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I see a tremendous amount of intricacy
in the world, and we have probably only begun

to scratch at the surface of its intricacy.
Roy J. Glauber

Introduction

High harmonic generation is a strongly nonlinear optical effect, involving a medium
driven by a strong laser field, generating broadband radiation with –depending on the
excitation– photon energies covering the visible spectrum, reaching up to the X-ray range.
This wide, coherent spectral distribution allows the generation of attosecond pulses [1].
The phenomenon of high-order harmonic generation (HHG) lies within the scope of both
nonlinear optics and the theory of light-matter interaction. Additionally, it plays central
role in the field of attosecond physics [2].

Attosecond physics contributes to important future research directions. In the past
decades, high-order harmonic generation has become a key process in research involving
ultra-fast phenomena, due to the short time-scale of the underlying electron dynamics
being imprinted in the emitted harmonic light bursts.
From another perspective, for a half-century, reaching for higher time-resolution has been
a major direction of research. It has preserved its relevance, because time has been a
natural frontier in all of the physical sciences. As we pursue time to shorter and shorter
intervals, we inevitably find unexplored phenomena, opening new processes for further
inspection. On the other hand, comparatively little attention has been given to the quantum
properties of high-order harmonic radiation. Investigating these properties may lead to
practical applications outside the field of attosecond physics.

For historical and computational reasons, treatment of atomic and molecular inter-
actions favoured largely semiclassical approaches [3–5] instead of the fully quantized
formalisms of quantum optics. Presently, as a significant section of technology (a field
sometimes called “quantum technologies”) is being transformed by photonics, the attrac-
tion of formulating fundamental phenomena in a way that properly represents the quantum
nature of radiation is clear. Conventional approaches for modelling high-order harmonic
generation involve treating the medium quantum mechanically, while the driving and scat-
tered fields are treated classically. Such models are usually very successful but inherently
cannot capture the nonclassical, quantum-optical aspects of the process.

The quantized description of related phenomena in strong fields has already been dis-
cussed in the early ’80s. In [6] a non-perturbative treatment of HHG in the nonlinear
Compton process is given, using a fully quantized framework. More recently, the idea
that the photon number distribution of a laser pulse shows fingerprints of the generation
of high-order harmonics after the interaction with matter appeared in a theoretical paper
[7]. Later on, the effect has been demonstrated both with gaseous [8] and solid-state tar-
gets [9].
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Despite earlier [6, 10–13] and current [7, 14–17] research aimed at quantized modelling
of HHG, it is largely unknown whether, and under what circumstances the spectral and
statistical properties of the radiation considerably depart from the known phenomenology
of HHG.

One of the earliest results that predicts a difference between quantum optical (that
is, low energy limit of quantum electrodynamics) and semiclassical models of HHG is
[18], which –within scattering framework– calculated the polarization relations (that is,
the offset angle between the major axis of the harmonic and base polarization ellipses)
for gas targets. In [14, 19] it has been shown that the cutoff is at a slightly different po-
sition than semiclassical models imply. According to the analysis of [20], the appearance
of the even-harmonic sidebands originates from nonadiabatic electron dynamics and a
breakdown of the traditional semiclassical picture of high-order harmonic generation. In
[17], the concept of post-selection measurement is introduced, and it is claimed that the
process of HHG produces Schrödinger-cat type states in the excitation mode. A general
perturbative treatment [15] showed both squeezing and sub-Poissonian photon statistic
being present in the harmonic radiation.
Understanding these aspects could lead to novel sources of attosecond pulses with in-
trinsically quantum properties, such as nonclassical photon-statistics, squeezed pulses,
entangled light, or photon anti-bunching.

In this thesis, we present an explicitly quantum optical approach to the process of
microscopic high-order harmonic generation, exploring quantum effects in spectral and
statistical properties of HHG. As results of this kind are rare in the literature, we aimed to
give references of the most relevant works –that is known to us at the time of writing– in
the bibliography.

Naturally, the microscopic response is not as readily measurable as the macroscopic
harmonic spectrum. The propagation and interference effects and their modification of
the quantum properties in a medium is an involved task itself, with many open problems.
As our original contribution to the field was related to the microscopical theory of high-
order harmonic generation, we will ignore questions of macroscopically important [21]
phenomena –such as phase-matching– in the following.

The details in the process of HHG are primarily determined by the interactions be-
tween electrons and the electromagnetic field. Classification of models (here we refer to
lecture notes [22] by S. Varró) for light-matter interaction are seen in the table below.

The vast majority of the literature about high-order harmonic generation involves
models that fall within category 1) or 3). The usual argument for the irrelevance of quan-
tum description in strong-field physics can be summarized in the following way: The rel-
ative change of photon numbers during interactions in intense laser beams are extremely
small, therefore the laser field can be described classically. However even a strong radi-
ation field can have arbitrary photon distribution, and even small relative deviation from
the Poissonian photon statistics may be the source of a significant deviation. Furthermore,
the scattered harmonics are very low in intensity, therefore it is far from trivial that they
can be approximated classically.
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aaaaaaaaaaaa
Electron

EM Field Classical field-quantities
(Maxwell-equations)

Quantized field-quantities
(photons)

Point charge,
classical trajectories

(mechanics)

1) Classical electron,
classical retarded fields.

2) Classical current
induced by photons.

Field quantities,
probability currents

(quantum mechanics)

3) Semiclassical dynamics,
Schrödinger-; and Dirac-
equations with Maxwell-
electrodynamics.

4) Quantized currents
and general (nonclassical)
photon-states.

Quantized
electron-pozitron field

5) Pair-production in
external classical fields.

6) QED.

While semiclassical theory often provides very similar quantitative predictions to
quantum electrodynamics for systems "with large quantum numbers", it is important not
to forget that any notion of large quantum numbers makes sense only in specified interac-
tion volumes.
Let us keep in mind, that photon densities are not necessarily as high as one might sup-
pose. The classical correspondence can be easily fulfilled (that is, the quantized dynamics
can be reproduced by the classical model) if the characteristic length scale of optical
interactions is significantly larger than the associated wavelength. However, if the inter-
action is highly localized, this is not generally true. Such is the excitation of individual
molecules or optical centers on a subwavelength scale.
A brief excursion into the numbers proves illuminating: In a quasi-monochromatic, col-
limated beam of irradiance I , the mean photon density is usually approximated as Iλ

hc2
. If,

for simplicity, we assume that the target is a quantum dot of linear extension ≈ 100nm
and assume that λ ≈ 1000nm, then the intensity necessary to maintain an average of one
photon would be I ∼ 1012Wm−2 [23].

Clearly, first-principle quantum optical calculations need to take the approach corre-
sponding to category 4). In typical cases, any model of HHG contains three elements:
The strong-field excitation, the material target, and the harmonic field. From that point of
view, another categorization is possible for the various models of HHG.

aaaaaaaaaaaa
Harmonics

Excitation Classical
(time-dependent Hamiltonian)

Quantized modes
(initial conditions)

Classical
(Fourier-spectrum)

A) Semiclassical spectrum
C) Backreaction on the
laser pulse, spectral modifications
due to quantized excitation

Quantized modes
B) Time-evolution of
photon numbers, correlation-
functions, squeezing.

D) Fully quantized description,
correlations between excitation
and harmonics.

8



The thesis is organized as follows.

Chapter 1: A brief introduction of the phenomena and history of high-order harmonic
generation [Sec.(1.1)], and the most widely used (semiclassical) concepts in the case of
gaseous [Sec.(1.2)] and solid-state [Sec.(1.3)] targets are given. Starting from the model
of bulk solids, we reach the fundamental, fully quantized system in [Sec.(1.4)]. Models
of special cases of this system are the subject of the thesis.

Chapter 2: In [Sec.(2.1)] we define the semiclassical model, and offer an introduc-
tion into the concept of the three-step model as defined on two-level systems. We give a
Floquet-analysis of the system in [Sec.(2.2)], which allows an interpretation of the semi-
classical spectrum. A quantitative analytical treatment is given in [Sec.(2.3)], including
a perturbative approach of the problem, which, already in the first order, reproduces the
numerical calculations within reasonable margin of error.

Chapter 3: We derive the model describing the classically driven quantized emissions
in [Sec.(3.1)]. A calculational method, rooted in the Heisenberg picture, is contained
in [Sec.(3.2)]. We present our results concerning photon number expectation values in
[Sec.(3.3)], including a comparison between semiclassically and quantum optically cal-
culated spectra. Quadrature squeezing of harmonic modes are investigated in [Sec.(3.5)].
Arguments for the validity of the independent-mode approximation, and analytical results
based on it are given in [Sec.(3.4)],

Chapter 4: We introduce the strong-field approach for the description of classically
driven quantized modes in [Sec.(4.1)]. We give a brief overview of the relevant corre-
lation functions in [Sec.(4.2)], and present our results (both numerically calculated and
analytical) related to Mandel-parameters and anti-bunching in [Sec.(4.3)]. As a first step
toward the characterization of the quantized radiation field as a whole, our results related
to two-mode intermodal cross-correlation functions are presented in [Sec.(4.4)].

Chapter 5: A method we used to incorporate the quantized nature of the excitation
into the model is given in [Sec.(5.1)]. A phase-space formulation of HHG is presented
in [Sec.(5.2)]. Backaction on the excitation and its effects on the harmonic spectrum is
discussed in [Sec.(5.3)]. Results concerning the completely quantized model, and corre-
lations between excitation- and scattered modes are briefly presented in [Sec.(5.4)].

9



1Chapter 1

Fundamental concepts of HHG

In this chapter, we give a brief presentation of the history, as well as an introduction to
the basic principles and theoretical concepts of high-order harmonic generation. We start
our brief review with the traditional framework, primarily applied to gaseous targets, then
–noting that theoretical description of HHG induced in solid-state targets is an area of
ongoing research– continue with solid-state HHG.

In the chapter we introduce the two-level system that has been the subject of our
research, clarifying the inherent approximations.

1.1 History of high-order harmonic generation

Using intensified light is an idea dating back to ancient times. The so-called burning-glass,
a large convex lens used for concentration of sunlight has been known since antiquity. A
previously impossible breakthrough in the generation of intense light beam was achieved
by the invention of the laser. The first laser was demonstrated in May 1960, by Theodore
Maiman [24], opening up multiple, rapidly developing fields.

In the following years, lasers reached power on the GW scale [25, 26]. However, at-
tempts to further increase the intensity of laser beams led to slow progress. The nonlinear-
optical effects, unavoidable at high intensities, put a limit on further amplification, de-
creased beam quality and damaged components of the laser system, at least until modern
techniques were worked out.
On the other hand, nonlinear optics opened the gate toward an increasing range of tunable
coherent radiation. Harmonic generation and parametric down-conversion extended the
range from the far-infrared to vacuum ultraviolet.

High-order harmonic emission from rare gases was discovered in 1987/88, indepen-
dently by McPherson et al. in the USA and Ferray et al. in France, with laser intensities
of about 1017W/m2 [27, 28]. Since then, significant attention has been paid to study
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harmonic generation, mostly in the direction of obtaining the highest possible order and
conversion efficiency [28–31]. Soon harmonics up to the order of 29 in Xe, 57 in Ar, and
135 in Ne were observed [32].
In these experiments, the target was low-pressure atomic gas, and the observed emission
spectrum exhibited a plateau-like structure encompassing odd harmonics of the excita-
tion. The plateau extends until a sudden cutoff, which is obviously different compared
to a continuous exponential decrease, as would be expected of perturbative non-linear
processes.

This led to an intensive discussion about the origin of the harmonics, and eventually,
a semi-classical three-step model was proposed for the explanation of this phenomenon
in [33] and later substantiated in [5].
In this model, the effective atomic potential is temporarily suppressed by the electric
field at its peaks. This causes the atom to be partially ionized, then a fraction of the
electron wave-packet is driven by the laser, eventually accelerating back to the ion. The
interaction of the returning electron with its parent ion may trigger several processes,
including secondary electron emission, excitation of electrons and emission of photons.

It was soon realized that –provided phases of the harmonics in HHG are coherent–
the long sequence of equal amplitude harmonic orders could correspond to a train of
attosecond pulses [1, 4, 34]. HHG is nowadays one of the most important phenomena
used among the techniques to temporally resolve electron dynamics in atoms, molecules,
and solids [35], while structural information about the emitting atom or molecule is often
encoded in the harmonic spectrum. High-order harmonic generation, therefore, enables
access to both structural and dynamical information on ultra-short timescales.

At the same time, properties of the exciting pulse, such as ellipticity, spatial and tem-
poral waveform all influence the properties of the high harmonics. This is especially
relevant at intensities higher than about 1020W/m2, when the electron trajectory is also
considerably modified by the magnetic field and, as a result, the classically described
electron misses the ion on its return, not resulting in the generation of high harmonics
[35]. This can be overcome by a carefully chosen combination of laser fields, although
there can be technical difficulties [36, 37].
For this reason, a natural direction has been finding a new, non-gaseous medium, capable
of supporting the interaction of laser radiation with matter at higher intensities. Solid and
plasma states of matter has been identified to be able to generate sufficient harmonics and
to produce attosecond [38] and even sub-attosecond pulses [39]. Naturally, the mech-
anism of high harmonic emission on plasma and solid targets differ radically from that
of the gas targets, which is the reason why solid-state and plasma HHG is a subject of
ongoing research [40–43].

1.1.1 Motivation from attosecond physics

In order to perform measurements during a physical process evolving on a given timescale,
one needs to use a device whose response time is shorter than the investigated timescale.

11



In the 19th century, the aim was to resolve dynamics that are just outside of what the
human eye can accurately follow. Eadweard Muybridge famously recorded the gait of a
horse with a series of cameras, settling the long-discussed question of whether all four
hooves of a horse leave the ground when trotting and galloping. The stroboscopic tech-
nique since then has been used to capture fast motion, however, all those techniques are
quite limited in the time resolution they can achieve.

Breakthrough in time resolution was allowed by lasers [44]. Specifically, it was the
mode-locked lasers that pushed pulse durations to the femtosecond timescale. This was
possible only because - instead of relying on a mechanical or electronic switching mech-
anism - this technique relies on underlying physical processes. Related developments in
laser physics allowed the birth of, for example, femtochemistry [45], where chemical re-
actions occurring at the femtosecond level are “filmed” by means of even shorter laser
pulses. Thanks to the emergence of widely tunable femtosecond laser pulses it was possi-
ble to gain understanding of ultrafast physical, chemical and biological processes. Many
molecular and electronic processes however occur on even shorter timescales, hence in-
creasing the time-resolution, –that is, generating sub-femtosecond pulses– have been both
challenging and rewarding,

It was the high-order harmonic generation that opened the door for attoscience [4].
Understandably, HHG has become a key process for high-resolution experiments regard-
ing atomic, molecular, and solid-state physics [46, 47]. The progress to ever shorter pulse
durations and higher photon energies marches on.

1.2 Classical three-step model

As the historical origin of high-order harmonic generation can be traced back to experi-
ments involving atomic targets, naturally the most important concepts have been devel-
oped for such systems.
At the center of semiclassical modelling of HHG for gaseous systems is the three-step
model [35], capable of intuitively and even quantitatively explaining certain important
features. The three steps –shown in Fig.1.1 – are the ionization, the acceleration of the
free electron wavepacket, and the recombination. At recollision the continuum and bound
parts of the electron wave function interfere, resulting in the emission of coherent photons.

We note here that single-atom calculations are not sufficient to interpret all experimen-
tal data such as angular distributions characterizing the radiation, nor are they sufficient
to optimize the generation of high-order harmonics. The coherence of the driving laser is
transferred to harmonics [48], however, this transfer depends on the phases of the excited
dipoles and the macroscopic properties of the emitting medium. Macroscopic harmonic
beams will be built by a coherent addition process of the fields produced by the different
atoms. It has been established, that for each harmonic, both dipole and propagation ef-
fects can be accounted for by a field propagation equation, in which an oscillating dipole
is taken as the source term [48].
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Figure 1.1: Schematics of the three-step model. The blue surface is the superposition
of the atomic binding potential and the scalar electric potential of the excitation. Figure
reproduced from [35].

There has been an enormous amount of theoretical work on the ionization of atoms
by strong lasers [49–52]. Mostly this amounted to performing numerical calculations
based on the time-dependent Schrödinger equation, following the time-development of
the electron wave function during the pulse. However, a purely numerical calculation is
limited by the computation time, and more importantly, does not provide a detailed insight
into the mechanism of strong-field ionization.

For the sake of clarity, we give a summary of the classical treatment [53, 54], which
provides a simplified but intuitive description of the physics involved in HHG.
In this context, the electron is assumed to be a classical free particle (strong field ap-
proximation), initially located at the ion’s coordinate, with zero initial velocity. Then, the
liberated electron is driven by the Lorentz force. In the one-dimensional, non-relativistic
model, although the quantum behaviour implicitly appears during the process of ioniza-
tion and recombination, it is not present otherwise. Let the electric field E(t) be linearly
polarized in the z direction, and monochromatic:

E(t) = E0 cosωt, (1.1)

where E0 and ω denotes field amplitude and angular frequency of the excitation, respec-
tively. Suppose that the electron is ejected at t = ti, with initial condition z(ti) = ż(ti) =
0. Using notation θ = ωt, it turns out that:

z(θ) =
q

m

E0

ω2

[
(cos θ − cos θi) + (θ − θi) sin θi

]
(1.2)

where one needs to calculate the recombination phase (time) θr (tr) as the roots of equa-
tion z(θ). The function z(θ) is the simplest classical description of the trajectory of an
electron between ionization and recombination.

Upon recombination, the energy of the emitted photons are expected to be approxi-
mately the sum of the ionization energy and the kinetic energy of the electron:

Ephoton ≈ Ip +
q2

m

E2
0

2ω2

(
sin θr − sin θi

)2
, (1.3)

and it can be immediately seen that the highest photon energy is limited by the value of
the ponderomotive energy Up ≡ q2E2

0

4mω2 . The analysis shows that maximal value is obtained
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for approximately θi = 17◦ and θi = 255◦, yielding the Ip + 3.17Up formula.
This model correctly predicts that peak amplitudes in the spectrum do not depend on the
field intensity as a power series but contains a cutoff frequency, above which the heights
of the spectral peaks decrease rapidly.

Furthermore, if (θi, θr) is solution for a fixed Ephoton, then (θi +mπ, θr +mπ) is also
a solution (for integer m) with alternating phases. This implies that photons are emitted
periodically with each half-cycle of the monochromatic excitation. The time-dependence
of the classical scattered pulse train can then be expressed, and it turns out that its Fourier-
transform contains only odd multiples of ω.
Generalization of the classical trajectory analysis toward the relativistic regime, as well
as for non-monochromatic excitation is often used [44].

1.2.1 Lewenstein model

In the Lewenstein model [5] of HHG, the electron is quantized, but both the excitation
and the harmonics are classical. The harmonic spectrum is defined in terms of the Fourier
transform of the dipole acceleration (of the electron-ion system, with neglected ion mo-
tion), given by:

S(t) ≡ d2

dt2
⟨z(t)⟩, (1.4)

calculated as:

S(ω̃) = F [S(t)](ω̃) ≡ 1√
2π

∫ T

0

e−iω̃τ d
2⟨z⟩
dt2

(τ)dτ. (1.5)

Assuming that ⟨z⟩(0)=⟨ż⟩(0)=0, it can be rewritten as:

S(ω̃) =
1√
2π

[
e−iω̃T d⟨z⟩

dt
(T ) + iω̃e−iω̃T ⟨z⟩(T )− ω̃2

∫ T

0

e−iω̃τ ⟨z⟩(τ)dτ
]
. (1.6)

We note that certain early works ignored the boundary terms, and that this can be the
source of significant numerical errors when the excitation is by short pulses [55]. It is
worth pointing out that the description of the radiation using Fourier-basis is not the only
possibility. Wavelet-transforms are also used, which provides information about emission
times as well [56].

The dynamics can be formulated using the time-dependent Schrödinger-equation as

iℏ
∂

∂t
|Ψ(r, t)⟩ =

[
− ℏ2

2m
∇2 + V (r) + qzE(t)

]
|Ψ(r, t)⟩, (1.7)

where dipole approximation is applied. In order to enable analytical discussion, further
widely used assumptions are introduced:
a) The effect of the atomic field (as opposed to the external field) on the motion of the
electron after ionization can be described as a small perturbation.
b) The contribution of all the excited bound states can be neglected.
c) The depletion of the ground state is negligible
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Assumption a) (and sometimes all three assumptions collectively) is often called the
strong-field approximation (SFA) [57]. In particular, this approach allows the use of the
celebrated Volkov-states [58]. It needs to be noted however that these assumptions hold
only up to a saturation intensity, when the Keldysh-parameter γ=

√
Ip
2Up

is less than unity.

Calculations eventually lead to [5, 35]:

F [⟨z⟩](ω̃)=−i
∫ ∞

−∞
dt

∫ t

−∞
dt′

∫
d3p

〈
ϕ0

∣∣∣∣z∣∣∣∣p+ A(t)
c

〉
︸ ︷︷ ︸

recombination at t

〈
p+ A(t′)

c

∣∣∣∣−z ∂A(t′)
c∂t′

∣∣∣∣ϕ0

〉
︸ ︷︷ ︸

ionization at t’

e−iS(p,t,t′)+iω̃t︸ ︷︷ ︸
propagation

,

(1.8)
where

S(p, t, t′) = 1
2

∫ t

t′

(
p+A(τ)/c

)2
dτ − Ip(t− t′)

is the classical action, and Ip denotes the binding potential. |ϕ0⟩ denotes the initial bound
state, and |p⟩ is a momentum eigenstate. The gauge has been chosen so that the electric
field in Eq.(1.7) can be expressed through the vector potential as E = −∂A

c∂t
.

