W�K �H�T�X�D�W�L�R�Q �R�I �W�K�H �V�\�V�W�H�P ���������� �I�U�R�P �]�H�U�R �W�R �L�Q�I�L�Q�L�W�\ �I�R�Uk = 1; : : : ; n�

1�� �D�Q�G �X�V�L�Q�J �O�L�Pt !1 yk(t) = 0 �� �Z�H �K�D�Y�H

� yk(0) =
Z 1

0
[bk� 1yk� 1(t � � k� 1) � akyk(t)]dt

= bk� 1

" Z 0

� � k � 1

' k� 1(s)ds+
Z 1

0
yk� 1(s)ds

#

� ak

Z 1

0
yk(t)dt

= bk� 1Jk� 1 + bk� 1I k� 1 � ak I k :

�5�H�D�U�U�D�Q�J�L�Q�J �W�K�H �W�H�U�P�V�� �I�R�UI k �Z�H �I�L�Q�G �W�K�H �U�H�F�X�U�V�L�Y�H �U�H�O�D�W�L�R�Q

I k =
bk� 1

ak
I k� 1 +

bk� 1

ak
Jk� 1 +

1
ak

' k(0) �I�R�Uk = 1; 2; : : : ; n � 1:

�6�X�E�V�W�L�W�X�W�L�Q�Jk = 1 �L�Q �W�K�H �D�E�R�Y�H �U�H�O�D�W�L�R�Q�� �Z�H �K�D�Y�H��

I 1 =
b0

a1
I 0 +

b0

a1
J0 +

1
a1

' 1(0)

=
b0

a0a1
' 0(0) +

b0

a1

Z 0

� � 0

' 0(s)ds+
1
a1

' 1(0):

�,�W�H�U�D�W�L�Y�H�O�\�� �I�U�R�P �W�K�H �D�E�R�Y�H �U�H�O�D�W�L�R�Q�� �V�X�E�V�W�L�W�X�W�L�Q�Jk = n � 1�� �Z�H �K�D�Y�H��

I n� 1 =
b0 : : : bn� 2

a0 : : : an� 1
' 0(0) +

b1 : : : bn� 2

a1 : : : an� 1
' 1(0) + � � � +

1
an� 1

' n� 1(0)

+
b0 : : : bn� 2

a1 : : : an� 1

Z 0

� � 0

' 0(s)ds+
b1 : : : bn� 2

a2 : : : an� 1

Z 0

� � 1

' 1(s)ds+ : : :

+
bn� 2

an� 1

Z 0

� � n � 2

' n� 2(s)ds:

�)�L�Q�D�O�O�\�� �L�Q�W�H�J�U�D�W�L�Q�J �W�K�H �O�D�V�W �H�T�X�D�W�L�R�Q �R�I �W�K�H �V�\�V�W�H�P ���������� �I�U�R�P �]�H�U�R �W�R �L�Q�I�L�Q�L�W�\�� �Z�H

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�K�D�Y�H

�O�L�P
t !1

yn (t) =
Z 1

0
bn� 1yn� 1(t � � n� 1)dt + yn (0)

= bn� 1

� Z 0

� � n � 1

' n� 1(s)ds+
Z 1

0
yn� 1(s)ds

�
+ ' n (0)

= bn� 1Jn� 1 + bn� 1I n� 1 + ' n (0):

�6�X�E�V�W�L�W�X�W�L�Q�J �W�K�H �Y�D�O�X�H �R�II n� 1 �D�Q�G �U�H�S�O�D�F�L�Q�JJn� 1 �E�\ �W�K�H �L�Q�W�H�J�U�D�O�� �Z�H �K�D�Y�H �W�K�H �O�L�P�L�W

�D�V

�O�L�P
t !1

yn (t) =
b0 : : : bn� 1

a0 : : : an� 1
' 0(0) +

b1 : : : bn� 1

a1 : : : an� 1
' 1(0) + : : : +

bn� 1

an� 1
' n� 1(0)

+ ' n (0) +
b0 : : : bn� 1

a1 : : : an� 1

Z 0

� � 0

' 0(s)ds+
b1 : : : bn� 1

a2 : : : an� 1

Z 0

� � 1

' 1(s)ds

+ : : : +
bn� 2bn� 1

an� 1

Z 0

� � n � 2

' n� 2(s)ds+ bn� 1

Z 0

� � n � 1

' n� 1(s)ds:

������ �0�D�W�K�H�P�D�W�L�F�D�O �)�R�U�P�X�O�D�W�L�R�Q �R�I �W�K�H �,�Q�W�U�D�F�H�O�O�X�O�H�U

�&�K�O�D�P�\�G�L�D�'�H�Y�H�O�R�S�P�H�Q�W �&�\�F�O�H

�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �F�R�Q�V�W�U�X�F�W �D �P�D�W�K�H�P�D�W�L�F�D�O �P�R�G�H�O �I�R�U �D �O�D�E�R�U�D�W�R�U�\ �H�[�S�H�U�L�P�H�Q�W

�F�R�Q�G�X�F�W�H�G �W�R �L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �L�Q�W�U�D�F�H�O�O�X�O�D�U �J�U�R�Z�W�K �R�I�&�K�O�D�P�\�G�L�D�E�D�F�W�H�U�L�D �>������ �@�� �7�K�H

�L�Q�W�U�D�F�H�O�O�X�O�D�U �G�H�Y�H�O�R�S�P�H�Q�W �R�I�&�K�O�D�P�\�G�L�D�L�V �J�R�Y�H�U�Q�H�G �E�\ �D �Y�H�U�\ �G�L�V�W�L�Q�F�W �O�L�I�H �F�\�F�O�H��

�W�K�H �P�H�F�K�D�Q�L�V�P �R�I �Z�K�L�F�K �K�D�V �E�H�H�Q �H�[�S�O�D�L�Q�H�G �L�Q �&�K�D�S�W�H�U���� �6�H�F�W�L�R�Q������������ �)�L�J����������

�+�R�Z�H�Y�H�U�� �L�Q �W�K�H �D�E�V�H�Q�F�H �R�I �W�K�H �S�H�U�V�L�V�W�H�Q�W �I�R�U�P�� �L�W �D�O�W�H�U�Q�D�W�H�V �E�H�W�Z�H�H�Q �(�% �D�Q�G �5�%

�I�R�U�P�V ���)�L�J�X�U�H���������� �7�K�H �O�L�I�H �F�\�F�O�H �V�W�D�U�W�V �Z�L�W�K �W�K�H �(�%�V �D�W�W�D�F�K�L�Q�J �D�Q�G �L�Q�I�H�F�W�L�Q�J �W�K�H

�V�X�V�F�H�S�W�L�E�O�H �F�H�O�O�V�� �7�K�H �(�%�V �W�K�H�Q �W�U�D�Q�V�I�R�U�P �L�Q�W�R �5�%�V�� �Z�K�L�F�K �U�H�S�O�L�F�D�W�H �E�\ �X�Q�G�H�U�J�R�L�Q�J

�U�H�S�H�D�W�H�G �F�\�F�O�H�V �R�I �E�L�Q�D�U�\ �I�L�V�V�L�R�Q �Z�L�W�K�L�Q �D�Q �L�Q�W�U�D�F�\�W�R�S�O�D�V�P�D�W�L�F �S�D�U�D�V�L�W�R�S�K�R�U�R�X�V �Y�D�F��

�X�R�O�H �F�D�O�O�H�G �L�Q�F�O�X�V�L�R�Q�� �$�I�W�H�U �W�K�H �V�H�F�R�Q�G�D�U�\ �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �R�I �W�K�H �5�%�V �E�D�F�N �W�R �(�%�V��

�W�K�H �K�R�V�W �F�H�O�O �O�\�V�H�V �U�H�O�H�D�V�L�Q�J �D �O�D�U�J�H �Q�X�P�E�H�U �R�I �Q�H�Z �(�%�V �W�K�D�W �L�Q�I�H�F�W �Q�H�L�J�K�E�R�U�L�Q�J

�F�H�O�O�V �>���� �@��

�0�L�F�U�R�E�L�R�O�R�J�L�F�D�O �L�Q�Y�H�V�W�L�J�D�W�L�R�Q �R�I �W�K�H �L�Q�W�U�D�F�H�O�O�X�O�D�U �G�H�Y�H�O�R�S�P�H�Q�W �R�I�&�K�O�D�P�\�G�L�D�L�V �D�Q

�H�[�W�H�Q�V�L�Y�H �I�L�H�O�G �R�I �U�H�V�H�D�U�F�K �>������ �@�� �5�H�F�H�Q�W�O�\�� �D �Q�X�P�E�H�U �R�I �G�\�Q�D�P�L�F �P�R�G�H�O�V �R�I �G�L�V��

�H�D�V�H �W�U�D�Q�V�P�L�V�V�L�R�Q �D�V �Z�H�O�O �D�V �L�Q�W�U�D�F�H�O�O�X�O�D�U �J�U�R�Z�W�K �K�D�Y�H �E�H�H�Q �G�H�Y�H�O�R�S�H�G �>������ �@��

�+�H�U�H�� �Z�H �S�U�H�V�H�Q�W �D �P�R�G�H�O �I�R�U �D �O�D�E�R�U�D�W�R�U�\ �H�[�S�H�U�L�P�H�Q�W �R�I�&�K�O�D�P�\�G�L�D�L�Q�I�H�F�W�L�Q�J �K�X��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�P�D�Q �F�H�O�O�V �>������ �@��

�)�L�J�X�U�H �������� �*�U�D�S�K�L�F�D�O �U�H�S�U�H�V�H�Q�W�D�W�L�R�Q �R�I �W�K�H�&�K�O�D�P�\�G�L�D�G�H�Y�H�O�R�S�P�H�Q�W �F�\�F�O�H

�L�Q �W�K�H �D�E�V�H�Q�F�H �R�I �W�K�H �S�H�U�V�L�V�W�H�Q�W �S�K�D�V�H

�7�K�H �E�D�V�L�F �P�R�G�H�O �I�R�U �W�K�H �L�Q�W�U�D�F�H�O�O�X�O�D�U �G�H�Y�H�O�R�S�P�H�Q�W �R�I �W�K�H�&�K�O�D�P�\�G�L�D�F�H�O�O�V �L�Q �Y�L�Y�R

�L�V �I�R�U�P�X�O�D�W�H�G �D�V �I�R�O�O�R�Z�V�� �/�H�Wy0(t) �G�H�Q�R�W�H �W�K�H �Q�X�P�E�H�U �(�%�V �R�X�W�V�L�G�H �K�X�P�D�Q �F�H�O�O�V �D�W

�W�L�P�Ht��y1(t) �G�H�Q�R�W�H�V �W�K�H �(�%�V �D�W�W�D�F�K�H�G �W�R �W�K�H �K�X�P�D�Q �F�H�O�O�V �D�W �W�L�P�Ht�� �8�S�R�Q �L�Q�I�H�F�W�L�R�Q

�R�I �W�K�H �K�H�D�O�W�K�\ �K�X�P�D�Q �F�H�O�O�V�� �W�K�H �L�Q�W�U�D�F�H�O�O�X�O�D�U �(�%�V �W�U�D�Q�V�I�R�U�P �L�Q�W�R �5�%�V �X�S�R�Q �Z�K�L�F�K

�W�K�H �5�%�V �X�Q�G�H�U�J�R �U�H�S�H�D�W�H�G �F�\�F�O�H�V �R�I �G�L�Y�L�V�L�R�Q�� �+�H�Q�F�H�� �Z�H �Z�L�O�O �G�H�Q�R�W�H �E�\y2(t) �(�%�V

�W�K�D�W �K�D�Y�H �W�U�D�Q�V�I�R�U�P�H�G �W�R �5�%�V�� �D�Q�Gyi (t) �Z�L�O�O �G�H�Q�R�W�H �W�K�H �Q�X�P�E�H�U �R�I �5�%�V �D�I�W�H�U �W�K�H

i �W�K �F�\�F�O�H �R�I �U�H�S�O�L�F�D�W�L�R�Q �I�R�Ui = 3; 4; : : : ; n � 1�� �7�K�H �5�%�V �W�K�H�Q �U�H�R�U�J�D�Q�L�]�H �E�D�F�N �W�R �W�K�H

�(�%�V�� �I�R�O�O�R�Z�L�Q�J �Z�K�L�F�K �W�K�H �K�R�V�W �F�H�O�O �O�\�V�H�V �U�H�O�H�D�V�L�Q�J �W�K�H �Q�H�Z�O�\ �I�R�U�P�H�G �(�%�V�� �7�K�Hyn (t)

�Z�L�O�O �G�H�Q�R�W�H �W�K�H �Q�X�P�E�H�U �R�I �5�%�V �F�R�Q�Y�H�U�W�L�Q�J �E�D�F�N �W�R �(�%�V�� �:�H �L�P�S�R�V�H �W�L�P�H �G�H�O�D�\�V �W�R

�D�F�F�R�X�Q�W �I�R�U �W�K�H �W�L�P�H �Q�H�H�G�H�G �I�R�U �W�U�D�Q�V�I�R�U�P�L�Q�J �E�H�W�Z�H�H�Q �5�%�V �D�Q�G �(�%�V�� �D�V �Z�H�O�O �D�V

�I�R�U �F�R�P�S�O�H�W�L�Q�J �F�H�O�O �G�L�Y�L�V�L�R�Q��

�)�X�U�W�K�H�U�P�R�U�H�� �W�K�H �U�D�W�H �D�W �Z�K�L�F�K �W�K�H �(�%�V �H�Q�W�H�U �K�X�P�D�Q �F�H�O�O�V �L�V �G�H�Q�R�W�H�G �E�\a0�� �(�%�V

�D�U�H �D�V�V�X�P�H�G �W�R �G�L�I�I�H�U�H�Q�W�L�D�W�H �W�R �5�%�V �D�W �D �U�D�W�Ha1 �L�Q�V�L�G�H �W�K�H �K�X�P�D�Q �F�H�O�O�V�� �3�D�U�D�P�H�W�H�U

ai � 1 �L�V �W�K�H �U�D�W�H �D�W �Z�K�L�F�K �W�K�H �5�%�V �H�Q�W�H�U �W�K�Hi �W�K �F�\�F�O�H �R�I �U�H�S�O�L�F�D�W�L�R�Q �I�R�Ui = 3; 4; : : : ; n�

1�� �D�Q�G �W�K�H �5�%�V �Z�L�O�O �F�R�Q�Y�H�U�W �E�D�F�N �W�R �W�K�H �(�%�V �Z�L�W�K �W�K�H �U�D�W�Han� 1��

�$�F�F�R�U�G�L�Q�J �W�R �W�K�H�V�H �D�V�V�X�P�S�W�L�R�Q�V �D�Q�G �L�Q�W�H�U�D�F�W�L�R�Q�V�� �W�K�H �S�R�S�X�O�D�W�L�R�Q �G�\�Q�D�P�L�F�V �R�I �(�%�V

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�D�Q�G �5�%�V �F�D�Q �E�H �G�H�V�F�U�L�E�H�G �L�Q �P�D�W�K�H�P�D�W�L�F�D�O �W�H�U�P�V �D�V �I�R�O�O�R�Z�V��

y0
0(t) = � a0y0(t);

y0
1(t) = a0y0(t � � 0) � a1y1(t);

y0
2(t) = a1y1(t � � 1) � a2y2(t);

y0
i (t) = 2 ai � 1yi � 1(t � � i � 1) � ai yi (t); i = 3; 4; ::; n � 1

y0
n (t) = an� 1yn� 1(t � � n� 1):

����������

�,�Q �F�R�Q�V�L�V�W�H�Q�F�\ �Z�L�W�K �W�K�H �O�D�E�R�U�D�W�R�U�\ �H�[�S�H�U�L�P�H�Q�W �>������ �@�� �Z�H �K�D�Y�H �W�K�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V

y0(0) = 100;

y0(t) = 0 ; �I�R�Ut < 0;
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t !1
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�O�L�P
t !1

yn (t) =
a0a12a2 : : : 2an� 2an� 1

a0a1a2 : : : an� 1
100

= 100 � 2n� 3
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t !1
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�)�X�U�W�K�H�U�� �W�K�H �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �L�V �V�K�R�Z�Q �W�R �E�H �X�Q�V�W�D�E�O�H �Z�K�H�Q�H�Y�H�U �L�W �H�[�L�V�W�V��

�1�D�U�H�V�K �H�W �D�O�� �>������ �@ �F�R�Q�V�L�G�H�U �D �Q�R�Q���O�L�Q�H�D�U �P�R�G�H�O �I�R�U �+�,�9���7�% �F�R���L�Q�I�H�F�W�L�R�Q �Z�K�H�U�H

�W�K�H�\ �V�W�X�G�\ �W�K�H �O�R�F�D�O �D�V�\�P�S�W�R�W�L�F �V�W�D�E�L�O�L�W�\ �R�I �W�K�H �G�L�V�H�D�V�H���I�U�H�H�� �+�,�9���I�U�H�H�� �D�Q�G �7�%���I�U�H�H

�H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�V�� �W�K�H �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �L�V �V�K�R�Z�Q �W�R �E�H �J�O�R�E�D�O �D�V�\�P�S��

�W�R�W�L�F �V�W�D�E�L�O�L�W�\ �Z�K�H�Q�H�Y�H�U �L�W �H�[�L�V�W�V �X�Q�G�H�U �V�R�P�H �D�V�V�X�P�S�W�L�R�Q�V �X�V�L�Q�J �/�\�D�S�X�Q�R�Y �W�K�H�R�U�\��

�3�L�Q�W�R �H�W �D�O�� �>������ �@ �F�R�Q�V�L�G�H�U�V �W�K�H �L�Q�W�H�J�H�U �R�U�G�H�U �D�Q�G �W�K�H �I�U�D�F�W�L�R�Q�D�O �R�U�G�H�U �R�I �W�K�H �+�,�9��

�7�% �F�R���L�Q�I�H�F�W�L�R�Q �P�R�G�H�O �Z�K�H�U�H �W�K�H�\ �V�W�X�G�\ �W�K�H �V�W�D�E�L�O�L�W�\ �R�I �W�K�H �'�)�( �I�R�U �W�K�H �L�Q�W�H�J�H�U

�R�U�G�H�U �P�R�G�H�O �D�O�R�Q�J �Z�L�W�K �V�R�P�H �E�L�I�X�U�F�D�W�L�R�Q �G�L�D�J�U�D�P �L�O�O�X�V�W�U�D�W�L�R�Q�V�� �D�Q�G �V�L�P�X�O�D�W�H �W�K�H

�I�U�D�F�W�L�R�Q�D�O �R�U�G�H�U �P�R�G�H�O �Q�X�P�H�U�L�F�D�O�O�\�� �%�K�X�Q�X �H�W �D�O�� �>������ �@ �F�R�Q�V�L�G�H�U�V �+�,�9���$�,�'�6���7�%

�F�R���L�Q�I�H�F�W�L�R�Q �P�R�G�H�O�V �Z�L�W�K �D�Q�G �Z�L�W�K�R�X�W �W�U�H�D�W�P�H�Q�W�� �7�K�H �7�%���R�Q�O�\ �P�R�G�H�O �L�V �V�K�R�Z�Q �W�R

�H�[�K�L�E�L�W �E�D�F�N�Z�D�U�G �E�L�I�X�U�F�D�W�L�R�Q �D�Q�G �W�K�H �J�O�R�F�D�O �D�V�\�P�S�W�R�W�L�F �V�W�D�E�L�O�L�W�\ �R�I �W�K�H �'�)�( �L�Q �W�K�H

�+�,�9���$�,�'�6���R�Q�O�\ �P�R�G�H�O �L�V �D�Q�D�O�\�]�H�G�� �)�X�U�W�K�H�U�� �W�K�H �+�,�9���$�,�'�6���7�% �F�R���L�Q�I�H�F�W�L�R�Q �P�R�G�H�O

�L�V �V�K�R�Z�Q �W�R �K�D�Y�H �D �/�$�6 �G�L�V�H�D�V�H �I�U�H�H �H�T�X�L�O�L�E�U�L�X�P��

�7�K�H �D�I�R�U�H�P�H�Q�W�L�R�Q�H�G �S�D�S�H�U�V �V�W�X�G�\ �F�R���L�Q�I�H�F�W�L�R�Q �R�I �D �V�\�Q�H�U�J�L�V�W�L�F �Q�D�W�X�U�H�� �L�P�S�O�\�L�Q�J

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�W�K�D�W �E�H�L�Q�J �L�Q�I�H�F�W�H�G �Z�L�W�K �W�\�S�H �R�Q�H �H�Q�K�D�Q�F�H�V �W�K�H �V�X�V�F�H�S�W�L�E�L�O�L�W�\ �W�R �W�\�S�H �W�Z�R�� �D�O�R�Q�J �Z�L�W�K

�W�K�H �S�R�V�V�L�E�L�O�L�W�\ �W�K�D�W �W�K�H �W�Z�R �F�R���L�Q�I�H�F�W�L�Q�J �S�D�W�K�R�J�H�Q�V �D�U�H �V�L�P�X�O�W�D�Q�H�R�X�V�O�\ �W�U�D�Q�V�P�L�W�W�H�G��

�+�R�Z�H�Y�H�U�� �W�R �R�X�U �N�Q�R�Z�O�H�G�J�H�� �Q�R �P�D�W�K�H�P�D�W�L�F�D�O �P�R�G�H�O �K�D�V �E�H�H�Q �G�H�Y�H�O�R�S�H�G �W�R �V�W�X�G�\

�&�K�O�D�P�\�G�L�D���+�6�9 �F�R���L�Q�I�H�F�W�L�R�Q�� �0�R�U�H�R�Y�H�U�� �W�K�H �F�R���L�Q�I�H�F�W�L�R�Q �F�R�Q�V�L�G�H�U�H�G �L�Q �W�K�L�V �D�U�W�L�F�O�H

�L�V �X�Q�L�T�X�H �S�H�U�W�D�L�Q�L�Q�J �W�R �L�W�V �X�Q�F�R�R�S�H�U�D�W�L�Y�H �D�W�W�U�L�E�X�W�H�� �W�K�H �H�P�H�U�J�H�Q�F�H �R�I �R�Q�H �K�L�Q�G�U�D�Q�F�H

�W�R �W�K�H �J�U�R�Z�W�K �R�I �W�K�H �R�W�K�H�U��

�7�K�H �V�W�U�X�F�W�X�U�H �R�I �W�K�L�V �&�K�D�S�W�H�U �L�V �R�U�J�D�Q�L�]�H�G �D�V �I�R�O�O�R�Z�V�� �,�Q �W�K�H �V�H�F�R�Q�G �V�H�F�W�L�R�Q�� �D �Q�R�Q��

�O�L�Q�H�D�U �P�D�W�K�H�P�D�W�L�F�D�O �P�R�G�H�O �L�V �S�U�R�S�R�V�H�G �W�R �G�H�V�F�U�L�E�H �W�K�H�&�� �W�U�D�F�K�R�P�D�W�L�V���+�6�9 �F�R��

�L�Q�I�H�F�W�L�R�Q �L�Q �D �S�R�S�X�O�D�W�L�R�Q�� �,�Q �6�H�F�W�L�R�Q�V �� �D�Q�G �� �U�H�V�S�H�F�W�L�Y�H�O�\�� �W�K�H�&�� �W�U�D�F�K�R�P�D�W�L�V�D�Q�G

�+�6�9 �V�X�E�V�\�V�W�H�P�V �D�U�H �V�W�X�G�L�H�G�� �Z�K�H�U�H �Z�H �F�R�P�S�X�W�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�V �D�Q�G �D�Q�D�O�\�]�H

�W�K�H�L�U �V�W�D�E�L�O�L�W�\�� �%�X�L�O�G�L�Q�J �R�Q �W�K�H�V�H �U�H�V�X�O�W�V�� �Z�H �L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �F�R���L�Q�I�H�F�W�L�R�Q �V�\�V�W�H�P �L�Q

�6�H�F�W�L�R�Q ���� �,�Q �6�H�F�W�L�R�Q ���� �Z�H �F�R�Q�V�L�G�H�U �D �O�L�P�L�W�L�Q�J �V�\�V�W�H�P �R�I �W�K�H �R�U�L�J�L�Q�D�O �F�R���L�Q�I�H�F�W�L�R�Q

�P�R�G�H�O�� �D�Q�D�O�\�]�H �L�W�V �G�\�Q�D�P�L�F�V�� �D�Q�G �G�H�W�H�U�P�L�Q�H �W�K�H �F�R�Q�G�L�W�L�R�Q�V �I�R�U �W�K�H �H�[�L�V�W�H�Q�F�H �R�I

�D�Q �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P�� �7�K�H�Q �Z�H �H�[�W�H�Q�G �W�K�H �U�H�V�X�O�W�V �R�Q �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P �W�R �W�K�H

�R�U�L�J�L�Q�D�O �V�\�V�W�H�P�� �,�Q �6�H�F�W�L�R�Q ���� �Z�H �V�K�R�Z �X�Q�G�H�U �Z�K�L�F�K �F�R�Q�G�L�W�L�R�Q�V �Z�L�O�O �E�R�W�K �G�L�V�H�D�V�H�V

�S�H�U�V�L�V�W �L�Q �W�K�H �S�R�S�X�O�D�W�L�R�Q�� �6�H�F�W�L�R�Q �� �F�R�Q�W�D�L�Q�V �Q�X�P�H�U�L�F�D�O �V�L�P�X�O�D�W�L�R�Q�V �W�R �L�O�O�X�V�W�U�D�W�H �W�K�H

�D�Q�D�O�\�W�L�F�D�O �U�H�V�X�O�W�V�� �,�Q �6�H�F�W�L�R�Q ���� �Z�H �F�D�O�L�E�U�D�W�H �W�K�H �P�R�G�H�O�� �H�V�W�L�P�D�W�H �W�K�H �S�U�H�Y�D�O�H�Q�F�H �R�I

�E�R�W�K �G�L�V�H�D�V�H�V �L�Q �W�K�H �S�R�S�X�O�D�W�L�R�Q�� �D�Q�G �F�R�P�S�D�U�H �L�W �Z�L�W�K �H�S�L�G�H�P�L�R�O�R�J�L�F�D�O �R�E�V�H�U�Y�D�W�L�R�Q�V��

