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Abstract

The principal aim of this thesis is to prove stability results for semigroups
of operators. This study is based on two central operator theoretical re-
sults, namely the Arendt—Batty—Lyubich—Vi theorem and the Katznelson—
Tzafriri theorem. Both theorems help provide a connection between the
spectral properties of semigroups of operators and their asymptotic be-

haviour.

We shall give an extension of the ABLV theorem for certain unbounded
representations that have a regular norm-function. Then we will charac-
terise those Cp-semigroups whose norm-function is topologically regular. In
addition, we shall prove a Katznelson—Tzafriri type theorem for discrete

one-parameter semigroups in Hilbert spaces.
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Chapter 1

Introduction

1.1 Asymptotic behaviour of operator semigroups

Consider the well-posed abstract Cauchy problem

(ACP) {ZEZ)) - iw) (0 <),
where A is a densely defined, closed operator acting on a complex Banach space X and
xz € X. We say that the family of bounded linear operators (T'(s))s>0 acting on X is
a Cp-semigroup if T(0) = I, T(s +t) = T(s)T(t) for all s,¢ > 0 and the mapping
s+ T'(s)x is continuous for every z € X. Then the (classical and mild) solutions of the
equation (ACP) are derived from a Cp-semigroup (7'(s))s>0. The operator semigroup
(T'(s))s>0 uniquely determines the operator A, which is called the infinitesimal generator
of (T'(s))s>0; that is,

Av =i Th)e -z
when the limit exists. The set of vectors for which the above limit does exists is called
the domain of A and it shall be denoted by D(A). For a comprehensive study on Cjy-
semigroups we refer the reader to Engel-Nagel’s monograph [20] and [2].

One of the most studied parts of the theory of linear operator semigroups is the
asymptotic behaviour of the semigroup. We say that a Cp-semigroup (T'(s))s>o is stable
if T'(s) tends to zero, if s — oo in the strong operator topology. A systematic account of
the stability theory of linear operator semigroups is presented in [54], [2] and [13]. The

uniform and weak stability properties of the semigroup can be also described in terms of
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the operator norm topology and the weak operator topology. On recent developments
of weak stability theorems we refer the reader to the articles [18] and [19]. A detailed

overview of these results can also be found in [61].

1.1.1 The ABLV theorem

In 1988, W. Arendt and C.J.K. Batty [1], and Y. Lyubich and Q. P. Vu [50], inde-
pendently and simultaneously, proved a famous stability result on bounded continuous
one-parameter semigroups of operators. Let us consider a Cy-semigroup 1" of bounded
linear operators on a complex Banach space X. We will denote the algebra of bounded
linear operators acting on X by L(X). The generator of T' shall be denoted by A, and
o(A), op(A*) will stand for the spectrum of A and the point spectrum of its adjoint A*,
respectively. We say that T is bounded if sup,cg, [|[T'(t)]| < oc. Next, we will present
the well-known ABLV theorem.

Theorem 1.1.1. Let T be a bounded Cy-semigroup on X having the generator A, and
suppose that o(A) NiR is countable and op(A*) is empty. Then limg ,o0 |T(s)z] = 0
for every x € X.

In the Hilbert space setting, B. Sz6kefalvi-Nagy and C. Foias [63] showed earlier
that if T' is a completely non-unitary contraction and the peripheral spectrum of 7" has
zero Lebesgue measure, then the operator 7' is stable (i.e. T™ — 0 strongly). This
result remains valid in the continuous one-parameter case as well, due to a result by
L. Kérchy and J. Neerven [33].

The ABLV theorem has been investigated by many authors and quite a few general-
izations of the theorem have been proved for bounded and unbounded representations
of suitable, locally compact abelian semigroups (see [4], [8], [6], [36], [37]).

The first abstract version of the theorem was given by Batty and Vu [8]. Let G
be a locally compact group and let S be a o-compact subsemigroup of G, with non-
empty interior and with ' — S = G. Let S* and S;; stand for the space of non-zero
continuous bounded homomorphisms of S into C, and of S into the unit circle of C,
respectively. Next, consider S with the restriction of a Haar measure on G. We can
define for f € L'(S) and x € S* the integral

F(x) ¢=/Sf(8)x(s) ds.



1.2 Representations and regularity

Let us assume that the functions f (f € LY(S)) separate the points of S* from each
other and from 0. By a representation 1" of S, we mean a strongly continuous semigroup
homomorphism T: § — £(X). For any bounded representation T of S and f in L'(S),

we shall define
firy = [ 115 ds.
S

In their paper [8] Batty and Vu introduced the spectrum of 7" in the following way:
the spectrum Sp(7") of T is the set of all characters x in S* such that ]f(x)\ < IF(D)
holds for every f € L'(S). The unitary spectrum of T is Spy(T) := Sp(T) N Si. The
unitary point spectrum P,o(T%) of T is the set of all x € S}, for which there exists
a non-zero ¢ € X* such that T*(s)¢p = x(s)¢ (s € S). After these preliminaries, the

following was proved in [8].

Theorem 1.1.2. Let T be a bounded representation of S such that Sp,(T) is countable
and Pyo(T*) is empty. Then T'(s) — 0 strongly (through S).

We note that first Vu [66] proved a weighted version of the ABLV theorem. Later,
C.J.K. Batty and S. Yeates [6], [67] gave a detailed study on the spectral theory and
stability of non-quasianalytic representations. A more recent article [3] presents a very

general result in the spirit of [6], but it uses a different approach.

1.2 Representations and regularity

Operators with regular norm-sequences were characterized by L. Kérchy and V. Miiller
(see [38], [43]). These operators lead to useful generalizations of classical theorems in
operator theory. They were used in [40], [41] to establish a satisfactory symbolic calculus
for generalized Toeplitz operators and to prove results for their elementary and reflexive
hyperplanes. In the papers by G. Cassier [11], [12] the concept of regularity was also
used to derive new results on similarity problems. Discrete representations with regular
norm-function were studied in [36], [37], [39] in connection with unbounded versions of
the Arendt—Batty—Lyubich—Vi stability theorem and the Katznelson—Tzafriri theorem.

In this thesis, we shall extend the method, which appears in Kérchy’s papers (|36],
[37]) on discrete abelian semigroups, to topological semigroups; that is, we shall prove
stability results for unbounded representations having a regular norm-function. The

stability results we derived are quite similar to [6], but the main differences lie in the
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way we express the stability of the semigroup and its norm-conditions. Our proof follows
the usual scheme and relies on results concerning isometric representations proved in
[8]. The originality of our approach appears in the usage of almost convergence de-
fining regular norm-behaviour and in the systematic study of representations with this
property. This study is a joint work with L. Kérchy that was published in [42].

In the following chapter we will give a brief summary of the concepts and results
of amenability. The most important tools for us are invariant means which are used
to define regularity and Fglner’s condition which characterises amenability (Theorem
2.1.5). After this, we will prove that every representation with regular norm-behaviour
determines a unique character on S. This fact makes it possible for us to introduce the
peripheral spectrum of such a representation. At the end of Chapter 2 we will present

and prove an extension of the ABLV theorem.

1.2.1 Topological regularity

In Chapter 3 we shall study a slightly different concept of regularity. We recall that reg-
ularity is defined by means of invariant means, but we were able to use also a (generally)
strictly smaller class of means, the topologically invariant means, to define another kind
of regularity property of the norm function of representations. We should mention here
that counterparts of the main results in Chapter 2 remain valid with this approach. (In
fact, the main results like the existence of the limit functional and the associated iso-
metric representation can be proved in a similar way.) In discrete semigroups these two
concepts are the same because the classes of these means coincide in the discrete case.
We shall give a detailed exposition of the second alternative on the real half-line (see
[46]). We will also give a characterization of Cp-semigroups with topologically regular
norm-function in the spirit of [43].

Our hope is that this result will help provide a better understanding of the regularity
property on the real half line.

1.3 The Katznelson—Tzafriri theorem

In this thesis we will also study another type of stability result. The Katznelson—Tzafriri
theorem is a general operator theoretical result which is related to the ABLV theorem.

(The interested reader should consult |23] to learn more about this connection.) Now,
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let A(T) denote the set of continuous functions on the unit circle T whose Fourier series
is absolutely convergent, and let A™(T) be the set of functions in A(T) whose Fourier
coefficients with negative indices vanish. The algebra A(T) is a Banach algebra with
the norm ||| = 2% |f(n)| (where f € A(T) and {f(n)}3> ., are the Fourier
coefficients of f). We say that an f € AT(T) is of spectral synthesis with respect to a
closed set £ C T if there exists a sequence { fn}n C A(T) such that each f, vanishes in
a neighbourhood of £ and limy,_, || fn — f|| = 0. The Katznelson-Tzafriri theorem is

the following.

Theorem 1.3.1. Let T be a power-bounded operator on the Banach space X, and let
[ € AT(T), which is of spectral synthesis with respect to the peripheral spectrum of T.
Then

lim [T F(T)] = 0.

The important special case of f(z) = z — 1 was studied earlier by Esterle [22]. He
proved that lim,, .« |7 —T"|| = 0 if and only if o(T)NT C {1}. A simple corollary
of this statement is the classical result of Gelfand that an operator T with o(T) = {1}
and sup,,¢z ||T"]] < oo is the identity. For further details on this statement, see [68].
Esterle’s result was later obtained independently and generalized by Y. Katznelson and
L. Tzafriri. Using this result, they gave a new proof and an extension of the zero—two
law in [34].

In Chapter 4 we shall prove that the assumption made in the Katznelson—Tzafriri
theorem can be weakened in Hilbert spaces, and we shall provide a complete charac-
terization of the condition lim,_, [|T"Q|| = 0 whenever @) commutes with 7. These
results are based on [47].

We note that many extensions of the Katznelson—Tzafriri theorem were proved in
the discrete case as well as in the continuous case using different methods. For details,
see [8], [24], [33], [51], [52], [65] and related survey articles [4], [13]. However, we should
also remark that all former extensions of the Katznelson—Tzafriri theorem are related

to bounded functional calculi of T" or elements of the Banach algebra generated by 7.



Chapter 2

Representations with regular

norm-functions

In Section 2.1 we shall introduce the concept of almost convergence (defined for se-
quences in [48]) in terms of invariant means, which will be needed to define the limit
functional in Section 2.3 for unbounded representations satisfying a certain regularity
condition. It turns out that this limit functional is intrinsic to the representation itself
and independent of any choice of gauge function involved in the regularity condition.
This allows us to define the peripheral spectrum in Section 2.4 along with various spec-
tral notions of representations with a regular norm-function. In the bounded case the
definition coincides with the one introduced by Batty and Va [8], and Lyubich [49]. In
Section 2.5 we will generalize a well-known method associating an isometric represen-
tation to a representation with a regular norm-function. With these results at hand we

will give, in Section 2.6, a new extension of the ABLV theorem.

2.1 Almost convergence on semigroups

Consider an abelian semigroup (S,+). For any s € Sand w C Sset wO s:={s € S:
s+s' € w}. The translation of a function f: S — C by s € S is the mapping fs: S — C
defined by fs(s') := f(s+ &) (&' € S). Let (5,92, ) be a o-finite measure space on S
such that (i) w © s € Q whenever w € Q and s € S, and (ii) Mw) = 0 (w € Q) implies
AMw © s) =0 for all s € S. Obviously, S = R with the Lebesgue measure and S = Z%

with the counting measure satisfy these conditions. Let L*°()\) denote the Banach space
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of all essentially bounded, complex-valued, measurable functions with the usual norm.

Lemma 2.1.1. Under the conditions (i) and (ii), 75: L®(A) — L¥\), f — fs is a
well-defined linear mapping with ||7s|| = ||7s1|| = 1, for every s € S.

Proof. Let x,, be the characteristic function of w € €. Since y,, is measurable we can
infer from (i) that (xw)s = Xwes 1S also measurable. Using the usual approximation
method we get that fs is measurable for any f € L*()\). To see that the translation is
well defined on L () suppose that fi1 = fo a.e.; then by (ii) we have (f1)s = (f2)s a.e..
Obviously, || fsllee < || f]lco- Since ||1]lec = 1 and 751 = 1, we obtain ||75]] = ||7s1]] =
1. O

The set M(S,\) := {m € L®(\)* : |m|| = m(1) = 1} is called the set of means on
S with respect to A. The Hahn-Banach theorem implies that M (S, \) # 0. A functional
m € M(S,)) is called an invariant mean if m(fs) = m(f) holds for every f € L®())
and s € S; the set of all invariant means with respect to A shall be denoted by M (S, ).
It is well known that there are invariant means on abelian groups, and this can be

readily extended to semigroups. For the sake of clarity we shall now sketch the proof.
Proposition 2.1.2. M (S, ) is not empty.

Proof. Since M(S,)) is a convex, weak- closed subset of the unit ball of L®(\)*, it
follows that M (S, \) is a weak-* compact set. Taking an m € M (S, \), for any s € S we
have m o7, € M(S,\), and T'(s): M(S,\) — M(S,\),m — m o7, is an affine, weak-x
continuous mapping. The Markov—Kakutani theorem (see e.g. [14, theorem V.10.1])
implies the existence of a common fixed point mg € M(S, ). Then it immediately

follows that myg is an invariant mean. ]

Now consider a locally compact, Hausdorff abelian group G. Let S be a closed
subsemigroup of G with non-empty interior S° such that S—S = G and SN(—S) = {0}.
By definition, for any s1,s2 € S, s1 = s2 if 59 — s; € §. In this way we obtain an
inductive partial ordering on S, hence S is a directed set. We say that a function
f: 8 — C tends to 0 at infinity: lim, f(s) = 0, if for every € > 0 there exists an sg € S
such that |f(s)| < & whenever 5o < s. Let u denote the restriction of the Haar measure
foon G to S. It is clear that the conditions (i) and (ii) of Lemma 1 are satisfied for y;
indeed, w & s = (w—s) N S. The (invariant) means with respect to p are simply called
(invariant) means on S; that is L®(S) := L®(u), M(S) := M(S, 1), M(S) := M(S, 11).
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Throughout this thesis a function f defined on S will also be treated as a function on

G that is zero outside S.

Definition 2.1.3. A net {K)}rca of compact subsets of G with nonempty interior is
a strong Folner net for G if

(i) K, C K), whenever A\; < Ay,
(i) ¢ =UK3,
(ili) a((z+Kx) & Ky)/p(Ky) — 0 (as A — oo) uniformly when z runs through
compact sets. (Here and in the sequel A stands for the symmetric difference.)

A net {K)}xea of compact subsets of G with nonempty interior is called a Fglner net
for G if (iii) is satisfied.

Example 2.1.4. We can give some simple examples here.
o if G =7, the sets {0, ...,n} (n € N) (or {—n,...,n}) form a Fglner sequence for Z;

e the intervals [0,n] (n € N) (or [-n,n]) provides a Fglner sequence for R.

We recall that an arbitrary locally compact group G is called amenable if there exists
an invariant mean on (. The following theorem is a useful and deep characterization of

amenable groups (for details of its proof, see [56, Theorem 4.16]).

Theorem 2.1.5. A locally compact group G is amenable if and only if there exists a
strong Fglner net for G. If G is o-compact, then G is amenable if and only if there

exists o strong Folner sequence for G.

We shall assume in the sequel that G is o-compact. Since G is abelian by our
assumption, the Markov—Kakutani theorem implies that G is amenable (see the proof
of Proposition 2.1.2), thus using the characterization theorem we obtain the existence of
a strong Folner sequence { K, }neny on G. We shall translate this sequence to the interior

of S, preserving property (iii), by means of the following two lemmas.

Lemma 2.1.6. If {K,}, is a Folner sequence for G then {Ky + s, }n is also a Folner

sequence for G, for every sequence {sn}52, in G.