The –generally five-dimensional– integral is typically calculated with the saddle-point
approximation [59], being evaluated only around stationary points of the phase:∫ t

t′
[p+A(t′′)/c]dt′′ = 0, (1.9)

[p+A(t′)/c]2 = −2Ip, (1.10)
[p+A(t)/c]2 = 2ωp − 2Ip, (1.11)

where the equations carry the physical meaning that the events of ionization and recombi-
nation are happening at the same spatial coordinates Eq.(1.9), and of energy conservation
Eq.(1.9-1.11). The stationary points represent the ionization and recollision time of the
considered semiclassical trajectory, and it turns out that it is often sufficient to sum over a
small number of trajectories for each value of energy to calculate the spectrum [44].

For any return energy below the cutoff, there is more than one corresponding trajec-
tory, with different sets of ionization and return times. It is usually the case that only the
two quantum paths with travel times in the continuum of less than one optical cycle are
important.

The predicted spectrum contains the plateau region, where the peak amplitudes are
constant over many harmonics of the fundamental frequency, and gives acceptable values
for the cutoff frequency. This agreement with experimental results suggests that the semi-
classical model is a useful approximation for the prediction of the temporal structure of
harmonic pulses.
However, the predicted values of certain quantities e.g. the total ionization probability
as calculated from the strong-field approximation, does not agree with direct numerical
calculations based on the time-dependent Schrödinger-equation [51]. The main reason
for this comes from the fact that for the electrons spanning the continuum energy levels,
the Volkov wave function basis has sub-optimal numerical convergence properties.
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More details and alternative approaches about the semi-classical picture of gas-target
HHG can be found in [50, 51, 60], with relativistic generalization in [61, 62]. Naturally,
the most straightforward way to theoretically model HHG is based on direct numerical so-
lutions of the time-dependent Schrödinger equation. Such an idea might sound prohibitive
at first due to calculational limits, but rapid progress in computer technology allowed for
a significant amount of research aimed at solving the Schrödinger-equation concerning
atomic and molecular targets to be done [63]. Numerical methods and generally applied
approximations are summarized in [51].

1.2.2 Odd Harmonics Rule

There are various arguments to explain the presence of peaks of the HHG spectrum only
at odd harmonics, that was measured in gaseous HHG [44]. The spatial inversion (i.e.
even) symmetric potential, and monochromaticity of the excitation, as well as the nonrel-
ativistic approximation are all necessary assumptions for the theoretical derivation of the
exclusive presence of odd-order harmonics [64].
Proofs of the odd-harmonic rule in the case of gaseous targets are usually done using the
fact that the Hamiltonian is invariant to (and thus commutes with) the symmetry-operation
P : (z, t) → (−z, t+ T/2), where T is the period of the excitation [51, 65].
For solid bulk HHG, the physical mechanism that is often associated with the odd-harmonic
rule [66, 67] is that radiation in consecutive half-cycles interferes with each other, which
ends up suppressing non-odd harmonics.

Unsurprisingly, the rule of odd harmonics is not fulfilled in general situations. Viola-
tion of the rule has been reported in molecules [68], due to the breakdown of the Born-
Oppenheimer approximation [69], with two-color excitations [70], as well as in solid-state
targets [71, 72].

1.3 HHG involving solid-state targets

The mechanism of HHG by strong laser fields interacting with solid targets is physi-
cally very different from the nonlinear dipole interaction with single atoms. The process
of HHG associated with high-intensity laser-solid interactions is usually separated into
surface-, and bulk-HHG. We will focus primarily on the bulk-HHG.
We only give a qualitative review of the most important concepts in semiclassical ap-
proaches, within the usual approximations; i.e. independent electron-, nonrelativistic-,
and dipole-approximations, neglecting relaxation effects and assuming that the motion of
the atomic cores have insignificant effect on the electrons.

Alternative descriptions of solid-state harmonic generation can be also found, but we
will not review those. For the interested reader, we point out that an introduction to the
theory through second-quantized formalism and density functional theory can be found
in [73, 74].
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1.3.1 Harmonic generation in bulk material

In atoms, the ionized electron leaves behind a stationary hole that is bound to the parent
ion and cannot be displaced in space, but in bulk solids, this is no longer the case, and
the motion of the hole in the valence band also needs to be considered. Similarly to the
atomic case, when the hole and electron meet, they can recombine and emit so-called in-
terband harmonics [75, 76]. Comparison between insulator, semiconductor and conductor
medium shows [77] that semiconductors are comparatively more efficient in generating
high-order harmonics.

The conceptually adequate picture for the mechanism for HHG in solids has been
debated, [76, 78–82] but only started to emerge in the last decade. The discussion has
centered on the relative contributions of inter-band and intra-band processes to the driven
current that gives rise to harmonic radiation. A consensus has formed that while intra-
band contributions are important for harmonics with energies below the bandgap, inter-
band processes generally dominate the higher order harmonics that span the plateau region
[83]. We return to this question later.

Direct comparison of the harmonic spectra from argon and krypton in their solid and
gas-phase [84] found that the solid HHG spectra exhibited multiple plateaus for high
intensities, with the highest cutoff frequencies significantly exceeding those found in the
gas phase for the same excitation. The multiple plateaus and the cutoff energies were
reproduced in a multi-level model that contains the coupling between a valence band and
several conduction bands.

It has been shown in [85] that a multi-level system is a natural starting point of mod-
elling harmonic generation in a solid, because when the (single-particle) time-dependent
Schrödinger equation in a periodic system is solved in velocity gauge, the different val-
ues of the crystal momentum k remain uncoupled even in the presence of strong external
excitation.
The band structure of the solid can thus be represented as a collection of independent
multi-level systems, and the dynamics in the solid is given by the sum of the dynamics of
each subsystem with distinct k-values represented in the initial wave function.

The Schrödinger-equation describing semiclassical light-matter interaction in solids
(within the one-electron description) can be written in velocity gauge as:

iℏ
∂

∂t
|Ψ(t)⟩ =

[
P2

2m
− e

PA(t)

m
+ e2

A2(t)

2m
+ V (r)

]
|Ψ(t)⟩, (1.12)

where V (r) is the effective –usually chosen to be periodic– scalar-potential and A(t) is
the vector potential of the external field, using the dipole-approximation. A common
justification for using the dipole approximation here is that for interband transitions, the
relevant length scale is the size of the unit cell, which is negligible compared to the wave-
length of the exciting electromagnetic field..
The wavefunction can be expanded in the basis of Bloch-state basis as

|Ψ(t)⟩ =
∑
n,k

Cnk(t)|n,k⟩, ⟨n′,k′|n,k⟩ = δn,n′δk,k′
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where |n,k⟩ is the Bloch-state associated with n’th band and the crystal momentum k.
Then the Schrödinger-equation can be written for the coefficients as:

iℏ
∂

∂t
Cnk =

(
ϵnk +

e2A2(t)

2m

)
Cnk −

eA(t)

m

∑
n′,k′

Cn′k′⟨n,k|P|n′,k′⟩ (1.13)

with the property

⟨n,k|P|n′,k′⟩=−iℏ
∫
V

⟨n,k|r⟩∇⟨r|n′,k′⟩d3r =−iℏ
V

∫
V

eir(k
′−k)u∗nk(r)

(
ik′ +∇

)
un′k′(r)d3r

= −iℏ
V

∑
R

eiR(k′−k)

∫
Vcell

eir(k
′−k)u∗nk(r)

(
ik′ +∇

)
un′k′(r)d3r

= −iℏN
V

δkk′

∫
Vcell

u∗nk(r)
(
ik+∇

)
un′k(r)d

3r
[
where N is the number of lattice cells

]
= ℏδkk′δnn′k− iℏδkk′

Vcell

∫
Vcell

u∗nk(r)∇un′k(r)d
3r.

[
with ⟨un′k|unk⟩ = δnn′Vcell

]
(1.14)

The physical meaning of equation (1.13), together with (1.14) is that the dynamics get
decoupled in the k parameter into an assemble of independent, driven N-level systems. In
the semiclassical approximation, the scattered radiation is calculated through the current:

J(t) ≡ e
m

[
⟨Ψ(t)|P|Ψ(t)⟩ − eA(t)

]
= e

m
ℜ
[ ∑

k,n,n′

C∗
nkCn′k⟨n,k|P|n′,k⟩

]
− e2

m
A(t).

(1.15)

It is important to point out that the matrix representation of P on Bloch-basis is usually
dominated by the tri-diagonal terms [86], physically corresponding to phenomena where
inter-band transitions are limited to successive transitions between neighbouring bands.
A connection exists [87] between the P -matrix and the dipole-transition matrix, usually
derived in the following way:

⟨n,k|P|n′,k⟩ = ⟨n,k| imℏ [H0, r]|n′,k⟩ = im
ℏ

(
En,k − En′,k

)
⟨n,k|r|n′,k⟩ (1.16)

Here H0 is the solid-state Hamiltonian without external field, and the integral may be
limited to a unit cell. The validity of this so-called p − r relation is however far from
trivial. Mathematically speaking, the core assumption of (1.16) is that the eigenfunctions
are decreasing sharply enough with distance. (This is needed for ensuring that the limit
terms during integration by parts vanish.) While this is trivially fulfilled for atoms, for
solids it means that the surface needs to be taken into account for solid-state bodies.
There are many review articles and textbooks on semiconductor physics, which present
p− r relations in a way that is not completely well-defined (see e.g.[88]). However, from
a practical point of view, such neglections in models of light-matter interactions are of
limited consequences, granted that the dipole-matrix element and related quantities are
not obtained from ab initio calculations, but from experimental data.
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A note on intraband and interband transitions

In the literature, one often finds that the optical transitions in solid-states are classified
into interband- and intraband-transitions [86] associated with their respective currents,
most often within the length gauge.
Without going into details, we state that in the length gauge the relevant basis contains the
|n,k(t)⟩ Houston-states [89], often interpreted as accelerated Bloch-states. The dynamics
then couples neighbouring k-values and leads to "acceleration": a state initially charac-
terized by parameter k(0) = k0 evolves into states with parameter k(t) = k0 +A(t).

The physical picture that emerges from this perspective, is that the delocalized electron
first tunnels from the valence band to the conduction band and is then accelerated in the
conduction band as the vector potential increases and decreases through a half optical
cycle. The interband transition can be interpreted as electron recollision/recombination
with its associated hole, emitting a high energy photon in the process.

Figure 1.2: Band structure of a Mathieu-solid (a model system where the effective po-
tential in the bulk solid can be expressed as a cosine function). Orange and blue arrows
visualize the dynamics of transitions as described in velocity- and length-gauge respec-
tively. Reproduced from [90].

One should remember that experiments only have access to the net (complex) ampli-
tude of the emitted harmonics, which originates from the interference of these contribu-
tions. The separation between intraband and interband processes is for now only possible
in calculations. Nevertheless, in the literature, one can find statements regarding either
the intraband [91] or interband transitions [92] having a dominant contribution in given
spectral ranges, while results in [74] implies that all even-order harmonics are exclusively
from the interband contributions.

However, as it has been pointed out in [93], the interband- and intraband-currents,
as defined in the literature, are gauge-dependent, and this raises the question of whether
this conceptual decomposition of the current is physically meaningful. Alternative and
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gauge-invariant definitions for this categorization have been proposed in [90].

1.3.2 Classical results for bulk solid harmonics

For excitations with intense external fields, higher conduction bands will be populated,
and associated contribution to the dynamics can lead to notable differences in the har-
monic spectra when compared to the two-band case [94, 95]. These models predict that
for a multi-band system, the maximum cutoff energy of each plateau will be limited by
the maximum band gap between the valence band and the highest-lying conduction band
involved in producing that plateau.
The transition from the single- to multiple-plateau spectrum takes place not gradually, but
suddenly above a critical field strength: the cutoff frequency is a continuous function of
the excitation strength only between certain critical values associated with plateaus.

Figure 1.3: Representation of scattered harmonic spectra from a Mathieu-solid, as a func-
tion of electric-field amplitude E0 (and corresponding vector-potential amplitudeApeak in
velocity gauge). Solid white lines correspond to the position of the cutoff. As we can
see, there are sudden transitions (indicated by the vertical dashed lines) that correspond
to certain field strengths. Reproduced from [95].

One important implication is that the two-band approximation is qualitatively accept-
able only up to a certain driving field strength. Calculations involving such models are
numerous, and while the quantitative validity is limited, they offer a transparent picture
of the processes.
Although the time evolution of different initial states is independent, the complete har-
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monic radiation results from the interference of fields emitted by all of the individual
systems.
The harmonic spectrum of a single N-level system contains spectral lines also near the
even-multiple of the base harmonic (the central frequency of the excitation), see e.g.
Fig.1.5/a),b) ; analogous to the Mollow-triplets known from quantum optics. The in-
terference of radiations determines the cutoff and is responsible [67] for the suppression
of the even-order harmonics (in the case of inversion symmetry) as seen in Fig.1.5/c.

Figure 1.4: The first conduction
(red line) and the split-off valence
(blue line) bands of ZnO along the
Γ − M direction in the Brillouin
zone. Plot reproduced from [83]
based on data in [96].

Figure 1.5: The suppression of even-order harmonics.
The plot shows the spectral contributions of: a) given
value of k and b) that of −k (in velocity gauge), and
their combined effect in c). Reproduced from [67].

That said, one needs to be careful when making general statements about realistic sys-
tems. There are experimentally realized situations where the macroscopically measurable
spectrum contains even harmonics [97, 98]. From a theoretical perspective, this reinforces
the importance of gaining a deep understanding of the most fundamental relevant systems
(N-level systems).

1.3.3 Harmonic generation on interfaces

As opposed to bulk material, harmonic generation on the surface of condensed materials
are usually associated with two relevant families of nonlinear optical mechanisms: coher-
ent wake emission (CWE) [99], and relativistic oscillating mirror (ROM) [100].
We may recall [48] that the impact of an intense laser-pulse on a solid-vacuum surface
generates a thin plasma layer, whose density varies from zero to solid density over a short
distance of a few microns. Together with the fact that light with frequencies below that of
the plasma frequency is completely reflected, the following outline of the process can be
understood: Laser light of a given frequency ω does not penetrate into the plasma beyond
the surface of critical Nc =

(
ϵ0meω

2/e2
)

density, which defines the layer with a plasma
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frequency that equals that of the laser.
Following P. Gibbon [101], the harmonic generation in solid–vacuum interface plasma
can be interpreted as a process in the steep density gradient region. In this model, the
electric field component perpendicular to the surface induces plasmon oscillation.
Then the excitation (ω,k1) and the created plasmons (ω,kp) resonantly interact, produc-
ing a second harmonic (2ω,k2), a part of which will propagate to the layer with 4Nc

density –which is the critical density for the second harmonic– creating a plasmon with
2ω frequency, indirectly inducing third harmonic emission and the process may go on.
However, in order to extend this process to higher order harmonics, the laser field must
be strong enough to reach denser plasma regions.

Such a mechanism can –with high-field intensities– create an emission spectrum with
both even- and odd-order harmonics, but otherwise qualitatively similar to the gas-target
HHG in that it contains a flat plateau, and an intensity-dependent cutoff [41]. Without
attempting to be comprehensive about the subject, further relevant results may be found
in [33, 102, 103].

1.4 Derivation of the general quantized model

In this section, we will consider both the material system and the electromagnetic field to
be quantized. The material is considered to be a bulk solid, where the one-electron state
spans the

He = CNband×Nk (1.17)

Hilbert space, where Nband is the number of bands, Nk is the number of independent
crystal momentum states incorporated in the model. An exact treatment of an assembly
of Ne electrons would have to be done on the anti-symmetrized

He ≡ A[H1
e ⊗H2

e ⊗ · · · ⊗ HNe
e ]

space. The electromagnetic field will, as is usual in quantum optics, be expanded in
monochromatic Fock-states [104], interpreted on the (bosonic) Fock-space F . Then we
can write: |Ψ⟩ ∈ He ⊗F , with the following notation used for the basis ket states:

|φ⟩e|n1⟩1|n2⟩2 . . . |nM⟩M ≡ A
[
|φ⟩1e ⊗ · · · ⊗ |φ⟩Ne

e

]︸ ︷︷ ︸
Electrons

⊗ |n1⟩1 ⊗ |n2⟩2 ⊗ · · · ⊗ |nM⟩M︸ ︷︷ ︸
Electromagnetic field

.

(1.18)

The (unquantized) Hamiltonian of the electron-EM field minimally coupled system
(without taking the dynamics of the ion-lattice background into account) is written in
velocity-gauge as

Hv =
1

2m

Ne∑
i

[
pi − eA⊥(ri, t)

]2
+

ϵ0
2

∫
V

E2
∥(r, t)dV︸ ︷︷ ︸

"Electrostatic" field Hamiltonian

+
ϵ0
2

∫
V

[
E2

⊥(r, t) + c2B2
⊥(r, t)

]
dV︸ ︷︷ ︸

Radiation Hamiltonian

,

(1.19)
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where the ∥ and ⊥ are indices for the rotation- and divergence-free field components,
respectively. One may rewrite the integral involving longitudinal electric field as:∫

V

E2
∥(r, t)dV =

∫
V

(
−∇Φ∥

)
·
(
−∇Φ∥

)
dV =

∫
V

∇·
(
Φ∥∇Φ∥

)
− Φ∥∇2Φ∥dV

=⇒ ϵ0
2

∮
SV

Φ∥∇Φ∥dS +
1

2

∫
V

Φ∥ρdV ≡ VCoulomb(r1, . . . rNe , t), (1.20)

where the surface term is generally neglected –not a trivial step in solids– but we will
not dwell on it here. Following the quantization rules, and separating the excitation
modes (the quantized operators of which is denoted as A(†), and their set will be called
”Exc”) from the other modes (corresponding to a(†)), we can write the Hamiltonian in the
velocity-gauge as:

Hv = Hsolid +Hfield +Hinteraction (1.21)

where Hsolid =
Ne∑
i

p2
i

2m
+ VCoulomb, (1.22)

Hfield =
∑
n

ℏωn

[
a†nan +

1

2

]
=

∑
n∈Exc

ℏωn

[
A†

nAn +
1
2

]
+

∑
n/∈Exc

ℏωn

[
a†nan +

1
2

]
, (1.23)

Hinteraction =
Ne∑
i

[
− e

m
piA⊥(ri) +

e2

2m2
A2

⊥(ri)

]
. (1.24)

The vector potential is (with real ϵ, corresponding to linear polarization vectors) :

A⊥(r) =
∑
n∈Exc

√
ℏ

2ϵ0ωnV
ϵn
[
ei(knr+θn)An + e−i(knr+θn)A†

n

]
+

∑
n/∈Exc

√
ℏ

2ϵ0ωnV
ϵn
[
ei(knr+θn)an + e−i(knr+θn)a†n

]
. (1.25)

Here the summation should, in general, be understood as a symbol for integration with
respect to a given measure (depending on the boundary conditions it can be an integral,
typical for free fields, or discrete summation, typical of quantization in a box) but every-
where in the following, it will be equivalent with a discrete summation. For simplicity,
we will choose the phases in Eq.(1.25) as θn= π

2
for all n hereafter.

1.4.1 General considerations and approximations

So far, in this chapter we have only used the Born-Oppenheimer; and the non-relativistic
approximations. However, in practice, the convergence properties of numerical calcula-
tions are strongly dependent on further approximations, and even on the chosen gauge
(naturally, the latter does not matter in exact calculations). In semiclassical calculations
it has been found, that in atom-field interactions, length gauge is generally preferable
[105, 106], while other calculations involving graphene [107] has come to differing con-
clusions. It is mostly accepted that for high-intensity field interactions, the convergence
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of dynamical equations using the velocity gauge requires a large number of bands to be
incorporated in the model [108].

If the electromagnetic field is quantized, new difficulties appear. We wish to highlight
here only the processes that are involved in the velocity gauge. The interaction Hamilto-
nian Hinteraction can be written as the sum of one- and two-photon contributions:

Hinteraction = H1p +H2p

H1p=− ie
m

Ne∑
i

[ ∑
n∈Exc

√
ℏ

2ϵ0ωnV
ϵnpi

[
eiknriAn−e−iknriA†

n

]
+
∑
n/∈Exc

√
ℏ

2ϵ0ωnV
ϵnpi

[
eiknrian−e−iknria†n

]]

H2p=
e2

2m

Ne∑
i

∑
n,q

ℏ
2ϵ0V

ϵnϵq√
ωnωq

[
ei(−kn+kq)ria†naq−ei(kn+kq)rianaq+e

i(kn−kq)riana
†
q−e−i(kn+kq)ria†na

†
q

]

Here the first term of H1p physically corresponds to the system interacting with a
strong laser beam, and with the A(†)

n → α
(∗)
n correspondence it becomes a classical driv-

ing term. The second term is the quantized one-photon interactions that describes the
scattered radiation.
H2p does not alter the internal state of the electron, but modifies the dynamics of the field,
corresponding to scattering processes. Often this term is either neglected (acceptable in
weak fields) or assumed to be completely classical, in which case its dynamics can be
incorporated into a simple unitary transformation. However, terms will be present in the
sum of H2p with the same order of magnitude as in H1p, which implies that its neglection
can lead to significant errors.