�7�K�H �&�K�D�S�W�H�U �L�V �F�R�Q�F�O�X�G�H�G �Z�L�W�K �D �G�L�V�F�X�V�V�L�R�Q �L�Q �W�K�H �O�D�V�W �V�H�F�W�L�R�Q��

������ �0�R�G�H�O �)�R�U�P�X�O�D�W�L�R�Q

�$ �V�L�[���G�L�P�H�Q�V�L�R�Q�D�O �G�H�W�H�U�P�L�Q�L�V�W�L�F �Q�R�Q���O�L�Q�H�D�U �P�D�W�K�H�P�D�W�L�F�D�O �P�R�G�H�O �L�V �S�U�R�S�R�V�H�G �L�Q �W�K�L�V

�V�H�F�W�L�R�Q �W�R �D�Q�D�O�\�]�H �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �G�\�Q�D�P�L�F�V �R�I�&�� �W�U�D�F�K�R�P�D�W�L�V�D�Q�G �K�H�U�S�H�V �F�R��

�L�Q�I�H�F�W�L�R�Q �L�Q �K�X�P�D�Q �E�H�L�Q�J�V�� �/�H�WN (t) �G�H�Q�R�W�H �W�K�H �W�R�W�D�O �Q�X�P�E�H�U �R�I �S�R�S�X�O�D�W�L�R�Q �D�W �W�L�P�H

t�� �7�K�H �K�X�P�D�Q �S�R�S�X�O�D�W�L�R�Q �L�V �V�X�E�G�L�Y�L�G�H�G �L�Q�W�R �V�L�[ �F�R�P�S�D�U�W�P�H�Q�W�V��S(t) �G�H�Q�R�W�H�V �W�K�H

�F�O�D�V�V �R�I �S�R�S�X�O�D�W�L�R�Q �V�X�V�F�H�S�W�L�E�O�H �W�R �E�R�W�K �G�L�V�H�D�V�H�V�� �W�K�H �E�D�F�W�H�U�L�D�&�� �W�U�D�F�K�R�P�D�W�L�VC(t)��

�D�Q�G �K�H�U�S�H�V �Y�L�U�X�VH (t)�� �7�K�H �F�O�D�V�V �R�I �S�R�S�X�O�D�W�L�R�Q �L�Q�I�H�F�W�H�G �Z�L�W�K�&�� �W�U�D�F�K�R�P�D�W�L�V�E�X�W

�K�D�Y�L�Q�J �O�D�W�H�Q�W �K�H�U�S�H�V �L�V �G�H�Q�R�W�H�G �E�\I LC (t)�� �Z�K�L�O�HI HP (t) �Z�L�O�O �G�H�Q�R�W�H �W�K�H �Q�X�P�E�H�U �R�I

�S�R�S�X�O�D�W�L�R�Q�V �Z�L�W�K �D�F�W�L�Y�H �K�H�U�S�H�V �E�X�W �K�D�Y�L�Q�J �S�H�U�V�L�V�W�H�Q�W�&�� �W�U�D�F�K�R�P�D�W�L�V�� L(t) �L�V �W�K�H

�F�O�D�V�V �R�I �S�R�S�X�O�D�W�L�R�Q �Z�L�W�K �O�D�W�H�Q�W �K�H�U�S�H�V�� �+�H�Q�F�H

N (t) = S(t) + C(t) + H (t) + I LC (t) + I HP (t) + L(t): ����������

�,�Q �R�U�G�H�U �W�R �I�R�U�P�X�O�D�W�H �W�K�H �P�R�G�H�O�� �W�K�H �I�R�O�O�R�Z�L�Q�J �D�V�V�X�P�S�W�L�R�Q�V �K�D�Y�H �E�H�H�Q �P�D�G�H��

�$ ���� �&�� �W�U�D�F�K�R�P�D�W�L�V �L�Q�I�H�F�W�L�R�Q �P�D�\ �R�F�F�X�U �X�S�R�Q �W�K�H �V�X�V�F�H�S�W�L�E�O�H�V �D�F�T�X�L�U�L�Q�J �L�W �E�\

�H�I�I�H�F�W�L�Y�H�O�\ �F�R�P�L�Q�J �L�Q �F�R�Q�W�D�F�W �Z�L�W�K �D�Q �L�Q�I�H�F�W�H�G �D�Q�G �L�Q�I�H�F�W�L�Y�H �L�Q�G�L�Y�L�G�X�D�O �I�U�R�P �H�L�W�K�H�U

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�W�K�H �F�O�D�V�V �R�IC(t) �R�UI LC (t) �D�W �W�K�H �U�D�W�H� ��

�$ ���� �6�X�V�F�H�S�W�L�E�O�H�V �D�F�T�X�L�U�H �+�6�9 �L�Q�I�H�F�W�L�R�Q �G�X�H �W�R �H�I�I�H�F�W�L�Y�H �F�R�Q�W�D�F�W �Z�L�W�K �L�Q�G�L�Y�L�G�X�D�O�V

�I�U�R�P �F�O�D�V�VH (t) �R�UI HP (t) �D�W �W�K�H �U�D�W�H�̂ ��

�$ ���� �6�X�V�F�H�S�W�L�E�O�H �L�Q�G�L�Y�L�G�X�D�O�V �F�D�Q�Q�R�W �D�F�T�X�L�U�H �&�� �W�U�D�F�K�R�P�D�W�L�V �D�Q�G �+�6�9 �V�L�P�X�O�W�D�Q�H��

�R�X�V�O�\�� �Z�K�L�F�K �P�H�D�Q�V�� �W�K�H�\ �F�D�Q�Q�R�W �P�R�Y�H �G�L�U�H�F�W�O�\ �L�Q�W�R �W�K�H �F�R���L�Q�I�H�F�W�L�R�Q �F�O�D�V�V�H�V��I LC (t)

�R�UI HP (t)��

�$ ���� �&�R���L�Q�I�H�F�W�L�R�Q �R�I �&�� �W�U�D�F�K�R�P�D�W�L�V���+�6�9 �P�D�\ �R�F�F�X�U �Z�K�H�Q �&�� �W�U�D�F�K�R�P�D�W�L�V ��C(t)��

�L�Q�I�H�F�W�H�G �L�Q�G�L�Y�L�G�X�D�O�V �J�H�W �L�Q�I�H�F�W�H�G �Z�L�W�K �+�6�9�� �R�U �+�6�9 ��H (t)�� �L�Q�I�H�F�W�H�G �L�Q�G�L�Y�L�G�X�D�O�V �J�H�W

�L�Q�I�H�F�W�H�G �Z�L�W�K �&�� �W�U�D�F�K�R�P�D�W�L�V�� �L�Q �E�R�W�K �F�D�V�H�V�� �H�I�I�H�F�W�L�Y�H�O�\ �S�X�W�W�L�Q�J �&�� �W�U�D�F�K�R�P�D�W�L�V �E�D�F��

�W�H�U�L�D �L�Q�W�R �L�W�¶�V �S�H�U�V�L�V�W�H�Q�W �S�K�D�V�H ��I HP ����

�$ ���� �7�K�H �F�O�D�V�V �R�I �D�F�W�L�Y�H �&�� �W�U�D�F�K�R�P�D�W�L�V���O�D�W�H�Q�W �+�6�9 ��I LC �� �F�R���L�Q�I�H�F�W�H�G �S�R�S�X�O�D�W�L�R�Q

�L�V �J�H�Q�H�U�D�W�H�G �D�V �D �F�R�Q�V�H�T�X�H�Q�F�H �R�I �L�Q�G�L�Y�L�G�X�D�O�V �I�U�R�P �W�K�H �F�O�D�V�V �R�I �O�D�W�H�Q�W �+�6�9 ��L(t)��

�D�F�T�X�L�U�L�Q�J �&�� �W�U�D�F�K�R�P�D�W�L�V��

�$ ���� �,�Q �W�K�H �F�D�V�H �R�I �W�K�H �F�O�D�V�V �R�I �F�R���L�Q�I�H�F�W�H�G �S�R�S�X�O�D�W�L�R�Q�V�� �W�K�H �W�U�D�Q�V�L�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H

�F�O�D�V�V�H�VI LC �D�Q�GI HP �R�F�F�X�U�V �Z�K�H�Q �W�K�H �D�F�W�L�Y�H �K�H�U�S�H�V �J�R�H�V �W�R �O�D�W�H�Q�F�\ �D�W �W�K�H �U�D�W�H�

�U�H�Q�G�H�U�L�Q�J �&�� �W�U�D�F�K�R�P�D�W�L�V �L�W�¶�V �S�H�U�V�L�V�W�H�Q�W �S�K�D�V�H�� �R�U �Z�K�H�Q �W�K�H �O�D�W�H�Q�W �K�H�U�S�H�V �U�H�W�D�L�Q�V

�L�W�V �D�F�W�L�Y�H �V�W�D�W�X�V �D�W �W�K�H �U�D�W�H� �� �S�X�W�W�L�Q�J �&�� �W�U�D�F�K�R�P�D�W�L�V �L�Q�W�R �S�H�U�V�L�V�W�H�Q�F�\��

�$ ���� �&�� �W�U�D�F�K�R�P�D�W�L�V �L�Q�I�H�F�W�H�G �L�Q�G�L�Y�L�G�X�D�O�V �Z�L�O�O �U�H�F�R�Y�H�U �X�S�R�Q �D�Q�W�L�E�L�R�W�L�F �W�U�H�D�W�P�H�Q�W �D�W �D

�U�D�W�Hr �D�Q�G �P�R�Y�H �E�D�F�N �W�RS(t)�� �Z�K�H�U�H�D�V�� �W�K�H �L�Q�G�L�Y�L�G�X�D�O�V �I�U�R�P �W�K�H �F�O�D�V�VI LC �Z�L�O�O �E�H

�D�G�G�H�G �W�R �W�K�H �F�O�D�V�V �R�I �O�D�W�H�Q�W �K�H�U�S�H�VL(t) �X�S�R�Q �U�H�F�R�Y�H�U�\ �I�U�R�P �&�� �W�U�D�F�K�R�P�D�W�L�V��

�$ ���� �7�K�H �P�R�Y�H�P�H�Q�W �E�H�W�Z�H�H�Q �W�K�H �F�O�D�V�V�H�VH (t) �D�Q�GL(t) �R�F�F�X�U�V �D�V �+�6�9 �L�Q�I�H�F�W�H�G

�L�Q�G�L�Y�L�G�X�D�O�V �J�R �L�Q�W�R �O�D�W�H�Q�F�\ �R�U �L�Q�G�L�Y�L�G�X�D�O�V �Z�L�W�K �O�D�W�H�Q�W �+�6�9 �U�H�O�D�S�V�H �W�R �W�K�H�L�U �D�F�W�L�Y�H

�S�K�D�V�H�V�� �D�W �W�K�H �U�D�W�H�V� �D�Q�G� �U�H�V�S�H�F�W�L�Y�H�O�\��

�$ ���� �)�L�Q�D�O�O�\�� �I�R�U �V�L�P�S�O�L�F�L�W�\�� �Z�H �K�D�Y�H �W�K�H �I�R�O�O�R�Z�L�Q�J �D�V�V�X�P�S�W�L�R�Q �I�R�U �W�K�H �W�R�W�D�O �S�R�S�X�O�D��

�W�L�R�QN (t)��

N (t) = S(t) + C(t) + H (t) + I LC (t) + I HP (t) + L(t) = Constant:

�$�F�F�R�U�G�L�Q�J�O�\�� �Z�H �G�H�Q�R�W�H �E�\� �W�K�H �U�H�F�U�X�L�W�P�H�Q�W �U�D�W�H �R�I �Q�H�Z�O�\ �V�H�[�X�D�O�O�\ �D�F�W�L�Y�H �V�X�V�F�H�S��

�W�L�E�O�H �L�Q�G�L�Y�L�G�X�D�O�V �L�Q�W�R �W�K�H �F�O�D�V�V �R�I �V�X�V�F�H�S�W�L�E�O�H�V ��S���� �D�Q�G� �L�V �W�K�H �U�D�W�H �R�I �G�H�P�R�J�U�D�S�K�L�F

�W�X�U�Q�R�Y�H�U �I�R�U �R�X�U �S�R�S�X�O�D�W�L�R�Q�� �:�H �Q�R�U�P�D�O�L�]�H �W�K�H �F�R�Q�V�W�D�Q�W �S�R�S�X�O�D�W�L�R�Q �W�R �X�Q�L�W�\(N = 1) ��

�,�W �L�V �L�P�S�R�U�W�D�Q�W �W�R �Q�R�W�H �K�H�U�H �W�K�D�W �Z�L�W�K �W�K�L�V �Q�R�U�P�D�O�L�]�D�W�L�R�Q�� �W�K�H �E�L�O�L�Q�H�D�U �L�Q�F�L�G�H�Q�F�H�SI

�L�V �P�D�W�K�H�P�D�W�L�F�D�O�O�\ �H�T�X�L�Y�D�O�H�Q�W �W�R �W�K�H �V�W�D�Q�G�D�U�G �L�Q�F�L�G�H�Q�F�H�SI / N �I�R�U �F�R�Q�V�W�D�Q�W �S�R�S�X��

�O�D�W�L�R�Q �V�L�]�H��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�)�L�J�X�U�H �������� �6�F�K�H�P�D�W�L�F �G�L�D�J�U�D�P �I�R�U �W�K�H�&�� �W�U�D�F�K�R�P�D�W�L�V���+�6�9 �F�R���L�Q�I�H�F�W�L�R�Q �P�R�G�H�O��

�)�U�R�P �W�K�H�V�H �D�V�V�X�P�S�W�L�R�Q�V�� �W�K�H �G�H�V�F�U�L�S�W�L�R�Q �R�I �Y�D�U�L�D�E�O�H�V �D�Q�G �S�D�U�D�P�H�W�H�U�V �J�L�Y�H�Q �L�Q �7�D��

�E�O�H������ �D�Q�G �W�K�H �D�E�R�Y�H���P�H�Q�W�L�R�Q�H�G �I�D�F�W�V�� �W�K�H �P�D�W�K�H�P�D�W�L�F�D�O �P�R�G�H�O �F�D�Q �E�H �I�R�U�P�X�O�D�W�H�G

�Z�L�W�K �W�K�H �K�H�O�S �R�I �W�K�H �V�F�K�H�P�D�W�L�F �G�L�D�J�U�D�P �J�L�Y�H�Q �L�Q �)�L�J�X�U�H�������� �,�Q �V�X�P�P�D�U�\�� �W�K�H �F�R��

�L�Q�I�H�F�W�L�R�Q �P�R�G�H�O �F�R�Q�V�L�V�W�V �R�I �W�K�H �I�R�O�O�R�Z�L�Q�J �V�\�V�W�H�P �R�I �Q�R�Q�O�L�Q�H�D�U �R�U�G�L�Q�D�U�\ �G�L�I�I�H�U�H�Q�W�L�D�O

�H�T�X�D�W�L�R�Q�V��

S0 = � � �SC � �̂SH � �SI LC � �̂SI HP � �S + rC;

C0 = �SC + �SI LC � �̂CH � �̂CI HP � rC � �C;

H 0 = �̂SH + �̂SI HP � �HC � �HI LC � �H + �L � �H;

I 0
LC = �I HP + �LC + �LI LC � r cI LC � �I LC � �I LC ;

I 0
HP = �̂CH + �HC + �̂CI HP + �HI LC � �I HP � �I HP + �I LC ;

L0 = �H + r cI LC � �L � �LC � �LI LC � �L;

����������

�Z�K�H�U�H0 �G�H�Q�R�W�H�V �W�L�P�H���G�H�U�L�Y�D�W�L�Y�H�� �Z�L�W�K �Q�R�Q���Q�H�J�D�W�L�Y�H �L�Q�L�W�L�D�O �F�R�Q�G�L�W�L�R�Q�V

P0 = ( S(0); C(0); H (0); I LC (0); I HP (0); L(0)) 2 D; ����������

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�Z�K�H�U�H

D = f (S; C; H; I LC ; I HP ; L) 2 R6
+ j S + C + H + I LC + I HP + L = 1g ����������

�L�V �W�K�H �Q�D�W�X�U�D�O �V�W�D�W�H �V�S�D�F�H�� �D�Q�G �L�V �F�O�H�D�U�O�\ �S�R�V�L�W�L�Y�H �L�Q�Y�D�U�L�D�Q�W �W�R �W�K�H �V�\�V�W�H�P ������������

�3�D�U�D�P�H�W�H�U�V�'�H�V�F�U�L�S�W�L�R�Q�V

� �W�U�D�Q�V�P�L�V�V�L�R�Q �U�D�W�H �I�R�U�&�� �W�U�D�F�K�R�P�D�W�L�V
�̂ �W�U�D�Q�V�P�L�V�V�L�R�Q �U�D�W�H �I�R�U �+�6�9
� �U�D�W�H �D�W �Z�K�L�F�K �D�F�W�L�Y�H �+�6�9 �J�R�H�V �L�Q�W�R �O�D�W�H�Q�F�\
� �U�D�W�H �D�W �Z�K�L�F�K �O�D�W�H�Q�W �+�6�9 �L�V �D�F�W�L�Y�D�W�H�G
� �Q�D�W�X�U�D�O �G�H�D�W�K �U�D�W�H
r �U�H�F�R�Y�H�U�\ �U�D�W�H �I�R�U�&�� �W�U�D�F�K�R�P�D�W�L�V

�7�D�E�O�H �������� �3�D�U�D�P�H�W�H�U�V �D�Q�G �W�K�H�L�U �'�H�V�F�U�L�S�W�L�R�Q�V

������ �7�K�H�&�K�O�D�P�\�G�L�D�6�X�E�V�\�V�W�H�P

�:�H �F�R�Q�V�L�G�H�U �W�K�H �+�6�9 �I�U�H�H �V�X�E�V�S�D�F�H �G�H�I�L�Q�H�G �E�\

DC = f (S; C; H; I LC ; I HP ; L) 2 D j S + C = 1g;

�Z�K�L�F�K �L�V �F�O�H�D�U�O�\ �L�Q�Y�D�U�L�D�Q�W�� �7�K�H �G�\�Q�D�P�L�F�V �L�Q �W�K�L�V �V�S�D�F�H �L�V �J�R�Y�H�U�Q�H�G �E�\ �W�K�H �I�R�O�O�R�Z�L�Q�J

�V�\�V�W�H�P �R�I �H�T�X�D�W�L�R�Q�V��

S0 = � � �SC � �S + rC;

C0 = �SC � rC � �C:
����������

���������� �(�T�X�L�O�L�E�U�L�D�� �%�D�V�L�F �5�H�S�U�R�G�X�F�W�L�R�Q �1�X�P�E�H�U �D�Q�G �*�O�R�E�D�O

�6�W�D�E�L�O�L�W�\

�7�K�H �H�T�X�L�O�L�E�U�L�D �R�I �W�K�H�&�K�O�D�P�\�G�L�D�V�X�E�V�\�V�W�H�P �D�U�H �H�D�V�L�O�\ �R�E�W�D�L�Q�H�G �E�\ �V�R�O�Y�L�Q�J �W�K�H �D�O��

�J�H�E�U�D�L�F �V�\�V�W�H�P �R�I �H�T�X�D�W�L�R�Q�V

0 = � � �SC � �S + rC;

0 = �SC � rC � �C;

�U�H�V�X�O�W�L�Q�J �L�Q �W�K�H �W�Z�R �S�R�V�V�L�E�O�H �H�T�X�L�O�L�E�U�L�D

E0 = ( S0; C0) = (1 ; 0); EC = ( SC ; CC ) =
�

r + �
�

;
� � r � �

�

�
; ����������

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�Z�K�H�U�HE0 �L�V �W�K�H�&�K�O�D�P�\�G�L�D���I�U�H�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�� �,�W �L�V �F�O�H�D�U �W�K�D�W �W�K�H �F�R�P�S�R�Q�H�Q�W�V �R�I

�W�K�H�&�K�O�D�P�\�G�L�D�S�U�H�V�H�Q�W �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W��Ec�� �D�U�H �S�R�V�L�W�L�Y�H �R�Q�O�\ �Z�K�H�Q� � (r � � ) > 0��

�L���H �Z�K�H�Q� /( r + � ) > 1�� �Z�K�H�U�H

R C =
�

r + �
����������

�L�V �W�K�H �E�D�V�L�F �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �I�R�U�&�K�O�D�P�\�G�L�D�L�Q�I�H�F�W�L�R�Q�� �3�X�W�W�L�Q�JS = 1 � C �L�Q�W�R

�W�K�H �H�T�X�D�W�L�R�Q ������������ �Z�H �K�D�Y�H

C0 = ( � � r � � )C
�

1 �
�

� � r � �
C

�
:

�7�K�L�V �L�V �W�K�H �O�R�J�L�V�W�L�F �H�T�X�D�W�L�R�Q �I�R�UC�� �Z�L�W�K �F�D�U�U�\�L�Q�J �F�D�S�D�F�L�W�\� /( � � r � � )�� �Z�K�H�Q� > r +

� �� �+�H�Q�F�H�� �Z�H �F�D�Q �D�S�S�O�\ �W�K�H �V�W�D�Q�G�D�U�G �U�H�V�X�O�W�V �I�R�U �D �O�R�J�L�V�W�L�F �H�T�X�D�W�L�R�Q�� �Z�K�H�Q �W�K�H �E�D�V�L�F

�U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�UR C > 1�� �W�K�H�Q �W�K�H �H�T�X�L�O�L�E�U�L�X�PEC �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\

�V�W�D�E�O�H�� �D�Q�G �Z�K�H�QR C � 1�� �W�K�H�Q �W�K�H �H�T�X�L�O�L�E�U�L�X�PE0 �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H��

������ �7�K�H �+�6�9 �6�X�E�V�\�V�W�H�P

�:�H �F�R�Q�V�L�G�H�U �W�K�H�&�K�O�D�P�\�G�L�D�I�U�H�H �V�X�E�V�S�D�F�H �G�H�I�L�Q�H�G �E�\

DH = f (S; C; H; I LC ; I HP ; L) 2 D j S + H + L = 1g;

�Z�K�L�F�K �L�V �F�O�H�D�U�O�\ �L�Q�Y�D�U�L�D�Q�W�� �7�K�H �G�\�Q�D�P�L�F�V �L�Q �W�K�L�V �V�S�D�F�H �L�V �J�R�Y�H�U�Q�H�G �E�\ �W�K�H �I�R�O�O�R�Z�L�Q�J

�V�\�V�W�H�P �R�I �H�T�X�D�W�L�R�Q�V

S0 = � � �̂SH � �S;

H 0 = �̂SH � �H + �L � �H;

L0 = �H � �L � �L:

����������

���������� �(�T�X�L�O�L�E�U�L�D�� �%�D�V�L�F �5�H�S�U�R�G�X�F�W�L�R�Q �1�X�P�E�H�U �D�Q�G �*�O�R�E�D�O

�6�W�D�E�L�O�L�W�\

�6�R�P�H �D�O�J�H�E�U�D�L�F �F�D�O�F�X�O�D�W�L�R�Q�V �V�K�R�Z �W�K�D�W �W�K�H�U�H �D�U�H �W�Z�R �S�R�V�V�L�E�O�H �H�T�X�L�O�L�E�U�L�D�� �7�K�H �+�6�9

�I�U�H�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �L�V �J�L�Y�H�Q �E�\

E � = ( S� ; H � ; L � ) = (1 ; 0; 0);

�D�Q�G �W�K�H �+�6�9 �S�U�H�V�H�Q�W �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �L�V �J�L�Y�H�Q �E�\

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



EH = ( SH ; HH ; LH ) =

 
� (� + � + � )

�̂ (� + � )
;
�

�̂

�
�̂ (� + � )

� (� + � + � )
� 1

�
;

��

�̂ (� + � )

�
�̂ (� + � )

� (� + � + � )
� 1

� !

: ����������

�)�R�O�O�R�Z�L�Q�J �W�K�H �Q�H�[�W �J�H�Q�H�U�D�W�L�R�Q �P�D�W�U�L�[ �D�S�S�U�R�D�F�K �H�V�W�D�E�O�L�V�K�H�G �L�Q �>������ �������� �@�� �Z�H �F�R�P��

�S�X�W�H �D�Q�D�O�\�W�L�F�D�O�O�\ �W�K�H �E�D�V�L�F �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�UR H �R�I ������������ �7�K�H �L�Q�I�H�F�W�H�G �F�R�P��

�S�D�U�W�P�H�Q�W�V �D�U�HH �D�Q�GL�� �/�L�Q�H�D�U�L�]�L�Q�J �D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�PE � �� �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �D�Q�G

�W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�F�H�VF1 �D�Q�GV1 �D�U�H

F1 =

"
�̂ 0

0 0

#

; V1 =

"
� + � � �

� � � + �

#

;

�J�L�Y�L�Q�J

F1V � 1
1 =

"
�̂ ( � + � )

� (� + � + � )
�̂�

� (� + � + � )

0 0

#

:

�7�K�X�V�� �Z�H �K�D�Y�H �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �D�V%(F1V � 1
1 )�� �Z�K�H�U�H%�U�H�S�U�H�V�H�Q�W�V �W�K�H

�V�S�H�F�W�U�D�O �U�D�G�L�X�V�� �J�L�Y�H�Q �E�\ �W�K�H �I�R�U�P�X�O�D

R H =
�̂ (� + � )

� (� + � + � )
: ������������

�,�W �L�V �F�O�H�D�U �W�K�D�W �D�O�O �W�K�H �F�R�P�S�R�Q�H�Q�W�V �R�IEH > 0 �L���H���� �W�K�H �+�6�9 �S�U�H�V�H�Q�W �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W

�H�[�L�V�W�V�L�I�I
�

R H = �̂ ( � + � )
� (� + � + � )

�
> 1��

�,�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �V�H�F�W�L�R�Q�� �Z�H �S�U�R�Y�H �W�K�H �J�O�R�E�D�O �D�V�\�P�S�W�R�W�L�F �V�W�D�E�L�O�L�W�\ �R�I �W�K�H �W�Z�R �H�T�X�L�O�L�E��

�U�L�D �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�Z�R �F�D�V�H�V �R�I �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �E�H�L�Q�J �V�P�D�O�O�H�U �R�U �O�D�U�J�H�U

�W�K�D�Q �R�Q�H �X�V�L�Q�J �/�\�D�S�X�Q�R�Y �W�K�H�R�U�\��

�7�K�H�R�U�H�P �������������,�IR H � 1�� �W�K�H�Q �W�K�H �G�L�V�H�D�V�H �I�U�H�H �V�W�H�D�G�\ �V�W�D�W�HE � �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S��

�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H �L�QDH ��

�3�U�R�R�I���7�K�H �V�\�V�W�H�P �R�I �H�T�X�D�W�L�R�Q�V ���������� �L�V �P�D�W�K�H�P�D�W�L�F�D�O�O�\ �H�T�X�L�Y�D�O�H�Q�W �W�R �W�K�H �P�R�G�H�O

�F�R�Q�V�L�G�H�U�H�G �L�Q �>������ �@�� �Z�K�L�O�H �W�K�H�L�U �E�L�R�O�R�J�L�F�D�O �L�Q�W�H�U�S�U�H�W�D�W�L�R�Q�V �D�U�H �G�L�I�I�H�U�H�Q�W�� �$�Q�D�O�R�J�R�X�V

�W�R �7�K�H�R�U�H�P �� �L�Q �>������ �@�� �Z�H �F�D�Q �G�H�I�L�Q�HV : DH ! R+ �E�\

V(S; H; L ) =
� + �
2S�

(S � S� )2 + ( � + � )H + �L: ������������

�,�W �L�V �F�O�H�D�U �W�K�D�W �D�WE � �� �W�K�H �I�X�Q�F�W�L�R�QV(S; H; L) �U�H�D�F�K�H�V �L�W�V �J�O�R�E�D�O �P�L�Q�L�P�X�P �L�QDH ��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�7�K�H �G�H�U�L�Y�D�W�L�Y�H �R�I ������������ �Z�L�W�K �U�H�V�S�H�F�W �W�Rt �D�O�R�Q�J �V�R�O�X�W�L�R�Q �F�X�U�Y�H�V �R�I ���������� �L�V �J�L�Y�H�Q �E�\��

V 0(S; H; L) =
� + �

S�
(S � S� )

dS
dt

+ ( � + � )
dH
dt

+ �
dL
dt

=
� + �

S�
(S � S� )( � � �̂SH � �S )

+ ( � + � )( �̂SH � (� + � )H + �L ) + � (�H � (� + � )L)

=
� + �

S�
(S � S� )( �S � � �̂SH � �S ) + ( � + � )�̂SH

� � (� + � + � )H:

= �
� + �

S�
� (S � S� )2 �

� + �
S�

�̂SH (S � S� ) + ( � + � )�̂SH

� � (� + � + � )H:

�0�D�N�L�Q�J �X�V�H �R�I �W�K�H �H�[�S�U�H�V�V�L�R�Q

�̂SH
S � S�

S�
= �̂H

(S � S� )2

S�
+ �̂H (S � S� );

�Z�H �R�E�W�D�L�Q

V 0(S; H; L ) = �
� + �

S�
(� + �̂H )(S � S� )2

+ � (� + � + � )H

 
�̂S � (� + � )

� (� + � + � )
� 1

!