Proof. Using the translation invariance of the Haar measure, for any pair of measurable
sets By, By and g € G, we have i((B1+g) A (Ba+9¢)) = i(B1 A Bs); hence { K+ s,

is also a Fglner sequence. ]
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Lemma 2.1.7. Let K be a compact set in G. Then there exists an s € S such that
K+sCS5°.

Proof. Since by the assumption G = § — 5, for any ¢ € G and s9 € S° we have
g —sg = s’ — 5" with some s',s" € S. Since sg + s’ € S° clearly holds, we find that
G = S° — S is satisfied. The family {S° — s : s € S} forms an open covering of K
and so there exist s1,..., s, € S such that K C |J]_,(S° — s;). Setting s = > 1" | s; the
relation s; = s implies §° —s; € S° — s for every 1 <1 < n. It follows that K C S° — s,
that is K + s C S°. O

An immediate consequence of Lemma 2.1.6 and Lemma 2.1.7 is that there must be
a Fglner sequence in the interior of S.

We shall need yet another result on topological semigroups that will be used in this
chapter. Recall that a function f on S is called locally bounded if it is bounded on the
compact subsets of S. Let C.(S) denote the set of continuous functions with compact

support in 5.

Lemma 2.1.8. Let K C S° be a compact set of G. If f is a measurable, locally bounded
function on S and g € L*°(S) then the convolution

(f * 9)(s) = /K F(s + 0)g(t) du(t)

18 continuous on S.

Proof. Assuming f € C.(S5), we can easily verify that f is uniformly continuous on
S; that is, for every € > 0, there exists an open set U in G containing 0 such that
|f(s') — f(s)] < e whenever s’ —s € U and s',s € S. Thus we may infer that f x g is
continuous.

Suppose now that f is any locally bounded, measurable function. We can choose
a compact neighbourhood Kj of 0 in G such that K + K1 C S5°. Indeed, every s € K
is an inner point of S hence there exists an open neighbourhood Vs of 0 (in G) such
that s + Vs C S°. Furthermore, choosing open neighbourhoods W, of 0 such that
Ws+ W, C Vg, the family {s + W, : s € K} forms an open covering of K and therefore
has a finite subcovering s1 + W, ..., $p + W, . Let us form the open set W := (7, Wi
then K + W C (UL, (si + Ws,)) + W = Ui (si + Wi, + W) C UL (si + Vi) € S°
Since G is a locally compact Hausdorff space there is a compact neighbourhood K1 C W
of 0, hence Ko := K + K; C §°. It is clear that Ko is also compact.

Let us take an arbitrary € > 0, and fix a y € S. Since f is in L*(S, xr,+ydpu), there
exists an h € C,(S) such that fK2+y |f(t) — h(t)| du(t) < e. (Notice that the restricted
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Haar measure p is regular on the o-compact S; see [57, p. 238].) We already know
that h * g is continuous. Hence we can choose a neighbourhood U of 0 in G such that
U C K and |[(h*g)(y) — (h* g)(v)| < € is true whenever v € (y + U) N S. Then

(Fra)y) - (Fr9)@) < Lgn—hmmmwwm*m@y—m*mwn
+/K |hv - fv||g| d:u
<A;Jf—mmmM+e+L4Jh—ﬂmmu

<2lgloc [ 1~ bldu+e
y+ Ko

< 2¢lglloc t+ €,
and the lemma follows. O

Our intention is to prove stability results and discuss the asymptotic properties of
operator semigroups. In most cases we shall use weaker notions of the usual convergence
of orbits, which requires invariant means. First we will proceed with a study of almost

convergent functions.

Definition 2.1.9. A function f € L*°(S) is called almost convergent if the set {m(f) :
m € M(S)} is a singleton. We shall use the notation a-lim f = ¢ whenever m(f) = ¢
for all m € M(S).

A useful property of almost convergence is described in the following proposition.

Proposition 2.1.10. If f € L*°(S) is almost convergent with a-lim f = ¢ and {Ky,}n

1s a Folner sequence on S then

lim
n—o0 j1(Kp) K,

fydp=c
uniformly with respect to y € S.

Proof. Let us assume that there exist an € > 0, a strictly increasing sequence {ng}x of

positive integers, and a sequence {yi}x € S such that

1

— > €

fykd:u - cC

is true for every k € N.

10
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Applying Lemma 2.1.6 to the subsequence { Ky, } we find that {Cy := Ky, + yn, }«
is also a Fglner sequence. For every k € N, let us consider the linear functional ¢ on

L>®(S) defined by
1

or(g) == M(Ok)/ckg du, g€ Le(S).

Obviously, [|¢kl| = ¢x(1) = 1 is valid. By the Banach—Alaoglu theorem there exists a
weak-* cluster point myg of the sequence {¢y};. Clearly, ||mgl| = mo(1) = 1. Further-
more, for every g € L*°(S) and y € S, we have

/gdu—/ gdu‘
Ck Cr+y

1((Cr+y) A C)
1(Ck)

whence mo(g) = mq(gy) follows; that is, mg is an invariant mean.

1
lor(g) — erlgy)l = (T

< lglloo = 0, as k — oo,

Since |mg(f) —¢c| > € by our assumption we conclude that f cannot almost converge
to c. O

Remark 2.1.11. This result suggests that almost convergence has some natural con-
nection with abstract ergodic theory. The interested reader should see H.A. Dye’s paper

[17] on abstract weak mixing and almost convergence.

We shall also introduce a stronger form of almost convergence.

Definition 2.1.12. We say that a function f € L*(S) almost converges in the strong
sense to a complex number ¢, if a-lim |f —¢| = 0. In that case we shall use the notation:

as-lim f =c.

In the lemma below we shall prove a multiplicative property of as-lim. This state-

ment is analogous to [36, Lemma 1].

Lemma 2.1.13. For every f € L*°(S), the following statements are equivalent:
(i) as-lim f = ¢,
(ii) m(fg) = cm(g) for every g € L*°(S) and m € M(S).

Proof. (i) = (ii): Every invariant mean m € M(S) is a positive functional on L*(S).
Given any h € L*°(S), let a be a complex number with the properties || = 1 and
|m(h)] = am(h). Since |h| — Re (ah) > 0, it follows that m(|h|) > m(Re(ah)) =
Re m(ah) = |m(h)|. Therefore

im(fg) —em(g)| = [m(fg —cg)l <m(|fg —cg|) < llglloem(]f —c1]) = 0.

11
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(i) = (i): Let g(s) = |f(s) — c[(f(s) — ) Lif f(s) # c and 0 otherwise. Then
g € L>(S), and m(|f — c1[) = m((f — ¢)g) = m(fg) — em(g) = 0. O

It is easy to check that convergence implies almost convergence in the strong sense.
Let us consider the function f € L*°(R;), where f(s) :=1ifn <s<n+1andn
is even, while f(s) := —1 otherwise. Since f + fi is identically zero, we infer that
a-lim f =0, but limg_,+ f(s) does not exists. It is also clear that f does not converge
in the strong sense. Let us now take the function g € L*®(R;), where g(s) := 1 if
2" < s < 2"+4+1 (n € N), while g(s) := 0 otherwise. For any a € Ry and N € N,
let Gon == N1 Z,ivzl Gatk- Since m(Gy n) = m(g) holds for every invariant mean
m € M(R,), and since |Gy n||co can be arbitrarily small, we conclude that as-lim

g = 0. On the other hand, lim_, g(s) does not exist.

2.2 Existence of the limit functional

The regular norm-behaviour of representations will be defined in terms of gauge func-

tions.

Definition 2.2.1. We say that p: S — (0,00) is a gauge function if it is measurable
and, for every s € S, ps/p € L*°(S) almost converges in strong sense to a positive

number ¢,(s). The function ¢, is called the limit functional of the gauge function p.

If p: S — (0,00) is a gauge function then, by Lemma 2.1.13 the equation

Dsi+sy (p51)$2 @

p DPs» p

implies that c,(s1 + s2) = ¢p(s1)cp(s2) (51,52 € 5); that is, the limit functional ¢, of p
is multiplicative.
Next we shall prove a basic property of the limit functional which seems to be

important for deriving results later on.

Lemma 2.2.2. Let p be a gauge function with p(s) > 1 for s € S. Then cy(s) > 1 for
every s € S.

Proof. We can see from Proposition 2.1.10 that, for every s € S,

7 [ e el ()
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2.2 Existence of the limit functional

uniformly with respect to y, where {K,}, is a Fglner sequence in S. Assume that
¢p(s0) < 1 for some sp € S, and let us choose ¢p(sp) < d < 1. There exists an ng € N
such that pu(Kp,,)™" fKnQ (Pso/P)y dp < 6 is true for every y € S. Now the Jensen
inequality implies that

1 / 1
——— [ (logps;y —logpy)du < log / (Pso/P)y dpt
N(Kno) Ky oty Y :u(Kno) Ky, 0 Y
< logd <0 (yeSs).
Summing the inequalities obtained with the choices y = 0, s¢, 259, ..., (m — 1)sg we find

that
1 1

—_ log p dug/ logp dp + mlogd
M(Kno) /K o M(Kno) K

nQ o
is true for every m € N. This is a contradiction because the left-hand side of the
inequality must be nonnegative, since p > 1, but the right-hand side is negative for

large m. O

We recall that the non-zero, continuous homomorphisms of S into the multiplicative

semigroup of C are called the characters of S.
Corollary 2.2.3. Let x be a character of S such that ¢, < |x| < p. Then |x| = ¢,.

Proof. 1t is clear that p = p/|x| is a gauge function with ¢; = ¢p/|x|. Since p > 1,
Lemma 2.2.2 tells us that ¢; > 1, and so ¢, > |x|. O

Throughout this thesis X will stands for a complex Banach space and L(X) will be
the algebra of all bounded linear operators on X. A representation p of S on the Banach

space X is a mapping p: S — L(X) such that

o p(s+1t) =p(s)p(t) (s,t € 5),
e s+ p(s)x is continuous for every z € X.

Proposition 2.2.4. Let p: S — L(X) be a bounded representation. Then, for every

x € X, ||p(s)z| almost converges to zero if and only if limg ||p(s)z| = 0.

Proof. Assuming a-limg ||p(s)z|| = 0 with z € X, by Proposition 2.1.10 we get that, for
any € > 0, ||p(so)z|| < eM~! holds for some sy € S, where M := sup{||p(s)|| : s € S}.
Then ||p(s +5¢0)z|| < MeM ! = ¢ is true for every s € S, and so limg ||p(s)z|| = 0. The

converse implication is trivial. ]

13



2.2 Existence of the limit functional

Now we will introduce the concept of regularity.

Definition 2.2.5. The representation p: S — L(X) is of reqular norm behaviour with
respect to the gauge function p or has p-regular norm-function if ||p(s)|| < p(s) holds for
every s € S, and a-limg||p(s)||/p(s) = 0 is not true.

There is a connection between the spectral radius function r(p(s)) of a representation
p with p-regular norm function and the limit functional ¢,(s). Namely, the following

inequality always holds (see [37, Proposition 8|):
Lemma 2.2.6. The inequality cy(s) < r(p(s)) is true for every s € S.

Proof. Let m € M(S) be an invariant mean such that m(||p(s)/p(s)) # 0. Since the
inequality
p(s +1) [lp(s + 1) o)l
< ||p(t s,te s
p(s) pls+t) — lo@l p(s) ( )

holds, we may infer by the positivity of m and Lemma 2.1.13 that
p(s+t¢ p(s+1 pls
o (M0 (I 2O ¢y, (1050
p(s) p(s+1) p(s)

cp(t) < llp(B)]]

is satisfied for every t € S. Since ¢ (t) = ¢p(nt) < [[p(nt)]| < [|p(¥)"] if n € N, applying

Gelfand’s spectral radius formula, we find that ¢,(t) < r(p(t)). O

Hence

As we are mostly interested in unbounded representations of S which are bounded

on compact sets, the following assumption seems natural:

Assumption 2.2.7. We shall assume throughout this thesis that for any gauge function
p we have p > 1 and that p is locally bounded on S.

Now we will show that the limit functional ¢,(s) is a character of the semigroup S.

Theorem 2.2.8. Let p be a gauge function on S which satisfies Assumption 2.2.7 and
let us assume that there ezists a representation p: S — L(X) with a p-regular norm-

function. Then the limit functional c, of p is a positive character of S.

Proof. We already know that c,(s’ 4+ s") = ¢p(s')cp(s"), §',s" € S, so ¢, is a homomor-
phism. It remains to show that ¢, is continuous. First, applying Proposition 2.1.10 and
Lemma 2.1.8, we see that ¢, is a measurable function because it is a sequential limit of

continuous functions.

14



2.2 Existence of the limit functional

The Principle of Uniform Boundedness tells us that the function [|p(s)]| is bounded
on compact sets, thus Lemma 2.2.6 implies that the funcion ¢,(s) is also locally bounded
on S. Let us choose a compact set K C S° such that p(K) > 0. Then o := [ ¢, (t)dp(t) €
(0,00). Given any y € S, we have

/K cp(y +1) du(t) = /K ep(y) ep(t) du(t) = cp(y) / cp(t) du(t),

K

whence ¢,(y) = o ! [ cp(y + ¢) du(t) follows. Then we can apply Lemma 2.1.8 to

deduce the continuity of the limit functional cp. O

We have now arrived at the main result of the section.

Theorem 2.2.9. Let G be a locally compact, o-compact, Hausdorff abelian group with
a closed subsemigroup S such that S — S = G, SN (=S) = {0} and S° # 0. If the
representation p: S — L(X) is of reqular norm-behaviour with respect to the gauge

functions p and q which satisfy Assumption 2.2.7, then
cp = ¢y
Proof. We can see from Lemma 2.2.6 that

ep(s) <rp(s)) < llp(s)ll <als) (s €5),
and c;lq is a gauge function by Theorem 2.2.8. Thus by Lemma 2.2.2 we have

_ -1
1< Crlg = Coo

50 ¢p < ¢4. In a similar way we find that ¢, > ¢4, thus ¢, = ¢,. O

The above theorem leads to the following definition.

Definition 2.2.10. The function ¢, := ¢, is called the limit functional of the represen-

tation p with p-reqular norm-function.

It was already shown in [36] that for S = Z, the limit functional c,(n) is equal to
r(p(n)) (n € Z4). The analogous statement concerning Cp-semigroups is valid. To prove
this, we need to state a simple lemma. We say that a representation 7': Ry — L(X) is
quasinilpotent if 7(T'(s)) = 0 holds for every s > 0. (Notice that in the quasinilpotent

case r(T'(s)) is not continuous, since 7(7'(0)) = 1, and so it is not a character.)

Lemma 2.2.11. If the representation T': Ry — L(X) is not quasinilpotent then r(T(s))

is a character of R,..

15



2.2 Existence of the limit functional

Proof. As this statement is well known, we will only sketch a proof. The submulti-
plicativity (T (s + t)) < r(T(s))r(T(t)) (s,t € Ry) and r(T'(ns)) = r(T(s))" (n €
N,s € Ry) yield that »(T(s)) > 0 for every s € R,. Furthermore, it can be easily
checked that wy := lims_eo s~ log || T(s)|| € R exists; see e.g. [20, p. 251|. Thus
r(T(s)) = limp—oo ||T(n3)||% = exp(slim, o (ns) tlog|T(ns)|) = exp(wpys) is true

for every s € Ry. O

Proposition 2.2.12. If the representation T: Ry — L(X) has regular norm-behaviour
(with respect to a gauge function p which satisfies Assumption 2.2.7), then cr(s) =
r(T'(s)) (s € Ry) holds.