The above consideration leads us to believe that for an accurate calculation, not only
would many bands be required, but also many quantized modes would need to be simul-
taneously incorporated into the model. As we will see, some of these inconveniencies
can at least partially be lifted in length gauge. However, before we make the gauge trans-
formation, we will explicitly state the assumptions we will be using from now on, listing
them from the more trivial to the less trivial.

1) Coherent driving field: We will assume that the electromagnetic modes associated
with the excitation are initially in |α⟩ coherent states with some complex α parameter,
while the harmonics are initially at vacuum-state |0⟩. This assumption is based purely on
the fact that most experimentally available high-intensity sources produce coherent states
to a very good approximation, and that at low temperatures, the initial (equilibrium) mixed
state does not differ significantly from the pure ground state.

2) Dipole-approximation: Historically, nonlinear frequency- or time-resolved opti-
cal experiments were first performed on atomic and molecular systems and on isolated
centers in otherwise transparent solids. On the length scale given by the characteristic
wavelength of the incident light, the spatial extension of the excited system is often negli-
gible, such that one can consider them effectively zero-dimensional objects, characterized
by a discrete set of electronic energy levels.
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Accordingly, we will neglect all spatial dependencies of the electromagnetic field, A⊥(r) ≈
A⊥(0). While it is known that for gaseous targets the non-dipole effects can be relevant
in very strong fields, at the present time similar conclusions have not been drawn for
solid-state systems.

We note here, that while the dipole-approximation is very widely accepted, there are
certain cases when its introduction can cause significant deviations in the high-order har-
monic spectrum compared to first-principle calculations [109, 110].

3) One-electron approximation: In addition to these approximations, strong-field
physics calculations perform rather well under what is often called the single-active elec-
tron approximation [111], formally Ne = 1. In general, much of the strong-field phenom-
ena can be understood by assuming that each electron acts independently, neglecting the
effects of electron correlation and exchange, and assuming that the rest of the electrons in
the system act only to provide correction terms in the effective potential VCoulomb.

In contrast to the well-established methods with respect to non-interacting electron
systems, it is much more challenging to understand the underlying mechanism of HHG
in strongly correlated materials, where electron, spin, and orbital degrees of freedom can
be fundamentally entangled. Though several attempts were made [112–114], the role of
electron-electron correlation effects in the process of HHG is largely unexplored.
Although it is far from trivial when this approximation is acceptable, we note that existing
results imply a minor role for electron-electron interactions in the process of HHG, at least
in practical ranges of parameters. On the other hand, the inclusion of all electrons in the
valence band has been found to be important [115].

4) Two-level approximation: As it has been mentioned, for not too strong excitations
we can expect the two-band model to be an acceptable (at least qualitatively) approxima-
tion in the description of bulk HHG. The two-band system on the other hand can be
reduced into a set of two-level systems, where the interference of radiation associated
with different two-level systems can alter the resulting harmonic generation.
It is safe to say that the foundations of quantum optics are built on the concept of few level
atoms [116]. Quantitative investigation about the error that the two-level approximation
causes compared to the presence of a third level is given in [117]. It is worth mentioning,
that the results there imply that the error becomes significant at the time-scale of t > 1/Ω,
where Ω denotes the order of magnitude of the relevant Rabi-frequencies.

Figure 1.6: Illustration of HHG in a
two-level system.

As studies with driven two-level systems show
[118–121], the qualitative properties of the HHG
spectra can be calculated using traditional quantum
optical notions like e.g. dressed states. General-
ized versions of the Jaynes-Cummings-Paul model
has been used to describe high-field, multiphoton
processes [122–124]. Reportedly, for certain solid-
state systems, even the two-level approximation can
be useful [43, 125].
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We stress on the other hand, that the two-level approximation is not acceptable from
the perspective of quantitative research. However, it is desirable for fundamental research,
as we can expect many of the qualitative properties of high-order harmonic generation to
be accessible using this model.

One needs to be careful if further approximations are to be involved. For exam-
ple, within single-mode approximation, the dynamics reduces to the Jaynes-Cummings-
Paul model without rotating-wave approximation. As it is known, invoking the rotating
wave approximation –i.e. when the interaction part of the Hamiltonian is replaced by
ℏΩ/2(σ+a + σ−a

†)– is untenable in the context of HHG even in resonant case [126], as
it does not allow the appearance of high-order harmonics [127, 128].

1.4.2 Gauge-transformation of the Hamiltonian

With the approximations 2)-3) fixed, we transform the Hamiltonian into length-gauge,
which turns out to be more convenient. Keeping in mind the form of the vector-potential
Eq.(1.25), and the definition of the displacement-operator [see App.(A.2)], we can write:

|Ψ⟩l = exp

[
ie

ℏ
rA⊥(0)

]
|Ψv⟩ =

∏
n

D†
n

(
e

√
1

2ℏωnϵ0V
rϵn︸ ︷︷ ︸

τn

)
|Ψ⟩v (1.26)

which happens to be a product of displacement operators. The physical quantities trans-
form, using the notation D ≡

∏
nDn(τn), in the following way:

D†
[
− iℏ∇− eA

]
D = −iℏ∇

D†
[∑

n

ℏωna
†
nan

]
D =

∑
n

ℏωn(a
†
n + τ ∗n)(an + τn).

This holds because the displacement operator D only depends –with respect to the elec-
tron degrees of freedom– on the electron coordinates:

D†V (r)D = V (r).

Since ∂tD = 0, the Hamiltonian in length gauge (Hl≡D†HvD) is:

Hl =
p2

2m
+ V (r) +

∑
n

ℏωn

(
Nn+

1
2
+τ ∗nτn+a

†
nτn+anτ

∗
n

)
=

p2

2m
+ V (r) +

∑
n

e2(rϵn)
2

2ϵ0V︸ ︷︷ ︸
Hsolid

+
∑
n∈Exc

(
ℏωn

(
A†

nAn +
1
2

)
+

√
ℏωn

2ϵ0V
erϵn

(
A†

n+An

))
︸ ︷︷ ︸

Hexcitation

+
∑
n/∈Exc

(
ℏωn

(
a†nan +

1
2

)
+

√
ℏωn

2ϵ0V
erϵn

(
a†n+an

))
︸ ︷︷ ︸

Hscattering

(1.27)
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The wavefunction can be expanded using the eigenstates of Hsolid, in which there is
an additional term due to the quantized electromagnetic fields and to the plane-wave de-
composition, physically interpretable as a dipolar self-energy [129]. It is essentially a
harmonic potential, where the coefficient of the quadratic term is 1

2
meω

2
p , in which me is

the electron mass, and ωp is the plasma frequency.
Let us note [130] that while the Hamiltonian in the length-gauge is not symmetrical with
respect to spatial translation-operator T (a), it keeps its symmetries for D†T (a)D, indi-
cating that in the length-gauge as defined by equation (1.26), the electron and electro-
magnetic field degrees of freedom are being mixed, and do not correspond to the same
quantities as in the velocity-gauge. A short elaboration is given in App.(A.1). Neverthe-
less, while the presence of this term may modify the eigenstates and eigenvalues of Hsolid,
we will not deal with its consequences here. The eigenvalue equation is:

Hsolid|Φj⟩ = Ej|Φj⟩, (1.28)

and using approximation 4), it is equivalent with considering only two Φn states (with
distinct Ej eigenvalues) to be populated. Then, denoting these states as |g⟩ and |e⟩, we
have:

|Ψ⟩l =
∑

n1,...nM

cn1,n2,...nM
g (t)|g⟩|n1⟩|n2⟩ . . . |nM⟩+

∑
n1,...nM

cn1,n2,...nM
e (t)|e⟩|n1⟩|n2⟩ . . . |nM⟩.

By restricting the Hilbert-space of the electron to space C2, the operators can be repre-
sented by 2× 2 matrices:

Hsolid → Eg|g⟩⟨g|+ Ee|e⟩⟨e| = 1
2

(
Ee + Eg

)
1+ 1

2

(
Ee − Eg

)
σz

erϵn → d(eg)
n |e⟩⟨g|+ d(ge)

n |g⟩⟨e|+ d(gg)
n |g⟩⟨g|+ d(ee)

n |e⟩⟨e| = dnσx (1.29)

where we assumed symmetry properties of V (r) potential so that ⟨g|rϵne⟩=⟨e|rϵng⟩ ̸=0
is fulfilled (while the other elements are zero), and that the transition-dipole elements are
assumed to be real. With the steps above, the Hamiltonian can be simplified:

Hl = ℏ
ω0

2︸︷︷︸
(Ee−Eg)/2

σz+
∑
n∈Exc

ℏ
(
ωnA

†
nAn+

Ωn

2︸︷︷︸
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√ ωn

2ℏϵ0V

σx
(
A†

n+An

))
+

∑
n/∈Exc

ℏ
(
ωna

†
nan+

Ωn

2︸︷︷︸
dn

√ ωn

2ℏϵ0V

σx
(
a†n+an

))
.

(1.30)

From now on, we will not write the indices ”l” or ”v” to denote the gauge. On the
other hand, to emphasize that both the scattered radiation and the excitation are quantized
above, we introduce the notation Hqq ≡ Hl. In this thesis, we will be presenting the
results of our research concerning special cases of this system. We will treat each case in
separate chapters, starting from simple models to more complex ones.

The initial state of the system will be assumed to be a tensorial product state,

|Ψ(t = 0)⟩am = |ψ⟩a0|ϕ⟩m0, (1.31)

where the modes corresponding to scattered radiation at t= 0 are in their vacuum state,
while the excitation modes are in coherent states:

|ϕ⟩m0 =
∏
i/∈Exc

|0⟩i ⊗
∏
j∈Exc

|αj⟩j. (1.32)
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In principle, this is not the ground state of the full system, as we include counter-rotating
terms in the light-matter coupling, and thus ultrastrong-coupling effects such as ground-
state modifications are present. For the cases we treat, the error due to this approximation
is negligible.

Chapter summary

• High-order harmonics are generated during interaction of matter and intense
laser field. In traditional semiclassical models, the radiation spectrum is cal-
culated through Fourier-transform of the dipole-acceleration.

• The harmonic spectrum strongly depends on the properties of the material
system. From atomic gas source, only odd-harmonics are emitted as long as
the dipole-approximation and monochromaticity of the excitation are valid,
while this is not generally the case with solid and molecular targets.

• Models of HHG in bulk solid contain processes termed interband- and
intraband- transitions. Such categorization (as used generally), is gauge-
dependent.

• Interaction of the electromagnetic field with bulk material (within dipole-
approximation) can be described in velocity-gauge as independent N-level
systems interacting with the electromagnetic field.

• For excitations of moderate intensities, the two-band approximation can be
acceptable. In such cases, the system is reducible to 2-level systems.

• The fully quantized fundamental system describing high-order harmonic
generation, containing both quantized excitation and quantized harmonic
modes has been derived, with the approximations highlighted.
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2Chapter 2

Semiclassical theory of HHG from a two-
level system

As mentioned in the previous chapter, considerable progress has been achieved in the the-
oretical description of coherent optical phenomena involving various solid-state structures
within the semiclassical theory [131].

In this chapter –employing the approximations listed in the previous chapter, which
naturally limits the validity of the model to moderate intensities– we will investigate the
semiclassical model. The analytical results derived here will be used in later chapters as
well.

2.1 Classically driven system, classical harmonics

Naturally, the simplest model is when both the excitation and the scattered harmonics in
the Hamiltonian (1.30) are treated classically. This is equivalent to the an → αne

−iωnt

correspondence, where, for n /∈ Exc =⇒ αn=0. The Hamiltonian in the semiclassical
case will be denoted as Hcc, the lower index indicating that both the excitation and the
secondary radiation is assumed to be classical:

Hcc = ℏ
ω0

2
σz+

∑
n∈Exc

ℏ
(
ωn|αn|2+

Ωn

2
σx
(
α∗
ne

iωnt+αne
−iωnt

))
= ℏ

ω0

2
σz︸ ︷︷ ︸

Ha

+IExc −σx
Ω(t)

2︸ ︷︷ ︸
+Hex(t)

(2.1)
where we introduced theHa "atomic Hamiltonian", and the IExc term is a time-independent
constant, related to the integrated spectral intensity. Since it induces trivial unitary time-
evolution, we will ignore it. Here we defined the classical driving term Hex(t) in the
Hamiltonian as:

Hex(t) = −DE(t) = −dσxE(t) = −ℏ
Ω(t)

2
σx. (2.2)
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To give a brief insight into the order of magnitude of physically relevant quantities, we
give a realistic example. For semiconductor quantum dots dipole moment matrix elements
d range between 1 to 100 Debye, depending mainly on the size of the dots and their
constituent materials. For resonant near-infrared excitations, the condition E0d = ℏω
means peak field amplitudes E0 of the order of GV/m, which can be realized relatively
easily using currently available Ti:Sapphire technology.

The Hamiltonian (2.1) has been investigated with respect to high-order harmonic gen-
eration in the literature before, both for pulsed [132–134] and monochromatic driving
fields [120, 135–137]. Pioneering theoretical approaches have been developed for these
systems [11, 138, 139]. They have the advantage of yielding relatively simple results and
physically intuitive interpretations. Different, but qualitatively similar systems have been
studied in [72, 140, 141].

2.1.1 Three-step model for two-level system

One of the most important, widely applied concept for the classically driven two-level
system is that of the so-called adiabatic state. In order to introduce the adiabatic states,
let us write the Hamiltonian as a matrix. Then the usual transformation is:

Hcc(t) =
1

2

[
−ℏω0 −Ω(t)
−Ω(t) ℏω0

]
R≡ 1√

2

[
1 1

−1 1

]
RHcc(t)R

† =
1

2

[
−Ω(t) ℏω0

ℏω0 Ω(t)

]
.

(2.3)
The physical interpretation of the rotated Hamiltonian is that the diagonal terms are defin-
ing time-dependent energy levels, while the off-diagonal ω0/2 "atomic term" couples
these time-dependent eigenstates. It is easy to check that the "instantaneous eigenen-
ergy" of the system is E± = ±1

2

√
(ℏω0)2 + Ω2(t). The adiabatic states are defined as the

corresponding eigenstates:

H(t)|ϕ±(t)⟩ = E±|ϕ±(t)⟩ ⟨ϕm(t)|ϕn(t)⟩ = δnm. (2.4)

A general state expanded in this basis reads as: |Ψ(t)⟩ = b−(t)|ϕ−(t)⟩ + b+(t)|ϕ+(t)⟩.
The corresponding unitary transformation of the Hamiltonian [132, 137] is
U=exp

[
i
2
σy arctan

(
Ω(t)/ℏω0

) ]
, and the dynamics can be written as:

iℏ
∂

∂t


b−(t)

b+(t)

 =


E−(t) −iℏω0

ℏΩ̇(t)
8E2

±(t)

iℏω0
ℏΩ̇(t)
8E2

±(t)
E+(t)




b−(t)

b+(t)

 (2.5)

On the adiabatic basis, the population evolution can be separated into adiabatic and di-
abatic processes [85]. The adiabatic process manifests itself as the dressed level popu-
lations

(
|b−|2 and |b+|2

)
staying constant, while in the diabatic process the population

abruptly changes. The diabatic processes take place at the zeroes of the external field
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(granted that the electric field is not constant) when the adiabatic states form avoided
crossings and the time-dependent transition matrix element between the adiabatic states
is significantly peaked.

It is possible [85, 120] to infer a three-step model for the two-level systems: In the first
step, the population tunnels through the avoided crossings from the lower adiabatic state
to the higher adiabatic state [118, 119]. In the second step, the population of the adiabatic
states evolves adiabatically, gaining relative phase difference, proportional to their time-
dependent energy separation. In the final step, the coherence between the adiabatic states
generates high-order harmonics with energies corresponding to the instantaneous energy
separation between the two adiabatic states.

Figure 2.1: Schematic respresentation of the harmonic generation in a two-level system
under monochromatic excitation. Top: Time-evolution of instantaneous eigenenergies.
Vertical arrows represent dipole-transitions. Bottom: Time-evolution of the expectation
value of the dipole moment operator. At time intervals of high intensity excitations,
the dipole-operators oscillate rapidly, which can be associated with high-order harmonic
emissions.

The instantenous transition frequency is given by ω(t)=
(
E+(t)−E−(t)

)
/ℏ, which allows,

together with the intuitive picture above, to express the cutoff frequency (and the harmonic
yield Nmax) in a simple way [85]:

ωmax = Nmaxω = max

√
ω2
0 +

Ω2(t)

ℏ2
.

The adiabatic approach has been used extensively for calculations, and it reflects the
experimentally (for solid targets) observed linear dependence of the cutoff frequency on
the amplitude. A perturbative, analytical solution has been given in [133], which points
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out that the spectral structure of the sidebands (in this context sometimes referred to as
hyper-Raman lines [11, 121]) is independent of the initial atomic state, in agreement with
our own results. In Sec.(2.3), we present an analytic calculation based on an alternative
method, that –in our experiences– gives better quantitative insight.

2.1.2 Harmonic spectra

We fix here that whenever we assume pulsed classical excitation, we choose the time-
dependent electric field to be:

E(t) = E0 sin
2

(
π
t

τ

)
cos(ωt+ ϕ0) (2.6)

if 0 < t < τ, and E(t) = 0 otherwise. Here ϕ0 defines the carrier-envelope phase (CEP).
T = 2π/ω will be used to denote the optical cycle period of the carrier wave.
The parameters that may govern the resulting high-order harmonic spectrum are:
- The excitation strength and temporal shape of the field;
- The gap ω0, and its proportion to the central frequency ω;
- The initial quantum state, and the relative phase of the excitation.

Figure 2.2: Semiclassical harmonic spectrum, with initial conditions |Ψ⟩(0) = |g⟩ (blue)
and |Ψ⟩(0) = |g⟩+|e⟩√

2
(red). The insets show the time-dependence of the resonant excita-

tions. a) Monochromatic excitations. b) 50-cycle pulse excitations.
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Numerical calculations indicate that all parameters influence the spectra significantly.
Even if we fix all other parameters, careful choice of the initial conditions may result in
radically different scattered radiation: containing dominantly odd- or even harmonics. To
avoid confusion, we state here, that in the case of monochromatic excitation, changing the
phase is practically equivalent with (slightly) changing the initial quantum state. Corre-
spondence to a displacement in time is only exactly true if the |Ψ⟩a0 is also simultaneously
changed in a given way. However, for the vast majority of relevant range of parameters,
the effect of the CEP, as opposed to |Ψ⟩a0, will not be of great importance.

We can easily observe in Fig.2.2 that the even- and odd-harmonics have qualitatively
different spectral structure. When the excitation is monochromatic, the even harmonics
display a distinctive dual-line structure, as opposed to the single odd-harmonic lines. We
will give an analytical discussion of this phenomena in subsection (2.3.1).
The spectral composition of pulsed excitation can have strong influence on the harmonic
spectral structure, although for many-cycle excitations it is generally valid that the HHG
spectrum is composed of an alternating sequence of narrow and broader peaks. In such
cases, even-order harmonics have a wider spectral distribution than odd-harmonics. Note
that although this idea itself can be useful for more complex radiating systems as well
(with obviously increasing computational costs of performing the analysis), the quantita-
tive results are specific to two-level systems.

To clarify our nomenclature, i.e. what we mean by even-order harmonics, it is worth
pointing out that these spectral lines correspond to Mollow-triplets around the odd har-
monics [142] (to be entirely precise, the lines are only called Mollow-triplets in the case
of resonant excitation, however, the relevant properties remain unchanged under strongly
detuned excitation). At low intensities, the Mollow-triplets are located around odd-order
harmonics. As intensity increases, the spectral location of the sidebands will get fur-
ther away from the odd-harmonic lines. At intensities relevant for high-order harmonic
generation, the position of the sidebands oscillate around the even-multiples of the base
harmonic as a function of the intensity. Since our focus is on strong-field excitations, the
non-odd harmonic lines will be near to the spectral position of the even multiples of the
base harmonics, so for the sake of simplicity, we will call the dual lines even-harmonics.
However, arguments exist [64] that harmonics should be defined based on the phase and
carrier-frequency, (through χk nonlinear susceptibility) without reference to the position
in the optical spectrum. Then the lines which we will call even-harmonics should be more
precisely called "odd-harmonics disguised as even harmonics" [143].

We note that similar "fractional" harmonics may appear in open-shell molecular sources,
granted that the molecule and the polarization vector is properly oriented [20]. The inten-
sity of these lines can be as high as that of the odd-harmonics. According to [144, 145],
results obtained through time-dependent density functional theory suggest that in the
macroscopic harmonic spectrum, the Mollow sidebands remain around the same order
of magnitude as the main harmonics in intensity, and in principle can also be isolated.
It is of special interest to us that recent experiments observed these hyper-Raman lines
for argon atomic targets [146]. For these reasons, (as their emission has been demon-
strated from ordinary material targets) we will give special attention to the properties of
the –usually ignored– even harmonic lines.
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2.2 Floquet-analysis of the monochromatically excited sys-
tem

In order to gain proper understanding into the nature of the secondary radiation spectrum,
let us limit ourselves to monochromatic excitation, i.e. consider an exciting field

E(t) = E0 sin(ωt). (2.7)

Then Floquet’s theory is applicable, as the Hamiltonian is periodic

Hcc(t+ T ) = Ha −DE(t+ T ) = Hcc(t), (2.8)

where T = 2π/ω. According to the general theorem [147, 148], Hcc(t) has "time depen-
dent eigenstates"

|ϕk(t)⟩ = e−i
ϵkt

ℏ
∑
n

ckne
−inωt|φ⟩kn, (2.9)

where ϵk are called Floquet quasi-energies. There are only two of the states above that
are not equivalent (and these states are orthogonal). The formulae ϵk → ϵ̃k = ϵk +mℏω,
ckn → c̃kn = ckn−m define the equivalence, resulting in physically undistinguishable states∣∣ϕk(t)

〉
and

∣∣ϕ̃k(t)
〉
. Let us use denote the smallest difference between nonequivalent

quasi-energies as δϵ, and the associated frequency difference as δω ≡ δϵ/ℏ. It stands that
|δω| < ω, and its dependence on the amplitude E0 and the detuning ω/ω0 can be seen in
Fig.2.3.