= �
� + �

S�
(� + �̂H )(S � S� )2 � � (� + � + � )H (1 � R 2):

�7�K�H�U�H�I�R�U�H�� �Z�K�H�QR H � 1��V 0(S; H; L) � 0 �I�R�U �D�O�O(S; H; L) 2 DH �� �D�Q�G �W�K�D�WV 0(S� ; 0; 0) =

0�� �+�H�Q�F�HV �L�V �D �/�\�D�S�X�Q�R�Y �I�X�Q�F�W�L�R�Q�� �D�Q�G �W�K�H �V�W�H�D�G�\ �V�W�D�W�HE � �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W�L��

�F�D�O�O�\ �V�W�D�E�O�H �L�QDH ��

�7�K�H�R�U�H�P �������������,�IR H > 1�� �W�K�H�Q �W�K�H �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�PEH �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W��

�L�F�D�O�O�\ �V�W�D�E�O�H �L�Q �W�K�H �L�Q�W�H�U�L�R�U �R�IDH ��

�3�U�R�R�I���6�L�P�L�O�D�U�O�\ �D�V �L�Q �W�K�H �S�U�H�Y�L�R�X�V �W�K�H�R�U�H�P�� �Q�R�Z �I�R�O�O�R�Z�L�Q�J �7�K�H�R�U�H�P �� �R�I �>������ �@�� �Z�H

�G�H�I�L�Q�HJ : f (S; H; L ) 2 DH j S; H; L > 0g ! R+ �E�\

J (S; H; L ) =
(S � SH )2

2SH
+ ( H � HH � HH �O�Q

H
HH

)

+
�L H

�H H
(L � LH � LH �O�Q

L
LH

):
������������

�7�K�L�V �I�X�Q�F�W�L�R�Q �L�V �F�R�Q�W�L�Q�X�R�X�V�O�\ �G�L�I�I�H�U�H�Q�W�L�D�E�O�H �D�Q�G �E�R�X�Q�G�H�G �I�U�R�P �E�H�O�R�Z�� �6�L�Q�F�H(Sh; Hh; Lh)

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�L�V �D�Q �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �R�I �W�K�H �V�\�V�W�H�P ������������ �Z�H �K�D�Y�H

� = �̂S hHh + �S h; (� + � ) = �̂S h +
�L h

Hh
; (� + � ) =

�H h

Lh
: ������������

�&�R�P�S�X�W�L�Q�J �W�K�H �G�H�U�L�Y�D�W�L�Y�H �R�I ������������ �D�O�R�Q�J �W�K�H �V�R�O�X�W�L�R�Q�V �R�I �V�\�V�W�H�P ������������ �Z�H �R�E�W�D�L�Q

J 0(S; H; L) =
S � Sh

Sh

dS
dt

+
H � Hh

H
dH
dt

+
�L h

�H h
(1 �

Lh

L
)
dL
dt

=
S � Sh

Sh
(� � �̂SH � �S ) + ( H � Hh)( �̂S � � � � +

�L
H

)

+
�L h

�H h
(1 �

Lh

L
)(�H � (� + � )L):

�8�V�L�Q�J �W�K�H �U�H�O�D�W�L�R�Q �������������� �Z�H �R�E�W�D�L�Q��

J 0(S; H; L) =
S � Sh

Sh
(� (S � Sh) + �̂ (SH � ShHh)) + ( H � Hh)

�
�̂ (S � Sh)

+ � (
L

Hh
�

Lh

H
)
�

+
�L h

�H h
(1 �

Lh

L
)(�H � �H h

Lh

L
):

�6�L�Q�F�HSH � ShHh = Sh(H � Hh) + H (S � Sh)�� �7�K�X�V��

J 0(S; H; L) = �
S � Sh

Sh
(� (S � Sh) + �̂ (Sh(H � Hh) + H (S � Sh)))

+ �̂ (H � Hh)(S � Sh) + �L h(
L
Lh

�
H
Hh

�
HhL
HL h

+ 1)

+ �L h(
H
Hh

�
L
Lh

�
LhH
LH h

+ 1)

= � (� + �̂H )
(S � Sh)2

Sh
+ �L h(2 �

HhL
HL h

�
HL h

HhL
)

= � (� + �̂H )
(S � Sh)2

Sh
� �L h

" r
HhL
HL h

�

r
HL h

HhL

#2

:

�7�K�H�U�H�I�R�U�H��J 0(S; H; L ) � 0 �Z�K�H�Q�H�Y�H�UJ �L�V �G�H�I�L�Q�H�G�� �D�Q�GJ 0(S; H; L) = 0 �K�R�O�G�V �Z�K�H�Q

S = SH �D�Q�GHL H = HH L�� �,�W �L�V �H�D�V�\ �W�R �V�H�H �W�K�D�W �W�K�H �V�H�Wf (S; H; L) 2 DH jS; H; L >

0 �D�Q�GJ 0(S; H; L) = 0 g �F�R�Q�W�D�L�Q�V �R�Q�O�\ �W�K�H �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�PEH �� �+�H�Q�F�H�� �E�\ �W�K�H

�/�D�6�D�O�O�H�¶�V �L�Q�Y�D�U�L�D�Q�F�H �S�U�L�Q�F�L�S�O�H �>������ �@�� �W�K�H �V�W�H�D�G�\ �V�W�D�W�HEH �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\

�V�W�D�E�O�H �L�Q �W�K�H �L�Q�W�H�U�L�R�U �R�IDH ��

�1�R�W�H �W�K�D�W �W�K�H �J�O�R�E�D�O �D�V�\�P�S�W�R�W�L�F �V�W�D�E�L�O�L�W�\ �R�IEH �F�D�Q �E�H �H�D�V�L�O�\ �H�[�W�H�Q�G�H�G �W�R �W�K�H �V�H�W

DH n f E � g��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



������ �0�D�W�K�H�P�D�W�L�F�D�O �$�Q�D�O�\�V�L�V �R�I �W�K�H �&�R���L�Q�I�H�F�W�L�R�Q

�0�R�G�H�O

���������� �(�T�X�L�O�L�E�U�L�D�� �5�H�S�U�R�G�X�F�W�L�R�Q �1�X�P�E�H�U�V

�6�\�V�W�H�P ���������� �P�D�\ �K�D�Y�H4 �G�L�I�I�H�U�H�Q�W �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�V�� �:�H �G�H�Q�R�W�H �W�K�H �G�L�V�H�D�V�H

�I�U�H�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �E�\ES �Z�K�L�F�K �D�O�Z�D�\�V �H�[�L�V�W�V�� �D�Q�G �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �V�L�W�X�D�W�L�R�Q

�Z�K�H�U�H �D�O�O �W�K�H �L�Q�I�H�F�W�H�G �F�R�P�S�D�U�W�P�H�Q�W�V �H�T�X�D�O �W�R0�� �W�K�X�V �J�L�Y�H�Q �E�\

ES = ( S; C; H; I LC ; I HP ; L) = (1 ; 0; 0; 0; 0; 0): ������������

�7�K�H �V�H�F�R�Q�G �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �G�H�Q�R�W�H�G �E�\EC �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �V�L�W�X�D�W�L�R�Q �Z�K�H�U�H

�R�Q�O�\�&�K�O�D�P�\�G�L�D�L�Q�I�H�F�W�L�R�Q �L�V �S�U�H�V�H�Q�W �D�Q�G �L�V �J�L�Y�H�Q �E�\

EC = ( S = SC ; C = CC ; H = 0; I LC = 0; I HP = 0; L = 0) ; ������������

�Z�K�H�U�HSC ; CC �D�U�H �D�V �L�Q ������������ �7�K�H �W�K�L�U�G �H�T�X�L�O�L�E�U�L�X�P �G�H�Q�R�W�H�G �E�\EH �F�R�U�U�H�V�S�R�Q�G�V �W�R

�W�K�H �V�L�W�X�D�W�L�R�Q �Z�K�H�U�H �R�Q�O�\ �+�6�9 �L�Q�I�H�F�W�L�R�Q �L�V �S�U�H�V�H�Q�W �D�Q�G �L�V �J�L�Y�H�Q �E�\

EH = ( S = SH ; C = 0; H = HH ; I LC = 0; I HP = 0; L = LH ); ������������

�Z�K�H�U�HSH ; HH ; LH �D�U�H �D�V �L�Q ������������ �7�K�H�U�H �L�V �D �S�R�V�V�L�E�L�O�L�W�\ �R�I �H�[�L�V�W�H�Q�F�H �R�I �D �I�R�X�U�W�K

�H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �Z�K�L�F�K �L�V �W�K�H �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�� �Z�K�H�Q �D�O�O �F�R�P�S�D�U�W�P�H�Q�W�V

�D�U�H �S�R�V�L�W�L�Y�H�� �:�H �G�H�Q�R�W�H �W�K�L�V �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �E�\ECH �� �D�Q�G �W�K�H �F�R�Q�G�L�W�L�R�Q�V �I�R�U �L�W�¶�V

�H�[�L�V�W�H�Q�F�H �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G �O�D�W�H�U��

�9�D�U�L�R�X�V �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V �F�D�Q �E�H �F�D�O�F�X�O�D�W�H�G �E�\ �L�Q�W�U�R�G�X�F�L�Q�J �D �V�L�Q�J�O�H�&�K�O�D�P�\��

�G�L�D���L�Q�I�H�F�W�H�G �D�Q�G �L�Q�I�H�F�W�L�R�X�V�� �L�Q�G�L�Y�L�G�X�D�O �R�U �D �V�L�Q�J�O�H �+�6�9 ���L�Q�I�H�F�W�H�G �D�Q�G �L�Q�I�H�F�W�L�R�X�V��

�L�Q�G�L�Y�L�G�X�D�O �L�Q�W�R �D �F�R�P�S�O�H�W�H�O�\ �V�X�V�F�H�S�W�L�E�O�H �S�R�S�X�O�D�W�L�R�Q ��ES���� �7�K�H �L�Q�I�H�F�W�H�G �F�R�P�S�D�U�W��

�P�H�Q�W�V �D�U�HC��H ��I HP �� I LC �D�Q�GL�� �8�V�L�Q�J �W�K�H �Q�H�[�W �J�H�Q�H�U�D�W�L�R�Q �P�D�W�U�L�[ �D�S�S�U�R�D�F�K�� �O�H�W

�X�V �L�Q�W�U�R�G�X�F�H �W�K�H �Q�R�W�D�W�L�R�Q�VF2 �D�Q�GV2 �I�R�U �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �D�Q�G �W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�F�H�V��

�/�L�Q�H�D�U�L�]�L�Q�J �D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�PES�� �Z�H �K�D�Y�H

F2 =

2

6
6
6
6
6
6
4

� 0 � 0 0

0 �̂ 0 �̂ 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

3

7
7
7
7
7
7
5

��

V2 =

2

6
6
6
6
6
6
4

r + � 0 0 0 0

0 � + � 0 0 � �

0 0 r + � + � � � 0

0 0 � � � + � 0

0 � � � r 0 � + �

3

7
7
7
7
7
7
5

��

�:�H �R�E�W�D�L�Q �W�K�H �H�[�S�U�H�V�V�L�R�Q �I�R�U �W�K�H �E�D�V�L�F �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �R�I �W�K�H �F�R���L�Q�I�H�F�W�L�R�Q

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�P�R�G�H�O �D�V

R 0 = %̂(F2V � 1
2 ) = �P�D�[f R C ; R H g;

�Z�K�H�U�H

R C =
�

r + �
�D�Q�GR H =

�̂ (� + � )
� (� + � + � )

;

�D�U�H �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V �I�R�U�F�K�O�D�P�\�G�L�D�D�Q�G �K�H�U�S�H�V �U�H�V�S�H�F�W�L�Y�H�O�\�� �D�Q�G �D�U�H �F�R�Q��

�V�L�V�W�H�Q�W �Z�L�W�K �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V �R�E�W�D�L�Q�H�G �L�Q �W�K�H �U�H�V�S�H�F�W�L�Y�H �V�X�E�V�\�V�W�H�P�V�� �,�W

�L�V �R�E�Y�L�R�X�V �W�K�D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�VEC �D�Q�GEH �H�[�L�V�W �L�I �D�Q�G �R�Q�O�\ �L�IR C > 1 �D�Q�G

R H > 1 �U�H�V�S�H�F�W�L�Y�H�O�\��

�7�K�H �Q�H�[�W �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �L�V �R�E�W�D�L�Q�H�G �E�\ �F�D�O�F�X�O�D�W�L�Q�J �W�K�H �H�[�S�H�F�W�H�G �Q�X�P�E�H�U �R�I

�V�H�F�R�Q�G�D�U�\ �L�Q�I�H�F�W�L�R�Q�V �F�D�X�V�H�G �E�\ �W�K�H �L�Q�W�U�R�G�X�F�W�L�R�Q �R�I �DH ���L�Q�G�L�Y�L�G�X�D�O �L�Q�W�R �D �S�R�S�X�O�D�W�L�R�Q

�H�[�L�V�W�L�Q�J �L�Q �W�K�H �H�T�X�L�O�L�E�U�L�X�PEC �� �,�Q �W�K�L�V �V�L�W�X�D�W�L�R�Q�� �W�K�H �L�Q�I�H�F�W�H�G �F�R�P�S�D�U�W�P�H�Q�W�V �D�U�HH ��

I HP �� I LC �D�Q�GL�� �%�\ �L�Q�W�U�R�G�X�F�L�Q�J �W�K�H �Q�R�W�D�W�L�R�Q�VF3 �D�Q�GV3 �I�R�U �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �D�Q�G

�W�U�D�Q�V�L�W�L�R�Q �P�D�W�U�L�F�H�V�� �D�Q�G �O�L�Q�H�D�U�L�]�L�Q�J �D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�PEC �� �Z�H �K�D�Y�H

F3 =

2

6
6
6
6
4

�̂ (r + � )
� 0 �̂ (r + � )

� 0

0 0 0 0
�̂ ( � � r � � )

� 0 �̂ ( � � r � � )
� 0

0 0 0 0

3

7
7
7
7
5

�D�Q�G

V3 =

2

6
6
6
6
4

� � r + � 0 0 � �

0 r + � + � 0 r � � + �

r � � + � � � � + � 0

� � � r 0 � � r + �

3

7
7
7
7
5

��

�:�H �R�E�W�D�L�Q �W�K�H �V�S�H�F�W�U�D�O �U�D�G�L�X�V �D�V%̂(F3V � 1
3 ) = �̂ ( � + � )

� (� + � + � ) �� �7�K�X�V�� �Z�H �R�E�W�D�L�Q �H�[�D�F�W�O�\

�W�K�H �V�D�P�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�UR H �D�V �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �U�D�W�H �I�U�R�PH ���L�Q�G�L�Y�L�G�X�D�O�V �L�V

�W�K�H �V�D�P�H �I�R�U �W�K�HS �D�Q�GC �F�R�P�S�D�U�W�P�H�Q�W�V��

�7�R �F�D�O�F�X�O�D�W�H �W�K�H �O�D�V�W �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�� �Z�H �L�Q�W�U�R�G�X�F�H �DC���L�Q�G�L�Y�L�G�X�D�O �L�Q�W�R �D �S�R�S��

�X�O�D�W�L�R�Q �H�[�L�V�W�L�Q�J �D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�PEH �� �D�Q�G �I�R�O�O�R�Z �W�K�H �Q�H�[�W �J�H�Q�H�U�D�W�L�R�Q �P�D�W�U�L�[ �D�S��

�S�U�R�D�F�K�� �6�S�O�L�W�W�L�Q�J �W�K�H �V�\�V�W�H�P �L�Q�W�R �Y�H�F�W�R�U�VX =
�
C; I LC ; I HP

�
�� �F�R�P�S�R�V�H�G �R�I �L�Q�I�H�F��

�W�L�R�X�V �F�R�P�S�D�U�W�P�H�Q�W�V�� �D�Q�GY =
�
S; H; L

�
�� �F�R�P�S�R�V�H�G �R�I �Q�R�Q���L�Q�I�H�F�W�L�R�X�V �F�R�P�S�D�U�W��

�P�H�Q�W�V ���Z�L�W�K �U�H�V�S�H�F�W �W�R �F�K�O�D�P�\�G�L�D���� �W�K�H �V�\�V�W�H�P �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �D�V

X 0
i = F i (X ; Y) � V i (X ; Y); i = 1; 2; 3;

Y0
j = gj (X ; Y); j = 1; 2; 3;

�Z�K�H�U�HF i �U�H�S�U�H�V�H�Q�W�V �W�K�H �Q�H�Z �L�Q�I�H�F�W�L�R�Q�V �G�X�H �W�R�&�K�O�D�P�\�G�L�D�D�Q�GVi �F�R�Q�W�D�L�Q�V �W�K�H

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�W�U�D�Q�V�L�W�L�R�Q�V �E�H�W�Z�H�H�Q �L�Q�I�H�F�W�H�G �F�R�P�S�D�U�W�P�H�Q�W�V�� �D�Q�G �D�U�H �J�L�Y�H�Q �D�V �I�R�O�O�R�Z�V��

F i =

2

6
4

�SC + �SI LC

�LC + �LI LC

�HC + �HI LC

3

7
5 ������������

�D�Q�G

Vi =

2

6
4

�̂CH + �̂CI HP + rC + �C

� �I HP + rI LC + �I LC + �I LC

� �̂CH � �̂CI HP + �I HP + �I HP � �I LC

3

7
5

��

������������

�%�\ �P�H�D�Q�V �R�I �O�L�Q�H�D�U�L�]�D�W�L�R�Q �D�W �W�K�H �+�6�9 �I�U�H�H �H�T�X�L�O�L�E�U�L�X�PEH �� �Z�H �R�E�W�D�L�Q �W�K�H �H�T�X�D�W�L�R�Q

X 0 = AX

�Z�K�H�U�HA �L�V �W�K�H �-�D�F�R�E�L�D�Q �P�D�W�U�L�[�� �1�H�[�W�� �Z�H �W�D�N�H �W�K�H �G�H�F�R�P�S�R�V�L�W�L�R�Q

A = F4 � V4;

�Z�K�H�U�H

(F4) i;j =
�

@F i

@X j
(E�+)

�

��
(V4) i;j =

�
@Vi

@X j
(EH )

�

��

�,�Q �W�K�H �S�U�H�V�H�Q�W �V�F�H�Q�D�U�L�R�� �W�K�H �Q�R�Q���Q�H�J�D�W�L�Y�H �P�D�W�U�L�F�H�V �R�I �W�U�D�Q�V�P�L�V�V�L�R�Q �W�H�U�P�V �F�R�U�U�H��

�V�S�R�Q�G�L�Q�J �W�R �W�K�H �Q�H�Z �L�Q�I�H�F�W�L�R�Q�V �J�H�Q�H�U�D�W�H�G �G�X�H �W�R�&�K�O�D�P�\�G�L�D�� �D�Q�G �W�K�H �U�H�P�D�L�Q�L�Q�J

�W�U�D�Q�V�I�H�U �W�H�U�P�V �U�H�V�S�H�F�W�L�Y�H�O�\ �W�D�N�H �W�K�H �I�R�U�P

F4 =

2

6
6
6
6
4

�� (� + � + � )
�̂ (� + � )

�� (� + � + � )
�̂ (� + � )

0
���

�̂ (� + � )

� �̂ (� + � )
� (� + � + � ) � 1

� ���
�̂ (� + � )

� �̂ (� + � )
� (� + � + � ) � 1

�
0

��
�̂

� �̂ (� + � )
� (� + � + � ) � 1

� ��
�̂

� �̂ (� + � )
� (� + � + � ) � 1

�
0

3

7
7
7
7
5

�D�Q�G

V4 =

2

6
6
6
6
4

r + �̂ (� + � )
� (� + � + � ) 0 0

0 r + � + � � �

� � �̂ (� + � )
�̂ ( � + � )

� ( � + � + � )

� � � + �

3

7
7
7
7
5

��

�7�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WEH �� �G�H�Q�R�W�H�G �E�\

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



R CH �� �L�V �J�L�Y�H�Q �E�\%̂(F4V � 1
4 )�� �Z�K�H�U�H%̂�L�V �W�K�H �V�S�H�F�W�U�D�O �U�D�G�L�X�V�� �D�Q�G �L�V �R�E�W�D�L�Q�H�G �D�V

R CH =
� 11

� 12
; ������������

�Z�K�H�U�H

� 11 = [ � (� 5 + 3� 4(� + � ) + �̂ 2�� (� + � ) + �̂ 2�� (� + 3 � ) + r (� + � + � )

� (� 4 + 2 �̂�� + � 2(� + � ) + �̂� (� + � )) + � 3(� �̂� + 3( � + � )2) + � 2

� (2�̂ 2� � �̂� (� + � ) + ( � + � )2))] ;

�D�Q�G

� 12 =
�
�̂ (� + � + � )(( r + � )( � + � ) + �� )( �̂ (� + � ) + r (� + � + � ))

�
:

�7�K�H �G�H�W�D�L�O�V �R�I �W�K�H �D�O�J�H�E�U�D�L�F �F�D�O�F�X�O�D�W�L�R�Q�V �O�H�D�G�L�Q�J �W�R� 11 �D�Q�G� 12 �F�D�Q �E�H �I�R�X�Q�G �L�Q �W�K�H

�V�X�S�S�O�H�P�H�Q�W�D�U�\ �I�L�O�H �D�Y�D�L�O�D�E�O�H �L�Q �R�X�U �S�X�E�O�L�F �*�L�W�+�X�E �U�H�S�R�V�L�W�R�U�\�� �6�H�F�W�L�R�Q ������ �R�I �>������ �@��

���������� �5�H�O�D�W�L�R�Q �E�H�W�Z�H�H�QR C �D�Q�GR CH

�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �H�V�W�D�E�O�L�V�K �W�K�H �U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �W�Z�R �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V

�D�V�V�R�F�L�D�W�H�G �Z�L�W�K�&�K�O�D�P�\�G�L�DR C �D�Q�GR CH �� �F�D�O�F�X�O�D�W�H�G �D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�VES

�D�Q�GEH �U�H�V�S�H�F�W�L�Y�H�O�\��

�/�H�P�P�D �������������:�K�H�Q�H�Y�H�UR CH �L�V �G�H�I�L�Q�H�G ���L���H�� �L�IR H > 1���� �W�K�H�QR CH < R C ��

�3�U�R�R�I���:�H �E�H�J�L�Q �Z�L�W�K �W�K�H �D�V�V�X�P�S�W�L�R�Q �W�K�D�W �W�K�H �K�H�U�S�H�V �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�UR H �L�V

�J�U�H�D�W�H�U �W�K�D�Q1�� �Z�K�L�F�K �L�P�S�O�L�H�V �W�K�D�W

�̂ (� + � ) � � (� + � + � ) > 0:

�:�H �V�H�W� = � � (�̂ (� 2 + 2�� + � (� + � )) + � (� + � + � )2 + r 2(� + � + � )

+ r (�̂ (� + � ) + 2 � 2 + 3� � (� + � ) + ( � + � )2)) :

�,�W �L�V �F�O�H�D�U �W�K�D�W� < 0 �I�R�U �S�R�V�L�W�L�Y�H �S�D�U�D�P�H�W�H�U �Y�D�O�X�H�V�� �+�H�Q�F�H �I�R�UR H > 1��

�
�̂ (� + � ) � � (� + � + � )

�
� < 0:

�:�L�W�K �V�R�P�H �D�O�J�H�E�U�D�L�F �P�D�Q�L�S�X�O�D�W�L�R�Q�� �W�K�H �O�H�I�W �K�D�Q�G �V�L�G�H �R�I �W�K�H �D�E�R�Y�H �L�Q�H�T�X�D�O�L�W�\ �W�X�U�Q�V

�R�X�W �W�R �E�H(r + � )� 11 � � � 12�� �Z�K�H�U�H� 11 �D�Q�G� 12 �D�U�H �W�K�H �Q�X�P�H�U�D�W�R�U�V �D�Q�G �G�H�Q�R�P�L��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�Q�D�W�R�U�V �R�IR CH �U�H�V�S�H�F�W�L�Y�H�O�\�� �+�H�Q�F�H��

� 11

� 12
�

�
r + �

< 0;