Proof. We know from Lemma 2.2.6 that r(T'(s)) > ¢r(s) >0 (s € R}),andso T: Ry —
L(X) is not quasinilpotent. Hence Lemma 2.2.11 implies that r(7T(s)) is a character of
R.. Applying Corollary 2.2.3 we find that r(T'(s)) = er(s) (s € Ry). O

However, the following example shows that the spectral radius function and the

limit functional can be different.

Example 2.2.13. Let us choose the semigroup R?i_ and the weight function w(z,y) :=
e*(1=¥) 4 1. Next, consider the Banach space Cy, of continuous functions f: Ri — C
which satisfies the conditions f|OR% =0 and ||f|lw := Supp2 |f(z,y)|w(z,y) < oco. The
strongly continuous representation 7': Ri — L(Cy) is defined by

r—35Y— if (z—s,y— 2’
(T(s,1) f)(z,y) = A y—1) if( y—t) e R

0 otherwise.

Since lim, )00 w(z,y) = 1 it follows that, for every (s,t) € R2,

im  w ) (z,y)/w(z,y) =1,

(z,y)—00

hence w is a gauge function (which satisfies Assumption 2.2.7) with ¢,, = 1. Since w is
submultiplicative, we have | T(s,t)|| < w(s,t) ((s,t) € R%). Taking a sequence {f,}n,
in C, satisfying the condition 0 < fp(z,y) < fu(1/n,1/n) =1, (z,y) € R2, where the
support of f, is included in the disc centered at (1/n,1/n) and of radius 1/(2n), we
find that lim, || fo|lw = 2 and lim, [|T(s,t) follw = w(s,t), whence Lw(s,t) < || T(s,t)||
follows ((s,t) € R?). This implies that T'(s, t) has a regular norm-function with respect

to w. We can see from the spectral radius formula that r(7'(s,0)) = e*.
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2.3 Spectra of representations

2.3 Spectra of representations

Let S*, S* denote the characters and bounded characters of S, respectively. We note
that for any bounded character x the inequality |x(s)| < 1 holds for every s € S. We
recall that C.(S) stands for the set of continuous functions with compact support in

S. The Fourier transform of a function f € C.(S) with respect to the representation

- / £(5)p(s) du(s).

The integral exists pointwise: f(p)z = fs f( )z du(s) (x € X) in the Bochner sense

p: S — L(X) is given by

(see e.g. |27, Chapter 7.5]). Since the representatlon p is strongly continuous, the
Uniform Boundedness Principle implies that ||p(s)|| is bounded on the support of f,
hence f(p) € L(X). The characters of S are one-dimensional representations, hence the
formula for f(X) also makes sense when y € S

Since S is a locally compact Hausdorff space it is not hard to see by the Urysohn
lemma that for each y € S there exists an f € C.(S) such that f(x) # 0. Moreover,
for all distinct x1, x2 € S* we can find an f € C.(S) such that f(Xl) #* f(xg). In other
words the functions fseparate the points of S* from each other and from zero.

We shall define the spectrum for unbounded representations related to Lyubich’s
d-spectrum [49] and Kérchy’s algebraic and balanced spectra [37]. In the discrete case
the algebraic spectrum of the representation p was defined in the following way (see
[37]). Let A, denote the Banach algebra generated by the set {p(s) : s € S}, then
oa(p) :=={hop:h € X(A,)}, where 5(A,) is the Gelfand spectrum of the commutative
Banach algebra A,. It is easy to see that o.(p) is equal to the set of characters x € X
which satisfy the condition |3 5 asx(s)| < |2 cq asp(s)| for all finite subsets F of §
and ag € C. In the continuous case one is led to the following extensions of the concept

of algebraic and balanced spectra.

Definition 2.3.1. The algebraic spectrum of the representation p is

7alp) = { x € 8 1F 00l < IF (o)l for all | € Cu(8) }.

The balanced spectrum is defined by

on(p) = 0a(p) N S},
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2.3 Spectra of representations

where Sg = {x € S%: x(s) #0 for all s € S}.

The spectrum of p with regular norm-function is

o(p) == {x € galp) : IX| < ¢},
where ¢, denotes the limit functional of p.

Now we are going to show that the balanced spectrum op(p) is contained in the

spectrum o(p). To do this, we need a lemma.

Lemma 2.3.2. If the norm-function of the representation p: S — L(X) is continuous

at so € S, then |x(s0)| < |lp(so)|| holds for every x € oa(p).

Proof. Let us take a character x € 0,(p) and a positive ¢ > 0. Since the functions ||p(s)||
and x(s) are continuous at sg, there exists an open set V' C S containing sg such that
lp(s)l = llp(s0)ll] < e and |x(s) — x(so)| < € are valid for every s € V. By the Urysohn
lemma we can find a positive function fy € C.(S) such that its support is contained in
V and [g fo dp = 1. Then the inequalities

folp)z]l < /Vfo(S)llp(S)wlldu(S)S/Vfo(S)(llp(80)||+€)llw|| dpu(s)
= (le(so)ll + &)zl (x € X)

imply [|fo(p)ll < llp(s0)]| + €. Taking into account the fact that | fo(x) — x(s0)| < € also

holds, we may infer that

x(50)] — & < |fo)| < lfo(p)]l < llp(so)]| + e

Since e can be arbitrarily small, we conclude that |x(so)| < ||p(s0)]l- O

Proposition 2.3.3. If p: S — L(X) is a representation with reqular norm-function,
then on(p) € o(p).

Proof. Let Sq(p) stand for the set of points s € S where ||p(s)|| is continuous. The
norm-function ||p(s)||, being the least upper bound of the continuous functions ||p(s)z||
(x € X, ||z|| = 1), is lower semicontinuous. It follows that S\ S, is of first Baire category,
and so S.(p) is dense in S. (See e.g. |21, p. 87].)

Let us take a character x € oy,(p). We know from Lemma 2.3.2 that |x(s)| < ||p(s)]|
for every s € S.(p). Let us consider the representation p := x~!p. It is clear that
lo(s)|| > 1 for every s € S¢(p). Let us assume that ||p(so)|| < 1 holds for some sy € S.
Taking an open set V' in S° with compact closure, the number « := sup{||p(s)|| : s € V'}
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2.3 Spectra of representations

is finite. For any n € N and any s € V, we have ||g(nsg + s)|| < ||p(s0)]|"c. If ng € N
is sufficiently large, then ||p(so)||™a < 1, and so ||p(noso + s)|| < 1 is true for every
s € V. However, since (ngso + V) N Sc(p) is non-empty we arrive at a contradiction.
Thus ||p(s)]] > 1 and so |x(s)| < ||p(s)|| holds for all s € S.

Assume p has p-regular norm function. Since |x(s)| < ||p(s)|| < p(s) (s € S), we
have that p(s) > 1 (s € S) is true for the gauge function p = |x| !p. Lemma 2.2.2
tells us that ¢; > 1, and the relations ¢; = |x|™'¢, = |x|7'¢, imply |x| < ¢,, and so

X €a(p) O

Remark 2.3.4. For any x € op(p) we know that |x(s)|" = |x(ns)] < [p(ns)]] <
llo(s)™|| (s € S,n € N), whence it follows that |x(s)] < r(p(s)), with an arbitrary

representation p.

Remark 2.3.5. If S = R}, then it can be easily verified that every character x € (R’}r)ﬁ
is non-vanishing, thus o,(p), on(p) and o(p) coincide in this case. (Indeed, let {e;}?
be the standard basis in R”. If x(¢) = 0 holds for some ¢t = (¢1,...,t,) € R}, then the
equation x(f) = [Ti; x(e;)" tells us that x(e;) = 0 must be true for some 1 < j < n.

Hence x vanishes on a dense set. Since x(0) = 1, it follows that x is not continuous.)

Remark 2.3.6. Let T be a bounded, linear operator on X. We denote the representa-
tion induced by T by py: Zy — L(X). Then it can be shown that o,(pr) = on(pr) =

——

o(T), where o(T) denotes the polynomially convex hull of the spectrum of T' [55, The-
orem 2.10.3].
Actually, a geometrically similar result can be verified for Cy-semigroups as well; for

its proof we refer the reader to Proposition 3.2.3.

The most important spectrum that we shall need in the following is the peripheral

spectrum.

Definition 2.3.7. The peripheral spectrum of the representation p: S — L(X) with

regular norm-function is defined by
oper(p) :={ X € o(p) : [x(s)] = ¢cp(s) for all s € S }.
Next, the point spectrum will be defined.

Definition 2.3.8. The point spectrum of the representation p: S — L(X) is

op(p) :={x € 8% : there exists a 0 # z € X with p(s)z = x(s)z for all s € S}.
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2.3 Spectra of representations

The adjoint p*(s) := p(s)* (s € S) of p is not necessarily strongly continuous, hence
the spectrum of p* cannot be defined in general. However, there is no difficulty defining
op(p*) in an analogous way to op(p).

The multiplication of the representation p (of regular norm-function) by a non-
vanishing character 7 yields a representation of a regular norm-function whose various

kinds of spectra can be naturally derived from the spectra of p.

Lemma 2.3.9. If 7 € Sg then o.(1p) = 7T0a(p), on(Tp) = Tob(p), o(Tp) = T0(p),
Tper(Tp) = Toper(p), 0p(Tp) = Top(p) and o, (7p*) = Top(p*).

~

Proof. Consider the bijection ¥: C.(S) — C.(S), U(f) := fr. Since (¥(f))(x) = f(7x)

and (U(f))(p) = f(Tp) hold for every f € C.(S), we may infer that o,(7p) = 70.(p),
whence oy,(7p) = Top(p) readily follows. In view of ¢,, = 7¢, we deduce that o(rp) =

T0o(p) and oper(7p) = Toper(p). Finally, the equalities op(7p) = Top(p) and op(7p*) =

O

Top(p*) are immediate consequences of the definition.

Let us equip S* with the compact-open topology, so that convergence of a net in
S* means uniform convergence on compact subsets of S. The closed set S* of bounded
characters can be identified with the Gelfand spectrum X (L'(S)) of the abelian Banach
algebra L'(S). Indeed, L'(S) with the multiplication (f x g)(s) = [g f(s — t)g(¢) du(t)
is a closed subalgebra of the abelian Banach algebra L!'(G). Adapting the proof of [58,
Theorem 1.2.2| to a semigroup setting tells us that the mapping

As S = S(LY(S), x hy,  where hx(f)Z/SfX:f(x),

is a bijection. We recall that Y (L!(S)) is a locally compact Hausdortf space with
the Gelfand topology, induced by the weak-* topology of the dual space of L'(S).
Notice also that if f € Co(Z(L'(S))) is the Gelfand transform of f € L!(S), then

~

f(hy) = hy(f) = f(x) holds for every x € S*.

Proposition 2.3.10. The mapping A: S* — S(L'(S)), x — hy s a homeomorphism,

and so 8% is locally compact in the compact-open topology.

Proof. For the sake of completeness we shall sketch a proof. The continuity of A is an
immediate consequence of the fact that C.(S) is dense in L'(S) and that ||h|| = 1 is
true for every h € B(L'(9)).
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2.3 Spectra of representations

Let us now assume that the net {h, = hy,},en converges to h = h,; that is,
lim, h,(g) = h(g) holds for every g € L*(S). Let us fix a function f € L'(S) such that
h(f) # 0, and let us consider the equations

ho(F)xv(t) = hu(f-) (v €N, t€S)

and
hMf)x(@) =h(f-) (t€S).
(For their validity we refer to the proof given in |58, Theorem 1.2.2].) Since the mapping

0: S — LY(S), t — f_; is continuous, we can readily deduce that {x,}, converges to x

uniformly on compact sets. O

Taking any 7 € Sg, the multiplication M, : S* — S x — 7 is clearly a homeo-
morphism, and so 7.5% is also a locally compact Hausdorff space with the compact-open
topology.

Now we shall turn to the question of the spectrum of a representation.

Proposition 2.3.11. Let p: S — L(X) be a representation of regular norm-behaviour.
The spectrum o(p) of p is a locally compact Hausdorff space with the compact-open

topology, and so is its closed subset oper(p).

Proof. 1t is not hard to see that the algebraic spectrum o,(p) is closed in S*. As the
limit functional ¢, belongs to Su, it follows from Proposition 2.3.10 that ¢,S™ is locally
compact. Then the closed subset o(p) = oa(p)Nc,S* of ¢,5* is also locally compact. [

Remark 2.3.12. Let us assume that the representation p: S — L(X) is bounded:
a = sup{|p(s)]| : s € S} < oo. If ||p(s0)]| < 1 holds for some sy € S, then the
inequalities ||p(nso + s)|| < ||p(so)||"@ (n € N) show that lim, [|p(s)|| = 0, i.e. p is
uniformly stable.

Assuming that ||p(s)|| > 1 is true for every s € S, we can see that p is of regular norm
behaviour with respect to the gauge function p(s) := « (s € S). The limit functional ¢,
of p is clearly the constant 1 function. Thus oper(p) coincides with the unitary spectrum
ou(p) :={x € a(p) : |[x| = 1} of p. It can be easily verified that o,(p) = o(p) is also
true. Indeed, if |x(sp)| > 1 holds for some x € S* and sq € S, then lim,, |x(nsg)| = oo,

~

and by the Urysohn lemma we find that sup{|f(x)|: 0 < f € C.(S), ||f]1 = 1} = oo.

o~

Since sup{||f(p)|| : 0 < f € C.(5), || fll1 =1} < a, we obtain that x cannot belong to

aa(p)-
The Fourier transforms f(x) and f(p) are clearly defined for every f € L'(S) and

x € S*. Taking into account the fact that C.(S) forms a dense subset of L'(S), we
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2.4 Regularity and isometric representations

~ o~

may conclude that if |f(x)| < ||f(p)|| holds for every f € C.(S) then so does follow for
every f € L'(S). Thus o(p) coincides with the spectrum introduced by Batty and Vi
for bounded representations in [8]. We recall also that this concept is an adaptation of
the finite L-spectrum and the Arveson spectrum, defined for group representations, to

a semigroup setting (see [49] and [15]).

Remark 2.3.13. Let p: S — L(X) be a representation of regular norm-behaviour.
Since ¢, € Sg, the representation p := c;lp: S — L(X) is also of regular norm-behaviour
and c; = 1. Clearly |x| = 1 holds for the characters in oper(p). Hence every x € oper(p)
can be uniquely extended to a character x of the extension group G. We conclude that

oper(p) can be identified with the unitary spectrum Sp,(p) introduced in [6], namely

oper(P) = {X|S : X € Spu(p)}. Therefore oper(p) = {cp(X|S) : X € Spu(p)} is true by
Lemma 2.3.9.

2.4 Regularity and isometric representations

The key ingredient in proving the stability of p is the transmission of the conditions
to a related isometric representation. The method is well known for bounded represen-
tations and we can extend it using the regularity condition. This kind of associated

representation is included in the following theorem.

Theorem 2.4.1. For any representation p: S — L(X) with p-regular norm-function,
there exists an isometric representation ¥: S — L(Y) on a Banach space Y and a
contractive transformation Q € L(X,Y) such that:

(i) ker Q = {z € X : a-lim, || p(s)z||/p(s) = 0}, and ran Q is dense in Y,
(ii) Qp(s) = co(s) ¥(s)Q holds for every s € S,

(iii) for every operator C € {p(S)}', there exists a unique operator D € {1p(S)} such
that QC = DQ; furthermore, the mapping v: {p(S)} — {¢(S)},C — D is a
contractive algebra-homomorphism,

(iv) o(p) 2 coo (1),  oper(p) 2 cpoper(h),  op(p*) 2 cpop (™).