Figure 2.3: Absolute value of the smallest frequency difference between two nonequiva-
lent Floquet states (measured in units of ω) as a function of the amplitude and frequency
of the monochromatic exciting field. The left panel shows the quantity as evaluated ana-
lytically based on Sec.(2.3), while the right panel shows the numerically calculated result.
The white dot denotes parameters used on figures (2.4) and (3.6).
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Let us assume that the state of the atomic system at t = 0 can be expanded as the
superposition of two nonequivalent states, indiced by 1 and 2:

|Ψ(0)⟩ = α|ϕ1(0)⟩+ β|ϕ2(0)⟩. (2.10)

The time dependence of the expectation value of the dipole moment operator reads

⟨D⟩(t) = ⟨Ψ(t)|D|Ψ(t)⟩ = (2.11)
= |α|2⟨ϕ1(t)|D|ϕ1(t)⟩+ |β|2⟨ϕ2(t)|D|ϕ2(t)⟩
+ αβ∗⟨ϕ2(t)|D|ϕ1(t)⟩+ α∗β⟨ϕ1(t)|D|ϕ2(t)⟩,

and – as we can check easily – contains frequency components nω (the first two terms) and
nω±δω (the last two terms). Additionally, the symmetry of the time periodic Hamiltonian
(2.8) implies [149] that c1n is nonzero only for odd n, while the frequency components of
|ϕ2(t)⟩ can be written as ϵ2/ℏ+mω, with m being even. Combining these, we obtain that
for infinite, periodic excitation, the Fourier spectrum of d⟨D⟩(t)/dt2 contains discrete
peaks that are situated at mω for odd values of m, and at mω ± δω when m is even.
In other words, this Fourier spectrum – as well as that of d2⟨D⟩/dt2 – is an alternating
sequence of single and double peaks.

An additional remarkable point to be noticed is the appearance of the expansion coef-
ficients α and β in equation (2.11). This fact directly shows that the state of the atomic
system at t = 0 plays an important role in determining the relative heights of the harmonic
peaks. Specifically, when α = 0 (or β = 0), the peaks corresponding to odd harmonics
are completely absent. Note that similar consequences of the atomic coherence have been
pointed out e.g. in Refs. [11, 150].

Figure 2.4: HHG spectra comparison between FFT and Floquet-method. Open circles
correspond to the Floquet estimation. The spectra plotted by solid red lines were obtained
by the power spectrum of d2⟨D⟩/dt2. We normalized the results so that they have the
same value at the strong, single peak at the ninth harmonic. The finite duration pulse
that mimics the corresponding monochromatic excitation is shown by the inset (where
we plotted dE(t)/ℏω0 as a function of time, with time measured in units of T ). The
parameters correspond to the white circle in Fig.2.3.

In order to be able to perform a quantitative comparison between the predictions of the

35



Floquet analysis and the numerical results, an exciting pulse with an envelope that is con-
stant on a relatively long time interval is needed. We considered –see the inset in Fig.2.4–
a simple sinusoidal excitation the duration of which is 100 optical cycles, so that E(t)
reaches its maximum during the first 5 cycles, and decays to zero during the last 5 cycles.
We compare representative HHG spectra in Fig.2.4, obtained using the Floquet analysis
and the Fourier transform-based power spectrum of d2⟨D⟩/dt2. The finite width of the
HHG peaks is due to the finite duration of the exciting pulse, as well as to the fact that the
envelope of the exciting pulse is not constant.
As we can see, the positions of the peaks are the same for the Floquet estimation and the
numerical result, and even the relative heights of the peaks are similar.

2.3 Analytical explanation for the spectral structure

As we have seen, the spectrum of scattered radiation from an elementary two-level sys-
tem can be separated into qualitatively different odd- and even harmonics. This property
is inherent in the classically driven two-level system, investigated in the literature thor-
oughly [148, 151] (usually involving approximations that limit the validity of analytical
results, or being given in a complicated form that offers little insight [152]). However, a
transparent analytical characterization of the dynamics with respect to HHG has not been
given in the literature according to our knowledge.
Here we give a transparent solution that agrees with the Floquet-calculations [153]. Con-
sider the Hcc Hamiltonian with Ω(t)=−A cos(ωt+ϕ0)

Hcc(t) =
ℏω0

2
σz +

ℏA
2
σx cos(ωt+ϕ0) (2.12)

and use the following unitary transformation:

|Ψ′(t)⟩ = eΛ(t)|Ψ(t)⟩ (2.13)

H ′
cc(t) = eΛ(t)Hcce

−Λ(t) + iℏe−Λ(t) ∂

∂t
eΛ(t) (2.14)

with the choice
Λ(t) ≡ i

A

2ω
ξ sin(ωt+ϕ0)σx. (2.15)

Here ξ ∈ R is to be determined in the following. The transformed Hamiltonian can be
written as:

H ′
cc(t) =

ℏω0

2

{
cos

[
A

ω
ξ sin(ωt+ϕ0)

]
σz + sin

[
A

ω
ξ sin(ωt+ϕ0)

]
σy

}
+
ℏA
2
(1− ξ) cos(ωt+ϕ0)σx. (2.16)
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Using the Anger-Jacobi identity, we can divide the Hamiltonian [154] as: H ′
cc(t) = H ′

0 +
H ′

1(t) +H ′
2(t), where the terms are the following:

H ′
0 =

ℏω0

2
J0

(
A

ω
ξ

)
σz; (2.17)

H ′
1(t) =

ℏA
2
(1− ξ) cos(ωt+ϕ0)σx + ℏω0J1

(
A

ω
ξ

)
sin(ωt+ϕ0)σy; (2.18)

H ′
2(t) = ℏω0

∞∑
n=1

J2n

(
A

ω
ξ

)
cos[2n(ωt+ϕ0)]σz

+ℏω0

∞∑
n=1

J2n+1

(
A

ω
ξ

)
sin[(2n+ 1)(ωt+ϕ0)]σy. (2.19)

With the neglection of H ′
2(t), a solution can be given through a method termed "counter-

rotating-hybridized rotating-wave method" in [155]. However, as H ′
2(t) contains the

terms associated with harmonic generations, we will need to incorporate it as the driv-
ing term in interaction picture.

At this point, let us fix ξ such that:

J1

(
A

ω
ξ

)
ω0 =

A

2
(1− ξ) ≡ B

4
. (2.20)

With this choice we can write:

H ′
0 +H ′

1(t) =
ℏω0

2
J0

(
A

ω
ξ

)
σz +

ℏB
4

(
e−i(ωt+ϕ0)σ+ + ei(ωt+ϕ0)σ−

)
. (2.21)

In this approach, the effects of the counterrotating terms have been taken into account for
the base harmonic, leading to the same mathematical formulation as the Rabi problem
with rotating wave approximation. The modified parameters, J0

(
A
ω
ξ
)
ω0 and B, can be

considered to be renormalized frequency and amplitude [155].
The solutions can be found straightforwardly after applying the rotation transformation

e
i
2
(ωt+ϕ0)σz , after employing the e

i
2
(ωt+ϕ0)σzσ±e

− i
2
(ωt+ϕ0)σz =σ±e

±i(ωt+ϕ0) relation [156].
The transformed (2.21) Hamiltonian and its eigenvalues turn out to be:

H̃ ′ ≡ ℏ
2

[
ω0J0

(
A

ω
ξ

)
− ω

]
σz +

ℏB
4
σx

ϵ± = ±ℏ
2

√(
J0(

A
ω
ξ)ω0 − ω

)2
+B2/4, (2.22)

and its eigenvectors are:

|ẽ⟩ = sin θ|g⟩+ cos θ|e⟩,
|g̃⟩ = sin θ|e⟩ − cos θ|g⟩, (2.23)

where the θ parameter is given as:

θ = arctan

[√(
J0(

A
ω
ξ)ω0 − ω

)2
+B2/4−

(
J0(

A
ω
ξ)ω0 − ω

)
B/2

]
. (2.24)
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The time-evolution can then be understood on the basis of eigenstates |ẽ⟩ and |g̃⟩ in inter-

action picture. The driving is given by ℏW (t) ≡ e
i
2
(ωt+ϕ0)σzH ′

2(t)e
− i
2
(ωt+ϕ0)σz , where:

W (t) = ω0

∞∑
n=1

J2n

(
A

ω
ξ

)
cos[2n(ωt+ϕ0)]σz+

ω0

∞∑
n=1

J2n+1

(
A

ω
ξ

)
sin[(2n+ 1)(ωt+ϕ0)]

(
sin(ωt+ϕ0)σx + cos(ωt+ϕ0)σy

)
.

The quantum state is written as:

|Ψ⟩ = be(t) ei
Aξ
2ω

sin(ωt+ϕ0)σxe
i
2
(ωt+ϕ0)σz |ẽ⟩e−

i
ℏ ϵ+t

+bg(t) ei
Aξ
2ω

sin(ωt+ϕ0)σxe
i
2
(ωt+ϕ0)σz |g̃⟩e−

i
ℏ ϵ−t, (2.25)

where the time-dependence of coefficients, be and bg is governed by the equations:

iḃe(t) = ⟨ẽ|W (t)|ẽ⟩be(t) + ⟨ẽ|W (t)|g̃⟩e−i
ϵ−−ϵ+

ℏ tbg(t),

iḃg(t) = ⟨g̃|W (t)|g̃⟩bg(t) + ⟨g̃|W (t)|ẽ⟩e−i
ϵ+−ϵ−

ℏ tbe(t).

The physical picture emerging is the following: The (2.23) eigenstates define two energy
levels, which together with the unitary transform defines a set of infinite virtual energy
levels (essentially equivalent to the Floquet quasi-energies). At the same time, ℏW (t)
corresponds to higher order optical processes and induces transitions between the eigen-
states.

Using the following formulae:

⟨ẽ|σz|ẽ⟩ = cos2 θ − sin2 θ,

⟨g̃|σz|g̃⟩ = sin2 θ − cos2 θ,

⟨g̃|σz|ẽ⟩ = ⟨ẽ|σz|g̃⟩ = 2 sin θ cos θ,

⟨ẽ|σx|ẽ⟩ = 2 sin θ cos θ, ⟨ẽ|σy|ẽ⟩ = 0,

⟨g̃|σx|g̃⟩ = −2 sin θ cos θ, ⟨g̃|σy|g̃⟩ = 0,

⟨g̃|σx|ẽ⟩ = ⟨ẽ|σx|g̃⟩ = sin2 θ − cos2 θ, ⟨g̃|σy|ẽ⟩ = −i = −⟨ẽ|σy|g̃⟩,

the dynamical equations can be expanded, using the nonlinear optical parameter η ≡ Aξ
ω

.

iḃe(t) = be(t)ω0

∞∑
n=1

[
J2n(η) cos(2θ) cos[2n(ωt+ ϕ0)]

+
J2n+1(η)

2
sin(2θ)

(
cos[2n(ωt+ ϕ0)]− cos[(2n+ 2)(ωt+ ϕ0)]

)]
+bg(t)ω0e

−i
ϵ−−ϵ+

ℏ t
∞∑
n=1

[
J2n(η) sin(2θ) cos[2n(ωt+ ϕ0)]

−J2n+1(η)

2
cos(2θ)

(
cos[2n(ωt+ ϕ0)]− cos[(2n+ 2)(ωt+ ϕ0)]

)
+i
J2n+1(η)

2

(
sin[(2n+ 2)(ωt+ ϕ0)] + sin[2n(ωt+ ϕ0)]

)]
(2.26)
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iḃg(t) = −bg(t)ω0

∞∑
n=1

[
J2n(η) cos(2θ) cos[2n(ωt+ ϕ0)]

+
J2n+1(η)

2
sin(2θ)

(
cos[2n(ωt+ ϕ0)]− cos[(2n+ 2)(ωt+ ϕ0)]

)]
+be(t)ω0e

−i
ϵ+−ϵ−

ℏ t
∞∑
n=1

[
J2n(η) sin(2θ) cos[2n(ωt+ ϕ0)]

−J2n+1(η)

2
cos(2θ)

(
cos[2n(ωt+ ϕ0)]− cos[(2n+ 2)(ωt+ ϕ0)]

)
−iJ2n+1(η)

2

(
sin[(2n+ 2)(ωt+ ϕ0)] + sin[2n(ωt+ ϕ0)]

)]
(2.27)

If we fix both the gap ω0, and the detuning ratio ω/ω0, then cos θ as well as δω ≡
ϵ+−ϵ−

ℏ − ω are functions of only the amplitude, and are asymptotically (albeit with slow
convergence) zero. Numerical results show that δω/ω is smaller in absolute value then
unity, see the left side of Fig.2.3, or Fig.5.7.

Figure 2.5: Dependence of δω/ω (red) and cos θ (blue) on the amplitude of resonant
excitation.

Figure 2.6: Virtual energy levels and
dipole transitions of monochromatically
driven two-level system.

Let us note that zero points of cos θ are cor-
responding to local extrema of δω/ω, that is, at
these parameters the dual lines of even harmon-
ics have maximal separation. The cos θ func-
tion has zero points in all intensity ranges, more
or less being distributed evenly. The qualitative
properties remain the same for off-resonance
excitations.

In semiclassical spectral calculations, the
quantity of interest is ⟨D(t)⟩≡ ⟨Ψ|dσx|Ψ⟩, the
expectation value of the dipole-moment. Eval-
uation of the dipole-moment offers a transpar-
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ent physical picture.

⟨D⟩/d =
(
|b+(t)|2 − |b−(t)|2

)
cos(ωt+ ϕ0)2 sin θ cos θ

+2ℜ
[
b+

∗
(t)b−(t)ei

ϵ+−ϵ−
ℏ t

]
cos(ωt+ ϕ0)(sin

2 θ − cos2 θ)

+2ℑ
[
b+

∗
(t)b−(t)ei

ϵ+−ϵ−
ℏ t

]
sin(ωt+ ϕ0), (2.28)

The interpretation we get both by the Floquet-analysis, numerical calculations, and the
analytical calculation in this section, can be summarized on Fig.2.6: The horizontal lines
on the left (right) column shows the calculated energy level (continous black line) and
quasi-energy levels (dashed black lines) associated with |g̃⟩ (|ẽ⟩). "Intra-column" transi-
tions (vertical blue arrows) correspond to the odd-order harmonic emissions, while "inter-
column" transitions correspond to the generation of even harmonics.

2.3.1 First-order perturbative expansion

In the dynamical equations (2.26-2.27) there is no resonant contribution, that is, the bg

and be coefficients follow high-frequency, small-amplitude oscillations around their initial
values, which implies that perturbation methods are applicable.

Figure 2.7: Comparison of spectra induced by resonant excitation, calculated numerically
(blue) and with first-order perturbation method (dashed). The time-interval covers 50
optical cycles, and the dimensionless amplitude is A/ω0 = 41. Subfigure a) and b) shows
the spectra calculated with initial conditions be=bg=1/

√
2, and bg=1 rescpectively.
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Comparison between spectra calculated numerically and through first-order perturba-
tion –within realistic excitation intensity value– can be seen in Fig.2.7. We note that the
dominant spectral lines (odd or even harmonics, depending on the initial conditions) are
reproduced by the perturbative treatment typically within ∼ 10% relative error.

Here we give the analytical expression for the first-order perturbation calculation,
some of which will be employed in subsequent chapters. For the sake of simplicity, we
will only focus on the special case of cos θ=0, which, as mentioned above, corresponds
to the maximal spectral gap between the dual lines of even-harmonics. This simplification
is not unrealistic, considering that a careful selection of the parameters allows this condi-
tion to be fulfilled in all, not too specific intensity intervals. Then equations (2.26-2.27)
become:

iḃe(t) = −be(t)ω0

∞∑
n=1

[
J2n(η) cos[2n(ωt+ ϕ0)]

]
+bg(t)ω0e

−i
ϵ−−ϵ+

ℏ t
∞∑
n=1

[
J2n+1(η)

2

(
exp[2ni(ωt+ ϕ0)]− exp[−(2n+ 2)i(ωt+ ϕ0)]

)]
,

iḃg(t) = bg(t)ω0

∞∑
n=1

[
J2n(η) cos[2n(ωt+ ϕ0)]

]
+be(t)ω0e

−i
ϵ+−ϵ−

ℏ t
∞∑
n=1

[
J2n+1(η)

2

(
exp[−2ni(ωt+ ϕ0)]− exp[(2n+ 2)i(ωt+ ϕ0)]

)]
.

The first-order perturbative solution can be written as:

be(t) ≈ be(0) + ibe(0)ζ1(t)− ibg(0)ζ2(t)

bg(t) ≈ bg(0)− ibg(0)ζ1(t)− ibe(0)ζ∗2 (t) (2.29)

where we define the ζ1(t) and ζ2(t) expressions as:

ζ1(t)=ω0

∞∑
n=1

[
J2n(η)

2nω

(
sin[2n(ωt+ ϕ0)]− sin[2nϕ0]

)]
,

ζ2(t)= iω0

∞∑
n=1

J2n+1(η)

2


[
1− ei(2nω+

ϵ+−ϵ−
ℏ )t

]
2nω + ϵ+−ϵ−

ℏ
ei2nϕ0 +

[
1− ei(−(2n+2)ω+

ϵ+−ϵ−
ℏ )t

]
(2n+ 2)ω − ϵ+−ϵ−

ℏ
e−i(2n+2)ϕ0


 .

The dipole-operator expectation value can be expressed through be∗(t)bg(t)ei
ϵ+−ϵ−

ℏ t which
term, after simplifications can be rewritten as:

be
∗
(t)bg(t)ei

ϵ+−ϵ−
ℏ t =

be
∗
(0)bg(0)

[
1− iζ1(t)

]2
ei

ϵ+−ϵ−
ℏ t + bg

∗
(0)be(0)

[
ζ∗2 (t)

]2
ei

ϵ+−ϵ−
ℏ t (2.30)

+
(
|bg(0)|2 − |be(0)|2

)[
iζ∗2 (t) + ζ1(t)ζ

∗
2 (t)

]
ei

ϵ+−ϵ−
ℏ t (2.31)
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The evaluation of the dipole-moment can be done in a lengthy but straightforward
manner, and the results reproduce the numerical results in that the dipole-oscillation con-
tains only frequencies (2n+ 1)ω and (2n+ 1)ω ± ϵ+−ϵ−

ℏ = (2n+ 2)ω ± δω.
If either bg(0) or be(0) is zero, we can expect the lack of even-order harmonics, which
shows that these perturbative solutions are related to the non-equivalent Floquet-states in
Sec.(2.2). We note in passing, that the two spectral lines within even harmonics carry dif-
ferent multiples of the excitation phase, which can have consequences when macroscopic
wave-propagation is considered.

Note on the spectra of collective radiations

Let us briefly mention results related to high-order harmonic generation from generaliza-
tions of the two-level system.

1.) Consider a manifold of independent two-level systems with different ω0 param-
eters, described through statistical distribution ρ(ω0). If all of the two-level systems
are driven with the same monochromatic excitation, we can reconstruct the distribution
ρ(ϵ+− ϵ−), which can be (albeit only up to the extent that interferences can be neglected)
considered an approximation of the resulting even-harmonic spectral line structure. The
two distribution has similar form, as observable on Fig.2.8.

Figure 2.8: Sideband structure distribution ρ( ϵ+−ϵ−
ℏω ) for a manifold of independently

driven two-level systems, with two different ρ(ω0) visible in the inset.

This leads us to the conclusion that in a multi-electron band transition, when the even
harmonics are observable, they have to be comparatively spectrally wide, and even under
monochromatic excitation, they are not as pronounced as the odd-harmonics. However,
we stress that the two-level systems are not independent in length-gauge in realistic solid-
state HHG calculations, and this conclusion is purely qualitative. Further, we neglected
relaxation processes, which also strongly influence these linewidths [11].

2. Consider a manifold of coherently driven N two-level systems with identical pa-
rameters. This leads to the introduction of collective spin-operators J (N) ≡

∑N
i=1 σi,

42



formally corresponding to (that is, having the same commutation relations as) the usual
angular momentum operators [157]. The semiclassical Hamiltonian in this case is given
by:

H = ℏ
ω0

2
Jz + ℏ

A

2
Jx cos(ωt+ ϕ0). (2.32)

As the derivation between equations (2.13-2.22) only used the commutation relations be-
tween Pauli-matrices (which are equivalent to that of angular momentum operators) our
conclusions about the spectral structure remain valid. We will not reproduce this calcu-
lation here. Our numerical results show that the time-evolution of the dipole-operator
expectation value ⟨J (N)

x ⟩ is, –after rescaling with N– coincides with good approximation
to that of the two-level system, granted that the initial conditions are chosen to be the
ground state in both cases.