�Z�K�L�F�K �L�P�S�O�L�H�V �W�K�D�WR CH � R C < 0�� �:�H �F�D�Q �W�K�H�U�H�I�R�U�H �F�R�Q�F�O�X�G�H �W�K�D�WR CH < R C

�Z�K�H�Q�H�Y�H�UR H > 1: �7�K�H �D�O�J�H�E�U�D�L�F �F�D�O�F�X�O�D�W�L�R�Q�V �F�D�U�U�L�H�G �R�X�W �X�V�L�Q�J �:�R�O�I�U�D�P �0�D�W�K�H��

�P�D�W�L�F�D �D�U�H �D�Y�D�L�O�D�E�O�H �L�Q �R�X�U �S�X�E�O�L�F �*�L�W�+�X�E �U�H�S�R�V�L�W�R�U�\�� �6�H�F�W�L�R�Q ������ �R�I �W�K�H �Q�R�W�H�E�R�R�N

�>������ �@��

�7�K�L�V �P�H�D�Q�V �W�K�D�W �I�R�U�&�K�O�D�P�\�G�L�D�L�W �L�V �P�R�U�H �G�L�I�I�L�F�X�O�W �W�R �L�Q�Y�D�G�H �D �S�R�S�X�O�D�W�L�R�Q �Z�K�H�U�H

�+�6�9 �L�V �H�V�W�D�E�O�L�V�K�H�G �W�K�D�Q �D �S�R�S�X�O�D�W�L�R�Q �Z�L�W�K�R�X�W �+�6�9��

���������� �/�R�F�D�O �$�V�\�P�S�W�R�W�L�F �6�W�D�E�L�O�L�W�\ �R�I �W�K�H �'�L�V�H�D�V�H �)�U�H�H

�(�T�X�L�O�L�E�U�L�X�PES

�7�K�H�R�U�H�P �������������7�K�H �H�T�X�L�O�L�E�U�L�X�PES �L�V �O�R�F�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H �L�IR C < 1 �D�Q�G

R H < 1 �D�Q�G �X�Q�V�W�D�E�O�H �L�IR C > 1 �R�UR H > 1��

�3�U�R�R�I���:�H �F�R�P�S�X�W�H �W�K�H �H�L�J�H�Q�Y�D�O�X�H�V �R�I �W�K�H �-�D�F�R�E�L�D�Q �R�I �W�K�H �O�L�Q�H�D�U�L�]�H�G �H�T�X�D�W�L�R�Q

�D�U�R�X�Q�G �W�K�H �H�T�X�L�O�L�E�U�L�X�PES��

� 1 = � �;

� 2 = � � r � �;

� 3;4 =
1
2

�
�̂ � 2� � � � � �

q
(� � �̂ )2 + 2�� + 2 �̂� + � 2

�
;

� 5;6 =
1
2

�
� r � 2� � � � � �

p
(� � r )2 + 2�� + 2r� + � 2

�
:

�&�O�H�D�U�O�\��� 1 �L�V �Q�H�J�D�W�L�Y�H�� �D�Q�G� 2 �L�V �Q�H�J�D�W�L�Y�H �I�R�UR C < 1�� �$�V �I�R�U �F�R�Q�M�X�J�D�W�H �S�D�L�U�V �R�I

�H�L�J�H�Q�Y�D�O�X�H�V� 3 �D�Q�G� 4�� �V�L�Q�F�H �D�O�O �W�K�H �S�D�U�D�P�H�W�H�U�V �D�U�H �S�R�V�L�W�L�Y�H �W�K�H �W�H�U�P�V �X�Q�G�H�U �W�K�H

�V�T�X�D�U�H �U�R�R�W�V �D�U�H �Q�R�Q���Q�H�J�D�W�L�Y�H �D�Q�G �K�H�Q�F�H �E�R�W�K �W�K�H �H�L�J�H�Q�Y�D�O�X�H�V �D�U�H �U�H�D�O�V�� �7�K�H�L�U

�S�U�R�G�X�F�W �L�V �R�E�W�D�L�Q�H�G �D�V� (� + � + � ) � �̂ (� + � ) �Z�K�L�F�K �L�V �J�U�H�D�W�H�U �W�K�H�Q �]�H�U�R�� �D�V �I�U�R�P

R H < 1 �Z�H �K�D�Y�H� (� + � + � ) > �̂ (� + � )�� �0�R�U�H�R�Y�H�U�� �W�K�H�L�U �V�X�P �L�V�̂ � 2� + � + �

�Z�K�L�F�K �L�V �D�O�Z�D�\�V �Q�H�J�D�W�L�Y�H �I�R�UR H < 1�� �)�U�R�P �W�K�L�V�� �L�W �I�R�O�O�R�Z�V �W�K�D�W� 3 �D�Q�G� 4 �D�U�H �D�O�Z�D�\�V

�Q�H�J�D�W�L�Y�H �I�R�UR H < 1�� �6�L�P�L�O�D�U�O�\�� �L�W �F�D�Q �E�H �V�K�R�Z�Q �W�K�D�W� 5 < 0 �D�Q�G� 6 < 0�� �+�H�Q�F�H�� �D�O�O

�W�K�H �H�L�J�H�Q�Y�D�O�X�H�V �D�U�H �Q�H�J�D�W�L�Y�H �L�IR C < 1 �D�Q�GR H < 1 �D�Q�G �W�K�H �G�L�V�H�D�V�H �I�U�H�H �V�W�H�D�G�\

�V�W�D�W�HES �L�V �O�R�F�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H��

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



���������� �/�R�F�D�O �$�V�\�P�S�W�R�W�L�F �6�W�D�E�L�O�L�W�\ �R�I �W�K�H�&�K�O�D�P�\�G�L�D�3�U�H�V�H�Q�W

�(�T�X�L�O�L�E�U�L�X�PEC

�7�K�H�R�U�H�P �������������/�H�WR C > 1�� �7�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WEC �I�R�U �W�K�H �P�R�G�H�O �V�\�V�W�H�P ����������

�L�V �O�R�F�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H �L�IR H < 1 �D�Q�G �X�Q�V�W�D�E�O�H �L�IR H > 1��

�3�U�R�R�I���7�K�H �H�L�J�H�Q�Y�D�O�X�H�V �R�I �W�K�H �-�D�F�R�E�L�D�Q �R�I �W�K�H �O�L�Q�H�D�U�L�]�H�G �H�T�X�D�W�L�R�Q �D�U�R�X�Q�G �W�K�H �H�T�X�L��

�O�L�E�U�L�X�PES �D�U�H �J�L�Y�H�Q �E�\

� 1 = � �;

� 2 = � � r � �;

� 3;4 =
1
2

�
�̂ � 2� � � � � �

q
(� � �̂ )2 + 2�� + 2 �̂� + � 2

�
;

� 5;6 =
1
2

�
r � 2� � � � � �

p
(� � r )2 + 2�� + 2r� + � 2

�
:

�&�O�H�D�U�O�\��� 1 �L�V �Q�H�J�D�W�L�Y�H�� �D�Q�G� 2 �L�V �Q�H�J�D�W�L�Y�H �I�R�UR C > 1�� �$�O�V�R�� �V�L�Q�F�H �D�O�O �W�K�H �S�D�U�D�P�H��

�W�H�U�V �D�U�H �S�R�V�L�W�L�Y�H�� �W�K�H �W�H�U�P�V �X�Q�G�H�U �W�K�H �V�T�X�D�U�H �U�R�R�W�V �I�R�U �H�L�J�H�Q�Y�D�O�X�H�V� 5 �D�Q�G� 6 �D�U�H

�Q�R�Q���Q�H�J�D�W�L�Y�H�� �+�H�Q�F�H�� �W�K�H�\ �D�U�H �E�R�W�K �U�H�D�O�V�� �7�K�H �V�X�P �R�I �W�K�H �F�R�Q�M�X�J�D�W�H �S�D�L�U �R�I �H�L�J�H�Q��

�Y�D�O�X�H�V� 5 �D�Q�G� 6 �L�V(� � r )( � + � ) + �� �Z�K�L�F�K �L�V �J�U�H�D�W�H�U �W�K�H�Q �]�H�U�R�� �D�V �I�U�R�PR C > 1

�Z�H �K�D�Y�H� > r + � �� �0�R�U�H�R�Y�H�U�� �W�K�H�L�U �V�X�P �L�V2(r � 2� � � � � ) �Z�K�L�F�K �L�V �D�O�Z�D�\�V

�Q�H�J�D�W�L�Y�H �I�R�UR C > 1�� �)�U�R�P �W�K�L�V�� �L�W �I�R�O�O�R�Z�V �W�K�D�W� 5 �D�Q�G� 6 �D�U�H �D�O�Z�D�\�V �Q�H�J�D�W�L�Y�H �I�R�U

R C > 1�� �$�O�V�R��� 3 �D�Q�G� 4 �D�U�H �W�K�H �V�D�P�H �D�V �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �H�L�J�H�Q�Y�D�O�X�H�V �L�Q �W�K�H

�S�U�H�Y�L�R�X�V �V�H�F�W�L�R�Q�� �D�Q�G �K�D�Y�H �E�H�H�Q �V�K�R�Z�Q �W�R �E�H �Q�H�J�D�W�L�Y�H �I�R�UR H < 1�� �+�H�Q�F�H�� �D�O�O �W�K�H

�H�L�J�H�Q�Y�D�O�X�H�V �D�U�H �Q�H�J�D�W�L�Y�H �L�IR C > 1 �D�Q�GR H < 1�� �7�K�X�V�� �W�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WEC �L�V

�O�R�F�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H �L�Q �W�K�L�V �F�D�V�H��

���������� �*�O�R�E�D�O �$�V�\�P�S�W�R�W�L�F �6�W�D�E�L�O�L�W�\ �R�I �W�K�H �'�L�V�H�D�V�H �)�U�H�H

�(�T�X�L�O�L�E�U�L�X�P ��ES�� �D�Q�G �W�K�H�&�K�O�D�P�\�G�L�D�3�U�H�V�H�Q�W �(�T�X�L�O�L�E�U�L�X�P

��EC ��

�7�K�H�R�U�H�P �������������$�V�V�X�P�H �W�K�D�WR H � 1�� �,�IR C � 1�� �W�K�H�Q �W�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WES

�L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H�� �D�Q�G �L�IR C > 1�� �W�K�H�QEC �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\

�V�W�D�E�O�H ��

�3�U�R�R�I���&�R�Q�V�L�G�H�U �W�K�H �D�X�[�L�O�L�D�U�\ �I�X�Q�F�W�L�R�Qq1 : D ! R+ ��

q1 =
� (L + I LC ) + ( � + � )(H + I HP )

� (� + � + � )
; ������������

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�Z�K�L�F�K �L�V �F�R�Q�W�L�Q�X�R�X�V�O�\ �G�L�I�I�H�U�H�Q�W�L�D�E�O�H�� �D�Q�G �E�R�X�Q�G�H�G �I�U�R�P �E�H�O�R�Z�� �7�K�H �G�H�U�L�Y�D�W�L�Y�H �R�I

������������ �Z�L�W�K �U�H�V�S�H�F�W �W�Rt �D�O�R�Q�J �V�R�O�X�W�L�R�Q �F�X�U�Y�H�V �R�I ���������� �L�V �J�L�Y�H�Q �E�\��

q0
1 =

(I 0
LC + L0)� + ( H 0+ I 0

HP )( � + � )
� (� + � + � )

= ( H + I HP )

"

� 1 + ( C + S)
�̂ (� + � )

� (� + � + � )

#

= ( H + I HP ) [(C + S)R H � 1] :

�7�K�H �I�R�O�O�R�Z�L�Q�J �W�Z�R �F�D�V�H�V �D�U�L�V�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �L�Q�L�W�L�D�O �S�R�L�Q�WP0��

�7�K�H �I�L�U�V�W �F�D�V�H �L�V �Z�K�H�QP0 62DC �� �,�Q �W�K�L�V �F�D�V�H�� �V�L�Q�F�HR H � 1�� �D�Q�GS + C � 1�� �Z�H

�K�D�Y�Hq0
1 � 0�� �W�K�X�V �/�D�6�D�O�O�H�¶�V �,�Q�Y�D�U�L�D�Q�F�H �3�U�L�Q�F�L�S�O�H �L�P�S�O�L�H�V

! (P0) � f (S; C; H; I LC ; I HP ; L) 2 D j q0
1 = 0g = f (S; C;0; I LC ; 0; L) 2 Dg:

�,�Q�V�L�G�H! (P0)�� �W�K�H �G�\�Q�D�P�L�F�V �L�V �G�H�V�F�U�L�E�H�G �E�\ �W�K�H �I�R�O�O�R�Z�L�Q�J �V�\�V�W�H�P��

S0 = � � �SC � �SI LC � �S + rC;

C0 = �SC + �SI LC � rC � �C;

I 0
LC = �LC + �LI LC � rI LC � �I LC � �I LC ;

L0 = rI LC � �L � �LC � �LI LC � �L:

�)�R�U �W�K�L�V �V�\�V�W�H�P�� �Z�H �K�D�Y�H(I LC (t) + L(t))0 = � (� + � )( I LC + L)�� �$�S�S�O�\�L�Q�J �/�D�6�D�O�O�H�¶�V

�,�Q�Y�D�U�L�D�Q�F�H �3�U�L�Q�F�L�S�O�H �R�Q�F�H �P�R�U�H�� �Z�H �R�E�W�D�L�Q

! (P0) � 
 := f (S; C;0; 0; 0; 0) 2 R6
+ j S + C = 1g: ������������

�7�K�H �R�W�K�H�U �F�D�V�H �L�V �Z�K�H�QP0 2 DC �� �,�Q �W�K�L�V �F�D�V�H�� �G�X�H �W�R �W�K�H �L�Q�Y�D�U�L�D�Q�W �S�U�R�S�H�U�W�\ �R�IDC ��

�W�K�H �R�P�H�J�D �O�L�P�L�W �V�H�W �R�I �W�K�H �L�Q�L�W�L�D�O �S�R�L�Q�WP0 �Z�L�O�O �E�H �D�V �L�Q �������������� �7�K�X�V�� �L�Q �H�L�W�K�H�U �F�D�V�H��

�W�K�H �R�P�H�J�D �O�L�P�L�W �V�H�W �L�V �G�H�V�F�U�L�E�H�G �E�\ �������������� �1�R�Z�� �W�K�H�U�H �D�U�H �W�Z�R �F�D�V�H�V �Z�L�W�K �U�H�V�S�H�F�W

�W�R �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �I�R�U�&�K�O�D�P�\�G�L�D��R C ��

�/�H�W �X�V �F�R�Q�V�L�G�H�U �W�K�H �F�D�V�HR C � 1�� �7�K�H �R�Q�O�\ �Z�K�R�O�H �W�U�D�M�H�F�W�R�U�\ �L�Q�V�L�G�H! �L�Q �W�K�L�V �F�D�V�H

�L�V �W�K�H �V�H�W �F�R�Q�W�D�L�Q�L�Q�J �R�Q�O�\ �W�K�H �G�L�V�H�D�V�H �I�U�H�H �H�T�X�L�O�L�E�U�L�X�PES�� �%�\ �W�K�H �S�U�R�S�H�U�W�L�H�V �R�I

�W�K�H! ���O�L�P�L�W �V�H�W�V��! (P0) = fESg�� �W�K�H �V�R�O�X�W�L�R�Q�V �F�R�Q�Y�H�U�J�H �W�RES�� �V�L�Q�F�HP0 �L�V �D�U�E�L�W�U�D�U�\��

�6�L�Q�F�H �Z�H �N�Q�R�Z �W�K�D�WES �L�V �/�$�6 �Z�K�H�QR C < 1�� �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H �L�P�S�O�L�H�V �W�K�D�WES �L�V

�J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H��

�6�H�F�R�Q�G�O�\�� �F�R�Q�V�L�G�H�U �W�K�H �F�D�V�HR C > 1�� �,�Q�V�L�G�H! �� �W�K�H �G�\�Q�D�P�L�F�V �L�V �G�H�V�F�U�L�E�H�G �E�\

�W�K�H�&�K�O�D�P�\�G�L�D�V�X�E�V�\�V�W�H�P�� �O�H�W �X�V �G�H�Q�R�W�H �W�K�L�V �G�\�Q�D�P�L�F�D�O �V�\�V�W�H�P �E�\� �� �7�K�H �I�L�U�V�W

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�W�Z�R �H�T�X�D�W�L�R�Q�V �I�R�US(t) �D�Q�GC(t) �R�I �W�K�H �V�\�V�W�H�P ���������� �F�D�Q �E�H �F�R�Q�V�L�G�H�U�H�G �D�V �D �Q�R�Q��

�D�X�W�R�Q�R�P�R�X�V �V�\�V�W�H�P �R�I �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V �W�K�D�W �J�H�Q�H�U�D�W�H �W�K�H �Q�R�Q���D�X�W�R�Q�R�P�R�X�V

�G�\�Q�D�P�L�F�D�O �V�\�V�W�H�P� �� �6�L�Q�F�HH (t); I LC (t); I HP (t); L(t) ! 0 �D�Vt ! 1 �� � �L�V �D�V�\�P�S��

�W�R�W�L�F�D�O�O�\ �H�T�X�L�Y�D�O�H�Q�W �W�R� �� �$�VD �L�V �D �F�R�P�S�D�F�W �L�Q�Y�D�U�L�D�Q�W �V�H�W�� �W�K�H �I�R�U�Z�D�U�G �R�U�E�L�W�V �D�U�H

�S�U�H���F�R�P�S�D�F�W�� �/�H�We1 = ES��e2 = EC �D�Q�GX 1 = W S
� (e1)�� �W�K�H �L�Q�Y�D�U�L�D�Q�W �V�H�W �F�R�Q�W�D�L�Q�L�Q�J

�W�K�H �G�L�V�H�D�V�H �I�U�H�H �H�T�X�L�O�L�E�U�L�X�PES�� �/�H�WX 2 = D n X 1�� X 1 �L�V �F�O�R�V�H�G �E�\ �G�H�I�L�Q�L�W�L�R�Q �D�Q�G

X 2 �L�V �R�S�H�Q �L�QD�� �6�R�O�X�W�L�R�Q�V �V�W�D�U�W�L�Q�J �L�QX 1 �Z�L�O�O �F�R�Q�Y�H�U�J�H �W�Re1 �D�V �W�K�L�V �L�V �W�K�H �R�Q�O�\

�H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�� �)�R�UR C > 1��EC �L�V �*�$�6 �L�Q� �� �K�H�Q�F�H �V�R�O�X�W�L�R�Q�V �V�W�D�U�W�L�Q�J �L�QX 2 �Z�L�O�O

�F�R�Q�Y�H�U�J�H �W�Re2�� e1 �L�V �*�$�6 �I�R�U �U�H�V�W�U�L�F�W�L�R�Q �R�I� �W�RX 1�� X 2 �L�V �L�Q�Y�D�U�L�D�Q�W�� �K�H�Q�F�H �H�Y�H�U�\�

�R�U�E�L�W �V�W�D�U�W�L�Q�J �L�QX 2 �Z�L�O�O �F�R�Q�Y�H�U�J�H �W�Re2 �D�Q�G �F�D�Q�Q�R�W �F�R�Q�Y�H�U�J�H �W�Re1�� �+�H�Q�F�H��e1 �L�V �D

�Z�H�D�N �U�H�S�H�O�O�H�U�� �7�K�X�V �H�Y�H�U�\ �S�U�H���F�R�P�S�D�F�W �I�R�U�Z�D�U�G� �R�U�E�L�W �V�W�D�U�W�L�Q�J �L�QX 2 �F�R�Q�Y�H�U�J�H�V

�W�Re2�� �+�H�Q�F�H�� �D�O�O �W�K�H �F�R�Q�G�L�W�L�R�Q�V �R�I �7�K�H�R�U�H�P ������ �R�I �>������ �@ �D�U�H �V�D�W�L�V�I�L�H�G�� �+�H�Q�F�H�� �D�S��

�S�O�\�L�Q�J �W�K�H �W�K�H�R�U�H�P�� �L�IP0 2 X 1�� �W�K�H�Q �W�K�H �V�R�O�X�W�L�R�Q �V�W�D�U�W�L�Q�J �I�U�R�PP0 �F�R�Q�Y�H�U�J�H�V �W�R

ES�� �H�O�V�H �L�W �F�R�Q�Y�H�U�J�H�V �W�REC �� �6�L�Q�F�H �Z�H �N�Q�R�Z �W�K�D�WEC �L�V �/�$�6 �Z�K�H�QR C > 1�� �W�K�H

�F�R�Q�Y�H�U�J�H�Q�F�H �L�P�S�O�L�H�V �W�K�D�W �W�K�HEC �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H��

���������� �/�R�F�D�O �$�V�\�P�S�W�R�W�L�F �6�W�D�E�L�O�L�W�\ �R�I �W�K�H �+�H�U�S�H�V �3�U�H�V�H�Q�W

�(�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WEH

�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �X�V�L�Q�J �7�K�H�R�U�H�P �� �R�I �Y�D�Q �G�H�Q �'�U�L�H�V�V�F�K�H �	 �:�D�W�P�R�X�J�K �������������� �>������ �@��

�Z�H �H�V�W�D�E�O�L�V�K �W�K�H �O�R�F�D�O �D�V�\�P�S�W�R�W�L�F �V�W�D�E�L�O�L�W�\ �R�I �W�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WEH ��

�7�K�H�R�U�H�P �������������7�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WEH �I�R�U �W�K�H �P�R�G�H�O �V�\�V�W�H�P ���������� �L�V �O�R�F�D�O�O�\

�D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H �L�IR CH < 1 �D�Q�G �X�Q�V�W�D�E�O�H �L�IR CH > 1��

�3�U�R�R�I���:�H �F�R�Q�V�L�G�H�U �W�K�H �F�D�V�H �Z�K�H�Q �W�K�H �V�\�V�W�H�P �L�V �H�[�L�V�W�L�Q�J �D�W �W�K�H �K�H�U�S�H�V �S�U�H�V�H�Q�W

�H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WEH �� �,�W �L�V �S�U�H�V�X�P�H�G �W�K�D�W �W�K�H �Q�H�Z �L�Q�I�H�F�W�L�R�Q �W�H�U�P�V �D�U�H �R�Q�O�\ �U�H�O�D�W�H�G

�W�R �W�K�H �L�Q�I�H�F�W�L�R�Q�V �F�D�X�V�H�G �E�\�&�K�O�D�P�\�G�L�D�� �&�O�H�D�U�O�\�� �W�K�H �D�V�V�X�P�S�W�L�R�Q�V ���$���������$���� �R�I

�7�K�H�R�U�H�P ���� �>������ �@ �D�U�H �R�E�Y�L�R�X�V�O�\ �V�D�W�L�V�I�L�H�G�� �Z�H �Y�H�U�L�I�\ �F�R�Q�G�L�W�L�R�Q ���$���� �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J

�S�D�U�W��

�6�H�W�W�L�Q�J �W�K�H �Q�H�Z �L�Q�I�H�F�W�L�R�Q �W�H�U�P�V �R�I �W�K�H �V�\�V�W�H�P ���������� �W�R �]�H�U�R�� �L���H �V�H�W�W�L�Q�JF i �L�Q ������������

�W�R �]�H�U�R�� �Z�H �R�E�W�D�L�Q �W�K�H �-�D�F�R�E�L�D�Q �F�D�O�F�X�O�D�W�H�G �D�WEH �� �'�H�Q�R�W�L�Q�J

� = � (R H � 1);

�W�K�H �P�D�W�U�L�[ �L�V �R�E�W�D�L�Q�H�G �D�V �I�R�O�O�R�Z�V��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D
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R H
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R H

0

0 � r � � � � 0 0 0 0

� � � � � + � � � � ��
�̂

�̂
R H

�

0 � 0 � � � � � 0

0 0 0 � r � � � � � 0

0 � ���
�̂ ( � + � )

� r � ���
�̂ ( � + � )

0 � � � �
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7
7
7
7
7
7
7
7
7
5

��

�7�K�H �H�L�J�H�Q�Y�D�O�X�H�V �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�L�V �-�D�F�R�E�L�D�Q �P�D�W�U�L�[ �D�U�H �D�V �I�R�O�O�R�Z�V��

� 1 = � �; � 2 = � r � R H ; � 3 =
1
2

(� q1 �
p

q2);

� 4 =
1
2

(� q1 +
p

q2); � 5 = �
q3 +

p
q4

2D
; � 6 = �

q3 �
p

q4

2D
;

�Z�K�H�U�H

q1 = r + 2� + � + �;

q2 = ( � � r )2 + 2�� + 2( r + � )� + � 2;

q3 = �̂ (� + � )2 + � (� + � + � )2;

q4 = �̂ 2(� + � )4 � 2�̂ (� + � )2(2� + � )( � + � + � )2

+( � + � + � )3(4� 3 + 8� 2� + (5 � + � )� 2 + � 3);

�D�Q�GD = ( � + � )( � + � + � )�� �$�O�O �W�K�H �S�D�U�D�P�H�W�H�U�V �D�U�H �S�R�V�L�W�L�Y�H�� �D�Q�G �F�O�H�D�U�O�\� 1 < 0 �D�Q�G

� 2 < 0�� �)�R�U �W�K�H �F�R�Q�M�X�J�D�W�H �S�D�L�U �R�I �H�L�J�H�Q�Y�D�O�X�H�V� 3 �D�Q�G� 4�� �W�K�H �W�H�U�P �X�Q�G�H�U �W�K�H �V�T�X�D�U�H

�U�R�R�W �L�V �S�R�V�L�W�L�Y�H�� �K�H�Q�F�H �E�R�W�K �D�U�H �U�H�D�O�V�� �7�K�H�L�U �S�U�R�G�X�F�W �L�V �J�L�Y�H�Q �E�\(r + � )( � + � )+ �� ��

�Z�K�L�F�K �L�V �S�R�V�L�W�L�Y�H�� �D�Q�G �W�K�H�L�U �V�X�P �L�V� r � 2� � � � � �� �Z�K�L�F�K �L�V �Q�H�J�D�W�L�Y�H �L�P�S�O�\�L�Q�J

�W�K�D�W �E�R�W�K �H�L�J�H�Q�Y�D�O�X�H�V �D�U�H �Q�H�J�D�W�L�Y�H�� �$�V �I�R�U� 5 �D�Q�G� 6�� �E�\ �W�D�N�L�Q�J �W�K�H �G�L�I�I�H�U�H�Q�F�H

�R�I �W�K�H �V�T�X�D�U�H�V �R�I �W�K�H �I�L�U�V�W �U�H�V�S�� �W�K�H �V�H�F�R�Q�G �W�H�U�P �R�I �W�K�H �Q�R�P�L�Q�D�W�R�U�� �Z�H �R�E�W�D�L�Q