Proof. (i): Define a seminorm on X in the following way:

ta) = sop {mn (12071 s ).

p
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2.4 Regularity and isometric representations

One sees immediately that ¢(z) < ||z||, and £(z) = 0 if and only if a-lim; ||p(s)z||/p(s) =
0. Let Y be the completion of the quotient space X/ker ¢ with norm ||z +ker ¢|| := ¢(x),
and let @: X — Y denote the natural embedding. Obviously, ran ) is dense.

(ii): Applying Lemma 2.1.13, for any z € X and ¢t € S we have

1Qo(t)z]| = b(p(t) z) =  sup m(HPHﬂwH)

meM(S) p
— o m (Hp(- + )z p)
meM(S) bt p

N IO
B p(t)memrzs) ( p )

= ¢p(t) Uz) = ¢, (1) [|Qu]]-

Hence there exists a unique isometry (¢) € £(Y) such that Qp(t) = ¢,(t) ¥(¢)Q. This
intertwining relation readily yields that (s +t) = 1(s)9(t), so ¥ is a homomorphism.
The inequality

lep(s)p(s) Qo — ¢, (W)p(t) Q| = |@p(s)z — Qp(t)x]|
1QUlIp(s)z — p(t)zl|  (x € X)

IN

shows that the function c,(t)(t)y is continuous in ¢ for every y in the dense range of
@, and then so is the function 1 (¢)y. Taking into account the fact that 1) is isometric,
we may infer that it is strongly continuous. Thus % is an isometric representation.
(iii): Taking any C € {p(S)}’, we have that
ICp()=]]
1QCz|| = sup m < < |[[Clle(z) = [ICfllQll,
meM(S) p

so there exists a unique D € L(Y) such that QC = DQ. Clearly ||D|| < ||C||, and it is
easy to check that D € {1(S)}’ and that v is an algebra homomorphism.

~ ~ ~ ~ ~

(iv): Since 7(p) € {p(8)}' and QF(p) = Fleph)@, we have 1(F(p)) = Flepth) (f €
C.(S)). Recalling the fact that the mapping v: {p(S)} — {¥(S)} is contractive by
(ii)), we may infer that [|f(c,90)|| < [|f(p)]l, whence ¢,0a(¢) = ga(cpth) C oa(p) follows
(see Lemma 2.3.9). As the limit functional of the isometric representation ¢ is clearly
the constant 1 function, we conclude that c,0oper(9) C oper(p). Finally, the equations
ker Q* = {0} and p*(s)Q* = c,(s) Q*Y*(s) (s € S) readily imply that o,(p*) D

cpop(YF). O

Now we will deduce the following corollary.
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2.5 The stability theorem

Corollary 2.4.2. If p: S — L(X) is a representation with p-reqular norm-function and
a-limg [|p(s)z|| /p(s) = 0 does not hold for some x € X, then oper(p) is not empty.

Proof. The conditions ensure that the associated isometric representation v of Theorem
2.4.1 acts on a non-zero Banach space Y. Thus oper(1)) is non-empty by Corollary 3.3

in [8]. Since ¢,0per(1) is included in oper(p), we infer that oper(p) is not empty. O

2.5 The stability theorem

Now we are in a position to prove a stability result in terms of almost convergence for

representations with a regular norm-function.

Theorem 2.5.1. Let p: S — L(X) be a representation with a p-reqular norm-function.
If oper(p) is countable and op(p*) N{x : |x| = ¢,} is empty then
actim 1Pzl _
s p(s)
holds for all x € X.

Proof. Supposing it is not the case, then by Theorem 2.4.1 the associated isometric
representation ¢: S — L(Y) acts on a non-zero Banach space Y. Hence, by Corollary
3.3 in (8], oper(1)) is not empty. The relation oper(p) 2 cpoper(t)) implies that oper(v)) is
also countable. Thus oper(10) contains, by Proposition 4.1 in [8], an eigenvalue x of *.
Applying Theorem 2.4.1 again, we conclude that c,x must belong to op(p*) N oper(p),

which is a contradiction. O

Applying Proposition 2.1.10 we obtain the following corollary.

Corollary 2.5.2. Let p: S — L(X) be a representation with a p-reqular norm-function.
If oper(p) is countable and op(p*) N{x : |x| = ¢cp} is empty then

o el
B K /K p(s) W) =0

is true for all x € X, where {K;}; is any Folner sequence.

In view of Proposition 2.2.4 and the Remark 2.3.12, Theorem 2.5.1 is a generalization
of the stability result Theorem 1.1.2 for bounded representations. From Remark 2.3.13,
the spectral conditions of Theorem 2.5.1 are essentially the same as those in the main
result of Theorem 3.2 in [6]. The differences lie in the norm-condition on p and in the

nature of convergence expressing stability.
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Chapter 3

Co-semigroups and regularity

In this chapter we shall introduce a slightly different notion of regularity from that
presented in Chapter 2. Our aim is to characterize this kind of regularity for continuous
one-parameter operator semigroups. To do this, first we will outline some basic prop-
erties of topologically invariant means which are known from the theory of amenable
groups. Then, after making some preliminary remarks, we will define the class of Cy-
semigroups with topologically regular norm-function. It turns out that this type of
regularity can be described in terms of an integral condition. Next we will introduce
the regularity constant which plays a crucial role in the characterization. We will show
that topological regularity of a representation is equivalent to the positivity of the reg-

ularity constant.

3.1 Topologically invariant means

Let R, denote the additive semigroup of nonnegative real numbers. We use the notation
L*>°(R.) for the Banach space of essentially bounded, Lebesgue measurable functions
with the usual || - ||oo norm. We recall that a mean m is a continuous linear functional
on L*°(R, ) which satisfies ||m|| = m(1) = 1 (here 1 denotes the constant 1 function on
Ry). We say that a mean m is an invariant mean if m(f) = m(f,) for any f € L>*(R;)
and s € Ry, where the function fs: Ry — C is defined by fs(¢) := f(s+1) (t € Ry).
Let M(Ry) stand for the set of all invariant means. Furthermore, let G denote the set of

non-negative, measurable functions g on R, which satisfy the condition fooo g(s)ds = 1.
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3.1 Topologically invariant means

For any f € LOO(R+) and g € G, let us consider the convolution fxg € L*(R, ), defined
by (f fo (s+y)g(s) ds.

Definition 3.1.1. We say that a mean m is topologically invariant it m(f * g) = m(f)
holds for every f € L°°(R;) and any g € G.

These kinds of means were originally introduced by A. Hulanicki for locally compact
Hausdorff groups (see [56, p. 9]). For convenience, we shall use the notation M; for the
set of topologically invariant means. In our first statement we will show that M (R;)
is not empty. This is well-known for groups and we will simply reproduce the proof in

the semigroup context for the sake of completeness.
Proposition 3.1.2. M(R ) is not empty.

Proof. Let us take the functionals ¢, (f) := 1 = [/ f(s) ds (n € N) on L°(R4.). Then it

follows that ||¢n| = ¢n(1) = 1 for any n € N. Slnce the unit ball of the dual space

L>®(R4)* is weak-* compact, the sequence {yy}, has a weak- cluster point. We will

now show that the cluster points are topologically invariant means. Let us have an

f € L*(R;) and g € §. Choosing some ¢ € (0,1), we can find a ¢y € Ry such that
0 .

o 9(s) ds < e. Since

euld )=o) = o ["( [+ a0 - 100 at) as

n

= [T (5 [t 000 - rrat as)

_ /Otoi / 5) ds — / F(s)ds | g(t) at

t,t4+n]\[0, [0,n]\[t,t+n]

+/: (:1 /On(f(s +1) = f(s)) ds) g(t) dt,

we may infer that

to
on(f %) —on(D] < [ Flloo - 10, 7]Alto, to + ]| -0 /0 g(t) dt
2 0o > d
w2171 / o(t) dt
< ||Jr||<><>27507f1 + 2||f||005 < 3||f||oo5a
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3.1 Topologically invariant means

provided n is sufficiently large (here |A| denotes the Lebesgue measure of a measurable
set A C Ry). Since € > 0 was arbitrary, we have limy, |on(f * g) — @n(f)| = 0. Thus

any weak-* cluster point of {®p}, is a topologically invariant mean. O

A little reasoning shows that every topologically invariant mean m is a (translation)
invariant mean. Indeed, for any fixed f € L>*°(R;) and y € Ry, let us choose a function

g € G such that the support of g is included in y + R4. We have

() =i xg) =m / "I a9 ds) = (g, ) = m()

because g, is in §.

In the following we shall construct a function fy € L*(R.) such that every topolog-
ically invariant mean vanishes on fy, but m(fy) = 1 holds with an appropriate invariant
mean m. Thus 0 # M (Ry), M(Ry) € M(Ry) and M(R;) # M(Ry). First ob-
serve that if f € L®(R.) N LY(R.), then m(f) = 0 holds for every m € M;(RL).
Indeed, denoting the characteristic function of [0,n] by xn, the asymptotic relation
limy, ||f * 2xnllc = O implies that lim, m(f * 2x,) = 0 holds for every mean m. If
m € My(Ry) then m(f x Lx,) = m(f) (n € N), and so m(f) = 0. Let r1,r5,... be an
enumeration of the nonnegative rational numbers. Setting @ = (J;7 | (r,—27", 7, +27"),
let fo be the characteristic function of 2 NR. Since fo € L®(Ry) N L'(R,), we get
that m(fo) = 0 for every m € M(Ry).

The following statement is valid as well.

Proposition 3.1.3. There exists an invariant mean m on L°°(R,) such that m(fy) =1
for the function fo defined above.

Proof. Let W denote the linear span of the functions (fy)s (s € Ry) and the constant
1. Let mg be the linear functional on W, defined by myg(f) := > ), ax whenever
f=a0-1+> 0 or(fo)s, (o € C,sp € Ry,n € N). Since (fo)s, is the characteristic
function of the dense, open set Q := (2 — sx) "Ry in Ry, and since (;_; Q is also
a dense open subset of Ry, we may infer that |mo(f)| < [|f]leo- Noting the linearity
property, we find that my is well-defined. Furthermore, W and my are clearly translation
invariant.

Now let N denote the set of all norm-preserving extensions of mg from W to L>(R ).
Then N is a non-empty, convex, weak-* compact set in the dual space L*°(R;)*. For
any s € Ry, let T(s): N — N be defined by (T'(s)m)(f) :== m(fs) (f € L°(R)). Since
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3.1 Topologically invariant means

the commuting mappings T'(s) (s € Ry) are affine and weak-* continuous, the Markov—
Kakutani theorem implies the existence of a common fixed point m € N. Whence it

follows that m is an invariant mean and m(fy) = mo(fo) = 1. O

Generally, if G is a non-compact, non-discrete and locally compact group which is
amenable, the sets M;(G) and M(G) are different. For details, we suggest [56, p. 277],
see also [26], [59], [62].

For any compact set K C R, of positive measure, we introduce the mean @ on
L>®(Ry), defined by pg (f) := ﬁ [5 f(s)ds. We recall that a sequence of compact sets

{Kn}n C Ry with non-empty interiors is a Fglner sequence if
(5+Kn) A Kol /|Knl 50 (1 = 00)

uniformly in s € K, for any compact set K C R;. The following statement describes
the set M (R ). Its counterpart for groups is due to C. Chou. We sketch a proof, which
follows the lines of [56, p. 138, for the sake of completeness.

Theorem 3.1.4. The set My(Ry) is the weak-x closure of the convex hull of the set of

all weak-+ cluster points of the sequences

{@r,+sntnen ({8n}n € RT)»
where { Ky}, is an arbitrarily given fized Folner sequence in R.

Proof. We can see from the proof of Proposition 3.1.2 that every such weak-x cluster
point is a topologically invariant mean, and then so are the means in the weak-* closure
of the convex hull.

To prove the converse statement, let us denote the weak-* closure of the convex hull
of the above cluster points by £;. Suppose that there is a functional ¢ € M(R;) \ £.
By the Hahn-Banach theorem there exists a function f € L*(R ), a real number ¢ and
an € > 0 such that

Rem(f) <c<c+e<Re¢(f) foralmel;.

Every mean is a positive functional which implies Re m(f) = m(Re f) and Re ¢(f)
= ¢(Re f), thus we may suppose that f is real-valued. Since the functional ¢ is topo-

logically invariant, and since ¢ is monotone increasing as a mean, it follows that

1

1
= mfﬁ(f*XKﬂ) <sup —— f(s+t)dt < flloo < o0.

¢(f) < |Kn| K.
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3.1 Topologically invariant means

For every n € N choose an s, € Ry such that

; / 1 /
su s+t)dt — — Sp+ 1) dt < e/2.

Let mg denote a weak-* cluster point of the sequence {¢x, +s, }, where clearly mgy € £;.
Thus, for some large n, |¢k, +s,(f) — mo(f)] < £/2, and so the following inequalities

are satisfied

1

— f)dt<c+e/2<P(f)—e/2<
|K71| Ky+sn

1
Kol f(sn +t)dt.
n n

This is a contradiction, hence the theorem must be valid. O

Definition 3.1.5. A function f € L*(R) is called topologically almost convergent if
the set {m(f) : m € My(R;)} is a singleton. We shall use the notation at-limf = ¢
whenever m(f) = ¢ for all m € My(R4).

Definition 3.1.6. We say that a function f € L*(R) is topologically almost convergent

in the strong sense to a complex number ¢ if at-lim|f — ¢ = 0.

We note that at-lim|f — ¢| = 0 if and only if m(fg) = cm(g) for every g € L*°(R)
and m € M¢(Ry). The proof follows the same argument as the proof of Lemma 2.1.13,

which played an important role in the previous chapter.

The following characterization will be very useful for us. (Notice that its counterpart

in £°°(Zy) is the classical characterization of almost convergent sequences by Lorentz
[49].)

Proposition 3.1.7. An f € L*®(R) is topologically almost convergent to c if and only
if

1
lim

s)ds=c

uniformly with respect toy € Ry, where { Ky}, is an arbitrarily chosen Folner sequence.

Proof. Let us assume that there exists an € > 0, a strictly increasing sequence {ny}x of

positive integers, and a sequence {yx }xr € Ry such that

fye(s)ds —c

‘1
> €

|Knk| K"k
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3.1 Topologically invariant means

is true for every k € N. Then {C}, := K,,, + yi }r is also a Folner sequence. For every
k € N, let us consider the linear functional ¢y on L*°(R) defined by

1
Wk(h) = @ ”

We know from Theorem 3.1.4 that any weak- cluster point mg of the sequence {@g g

h(s)ds, he L>*(Ry).

is in M¢(R4). Since |mo(f) — ¢|] > € by our assumption, we conclude that f cannot
topologically almost converge to ¢. This proves the necessity of the integral condition.

The converse is a direct corollary of Theorem 3.1.4. O

We recall from Section 2.1 that a function f € L°°(R4) almost converges to ¢ € C,
that is, a-limf = ¢, if m(f) = ¢ for all invariant means m € M. It is clear that a-limf = ¢
implies at-limf = ¢, but the converse does not follow (see Proposition 3.1.3). The
advantage of considering topologically almost convergent functions instead of almost

convergent functions appears in the complete characterization given in Proposition 3.1.7.

Remark 3.1.8. We note that the results of this section remain true in a more general
framework. Let us consider a locally compact, o-compact, Hausdorff abelian group
(G, +), and let (S,+) be a closed subsemigroup of G with non-empty interior S° such
that § —S = G and SN (—S) = {0}. Since these groups are amenable, we can find a
Fglner sequence in G, and even in S° (see [56, Theorem 4.16] and [42]). Chou’s theorem
works in this situation as well, hence My (S) # () and the above integral characterization

is also true.

3.1.1 An immediate application

In the following, we will give an application of (topologically) almost convergent func-
tions.

Let X be a complex Banach space and pick an z € X. Let us form the closure of
the subspace spanned by the vectors {T'(s)z : s € Ry}, denoted by X, where T is a
bounded Cj-semigroup. Obviously, X, is T-invariant hence the restriction of T" to X,

Ty :=Tjx, is a well defined Cp-semigroup whose generator is denoted by Ag.