Chapter summary

• The semiclassical model can reproduce most of the qualitative features of the
experimental HHG spectra, i.e. the plateau structure with a cutoff; as well as
the linear dependence of the cutoff frequency on peak field strength.

• Using Floquet-analysis, we identified the structure of the harmonic spectrum,
the position of odd-order harmonic and dual spectral lines that we refer to as
even-order harmonics.

• Analytical results have been derived, allowing a simple evaluation of the har-
monic line structure with given parameters, or conversely, finding parameters
that correspond to given value of δω.

• We gave a first-order perturbative result, which is in agreement with the nu-
merical calculation, and which can be considered an analytical nonlinear re-
sponse function of the two-level system.
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3Chapter 3

Quantum optical description of classical
excitation induced harmonics

In this chapter, we present results that we calculated within the so-called cluster-expansion
approach, with respect to the two-level system interacting with a classical laser pulse and
quantized field. The quantum optical description of the quantized radiation field leads to
an insight into both the time-dependent dynamic of the photon numbers and quadrature-
variances.

The cluster-expansion approach is a technique that truncates the BBGKY (Bogoli-
ubov–Born–Green–Kirkwood–Yvon) hierarchy problem, that arises when quantum dy-
namics of interacting systems is solved [158]. It produces a closed set of numerically
computable equations that can be applied to analyze a great variety of quantum-optical
(and other, field-theoretical or statistical physical) problems [159]. The benefit of this
method is that many electromagnetic modes can be considered simultaneously, without
significant demand for computational power.

3.1 Classically driven system, quantized harmonics

Let us recall the general Hamiltonian (1.30):

Hqq = ℏ
ω0

2
σz+

∑
n∈Exc

ℏ
(
ωnA

†
nAn+

Ωn

2
σx
(
A†

n+An

))
+

∑
n/∈Exc

ℏ
(
ωna

†
nan+

Ωn

2
σx
(
a†n+an

))
.

As we know, although HHG is an inherently high-field effect, the intensities of the gener-
ated harmonics are by orders of magnitude lower than that of the exciting field. Therefore,
from the perspective of a quantum optical investigation, the quantization of the secondary
radiation (n /∈ Exc) must not be discarded. The usual assumption [5, 33] is that the excit-
ing field can be considered classical, which we elaborate on below. Let us introduce the
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displacement operator and the transformation:

DExc ≡
∏
n∈Exc

Dn(αne
−iωnt) (3.1)

|Ψ⟩′ = D†
Exc|Ψ⟩

H ′
qq = D†

ExcHqqDExc + iℏDExc∂tD
†
Exc. (3.2)

The value of αn in the above transformation is determined by the spectral composition of
the excitation. After simplifications, the Hamiltonian reduces to:

H ′
qq = ℏ

ω0

2
σz +

∑
n/∈Exc

ℏ
(
ωna

†
nan +

Ωn

2
σx
(
a†n + an

))
+

∑
n∈Exc

ℏ
(
ωnA

†
nAn + ωn|αn|2 +

Ωn

2
σx
(
A†

n + An

)
+

Ωn

2
σx
(
α∗
ne

iωnt + αne
−iωnt

))
= ℏ

ω0

2
σz +

∑
n/∈Exc

ℏ
(
ωna

†
nan +

Ωn

2
σx
(
a†n + an

))
+

∑
n∈Exc

ℏ
(
ωnA

†
nAn +

Ωn

2
σx
(
A†

n + An

))
+IExc −

Ω(t)

2
σx.

(3.3)

Number-states |j⟩ in the transformed frame correspond to displaced photon-number states
|j, αe−iωnt⟩ in the original one. Our assumptions for the initial states –i.e. the excitation
modes are in coherent state, while other radiation modes are in vacuum state– after the
transformation corresponds to all mode being in vacuum state initially. Then the excita-
tion mode is only going to interact with the other modes indirectly, and at first approx-
imation, the dynamical evolution of the excitation itself may be neglected. This is the
physical expression behind the statement that the scattered radiation is weak, and that the
quantum state of the excitation is not going to be very different from a coherent states.

Naturally, the classical driving field that dominates the time-evolution of the harmon-
ics is uneffected by the quantum state of the excitation. At the same time, this term drives
the base harmonic mode as well, and (considering that the interaction is resonant) the
backaction on the excitation (which is associated with the population of a resonant mode)
can be significant. For clarity, we state here that since in this chapter we focus on the dy-
namics of the harmonic modes, only the indirect effect of (the otherwise non-negligible)
evolution of the base harmonic on the evolution of the high-order harmonics is neglected.
Formally this means a cutoff of the Fock-basis corresponding to the excitation modes at
the lowest level, as that physically corresponds to the excitation being strictly in displaced
vacuum-state without having components in displaced N-photon states (that is, being in
coherent state). This results in:

Hcq = ℏ
ω0

2
σz +

∑
j /∈Exc

(
ℏωja

†
jaj +

Ωj

2
σx
(
a†j + aj

))
+

Ω(t)

2
σx. (3.4)

We note that this model is similar to that used in driven spin-boson models [160] or for
the description of resonance fluorescence [128]).
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3.2 Cluster-expansion approach

At this point, it becomes important to discuss which electromagnetic modes are being
considered. In our calculations neither specific mode functions, nor the density of modes
was taken explicitly into account. We discretized frequency integrals with regular spacing
∆ω. In an actual experiment, these issues are relevant, but it is not inconsistent to neglect
them on the level of the model of two-level atoms. For the sake of precision, we define
the discrete orthonormal modes by

an ≡ 1√
∆ω

∫ (n+1)∆ω

n∆ω

a(ω)dω,

which obeys [an, a†m] = δnm. Formally, this discretization can be understood as a trans-
formation [161, 162] of the continuum modes within each ∆ω frequency interval, under
the approximation that the coupling strength is constant within each such intervals.

The results presented in this chapter are based on the Heisenberg equations of motion
for the "atomic" and electromagnetic field operators. As one can check easily, one can-
not obtain an exact closed set of dynamical equations, since the time derivatives of two-
operator products involve three-operator products, whose time derivatives contain terms
being the products of four operators, and so on, as it is generally the case in BBGKY
hierarchy. Truncating these expansions, and thus neglecting some contributions leads to
a closed set of equations, which can be done in a systematic way using the cluster expan-
sion. Because of this hierarchy, we have to restrict ourselves to expectation values and –
at some point – introduce a factorization that is based on physical considerations.
We define the hermitian operators below.

The atomic operators

U = σx, V = −σy, W = σz.

The first and second-order field-operators

Nn = a†nan,

Xn =
a†n + an

2
, Yn = i

a†n − an
2

,

X2n =
a†2n + a2n

2
, Y2n = i

a†2n − a2n
2

. (3.5)

The first-order atom-field operators:

U±
n = (i)(1∓1)/2σx(an ± a†n),

V ±
n = −(i)(1∓1)/2σy(an ± a†n),

W±
n = (i)(1∓1)/2σz(an ± a†n). (3.6)

If one assumes that the expectation values of the products of atomic and field opera-
tors factorize [163] (e.g., ⟨σzan⟩ = ⟨σz⟩⟨an⟩), then the influence of the photon number
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operators on the atomic system’s time evolution – which should be weak – is exactly zero.
Additionally, since the photon annihilation operator’s dynamics are governed by a "classi-
cal" quantity (the expectation value of the dipole moment), the resulting photon statistics
is necessarily Poissonian (i.e., the high-order harmonic modes are in coherent states).

We note that this approach is analogous to the "phonon-assisted" density matrix ele-
ments that appear e.g., in semiconductor Bloch-equations [164]. In our experience, when
the light-matter coupling is not too strong, and spontaneous emission [165] can be ne-
glected (see Sec.[3.4] for details), this order of approximation is enough to describe the
main characteristics of the solution.

3.2.1 Equations of motion for the expectation values

The exact Heisenberg equations of motion for these operators are approximated when
we calculate the expectation values of them. As we verified the following assumptions
through numerical calculation [166], for any atomic operator A, it is consistent to set
⟨Aanaj⟩ =

〈
Aa†na

†
j

〉
≈ 0, and to consider terms

〈
Aana

†
j

〉
,
〈
Aa†naj

〉
to be nonzero only

for n=j. This, with factorizations
〈
Aana

†
n

〉
= ⟨A⟩

〈
ana

†
n

〉
and

〈
Aa†nan

〉
= ⟨A⟩

〈
a†nan

〉
,

results in the following equations:

d

dt
⟨U⟩ = ω0⟨V ⟩, (3.7)

d

dt
⟨V ⟩ = −ω0⟨U⟩+ Ω(t)⟨W ⟩+

∑
n

Ωn⟨W+
n ⟩, (3.8)

d

dt
⟨W ⟩ = −Ω(t)⟨V ⟩ −

∑
n

Ωn⟨V +
n ⟩, (3.9)

d

dt
⟨Nn⟩ =

Ωn

2
⟨U−

n ⟩, (3.10)

d

dt
⟨U+

n ⟩ = ω0⟨V +
n ⟩ − ωn⟨U−

n ⟩, (3.11)

d

dt
⟨U−

n ⟩ = ω0⟨V −
n ⟩+ ωn⟨U+

n ⟩+ Ωn, (3.12)

d

dt
⟨V +

n ⟩ = −ω0⟨U+
n ⟩ − ωn⟨V −

n ⟩+ Ω(t)⟨W+
n ⟩+ Ωn⟨W ⟩(2 ⟨Nn⟩+1) , (3.13)

d

dt
⟨V −

n ⟩ = −ω0⟨U−
n ⟩+ ωn⟨V +

n ⟩+ Ω(t)⟨W−
n ⟩, (3.14)

d

dt
⟨W+

n ⟩ = −ωn⟨W−
n ⟩ − Ω(t)⟨V +

n ⟩ − Ωn⟨V ⟩ (2 ⟨Nn⟩+ 1) , (3.15)

d

dt
⟨W−

n ⟩ = ωn⟨W+
n ⟩ − Ω(t)⟨V −

n ⟩, (3.16)
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d

dt
⟨Xn⟩ = ωn⟨Yn⟩, (3.17)

d

dt
⟨Yn⟩ = −Ωn

2
⟨U⟩ − ωn⟨Xn⟩, (3.18)

d

dt
⟨X2n⟩ = −Ωn

2
⟨U−

n ⟩+ 2ωn⟨Y2n⟩, (3.19)

d

dt
⟨Y2n⟩ = −Ωn

2
⟨U+

n ⟩ − 2ωn⟨X2n⟩. (3.20)

3.3 Photon-number expectation values

We considered a large number of electromagnetic modes with frequencies ranging from
practically zero to the cutoff frequency. Compared to merely calculating the spectrum of
the secondary radiation, our model allows monitoring the time evolution of the photon
numbers corresponding to different modes of the electromagnetic field. We have found
that the analogue with the three-step model is qualitatively correct. By comparing the
quantized calculation with the semiclassical one, we found that while excellent agreement
exists at a qualitative level, there are important quantitative differences.

3.3.1 Evolution of photon-number expectation values

Our results imply that the high-order harmonic modes become populated in sequence,
modes with higher frequencies become visible later, following the envelope of the excita-
tion.

Figure 3.1: Photon-number expectation value in the 7th harmonic under pulsed excitation.
Red (blue) shows time-intervals when the

√
ω2
0 + Ω2(t)/ℏ2 value is higher (lower) than

the mode frequency 7ω. The red intervals correspond to the times when the semiclassi-
cally calculated dipole-operator mean value oscillates with at least 7ω.

The time instants when the peaks corresponding to the various harmonic orders appear
are related to the presence of sufficiently strong excitation: at the beginning of the pulse,
when the envelope of the exciting electric field is far from its maximum, lower-order har-
monics appear. The higher order ones become visible only around the maximum of the
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pulse. Note that – according to our calculations – for a simply sinusoidally oscillating
excitation, the transient time interval is practically the same for all harmonics, in other
words, the corresponding peaks become observable almost at the same time.
This is in agreement with what we can expect based on the semiclassical three-step model,
introduced in subsection (2.1.1). In Fig.3.1 we can see a representative example showing
that for a given mode, in order for the photon-numbers to reach noticeable populations, it
is necessary for the field to reach a certain value. For simple pulse shapes, a few optical
cycles of excitation with sufficient amplitude is typically enough to populate the mode
near to its asymptotic value.

Figure 3.2: Central panel: the time evolution of the expectation values of the photon
number operators ⟨Nn⟩ as a function of the frequency of the modes ωn (measured in units
of ω). The time dependence of the resonant exciting pulse (ω = ω0) can be seen in the left
panel, while the final (t = 12 T ) distribution of the photon number operator expectation
values is shown on the top.

Time evolution of the photon number expectation values is shown in Figs.3.2 and
(3.3). As we can see, the longer the exciting pulse is, the more pronounced peaks can be
observed. As one can expect, these peaks appear around integer multiples of the carrier
frequency of the exciting pulse. For long pulses [see Fig.3.3] and higher harmonic orders,
the spectral distribution around even multiples of ω are considerably broader than those
of odd multiples. With the realistic parameters that we used, the number of modes that we
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take into account has negligible influence on the time evolution of the system, it is mainly
the resolution of the spectra that is determined by the number of modes.

Figure 3.3: The same as Fig. 3.2, but for a longer, resonant exciting pulse (compare the
left panels).

Figure 3.4: Detailed structure caused by pulsed
excitation, for an odd and an even harmonic.

It needs to be noted that the har-
monic spectra induced by pulsed ex-
citations have a very complicated
structure. However, if the excitation
has sufficiently small spectral band-
width, then the harmonics can still be
distinguished from each other, as it
can be seen in Fig.3.4
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Fig.3.5 shows the effect of detuning on the asymptotic distribution of the photon num-
ber expectation values. As we can see, not only the internal structure and height of the
peaks, but the number of the observable harmonics also strongly depends on the fre-
quency of the excitation. Features of typical HHG spectra can be recognized: the heights
of the peaks corresponding to low order harmonics are decreasing fast, then we see a
"plateau" with comparable peak heights and finally a cutoff, i.e., the disappearance of
the pronounced peaks. However, focusing on the details, and comparing these spectra to
the high-order harmonic emission spectra computed for real noble gas atoms [167] shows
certain qualitative differences.

Figure 3.5: Asymptotical (t > τ ) distribution of the photon number expectation values for
excitations with different central frequencies (see the legend). The excitation is pulsed,
with 50 optical cycles.

Close to resonance, the peaks of the two-level atom’s spectrum emerge from a smooth
background, which is mostly missing from the real single-atom response. This is more ex-
plicit around the cutoff region, which means simply the disappearance of the pronounced
peaks in the case of the two-level atom, while it is a smooth but substantial drop to much
lower spectral amplitude in the real single-atom response. Although the cutoff in the
strongly detuned case [Fig. 3.5/(d)] seems more similar to this real single-atom spectrum,
this is only apparent: the cutoff consists of densely placed peaks in the two-level case.
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As we can see in Fig.3.5, for "blue-detuned" excitation (i.e., when ω > ω0), there
are considerably fewer HHG peaks that are visible than for the resonant case, and the
number of these peaks is the highest for red detuning (ω < ω0). This is a consequence
of the general fact that E0d

ℏω is the parameter that determines the number of the relevant
high-order harmonics in the Floquet time evolution (as shown by a simple transformation
into dimensionless units, see e.g. [168]). That is, if all other parameters are the same,
an excitation with lower frequency produces a higher number of observable harmonics.
The case of strong red detuning (that is relevant for real atoms and pulses in the infrared)
is interesting also from the viewpoint of short pulse generation: the quasi-continuum of
the frequencies corresponding to the plateau can be shown to have phases that produce
short bursts of radiation in every half-cycle. Assuming T = 2π/ω to have the order of
magnitude of fs, the duration of these bursts is around a few times 10 as.

3.3.2 Comparison of semiclassical and quantized calculation

Naturally, the previously presented results are limited due to their semiclassical nature.
Nevertheless, it is worth checking that certain properties are carried over to more advanced
models that include quantized harmonic modes.

The final distribution of the photon number operators (when the exciting pulse is over)
is reasonably close to the traditional, Fourier-transform based HHG spectra [169] in the
frequency range of the plateau. For monochromatic pulses, the fine structure of the spec-
tral peaks was shown to be closely related to the corresponding Floquet quasi-energies.

Figure 3.6: Comparison of HHG spectra obtained through semiclassical Floquet [Sec.2.2]
and quantized [subsec.3.2.1] approaches. Open circles correspond to the Floquet estima-
tion. The spectra plotted by solid red lines were obtained using our model based on photon
number expectation values, see Sec.3.2.1. We normalized the results so that they have the
same value at the strong, single peak at the ninth harmonic

While the qualitative similarity is remarkable, the similarity is less marked quantita-
tively. Especially, it should be noted that in Fig.3.6 high-order even harmonic lines are
significantly more populated than one would assume based on semiclassical calculations.
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Generally, our experience is that the intensity distribution calculated quantum optically
has a different (typically less pronounced) dependence on the initial conditions then in
semiclassical calculations.

3.4 One-mode approximation

Let us summarize the general physical and technical properties of Hcq, which can serve
as a source of further insight.

In principle, the number of modes is infinite. However, when focusing on the pro-
cess of HHG, only a finite number of harmonics play a relevant role. Practically (from
the viewpoint of numerical feasibility), a few thousand modes can be taken into account
in this interval. As a consequence, the initially excited atomic state will not monoton-
ically decay: when oscillations with the finite number of Rabi frequencies Ωn rephase,
we would observe a revival process, that does not appear in free space. This allows us
the determination of the time scale on which our model with a finite number of modes
describes the process appropriately.
The cumulative effects of the mode-mode interactions become palpable at the timescale
of the spontaneous emission lifetime, hence our theoretical description is valid up to the
timescale where the quantized modes do not cause significant atomic decay. Since in
experimental settings the pulse length is in the order of femtoseconds, (typically many
orders of magnitude shorter than the transition lifetime), spontaneous emission plays neg-
ligible role. Note that calculations of spontaneous emission in the presence of strong
laser-field indicates [170] that the modification of the decay-rate due to the excitation is
not very large.

Thus it is acceptable to consider only one electromagnetic mode, which formally
means reducing the summation of modes to a single term. Due to the short timescale
of the interaction, it is acceptable to neglect the interplay between different harmonics
and to consider the high-order harmonic modes independently.

3.4.1 Perturbative results

Within the one-mode approximation, for practically all realistic range of parameters, it is
a generally true that –independently of frequency ωn of the mode– the probabilities

Pn(t) = |⟨e|⟨n|Ψ(t)⟩|2 + |⟨g|⟨n|Ψ(t)⟩|2 (3.21)

are fast decreasing functions of the photon number n. In agreement with the fact that
the photon number expectation values are much below unity, P0 dominates the photon
statistics by being orders of magnitude larger than probabilities that correspond to nonzero
photon numbers.
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As this stays true for the whole interaction-time, a perturbative treatment of the dy-
namics seem to be reasonable, at least at a qualitative level. Within the one-mode approx-
imation, Hamiltonian Hcq simplifies to:

Hcq =
ℏω0

2
σz + ℏωna

†
nan +

ℏΩn

2
σx(an + a†n)−

Ω(t)

2
σx,

Let us consider monochromatic excitation, and follow the steps in Sec.(2.3). Similarly,
we limit ourselves to the special case of cos θ = 0 as we did in subsection (2.3.1). The
Hamiltonian turns out to be:

H̃ ′
cq = H̃ ′+ℏωna

†
nan+ℏW (t)+

ℏΩn

2

(
cos(ωt+ϕ0)σx−sin(ωt+ϕ0)σy

)
(an+a

†
n), (3.22)

and the quantum state is written as:

|Ψ⟩ = ei
Aξ
2ω

sin(ωt+ϕ0)σxe
i
2
(ωt+ϕ0)σze−

i
ℏ tϵ+

∞∑
j=0

bej |ẽ⟩|j⟩e−ijωnt

+ei
Aξ
2ω

sin(ωt+ϕ0)σxe
i
2
(ωt+ϕ0)σze−

i
ℏ tϵ−

∞∑
j=0

bgj |g̃⟩|j⟩e−ijωnt, (3.23)

where the coefficients are governed by the dynamical equations:

iḃej(t) = ⟨ẽ|W (t)|ẽ⟩bej(t) + ⟨ẽ|W (t)|g̃⟩ei
ϵ+−ϵ−

ℏ t bgj (t)

+
Ωn

2
ei(δωt−ϕ0)

∑
k

⟨j|an + a†n|k⟩e−iωn(k−j)t bgk(t),

iḃgj (t) = ⟨g̃|W (t)|g̃⟩bgj (t) + ⟨g̃|W (t)|ẽ⟩e−i
ϵ+−ϵ−

ℏ t bej(t)

+
Ωn

2
e−i(δωt+ϕ0)

∑
k

⟨j|an + a†n|k⟩e−iωn(k−j)t bek(t).