4(� + � )2(� + � + � )2(�̂ (� + � ) � � (� + � + � )) �Z�K�L�F�K �L�V �J�U�H�D�W�H�U �W�K�H�Q �]�H�U�R�� �D�V �I�U�R�P

R H > 1�� �Z�H �K�D�Y�H�̂ (� + � ) � � (� + � + � )�� �)�U�R�P �W�K�L�V �I�R�O�O�R�Z�V �W�K�D�W� 5 �D�Q�G� 6 �D�O�Z�D�\�V

�K�D�Y�H �Q�H�J�D�W�L�Y�H �U�H�D�O �S�D�U�W�V �I�R�UR H > 1�� �7�K�X�V�� �Z�H �F�D�Q �F�R�Q�F�O�X�G�H �W�K�D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�P

�S�R�L�Q�WEH �L�V �/�$�6 �Z�K�H�Q �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�UR CH < 1��

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



������ �7�K�H �/�L�P�L�W�L�Q�J �6�\�V�W�H�P

�,�Q�W�U�R�G�X�F�L�Q�Jx = S + C��y = H + I HP �D�Q�Gz = L + I LC �� �W�K�H �V�\�V�W�H�P ���������� �U�H�G�X�F�H�V �W�R

x0 = � � �̂xy � �x;

y0 = �̂xy � �y + �z � �y; ������������

z0 = �y � �z � �z:

�7�K�H �V�\�V�W�H�P ������������ �L�V �F�R�P�S�O�H�W�H�O�\ �D�Q�D�O�R�J�R�X�V �W�R �W�K�H �+�6�9 �V�X�E�V�\�V�W�H�P �J�L�Y�H�Q �E�\ �W�K�H

�V�\�V�W�H�P ������������ �7�K�H �W�Z�R �H�T�X�L�O�L�E�U�L�D �D�U�H �J�L�Y�H�Q �E�\��

Ê = ( x̂; ŷ; ẑ) = E � ; �D�Q�GE � = ( x � ; y� ; z� ) = EH : ������������

�+�H�U�HE � �D�Q�GEH �F�R�U�U�H�V�S�R�Q�G �W�R �W�K�H �G�L�V�H�D�V�H �I�U�H�H �H�T�X�L�O�L�E�U�L�X�P �D�Q�G �W�K�H �K�H�U�S�H�V �H�T�X�L��

�O�L�E�U�L�X�P �U�H�V�S�H�F�W�L�Y�H�O�\ �D�Q�G �D�U�H �R�E�W�D�L�Q�H�G �I�U�R�P �H�T�X�D�W�L�R�Q ������������ �+�H�Q�F�H�I�R�U�W�K�� �D�O�O �R�X�U �D�Q�D�O��

�\�V�L�V �L�V �V�X�E�M�H�F�W �W�R �W�K�H �F�R�Q�G�L�W�L�R�Q �W�K�D�W �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �I�R�U �K�H�U�S�H�VR H �J�L�Y�H�Q

�E�\ ������������ �L�V �O�D�U�J�H�U �W�K�D�Q ���� �)�U�R�P �W�K�H �D�Q�D�O�\�V�L�V �R�I �W�K�H �+�6�9 �V�X�E�V�\�V�W�H�P ���6�H�F�W�L�R�Q����������

�L�W �L�V �F�O�H�D�U �W�K�D�W �L�IR H � 1; �W�K�H�Q �W�K�H �H�T�X�L�O�L�E�U�L�X�PÊ �L�V �*�$�6�� �2�Q �W�K�H �R�W�K�H�U �K�D�Q�G�� �D�V

t ! 1 �� �V�L�Q�F�H �W�K�H �W�R�W�D�O �S�R�S�X�O�D�W�L�R�Q �L�V1��x ! x � ��y ! y� �� �D�Q�Gz ! z� �Z�K�H�QR H > 1��

�7�K�X�V�� �Z�H �K�D�Y�H �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H

S + C ! x � ; H + I HP ! y� ; L + I LC ! 1 � x � � y� : ������������

�7�K�H �V�\�V�W�H�P �R�I �H�T�X�D�W�L�R�Q�VC��I LC �D�Q�GI HP �F�D�Q �E�H �F�R�Q�V�L�G�H�U�H�G �D�V �D �Q�R�Q���D�X�W�R�Q�R�P�R�X�V

�V�\�V�W�H�P �R�I �G�L�I�I�H�U�H�Q�W�L�D�O �H�T�X�D�W�L�R�Q�V�� �Z�K�H�U�H �W�K�H �Q�R�Q���D�X�W�R�Q�R�P�R�X�V �W�H�U�P�VS(t); H (t); L(t)

�D�U�H �J�H�Q�H�U�D�W�H�G �E�\ �V�R�O�X�W�L�R�Q�V �R�I �W�K�H �G�\�Q�D�P�L�F�D�O �V�\�V�W�H�P ������������ �$�V �Z�H �K�D�Y�H �W�K�H �F�R�Q�Y�H�U��

�J�H�Q�F�H �������������� �W�K�L�V �V�\�V�W�H�P �L�V �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �D�X�W�R�Q�R�P�R�X�V �Z�L�W�K �W�K�H �I�R�O�O�R�Z�L�Q�J �H�T�X�D�O�L��

�W�L�H�V��

S = x � � C; H = y� � I HP ; L = 1 � x � � y� � I LC : ������������

�&�R�Q�V�H�T�X�H�Q�W�O�\�� �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P �K�D�V �W�K�H �I�R�U�P

C0 = � (x � � C)C + � (x � � C)I LC � �̂y � C � rC � �C;

I 0
LC = �I HP + � (1 � x � � y� )C + � (1 � x � � y� )I LC � �I LC C � �I 2

LC

� rI LC � �I LC � �I LC ;

I 0
HP = �̂y � C + � (y� � I HP )C + � (y� � I HP )I LC + �I LC � �I HP � �I HP ;

������������

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�Z�L�W�K �S�K�D�V�H �V�S�D�F�H

DL = f (C; I LC ; I HP ) 2 R3
+ j C � x � ; I LC � y� ; I HP � 1 � x � � y� g: ������������

���������� �7�K�H �%�D�V�L�F �5�H�S�U�R�G�X�F�W�L�R�Q �1�X�P�E�H�U �L�Q �W�K�H �/�L�P�L�W�L�Q�J �&�D�V�H

�)�R�U �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P �������������� �W�K�H �]�H�U�R �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WE0 = (0 ; 0; 0) �L�V �H�T�X�L�Y�D�O�H�Q�W

�W�R �W�K�H �R�U�L�J�L�Q�D�O �V�\�V�W�H�P ���������� �E�H�L�Q�J �D�W �W�K�H �K�H�U�S�H�V �H�T�X�L�O�L�E�U�L�X�P �D�Q�G �W�K�H�U�H�¶�V �Q�R�&�K�O�D�P�\��

�G�L�D�L�Q�I�H�F�W�L�R�Q �L�Q �W�K�H �V�\�V�W�H�P�� �,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �F�D�O�F�X�O�D�W�H �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U��

R L �� �D�V �W�K�H �H�[�S�H�F�W�H�G �Q�X�P�E�H�U �R�I �V�H�F�R�Q�G�D�U�\ �F�D�V�H�V �F�D�X�V�H�G �E�\ �L�Q�W�U�R�G�X�F�L�Q�J �D �V�L�Q�J�O�H

�&�K�O�D�P�\�G�L�D�L�Q�I�H�F�W�H�G �L�Q�G�L�Y�L�G�X�D�O �L�Q�W�R �W�K�H �V�\�V�W�H�P�� �D�V�V�X�P�L�Q�J �W�K�D�W �W�K�H �V�\�V�W�H�P �L�V �D�W �W�K�H

�K�H�U�S�H�V �H�T�X�L�O�L�E�U�L�X�P�� �Z�K�L�F�K �L�VE0 = (0 ; 0; 0) �I�R�U �W�K�H �O�L�P�L�W�L�Q�J �F�D�V�H�� �)�R�U �W�K�D�W �S�X�U�S�R�V�H��

�Z�H �I�L�U�V�W �H�V�W�D�E�O�L�V�K �W�K�H �V�\�V�W�H�P ������������ �L�Q �W�K�H �I�R�U�P �R�I

�,0 = ~F (�,) � ~V(�,); �Z�K�H�U�H�,= ( C; I LC ; I HP )T :

�+�H�U�H��~F = ( ~F1; ~F2; ~F3) �U�H�S�U�H�V�H�Q�W�V �W�K�H �Q�H�Z �L�Q�I�H�F�W�L�R�Q�V �G�X�H �W�R�&�� �W�U�D�F�K�R�P�D�W�L�V�� �Z�K�L�O�H
~V = ( ~V1; ~V2; ~V3; ) �F�R�Q�W�D�L�Q�V �W�K�H �W�U�D�Q�V�L�W�L�R�Q�V �E�H�W�Z�H�H�Q �L�Q�I�H�F�W�H�G �F�R�P�S�D�U�W�P�H�Q�W�V�� �:�H

�O�L�Q�H�D�U�L�]�H ������������ �D�W �W�K�H �]�H�U�R �H�T�X�L�O�L�E�U�L�X�PE0 = (0 ; 0; 0) �W�R �R�E�W�D�L�Q �W�K�H �H�T�X�D�W�L�R�Q

�,0 = ~A�,;

�Z�K�H�U�H~A �L�V �W�K�H �-�D�F�R�E�L�D�Q �P�D�W�U�L�[�� �1�H�[�W�� �Z�H �W�D�N�H �W�K�H �G�H�F�R�P�S�R�V�L�W�L�R�Q~A = ~F � ~V��

�Z�K�H�U�H

~F =

"
@~F i

@Ij
(E0)

#

��
~V =

"
@~Vi

@Ij
(E0)

#

��

�)�R�U �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P �������������� �Z�H �K�D�Y�H

~F =

0

B
@

�x � �x � 0

� � 0

�y � �y � 0

1

C
A

�D�Q�G

~V =

0

B
@

r + �̂y � + � 0 0

�x � + �y � r + �x � + �y � + � + � � �

� �̂y � � � � + �

1

C
A

��
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�7�K�H �G�R�P�L�Q�D�Q�W �H�L�J�H�Q�Y�D�O�X�H �R�I~F ~V � 1 �L�V��

%̂( ~F ~V � 1) =
�
(r + �̂y � + � )(( r + � (x � + y� ) + � )( � + � ) + �� )

�

/
�
� (r (1 + x � )� ) + �̂y � � + r (1 + x � + y� )� + �̂y � 2�

+ y� (�̂ + �̂x � + � )� + (1 + x � )� (� + � + x � �� )
�
:

�$�W �W�K�H �H�T�X�L�O�L�E�U�L�X�PE0 = (0 ; 0; 0)�� �Z�H �K�D�Y�HS = x � ; H = y� ; L = 1 � x � � y� �� �6�X�E�V�W�L��

�W�X�W�L�Q�J

x � =
� (� + � + � )

�̂ (� + � )
; �D�Q�Gy� =

�

�̂

 
�̂ (� + � )

� (� + � + � )
� 1

!

; ������������

�I�U�R�P ������������ �Z�H �K�D�Y�H

R L = %̂( ~F ~V � 1) =
� 21

� 22
; ������������

�Z�K�H�U�H

� 21 = �
�
(� + � )

�
�̂ 2(� + � )

�
� 2 + � (3� + � ) + � (� + 2� )

�
+ �̂�� 2(� + �

+ � ) + � 2(� + � + � )3
�

+ rC (� + � + � )
�
�̂ (� + � )

�
� 2 + � (3� + � ) + �

� (� + 2� )
�

+ �
�
� 3 + 2� 2(� + � ) + �

�
2� 2 + 2�� + � 2

�
+ � 2(� + � )

���
;

�D�Q�G

� 22 = ( �̂ (� + � ) + r (� + � + � ))
�
� (� + � )

�
�̂ (� + � )2 + �� (� + � + � )

�

+ �̂� (� + � )( � + � + � )2 + �̂r (� + � )( � + � )( � + � + � )
�
:

���������� �5�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �5�H�S�U�R�G�X�F�W�L�R�Q �1�X�P�E�H�U�VR L �D�Q�G

R CH

�,�Q �W�K�L�V �V�H�F�W�L�R�Q�� �Z�H �H�V�W�D�E�O�L�V�K �W�K�D�W �U�H�O�D�W�L�R�Q �E�H�W�Z�H�H�Q �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V �D�V��

�V�R�F�L�D�W�H�G �Z�L�W�K�&�K�O�D�P�\�G�L�D��R CH �D�Q�GR L �� �R�E�W�D�L�Q�H�G �E�\ �L�Q�W�U�R�G�X�F�L�Q�J �D�&�K�O�D�P�\�G�L�D�L�Q��

�I�H�F�W�H�G �L�Q�G�L�Y�L�G�X�D�O �L�Q�W�R �D �S�R�S�X�O�D�W�L�R�Q �H�[�L�V�W�L�Q�J �L�Q �D �K�H�U�S�H�V �H�T�X�L�O�L�E�U�L�X�P�� �Z�L�W�K �U�H�V�S�H�F�W �W�R

�W�K�H �R�U�L�J�L�Q�D�O �V�\�V�W�H�P ������������ �D�Q�G �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P ��������������

�/�H�P�P�D �������������7�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�VR L �D�Q�GR CH �V�K�D�U�H �W�K�H �V�D�P�H �W�K�U�H�V�K�R�O�G��

�W�K�D�W �L�V �W�K�H�\ �D�U�H �E�R�W�K �V�P�D�O�O�H�U �W�K�D�Q �R�Q�H�� �R�U �E�R�W�K �O�D�U�J�H�U �W�K�D�Q �R�Q�H��

�3�U�R�R�I���%�\ �V�X�E�W�U�D�F�W�L�Q�J1 �I�U�R�P �E�R�W�K �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V �Z�H �K�D�Y�H �W�K�H �I�R�O�O�R�Z�L�Q�J

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�H�T�X�D�O�L�W�L�H�V��

R L � 1 =
� 11

� 12
� 1 =

� 11 � � 12

� 12
;

R CH � 1 =
� 21

� 22
� 1 =

� 21 � � 22

� 22
: ������������

�)�U�R�P �W�K�H �H�[�S�U�H�V�V�L�R�Q�V �R�I �W�K�H �W�Z�R �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V��R L �D�Q�GR CH �R�E�W�D�L�Q�H�G �H�D�U��

�O�L�H�U�� �L�W �L�V �F�O�H�D�U �W�K�D�W �W�K�H �G�H�Q�R�P�L�Q�D�W�R�U�V� 12��� 22 �D�U�H �S�R�V�L�W�L�Y�H �I�R�U �S�R�V�L�W�L�Y�H �S�D�U�D�P�H�W�H�U�V��

�%�\ �G�L�Y�L�G�L�Q�J �W�K�H �Q�X�P�H�U�D�W�R�U�V �R�I �W�K�H �W�Z�R �H�[�S�U�H�V�V�L�R�Q�V �L�Q �������������� �Z�H �R�E�W�D�L�Q

� 11 � � 12

� 21 � � 22
= � + � > 0:

�+�H�Q�F�H�� �Z�H �F�D�Q �F�R�Q�F�O�X�G�H �W�K�D�W �W�K�H �W�Z�R �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�VR L �D�Q�GR CH �Z�L�O�O

�K�D�Y�H �W�K�H �V�D�P�H �W�K�U�H�V�K�R�O�G�� �7�K�H �D�O�J�H�E�U�D�L�F �F�D�O�F�X�O�D�W�L�R�Q�V �F�D�Q �E�H �I�R�X�Q�G �L�Q �W�K�H �:�R�O�I�U�D�P

�0�D�W�K�H�P�D�W�L�F�D �Q�R�W�H�E�R�R�N �D�Y�D�L�O�D�E�O�H �L�Q �R�X�U �S�X�E�O�L�F �*�L�W�+�X�E �U�H�S�R�V�L�W�R�U�\�� �6�H�F�W�L�R�Q �� �R�I �>������ �@��

���������� �/�R�F�D�O �$�V�\�P�S�W�R�W�L�F �6�W�D�E�L�O�L�W�\ �R�I �W�K�H �(�T�X�L�O�L�E�U�L�X�P �3�R�L�Q�WE0

�8�V�L�Q�J �7�K�H�R�U�H�P �� �R�I �Y�D�Q �G�H�Q �'�U�L�H�V�V�F�K�H �	 �:�D�W�P�R�X�J�K �������������� �>������ �@�� �W�K�H �I�R�O�O�R�Z�L�Q�J

�U�H�V�X�O�W �L�V �H�V�W�D�E�O�L�V�K�H�G��

�7�K�H�R�U�H�P �������������7�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WE0�� �R�I �W�K�H �V�\�V�W�H�P ������������ �L�V �O�R�F�D�O�O�\ �D�V�\�P�S�W�R�W��

�L�F�D�O�O�\ �V�W�D�E�O�H �L�IR L < 1�� �D�Q�G �X�Q�V�W�D�E�O�H �L�IR L > 1��

�3�U�R�R�I���7�K�H �D�V�V�X�P�S�W�L�R�Q�V ���$���������$���� �R�I �7�K�H�R�U�H�P ���� �>������ �@ �D�U�H �F�O�H�D�U�O�\ �V�D�W�L�V�I�L�H�G�� �Z�H

�R�Q�O�\ �K�D�Y�H �W�R �Y�H�U�L�I�\ �F�R�Q�G�L�W�L�R�Q ���$������ �8�V�L�Q�J �W�K�H �V�X�E�V�W�L�W�X�W�L�R�Q �������������� �W�K�H �-�D�F�R�E�L�D�Q

D�,(E0) �D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�PE0 = (0 ; 0; 0)�� �D�Q�G �L�V �J�L�Y�H�Q �E�\ �W�K�H �P�D�W�U�L�[��

0

B
B
@

� r � R H 0 0
� �
�̂

� ��
� + � + R H

�
� r � � � � + �

�
� 1 � �

�̂ ( � + � )
(� � R H

�
�

� + R H � � � � �

1

C
C
A ;

�Z�K�H�U�HR H �L�V �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �I�R�U �K�H�U�S�H�V �J�L�Y�H�Q �H�D�U�O�L�H�U�� �:�H �R�E�W�D�L�Q �W�K�U�H�H

�H�L�J�H�Q�Y�D�O�X�H�V �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �P�D�W�U�L�[D �,(E0)�� �7�K�H �I�L�U�V�W �H�L�J�H�Q�Y�D�O�X�H �L�V� � � R H

�Z�K�L�F�K �L�V �Q�H�J�D�W�L�Y�H �I�R�U �S�R�V�L�W�L�Y�H �S�D�U�D�P�H�W�H�U�V�� �:�H �G�H�Q�R�W�H �W�K�H �R�W�K�H�U �W�Z�R �H�L�J�H�Q�Y�D�O�X�H�V

�D�V �I�R�O�O�R�Z�V��

� 1 = z1 +
p

z2 �D�Q�G � 2 = z1 �
p

z3:

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�)�R�U �W�K�H �F�D�V�H �Z�K�H�Q �W�K�H �W�H�U�P�V �X�Q�G�H�U �W�K�H �V�T�X�D�U�H �U�R�R�W�V �D�U�H �Q�H�J�D�W�L�Y�H�� �W�K�H �H�L�J�H�Q�Y�D�O�X�H�V

�Z�L�O�O �K�D�Y�H �L�P�D�J�L�Q�D�U�\ �S�D�U�W�V�� �7�K�H �U�H�D�O �S�D�U�W �I�R�U �H�D�F�K �H�L�J�H�Q�Y�D�O�X�H �L�V �J�L�Y�H�Q �E�\

z1 = � � �̂ (� + � )2 � 2��� (� + � + � );

�Z�K�L�F�K �L�V �Q�H�J�D�W�L�Y�H�� �,�Q �W�K�H �R�W�K�H�U �F�D�V�H�� �W�K�H �V�X�P �D�Q�G �W�K�H �S�U�R�G�X�F�W �D�U�H �R�E�W�D�L�Q�H�G �D�V

�I�R�O�O�R�Z�V��

� 1 + � 2 = � 2� �̂ (� + � )2 � 2��� (� + � + � )

� 2�̂ (� + � )( � + � + � )(r + 2� + � + � );

� 1 � � 2 = 4 �̂ (� + � )( � + � + � )
�
r �̂ (� + � )( � + � )( � + � + � )

+ �̂� (� + � )( � + � + � )2 + � (� + � )( �̂ (� + � )2 + �� (� + � + � ))
�
:

�,�W �L�V �F�O�H�D�U �W�K�D�W �W�K�H �V�X�P �L�V �D�O�Z�D�\�V �Q�H�J�D�W�L�Y�H �D�Q�G �W�K�H �S�U�R�G�X�F�W �L�V �S�R�V�L�W�L�Y�H�� �L�P�S�O�\�L�Q�J �W�K�D�W

�W�K�H �W�Z�R �H�L�J�H�Q�Y�D�O�X�H�V �D�U�H �Q�H�J�D�W�L�Y�H �I�R�U �S�R�V�L�W�L�Y�H �S�D�U�D�P�H�W�H�U�V�� �7�K�X�V�� �Z�H �F�R�Q�F�O�X�G�H �W�K�D�W

�W�K�H �H�T�X�L�O�L�E�U�L�X�PE0 = (0 ; 0; 0) �L�V �/�$�6 �I�R�UR L < 1�� �D�Q�G �X�Q�V�W�D�E�O�H �I�R�UR L > 1��

���������� �*�O�R�E�D�O �$�V�\�P�S�W�R�W�L�F �6�W�D�E�L�O�L�W�\ �R�I �W�K�H �(�T�X�L�O�L�E�U�L�X�P �3�R�L�Q�WE0

�7�K�H�R�U�H�P �������������7�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WE0�� �R�I �W�K�H �V�\�V�W�H�P ������������ �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S��

�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H �Z�K�H�Q�H�Y�H�UR L < 1 �D�Q�G �X�Q�V�W�D�E�O�H �L�IR L > 1��

�3�U�R�R�I���7�K�H �V�\�V�W�H�P �R�I �H�T�X�D�W�L�R�Q�V �L�Q ������������ �F�D�Q �E�H �H�[�S�U�H�V�V�H�G �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �P�D�Q��

�Q�H�U

0

B
B
B
@

dc(t)
dt

dI LC (t)
dt

dI HP (t)
dt

1

C
C
C
A

= ( ~F � ~V � �6)

0

B
B
B
@

C(t)

I LC (t)

I HP (t)

1

C
C
C
A

;

�Z�K�H�U�H �W�K�H �P�D�W�U�L�F�H�V~F �D�Q�G~V �D�U�H �D�V �G�H�I�L�Q�H�G �D�E�R�Y�H�� �D�Q�GS �L�V �D �Q�R�Q �Q�H�J�D�W�L�Y�H �P�D�W�U�L�[

�J�L�Y�H�Q �E�\

�6=

0

B
B
B
@

�C �C 0

�I LC �I LC 0

�I HP �I HP 0

1

C
C
C
A

��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�7�K�X�V�� 0

B
B
@

dC(t)
dt

dI LC (t)
dt

dI HP (t)
dt

1

C
C
A � ( ~F � ~V)

0

B
B
@

C(t)

I LC (t)

I HP (t)

1

C
C
A : ������������

�)�U�R�P �W�K�H �O�R�F�D�O �V�W�D�E�L�O�L�W�\ �U�H�V�X�O�W �J�L�Y�H�Q �L�Q ���������������� �L�W �I�R�O�O�R�Z�V �W�K�D�W�� �L�IR L < 1�� �W�K�H�Q

%̂( ~F ~V � 1) < 1�� �Z�K�L�F�K �L�V �H�T�X�L�Y�D�O�H�Q�W �W�R~F � ~V �K�D�Y�L�Q�J �D�O�O �L�W�V �H�L�J�H�Q�Y�D�O�X�H�V �L�Q �W�K�H �O�H�I�W��

�K�D�O�I �S�O�D�Q�H �>������ �@�� �,�W �I�R�O�O�R�Z�V �W�K�D�W �W�K�H �O�L�Q�H�D�U�L�]�H�G �G�L�I�I�H�U�H�Q�W�L�D�O �L�Q�H�T�X�D�O�L�W�\ �V�\�V�W�H�P ������������

�L�V �V�W�D�E�O�H �Z�K�H�Q�H�Y�H�UR L < 1�� �&�R�Q�V�H�T�X�H�Q�W�O�\��(C(t); I LC (t); I HP (t)) ! (0; 0; 0) �D�V

t ! 1 �I�R�U �W�K�L�V �O�L�Q�H�D�U �2�'�( �V�\�V�W�H�P�� �7�K�X�V�� �X�V�L�Q�J �D �V�W�D�Q�G�D�U�G �F�R�P�S�D�U�L�V�R�Q �W�K�H�R�U�H�P

�>������ �� �3�� �����@��(C(t); I LC (t); I HP (t)) ! (0; 0; 0) �D�V �Z�H�O�O �I�R�U �W�K�H �Q�R�Q�O�L�Q�H�D�U �V�\�V�W�H�P ������������

�L�P�S�O�\�L�Q�J �W�K�D�W �W�K�H �G�L�V�H�D�V�H �I�U�H�H �H�T�X�L�O�L�E�U�L�X�PE0 �L�V �*�$�6 �L�QDL �Z�K�H�Q�H�Y�H�UR L < 1��

���������� �7�K�H �(�Q�G�H�P�L�F �(�T�X�L�O�L�E�U�L�X�P �3�R�L�Q�W

�7�K�H �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WE� = ( C � ; I �
LC ; I �

HP ) �L�V �R�E�W�D�L�Q�H�G �E�\ �V�H�W�W�L�Q�J �W�K�H �U�L�J�K�W

�K�D�Q�G �V�L�G�H�V �L�Q �(�T�� ������������ �W�R �]�H�U�R�� �,�W�V �H�[�L�V�W�H�Q�F�H �L�V �H�V�W�D�E�O�L�V�K�H�G �L�Q �W�K�H �Q�H�[�W �O�H�P�P�D��

�/�H�P�P�D �������������,�IR L > 1�� �W�K�H�Q �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P������������ �K�D�V �D �S�R�V�L�W�L�Y�H �H�Q�G�H�P�L�F

�H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W��

�3�U�R�R�I���$�W �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WE� �� �W�K�H �V�\�V�W�H�P ������������ �E�H�F�R�P�H�V