Theorem 3.1.9. Let T: Ry — L(X) be a bounded Cy-semigroup with the generator A.

Then the following assertions are equivalent for any x € X:
(i) op(A3) MR = 0,

(ii) (z*, e T(s)z) topologically almost converges to zero for every A € R and z* € X},
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3.1 Topologically invariant means

(iii) (z*, e T(s)z) almost converges to zero for every A € R and z* € X%,

19 € LY(RY), /

R

(v) int { ‘

/ e g(s)T(s)x ds
Ry

gzl}zOforevery/\GR.
+

Proof. (i) = (ii): Let us assume that (ii) is not satisfied. Then there exists an z* € X7,
A € R and m € M (R,) such that m({z*, e*T(s) z)) # 0. Using Theorem 3.1.4 we can
find a sequence {s,}22; € RY and a 0 # ¢ € C such that

Sn+n .
lim / (2%, eMT(s)z) ds = c.

n

Let us define for each n € N the linear functional z; on X, where

1 Sn+n .
<Z7*wy> = / <$*76M8T(5)y> d57 RS Xe-
Sn

n

Since sup,, ||| < oo, the Banach—Alaoglu theorem implies the existence of a weak-*
cluster point of the sequence {z;}°2; denoted by z*. We find that z* is non-zero on X,
because (z*,z) = ¢ and T (t)z* = e~"%2* holds for every t € R,. Indeed, if y € X,

1

. Sn+n . .
(2 M Tty —y) = |- / (2", NHOD(s + 1)y — T (s)y) ds

n

* IS t+sn+ 0,” ASTL—’_ 077’1
< [l sup sy 12 FRDEE LB

— 0 (n— o00),
which implies T} (t)z* = e~ 2* for every t € R,. However, this means that A%z* =
—1iAz*, which is a contradiction, so the implication is true.

(ii) = (i): Let us choose an i\ € o, (A%) with corresponding eigenvector 0 # z* € D(A%).
Then

(3.1) e"NTH ()" = z*  forall t € R,

holds (see [20, Chapter 11.2 and Theorem IV.3.6]) and there exists an s € Ry with the
property (z*,T(s) z) # 0. For any m € M¢(R4) € M(RR4), we have

0=m({e*, "N T(t)e)) = m((e*, e TIT(t + 5)r))
e m(e”MTH () x*, T (s)x)).
But from (3.1) we have m({e ™ NTy(t)z*, T(s)z)) = m({z*,T(s) ) - 1) # 0. This is a
contradiction, so op(A%) NiR = 0.

(i) < (iii) We can easily see that the function 1y (s) := T (s)x (A € R) is a bounded
uniformly continuous X-valued function on Ry, i.e. 1y € BUC(R4,X). On the other
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3.1 Topologically invariant means

hand, the left translation semigroup S(s) : BUC(R4,C) — BUC(R4,C), (S(s)f)(t) :=
f(t+s) (s,t € Ry) is a Cy-semigroup on BUC(R,,C). Hence, for any m € M(R,)
and g € G C L'(R, ), we may infer that

m(f)= [ o) m(S(5) ) ds = m ( JNCECE ds)

(see [49, Theorem-Definition p. 2|). This means that the set of the topologically in-
variant means and the set of the invariant means restricted to the closed subspace
BUC(R4,C) of L*(R,) are the same. We conclude that {m({(z*, 1)) : m € M(R4+)} =
{m({z*,¢¥x)) : m € M(R4)} for any z* € X7.

(ii) = (iv): Fix a A € R. By (ii), m({z*, T (t)x)) = 0 is valid for every m € M(R;)
and z* € X. We can see from Theorem 3.1.7 that

1 [
lim <x*, / eMT(s)x ds> =0,
n—o0 n Jo

because {[0,n]}52, is a Fglner sequence on Ry. This implies that n! [" €T (s)z ds
converges to 0 as well (see |44, II. Theorem 1.5]). Since n_1X[07n} € G, the implication
(ii) = (iv) is verified.

(iv) = (ii): Choosing an m € M(Ry), we readily see that m(g x f) = m(f) for any
g € L'(Ry) such that fR t) dt = 1. Hence the following straightforward inequalities
hold, if z* € X}, A € R andg €LY (Ry):

e > r)] = | ([ a0, HOTC +)0) )|

< [lz"|| sup
SER+

< Jla*l sup 1T H / ey xdtH

seERy

7(s) [ Mot >xdtH

We conclude that m({z*, e T(s)x)) = 0 for any m € M (R.), thus (z*, T (s)z)

topologically almost converges to 0. O

Remark 3.1.10. The above result is partly well-known [5, Proposition 3.2]) and goes
back to classical operator ergodic results, see [44, Theorem I1.1.3]; however, to the best
of our knowledge, the originality of this approach seems to be in the use of (topologically)

almost convergent functions.
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3.2 (-semigroups and topological regularity

3.2 (p-semigroups and topological regularity

We would like to introduce an upper bound for the norm-function of Cy-semigroups that

is well behaved. To do this, we will introduce the following type of gauge functions.

Definition 3.2.1. We say that p: Ry — [1,00) is a topological gauge function if (i) it
is measurable, (ii) it is locally bounded (i.e. bounded on compact sets) (iii) for every
compact subset K of Ry, sup{p(t + s)/p(t) : t € R4,s € K} < oo, and (iv) for every
s € Ry, ps/p topologically almost converges in the strong sense to a positive real number
¢p(s). The function ¢, is called the limit functional of the gauge function p. Here the

set of topological gauge functions shall be denoted by Py.

Let X denote a complex Banach space and let £(X) stand for the set of all bounded
linear operators on X. Also, let T: Ry — L(X) be a strongly continuous, one-parameter

semigroup, that is a Cp-semigroup.

Definition 3.2.2. The Cy-semigroup T: Ry — L(X) has regular norm behaviour
with respect to the topological gauge function p or has a p-reqular norm-function if (i)
IT(s)|| < p(s) holds for every s € Ry, and (ii) at-lim||T(s)||/p(s) = 0 does not hold.

We note that the results in Chapter 2 remain valid with this definition of regularity.
In fact, the main ingredients in that chapter, e.g. the limit functional and the associated
isometric representation, can be introduced in a similar way using M(R;) instead
of M. It can be also shown that if T has a p-regular norm-function, p € P, then
the corresponding limit functional ¢y = ¢, is equal to the spectral radius function
r(T(s)) of T (see the proof of Proposition 2.2.12). Furthermore, it is well known that
r(T(s)) = e (s € Ry), where wo(T) = limy 00 (log | T(s)|])/s is the exponential
growth bound of T' (see |20, p. 251]).

Now to get a complete adaptation of the main result in Chapter 2, we shall identify
the spectrum of an arbitrary Cy-semigroup T: Ry — L(X) with an appropriate hull of
the spectrum of the infinitesimal generator A of T. We will assume that wo(T") > —oo,
which is the case when 7' has regular norm-behaviour.

Let Ri denote the set of all characters of Ry, that is the set of all continuous
representations of Ry, on C. We note that Ri = {x» : A € C}, where x,(s) = "
(s € Ry). In the general semigroup setting the spectrum of 7' is defined as the set of
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3.2 (-semigroups and topological regularity

characters x € Ri satisfying the condition

s) ds

<[ fe)ll

for every f € C.(R,), the set of continuous functions with compact support on Ry.

Here
T)x —/ f(s)T(s)xds (zeX)

is the Fourier transform of f with respect to 7. With the special form of the characters

in Ri we can identify the spectrum of T as a subset of C, namely

o(T) = {A € C: [f(V)] < | F(T)] for every f € Co(Ry)},

where f fooo e f(s)ds (X € C) is the Laplace transform of f. The function fbeing
analytic on C, the set o(T') is closed. Moreover, since the characters are non-vanishing,
Re A < wo(T) holds for every A € o(T) (see e.g. the proof of Proposition 2.3.3). The

peripheral spectrum of 1" is defined as
oper(T) :={ A €0(T): Re A =wy(T)}.

Notice that these definitions correspond to the ones given in Chapter 2 for regular
representations of general semigroups.
Now let us consider the infinitesimal generator A of T', where it is known that A is

a densely defined closed operator. Applying the equations
w—x—A/ slxds (teRy,zeX)

and .
Tt)r —x = / T(s)Azds (t€ R,z € D(A))
0

(see e.g. the proof of Theorem 34.4 in [45]), it is straightforward to show that

o~

Flo(A) € o(F(T)) for every f € Co(R).

Thus the closed set o(A) is contained in o(T'). Next, let poo(A) stand for the open
component of C\ ¢(A) containing the right half-plane {z € C: Re z > wo(T)}.
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3.2 (-semigroups and topological regularity

Proposition 3.2.3. With the previous notation, we have

a(T) = C\ poo(4).

Proof. Replacing T(s) by e @oM+DsT(5) (s € Ry), we may assume that wo(T) =
—1. Let © be a component of C\ o(A), other than ps(A4). If @ is bounded, then
the Maximum Principle applied to f (f € C.(R;)) tells us that @ C o(T). If € is
unbounded, then we can consider the bounded open set Qo = {1/z : z € Q} and to
the function F(z) = A(l/z) (z € Q4 \ {0}). Applying the Maximum Principle to the
function gn(2)F(z), where g, (re?) := /re/™ (r € [0,00), ¢ € (0,2r)), and letting n
tend to infinity, we again obtain that Q C o(T).

o~ -~

Since (f x g)(T) = f(T)g(T) holds for every f,g € C.(R4), the norm closure Ap
of the Fourier transforms {]/”\(T) [ € C.(Ry)} forms a commutative Banach algebra.
Fixing a point A\ € C with Re Ag > wo(T'), the formula

00 t
R(X, A) = / e M5 (s)ds = lim [ e 2%T(s) ds
0

t—00 0

for the resolvent R(M\g, A) = (Aol — A)~! (see e.g. Theorem 34.4 in [45]) shows that
R(Xog, A) € Ap. Next, let A € poo(A) be arbitrary. Taking an appropriate polygon
joining Ag with X in ps(A), and considering Taylor series expansions at the vertices,
we get that R(A, A) € Ar also holds.

Choosing an arbitrary z € o(T), there exists a unique contractive algebra homo-
morphism h,: A7 — C satisfying the condition h,(f(T)) = f(2) (f € C.(Ry)). It
readily follows that h,(R(Xo, A)) = (A — 2) L. Setting w := h,(R(\, A)), the resolvent
equation

R(Xo, A) — R(A, A) = (A= Xg)R(Xo, A)R(), A)

implies that
Qo—2) " —w=(A=X) (Ao —2) "w,

whence w(A — z) = 1, and it follows that z # A.
We conclude that ps(A) and o(T) are disjoint. Thus o(T) = C \ po(4). O

Remark 3.2.4. From the proof of the inclusion o(T) C C\ ps(A), one can see that
the above statement also holds if wy(T') = —oco because then o(A) = 0.

Corollary 3.2.5. Let T: Ry — L(X) be a Cy-semigroup and let A stand for the ge-
nerator of T'. Then

o(T) N (wo(T) +iR) = o(A) N (wo(T') + iR);

that is, the peripheral spectrum of T' and that of the generator A are the same.
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3.3 The regularity constant

In this context, we can reformulate Theorem 2.5.1, which is a generalisation of the

celebrated Arendt-Batty—Lyubich—Vu theorem.

Theorem 3.2.6. Let T': R — L(X) be a Cy-semigroup with a p-regular norm-function,
p € Pi. Let A stand for the generator of T. If o(A) N (wo(T) + iR) is countable and
op(A*) N (wo(T) +iR) is empty then

1 t+n T
lim Sup/ Mds:o
n—oo tZO n t p(S)

is true for all x € X.

3.3 The regularity constant

Let us take a Cy-semigroup T' which is not quasinilpotent; that is, r(7'(s)) > 0 for some
(and then for all) s € Ry. Then let us introduce the regularity constant kr as it was

done in the discrete case (see [43]):

s+n -
kp = inf sup (1 / r(T(t»—luT(t)udt)( sup r(T(y))—luT@)n) -

n€ENger, \ 71 s<y<s+n

Evidently, we have 0 < kp < 1. The regularity constant makes it possible for us to give
a description of semigroups whose norm-function exhibits a regular behaviour.

Our main result is the following.

Theorem 3.3.1. Let T: Ry — L(X) be a Cy-semigroup. Then the next conditions are

equivalent:
(i) T has a p-regular norm-function with a topological gauge function p € Py,
(ii) T has a p-regular norm-function with a continuous gauge p € Py,
(iii) [|T(s)|| > 1 for every s € Ry and wp > 0.
First we will show that it is always possible to find a continuous gauge function.

Proposition 3.3.2. If T has a p-regular norm-function, p € Py, then there exists a

continuous gauge q € Py such that T has reqular norm behaviour with respect to q.
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3.3 The regularity constant

Proof. Step 1. To get some control over the jumps of the gauge function, in the first
step we will construct a gauge that is lower semicontinuous.

For every & € Z,, applying Lusin’s theorem and the regularity of the Lebesgue
measure, we can choose an open set Ej, C (k,k + 1) such that |E| < 27% and p is a
continuous function on (k,k + 1) \ Ej.

By our assumption on p, the constant G, := sup{p(s +t)/p(t) : t € Ry,s € [0,1]}
is finite; in fact G € [1,00). Let us define the function v: Ry — [1, 00) in the following
way. For every k € Z., let

v(s) :=p(s) ifse(kk+1)\ E,

and let
v(s) :=1inf {Gpp(t) : t € [k,s) \ By} if s € Ey.

Finally v(k) := liminf, ,; v(s) for k € Z.

Note that if s € Ey, (k € Z..), then for any ¢ € [k, s)\ Ex(# 0) we have p(s) < G,p(t);
hence p(s) < v(s) holds for all s € Ry \ Zy. A simple calculation shows also that the
locally bounded function v is lower semicontinuous, and so it is measurable. Since
the norm-function ||T'(s)|| (s € Ry) is also lower semicontinuous we may infer that
IT(k)|| < liminf, x| T(s)]| < liminfs,;v(s) = v(k) for k € Z4. Thus ||T(s)| < v(s)
holds for all s € R.. Next, since the set

Bi={s e Ry p(s) £0(s)} € | (BrU kD)
keZy,
is of finite measure, the function
s oz 17N TG
p(s) v(s)
belongs to the class L'(Ry) N L>®(R.), and so m(g) = 0 for every m € M;(R,).
Therefore at-limg||T(s)||/p(s) # 0 implies at-limg||T(s)||/v(s) # 0

Given any k € Z,, a brief consideration of the possible cases makes it clear that
v(t + s)/v(t) < Gp holds, whenever k < t < t+s < k+ 1. As for the definition of
v in the integer case, we can extend the validity of this inequality to the case when
E<t<it+s<k+1.UE<i<k+1<i+sand0<s<1,then

v(is+t) w(s+t)vk+1)
v@) wlk+1) v
Thus for any t € Ry, s € [0,1] and n € N, we have

(s € Ry)

2
< G2

t—l—ns a v(t+is) 9
= <G
1 <

7

37



3.3 The regularity constant

We may conclude that sup{v(t + s)/v(t) : t € Ry, s € K} is finite for any compact set
K C R;. Furthermore, for every s € R the functions |vsv 1 —¢,(s)] and |psp~t —c, ()]
can differ only on the set E U ((E — s) NR.) of finite measure, and so at-lim|psp~! —
cp(8)| = 0 implies that at-lim|vso=! — ¢,(s)| = 0.

Therefore v is a lower semicontinuous topological gauge function (with ¢, = ¢,) and

T has a v-regular norm-function.