In the first order, resonant terms only appear for mode(s) with frequencies ωn = ±δω,
which is outside our range of interest. Therefore, oscillations induced by the field-matter
coupling will be neglected for the high-order harmonics in first order. We will assume,
based on the discussion in subsection (2.3.1), that the effect of the term ℏW (t) can be
properly accounted for by first-order perturbation.
By this method, up to the second-order, the coefficients are:

be0(t)
(2) = be0(0)[1 + iζ1(t)]− ibg0(0)ζ2(t) (3.24)

bg0(t)
(2) = bg0(0)[1− iζ1(t)]− ibe0(0)ζ

∗
2 (t) (3.25)

be1(t)
(2) = −iΩn

2

∫ t

0

[bg0(0)[1− iζ1(τ)]− ibe0(0)ζ
∗
2 (τ)] exp

[
i
(
δω + ωn

)
τ − iϕ0

]
dτ

= −iΩnt

2
e−iϕ0 F [bg0(0)[1− iζ1]− ibe0(0)ζ

∗
2 ]
(
− ωn − δω

)
(3.26)

bg1(t)
(2) = −iΩnt

2
eiϕ0 F [be0(0)[1 + iζ1]− ibg0(0)ζ2]

(
− ωn + δω

)
(3.27)
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The photon number mean value can be approximated through ⟨Nn⟩ ≈ |b+1 (t)|2+ |b−1 (t)|2,
more explicitly written as:

⟨Nn⟩ ≈



Ω2
n

4
ω2
0

(
J2
2k+1(η) |be0(0)|2

4[(2k + 1)ω + δω]2
+

J2
2k+1(η) |b

g
0(0)|2

4[(2k + 1)ω − δω]2

)
t2 if ωn = (2k + 1)ω

Ω2
n

4
ω2
0

(
J2
2k(η) |b

g
0(0)|2

4(2kω)2

)
t2 if ωn = 2kω + δω

Ω2
n

4
ω2
0

(
J2
2k(η) |be0(0)|2

4(2kω)2

)
t2 if ωn = 2kω − δω


(3.28)

The comparison between the analytical evaluation and numerical calculation shows that
–while the spectral positions of optical lines are represented correctly– the perturbative so-
lution only offers a qualitative approximation. While the spectrum and the initial parabolic
increase of the average photon numbers at the spectral lines are reproduced by the ana-
lytic solution, the perturbative solution should be interpreted as a lower bound. On the
other hand, we note that the ratio of expectation values between dominant spectral lines
is reproduced with a better accuracy.

It is easy to see that Eq.(3.24) predicts the appearance of even harmonics at the lowest
order, even if be0(0) or bg0(0) is zero. This is very different from the semiclassical perturba-
tive result –see subsection(2.3.1)– and explains the stronger presence of even-harmonics
in the quantized spectrum compared to the semiclassically calculated one, as we have
seen in Fig.3.6. Generally speaking, our calculations indicate that while the harmonic
spectrum has the same spectral line positions, and relatively similar intensities as in semi-
classical calculations, the dependence of the spectrum on initial conditions is markedly
different.

3.5 Quadrature properties and squeezing

Within the cluster-expansion framework, it is also straightforward to calculate the time-
evolution of quadrature mean values and variances associated with the high-order har-
monic photons. Especially interesting is the minimal quadrature-variance, and the ques-
tion of whether the resulting harmonics display squeezing.
We give a brief summary of the relevant quantities before presenting the numerically cal-
culated results. Our work indicates that the harmonic modes develop quadrature variances
that are different from the value corresponding to the classical coherent states. Starting
from the case of monochromatic excitations, we will describe the characteristics of the
harmonic spectra. Then we show that at least some of the nonclassical properties remain
for pulsed excitations.
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3.5.1 Measure of squeezing

Closely connected to quadrature variance, the concept of squeezed light is a historically
important idea. Squeezed light is a valuable tool of metrology and quantum information
processing [171–176]. To date, most balanced homodyne detection measurements have
been performed in the frequency domain, where, in practice, any measurement of the field
integrates over some sideband spectrum. Current experiments with pulsed squeezed light
reach a bandwidth up to tens of THz [177, 178]. We note that standard homodyne detec-
tion suffers from significant bandwidth limitation: While the bandwidth of optical states
can easily span many THz, homodyne detection is inherently limited to the electrically
accessible, MHz to GHz range, leaving a significant gap between the relevant optical phe-
nomena and the measurement capability. This can be lifted by using parallel homodyne
measurement [179].

Squeezed states are associated with canonical observables, in quantum optics typically
electric field strength at a given phase ϕ. The corresponding dimensionless Xϕ

n and Y ϕ
n

quadrature operators are defined as:

Xϕ
n =

an + a†n
2

cosϕ+ i
a†n − an

2
sinϕ,

Y ϕ
n = −an + a†n

2
sinϕ+ i

a†n − an
2

cosϕ,

and for the sake of completeness, we write out the quadratic variances as:

⟨(∆Xϕ)2⟩ = 1

4

(
1 + 2⟨N⟩+ 2⟨X2⟩ − 4⟨X⟩2

)
cos2 ϕ

+
1

4

(
1 + 2⟨N⟩ − 2⟨X2⟩ − 4⟨Y ⟩2

)
sin2 ϕ+

(
⟨Y2⟩ − 2⟨Y ⟩⟨X⟩

)
cosϕ sinϕ,

⟨(∆Y ϕ)2⟩ = 1

4

(
1 + 2⟨N⟩+ 2⟨X2⟩ − 4⟨X⟩2

)
sin2 ϕ

+
1

4

(
1 + 2⟨N⟩ − 2⟨X2⟩ − 4⟨Y ⟩2

)
cos2 ϕ−

(
⟨Y2⟩ − 2⟨Y ⟩⟨X⟩

)
cosϕ sinϕ.

Light is considered to be squeezed, if there exists a mode n and phase ϕ [180, 181] such
that ∆Xϕ

n < 1
2
. The minimal variance (and its associated phase) can be calculated –

assuming that it is possible to fit a noise-ellipse to the given quantum state– through the
smaller eigenvalue (and associated eigenvector) of the noise-ellipse matrix:(

⟨(∆X)2⟩ 1
2
⟨{∆X,∆Y }⟩

1
2
⟨{∆X,∆Y }⟩ ⟨(∆Y )2⟩

)
(3.29)

The eigenvalues –that is, the axes of the noise ellipse– [182, 183] are:

λ± =
1

4

[
⟨{∆a,∆a†}⟩ ± 2|⟨(∆a)2⟩|

]
=

1

4

[
1+2

(
⟨N⟩−⟨X⟩2−⟨Y ⟩2

)
± 2|⟨X2+iY2⟩−⟨X+iY ⟩2|

]
. (3.30)
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3.5.2 Time-evolution of quadrature-variance

The quadrature-variances evolve qualitatively similarly to the dipole-mean value, that is,
the adiabatical state can be separated, each one characterized by oscillations around an
average value, with periods determined by the frequency of the mode. Naturally, the
quadrature mean values and variances start to differ from that of the vacuum state only
when the external intensity reaches a certain value, exactly like it was the case for photon
numbers.

Figure 3.7: Time evolution of field-quantities under monochromatic excitations (left pan-
els), subfigure a) and d) show photon-number expectation values, b) and e) show δλ−, c)
and f) show δλ+. Vertical axis is time measured in T , horizontal axis is harmonic order.
Amplitudes of the excitation has been choosen so that δω = 0 for a) to c) and |δω| = 0.1ω
for d) to f).

The quadrature variance-spectrum (that is, the value of the variances as the function
of parameter ωn) can display distinct properties depending on the chosen parameters, but
it can largely be summarized in the following way: The odd-harmonics on the plateau
display weak squeezing. The even harmonics have quantum properties very sensitive to
the excitation. If the parameters are chosen such that δω (that is, the spectral displacement
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of the even harmonic lines) is practically zero, particularly strong squeezing is present,
primarily among the even harmonics, whereas if δω is large, strongly anti-squeezed states
will be produced, mainly in the more populated mode of the even harmonic lines.

For illustration, we plotted relevant quantities on Fig.3.7: Time evolution of δλ− ≡
λ−− 1

4
is in subfigure b) and e), while δλ+≡λ+− 1

4
can be observed in subfigure c) and

f). For the sake of clarity, we showed ⟨N⟩ in subfigures a) and d). The upper and lower
row of figures corresponds to two different monochromatic excitations.

One may conclude, that as far as producing squeezed states are concerned (obviously
within the limits of this model) special attention is to be given to the parameter space for
which δω = 0. In such cases, the even harmonic lines display unusual behaviour com-
pared to other lines. Their photon number expectation value practically does not evolve
over a peak value during interaction (considering a single two-level system), however the
squeezing increases monotonically .

Figure 3.8: Time-evolution of quadrature variance difference δλ+ (red), δλ− (blue) and√
λ+λ− − 1/4 (grey). Parameters have been choosen so that δω = 0. Subfigure a) shows

the 8th, b) the 9th harmonic.

In principle, this points to the theoretical possibility that HHG can be a source of
broadband quantum states with squeezing in many individual modes. However, it is not
trivial that under pulsed excitations this possibility remains. Our calculations indicate, see
e.g. Fig.3.9 that squeezing will be present at asymptotical times, however the squeezing
spectrum becomes very complicated. Asymptotical squeezing spectra are compared in
Fig.3.10 for pulsed excitations, with various detuning values. Detuning can significantly
modify the squeezing spectrum, especially at lower harmonics.
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Figure 3.9: Time evolution of δλ− under pulsed excitations (left panels). Top panel shows
the cross section at asymptotic time.

Figure 3.10: δλ− spectrum at asymptotic time, for 50 cycle pulsed excitation with differ-
ent detunings.
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Note that in the harmonic modes emitted by a single two-level system, the photon-
number expectation value is individually very low. Due to this, even though it is possible
to define phase as

ϕ≡

 2 arctan

(
⟨Y ⟩

⟨X⟩+
√

⟨X⟩2+⟨Y ⟩2

)
if ⟨X⟩>0 or ⟨Y ⟩ ̸=0

π if ⟨X⟩<0 ∧ ⟨Y ⟩=0

and ⟨(∆Xϕ)2⟩; ⟨(∆Y ϕ)2⟩, it is not correct to identify these quantities as amplitude-; or
phase-variances. Based on our calculations involving these quantities, we have been un-
able to identify general trends for the direction of the squeezing.

Chapter summary

• Starting from the fully quantized model, we clarified the physical background
of considering the excitation as a classical, time-dependent field.

• We derived an approximative method to calculate dynamics, based on the
cluster-expansion method, involving operator-expectation values. The spec-
tral lines have the same spectral position as in semiclassical calculations.

• Spectral dynamics, based on photon number expectation values have been
calculated. The effect of pulsed excitation and detuning has been investi-
gated. Time-evolution of the photon numbers confirms the qualitative valid-
ity of the three-step model.

• We investigated the limits of the independent-mode approximation and de-
rived a low-order perturbative calculation of the photon numbers. We found
that the presence of even harmonics are less restricted when the quantum na-
ture of the scattered radiation is incorporated, i.e. there are initial conditions
where even harmonic modes are populated whereas the classical intensity is
zero. Our analytical result explains why, as opposed to semiclassical calcu-
lations, the even harmonics are present for all initial conditions.

• The quadrature variance properties of the harmonics have been investigated.
Odd harmonics of the plateau are weakly squeezed, while the dual lines of
even harmonics constitute a distinctively squeezed/anti-squeezed pair. In the
special case when the two lines are degenerate, the squeezing present in the
even harmonic lines dominate.

• The modal-frequency dependence of the squeezing becomes much more
complicated when the excitation is pulsed, but the squeezing itself is still
present in various modes.
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4Chapter 4

Correlation functions of classical excita-
tion induced quantized harmonics

Proper characterization of the electromagnetic field as a whole can prove to be useful, but
it would demand the calculation of all higher order momenta of photon numbers. The
experimentally most significant terms are those of up to second-order [184].
While the cluster-expansion method is applicable, in our experience it does not offer nu-
merically optimal results. If an increasingly higher hierarchy of the Heisenberg equations
is considered, the computational demand grows to untenable levels.

In this chapter, we present our results based on the strong-field approach in one-mode
and two-mode approximations, in which we calculated the second-order (one-mode and
intermodal) correlation-functions that characterize the harmonics.

4.1 Strong-field approach

We are to solve the dynamics induced byHcq (and later byHqc, functionally only differing
in the initial conditions) for given initial states. As we shall see in the following, the
Hamiltonian in the strong-field approximation can be diagonalized, and Ha can be taken
into account as an additional action.

HSFA = Hcq −Ha =
M∑
n=1

[
ℏωna

†
nan +

ℏΩ
2
σx(an + a†n)

]
− ℏΩ(t)

2
σx (4.1)

Let us define the generalized displacement operator,

D̃n(γn) = eσx(γna†n−γ∗
nan), (4.2)

which is unitary, D̃−1(γ) = D̃†(γ) = D̃(−γ).We can use the Baker–Campbell–Hausdorff
formula to obtain

D̃†(γ)aD̃(γ) = a+ γσx, D̃†(γ)a†D̃(γ) = a† + γσx, (4.3)
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and

D̃†(γ)a†aD̃(γ) = D̃†(γ)aD̃(γ)D̃†(γ)a†D̃(γ)

= a†a+ γσx
(
a+ a†

)
+ γ2σ2

x. (4.4)

By the aid of Eq. (4.3) and (4.4), and collecting the coefficients of the products aσx and
a†σx, we can see that the choice γn=− Ωn

2ωn
reduces Hamiltonian HSFA to

M∏
n=1

D̃†
n(γn)HSFA

M∏
n=1

D̃n(γn) =
M∑
n=1

ℏωn

(
Nn −

Ω2
n

4ω2
n

)
− ℏ

Ω(t)

2
σx. (4.5)

The state can be expanded on a displaced number state basis (after leaving trivial terms)
as:

|Ψ⟩(t) =
∑

n1...nM

[
b−n1...nM

(t)|−⟩|n1, γ1⟩ ⊗ · · · ⊗ |nM , γM⟩e−i
∑M

i=1 niωite−i
∫ t
0 Ω(τ)dτ/2

+
∑

n1...nM

[
b+n1...nM

(t)|−⟩|n1,−γ1⟩ ⊗ · · · ⊗ |nM ,−γM⟩e−i
∑M

i=1 niωitei
∫ t
0 Ω(τ)dτ/2

]
.

(4.6)

Using this basis, the complete Hamiltonian drives the time-dependence of b±(t) coeffi-
cients. The interaction picture, involving Ha|±⟩ = ℏω0

2
|∓⟩, eventually results in:

iℏḃ+n1...nM
=

ℏω0

2

∑
m1...mM

b−m1...mM

M∏
j=1

⟨nj|D(−2γj)|mj⟩e−iωj(mj−nj)te−i
∫ t
0 Ω(τ)dτ

iℏḃ−n1...nM
=

ℏω0

2

∑
m1...mM

b+m1...mM

M∏
j=1

⟨nj|D(2γj)|mj⟩e−iωj(mj−nj)tei
∫ t
0 Ω(τ)dτ . (4.7)

The matrix elements on the right-hand side have analytic expressions in terms of Laguerre
polynomials [185]:

⟨m|D(α)|n⟩ =


√
n!

m!
αm−ne−|α|2/2L

(m−n)
n (|α|2) when m ≥ n√

m!

n!
(−α∗)n−me−|α|2/2L

(n−m)
m (|α|2) when m < n

 .

The time evolution of the b+n (b−n ) coefficients involve in principle infinitely many b−m
(b+m) coefficients. This can be a source of technical difficulty, depending on the initial
conditions and on the coupling strength. Nevertheless, in this system, with the parameters
we used, the convergence properties are better compared to using the Fock-basis. With
Ωn/ωn ≪ 1 and the vacuum-state as the initial condition, a reasonably small basis (∼ 10
states) suffices per mode.
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Generalization to multi-level systems

Here, we discuss how the method above can be generalized to more complex material
systems. The treatment of this section will be qualitative only, since, instead of describ-
ing specific detailed properties of various physical systems, our intention is to focus on
general questions.

If we replace the two-level atom with an arbitrary multi-level system, the Hamiltonian
is:

Hcq = H ′
a + ℏωna

†
nan + ℏ

Ωn

2
D(an + a†n)− ℏ

Ω(t)

2
D, (4.8)

where H ′
a and the dipole-transition operator D need not be specified in more details. We

will explicitly use only the eigenstates and eigenvalues of the dipole moment operator:
D|k⟩ = dk|k⟩, where {dk}Mk=1 are real numbers. (These states |k⟩ are playing the role of
|+⟩ and |−⟩.) Once the eigenvalue problem of D is solved, Hqc−H ′

a can be diagonalized.
However, in this case, generally D2 is not proportional to unity, hence the time-dependent
eigen-energy is ℏωn(Nn − d2kΩ

2
n/ω

2
n) + dk

∫ t

0
Ω(τ)dτ/2.

4.2 Photon coherence functions

The complete characterization of the radiation field in terms of the intensity is only possi-
ble in very limited cases, i.e. that of multi-mode coherent fields. More accurate descrip-
tions are possible in terms of a hierarchy of correlation functions as defined by optical
coherence theory [184, 186]. Correlation functions provide a concise method for express-
ing the degree to which photons are correlated.
Generally speaking, the response of a system to a specific weak probe is often directly re-
lated to a correlation function, therefore the determination of specific correlation functions
have been the focus of many experimental setting and theoretical research [187, 188].
With respect to second-, and Nth order harmonics, works were mostly limited to phe-
nomenological models [189, 190].

Below, we introduce quantities that are relevant in quantum optical experiments. The
experimental setup to measure these quantities is typically similar to that of Hanbury
Brown and Twiss [191].

Mandel Q parameter

Qn(t) ≡ ⟨Nn(t)⟩
(
g2n(t, 0)− 1

)
=

(∆Nn)
2

⟨Nn⟩
− 1

The lower bound of the Mandel parameter can be written as Q > −1, and whenever it
takes negative values, the photon statistics is called sub-Poissonian, and is nonclassical
[192]. We note that during time-evolution, there can be time instants when the photon
number expectation value becomes (exactly or numerically) zero. This circumstance can
cause difficulties during numerical evaluation.
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The definition of the Q-parameter is related to the second-order coherence function
g2n(t, τ), specifically for the one-time τ = 0 case. The second-order coherence function

g2i (t, τ) ≡
⟨a†i (t)Ni(t+τ)ai(t)⟩
⟨Ni(t)⟩⟨Ni(t+τ)⟩

∼ P (t+ τ |t)
P (t+ τ)

is related to the conditional probability P (t+τ |t) of a detector measuring a second photon
at time t+ τ , granted that a first photon was measured at t.

Photon antibunching measure

δg2i (t, τ) ≡ lim
τ→0

g2i (t, τ)− g2i (t, 0)

τ

Figure 4.1: Two-time correlation functions
with fixed t. a) super-Poissonian bunch-
ing, b) super-Poissonian antibunching, c) sub-
Poissonian bunching, d) sub-Poissonian anti-
bunching.

Definitions and quantifications of
photon bunching and antibunching are
not completely unambiguous in the lit-
erature. Especially in experimental situ-
ations, when one considers the integra-
tion of signals by the detector, the con-
cept of bunching needs careful handling
[182, 189, 193–196]. For the sake of
clarity, we list the commonly used defi-
nitions of photon antibunching for a sin-
gle mode.

The presence of photon antibunching is equivalent to:
-Def.1) g2n(t, 0) < 1 or Q(t) < 0 with the correlation function and Mandel-parameter
respectively [128].
-Def.2) G2

n(t, τ)>G
2
n(t, 0), where G2

n(t, τ)=⟨a†n(t)a†n(t+τ)an(t+τ)an(t)⟩ [184].
-Def.3) g2n(t, τ)>g

2
n(t, 0) [196] .

Comparison of possible definitions are discussed in [189, 197–199]. We have used
antibunching according to Def.3), similarly to [200]. The positivity of ∂τg2(t, τ)|τ=0 im-
plies (assuming that photon absorption happened at time t) that the probability of photon
absorption is larger some small τ time later than the simultaneous absorption of two pho-
tons.

Intermodal cross-correlation for two modes

g2ij(t) =
⟨Ni(t)Nj(t)⟩
⟨Ni(t)⟩⟨Nj(t)⟩

The field is nonclassical, if the inequality g2ii(t)g
2
jj(t) <

(
g2ij(t)

)2 holds [201]. There are
additional inequalities [199], but here we only consider the following one: Specifically,
nonclassical entanglement between two (i and j) modes is implied if the

⟨NiNj⟩ < |⟨aia†j⟩|2

relation is fulfilled [202].
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4.3 One-mode correlations

4.3.1 Mandel-parameter

The one-time statistical properties, characterized by typically low Mandel-parameters are
following similar oscillatory dynamics as the mean photon numbers, tied to the half-cycles
of the excitation. As we have seen previously, there is a qualitative difference between
the even and odd harmonics, which gets even more pronounced at the level of photon
statistics [153]. These properties are especially transparent to analyse under monochro-
matic excitation. This difference is illustrated on Fig.4.2. Note that the visible, strongly
super-Poissonian lines (positioned between the harmonics) have very low photon-number
expectation values, and can be considered to be numerical artefacts.

Figure 4.2: Mandel-parameter under monochromatic excitations. The parameters are
choosen such that δω = 0 on subfigure a) and c) and δω = 0.1ω on subfigure b) and
d), similarly to Fig.3.7. Subfigure a) and b) shows evolution of the rescaled Mandel-
parameter sinh−1(105Q). Subfigure c) and d) shows time-evolution of the Mandel-
parameter of a given odd-harmonic line (blue) and even harmonic line(s) (red and orange).
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The Mandel-parameters of odd harmonic modes usually displays both positive and nega-
tive values within an optical cycle, being zero on average. Even harmonic lines have more
complicated behaviour:

-If δω=0, the single even harmonic line will first become sub-Poissonian, then super-
Poissonian [Fig.4.2/c]. An intuitive explanation is that this optical line develops sig-
nificant squeezing while the photon-number mean value is only increasing moderately,
rendering the photon-number fluctuation large as the interaction time increases.