� (x � � C � )C � + � (x � � C � )I �
LC � (�̂y � + r + � )C � = 0 ������������

�I �
HP + � (1 � x � � y� )(C � + I �

LC ) � �I �
LC (C � + I �

LC ) � (r + � + � )I �
LC = 0; ������������

(�̂y � + � (y� � I �
HP ))C � + ( � + � (y� � I �

HP )) I �
LC � (� + � )I �

HP = 0: ������������

�)�U�R�P �H�T�X�D�W�L�R�Q�V ������������ �D�Q�G �������������� �Z�H �R�E�W�D�L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �L�P�S�O�L�F�L�W �V�R�O�X�W�L�R�Q�V �W�R �W�K�H

�U�H�V�S�H�F�W�L�Y�H �F�R�P�S�D�U�W�P�H�Q�W�V��

I �
LC = �

C � (r + �C � �x � + �̂y � + � )
� (C � � x � )

;

I �
HP =

�I � 2
LC + �C � (� 1 + x � + y� ) + I �

LC (r + � + �� (C � � 1 + x � + y� ))
�

;

�Z�K�H�U�HC � �L�V �W�K�H �V�R�O�X�W�L�R�Q �R�I �W�K�H �I�R�O�O�R�Z�L�Q�J �H�T�X�D�W�L�R�Q��

f (C � ) =
C �

(C � � x)3��

�
f 1C � 4 + f 2C � 3 + f 3C � 2 + f 4C �

�
= 0;

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�D�Q�Gf : [0; x � ) ! R �L�V �D �F�R�Q�W�L�Q�X�R�X�V �I�X�Q�F�W�L�R�Q �Z�L�W�Kf 1; f 2; f 3; f 4 �J�L�Y�H�Q �D�V �I�R�O�O�R�Z�V��

f 1 = � (r + �̂y � )( �̂y � � � );

f 2 =
�
y� 3�̂ 2(� � �̂ ) + r 2(� (y� � 1) � �̂y � + � ) + �̂y � 2(� �̂ ((2x � 2 � 1)

+ � ) + �̂ (� � + � + � )) + �� (� + �x � ) + r (2�̂y 2(� � �̂ )

+ �y � (2�̂ (x � � 1) + � ) + �� + �̂y � (� � + � + 2� ) + � (� � + � � 2x � � ))

+ �̂y � (� (� + � ) � � (� + �x � � � + 2x � � )))
�
;

f 3 = x �
�
r 3 + � �̂ 2y� 3 + r 2(� (y� � 1) + 2�̂y � + 2� � � + � )

+ �̂ 2y� 2(� (x � � 1) + 2� + � + � ) � y� (�� 2 � 2�̂� 2 � 2� �̂�

+ � �̂x � (2� + � )) + r (�̂y � 2(2� + �̂ ) + � 2 + 2�� � 2�� � ��x �

+ �̂y � (� 2� + �x � + 4� + 2� )) + � (� � (� + � ) + � (� + 2� + 2�x � ))
�
;

f 4 = x � 2
�
� �̂�y � 2 + r 2(� + � ) + �y �

�
�̂� (x � � 1) + � 2 � �̂�

�

+ �̂�y � (� + � + � ) + � 2(� + � + � ) � �� (� + � + �x � )

+ r
�
�� (y� � 1) � �� + �̂y � (� + � ) + � (2� + 2� + � )

��
;

�I�R�UC � 2 [0; x � )�� �:�H �K�D�Y�Hf (0) = 0 �D�Q�G �O�L�P
C � ! x ��

f (C � ) = �1 �� �7�K�H �G�H�U�L�Y�D�W�L�Y�H �R�I

f (C � ) �D�W0 �L�V �J�L�Y�H�Q �E�\

f 0(0) = �
�
(� + � )

�
� �̂� 2� + �̂r 2(� + � + � )2 � �� 2(� + � + � )3

+ �̂ 2(� + � )( � 3 + 2� 2(� + � ) � �� (� + � ) + � (� 2�� + ( � + � )2))

+ r (� + � + � )( �̂ 2(� + � )( � + � ) � �� 2(� + � + � )

+ �̂ 2(� 3 + 2� 2(� + � ) � �� (� + � ) + � (� 2�� + ( � + � )2)))
��

/
�
��� (� + � + � )3

�
:

�1�R�Z��

f 0(0)
(R H � 1)(R L � 1)

=
�
(R H + rC )

�
r �̂ (� + � )( � + � )( � + � + � )

+ �̂� (� + � )( � + � + � )2 + � (� + � )( �̂ (� + � )2

+ �� (� + � + � ))
��

/
�
��� (R H � 1)

�

�+�H�Q�F�H �L�I �E�R�W�K �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�VR H �D�Q�GR L �D�U�H �J�U�H�D�W�H�U �W�K�D�Q1�� �W�K�H�Q

f 0(0) > 0�� �7�K�X�V�� �W�K�H�U�H �H�[�L�V�W�V �D�Q� > 0 �V�X�F�K �W�K�D�Wf (C � ) > 0 �L�I0 < C � < � �� �%�\

�F�R�Q�W�L�Q�X�L�W�\ �R�If �� �W�K�H�U�H �H�[�L�V�W�VĈ 2 (�; x � ) �V�X�F�K �W�K�D�Wf (Ĉ) = 0 �� �+�H�Q�F�H�� �Z�H �F�D�Q �F�R�Q��

�F�O�X�G�H �W�K�D�W �W�K�H �P�R�G�H�O �L�Q ������������ �Z�L�O�O �D�O�Z�D�\�V �K�D�Y�H �D�Q �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �Z�K�H�Q��

�H�Y�H�UR L > 1�� �)�R�U �W�K�H �D�O�J�H�E�U�D�L�F �F�D�O�F�X�O�D�W�L�R�Q�V�� �U�H�I�H�U �W�R �W�K�H �:�R�O�I�U�D�P �0�D�W�K�H�P�D�W�L�F�D

�Q�R�W�H�E�R�R�N �D�Y�D�L�O�D�E�O�H �L�Q �R�X�U �S�X�E�O�L�F �*�L�W�+�X�E �U�H�S�R�V�L�W�R�U�\�� �6�H�F�W�L�R�Q �� �R�I �>������ �@��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�/�H�P�P�D �������������7�K�H �U�H�J�L�R�Q

�DL := f (S; C; H; I LC ; I HP ; L) 2 D j S + C = x � ; H + I HP = y� g; ������������

�L�V �L�Q�Y�D�U�L�D�Q�W �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �V�\�V�W�H�P ���������� �G�H�I�L�Q�H�G �L�Q �W�K�H �S�K�D�V�H �V�S�D�F�HD �J�L�Y�H�Q

�E�\ ������������

�3�U�R�R�I���)�U�R�P �W�K�H �R�U�L�J�L�Q�D�O �F�R���L�Q�I�H�F�W�L�R�Q �V�\�V�W�H�P ������������ �D�G�G�L�Q�J �W�K�H �H�T�X�D�W�L�R�Q�V �I�R�US �D�Q�G

C�� �Z�H �K�D�Y�H

(S + C)0 = � � �̂ (S + C)(H + I HP ) � � (S + C)

= � � �̂x � y� � �x � :

�)�U�R�P �������������� �Z�H �V�X�E�V�W�L�W�X�W�H �W�K�H �Y�D�O�X�H�V �R�Ix � �D�Q�Gy� �W�R �R�E�W�D�L�Q

(S + C)0 = � �
�̂

R H

�

�̂
(R H � 1) �

�
R H

= 0:

�6�L�P�L�O�D�U�O�\�� �D�G�G�L�Q�J �W�K�H �H�T�X�D�W�L�R�Q�V �I�R�UH �D�Q�GI HP �� �Z�H �K�D�Y�H

(H + I HP )0 = �̂ (S + C)(H + I HP ) � � (H + I HP ) + � (L + I LC ) � � (H + I HP )

= �̂x � y� � �y � + � (1 � x � � y� ) � �y � :

�6�X�E�V�W�L�W�X�W�L�Q�J �W�K�H �Y�D�O�X�H�V �R�Ix � �D�Q�Gy� �� �D�Q�G �V�L�P�S�O�L�I�\�L�Q�J�� �Z�H �K�D�Y�H

(H + I HP )0 =
� + �
R H

�
(� + � + � )�

�̂
= ( � + � )

�
1

R H
�

1
R H

�
= 0:

�7�K�X�V�� �Z�H �K�D�Y�H �V�K�R�Z�Q �W�K�D�W�DL �L�V �L�Q�Y�D�U�L�D�Q�W �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �R�U�L�J�L�Q�D�O �F�R���L�Q�I�H�F�W�L�R�Q

�V�\�V�W�H�P �G�H�I�L�Q�H�G �L�Q �W�K�H �S�K�D�V�H �V�S�D�F�HD�� �+�R�Z�H�Y�H�U�� �W�K�H �V�S�D�F�H�DL �L�V �D�Q�D�O�R�J�R�X�V �W�RDL

�Z�K�H�U�H �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P ������������ �L�V �G�H�I�L�Q�H�G��

�7�K�H�R�U�H�P �������������7�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WEH �I�R�U �W�K�H �P�R�G�H�O �V�\�V�W�H�P ���������� �L�V �J�O�R�E�D�O�O�\

�D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H �L�IR CH < 1 �D�Q�G �X�Q�V�W�D�E�O�H �L�IR CH > 1�� �,�Q �W�K�H �O�D�W�W�H�U �F�D�V�H�� �D

�F�R���H�[�L�V�W�L�Q�J �H�T�X�L�O�L�E�U�L�X�PECH �H�[�L�V�W�V��

�3�U�R�R�I���7�K�H �J�O�R�E�D�O �V�W�D�E�L�O�L�W�\ �R�I �W�K�H �]�H�U�R �H�T�X�L�O�L�E�U�L�X�P �L�Q �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P ������������ �L�P��

�S�O�L�H�V �W�K�D�W �W�K�H �K�H�U�S�H�V �H�T�X�L�O�L�E�U�L�X�P �R�I �W�K�H �I�X�O�O �V�\�V�W�H�P ������������EH �� �D�W�W�U�D�F�W�V �W�K�H �Z�K�R�O�H

�V�X�E�V�S�D�F�HDL ���V�L�Q�F�H �R�QDL �W�K�H �W�Z�R �V�\�V�W�H�P�V �F�R�L�Q�F�L�G�H���� �6�L�Q�F�H �V�R�O�X�W�L�R�Q�V �R�I �W�K�H �R�U�L�J��

�L�Q�D�O �V�\�V�W�H�P �F�R�Q�Y�H�U�J�H �W�RDL �� �W�K�H! ���O�L�P�L�W �V�H�W �R�I �D�Q�\ �V�R�O�X�W�L�R�Q �R�I �W�K�H �R�U�L�J�L�Q�D�O �V�\�V�W�H�P

�L�Q�W�H�U�V�H�F�W�V �W�K�H �E�D�V�L�Q �R�I �D�W�W�U�D�F�W�L�R�Q �R�I �W�K�H �]�H�U�R �H�T�X�L�O�L�E�U�L�X�P �R�I �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P��

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�K�H�Q�F�H �E�\ �W�K�H �W�K�H�R�U�\ �R�I �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �D�X�W�R�Q�R�P�R�X�V �V�\�V�W�H�P�V ���V�H�H �7�K�L�H�P�H �>������ �@����

�W�K�H �K�H�U�S�H�V �H�T�X�L�O�L�E�U�L�X�PEH �L�V �*�$�6 �L�Q �W�K�H �R�U�L�J�L�Q�D�O �V�\�V�W�H�P ������������ �Z�K�H�Q�H�Y�H�U �]�H�U�R �L�V

�*�$�6 �L�Q �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P �������������� �L���H�� �Z�K�H�QR L > 1 ���7�K�H�R�U�H�P�������������� �H�T�X�L�Y�D�O�H�Q�W�O�\

R CH > 1 �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �V�\�V�W�H�P ������������ �0�R�U�H�R�Y�H�U��EH �L�V �X�Q�V�W�D�E�O�H �L�I �W�K�H �]�H�U�R �L�V

�X�Q�V�W�D�E�O�H �L�Q �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P �������������� �L���H��R L < 1 ���7�K�H�R�U�H�P�������������� �H�T�X�L�Y�D�O�H�Q�W�O�\

R CH < 1 �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �R�U�L�J�L�Q�D�O �F�R���L�Q�I�H�F�W�L�R�Q �V�\�V�W�H�P ������������

�,�IR CH > 1�� �W�K�H�QR L > 1 �D�V �Z�H�O�O ���V�H�H �/�H�P�P�D�������������� �W�K�X�VE0 �L�Q �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P

�L�V �X�Q�V�W�D�E�O�H ���7�K�H�R�U�H�P�������������� �&�R�Q�V�H�T�X�H�Q�W�O�\��EH �L�V �X�Q�V�W�D�E�O�H �L�Q �W�K�H �L�Q�Y�D�U�L�D�Q�W �G�R�P�D�L�Q

DL �I�R�U �W�K�H �R�U�L�J�L�Q�D�O �V�\�V�W�H�P�� �K�H�Q�F�H �L�W �L�V �X�Q�V�W�D�E�O�H �L�Q �V�\�V�W�H�P ������������ �%�\ �/�H�P�P�D������������

�W�K�H�U�H �H�[�L�V�W�V �D�Q �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �L�Q �W�K�H �O�L�P�L�W�L�Q�J �V�\�V�W�H�P �������������� �Z�K�L�F�K �L�V��

�V�L�Q�F�HDL �L�V �L�Q�Y�D�U�L�D�Q�W�� �F�R�U�U�H�V�S�R�Q�G�V �W�R �D �F�R���H�[�L�V�W�L�Q�J �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �Z�L�W�K�L�QDL �R�I

�W�K�H �V�\�V�W�H�P ������������

������ �3�H�U�V�L�V�W�H�Q�F�H �R�I �E�R�W�K �'�L�V�H�D�V�H�V

�,�Q �W�K�H �S�U�H�Y�L�R�X�V �V�H�F�W�L�R�Q�V�� �Z�H �S�U�R�Y�H�G �W�K�D�W �L�IR H � 1 �D�Q�GR C � 1�� �W�K�H�Q �E�R�W�K �G�L�V�H�D�V�H�V

�G�L�H �R�X�W ���V�L�Q�F�HES �L�V �J�O�R�E�D�O�O�\ �D�V�\�P�S�W�R�W�L�F�D�O�O�\ �V�W�D�E�O�H �E�\ �7�K�H�R�U�H�P ���������� �,�IR H � 1 �D�Q�G

R C > 1�� �W�K�H�Q �K�H�U�S�H�V �G�L�H�V �R�X�W �E�X�W �F�K�O�D�P�\�G�L�D �S�H�U�V�L�V�W�V �L�Q �W�K�H �S�R�S�X�O�D�W�L�R�Q ���V�L�Q�F�H

EC �L�V �*�$�6 �E�\ �7�K�H�R�U�H�P ���������� �)�X�U�W�K�H�U�P�R�U�H�� �7�K�H�R�U�H�P ������ �V�W�D�W�H�V �W�K�D�W �L�IR H > 1

�D�Q�GR CH � 1�� �W�K�H�Q �K�H�U�S�H�V �S�H�U�V�L�V�W�V �E�X�W�&�K�O�D�P�\�G�L�D�L�V �H�U�D�G�L�F�D�W�H�G ���V�L�Q�F�HEH �L�V

�*�$�6���� �7�K�H�Q �W�K�H �U�H�P�D�L�Q�L�Q�J �F�D�V�H �L�VR H > 1 �D�Q�GR CH > 1�� �W�K�H�Q �Z�H �N�Q�R�Z �W�K�D�W

�W�K�H �F�R�H�[�L�V�W�H�Q�F�H �H�T�X�L�O�L�E�U�L�X�P �H�[�L�V�W�V�� �D�Q�G �E�H�O�R�Z �Z�H �Z�L�O�O �V�K�R�Z �W�K�D�W �L�Q �W�K�L�V �F�D�V�H�� �E�R�W�K

�G�L�V�H�D�V�H�V �Z�L�O�O �U�H�P�D�L�Q �L�Q �W�K�H �S�R�S�X�O�D�W�L�R�Q��

�7�R �S�U�R�Y�H �R�X�U �S�H�U�V�L�V�W�H�Q�F�H �U�H�V�X�O�W�V�� �Z�H �X�V�H �V�R�P�H �G�H�I�L�Q�L�W�L�R�Q�V �D�Q�G �U�H�V�X�O�W�V �I�U�R�P �>������ �@��

�'�H�I�L�Q�L�W�L�R�Q �������������/�H�WX �E�H �D �Q�R�Q�H�P�S�W�\ �V�H�W �D�Q�G%: X ! R+ �� �$ �V�H�P�L�I�O�R�Z� :

R+ � X ! X �L�V �F�D�O�O�H�G �X�Q�L�I�R�U�P�O�\ �Z�H�D�N�O�\%���S�H�U�V�L�V�W�H�Q�W�� �L�I �W�K�H�U�H �H�[�L�V�W�V �V�R�P�H� > 0

�V�X�F�K �W�K�D�W

�O�L�P
t !1

�V�X�S%(�( t; � )) > � �I�R�U �D�O�O� 2 X; %(� ) > 0:

� �L�V �F�D�O�O�H�G �X�Q�L�I�R�U�P�O�\ ���V�W�U�R�Q�J�O�\��%���S�H�U�V�L�V�W�H�Q�W �L�I �W�K�H�U�H �H�[�L�V�W�V �V�R�P�H� > 0 �V�X�F�K �W�K�D�W

�O�L�P
t !1

�L�Q�I%(�( t; � )) > � �I�R�U �D�O�O� 2 X; %(� ) > 0:

�$ �V�H�WM � X �L�V �F�D�O�O�H�G �Z�H�D�N�O�\%���U�H�S�H�O�O�L�Q�J �L�I �W�K�H�U�H �L�V �Q�R� 2 X �V�X�F�K �W�K�D�W%(� ) > 0

�D�Q�G�( t; � ) ! M �D�Vt ! 1 ��

�6�\�V�W�H�P ���������� �J�H�Q�H�U�D�W�H�V �D �F�R�Q�W�L�Q�X�R�X�V �I�O�R�Z �R�Q �W�K�H �I�H�D�V�L�E�O�H �V�W�D�W�H �V�S�D�F�HD��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�7�K�H�R�U�H�P �������������,�IR H > 1 �D�Q�GR CH > 1�� �W�K�H�Q �E�R�W�K �G�L�V�H�D�V�H�V �D�V �Z�H�O�O �D�V �W�K�H

�V�X�V�F�H�S�W�L�E�O�H �S�R�S�X�O�D�W�L�R�Q �D�U�H �X�Q�L�I�R�U�P�O�\ �S�H�U�V�L�V�W�H�Q�W��

�3�U�R�R�I�����L��S(t) �L�V �X�Q�L�I�R�U�P�O�\ �S�H�U�V�L�V�W�H�Q�W��

�:�H �X�V�H �W�K�H �P�H�W�K�R�G �R�I �I�O�X�F�W�X�D�W�L�R�Q �W�R �S�U�R�Y�H �W�K�H �S�H�U�V�L�V�W�H�Q�F�H �R�IS(t) ���V�H�H �H���J�� �$�S��

�S�H�Q�G�L�[ �$ �R�I �>������ �@���� �:�H �G�H�Q�R�W�H �E�\S1 �W�K�H �O�L�P�L�W �L�Q�I�H�U�L�R�U �R�IS(t)( t ! 1 ): �8�V�L�Q�J

�W�K�H �I�O�X�F�W�X�D�W�L�R�Q �O�H�P�P�D �L�W �I�R�O�O�R�Z�V �W�K�D�W �W�K�H�U�H �H�[�L�V�W�V �D �V�H�T�X�H�Q�F�Htk ! 1 �V�X�F�K �W�K�D�W

S(tk) ! S1 �D�Q�GS0(tk) ! 0 �D�Vk ! 1 �� �:�H �D�S�S�O�\ �W�K�L�V �I�R�U �W�K�H �H�T�X�D�W�L�R�Q �I�R�US(t) :

S0(tk) +
�
�C (tk) + �̂H (tk) + �I LC (tk) + �̂I HP (tk) + �

�
S(tk) = � + rC (tk);

�D�Q�G �X�V�L�Q�J0 � C(tk); H (tk); I LC (tk); I HP (tk) � 1 �Z�H �R�E�W�D�L�Q

(2� + 2 �̂ + � )S1 � �

�L���H��S1 �
�

2� + 2 �̂ + �
> 0:

���L�L�� �&�K�O�D�P�\�G�L�D �S�H�U�V�L�V�W�H�Q�F�H��

�)�R�U �W�K�H �V�D�N�H �R�I �V�L�P�S�O�L�F�L�W�\�� �I�R�U �W�K�H �V�W�D�W�H �R�I �W�K�H �V�\�V�W�H�P�� �Z�H �X�V�H �W�K�H �Q�R�W�D�W�L�R�Q� =

(S; C; H; I LC ; I HP ; L) 2 D�� �/�H�W%c = C + I LC + I HP �E�H �R�X�U �S�H�U�V�L�V�W�H�Q�F�H �I�X�Q�F�W�L�R�Q�� �D�Q�G

�F�R�Q�V�L�G�H�U �W�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �H�[�W�L�Q�F�W�L�R�Q �V�S�D�F�H�� �Z�K�L�F�K �L�V

DH = f � 2 D : %c(� ) = 0 g = f (S;0; H; 0; 0; L) 2 R6
+ : S + H + L = 1g:

�&�O�H�D�U�O�\DH �L�V �L�Q�Y�D�U�L�D�Q�W�� �)�R�O�O�R�Z�L�Q�J �>������ �� �&�K�D�S�W�H�U ���@�� �Z�H �H�[�D�P�L�Q�H �W�K�H �V�H�W
 :=

[ � 2 DH ! (� )�� �2�Q �W�K�H �H�[�W�L�Q�F�W�L�R�Q �V�S�D�F�H�� �W�K�H �V�\�V�W�H�P �F�R�L�Q�F�L�G�H�V �Z�L�W�K �W�K�H �+�6�9 �V�X�E�V�\�V��

�W�H�P ������������ �Z�L�W�K �V�R�O�X�W�L�R�Q�V �F�R�Q�Y�H�U�J�L�Q�J �W�R �R�Q�H �W�K�H �W�Z�R �H�T�X�L�O�L�E�U�L�D�� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R

ES �D�Q�GEH �� �7�K�X�V��
 = fES; EH g�� �:�H �O�H�WM 1 = fESg �D�Q�GM 2 = fEH g�� �7�K�H�Q


 � M 1 [ M 2 �D�Q�Gf M 1; M2g �D�F�\�F�O�L�F �D�Q�GM 1 �D�Q�GM 2 �D�U�H �L�Q�Y�D�U�L�D�Q�W�� �L�V�R�O�D�W�H�G�� �D�Q�G

�F�R�P�S�D�F�W�� �:�H �K�D�Y�H �W�R �V�K�R�Z �W�K�D�WM 1 �D�Q�GM 2 �D�U�H �E�R�W�K �Z�H�D�N�O�\ �U�H�S�H�O�O�L�Q�J��

�/�H�W �X�V �V�X�S�S�R�V�H �W�K�D�WM 1 �L�V �Q�R�W �Z�H�D�N�O�\%c���U�H�S�H�O�O�L�Q�J�� �L���H�� �W�K�H�U�H �H�[�L�V�W�V �D �V�R�O�X�W�L�R�Q �V�X�F�K

�W�K�D�W

�O�L�P
t !1

(S(t); C(t); H (t); I LC (t); I HP (t); L(t)) = ES = (1 ; 0; 0; 0; 0; 0)

�D�Q�G

%c(� ) > 0:

�7�K�H�Q �H�L�W�K�H�UC(0) > 0�� �R�UI LC (0) > 0�� �R�UI HP (0) > 0�� �,�Q �W�K�H �O�D�W�W�H�U �F�D�V�H�� �I�U�R�P �W�K�H

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



I LC �H�T�X�D�W�L�R�Q �Z�H �F�R�Q�F�O�X�G�HI LC (t) > 0 �I�R�Ut > 0�� �7�K�L�V �L�P�S�O�L�H�V�� �X�V�L�Q�J �W�K�HC �H�T�X�D�W�L�R�Q��

C(t) > 0 �D�V �Z�H�O�O�� �,�Q �D�Q�\ �F�D�V�H�� �Z�H �K�D�Y�HC(t) > 0 �I�R�Ut > 0��

�)�R�U �D�Q�\� > 0�� �I�R�U �V�X�I�I�L�F�L�H�Q�W�O�\ �O�D�U�J�Ht��S(t) > (1� � ); H (t) < �; I LC (t) < �; I HP (t) < �

�D�Q�GL(t) < � �K�R�O�G �D�Q�G �Z�H �F�D�Q �J�L�Y�H �W�K�H �I�R�O�O�R�Z�L�Q�J �H�V�W�L�P�D�W�L�R�Q �I�R�UC0(t)��

C0(t) = C(t)( �S (t) � �̂H (t) � �̂I HP (t) � r � � ) + �S (t)I LC (t)

> C (t)( � � �� � �̂� � �̂� � r � � ) + � (1 � � )�:
������������

�%�X�WR C > 1 �P�H�D�Q�V� > r + � �� �V�R �L�I� �L�V �V�P�D�O�O �H�Q�R�X�J�K �W�K�H�Q(� � �� � �̂� � �̂� � r � � ) > 0

�F�R�Q�W�U�D�G�L�F�W�L�Q�JC(t) ! 0�� �8�V�L�Q�J �W�K�H �S�U�H�Y�L�R�X�V �D�U�J�X�P�H�Q�W�� �Z�H �F�D�Q �F�R�Q�F�O�X�G�H �W�K�D�W �L�I

%c(� ) > 0�� �W�K�H�Q �W�K�H �V�R�O�X�W�L�R�Q �F�D�Q�Q�R�W �F�R�Q�Y�H�U�J�H �W�R(1; 0; 0; 0; 0; 0)�� �D�Q�GM 1 �L�V �Z�H�D�N�O�\

%c���U�H�S�H�O�O�L�Q�J�� �7�R �V�K�R�Z �W�K�H �U�H�S�H�O�O�L�Q�J �S�U�R�S�H�U�W�\ �R�IM 2�� �D�V�V�X�P�H �W�K�D�W �W�K�H�U�H �H�[�L�V�W�V �D

�V�R�O�X�W�L�R�Q �V�X�F�K �W�K�D�W

�O�L�P
t !1

(S(t); C(t); H (t); I LC (t); I HP (t); L(t)) =

 
� (� + � + � )

�̂ (� + � )
; 0;

�

�̂

�
�̂ (� + � )

� (� + � + � )
� 1

�
; 0; 0;

��

�̂ (� + � )

�
�̂ (� + � )

� (� + � + � )
� 1

� !