Step 2. Next we can construct a piecewise continuous gauge function p adjusted to T'.

Let us have an arbitrary n € (0, 1). Since v is lower semicontinuous, for every t € R,
the set Uy := {s € Ry : v(s) > nv(t)} is open in Ry ; clearly t € U;. We can introduce
the extended real number 7(¢) := sup{s € (¢,00) : (¢,5) C Uy} € (¢, 00]. If 7(¢) is finite,
then v(7(t)) < nu(t). As v > 1, it follows that for every ¢ € R there exists an n € N
such that 7"(t) = oc.

Given a k € Zy there exists a unique ny € N such that 7™~ 1(k) < k+ 1 <
7% (k) € [k+1,00]. Next, let us introduce the notation 3 ; :== 7(k) for 0 < i < nj, and
lgn, =k + 1. For every 0 <4 < ny, we have

nv(tm) < v(t) < va(tk,i) for all t € [tk,ia tk7i+1)'
By Lusin’s theorem, there exists a continuous function

Ghyi: [his thiv1) = [o(tri), Gov(tri)),

which differs from the restriction of v to this interval in a set Ej; of measure less than
(277,143)7127]6. Selecting tkﬂ' < ilm < f]w‘ < tk,i+1 such that max(fkyi — tk:7iatk:,i+1 — ik,l) <
(Ang) 127, we set iy i(t) == gri(bri) i trs <t < g, hii(t) = gri (1) if g <t <ipy
and Py (t) := gri(ths) if Tey <t < thigr.

Note that the continuous function hy; differs from the restriction of v in a set Hy ;
of measure less than n,;12*k7; furthermore the range of Ay ; is contained in the range of
ki

Let us define the piecewise continuous function A on Ry so that A coincides with
hi; on the interval [ty ;,txi+1) for all k € Zy and 0 <4 < ny. It is clear that h differs
from v on a set of finite measure. Furthermore, if t,s € [k,k+1) and t < s (k € Z.),
then ¢ € [ty tgiv1) and s € [ty j, Lk j+1) for some 0 < i < j < ny, and so

h(s) < Goo(te,) < Gor? "o (tg.:) <G
h(t) = no(te) nv(tk.i) n
Ift e [tk,iatk7i+1) - [k,k + 1) and s = k + 1, then
hs) _ Guoolk+1) _ GE
h(t) nv(t.,) n
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3.4 One consequence of regularity

We find as in Step 1 that sup{h(t + s)/h(t) : t € Ry,s € K} is finite for any compact
subset K of R..

The piecewise continuous function w := n~'G,h preserves the latter property. Fur-
thermore, for any ¢ € [ty,tk,it1) (K € Z4,0 < i < ny), we have that

w(t) =07 Guh(t) > 07 Gonulte,) > 0 GunGy lu(t) = v(t);

that is w > v. Taking into account the fact that w differs from n~'G,v on a set of finite

measure, we may deduce as in Step 1 that w € Py and T has a w-regular norm-function.

Step 3. We complete the proof by associating a continuous topological gauge function
q with T.

The function w has countable discontinuity points, and we may assume that it has
infinitely many. We place these points into the strictly increasing sequence {t, }nen;

clearly 0 < ¢; and lim,,_,, t, = 0o. For every n € N, let d,, denote the minimum of the

n+1
=1

the right of ¢, and that is has a left limit w(t, — 0) := limy_;, o w(t). Let N4 stand
for the set of positive integers n, where w(t, —0) < w(t,), and N_ := N\ N.. For any

positive numbers {371(¢; — ¢;_1) (here tg := 0). We know that w is continuous to

n € Ni, we can find a real number r, such that 0 < ¢, — r, < min(d,,27") and w is
constant on the interval [ry, ¢,). The function ¢ is defined on [ry,t,] so that it is linear
and q(ry) = w(ry), q(tn) = w(ty). f n € N_, then we can choose an r, such that
0 <rp—t, <min(d,,27") and w is constant on the interval [t,,r,]. The function ¢ is
linear on [ty, ry] and satisfies the conditions ¢(t,) = w(t, —0) and ¢(ry) = w(ry). Next,
for every t € Ry \ (Uen, [ tn]) U (Unen_ [tnsmn])), we will set g(¢) := w(t).

It immediately follows that ¢ is a continuous function, ¢ > w, and ¢ differs from w
on a set of positive measure. Now let ¢,s € R, be arbitrary and satisfy 0 < s —¢ < 1.
Ifte (rj,tj),s € (rg, tg) (J,k € N+, j < k), then

A
I

2
a0 = qlry) ~ wlry) =

since ty — 7; < 2. The reader can readily check that q(s)/q(t) < G2 holds in other

possible cases too. We get as before that ¢ € Py and T has a ¢-regular norm-function. [

3.4 One consequence of regularity

Now we will prove that the regularity of the norm-function implies the positivity of the

regularity constant.
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3.4 One consequence of regularity

Proposition 3.4.1. Let T: Ry — L(X) be a Cy-semigroup with a p-reqular norm
function, where p € Py is continuous. Then |T(s)|| > 1 for every s € Ry and the

reqularity constant Kkt is positive.

Proof. Let T be a Cy-semigroup with p-regular norm function, where p € Py is continu-
ous. Changing T'(s) to 7(T(s))~'T(s), we may assume that c,(s) = cr(s) = r(T(s)) = 1
(s € Ry). If || T'(s0)|| < 1 for some s¢ € (0, 00), then limg ||7'(s)]| = 0, which contradicts
the assumption at-limg||T(s)||/p(s) # 0. Therefore | T(s)|| > 1 holds for all s € R.
Supposing that k7 = 0 we need to show that it leads to a contradiction. For any

s € Ry and n € N let us introduce the notation

1 s+n
A= [T Bl = s (T ¢ € s+l
and
T on p(t) T on p(t) '

We infer by Proposition 3.1.7 that & := limsup, sup{C(s,n) : s € Ry} € (0, 1]; let us
give an arbitrary «a € (0, &). Let us choose a positive £ which satisfies the condition

«@
§7

where G == sup{p(t + s)/p(t) : t € Ry, s € [0, 1]}. Since kp = 0, it follows that there
exists k£ € N such that

2
(3.2) 4Ge <

(3.3) <e forall seR,.

Let us give a positive i and a positive integer N satisfying the conditions

. (0% k+1 ].
34 2 — 2—1,1— ——
(3.4) \/ n<m1n(3k, , k*&/ﬁ)

and

a

(3.5) IN"! < 3

Since o < & and limy, sup{D(s,n) : s € Ry} = 0 by Proposition 3.1.7, we can find [ € N
and s € Ry such that

(3.6) l/k>N, C(s,l)>a and D(s,l) <n.
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3.4 One consequence of regularity

The integer [ can be written in the form [ = nk + r, where n := [[/k] > N and r € Z,
r < k. Applying (3.5) and (3.6), we have

|
-

n

k
<7 C’(s—l—jk,k)—i—?C’(s—i—nk,r)
j=0
n—1
2k k
<2k K .
(3.7) < T+ ZC(S + jk. k)
7=1
n—1
k
< %+ T3 Cls+ jk. k).
j=1
From (3.6) it also follows that
n—1
(3.8) > D(s+jk—1,k+1) <20D(s,1)(k+ 1) < 2n(k + 1) L.
j=1

Next, let Ny (respectively, N_) stand for the set of those positive integers j which
satisfy the conditions j < n and D(s + jk — 1,k + 1) > /2n(k + 1)~! (respectively,
j<mnand D(s+jk — 1,k +1) < 2n(k +1)"1). We get from (3.8) that

(card Ny)/2n(k + 1)1 < > D(s+jk— 1,k +1) < 2n(k + 1)1

JENL
whence
(3.9) card Ny < 14/2n
follows.

Fixing an index j € N_, we define w, (respectively, w_) as the set of points ¢ in the
interval [s 4 jk — 1,5 + (5 + 1)k] which satisfy the condition |p(t + 1)p(t)~" — 1| > /27
(respectively, [p(t + 1)p(¢)~! — 1| < v/21). The inequality

V2nlwy| <(k+1)D(s+jk—1,k+1) <+/2n

implies |w4| < 1; thus there exists sg € (s + jk — 1, s + jk) such that sp +4 € w_ holds
for every non-negative integer ¢ with ¢ < k. For any ¢ € w_ we have by (3.4) that

<1+\F< 2

Hence for every integer 7 with 1 <17 < k+ 1 we get

f<1—f<

i—1
so—i-z Hpso—i-v—i-l i

27l <9 F " < 241
p S0 v

< 2.
v=0

41



3.5 The converse statement

Thus
(3.10) 27p(s0) < pso +1) < 2p(s0) whenever 0 <7 < k+ 1.

Given any t1,ts € [s+jk, s+ (j+1)k] there exist integers i1, 42 € [0, k] and real numbers
ai,ag € [0,1) such that t; = sg 441 + a1 and ¢y = s + 42 + a2. Applying (3.10) we find
that

pt) _ plsotiu+a) plsot+in) plso+is+1)
(3.11) p(t2) p(so+141)  p(so+iz +1)p(so +iz2 +a2)
< 4G

Assuming that p takes its maximum on the interval [s + jk, s + (j + 1)k] at t*, we infer
by (3.11), (3.3) and (3.2) that

dt

LR o) ()
Cls + jk, k) < / :
CHIRR T | Blstikh o)
QA(3+jkak)
~— " PB(s+jk,k)

(3.12)

2
< 4Gp5 < 3

Finally, by the use of (3.7), (3.12), (3.9) and (3.4) we may conclude that

a k . k )
a < §+7ZC(s+jk,k)+7ZC(s—irjk,k)

JEN4 JEN_
< g—FE(cardN )+E(cardN )g
= 31 A 3
a k k «
< =4 =12 —n—
= g hyhventgnsg
< T4+ %-a
3 3 3 ’
which is a contradiction. O

3.5 The converse statement

We will begin with an observation which will be useful in the proof of the sufficiency of

our regularity condition.

Lemma 3.5.1. Let T: Ry — L(X) be a non-quasinilpotent Cy-semigroup such that
kr > 0. Then for every n € N and x € Ry there exists an xg > x such that

1 /‘“*" r(T(s))"HIT ()]

n

ds > —.
o SUWDycizoaotn IT(TW) T — 2
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3.5 The converse statement

Proof. We shall use an indirect argument: suppose that the statement is not true for
some n and z. By the definition of k7, we can choose m € N and s,, € Ry such that
m~L(zn=t + 1) < kr/4 and

7. 1/8m+m" Ir(T(s)) "' T(s)l]

ds >

o mn Js,., Supye[sm,sm—i—mn} ||T(T(y))_1T(y)|| 4

Let [ stand for the integer part of max(0, (z — s,)/n). If £ > [ then s, + kn > z. Thus

re L3l [ () T(5)] ]
S = — S
m k=0 T J sp+kn SUPye[s,, +kn,sm+(k+1)n] ||T(T(y))_1T(y)H
< [+1 n m—1— llil
- m m 2
-1
< zn - +1 n KT
- m 2
KT KT 3KT
< Tt =T
This is a contradiction, so the lemma must be true. ]

We are now in a position to prove the remaining implication.

Proposition 3.5.2. Let T: Ry — L(X) be a Cy-semigroup such that ||T'(s)|| > 1 for
every s € Ry and ki > 0. Then T has a p-reqular norm-function with some p € Py.

Proof. Rescaling the semigroup, we may suppose again that e*o(T)s = p(T(s)) = 1
(s € R4). This means that for every w € (0,00) there exists an M, € [1,00) such that
IT(s)]| < Mye“® for all s € R;. Then for every n € N we can choose a k, € N such
that k, > n and | T(t)|| < e"/™ whenever t € [k, 00). Note that for any s € Ry

(3.13) T < 1T SINT(E— )| < | T(s)|let /™ whenever t € [s + ky, 00).
Next, define an [ € N with the condition
(314) [ > 4/K,T.

We shall again use the notation A(s,n), B(s,n) introduced in the proof of Proposi-
tion 3.4.1. From the definition of k7 we can choose an s; € Ry such that A(sy, (I +
1)k1)/B(s1, (1+1)k1) > k7/2. Assuming that {s;}7_, (n € N) has been already defined,

by Lemma 3.5.1 we can find an s,41 € Ry which satisfies the conditions

(3.15) Sni1 > S+ 0l + 1) (kn + kny1) +n(n+1)
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3.5 The converse statement

and A(sp+1, (I + Dknt1)/B(sp+1, (I + 1)kpt1) > k7 /2. By induction, we obtain a se-
quence {s,}>2, such that sp41 > sp + (I + 1)k, and

(3.16) A(sn, (I +1)kn)/B(sn, (l + 1)ky) > k7/2 for all n € N.

Now the function p: Ry — [1,00) is defined in the following way. If s; > 0 then
p(t) := sup{||T(s)]| : s € [0,s1)} for every ¢ € [0, s1). Furthermore, for every n € N we
will set

B(sn, (I +1)ky) if t €[S, S0 + lkn),

(3.17)  p(t) =
B($n, (14 1)ky)elt=sn=tkn)/nif t € [s, + lkp, spp1)-

The locally bounded, measurable function p clearly dominates the norm function
of T on the intervals [0,s1) and [s,, s, + (I + 1)k,] (n € N). On the other hand, if
t € (sp+ (I + 1)ky, sp141) (n € N) then by (3.13) and (3.17) we have

T < T (sn + Uen) el —*n =) < (1),

Thus [|T'(¢)|| < p(t) holds for all t € R.. Applying the relations

[+1 1
A(sp,lky) = TA(sn, I+ 1D)ky) — 7A(sn + lkn, kn)

and B(sp, (I + 1)ky,) > B(sp + lkn, kn), by (3.17), (3.16) and (3.14) we find that

L TN g Alsns )
lkp Sn p(t) B(Sm (l + 1)’%)
> A(Sna (l + 1)kn) B lA(Sn + lkp, kn)
o B(Sm (l + 1)’%) l B(Sn + lknp, kn)
kr 1 KT
> - M
2 3173

is true for every n € N. Since {[0,lk,]}, is a Fglner sequence, we may infer from
Proposition 3.1.7 that at-lim,||T'(s)||/p(s) = 0 does not hold.

Now let t, s € Ry be arbitrary. If s, <t <t+4 s < sp41 holds for some n € N, then
it immediately follows that 1 < p(t + s)/p(s) < e*/™, hence

(3.18) ‘p(t +9)

1 <es/m 1.
p(s) ‘ -

Let us next assume that

Spp1 — N <t <spp1 <t+s<spp1+n
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3.6 An example for a gauge function

is valid for some n € N. Since sp41 —n > s, + (I + 1)k, by (3.15), it follows from (3.17)
that

t— s, —lk, Spat1 — 1 — 8y — LKy,
319 p(0) = Quexp (2210 ) > g oxp (2 ).
n n
where @, := B(sp, (I + 1)ky). On the other hand, s,41 > s, + lkp + kpt1 is also true
by (3.15), and so we infer by (3.13) that
u— 8y, — Lk
@I < 17+ exp (42255 )
n—+1
Sn+1 + (l + 1)kn+1 — Sp — lk‘n
n+1

< Qnexp (

holds for every w € [sny1, Sn+1 + (I 4+ 1)kn41]. Thus

1 — s —
(3.20) pt+ ) = Qui1 < Qnexp <3n+1 + (1 + n)lf:? Sn lkn) .