-If δω is large, one mode will be super-Poissonian, and usually weakly populated,
while the other spectral line develops significantly sub-Poissonian statistics [Fig.4.2/d].
Our calculation shows that Q ≈ −⟨N⟩, which is equivalent to ⟨N2⟩ ≈ ⟨N⟩, in other
words, the photon statistic of such even harmonic mode is essentially a superposition of
zero- and one-photon states.

When we consider pulsed excitation, the photon statistic –just like the spectrum– be-
comes harder to track. The narrow peaks at the early stage of the time evolution, visible
in Fig.4.3/b are signatures of the initial transient effects. Then rapid oscillations appear,
which have considerably more regular pattern when the pulse is over (t > τ ). These "fi-
nal" oscillations are solely due to the interaction of the atomic system and the quantized
mode. Note that the detuning has strong effect on the photon statistical properties.

Figure 4.3: Mandel-parameter under pulsed excitation. Subfigure a) shows sinh−1(105Q)
in the central panel, the excitation on the left panel. Top panel of subfigure b) shows
time-evolution of Q of an even (18th) harmonic with the ω0/ω detuning being 0.8 (blue)
and 1.2 (red), while the bottom panel shows the excitation.

These results imply that sub-Poissonian behaviour is present in the even-harmonic
radiation, and in principle, with specific excitations, HHG can be the source of broadband
one-photon radiation.
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4.3.2 Analytical approximation of photon statistics

Limiting ourselves to the case of monochromatic excitation, it is reasonably simple to give
analytical insight into the resulting photon statistics of individual harmonics. Using the
same notations and assumptions [cos θ = 0, that is, δω having extremum] as in subsection
(3.4.1), we can give a qualitative approximation of the photon statistics. Following the
train of thought there, it is clear that the most important third-order effect is that induced
by ℏW (t), approximately resulting in:

be1(t)
(3) ≈ −iΩnt

2

(
e−iϕ0 F [bg0(0)[1− iζ1]− ibe0(0)ζ

∗
2 ]
(
− ωn − δω

)
[1 + iζ1]

−eiϕ0 F [be0(0)[1 + iζ1]− ibg0(0)ζ2]
(
− ωn + δω

)
[iζ2]

)
(4.9)

bg1(t)
(3) ≈ −iΩnt

2

(
eiϕ0 F [be0(0)[1 + iζ1]− ibg0(0)ζ2]

(
− ωn + δω

)
[1− iζ1]

−e−iϕ0 F [bg0(0)[1− iζ1]− ibe0(0)ζ
∗
2 ]
(
− ωn − δω

)
[iζ∗2 ]

)
(4.10)

and in the fourth-order, one can write:

be2(t)
(4) ≈ −Ω2

nt
2

4
√
2

(
F [be0(0)[1 + iζ1]− ibg0(0)ζ2]

(
− ωn + δω

)
F
[
1− iσ1

]
(−ωn − δω)

−e−i2ϕ0 F [bg0(0)[1− iζ1]− ibe0(0)ζ
∗
2 ]
(
− ωn − δω

)
F
[
iζ∗2

]
(−ωn − δω)

)
(4.11)

bg2(t)
(4) ≈ −Ω2

nt
2

4
√
2

(
F [bg0(0)[1− iζ1]− ibe0(0)ζ

∗
2 ]
(
− ωn − δω

)
F
[
1 + iζ1

]
(−ωn + δω)

−ei2ϕ0 F [be0(0)[1 + iζ1]− ibg0(0)ζ2]
(
− ωn + δω

)
F
[
iζ2

]
(−ωn + δω)

)
(4.12)

Within the perturbative approach, the following can be deduced.

Odd-harmonics: The quantum state, up to the order presented can be written as
|Ψ⟩(4)f ≈ |0⟩ + α|1⟩ + α2/

√
2|2⟩. By assuming that the coefficients follow a similar pat-

tern at higher order, the quantum state of odd-order harmonics would be a coherent state
with label α = Ωn/2F [ζ2](−ωn ± δω)t, therefore the photon statistics of odd harmonic
modes are to be essentially characterized by Poissonian photon statistics. Naturally, the
perturbative calculation is not strictly true. Predicted intensities are smaller than the nu-
merically calculated values, but the Poissonian (at least on average) statistics is correctly
reproduced.

Even-harmonics: The quantum state of both lines can be written as |Ψ⟩(4)f ≈ |0⟩+β|1⟩
(without normalizing) where, if we choose initial condition |Ψ⟩a(0) = |g⟩, the β param-
eter is zero for one of the spectral lines. In numerical calculations this spectral line will
be characterized by low photon numbers and super-Poissonian photon statistics, while
the other even harmonic line will have higher mean photon number, and sub-Poissonian
statistics. The observedQ = −⟨N⟩ relation follows straightforwardly, since ⟨N2⟩ = ⟨N⟩.
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4.3.3 Photon-bunching properties

By the definition that we use, photon (anti)bunching is implied by the sign of ∂τg2(t, τ).
Expanding g2(t, t+ τ)− g2(t, t) up to the first order in τ , we get:

g2(t, t+ τ)− g2(t, t) ≈ τ
Ω

2

⟨a†U−a⟩⟨N⟩ − ⟨a†Na⟩⟨U−⟩
⟨N⟩⟨N⟩⟨N + τ Ω

2
U−⟩

. (4.13)

Since ⟨N⟩ > 0 and ⟨a†Na⟩ > 0 in the limit of small τ , the presence of photon bunching
is determined by the sign and relative magnitude of ⟨U−⟩∝⟨Ṅ⟩ and ⟨a†U−a⟩.

Figure 4.4: Time-evolution of photon-antibunching measure δg (red) of a given even
harmonic mode, with the monochromatic excitation parameters chosen so that |δω| is
large. For illustration, rescaled and displaced function of the mean photon value is shown
(blue).

In Fig.4.4 one can observe that δg is, –mostly in agreement with our prediction– is positive
when ⟨Ṅ⟩ < 0. Of course, there are time intervals when this relation is not fulfilled, then
the sign of δg gets closer to the local maxima of the photon number expectation value.

However, the most general dynamics that we observed –both for pulsed and monochro-
matic excitation– is the roughly 2π/ωn periodic photon antibunching. For most modes,
the average value of δg is indistinguishable from zero, but for the sub-Poissonian even
harmonic that have been plotted on Fig.4.4, the average is slightly negative. That is, the
sub-Poissonian statistic corresponds to (on statistical average) photon bunching and can
be interpreted as a consequence of the non-stationary state of the mode as the Mandel-
parameter (on average) decreases in time.

4.4 Intermode correlation between harmonics

Characterizing the radiation field as a whole, i.e., calculating the emerging photon cross-
correlations and entanglements, means that the independent-mode approximation is clearly
not tenable. Such calculations are numerically extremely demanding, as the size of the ba-
sis increases exponentially with the number of modes. As a first step into gaining insight,
the two-mode approximation is nevertheless useful. First, we treat the case of monochro-
matic excitation, with parameters choosen so that |δω| = 0 and |δω| = 0.1ω is fulfilled.
Results can be seen in Fig.4.5 and Fig.4.6, respectively.

68



Figure 4.5: Plot of cross-correlation functions for monochromatic excitation, with δω =
0. a) shows the time and frequency dependence of the two-mode correlation on logarith-
mic scale, where one of the modes is the 19th harmonic. b) Same as in subfigure a), but
the fixed mode is that of the 14th harmonic. c) Cross-correlation between two odd (15th
and 17th) harmonics. d) Cross-correlation between two even (10th and 14th) harmonics.
e) Cross-correlation between odd and even (17th and 20th) harmonics.

Specifically for the parameter |δω| = 0 –which we can associate with particularly
significant squeezing being present within the even harmonic modes– numerical results
imply that:
-Odd harmonic photons tend to be correlated with other odd harmonics, generally close
to the classical limit;
-Even and odd harmonic photons tend to be anti-correlated;
-Even harmonic photons tend to be strongly correlated. This implies the possibility that
the process of HHG can be the source of wideband, correlated squeezed states.
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Figure 4.6: Plot of cross-correlation functions for monochromatic excitation, with δω =
0.1ω. a) shows the time and frequency dependence of the two-mode correlation on log-
arithmic scale, where one of the modes is the 19th harmonic. b) Same as in subfigure
a), but the fixed mode is that of the 14th harmonic’s more populated line. c) Cross-
correlation between two odd (13th and 19th) harmonics. d) Cross-correlation between
two more populated even (8th and 14th) harmonic lines. e) Cross-correlation between
odd and even (8th and 19th) harmonics.

For parameter |δω| = 0.1ω –which is relatively close to the maximal |δω| case, which
we can associate with particularly nonclassical, nearly one-photon states being present
within the even harmonic modes– numerical results imply that:
-Odd harmonic photons tend to be correlated with other odd harmonics, generally close
to the classical limit;
-Even and odd harmonic photons tend to be significantly anti-correlated;
-Even harmonic photons tend to be strongly anti-correlated. This implies the possibility
that HHG can be the source of one-photon states in wide spectral ranges.
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For pulsed excitation, the cross-correlations, just like the spectrum itself, becomes
more complicated, but certain qualitative statements can be made:

Figure 4.7: Plot of cross-correlation functions for pulsed excitation. The left side of
the two top panels shows the time dependence of the excitation in units of the optical
cycles. a) Logarithm of the cross-correlation between the 17th mode and other optical
modes. b) Logarithm of the cross-correlation between the 18th harmonic mode and other
optical modes. c)− e) Cross-correlation function (red) and sum of (104×)photon number
expectation values (blue) for: 15th and 17th harmonics; 17th and 18th harmonics; and
between two optical lines of the 18th harmonic; respectively.

-Odd harmonic photons tend to be correlated with other odd harmonics, generally close
to the classical limit;
-Even and odd harmonic photons tend to be significantly anti-correlated;
-Even harmonics photon’s correlation with other even harmonic photons can be either
stronger or weaker than the classical limit.

4.4.1 Analytical approximation of intermode correlations

An approximate physical picture of the quantum state of the scattered radiation in the case
of monochromatic excitation can be constructed using analytical methods.
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Since our goal here is to gain a simple physical picture we will assume that the state of
each electromagnetic mode spans a minimal space containing |0⟩ and |1⟩ photon number
states, that is, we focus only on terms which gives the strongest contribution to mode-
mode cross-correlations. For the sake of transparency, we will consider two electromag-
netic modes (of arbitrary frequencies ω1 and ω2 respectively), and choose the parameters
such that cos θ = 0 is fulfilled. The quantum state can be written explicitely as:

|Ψ⟩ = Ue−
i
ℏ ϵ+t

(
be00(t)|ẽ⟩|0⟩|0⟩+ be01(t)|ẽ⟩|0⟩|1⟩e−iω2t

+be10(t)|ẽ⟩|1⟩|0⟩e−iω1t + be11(t)|ẽ⟩|1⟩|1⟩e−i(ω1+ω2)t

)
+Ue−

i
ℏ ϵ−t

(
bg00(t)|g̃⟩|0⟩|0⟩+ bg01(t)|g̃⟩|0⟩|1⟩e−iω2t

+bg10(t)|g̃⟩|1⟩|0⟩e−iω1t + bg11(t)|g̃⟩|1⟩|1⟩e−i(ω1+ω2)t

)
, (4.14)

where U ≡ ei
Aξ
2ω

sin(ωt+ϕ0)σxe
i
2
(ωt+ϕ0)σz . We fix the initial condition so that at time t = 0,

bg01 = bg10 = bg11 = be01 = be10 = be11 = 0 . The time-evolution in the interaction picture is
induced by

ℏW (t) + ℏ
(
σ+ei(ωt+ϕ0) + σ−e−i(ωt+ϕ0)

) [Ω1

2
(a†1 + a1) +

Ω2

2
(a†2 + a2)

]
.

Below we will give a perturbative treatment of the problem, neglecting second-order con-
tributions of ℏW (t), and all nonresonant terms.

In first-, and second-order, we get:

be00(t)
(1) = be00(0)[1 + iζ1(t)]− ibg00(0)ζ2(t) (4.15)

bg00(t)
(1) = bg00(0)[1− iζ1(t)]− ibe00(0)ζ

∗
2 (t) (4.16)

be10(t)
(2) = −iΩ1t

2
e−iϕ0 F [bg00(0)[1− iζ1]− ibe00(0)ζ

∗
2 ]
(
− ω1 − δω

)
(4.17)

bg10(t)
(2) = −iΩ1t

2
eiϕ0 F [be00(0)[1 + iζ1]− ibg00(0)ζ2]

(
− ω1 + δω

)
(4.18)

be01(t)
(2) = −iΩ2t

2
e−iϕ0 F [bg00(0)[1− iζ1]− ibe00(0)ζ

∗
2 ]
(
− ω2 − δω

)
(4.19)

bg01(t)
(2) = −iΩ2t

2
eiϕ0 F [be00(0)[1 + iζ1]− ibg00(0)ζ2]

(
− ω2 + δω

)
(4.20)

The most important third-order effect is that induced by ℏW (t), between the populations
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bg10,b
e
10 and bg01,be01, approximately resulting in:

be10(t)
(3) ≈ −iΩ1t

2

(
e−iϕ0 F [bg00(0)[1− iζ1]− ibe00(0)ζ

∗
2 ]
(
− ω1 − δω

)
[1 + iζ1]

−eiϕ0 F [be00(0)[1 + iζ1]− ibg00(0)ζ2]
(
− ω1 + δω

)
[iζ2]

)
(4.21)

bg10(t)
(3) ≈ −iΩ1t

2

(
eiϕ0 F [be00(0)[1 + iζ1]− ibg00(0)ζ2]

(
− ω1 + δω

)
[1− iζ1]

−e−iϕ0 F [bg00(0)[1− iζ1]− ibe00(0)ζ
∗
2 ]
(
− ω1 − δω

)
[iζ∗2 ]

)
(4.22)

be01(t)
(3) ≈ −iΩ2t

2

(
e−iϕ0 F [bg00(0)[1− iζ1]− ibe00(0)ζ

∗
2 ]
(
− ω2 − δω

)
[1 + iζ1]

−eiϕ0 F [be00(0)[1 + iζ1]− ibg00(0)ζ2]
(
− ω2 + δω

)
[iζ2]

)
(4.23)

bg01(t)
(3) ≈ −iΩ2t

2

(
eiϕ0 F [be00(0)[1 + iζ1]− ibg00(0)ζ2]

(
− ω2 + δω

)
[1− iζ1]

−e−iϕ0 F [bg00(0)[1− iζ1]− ibe00(0)ζ
∗
2 ]
(
− ω2 − δω

)
[iζ∗2 ]

)
(4.24)

Then, coefficients bg11 and be11 can be approximated at the fourth order as:

bg11(t)
(4) ≈ −Ω1Ω2t

2

8

(
F
[
bg00(0)[1− iζ1]− ibe00(0)ζ

∗
2

](
− ω1 − δω

)
F
[
1 + iζ1

](
− ω2 + δω

)
−ei2ϕ0F

[
be00(0)[1 + iζ1]− ibg00(0)ζ2

](
− ω1 + δω

)
F
[
iζ2

](
− ω2 + δω

)
+ F

[
bg00(0)[1− iζ1]− ibe00(0)ζ

∗
2

](
− ω2 − δω

)
F [1 + iζ1]

(
− ω1 + δω

)
−ei2ϕ0 F

[
be00(0)[1 + iζ1]− ibg00(0)ζ2

](
− ω2 + δω

)
F [iζ2]

(
− ω1 + δω

))
(4.25)

be11(t)
(4) ≈ −Ω1Ω2t

2

8

(
F
[
be00(0)[1 + iζ1]− ibg00(0)ζ2

](
− ω1 + δω

)
F
[
1− iζ1

](
− ω2 − δω

)
−e−i2ϕ0F

[
bg00(0)[1− iζ1]− ibe00(0)ζ

∗
2

](
− ω1 − δω

)
F
[
iζ∗2

](
− ω2 − δω

)
+ F

[
be00(0)[1 + iζ1]− ibg00(0)ζ2

](
− ω2 + δω

)
F [1− iζ1]

(
− ω1 − δω

)
−e−i2ϕ0 F

[
bg00(0)[1− iζ1]− ibe00(0)ζ

∗
2

](
− ω2 − δω

)
F [iζ∗2 ]

(
− ω1 − δω

))
(4.26)

Due to the coefficients constituting a quickly decreasing series, the intermode photon
cross-correlation between two (ω1, ω2) high-order harmonic modes can be reasonably rep-
resented by:

g12(t) ≈
|be11|2 + |bg11|2

(|be10|2 + |bg10|2)(|be01|2 + |bg01|2)
,

where, during evaluation, it is worth separating the special cases below. For the sake of
simplicity, we will consider only the initial condition |g⟩, which does not limit the validity
of the conclusions.
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Odd-odd harmonic modes: Let the frequencies be ω1 = (2k1 + 1)ω and ω2 =
(2k2 + 1)ω, where k1, k2 ∈ N . Between two odd harmonic lines, the cross-correlation is

g12(t) ≈
Ω2

1Ω
2
2t

4

64

∣∣2e−i2ϕ0F [ζ∗2 ](−ω1−δω)F [ζ∗2 ](−ω2−δω)
∣∣2

Ω2
1t

2

4

∣∣e−iϕ0F [ζ∗2 ](−ω1−δω)
∣∣2 Ω2

2t
2

4

∣∣e−iϕ0F [ζ∗2 ](−ω2−δω)
∣∣2 = 1, (4.27)

which is close to the numerically calculated value.

Even-even harmonic modes: Let us choose the frequencies as ω1 = 2k1ω + δω and
ω2 = 2k2ω + δω. Between such even harmonic lines, the cross-correlation is

g12(t) ≈
Ω2

1Ω
2
2t

4

64

∣∣F [ζ1](−ω1+δω)F [ζ1](−ω2−δω) + F [ζ1](−ω1−δω)F [ζ1](−ω2+δω)
∣∣2

Ω2
1t

2

4

∣∣eiϕ0F [ζ1](−ω1+δω)
∣∣2 Ω2

2t
2

4

∣∣eiϕ0F [ζ1](−ω2+δω)
∣∣2 = 0.

(4.28)

We can check that the perturbative calculation predicts a nonclassical entanglement be-
tween even harmonic modes, since ⟨N1N2⟩ = 0 < |bg10b

g
01|2 = |⟨a1a†2⟩|.

Odd-even harmonic modes: To calculate the correlation between odd and even har-
monics, let us choose the mode-frequencies as ω1 = (2k1 + 1)ω and ω2 = 2k2ω + δω.

g12(t) ≈
Ω2

1Ω
2
2t

4

64

∣∣F [ζ∗2 ](−ω1−δω)F [ζ1](−ω2+δω) + ei2ϕ0F [ζ2](−ω1+δω)F [ζ1](−ω2+δω)
∣∣2

Ω2
1t

2

4

∣∣eiϕ0F [ζ1](−ω2+δω)
∣∣2 Ω2

2t
2

4

∣∣e−iϕ0F [ζ∗2 ](−ω1−δω)
∣∣2 = 0.

(4.29)

Similarly to the even-even case, there is nonclassical entanglement between even and odd
harmonic modes.

On the quantum state of the scattered field

We stress that the above approximate results can only be considered valid for monochro-
matic excitation, and for a given set of parameters, when |δω| is maximal, which can be
considered optimal for the creation of one-photon states. With these assumptions, the
results above show that the quantum-state of the scattered electromagnetic field can be
approximately written as below:

|Ψ⟩f ∼ co|α3ω⟩|α5ω⟩ . . . |α(2k+1)ω⟩+ c1e|β2ω+δω⟩+ c2e|β4ω+δω⟩ · · ·+ cke |β2kω+δω⟩.

Here, we only denoted those modes that are in a significantly different state than the
vacuum, and |α⟩ is a (nearly) coherent state, while |β⟩ denoted a superposition of |0⟩ and
|1⟩.
An intuitive observation rises naturally: Since the state of the even harmonic lines is
not classical, the semiclassical calculations in Chapter[2] are underestimating the relative
intensity of these lines.
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We note that the quantum state of odd-harmonic modes, and even the anticorrelations
between odd and even harmonic photons can be generalized for all monochromatic excita-
tions, and even for pulsed excitations (at least to those that we investigated). However, the
quantum state of even harmonic modes and the correlations between them –in accordance
with discussions in this chapter– strongly depends on the parameters.

Chapter summary

• Mandel-parameters and photon-bunching have been calculated in the
independent-mode approximation, and intermodal photon correlation func-
tions have been calculated in two-mode approximation.

• Beyond trivial oscillations, the photon statistics of the odd-harmonic modes
are practically Poissonian. Even harmonic spectral lines may be of sub-
or super-Poissonian photon statistic. This qualitative feature holds also for
pulsed excitation.

• With the proper choice of parameters, the even harmonics can be either ef-
fectively in one-photon states (if |δω| is maximal), or in a (highly squeezed)
super-Poissonian states (if |δω| is zero).