�D�Q�G%c > 0�� �7�K�H �-�D�F�R�E�L�D�Q �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �H�T�X�D�W�L�R�Q�VC; I LC ; �D�Q�GI HP �R�I �W�K�H

�V�\�V�W�H�P ���������� �F�D�O�F�X�O�D�W�H�G �D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�PM 2 �L�V �J�L�Y�H�Q �E�\

JEH =

2

6
6
6
4

r � �̂ ( � + � )
(� + � + � ) � �� (� + � + � )

�̂ ( � + � )
�� (� + � + � )

�̂ ( � + � )
0

��
�

� �
�̂ ( � + � )

+ 1
(� + � + � )

�
r � � � � + ��

�
� �

�̂ ( � + � )
+ 1

(� + � + � )

�
�

(� + �̂ )( �̂ ( � + � )� � (� + � + � ))
�̂ ( � + � + � )

� ��
�̂

+ � + � (� + � )
(� + � + � ) � � � �

3

7
7
7
5

��

�7�K�H �F�K�D�U�D�F�W�H�U�L�V�W�L�F �S�R�O�\�Q�R�P�L�D�O �R�I �W�K�H �D�E�R�Y�H �-�D�F�R�E�L�D�Q �L�V �R�I �W�K�H �I�R�U�P

P(� � ) = � � � 3 + � 1� � 2 + � 2� � + � 3;

�Z�K�H�U�H� 3 > 0 �I�R�UR CH > 1 ���V�H�H �W�K�H �G�H�W�D�L�O�V �R�I �W�K�H �D�O�J�H�E�U�D�L�F �F�D�O�F�X�O�D�W�L�R�Q�V �L�Q �W�K�H

�V�X�S�S�O�H�P�H�Q�W�D�U�\ �I�L�O�H�� �6�H�F�W�L�R�Q �� �R�I �>������ �@���� �7�K�X�V�� �L�Q �W�K�L�V �F�D�V�H �Z�H �K�D�Y�HP(0) > 0

�D�Q�G �O�L�P
� � !1

P(� � ) = �1 �� �D�Q�G �W�K�H�U�H �H�[�L�V�W�V�̂ > 0 �V�X�F�K �W�K�D�WP(�̂ ) = 0 �� �+�H�Q�F�H�� �Z�H

�F�D�Q �F�R�Q�F�O�X�G�H �W�K�D�W �W�K�H�U�H �H�[�L�V�W�V �D �S�R�V�L�W�L�Y�H �H�L�J�H�Q�Y�D�O�X�H�� �Z�K�H�Q�H�Y�H�UR CH > 1�� �2�Q�H

�F�D�Q �F�K�H�F�N �W�K�D�W �W�K�H �P�D�W�U�L�[JEH �L�V �T�X�D�V�L���S�R�V�L�W�L�Y�H�� �D�Q�G �D�O�V�R �L�U�U�H�G�X�F�L�E�O�H�� �V�R �W�K�H�U�H �L�V

�D �S�R�V�L�W�L�Y�H �O�H�I�W �H�L�J�H�Q�Y�H�F�W�R�Uv �R�IJEH �� �1�R�Z �F�K�R�R�V�H �W�K�L�V �H�L�J�H�Q�Y�H�F�W�R�U �W�R �G�H�I�L�Q�H �R�X�U

%v = v1C + v2I LC + v3I HP �� �Z�L�W�Kv1 > 0; v2 > 0; v3 > 0 �E�H�L�Q�J �W�K�H �F�R�P�S�R�Q�H�Q�W�V �R�Iv��

�&�O�H�D�U�O�\�� �L�I%c > 0 �I�R�U �V�R�P�H �V�R�O�X�W�L�R�Q �W�K�H�Q%v > 0 �D�V �Z�H�O�O�� �7�K�L�V �Z�D�\ �Z�H �K�D�Y�H�� �Z�L�W�K

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�W�K�H �Q�R�W�D�W�L�R�Q� v(t) = ( C(t); I LC (t); I HP (t)) ��

d
dt

%v(� v(t)) = vT � 0
v(t) = vT JES � v(t) + o(k� v(t)k2)

= vT �̂� v(t) + o(k� v(t)k2) = �̂%v(� v(t)) + o(k� v(t)k2) > 0

�I�R�U �V�P�D�O�Ok� v(t)k�� �Z�K�L�F�K �F�R�Q�W�U�D�G�L�F�W�V �W�K�D�W �W�K�H �V�R�O�X�W�L�R�Q �F�R�Q�Y�H�U�J�H�V �W�REH ���V�L�Q�F�H �W�K�D�W

�L�P�S�O�L�H�V� v(t) ! 0 �D�Q�G%v(t) ! 0 �D�V �Z�H�O�O����

�:�H �H�V�W�D�E�O�L�V�K�H�G �W�K�H �Z�H�D�N �S�H�U�V�L�V�W�H�Q�F�H �R�I%c��

���L�L�L�� �+�H�U�S�H�V �S�H�U�V�L�V�W�H�Q�F�H���&�R�Q�V�L�G�H�U �Q�R�Z%h(� ) = H + I LC + I HP + L�� �7�K�H �F�R�U�U�H��

�V�S�R�Q�G�L�Q�J �H�[�W�L�Q�F�W�L�R�Q �V�S�D�F�H �L�V

DC = f � 2 D : %w(� ) = 0 g = f (S; C;0; 0; 0; 0) 2 R6
+ : S + C = 1g:

�&�O�H�D�U�O�\DC �L�V �L�Q�Y�D�U�L�D�Q�W�� �6�X�E�V�W�L�W�X�W�L�Q�JS(t) = 1 � C(t)�� �R�Q �W�K�H �H�[�W�L�Q�F�W�L�R�Q �V�S�D�F�H �R�X�U

�V�\�V�W�H�P �W�D�N�H�V �W�K�H �I�R�U�P

C0(t) = � (1 � C(t))C(t) � rC (t) � �C (t):

�7�K�H �W�Z�R �H�T�X�L�O�L�E�U�L�D �I�R�UR C > 1 �D�U�H0 �D�Q�G(� � r � � )/ � �� �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�RES �D�Q�G

EC �� �6�L�P�L�O�D�U�O�\ �D�V �L�Q �F�D�V�H ���L�L���� �F�R�Q�V�L�G�H�U �W�K�H �V�H�W
 := [ � 2 DC ! (� )�� �Z�K�L�F�K �L�V �L�Q �W�K�L�V

�F�D�V�H
 = fES; ECg�� �:�H �O�H�WM 1 = fESg �D�Q�GM 2 = fECg�� �7�K�H�Q
 � M 1 [ M 2 �D�Q�G

f M 1; M2g �D�F�\�F�O�L�F �D�Q�GM 1 �D�Q�GM 2 �D�U�H �L�Q�Y�D�U�L�D�Q�W�� �L�V�R�O�D�W�H�G�� �D�Q�G �F�R�P�S�D�F�W�� �:�H �K�D�Y�H

�W�R �V�K�R�Z �W�K�D�WM 1 �D�Q�GM 2 �D�U�H �E�R�W�K �Z�H�D�N�O�\ �U�H�S�H�O�O�L�Q�J�� �Z�L�W�K �U�H�V�S�H�F�W �W�R%h ��

�)�L�U�V�W�� �Z�H �V�K�R�Z �W�K�H �U�H�S�H�O�O�L�Q�J �S�U�R�S�H�U�W�\ �R�IM 1�� �/�H�W �X�V �D�V�V�X�P�H �W�K�D�W

�O�L�P
t !1

(S(t); C(t); H (t); I LC (t); I HP (t); L(t)) = (1 ; 0; 0; 0; 0; 0);

�D�Q�G%h(� (t)) > 0 �I�R�U �D�O�Ot�� �/�H�WJ �G�H�Q�R�W�H �W�K�H �-�D�F�R�E�L�D�Q �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �H�T�X�D��

�W�L�R�Q�VH; I LC ; I HP �D�Q�GL �R�I �W�K�H �V�\�V�W�H�P ���������� �F�D�O�F�X�O�D�W�H�G �D�WES �Z�K�L�F�K �L�V �J�L�Y�H�Q �E�\

JES =

2

6
6
6
6
4

�̂ � � � � 0 �̂ 0

0 � r � � � � � 0

0 � � � � � 0

� r 0 � � � �

3

7
7
7
7
5

��

�7�K�H �O�D�U�J�H�V�W �H�L�J�H�Q�Y�D�O�X�H �R�I �W�K�H �-�D�F�R�E�L�D�QJES �L�V �J�L�Y�H�Q �E�\

� =
1
2

(�̂ � 2� � � � � ) +
q

(� � �̂ )2 + 2�� + 2 �̂� + � 2:

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�:�H �K�D�Y�H� > 0 �I�R�UR H > 1�� �$ �O�H�I�W �H�L�J�H�Q�Y�H�F�W�R�U �F�R�U�U�H�V�S�R�Q�G�L�Q�J �W�R �W�K�H �H�L�J�H�Q�Y�D�O�X�H�

�L�V �J�L�Y�H�Q �E�\

w =

2

6
6
6
6
6
6
6
4

1

1
2�

�
� � �̂ � � +

q
(� � �̂ )2 + 2�� + 2 �̂� + � 2

�

1

1
2�

�
� � �̂ � � +

q
(� � �̂ )2 + 2�� + 2 �̂� + � 2

�

3

7
7
7
7
7
7
7
5

2 R4:

�$�O�O �W�K�H �F�R�P�S�R�Q�H�Q�W�V �R�Iw �D�U�H �S�R�V�L�W�L�Y�H �I�R�UR H > 1�� �/�H�W �X�V �F�R�Q�V�L�G�H�U%w(� ) = wT � w ��

�Z�K�H�U�H� w = ( H; I LC ; I HP ; L)T ��

�7�K�H�Q%w(� (t)) > 0 �I�R�U �D�O�Ot �D�Q�G%w(� (t)) ! 0 �D�Vt ! 1 �� �)�R�U �V�X�I�I�L�F�L�H�Q�W�O�\ �O�D�U�J�Ht�� �Z�H

�F�D�Q �P�D�N�H �W�K�H �I�R�O�O�R�Z�L�Q�J �H�V�W�L�P�D�W�L�R�Q �I�R�U �W�K�H �G�H�U�L�Y�D�W�L�Y�H �R�I%w(� (t)) ��

d
dt

%w(� (t)) = wT � 0
w(t) = wT JES � w(t) + o(k� w(t)k2)

= wT �� w(t) + o(k� w(t)k2) = �%w(� (t)) + o(k� w(t)k2) > 0;

�Z�K�H�Q�H�Y�H�Uk� w(t)k �L�V �V�P�D�O�O �H�Q�R�X�J�K�� �+�H�Q�F�H�� �I�R�U �O�D�U�J�Ht��%w �L�V �L�Q�F�U�H�D�V�L�Q�J �Z�K�L�F�K �L�V �D

�F�R�Q�W�U�D�G�L�F�W�L�R�Q �W�R �W�K�H �D�V�V�X�P�S�W�L�R�Q �W�K�D�W%w(� (t)) ! 0 �D�Vt ! 1 ��

�1�H�[�W�� �Z�H �V�X�S�S�R�V�H �W�K�D�WM 2 �L�V �Q�R�W �Z�H�D�N�O�\%h ���U�H�S�H�O�O�L�Q�J�� �L���H�� �W�K�H�U�H �H�[�L�V�W�V �D �V�R�O�X�W�L�R�Q

�V�X�F�K �W�K�D�W

�O�L�P
t !1

(S(t); C(t); H (t); I LC (t); I HP (t); L(t)) =
�

r + �
�

; 1 �
r + �

�
; 0; 0; 0; 0

�
:

�D�Q�G%h(� ) > 0�� �:�L�W�K �D�Q �D�Q�D�O�R�J�R�X�V �D�U�J�X�P�H�Q�W�� �Z�H �F�D�Q �F�D�O�F�X�O�D�W�H �W�K�H �-�D�F�R�E�L�D�Q �D�WEC

�D�O�R�Q�J �Z�L�W�K �W�K�H �S�R�V�L�W�L�Y�H �H�L�J�H�Q�Y�D�O�X�H �D�Q�G �S�R�V�L�W�L�Y�H �H�L�J�H�Q�Y�H�F�W�R�Uz �H�[�S�O�L�F�L�W�O�\ �W�R �F�R�Q�V�W�U�X�F�W

�D �I�X�Q�F�W�L�R�Q%z �D�Q�D�O�R�J�R�X�V�O�\ �D�Q�G �S�U�R�Y�H �W�K�D�W �W�K�H �D�V�V�X�P�S�W�L�R�Q%h(� (t)) ! 0 �D�Vt ! 1

�O�H�D�G�V �W�R �D �F�R�Q�W�U�D�G�L�F�W�L�R�Q�� �7�K�H �F�D�O�F�X�O�D�W�L�R�Q�V �D�U�H �R�P�L�W�W�H�G �K�H�U�H �E�X�W �F�D�Q �E�H �I�R�X�Q�G �L�Q

�6�H�F�W�L�R�Q �� �R�I �R�X�U �S�X�E�O�L�F �*�L�W�+�X�E �U�H�S�R�V�L�W�R�U�\ �>������ �@��

�7�K�X�V�� �X�Q�L�I�R�U�P �Z�H�D�N �S�H�U�V�L�V�W�H�Q�F�H �L�V �V�K�R�Z�Q �I�R�U �E�R�W�K �S�H�U�V�L�V�W�H�Q�F�H �I�X�Q�F�W�L�R�Q�V��%c; %h ��

�6�L�Q�F�H �W�K�H �S�K�D�V�H �V�S�D�F�HD �L�V �F�R�P�S�D�F�W�� �W�K�H �H�[�L�V�W�H�Q�F�H �R�I �D �F�R�P�S�D�F�W �J�O�R�E�D�O �D�W�W�U�D�F��

�W�R�U �I�R�O�O�R�Z�V�� �&�R�Q�V�H�T�X�H�Q�W�O�\�� �D�O�O �F�R�Q�G�L�W�L�R�Q�V �R�I �>������ �� �7�K�H�R�U�H�P �������@ �K�R�O�G�� �D�Q�G �W�K�X�V

�Z�H �R�E�W�D�L�Q �X�Q�L�I�R�U�P �V�W�U�R�Q�J �S�H�U�V�L�V�W�H�Q�F�H �L�Q �E�R�W�K �F�D�V�H�V�� �6�L�Q�F�H �W�K�H �S�H�U�V�L�V�W�H�Q�F�H �I�X�Q�F��

�W�L�R�Q�V �Z�H�U�H �J�L�Y�H�Q �D�V �D �V�X�P �R�I �D�O�O �L�Q�I�H�F�W�H�G �L�Q�G�L�Y�L�G�X�D�O�V �E�\ �F�K�O�D�P�\�G�L�D �D�Q�G �E�\ �K�H�U�S�H�V��

�U�H�V�S�H�F�W�L�Y�H�O�\�� �Z�H �S�U�R�Y�H�G �W�K�D�W �E�R�W�K �G�L�V�H�D�V�H�V �Z�L�O�O �U�H�P�D�L�Q �L�Q �W�K�H �S�R�S�X�O�D�W�L�R�Q��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



������ �1�X�P�H�U�L�F�D�O �5�H�V�X�O�W�V

�7�K�H �V�\�V�W�H�P ���������� �L�V �Q�X�P�H�U�L�F�D�O�O�\ �V�L�P�X�O�D�W�H�G �I�R�U �Y�D�U�L�R�X�V �V�H�W�V �R�I �S�D�U�D�P�H�W�H�U�V�� �7�K�H

�V�W�D�E�L�O�L�W�\ �R�I �W�K�H �G�L�V�H�D�V�H �I�U�H�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�WES �L�V �V�K�R�Z�Q �L�Q �)�L�J�X�U�H�������� �Z�K�H�U�H

�E�R�W�K �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�VR C �D�Q�GR H �D�U�H �O�H�V�V �W�K�D�Q1�� �D�Q�G �W�K�H �S�D�U�D�P�H�W�H�U

�Y�D�O�X�H�V �D�U�H �D�V �I�R�O�O�R�Z�V��

� = 0:054; �̂ = 0:0086; � = 0:05; � = 0:01; � = 0:0154; r = 0:145:

�7�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U �L�Q �W�K�L�V �F�D�V�H �L�V �R�E�W�D�L�Q�H�G �D�VR C = 0:05 �D�Q�GR H = 0:18��

�)�L�J�X�U�H������ �L�O�O�X�V�W�U�D�W�H�V �W�K�H �H�[�L�V�W�H�Q�F�H �R�I �D�Q �H�Q�G�H�P�L�F �H�T�X�L�O�L�E�U�L�X�P �I�R�U �W�K�H �V�H�W �R�I �S�D�U�D�P��

�H�W�H�U �Y�D�O�X�H�V��

� = 0:34; �̂ = 0:11; � = 0:3; � = 0:12; � = 0:0154; r = 0:145;

�Z�K�H�U�H �D�O�O �W�K�H �V�W�D�W�H �Y�D�U�L�D�E�O�H�V �D�U�H �S�R�V�L�W�L�Y�H�� �D�Q�G �D�O�O �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V �J�U�H�D�W�H�U

�W�K�D�Q1 �D�Q�G �D�U�H �J�L�Y�H�Q �D�VR C = 2:14��R H = 2:22 �D�Q�GR CH = 2:08��

�)�L�J�X�U�H �������� �V�W�D�E�L�O�L�W�\ �R�IES �L�Q �W�K�H
�F�D�V�H �Z�K�H�U�HR C < 1�� �D�Q�GR H < 1��

�)�L�J�X�U�H �������� �(�[�L�V�W�H�Q�F�H �R�IECH �Z�K�H�Q
R C > 1��R H > 1�� �D�Q�GR CH > 1

�6�L�P�L�O�D�U�O�\�� �W�K�H �V�W�D�E�L�O�L�W�\ �R�IEC �L�V �G�H�P�R�Q�V�W�U�D�W�H�G �L�Q �)�L�J�X�U�H������ �Z�K�H�U�HR C > 1 �D�Q�G

R H < 1�� ES �H�[�L�V�W�V �E�X�W �L�V �X�Q�V�W�D�E�O�H �D�Q�G �W�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�VEH �D�Q�GECH �G�R�H�V�Q�¶�W

�H�[�L�V�W�� �7�K�H �F�R�U�U�H�V�S�R�Q�G�L�Q�J �S�D�U�D�P�H�W�H�U �Y�D�O�X�H�V �D�U�H �D�V �I�R�O�O�R�Z�V��

� = 0:34; �̂ = 0:01; � = 0:3; � = 0:12; � = 0:0154; r = 0:145:

�7�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V �L�Q �W�K�L�V �V�H�W�W�L�Q�J �D�U�H �R�E�W�D�L�Q�H�G �D�VR C = 2:148�D�Q�GR H =

0:2�� �7�K�H �V�W�D�E�L�O�L�W�\ �R�IEH �L�V �G�H�P�R�Q�V�W�U�D�W�H�G �L�Q �)�L�J�X�U�H������ �Z�K�H�U�H �W�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P��

�E�H�UR H �L�V �J�U�H�D�W�H�U �W�K�D�Q1�� �E�X�WR CH �L�V �O�H�V�V �W�K�D�Q1�� �,�Q �W�K�L�V �F�D�V�H��ES �D�Q�GEC �H�[�L�V�W�V �E�X�W

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�D�U�H �X�Q�V�W�D�E�O�H��ECH �G�R�H�V�Q�¶�W �H�[�L�V�W�V�� �7�K�H �S�D�U�D�P�H�W�H�U �Y�D�O�X�H�V �D�U�H �D�V �I�R�O�O�R�Z�V��

� = 0:163; �̂ = 0:11; � = 0:3; � = 0:12; � = 0:0154; r = 0:145:

�7�K�H �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V �D�U�H �R�E�W�D�L�Q�H�G �D�VR C = 1:03��R H = 2:22 �D�Q�GR CH = 0:9��

�,�W �L�V �W�R �E�H �Q�R�W�H�G �W�K�D�W �W�K�L�V �V�L�W�X�D�W�L�R�Q �L�V �V�\�Q�R�Q�\�P�R�X�V �Z�L�W�KR C < 1�� �D�V �W�K�H �S�U�H�V�H�Q�F�H �R�I

�&�K�O�D�P�\�G�L�D�� �G�R�H�V�Q�¶�W �D�I�I�H�F�W �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �R�I �K�H�U�S�H�V �L�Q �W�K�H �S�R�S�X�O�D�W�L�R�Q��

�)�L�J�X�U�H �������� �6�W�D�E�L�O�L�W�\ �R�IEC �L�Q �W�K�H
�F�D�V�H �Z�K�H�U�HR C > 1�� �D�Q�GR H < 1��

�)�L�J�X�U�H �������� �6�W�D�E�L�O�L�W�\ �R�IEH �L�Q �W�K�H �F�D�V�H
�Z�K�H�U�HR H > 1�� �D�Q�GR CH < 1��

�)�L�J�X�U�H �������� �)�L�J�X�U�H �L�O�O�X�V�W�U�D�W�L�Q�J �H�[�L�V�W�H�Q�F�H �R�I �D �F�R���L�Q�I�H�F�W�L�R�Q �H�T�X�L�O�L�E�U�L�X�PECH �Z�K�H�Q
R C = 2:14861�� R H = 1:9699; �D�Q�GR CH = 2:02736�� �7�K�H �I�L�J�X�U�H �L�V �D �S�U�R�M�H�F��
�W�L�R�Q �R�I �W�K�H �V�R�O�X�W�L�R�Q �F�X�U�Y�H�V �R�Q �W�K�HC � H �S�O�D�Q�H �D�Q�G �V�K�R�Z�V �W�K�H �F�R�Q�Y�H�U�J�H�Q�F�H
�R�I �V�R�O�X�W�L�R�Q�V �W�R �W�K�H �F�R���L�Q�I�H�F�W�L�R�Q �H�T�X�L�O�L�E�U�L�X�P �V�W�D�U�W�L�Q�J �I�U�R�P �G�L�I�I�H�U�H�Q�W �L�Q�L�W�L�D�O �S�R�L�Q�W�V��
�1�X�P�H�U�L�F�D�O �Y�D�O�X�H�V �R�I �W�K�H �V�W�D�W�H �Y�D�U�L�D�E�O�H�V �D�W �W�K�H �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W �D�U�H �R�E�W�D�L�Q�H�G
�W�R �E�HS = 0:399268; C = 0:193693; H = 0:0339702; I HP = 0:0833719; I LC =
0:0471582�� �D�Q�GL = 0:0786341�� �7�K�H �Q�X�P�H�U�L�F�D�O �Y�D�O�X�H�V �R�I �W�K�H �H�L�J�H�Q�Y�D�O�X�H�V
�D�U�H� 0:262134 + 0:i; � 0:162314 + 0:i; � 0:0732374 + 0:00898703i; � 0:0732374�
0:00898703i; � 0:0157534 + 0:0188849i; � 0:0157534� 0:0188849i �� �&�O�H�D�U�O�\�� �D�O�O �H�L�J�H�Q��
�Y�D�O�X�H�V �K�D�Y�H �Q�H�J�D�W�L�Y�H �U�H�D�O �S�D�U�W�V��

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�)�L�J�X�U�H �������� �(�[�L�V�W�H�Q�F�H �D�Q�G �V�W�D�E�L�O�L�W�\ �G�L�D�J�U�D�P �R�I �H�T�X�L�O�L�E�U�L�X�P �S�R�L�Q�W�V �G�H�S�H�Q�G�L�Q�J �R�Q
R C �� R H �D�Q�GR CH �� �7�K�H �J�O�R�E�D�O �G�\�Q�D�P�L�F�V �L�V �I�X�O�O�\ �G�H�V�F�U�L�E�H�G �Z�K�H�Q�H�Y�H�UR CH < 1��
�&�U�R�V�V���P�D�U�N�V �G�H�Q�R�W�H �F�R�P�E�L�Q�D�W�L�R�Q�V �R�I �U�H�S�U�R�G�X�F�W�L�R�Q �Q�X�P�E�H�U�V �W�K�D�W �D�U�H �Q�R�W �S�R�V�V�L�E�O�H��

������ �3�D�U�D�P�H�W�U�L�]�D�W�L�R�Q �D�Q�G �3�U�H�Y�D�O�H�Q�F�H �(�V�W�L�P�D�W�L�R�Q�V

�,�Q �W�K�H �D�E�R�Y�H �V�L�P�X�O�D�W�L�R�Q�V�� �W�K�H �S�D�U�D�P�H�W�H�U �Y�D�O�X�H�V �K�D�Y�H �E�H�H�Q �F�K�R�V�H�Q �V�R �D�V �W�R �I�D��

�F�L�O�L�W�D�W�H �W�K�H �U�H�D�O�L�]�D�W�L�R�Q �R�I �D�O�O �S�R�V�V�L�E�O�H �V�F�H�Q�D�U�L�R�V �D�V �G�H�S�L�F�W�H�G �L�Q �)�L�J�X�U�H�������� �F�R�U�U�H��
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�L�Q �E�\ �:�+�2�� �+�R�Z�H�Y�H�U���&�K�O�D�P�\�G�L�D�L�Q�I�H�F�W�L�R�Q �F�D�Q �E�H �H�I�I�L�F�L�H�Q�W�O�\ �W�U�H�D�W�H�G �D�Q�G �F�X�U�H�G

�Z�L�W�K �D�Q�W�L�E�L�R�W�L�F�V �L�I �H�I�I�H�F�W�L�Y�H�O�\ �G�L�D�J�Q�R�V�H�G�� �7�K�H �P�R�V�W �F�R�P�P�R�Q �W�U�H�D�W�P�H�Q�W �U�H�J�L�P�H�Q �L�V

�D �V�L�Q�J�O�H ���J �R�U�D�O �G�R�V�H �R�I �D�]�L�W�K�U�R�P�\�F�L�Q �R�U7 �G�D�\�V �R�I �G�R�[�\�F�\�F�O�L�Q�H �>���� �@�� �7�K�H �H�I�I�H�F�W�V �R�I

�W�K�H�V�H �D�Q�W�L�P�L�F�U�R�E�L�D�O �D�J�H�Q�W�V �D�U�H �S�X�U�H�O�\ �E�D�F�W�H�U�L�R�V�W�D�W�L�F�� �P�H�D�Q�L�Q�J �W�K�H�\ �F�D�Q �R�Q�O�\ �L�Q�K�L�E�L�W