Applying (3.15), (3.19) and (3.20), a short computation shows that p(t + s) < p(t),

hence

(3.21) ‘p(t +3)

pls) 1‘ =t

Taking into account the fact that s,411 — s, > n? tends to infinity, the relations (3.18)
and (3.21) imply that sup{p(t + s)/p(t) : t € R4,s € K} is finite for every compact

subset K of R. Furthermore, in view of Proposition 3.1.7 we may conclude that

p(t + s)

p(t)

Therefore p is a topological gauge function and the Cy-semigroup 1" has regular norm

at—limt

— 1‘ =0 forevery s € Ry.

behaviour with respect to p. O

3.6 An example for a gauge function

Now we will show that condition (iii) is not a consequence of other properties in the
definition of a topological gauge function. We will construct a locally bounded, mea-
surable function p: Ry +— [1,00) such that for every s € Ry ps/p is bounded and
at-limy[p(s +1) /p(t) — 1| = 0, but supse(g 17 SupPscr, P(s +1)/p(t) is infinite. Next, let us

define a p in the following way:
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3.6 An example for a gauge function

1+ 2(t—2m) if 27 <t < 2" +n?

p(1) = 1 if 2" +n? <t <2"4+n?+ 1
T+n?(t—2"—n? -1y jfon4n2+l<p<omypn?g 2
1 if 2" 4% + 2 <t <27

Evidently, the mapping t — p(t + s)/p(t) is bounded for every s € R.. Moreover,
limy 00 p(t + 5)/p(t) = 1 for every s € [0,1] except for the set U [2" + n? — 1,2" +
n? + 1] which has a zero upper Banach density. Now it is easy to verify that at-
limy|p(s +t)/p(t) — 1| =0, so ¢p(s) =1 (s € Ry ). On the other hand,

p%(2"+n2+%)
p(20 +n2 + 1)

n

that is, supsejo,1] Supser, (s +¢)/p(t) = oo.

This example suggests the following question.

Question 3.6.1. Let T: Ry — L(X) be a Cy-semigroup. Let p: Ry — [1,00) be
a measurable, locally bounded function such that ps/p is bounded and topologically
almost converges in the strong sense to a positive real number ¢,(s) for every s € R;.
Next, assume that || T(s)|| < p(s) holds for every s € R, and that at-lim||T'(s)||/p(s) =

0 does not hold. Does it then follow that T has a topologically regular norm-function?
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Chapter 4

A Katznelson—Tzafriri type result

4.1 Introduction

Let us consider a complex Banach space X and let T" be a power-bounded operator on X,
i.e. sup,>q ||T"|| < oo holds. Then it is a simple matter to give a characterization of the
norm stability of T' (that is lim,_,« ||7"|] = 0) via the spectral radius formula. Indeed,
r(T) < 1if and only if ||T"|| (n — o0) tends to zero, or equivalently ||7"|| tends to zero
exponentially; that is, there exists a C' > 0 and A € (0, 1) such that ||T"] < CA" for
every n € N. However, it is more interesting to give necessary and sufficient conditions

for the uniform convergence
Jim [|T"Qf = 0

with some bounded operator ), as this is far from trivial. The case Q = T — I,
which is of great importance because of its role in the uniform zero-two law (cf. [34])
and its connection with the Gelfand—Hille theorem (see [68]), was first characterized
by J. Esterle [22]. Moreover, if the sequence [|[T™ — T™"!|| tends to zero as n — oo,
the convergence may be far from exponential. On the quantitative behaviour of this
sequence we refer the reader to |55, Chapter 4| and [22].

We recall that the celebrated Katznelson—Tzafriri theorem asserts that if 7" is a
power-bounded operator acting on a Banach space X, and f(z) = ro apz" is a power
series with absolute convergent coefficients, which is of spectral synthesis with respect to
the peripheral spectrum of T, then lim, o |77 f(T)|| = 0 (see [34]). In a Hilbert space
setting a richer functional calculus can be defined for contractions due to von Neumann’s

inequality. We recall that the disk algebra A(ID) is the set of all holomorphic functions
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4.2 Preliminaries and the main result

in the unit disc which extend continuously to the unit circle. Actually, the following
was proved in [23].

Theorem 4.1.1. Let T be a contraction in a Hilbert space and let f € A(D). Then
FA) =0 for every A € o(T) NT if and only if lim, o || T™f(T)| = 0.

On the other hand, contractions even admit a more general H calculus on the unit

disc. This fact was exploited by H. Bercovici, who proved the following ([9]).

Theorem 4.1.2. Let T be a completely nonunitary contraction on a Hilbert space, and
let f be a bounded holomorphic function on the unit disc. Then lim, o || T™f(T)|| =0
holds if lim,_,1 f(re??) = 0 for every e € o(T) N T.

An example shows that the converse implication of the theorem is not true (see
[9]). The statement of Theorem 4.1.1 was recently extended by S. Mustafayev, who
considered the Banach algebra Ap generated by a contraction 7. In fact, he proved in
[52, Theorem 3.7| that if T' is a contraction on a Hilbert space such that its peripheral
spectrum o(T)NT has zero Lebesgue measure, then the Gelfand transform of R € A(T)
vanishes on o(T) N'T if and only if lim, o || 7" R|| = 0.

Here we shall prove that the assumption of the Katznelson—Tzafriri theorem can
be weakened in Hilbert spaces, and we shall present a characterization of the condition
limy, o0 [T Q|| = 0 if Q commutes with T, via an ergodic condition. We shall also prove
that, if f € AT(T) and Q = f(T), the given condition is equivalent to the vanishing of
f on the peripheral spectrum of 7.

The proof shall partly follow Vu’s method (|64], [65]); that is, we will first verify
convergence in the strong operator topology by reducing the problem to isometries.

After that we shall complete the proof using some aspects of an ultrapower approach.

4.2 Preliminaries and the main result

Let L(X) be the algebra of all bounded linear operators on a Banach space X. Let o(T")
stand for the spectrum of T' € L(X), and let I be the identity operator on X. Next, let
AT(T) denote the set of sums of power series on the unit circle T whose coefficients are
absolutely convergent. Then, for each power-bounded operator T', a bounded functional
calculus naturally arises which is defined by f(T) := > 30, axT* € L(X), where f(2) =
Sl g arzk and 0 Jag| < oo.

Our main result will now be presented.
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4.2 Preliminaries and the main result

Theorem 4.2.1. Let T be a power-bounded operator on a Hilbert space H. If Q € L(H)
and TQ = QT, then the following statements are equivalent:

1 n—1
(i) li_)m - Z )\_kaQH =0 for every A€ o(T)N T,
n—oo
k=0

(i) lim, 00 [|[T"Q| = 0.
Moreover, if Q = f(T) for some f € AT(T), then (i) and (ii) are equivalent to
(iii) f(A) =0 for every A€ o(T)NT.

First we will prove a lemma which leads us to the ergodic condition of the above

theorem.
Lemma 4.2.2. Let T be a power-bounded operator on a complexr Banach space X and
let f € AT(T). Then, for every A € T, we have

n—1
doAFTR(F(T) - fND)| =0.

k=0

lim —
n—o00 N

Proof. Using the Taylor expansion f(z) = Y >, amz™ of f, and changing the order of

summation, we have

n—1 0
% Z A~kTk <Z o (T™ — A”U))
k=0

n—1
LSRR () — )
k=0

m=0
00 1 n—1
— Z amA™ ( Z(/\f(k:er)Tker - )\ka)> )
T
m=0 k=0

Next, pick an € > 0 and let us choose an index M € N such that Y ° , |am| < e. Then

we may infer that (with A denoting the symmetric difference of two sets)

n—1 Mo .
1 —krpk 1 (k) ok .
o 2T = SO < D laml |23 (4 T A~kTE)

k=0 = i

e 1 n—1
- —(k+m)rprk+m _ y—kmpk
2 laml |73 (A T ARk
< | flliL max card({1,..,n}A{m +1,....,m + n})
< 1L max -

+ 2Le
< |\ flh2LMnt +2Le < 4Le
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4.2 Preliminaries and the main result

provided n is sufficiently large, where | f1 = Y 00_ |am| and L := sup{||T*|| : k =

0,1,2,...}. Since € was arbitrarily chosen, the lemma is proved. O

The uniform ergodic theorem tells us that % Z;é T* tends to zero in norm if and
only if 1 is in the resolvent set of T' (cf. [44, Theorem 2.7]). With this result, the

following corollary of the above lemma is straightforward.
Corollary 4.2.3. Let T be a power-bounded operator on a Banach space X and f €
AY(T). Then, for each A € o(T)N'T,

1
fA) =0 if and only if lim — = 0.
n—o0 1,

n—1
DA TRA(T)
k=0

In the following lemma we shall prove the theorem for an arbitrary isometry. Recall
that Douglas’s extension theorem ([16]) states that any isometry V' on a Banach space
X can be extended to a surjective isometry on a larger space. This result was already
well known in the Hilbert space setting (cf [32]). Later, C.J.K. Batty and S. Yeates
gave a different construction in [7] which preserves the structure of the original space
in most cases (for instance, when X is a Hilbert space or superreflexive). In addition,
their construction makes it possible for one to define an extension of the commutant
of V; they showed that there exists a unital isometric algebra homomorphism from
the commutant of V' into the commutant of its surjective extension [7, Proposition
3.5]. Then, under this homomorphism, the spectrum of an element of the commutant
contains the spectrum of its image. (The reader should see Bercovici’s paper [10] for
a similar construction in the Hilbert space case.) Below, we shall make use of these

results.

Lemma 4.2.4. Let V be an isometry on a Hilbert space 3. Suppose that Q € L(H)
and QV =V Q. If

1
lim —
n—oo N

n—1
> A—’kaQH =0
k=0
holds for every A € (V) NT, then Q = 0.

Proof. Applying the extension theorem of Batty and Yeates, throughout the proof we
can assume, without loss of generality, that V is unitary.

It can easily be seen that VQ* = Q*V, hence the C*-algebra A generated by V
and Q@* is commutative. Now let X stand for the Gelfand spectrum of A and let
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4.2 Preliminaries and the main result

Ty: A= CX), A— A be the Gelfand transform of A. Then the ergodic condition
limg oo || 2020 A P4QQ0
ran V = o (V).

Next, let us assume that the non-negative function Q/@ € C(X) takes its maximum
qo at hg € 3. Choosing Ag := 17(110)7 we get for any n € N that

= 0 is satisfied for every A in the range of V because

Z )F QQ* (ho)| = qo-

n—1
~ I ATRQQF

k=0

1
n

o0

This means that gy = 0 must hold, so @(h) = 0 for every h € 3. Hence o(QQ*) = {0}
and QQ* = 0. This readily implies that @ = 0. O

Let J be an infinite set, and U let be a free ultrafilter on J. Now consider the Banach
spaces £°°(J,X) of all bounded functions from J to X, and co(J, X; U) of all bounded
functions from J to X which converge to zero through the ultrafilter. The quotient
space £°(J,X)/co(J,X;U) is an ultrapower of the Banach space X, which we shall
denote by Xy. Recall that if X is Hilbert space then Xy is also a Hilbert space. In fact,
the parallelogram identity is preserved by taking the ultrapower and the polarization

identity tells us that the inner product on Xy is given by

<[Z‘7 g>u =U- IITI;H <(Ifn, yn)a

where Z and g denote the equivalence classes of {z,}, and {yp}, in Xy, respectively.

For each T € L(X), the ultrapower Ty of T is defined by the formula
Tu({zn} +co(J, X5U)) :={Tzp} + co(J, X; U).

Note that the mapping T +— Ty is an isometric unital algebra homomorphism from
L(X) into L(Xy) such that o(T') = o(Ty) (cf. [27], [60, Theorem V.1.4]).

Proof of Theorem 4.2.1. The implication (ii) = (i) is evident. To prove (i) = (ii),

let us introduce a new semi-inner product on H by

<x7y>T = m({<Tnx7Tny>}n) (:E,y € f}f),

where m denotes a Banach limit. Forming quotient space and completion result a
Hilbert space Hp, where 7" acts as an isometry V. If X denotes the canonical embedding
of H into Hrp, we get that VX = XT. In addition, the intertwining transformation X

naturally induces a contractive unital algebra homomorphism between the commutants
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4.2 Preliminaries and the main result

of T and V. That is, if A is in {T'}’, the commutant of 7', then there exists a unique
operator B € {V} such that XA = BX and ||B]| < ||4||. It can be also shown that the
mapping

yr: {T} = {V}, A~ B
is a contractive unital algebra homomorphism and hence o(B) C o(A) ([35]). Then (i)
implies that V' and yp(Q) satisfy the ergodic condition

lim n !
n—oo

n—1
>, A’“v’“w(@)H =0
k=0

for every A € o(V) N'T. We can apply now Lemma 2.4 to this and then conclude that
vr(Q) = 0. Thus m{{||QT™z||*},) = m{{||T"Qx||*}») = 0 for every z € }, and hence
inf,>o |[T"Qz|| = 0 by the positivity of m. Therefore, condition (i) in Theorem 4.2.1
implies that inf,>¢ || T" Qx| = lim, . ||[T" Qx| = 0 for every z € .

Now let a := inf,> [T"Q]l and L := sup,>q[|7"|. Choose a sequence of unit
vectors {zy}22, in H such that || T%Quzy|| > «/2 holds for every k € N. Then, of course,
IT"Qzk|| > a/(2L) for every n < k. Taking a free ultrafilter U on N, we can define a
unit vector z = {xg }x + co(N, H; U) in the ultrapower space Hy. Then, for any n € N,

we have
1T Quzll = [{T" Qi }r + co(N, FGU)|| = U- lim |T" Q|

@
> lim inf [|T" > —.
2 limin IT" Qx| > 5T
However, applying the previous conclusion to Ty and @y which satisfy (i), we find that
T}t Qu tends to zero strongly. This means that o must be zero, hence lim,,_,, [|[T"Q|| = 0
also holds which is we intended to show.

For (i) < (iii), see Corollary 4.2.3. O

We should mention here that condition (i) implies the convergence

lim ||[7"Q| =0
n—o0
but limy,_ ||T‘7(1]ram Q- | = 0 does not hold in general (here Tj(ay )~ denotes the res-

triction of T" to (ran @), the closure of the range of @Q); see, for instance, [33, Example
1.8]. Actually, the structure of the orbits can be quite complicated on (ran@)~, they may
decay arbitrarily slowly due to a result by V. Miiller [53]. More precisely, if /(7| (ran )~ )N
T #0 (ie. ||T|7(LranQ)_ || 7 0) then for every positive sequence {a,}5°; € ¢o(N) we can
find a vector h € (ran @)~ such that ||T"h|| > a, for every n € N.
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4.2 Preliminaries and the main result

Remark 4.2.5. We note that the local version of Theorem 4.2.1 does not hold. In fact,
let us consider the Hilbert space ¢£2(N), and let 7' be the right forward shift on ¢?(N)
and let @ be the identity operator. Choosing the unit vector ey := (1,0,0,...), it can

be easily seen that

1
lim — =
n— n

n—1
Z )\kae()
k=0

for every A € T, but 1 = ||Teg]| /4 0 if n — oo.

Remark 4.2.6. Note that Lemma 4.2.4 appears to be crucial in the proof of the above
theorem. We do not know whether a similar statement could be verified in more general
spaces. The extension theorem given by Batty and Yeates preserves the structure of
superreflexive spaces, hence it seems to be natural to ask whether Lemma 4.2.4 can be
generalized to superreflexive spaces. It is an open problem whether the ergodic result

Theorem 4.2.1 is true in LP-spaces (1 < p < 00), or in superreflexive spaces.
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Chapter 5

Summary

In essence, this dissertation is a study on the stability properties of strongly continuous
operator semigroups. I provide generalizations of well-known stability results including
the Arendt—Batty—Lyubich—Vi theorem and the Katznelson—Tzafriri Theorem. Fur-
thermore, I give a characterization of Cp-semigroups whose norm function is topologi-

cally regular. These results are based on three recent papers [42], [46] and [47].