�W�K�H �J�U�R�Z�W�K �R�I �E�D�F�W�H�U�L�D �>���� �@��

�:�K�L�O�H �O�D�U�J�H�U �F�R�V�W �L�V �D �F�R�Q�F�H�U�Q �I�R�U �V�L�Q�J�O�H���G�R�V�H �W�K�H�U�D�S�\ �Z�K�L�F�K �L�V �H�V�W�L�P�D�W�H�G �W�R �E�H �I�R�X�U

�W�R �W�Z�H�O�Y�H �W�L�P�H�V �P�R�U�H �H�[�S�H�Q�V�L�Y�H �W�K�D�Q �P�X�O�W�L���G�R�V�H �W�K�H�U�D�S�\�� �W�K�H �P�X�O�W�L���G�R�V�H �U�H�J�L�P�H�Q

�R�Q �W�K�H �R�W�K�H�U �K�D�Q�G �L�V �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �Q�R�Q���F�R�P�S�O�L�D�Q�F�H �R�I �G�U�X�J �W�K�H�U�D�S�\�� �$�V �D �U�H�V�X�O�W��

�W�K�H�U�H �D�U�H �V�L�J�Q�L�I�L�F�D�Q�W �W�U�D�G�H���R�I�I�V �E�H�W�Z�H�H�Q �S�X�E�O�L�F �D�Q�G �S�U�L�Y�D�W�H �S�U�H�Y�H�Q�W�L�R�Q �S�U�R�J�U�D�P�V�¶

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D



�X�V�H���H�I�I�H�F�W�L�Y�H�Q�H�V�V �R�I �Y�D�U�L�R�X�V �U�H�J�L�P�H�Q�V�� �Z�K�L�F�K �G�H�S�H�Q�G�V �R�Q �E�R�W�K �H�I�I�L�F�D�F�\ �D�Q�G �F�R�P��

�S�O�L�D�Q�F�H �>������ �@�� �0�R�U�H�R�Y�H�U�� �L�W �K�D�V �E�H�H�Q �V�X�J�J�H�V�W�H�G �W�K�D�W �D�Q�W�L�E�L�R�W�L�F �W�K�H�U�D�S�\ �P�D�\ �Q�R�W

�E�H �D�V �H�I�I�H�F�W�L�Y�H �I�R�U �F�K�U�R�Q�L�F �F�R�Q�G�L�W�L�R�Q�V�� �7�K�H �L�Q�K�L�E�L�W�R�U�\ �H�I�I�H�F�W�V �R�I �,�)�1��
 �R�Q �E�D�F�W�H�U�L�D�O

�G�H�Y�H�O�R�S�P�H�Q�W �D�U�H �P�H�G�L�D�W�H�G �E�\ �W�K�H �L�Q�G�X�F�H�P�H�Q�W �R�I �L�Q�G�R�O�H�D�P�L�Q�H ���������G�L�R�[�\�J�H�Q�D�V�H

���,�'�2���� �D�Q �H�Q�]�\�P�H �L�P�S�O�L�F�D�W�H�G �L�Q �/���W�U�\�S�W�R�S�K�D�Q �P�H�W�D�E�R�O�L�V�P�� �/���W�U�\�S�W�R�S�K�D�Q �L�V �D�Q �H�V��

�V�H�Q�W�L�D�O �D�P�L�Q�R �D�F�L�G �U�H�T�X�L�U�H�G �I�R�U �W�K�H �E�L�R�V�\�Q�W�K�H�V�L�V �R�I �S�U�R�W�H�L�Q�V�� �Z�K�L�F�K �K�X�P�D�Q�V �G�H��

�U�L�Y�H �V�R�O�H�O�\ �I�U�R�P �I�R�R�G �Q�R�X�U�L�V�K�P�H�Q�W �>������ �@�� �,�'�2���P�H�G�L�D�W�H�G �W�U�\�S�W�R�S�K�D�Q �G�H�S�U�L�Y�D�W�L�R�Q

�D�S�S�H�D�U�V �W�R �E�H �W�K�H �P�D�L�Q �L�Q�Q�D�W�H �L�P�P�X�Q�R�O�R�J�L�F�D�O �P�H�F�K�D�Q�L�V�P �O�L�P�L�W�L�Q�J�&�� �W�U�D�F�K�R�P�D�W�L�V

�G�H�Y�H�O�R�S�P�H�Q�W �L�Q �K�X�P�D�Q �F�H�O�O�V �>������ �@�� �,�'�2 �V�W�L�P�X�O�D�W�H�V �W�K�H �S�U�R�F�H�V�V �R�I �U�H�G�X�F�L�Q�J �W�K�H �F�R�Q��

�F�H�Q�W�U�D�W�L�R�Q �R�I �/���W�U�\�S�W�R�S�K�D�Q �L�Q�W�U�D�F�H�O�O�X�O�D�U �S�R�R�O�V�� �D �P�H�F�K�D�Q�L�V�P �W�K�D�W �O�H�D�G�V �W�R �W�K�H �I�R�U�P�D��

�W�L�R�Q �R�I �S�H�U�V�L�V�W�H�Q�W�&�K�O�D�P�\�G�L�D�G�X�H �W�R �V�W�D�U�Y�D�W�L�R�Q �R�I �W�K�H �Q�H�F�H�V�V�D�U�\ �D�P�L�Q�R �D�F�L�G�V �>���� ��

������ �@�� �7�K�H �R�U�J�D�Q�L�V�P �W�K�H�Q �W�U�D�Q�V�I�R�U�P�V �L�Q�W�R �D�Q �D�E�Q�R�U�P�D�O �Q�R�Q�G�L�Y�L�G�L�Q�J �S�H�U�V�L�V�W�H�Q�W �I�R�U�P

�L�Q �U�H�V�S�R�Q�V�H �W�R �O�L�P�L�W�H�G �F�H�O�O�X�O�D�U �W�U�\�S�W�R�S�K�D�Q �F�R�Q�F�H�Q�W�U�D�W�L�R�Q�V �>������ �@�� �Z�K�L�F�K �F�D�Q �E�H �H�[��

�W�U�H�P�H�O�\ �H�I�I�H�F�W�L�Y�H�O�\ �U�H�D�F�W�L�Y�D�W�H�G�� �O�H�D�G�L�Q�J �W�R �W�K�H �E�D�F�W�H�U�L�D �U�H�V�X�P�L�Q�J �L�W�V �Q�R�U�P�D�O �O�L�I�H �F�\��

�F�O�H �R�Q�F�H �W�K�H �S�H�U�V�L�V�W�H�Q�F�H���L�Q�G�X�F�L�Q�J �V�W�L�P�X�O�X�V �L�V �U�H�P�R�Y�H�G �>������ �@�� �5�H�F�H�Q�W�O�\�� �W�K�H�U�H �K�D�V

�E�H�H�Q �D�Q �H�[�S�D�Q�G�L�Q�J �D�W�W�U�D�F�W�L�R�Q �L�Q �U�H�V�H�D�U�F�K �U�H�J�D�U�G�L�Q�J �W�K�H�U�D�S�H�X�W�L�F�D�O�O�\ �W�D�U�J�H�W�L�Q�J �W�K�H

�F�D�W�D�O�\�]�L�Q�J �D�J�H�Q�W�V �V�X�F�K �D�V �,�'�2���� �,�'�2���� �D�Q�G �W�U�\�S�W�R�S�K�D�Q�����������G�L�R�[�\�J�H�Q�D�V�H ���7�'�2����

�W�K�D�W �K�D�V �E�H�H�Q �V�S�D�U�N�H�G �E�\ �W�K�H �D�V�V�R�F�L�D�W�L�R�Q �R�I �L�P�E�D�O�D�Q�F�H�V �L�Q �W�U�\�S�W�R�S�K�D�Q �P�H�W�D�E�R�O�L�V�P

�Z�L�W�K �G�L�V�R�U�G�H�U�V �L�Q�F�O�X�G�L�Q�J �F�D�Q�F�H�U �D�Q�G �Q�H�X�U�R�G�H�J�H�Q�H�U�D�W�L�Y�H �G�L�V�H�D�V�H �>������ �@�� �7�K�H �D�E��

�V�H�Q�F�H �R�I �U�H�J�X�O�D�W�R�U�\ �P�H�F�K�D�Q�L�V�P�V �W�K�D�W �P�D�L�Q�W�D�L�Q �L�P�P�X�Q�R�O�R�J�L�F�D�O �K�R�P�H�R�V�W�D�V�L�V �L�V �G�L��

�U�H�F�W�O�\ �F�R�Q�Q�H�F�W�H�G �Z�L�W�K �D�O�O�H�U�J�L�F �G�L�V�H�D�V�H�V�� �X�Q�U�H�V�R�O�Y�H�G �L�Q�I�H�F�W�L�R�Q�V�� �D�Q�G �L�Q�I�O�D�P�P�D�W�L�R�Q

�>������ �@���,�Q �Y�L�W�U�R�H�[�S�H�U�L�P�H�Q�W�V �F�R�Q�G�X�F�W�H�G �W�R �V�W�X�G�\ �W�K�H �P�H�F�K�D�Q�L�V�P �L�Q�Y�R�O�Y�H�G �L�Q �W�K�H

�S�U�R�F�H�V�V �R�I �S�H�U�V�L�V�W�H�Q�W�&�K�O�D�P�\�G�L�D�I�R�U�P�D�W�L�R�Q �G�X�H �W�R �,�)�1��
 �D�Q�G �L�W�V �U�H�Y�H�U�V�D�O�� �K�D�Y�H

�V�K�R�Z�Q �W�K�D�W �W�K�H �D�G�G�L�W�L�R�Q �R�I �����O�H�Y�R���P�H�W�K�\�O �W�U�\�S�W�R�S�K�D�Q �������/���0�7�� ���D�W �W�L�P�H�V �U�H�I�H�U�U�H�G

�W�R �D�V �O�H�Y�R�������P�H�W�K�\�O �W�U�\�S�W�R�S�K�D�Q ���/�����0�7���� �F�D�Q �G�H�I�H�U �,�)�1��
 �V�W�L�P�X�O�D�W�H�G �W�U�\�S�W�R�S�K�D�Q

�G�H�S�O�H�W�L�R�Q�� �F�D�X�V�L�Q�J �K�L�Q�G�U�D�Q�F�H �W�R �W�K�H �S�U�R�G�X�F�W�L�R�Q �R�I �S�H�U�V�L�V�W�H�Q�W�&�K�O�D�P�\�G�L�D�� �7�K�H�\ �I�X�U��

�W�K�H�U �F�R�Q�F�O�X�G�H�G �W�K�D�W �/�����0�7 �F�R�Q�V�L�G�H�U�D�E�O�\ �L�Q�F�U�H�D�V�H�G �G�R�[�\�F�\�F�O�L�Q�H�¶�V �H�I�I�H�F�W�L�Y�H�Q�H�V�V �L�Q

�H�U�D�G�L�F�D�W�L�Q�J �S�H�U�V�L�V�W�H�Q�W�&���W�U�D�F�K�R�P�D�W�L�V�I�R�U�P�V �>������ �@�� �/�D�E�R�U�D�W�R�U�\ �V�W�X�G�L�H�V �K�D�Y�H �V�K�R�Z�Q

�W�K�D�W �F�R�P�P�H�U�F�L�D�O�O�\ �S�U�R�G�X�F�H�G �/�����0�7 �F�D�Q �D�G�H�T�X�D�W�H�O�\ �V�X�S�S�O�\ �W�U�\�S�W�R�S�K�D�Q�� �F�R�X�Q�W�H�U��

�E�D�O�D�Q�F�L�Q�J �L�W�V �G�H�I�L�F�L�W �P�H�G�L�D�W�H�G �E�\ �,�'�2�� �$�G�G�L�W�L�R�Q�D�O�O�\�� �W�K�H�\ �G�H�P�R�Q�V�W�U�D�W�H �W�K�D�W �����/���0�7

�F�D�Q �U�H�V�W�R�U�H �,�'�2�¶�V �L�P�P�X�Q�R�U�H�J�X�O�D�W�R�U�\ �D�F�W�L�R�Q�V �>������ �@�� �7�K�H�V�H �S�L�H�F�H�V �R�I �H�Y�L�G�H�Q�F�H �D�U�H

�K�L�J�K�O�\ �V�X�J�J�H�V�W�L�Y�H �R�I �W�K�H �I�D�F�W �W�K�D�W �D �W�K�H�U�D�S�\ �W�K�D�W �L�V �D �F�R�P�E�L�Q�D�W�L�R�Q �R�I �W�U�\�S�W�R�S�K�D�Q

�D�Q�G �D�Q�W�L�E�L�R�W�L�F �F�D�Q �S�U�R�P�R�W�H �D �E�H�W�W�H�U �D�Q�G �P�R�U�H �V�X�F�F�H�V�V�I�X�O �W�U�H�D�W�P�H�Q�W �I�R�U �S�H�U�V�L�V�W�H�Q�W

�F�K�U�R�Q�L�F�&�K�O�D�P�\�G�L�D�L�Q�I�H�F�W�L�R�Q�V��

�:�H �K�D�Y�H �G�H�Y�H�O�R�S�H�G �D �F�R�P�S�D�U�W�P�H�Q�W�D�O �P�D�W�X�U�L�W�\ �V�W�U�X�F�W�X�U�H�G �L�Q���K�R�V�W �P�R�G�H�O �I�R�U �L�Q�W�U�D��

�F�H�O�O�X�O�D�U �G�H�Y�H�O�R�S�P�H�Q�W �R�I�&�K�O�D�P�\�G�L�D�W�D�N�L�Q�J �L�Q�W�R �D�F�F�R�X�Q�W �L�W�V �L�Q�W�H�U�D�F�W�L�R�Q�V �Z�L�W�K �W�K�H

�L�P�P�X�Q�H �V�\�V�W�H�P �E�D�V�H�G �R�Q �D�Q �H�D�U�O�L�H�U �P�R�G�H�O �G�H�Y�H�O�R�S�H�G �E�\ �:�L�O�V�R�Q �H�W �D�O�� �>���� �@�� �D�W

�W�K�H �V�D�P�H �W�L�P�H �H�[�W�H�Q�G�L�Q�J �W�K�H �P�R�G�H�O �I�U�R�P �V�H�Y�H�U�D�O �S�R�L�Q�W�V �R�I �Y�L�H�Z�� �7�K�H �E�D�V�L�F �P�R�G�H�O

�%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D ����



�G�H�V�F�U�L�E�L�Q�J �W�K�H �L�Q�W�U�D�F�H�O�O�X�O�D�U �G�H�Y�H�O�R�S�P�H�Q�W �F�\�F�O�H �R�I�&�K�O�D�P�\�G�L�D�L�V �F�R�Q�V�W�U�X�F�W�H�G �D�V �I�R�O��

�O�R�Z�V��C(t) �G�H�Q�R�W�H�V �W�K�H �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �R�I �H�[�W�U�D�F�H�O�O�X�O�D�U�&�K�O�D�P�\�G�L�D�(�%�V �L�Q �W�K�H �V�\�V��

�W�H�P��I 1(t)�� �W�K�H �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �R�I �K�R�V�W �F�H�O�O�V �L�Q�I�H�F�W�H�G �Z�L�W�K�&�K�O�D�P�\�G�L�D�S�D�U�W�L�F�O�H�V��I 2(t)��

�W�K�H �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �R�I �L�Q�I�H�F�W�H�G �F�H�O�O�V �Z�L�W�K�&�K�O�D�P�\�G�L�D�(�%�V �W�U�D�Q�V�I�R�U�P�L�Q�J �W�R �5�%�V��P(t)��

�W�K�H �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �R�I �F�H�O�O�V �L�Q�I�H�F�W�H�G �Z�L�W�K �S�H�U�V�L�V�W�H�Q�W�&�K�O�D�P�\�G�L�D��A(t)�� �W�K�H �F�R�Q�F�H�Q�W�U�D��

�W�L�R�Q �R�I �,�)�1��
 �F�H�O�O�V �S�U�R�G�X�F�H�G �E�\ �W�K�H �F�H�O�O���P�H�G�L�D�W�H�G �L�P�P�X�Q�H �U�H�V�S�R�Q�V�H ���D�V�V�X�P�H�G �W�R

�E�H �S�U�R�G�X�F�H�G �D�W �D �U�D�W�H �S�U�R�S�R�U�W�L�R�Q�D�O �W�R �W�K�H �Q�X�P�E�H�U �R�I �Q�H�Z�O�\ �L�Q�I�H�F�W�H�G �H�S�L�W�K�H�O�L�D�O �F�H�O�O�V

I 1(t) �>������ �@����

�:�H �G�H�Q�R�W�H �E�\� (r; t ) �W�K�H �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �R�I �K�R�V�W �F�H�O�O�V �D�W �W�L�P�Ht �W�K�D�W �H�Q�W�L�U�H�O�\ �F�R�Q�W�D�L�Q

�U�H�S�O�L�F�D�W�L�Q�J �5�%�V�� �D�W �W�K�H �V�W�D�J�H �R�I �P�D�W�X�U�L�W�\r 2 [r1; r2] �R�Y�H�U �W�K�H �U�H�S�O�L�F�D�W�L�Q�J �S�K�D�V�H��

i (r; t ) �G�H�Q�R�W�H�V �W�K�H �F�R�Q�F�H�Q�W�U�D�W�L�R�Q �R�I �K�R�V�W �F�H�O�O�V �W�K�D�W �F�R�Q�W�D�L�Q �5�%�V �F�R�Q�Y�H�U�W�L�Q�J �W�R �(�%�V

�V�W�U�X�F�W�X�U�H�G �Z�L�W�K �U�H�V�S�H�F�W �W�R �W�K�H �P�D�W�X�U�L�W�\ �O�H�Y�H�Or �� �Z�K�H�U�Hr 2 [r2; r3]�� �7�K�H �S�D�U�D�P�H�W�H�U

r �G�H�Q�R�W�H�V �D�Q �D�J�H �S�D�U�D�P�H�W�H�U �W�U�D�F�N�L�Q�J �W�K�H �P�D�W�X�U�L�W�\ �R�I �W�K�H �L�Q�I�H�F�W�H�G �F�H�O�O �W�K�U�R�X�J�K �W�K�H

�S�U�R�F�H�V�V�� �Z�K�L�F�K �F�D�Q �E�H �D�V�V�R�F�L�D�W�H�G �Z�L�W�K �W�K�H �P�D�W�X�U�L�W�\ �R�I �W�K�H�&�K�O�D�P�\�G�L�D�G�H�Y�H�O�R�S�P�H�Q�W

�L�Q �L�W�V �L�Q�W�H�U�Q�D�O �L�Q�F�O�X�V�L�R�Q�� �)�R�U �W�K�H �V�D�N�H �R�I �V�L�P�S�O�L�F�L�W�\�� �Z�H �U�H�V�F�D�O�H �W�K�H �P�D�W�X�U�L�W�\ �V�W�U�X�F��

�W�X�U�H�G �F�R�P�S�D�U�W�P�H�Q�W�V �V�X�F�K �W�K�D�Wr 2 [0; 1]�� �)�R�Ur > 0��� (r; t ) �F�R�Q�V�L�V�W�V �H�Q�W�L�U�H�O�\ �R�I �K�R�V�W

�F�H�O�O�V �W�K�D�W �L�Q�F�O�X�G�H �U�H�S�O�L�F�D�W�L�Q�J �5�%�V�� �Z�K�H�U�H�D�V� (0; t) �F�R�P�S�U�L�V�H�V �K�R�V�W �F�H�O�O�V �W�K�D�W �F�R�Q�V�L�V�W

�H�Q�W�L�U�H�O�\ �R�I �(�%�V �W�K�D�W �K�D�Y�H �W�U�D�Q�V�I�R�U�P�H�G �L�Q�W�R �5�%�V �D�Q�G �D�U�H �D�W �W�K�H �L�Q�L�W�L�D�O �V�W�D�J�H �R�I �U�H�S�O�L��

�F�D�W�L�R�Q�� �)�R�U �W�K�Hi �F�R�P�S�D�U�W�P�H�Q�W�� �Z�K�H�Qr > 0�� i (r; t ) �F�R�Q�V�L�V�W�V �H�Q�W�L�U�H�O�\ �R�I �K�R�V�W �F�H�O�O�V

�W�K�D�W �F�R�Q�W�D�L�Q �5�%�V �W�U�D�Q�V�I�R�U�P�L�Q�J �E�D�F�N �W�R �(�%�V�� �Z�K�H�U�H�D�Vi (0; t) �F�R�P�S�U�L�V�H�V �K�R�V�W �F�H�O�O�V

�W�K�D�W �F�R�Q�V�L�V�W �R�I �5�%�V �W�K�D�W �D�U�H �D�W �W�K�H �I�L�Q�D�O �V�W�D�J�H �R�I �U�H�S�O�L�F�D�W�L�R�Q�� �7�K�H �U�D�W�H�V �R�I �W�U�D�Q�V�L�W�L�R�Q��

k� �� �R�I �U�H�S�O�L�F�D�W�L�Q�J �5�%�V�� �D�Q�Gki �� �R�I �5�%�V �F�R�Q�Y�H�U�W�L�Q�J �W�R �(�%�V�� �W�K�U�R�X�J�K�R�X�W �W�K�H �U�H�S�O�L�F�D�W��

�L�Q�J �S�K�D�V�H �D�U�H �S�R�V�L�W�L�Y�HL1���I�X�Q�F�W�L�R�Q �R�Ir �� �/�H�WT� �E�H �W�K�H �G�X�U�D�W�L�R�Q �R�I �W�K�H �U�H�S�O�L�F�D�W�L�R�Q��

�D�Q�GTi �E�H �W�K�H �G�X�U�D�W�L�R�Q �I�R�U �W�U�D�Q�V�I�R�U�P�D�W�L�R�Q �I�U�R�P �5�%�V �W�R �(�%�V�� �%�D�V�H�G �R�Q �W�K�H �N�Q�R�Z�Q

�G�H�V�F�U�L�S�W�L�R�Q �R�I �W�K�H �O�\�W�L�F �F�\�F�O�H��T� = 6 �K�R�X�U�V �D�Q�GTi = 16 �K�R�X�U�V�� �7�K�H�Q
R1

0
1

k� (s) ds = 6��

�$�V�V�X�P�L�Q�J �W�K�D�Wk� �L�V �D �F�R�Q�V�W�D�Q�W �I�X�Q�F�W�L�R�Q�� �L�W �L�P�S�O�L�H�V �W�K�D�Wk� = 1/6 : �V�L�P�L�O�D�U�O�\�� �Z�H �K�D�Y�H
R1

0
1

k i (s) ds = 16�� �Z�K�L�F�K �L�P�S�O�L�H�Vki = 1/16 ; �Z�K�H�Qki �L�V �D �F�R�Q�V�W�D�Q�W �I�X�Q�F�W�L�R�Q��

�7�K�H �G�H�Y�H�O�R�S�P�H�Q�W �R�I �D �P�D�W�K�H�P�D�W�L�F�D�O �P�R�G�H�O �W�R �L�Q�Y�H�V�W�L�J�D�W�H �W�K�H �R�S�W�L�P�D�O �F�R�Q�W�U�R�O �I�R�U

�S�H�U�V�L�V�W�H�Q�W�&�K�O�D�P�\�G�L�D�L�Q�I�H�F�W�L�R�Q �L�Q �W�K�H �S�U�H�V�H�Q�F�H �R�I �F�H�O�O���P�H�G�L�D�W�H�G �L�P�P�X�Q�H �U�H�V�S�R�Q�V�H

�G�H�U�L�Y�H�V �L�W�V �P�R�W�L�Y�D�W�L�R�Q �I�U�R�P �D�Q �H�D�U�O�L�H�U �P�R�G�H�O �S�U�H�V�H�Q�W�H�G �E�\ �$�N�L�Q�O�R�W�D�Q �H�W �D�O�� �>���@�� �:�H

�D�S�S�O�\ �3�R�Q�W�U�\�D�J�L�Q�¶�V �P�D�[�L�P�X�P �S�U�L�Q�F�L�S�O�H �W�R �G�H�W�H�U�P�L�Q�H �W�K�H �F�R�Q�G�L�W�L�R�Q�V �I�R�U �W�K�H �P�R�V�W �H�I��

�I�H�F�W�L�Y�H �F�R�Q�W�U�R�O �W�R �P�L�Q�L�P�L�]�H �V�\�V�W�H�P�L�F �F�R�V�W�V �R�I �W�K�H �W�U�H�D�W�P�H�Q�W�V���G�U�X�J�V�� �V�L�P�X�O�W�D�Q�H�R�X�V�O�\

�P�L�Q�L�P�L�]�L�Q�J �W�K�H �F�R�Q�F�H�Q�W�U�D�W�L�R�Q�V �R�I �H�[�W�U�D�F�H�O�O�X�O�D�U �(�%�V�� �L�Q�I�H�F�W�H�G �K�R�V�W �F�H�O�O�V�� �D�Q�G �S�H�U�V�L�V��

�W�H�Q�W�O�\ �L�Q�I�H�F�W�H�G �F�H�O�O�V �S�U�H�V�H�Q�W �D�W �W�U�H�D�W�P�H�Q�W �F�H�V�V�D�W�L�R�Q�� �)�R�U �H�I�I�H�F�W�L�Y�H �F�R�Q�W�U�R�O �R�I �W�K�H �G�L�V��

�H�D�V�H �D�Q�G �W�R �H�Q�V�X�U�H �R�S�W�L�P�X�P �F�O�H�D�U�D�Q�F�H�� �D �W�U�H�D�W�P�H�Q�W���F�R�Q�W�U�R�O �P�H�D�V�X�U�H �W�K�D�W �U�H�G�X�F�H�V

�W�K�H �Q�X�P�E�H�U �R�I�&�K�O�D�P�\�G�L�D�L�Q�I�H�F�W�H�G �F�H�O�O�V �Z�L�W�K �,�)�1��
 ���L�Q�G�X�F�H�G �S�H�U�V�L�V�W�H�Q�W �Z�L�W�K�L�Q�� �D�Q�G

�D�O�V�R �O�L�P�L�W�V �W�K�H �S�U�R�G�X�F�W�L�R�Q �R�I �L�Q�I�H�F�W�L�R�X�V �(�%�V �L�V �D�G�Y�R�F�D�W�H�G�� �3�H�U�V�L�V�W�H�Q�W�&�K�O�D�P�\�G�L�D

���� �%�L�R�P�D�W�K�H�P�D�W�L�F�V �R�I�&�K�O�D�P�\�G�L�D
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