5.1 Representations of locally compact commutative semi-

groups

This part of the thesis is based on a joint paper with Laszlé Kérchy.

Consider a locally compact, Hausdorfl abelian group (G;+). Let S be a closed
subsemigroup of G with non-empty interior S° such that S — S = G and SN (=S) =
{0}. Let S* stand for the set of characters of S. In Chapter 2, by using invariant
means on S, we introduced the concept of gauge functions, representations with regular
norm-function, and we also studied the properties of limit functionals. We proved the

following.

Theorem. Let p be a gauge function on S and let us assume that there exists a repre-
sentation p: S — L(X) with a p-regular norm-function. Then the limit functional ¢, of

p s o positive character of S.

Theorem. If the representation p: S — L(X) has regular norm-behaviour with respect

to the gauge functions p and q, then
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5.1 Representations of locally compact commutative semigroups

The above theorem leads to the following definition. The function ¢, := ¢, is called
the limit functional of the representation p with p-regular norm-function.

When S = R4, we proved that if T: Ry — L(X) is a representation that has a
regular norm-function then the spectral radius function of T is equal to cr.

We recall that C.(S) stands for the set of continuous functions with compact support
in S. The Fourier transform of a function f € C.(S) with respect to the representation
p: S — L(X) is given by

Flo) = [ 7(6)ole) dnts).

We can similarly define f(x) when x € S, since the characters of S are one-dimensional
representations. In Chapter 2 we introduced different kinds of spectra of unbounded
representations and studied connections among them, which provide an interplay with
already known concepts.

The peripheral spectrum of the representation p: S — L(X) with regular norm-
function is defined by

oper () = { x € 0(0) : || = ¢ and x(s)| = c,(s) for all s € 5 .
Let the point spectrum of the representation p: S — L(X) be the set
op(p) == {X € 8% : there exists 0 # z € X with p(s)z = x(s)z for all s € S} .

The following statement is one of the main results of this dissertation, which is an
Arendt—Batty—Lyubich—Vi type theorem for representations having a regular norm-
function. Instead of the usual stability of orbits, we shall apply a slightly weaker concept

of stability that may be described by using almost convergence.

Theorem. Let p: S — L(X) be a representation with a p-regular norm-function. If
oper(p) is countable and op(p*)N{x € S* : |x| = c,} is empty, then ||p(s)z||/p(s) almost
converges to zero for all x € X.

A corollary of the theorem is the following.

Corollary. Let p: S — L(X) be a representation with a p-reqular norm-function. If
oper(p) is countable and op(p*) N {x € S* : |x| = ¢, } is empty, then

o el
) /K p(s) W) =0

is true for all x € X, where {K;}; is any Folner sequence.
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5.2 (p-semigroups and topological regularity

5.2 (Cy-semigroups and topological regularity

In Chapter 3 we focused on the representations of the real half line. Here, similar to the
previous chapter, we introduced Cy-semigroups with a topological norm-function. This
can be achieved using the set of topologically invariant means instead of the translation
invariant means.

The main result of this chapter provides a characterization of Cy-semigroups whose
norm-function is topologically regular. The statement is similar to the characterization
proved by Kérchy and Miiller [38], [43] in the discrete case. Let us assume that (7'(s))s>0
is a Cy-semigroup and the spectral radius of T'(s) is positive, i.e. r(T(s)) > 0, for every

s € Ry. Let us define

s+n -
k= nf sup (; / r(T(t»—lnT(t)ndt)( sup r(T(y))—1||T<y)||>

neNger, s<y<s+n

Let P; denote the set of topological gauge functions with respect to 1. The following

theorem is the main result here.

Theorem. Let T: Ry — L(X) be a Cy-semigroup. Then the following conditions are

equivalent:
(i) T has a p-regular norm-function with a topological gauge function p € Py,
(ii) T has a p-regular norm-function with a continuous gauge p € Py,

(iii) |T(s)|| = 1 for every s € Ry and wp > 0.

5.3 A Katznelson—Tzafriri type theorem in Hilbert spaces

The Katznelson—Tzafriri theorem is an operator-theoretic result which is related to the
ABLV theorem. When S = Z,, we can present an extension of the result in the
Hilbert space setting. Our aim is to characterize, via an ergodic condition, the norm
convergence limy, o [|[7"Q| = 0 when T is a power-bounded operator on a Hilbert
space and ) commutes with 7.

Let I be the identity operator on X. If f € A™(T) and T is power-bounded operator,

then a bounded functional calculus naturally arises which can be defined by f(T) :=
Y2 F(B)TF € L(X), where f(X) = 122, F(k)AF and 32502, | £ (k)] < oo.
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5.3 A Katznelson—Tzafriri type theorem in Hilbert spaces

In Chapter 4, our starting point is an observation which leads us to introduce the

ergodic condition in our generalization.

Lemma. Let T be a power-bounded operator on a complex Banach space X and let
f € AT(T). Then, for every A € T, we have

n—1
ST RTE () = FVD)| = 0.

k=0

lim —

n—o00 1,
An important corollary of this lemma is the following statement which provides a link
between a scalar condition and an operator ergodic condition.

Corollary. Let T be a power-bounded operator on a Banach space X and f € AT(T).
Then, for each A € o(T)N T,

n—1
S OAFTRH(T)

k=0

1
fA) =0 if and only if lim — = 0.
n—oo N

The main result of Chapter 4 which applies to Hilbert spaces is the following:

Theorem. Let T' be a power-bounded operator on a Hilbert space H. If Q € L(H) and
TQ = QT, then the following statements are equivalent:

(1)

lim —
n—oo N,

n—1
Z )\kaQH =0 for every N € o(T)N T,
k=0

(ii) limy,_ o0 [ T"Q|| = 0.
Moreover, if Q = f(T) for some f € AT (T), then (i) and (ii) are equivalent to
(iii) f(A) =0 for every A € o(T)NT.

Many extensions of the Katznelson—Tzafriri were proved in the discrete case as well
as in the continuous case; see [8], [24], [33], [51], [52], [65] and [4], [13]. However,
we recall that all former extensions of the Katznelson—Tzafriri theorem are related to
bounded functional calculi of T' or elements of the Banach algebra generated by 7.

It remains an open problem whether this ergodic statement remains valid in more
general spaces; for instance, in LP-spaces (1 < p < oo) or in superreflexive Banach
spaces. It is also an open problem whether one can prove a similar statement for Cp-

semigroups or more general representations.
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Chapter 6

Osszefoglalas

Disszertaciomban erdsen folytonos operatorfélcsoportok stabilitdsat vizsgaltam. Két
nevezetes stabilitasi tétel az Arendt—Batty—Lyubich—Vi és a Katznelson—Tzafriri tétel
egy-egy kiterjesztését adtam meg, illetve karakterizaltam azokat a Cy-félcsoportokat
is, amelyek normafiiggvénye un. topologikus regularitdst mutat. A disszertaciomban

szerepld eredmények (42|, [46] és [47| publikicidkon alapulnak.
p Yy ) p p

6.1 Lokalisan kompakt, kommutativ félcsoportok reprezen-
tacioi

A disszertaciom ezen része Kérchy Léaszloval kozos cikken alapul.

Tegyiik fel, hogy (G;+) egy lokélisan kompakt, o-kompakt, kommutativ csoport.
Jelolje S egy olyan zart részfélcsoportjat G-nek, amelynek S° belseje nemiires, S—S = G
és SN(—S) = {0} teljesiilnek. A tovabbiakban jelélje S karaktereinek a halmazat S*. A
2. fejezetben az S-en taldlhaté invaridns kdzepeket hasznélva bevezettiik a normalizild
fliggvény fogalmat, értelmeztiik a reguldris norma viselkedést reprezentacidkat, illetve

vizsgaltuk a hozzajuk tartozd limeszfunkciondlok tulajdonsagait.

Tétel. Legyen p normalizdls fiiggvény S-en és tegyiik fel, hogy létezik egy p-reguldris
normafigguényd p: S — L(X) reprezentdcid. Ekkor a p normalizdlo figgvény c, limesz-
funkciondlja S egy pozitiv karaktere.

Tétel. Ha a p: S — L(X) reprezentdcio requldris norma viselkedésd a p és g norma-
lizdlo fiiggvényekre nézve, akkor

Cp = Cq.
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6.1 Lokalisan kompakt, kommutativ félcsoportok reprezentacioi

Az el6z6 tétel lehetve teszi a kovetkezd definiciot. A ¢, := ¢, fliggvényt, amely
a normalizal6 fliggvény megvalasztasatol fiiggetlen, a p-reguléris normafiiggvényd p
reprezentdcid limeszfunkciondljdnak nevezziik. Belattuk az S = Ry esetben, hogy egy
T: Ry — L(X) regularis norma viselkedésii reprezentécié spektralsugarfiiggvénye meg-
egyezik T' limeszfunkciondljaval, cp-vel.

Legyen f € C.(S) egy kompakt tartoju, folytonos fiiggvény S-en. Az f fiiggvény

p: S — L(X) reprezentacio szerinti Fourier transzformaltjan az
Flo) = [ 1(630s) )

korlatos operatort értjik. Hasonloan értelmezhetjiik f(X)—t tetszéleges x € St-re is,
hiszen § karakterei egy-dimenzids reprezentaciok.

A 2. fejezetben bevezettiik a nemkorlatos reprezenticidk kiilonféle spektrumfogal-
mait, részletesen megvizsgaltuk a koztiik 16v6 kapcsolatot, illetve, hogy milyen rokon-
sdgban &llnak mér ismert spektrumokkal.

A p regularis normafiiggvényi reprezentacid periferdlis spektrumdn a
o(p)per i={ X € 8%+ x| = ¢ & |F()] < | F(p)]] minden f € Co(S)-re |
halmazt értjiik. Altalaban egy p: S — L(X) reprezentacié pontspektruma a
op(p) = {X € S%: létezik 0 # 2 € X hogy p(s)z = x(s)z minden s € S—re}

halmaz.

A kovetkezs allitas a disszertacié egyik f6 eredménye, amely egy Arendt—Batty—
Lyubich—V1 tipusid tétel regularis normafiiggvényt reprezentaciokra. A palyak szokasos
stabilitasa helyett egy gyengébb tipusi stabilitast kapunk eredményiil, amelyet az dn.

majdnem konvergencia fogalméval frhatunk le.

Tétel. Legyen a p: S — L(X) reprezentdcio p-requldris normafiggvényid. Ha oper(p)
megszamldlhatd és op(p*) N {x € S* : |x| = c,} iires, akkor ||p(s)z||/p(s) majdnem

konvergdl zéréba minden x € X-re.

A tétel kbvetkezménye az aldbbi allitas.
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6.2 Cy-félcsoportok és topologikus regularitas

Kovetkezmény. Legyen a p: S — L(X) reprezentdcid p-requldris norma-viselkedést.

Ha oper(p) megszdmldlhato és oy (p*) N {x € S*: |x| = ¢, } iires, akkor

o el
L /K p(sy W) =0

igaz minden x € X-re, ahol {K;}; tetszéleges Fylner sorozal.

6.2 ()-félcsoportok és topologikus regularitas

A disszertacio 3. fejezetében a valos félegyenes reprezentacioit vizsgaltuk meg részlete-
sebben. Itt az el6z6 fejezet mintajara értelmeztiik azokat a Cy-félcsoportokat, amelyek
normafiiggvénye topologikusan regularis. Ez hasonléan tortént, mint a kordbbi regula-
rités esetében; a f6 kiilonbség, hogy definicionkban az invarians kézepek halmaza helyett
egy sziikebb halmazt hasznaltunk, a topologikusan invaridns kozepeket.

A 3. fejezet {6 eredménye megadja a topologikusan reguléris normafiiggvénnyel ren-
delkez6 Cy-félesoportok karakterizacidjat, hasonléan a Kérchytdl és Miillertdl szarmazé
eredményhez (38, [43] a diszkrét esetben. Tegyiik fel, hogy (T'(s))s>0 egy olyan Co-
felesoport, ahol T'(s) spektralsugara pozitiv, r(7'(s)) > 0, minden s € Ry-re. Legyen

s+n !
= inf sup (1 / r(T(t))lnT(t)ndt)( sup r(T(y))lnT(y)n)

neEN seR, n s<y<s+n

Jelélje a T-re nézve topologikus normalizalé fiiggvények halmazat P;. A kovetkez6 tétel

itt a f6 eredményiink.

Tétel. Tekintsink eqgy T: Ry — L(X) Cy-félcsoportot. Ekkor az aldbbi dllitasok ekvi-

valensek:
(i) létezik olyan p € Py, amelyre T normafigguénye p-requldris;
(i) létezik olyan folytonos p € Py, amelyre T normafiggvénye p-reguldris,

(iii) [|T(s)|] > 1 minden s € Ry-re és kp > 0.
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6.3 Katznelson—Tzafriri tipusa tétel Hilbert tereken

Az ABLV tétellel rokonsagot mutaté operatorelméleti allitas a Katznelson—Tzafriri tétel.
Az § = Z, esetben megadtuk a tétel egy kiterjesztését Hilbert tereken. Célunk az
volt, hogy karaketrizaljuk a lim, o [|[T"Q]|| = 0 konvergenciat, ha T Hilbert térbeli
hatvanykorlatos operator és () kommutél T-vel.

Jelolje I az identikus leképezést X-en. Ha f € AT(T) és T € L(X) hatvanykorlatos
operétor, akkor értelmezhets f(T') := Y.°° F(k)T* € L(X), ahol f(A) = 220, f(k)AF
és Y 0, \f(k)\ < 00. A 4. fejezet kiindulasi pontja az alabbi észrevétel, amelyet egy

lemmaban fogalmazunk meg.

Lemma. Legyen T hatvdnykorldtos operdtor az X komplex Banach téren és legyen
f € AT(T). Ekkor minden X\ € T esetén a kivetkezd teljesiil

ZA bk (£(T) — FND|| = 0.

k=0

lim —
n—o00 1,

A lemma fontos kovetkezménye az alabbi allitas.

Koévetkezmény. Legyen T hatvdnykorldtos operdtor az X Banach téren és f € AT(T).
Ekkor tetszéleges A € o(T)N'T esetén,

n—1

ZA kTk £ (T)

=0

f(A) =0 akkor és csak akkor, ha lim — =0.
n—00 1

A 4. fejezet 6 eredménye, amely Hilbert terekre vonatkozik a kévetkezd:

Tétel. Legyen T' hatvinykorlditos operdtor a H Hilbert téren. Ha QQ € L(H) és TQ =
QT, akkor a kévetkezd dllitdsok ekvivalensek:

(i) lim —
n—oo 1

Z ARTRQ H =0 minden X € o(T) N T-re,

(i) lim, 00 [|[T"Q| = 0.
Tovdbbd, ha Q = f(T) valamely f € AT(T)-re, akkor (i) és (ii) ekvivalens az aldbbival

(iii) f(A) =0 minden A € o(T) N T-re.

61



6.3 Katznelson—Tzafriri tipusa tétel Hilbert tereken

A Katznelson—Tzafriri tételnek szamos altalanositasa sziiletett diszkrét és folytonos
reprezentaciokra, 1d. [8], [24], [33], [51], [52], [65] és [13], [4]. Megjegyezziik azonban,
hogy ezek az altalanositdsok mind T' egy fliggvénykalkulusdhoz kapcsolédnak vagy a T
altal generalt Banach algebrahoz.

Nyitott kérdés maradt, hogy az el6z6 ergodikus allitdsunk érvényes-e LP-terekben
(1 < p < o00), vagy altalanosabban, szuperreflexiv Banach terekben. Tovabbi nyitott
probléma, hogy milyen hasonlé allitas bizonyithaté Cy-félcsoportokra, illetve altalano-

sabb reprezentéciokra.
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