• Photon antibunching on average (beyond oscillations) are generally not sig-
nificant.

• Intermodal correlation between odd-harmonics are practically of unit value.
Strong anti-correlation, corresponding to nonclassical entanglement exists
between odd and even harmonics. This is also true for pulsed excitations.

• Under monochromatic excitation with parameters chosen so that |δω| is max-
imal, the even harmonics are also strongly anticorrelated, while for |δω| = 0
they are strongly correlated. For pulsed excitations, both properties can be
present.
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5Chapter 5

Models involving quantized excitation

There are experimental implications showing that a completely quantized description is
required for the full understanding of the physical processes that are responsible for HHG.
As reported in [8, 9, 17], by measuring the photon statistics of a strong, mid-IR pulse after
the interaction with a gas [8] or a solid [9] sample, one can identify fingerprints of the
harmonics. In other words, the backaction of the material system on the exciting field is
observable on the quantized level.

It is a nontrivial problem to incorporate the quantized nature of the excitation into the
model in such a way that the calculational efficiency remains acceptable. For this reason,
we put the emphasis on the special case when only the excitation is quantized (only giving
a brief outlook to the completely quantized model). This allows exploring the range of
parameters within which the classical-excitation approximation is acceptable.
A transparent interpretation of the process of the HHG can be given on the phase space of
the excitation mode. Moreover, since any numerical approach unavoidably uses a finite-
dimensional Hilbert-space, our approach – based on von Neumann lattice coherent sates
[203] – points towards the development of a general scheme for calculating the dynamics
of strong quantized fields that interact with matter.

5.1 Quantized excitation, classical harmonics

The relevant Hamiltonian is

Hqc = ℏ
ω0

2
σz +

∑
j∈Exc

ℏ
[
ωja

†
jaj +

Ωj

2
σx
(
a†j + aj

)]
. (5.1)

In order to understand the essence of the physical processes that are involved, we will
consider a single mode representing a strong exciting field, assumed to contain a large
number of photons. Using an appropriate description in phase space, this approach leads
to a transparent picture showing that the interaction splits the initial coherent state into
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parts, and the rapid change of the populations of these parts results in the generation of
high-order harmonics as secondary radiation.

As has been shown in Sec.(4.1), this Hamiltonian can be diagonalized in strong-field
approximation. (For the sake of clarity we point out that here the classical driving term is
fixed as zero, but otherwise the formulas are identical.) These diagonalized states will be
used in the following.

5.1.1 Coherent states in strong-field approximation

As we shall see, a finite number of coherent states is a convenient choice for a basis the
elements of which are not orthogonal, but practically transform among themselves under
the action of Ha on the timescale of HHG.

We analyze the time evolution induced by

HSFA = ℏωa†a+ ℏ
Ω

2
σx
(
a† + a

)
with specific initial conditions. In order to avoid confusions, we note that the notation
HSFA as used above is not to be confused with Eq.4.1. Choosing γ = −Ω/2ω, as in
the previous chapter, the general solution can be written on a basis of displaced photon
number eigenstates [185]. For an initial state expanded as

|Ψ⟩(0) =
∑
n

b+n |+⟩|n, γ⟩+ b−n |−⟩|n,−γ⟩, (5.2)

the solution follows the time evolution

|Ψ⟩(t) =
∑
n

(
b+n |+⟩|n, γ⟩+ b−n |−⟩|n,−γ⟩

)
e−inωt. (5.3)

(Let us recall that the irrelevant global phase factor exp(i Ω2

4ω2 t) is ignored.)

Let us calculate the time evolution of |Ψ⟩(0) = |+⟩|α⟩ = D(α)|+⟩|0⟩ and |Ψ⟩(0) =
D(α)|−⟩|0⟩. For clarity, |+⟩|α⟩(t) denotes the HSFA-induced time evolution of the initial
state |+⟩|α⟩. By using the expansion |α⟩ = exp(−|α|2/2)

∑
αn/

√
n!|n⟩ , Eq.(5.3) leads

to
|±⟩|α⟩(t) = eiδ±(t)|±⟩|α±(t)⟩, (5.4)

with α±(t) = ±γ + (α∓ γ)e−iωt and δ±(t) = ±γIm [α− (α∓ γ)e−iωt].

The time evolutions of the coherent states are periodic when Ha = ℏω0

2
σz is omitted.

Visually, as it is shown by the left panel of Fig.5.1, the time-dependent indices α±(t), as
curves on the complex plane, describe two circles. It is also interesting to observe how
high-order harmonics appear in the dynamics of the phases exp[iδ±(t)]: when we increase
the mean photon number (|α|2), the phases contain oscillations of higher frequencies [see
right panel of Fig.5.1]. However, if we assume, that it is the expectation value of the
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dipole moment operator (∝ σx in our case) that is the source of the harmonic radiation,
there are no observable harmonics in the absence of Ha, since [HSFA, σx] = 0, thus the
expectation value of the dipole moment is constant.

Figure 5.1: The time evolution of coherent states as induced by HSFA. Left panel: the
labels α±(t) of |±⟩|α±(t)⟩ as curves on the complex plane (red : α−, blue: α+) for two
different values of α0 that are denoted by the purple dots. Right panel: the imaginary part
of the phase exp[iδ+(t)] during two optical cycles. γ = 0.1 for both panels.

By superposition, the solutions (5.4) allow us to calculate the HSFA-induced time evo-
lution of arbitrary initial state, but here we will only deal with the case when the atom is
in its ground state:

|Ψ⟩(0) = |g⟩|α0⟩ =
1√
2
(|+⟩+ |−⟩) |α0⟩. (5.5)

In this case, in the left panel of Fig.5.1, the purple full circle represent the initial state,
which periodically splits into the coherent superposition of two parts that are visualized
by the red and blue curves.
While this solution has been known, and is closely related to the so-called Davydov An-
sätze [204–206], the calculation based on the von Neumann lattice (App.A.2) has the
benefit that the results are easily generalizable [See e.g. Sec.(4.1)].

5.2 Dynamics on the von Neumann lattice

Coherent states are known to form an overcomplete basis on the Hilbert space of a single
mode, i.e., they obey the closure relation, but not the entire complex plane is needed (as
the index of the states) for the expansion of an arbitrary state. According to von Neumann
[203], it suffices to use a discrete subset {|α(mn)⟩,Re[α(nm)]=m

√
π, Im[α(nm)]=n

√
π},

with n and m being integers. (For the proof of completeness, see Refs. [207, 208].) That
is, any state can be written as |ϕ⟩ =

∑
mn cmn|α(nm)⟩ in an unambiguous way. This lattice
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was used in [209, 210] to transform the operator equations for the quantized modes into
c-number equations. The basis of von Neumann lattice coherent states is convenient for
the calculation of the complete dynamics, as well as for the visualization of the results on
phase space.

We focus on the initial condition Eq.(5.5), and use a finite subset of the von Neu-
mann lattice around α0 to expand the initial state. If n0 and m0 are indices for which∣∣α(m0n0) − α0

∣∣ is minimal (i.e., we found the integer indices (m0, n0) for which the cor-
responding von Neumann lattice point α(m0n0) is the closest to α0), then a grid of lattice
points with m = −N + m0, . . . ,m0, . . . , N + m0, n = −N + n0, . . . , n0, . . . , N + n0

define an approximate basis. It is convenient to switch to a single index k (e.g., by
starting from one of the corners of the lattice points and keeping row-continuous or-
der, see Fig. 5.2a), where n0 = m0 = 0 for the sake of simplicity), and use the set
{|+⟩|α(k)⟩, |−⟩|α(k)⟩}(2N+1)×(2N+1)

k=1 for the expansion of the quantum state:

|Ψ⟩(t) =
∑
k

c+k (t)|+⟩|α(k)⟩(t) + c−k (t)|−⟩|α(k)⟩(t). (5.6)

Clearly, for an exact expansion, all the coherent states of the von Neumann lattice are
needed. However, as it will be underlined by a numerical example in subsection(5.2.1),
already relatively small lattices (N ≈ 5) provide a precision that is sufficient for practical
purposes [211].

In order to determine the initial complex coefficients c±k (0), we have to take into ac-
count that the overlap Nij = ⟨α(i)|α(j)⟩ = exp(α∗

iαj) exp[−(|αi|2 + |αj|2)/2] is not zero.
If we fix the number of the lattice points (i.e., N ), we obtain:

c±i (0) =
∑
j

N−1
ij ⟨±|⟨α(j)|Ψ⟩(0), (5.7)

where the inverse of the (2N + 1) × (2N + 1) overlap matrix appears on the right hand
side.
Let us define the following four additional overlap matrices

N±±
jm (t) =⟨α(j)

± (t)|α(m)
± (t)⟩ × exp

[
i
{
δ±[α

(m)
± (t)]− δ±[α

(j)
± (t)]

}]
,

which are all equal to N at t = 0. Note that here the upper indices, + or −, correspond
to the lower ones they are situated right above, e.g., N+−

jm is proportional to ⟨α(j)
+ |α(m)

− ⟩.
Using this notation, Eq. (5.7) is valid also in the time-dependent case if we replace the
matrix N by N++(t) and N−−(t) for c+i (t) and c−i (t), respectively.

The dynamical equations for c±k (t) are given by:

iℏ
∑
k

N++
mk

d

dt
c+k (t) =

∑
k

N++
mk (t)c

+
k (t)⟨+|Ha|+⟩ +

∑
k

N+−
mk (t)c

−
k (t)⟨+|Ha|−⟩.

(5.8)

By using the inverse of the overlap matrices, we obtain:

iℏ
d

dt
c+j (t) =

∑
km

(
N++

)−1

jm
(t)N+−

mk (t)c
−
k (t)⟨+|Ha|−⟩, (5.9)
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and
iℏ
d

dt
c−j =

∑
km

(
N−−)−1

jm
(t)N−+

mk (t)c
+
k (t)⟨−|Ha|+⟩. (5.10)

Note that – apart from time instants that are integer multiples of optical cycle time T –
the matrix products (N++)−1N+− and (N−−)−1N−+ are close, but not equal to unity.
This shows how the action of Ha slowly mixes different coherent states. For details, see
App.(A.2).

Figure 5.2: von Neumann-lattice coherent states. Panel a): a finite set of lattice points.
Panel b): Wigner functions of the coherent states centered at the same lattice points. Panel
c): visualization of the time evolution of a finite basis set {|±⟩|α(k)⟩(t), k = 1, . . . , 25}.

Besides the numerical efficiency, using the von Neumann lattice has an additional benefit
for the visualization of the results on the phase space: the Wigner function of the mode
can be calculated analytically on this basis, see App.(A.3) for details.

5.2.1 HHG on phase space

The atomic Hamiltonian, Ha, is the weakest part of the complete Hamiltonian H (e.g., its
expectation value is significantly less than that ofHSFA = H−Ha). However, its presence
is necessary for the generation of the harmonics (in fact, any radiation), since the dipole
moment expectation value is constant without the transitions induced by it. Moreover, the
presence of Ha increases the size of the phase-space regions on which the corresponding
Wigner functions are considerably different from zero for the various modes. However,
this broadening of the Wigner functions means a weak effect on the timescale of HHG.

According to earlier discussions of the same problem within the framework of rotating
wave approximation (RWA) [180], when the initial state of the field is a coherent state,
|Ψ⟩(0) = |g⟩|α⟩, Rabi oscillations with different frequencies dephase on a time scale that
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is proportional to 1/Ω (collapse) and rephase again (revival), with a characteristic time
that depends on the mean photon number [212]. These processes have been discussed on
phase-space in detail in Ref. [213]. As it was shown, the initially localized (Gaussian)
phase-space bump that corresponds to |α⟩, falls into parts during the time evolution (col-
lapse) and the parts meet again at the revival time. In the strict sense, these results are
valid only for the case of a Hamiltonian with RWA, but the time scales for the processes
can serve as rough estimations also for the more general case without RWA.
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 0  1  2  3  4  5  6  7  8  9  10

t/T

Figure 5.3: Time evolution with |γ| = 0.001. Red and grey curves show the weights
|c+k |2 + |c−k |2 of states whose index k correspond to positions on the von Neumann lattice
as it is shown in the inset. The initial state, |g⟩|α0⟩ = 100

√
π is at the center of the lattice

(orange dot in the inset), and the orange curve shows 1 − |c+k0 |
2 − |c−k0|

2, indicating that
using a single lattice point means a good approximation for few optical cycles.

For typical experimental situations, the Rabi frequency is by orders of magnitudes
below ω. Therefore collapse and revival are assumed to play minor role on the time scale
of HHG. This is why a limited number of basis states centered around the initial coherent
state is sufficient to describe the phenomenon.
As a systematic investigation shows, all the terms of the Hamiltonian (5.1) plays signifi-
cant role in the process.

It is clear that |Ψ⟩(t) is not equal all the time to the superposition of |+⟩|α⟩(t) and
|−⟩|α⟩(t), but – in the strong field limit – we expect little deviation from this solution.
Numerical calculations with realistic parameters verify this assumption, at least in the
sense that the state of the mode stays localized on phase space during a few optical cycles.
As the red and grey solid lines in Fig.5.3 shows, already for a lattice with N = 3, the
populations of the states at the edges of the grid (furthest away from the localized part)
are very low.
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Fig.5.4 summarizes the results discussed so far. In the left panel, the Wigner function
is shown at different time instants, for parameters that are ideal for the visualization of
the dynamics. The mean photon number is considerably larger for the right panel, where
the probability P+ of finding the system in the state |+⟩|α⟩(t) is shown. As we can see,
although the atomic Hamiltonian Ha induces fast transitions between the states |+⟩|α⟩(t)
and |−⟩|α⟩(t), at the beginning of the time evolution the system remains in a superposition
of these two states to a very good approximation.

Figure 5.4: Wigner functions visualizing the time evolution. Left panel: the eight differ-
ent localized bumps correspond to W (α, t) at t = 0, 1/8T, 2/8T, . . . , 7/8T (first optical
cycle). The parameters for this panel are |α0⟩ = 10, γ = 0.5. The right panel corresponds
to the more realistic values of |α0⟩ = 4 × 105, γ = 10−5 and shows the probability P+

that system is in the state |+⟩|α⟩(t) along the corresponding phase space trajectory for the
first optical cycle. The black curve on the top of this panel shows P+ + P−, which, as we
can see, is very close to unity.

The general qualitative picture of the process of high-order harmonic generation on
phase space can be described as follows: The dominant part of the complete Hamiltonian
is the one describing the free field and its interaction with matter. The time evolution
generated by these terms (strong-field approximation) can be expressed analytically. The
Gaussian Wigner functions that correspond to the initial coherent states of the quantized
modes fall apart and form as many (maximally N for N-level systems) Gaussian peaks as
the number of the eigenstates of the dipole moment operator that is needed to expand the
initial state. At the end of the optical cycle, these separate Gaussians merge again, and
the process gets repeated periodically. The separation of these different Gaussian peaks
is determined by the strength of the light-matter interaction. Note that this splitting is
completely different from the one reported in Ref. [213]: it appears in every optical cycle,
much before observable collapse appears.
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5.3 Classical harmonic spectra induced by quantized ex-
citation

Besides the phase-space picture presented in the previous section, one can also calculate
the semiclassical HHG spectra (which is probably the most distinctive signatures of the
process) induced by quantized excitation. To this end, we calculate the expectation value
of the operator σx in the time-dependent solution of the problem as given by Eq. (5.6).
Since σx|±⟩ = ±|±⟩, we have:

⟨σx⟩(t) =
∑
j,k

[
c+k (t)

]∗
c+j (t)N++

jk (t)−
∑
j,k

[
c−k (t)

]∗
c−j (t)N−−

jk (t). (5.11)

Once we obtained the coefficients c±j and the overlap matrices N±±
jk as functions of

time, the expectation value above can readily be calculated, and its power spectrum pro-
vides the semiclassical HHG spectrum, see Fig.5.5. The figure shows HHG spectra for
different exciting intensities as determined by the index of the initial coherent state in
|Ψ⟩(0) = |g⟩|α0⟩. The usual qualitative features of high-order harmonic spectra are vis-
ible: i) we have pronounced peaks, ii) a plateau region and also iii) a cutoff frequency,
which increases for stronger excitations. In fact, the description of the exciting field also
affects these details: comparing the model presented here and the case of classical, time-
dependent driving, we have seen that the general features i)-iii) are qualitatively the same
(including the dependence of the cutoff on the intensity).

There is little difference (up to the numerical errors introduced during calculations) be-
tween semiclassically calculated harmonic spectra that is induced by classical and quan-
tized excitation. In the following, we will identify the source of spectral modifications at
the lowest order.
Remember that, –as it was shown in Sec.(3.1)– the transformation (3.1) maps Hqq to Hcq,
and therefore Hqc to Hcc, where the only approximation was a cutoff for the excitation
modes. This cutoff guarantees that the excitation remains in coherent state, therefore it
does not contain the dynamics discussed in detail in the previous section and visualized in
Fig.5.4. At the same time, as shown by the orange line in Fig.5.3, the quantum state of the
excitation (within the timescale of a few optical cycles) can be approximately represented
by a single time-dependent lattice-point.

Therefore, we can analytically identify terms that are entirely due to the quantized
nature of the excitation, and which can leave meaningful trace on the spectral structure.
For this reason, let us investigate the minimal case when the state of the system can be
approximated by

|Ψ⟩(t) = 1√
2

[
c−(t)|−⟩|α−⟩(t) + c+(t)|+⟩|α+⟩(t)

]
, (5.12)

where the time evolution of the states appearing on the right-hand side is given by Eq. (5.4).
For the sake of simplicity, let us use the notation ⟨α±| for the biorthogonal state, with the
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Figure 5.5: HHG spectra for initial states |Ψ⟩(0) = |g⟩|α0⟩, where α0 is indicated in the
subfigures, and γ = 10−5. The power spectrum of ⟨σx⟩(t) was calculated using an interval
of 20 optical cycles.

definition ⟨αi| ≡
∑

j N
−1
ij ⟨α(j)|. After substitutions, we are led to:

iℏċ+ = c− ω0

2
⟨α+(t)|α−(t)⟩ei[δ−(t)−δ+(t)],

iℏċ− = c+ ω0

2
⟨α−(t)|α+(t)⟩e−i[δ−(t)−δ+(t)]. (5.13)

where we will assume that |γ| ≪ 1, hence the inner product ⟨α+(t)|α−(t)⟩ is close to
unity. Keeping only the lowest-order terms in γ is compatible with neglecting the popu-
lation of other lattice-states.
After some analysis not detailed here, we are led to the approximate identities below

δ−(t)− δ+ = −γℑ
[
2α− (α + γ)e−iωt − (α− γ)e−iωt

]
= −2γℑ

[
α(1− e−iωt)

]
,

⟨α+(t)|α−(t)⟩ ≈ exp

[
−4γ2

(
1− cosωt

)]
. (5.14)
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Figure 5.6: Illustration of ⟨0|Z⟩ inner product. Subfigure a) shows ℜ⟨0|Z⟩, subfigure
b) shows |⟨0|Z⟩|. The von Neumann-lattice coherent states are given as the intersection
points of the grid.

Using α = |α|e−iϕ0 , we can write

iċ+ ≈ c− ω0

2
[1 + 4γ2(cosωt− 1)]e−i2|α|γ

[
sin(ωt+ϕ0)−sinϕ0

]
,

iċ− ≈ c+ ω0

2
[1 + 4γ2(cosωt− 1)]ei2|α|γ

[
sin(ωt+ϕ0)−sinϕ0

]
. (5.15)

For comparison, let us present the analogous dynamical equations for the explicitly clas-
sical model. Assuming that the Hamiltonian is Hcc, it follows straightforwardly from
Eq.2.12 that time-dependent eigenfunctions of σx can be used as a basis, then we can
write:

|Ψ⟩c(t) = c−(t)|−⟩ei
A
2ω

(
sin(ωt+ϕ0)−sinϕ0

)
+ c+(t)|+⟩e−i A

2ω

(
sin(ωt+ϕ0)−sinϕ0

)
, (5.16)

where A denotes the ampltiude of the excitation, and the analogous classical dynamical
equations are

iċ+ = c− ω0

2
ei

A
ω

(
sin(ωt+ϕ0)−sinϕ0

)
,

iċ− = c+ ω0

2
e−i A

2ω

(
sin(ωt+ϕ0)−sinϕ0

)
. (5.17)

By comparison, it is easy to see that the lowest-order correction due to the quantized
nature of the excitation can be incorporated into an effective classical model by modifying
the atomic term:

σz → σz

(
1 +

Ω2

ω2
(cosωt− 1)

)
. (5.18)

However, the spectral modification is very minor, at least up to the timescale that is neg-
ligible compared to the spontaneous emission characteristic time. This justifies using Hcq

in Chapters[3-4].
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5.3.1 Backaction of HHG on quantized excitation

During the interaction, the photon statistical properties of the excitation modes are dy-
namically changing. While this has minor effect on the high-order harmonic spectrum,
the modifications taking place in the quantum state of the excitation are nevertheless ex-
perimentally relevant.

We calculated this backaction on the photon statistics of a single monochromatic ex-
citation. Our results show that the modification is very small if the parameters are chosen
so that cos θ ≈ 0, that is, when |δω| is large.
This can be explained analytically since we can reduce Hqc to one-mode Hcq through
transformation (3.1). The Hamiltonian (3.3) in the special case we investigate is reduced
to:

H ′
qc = ℏ

ω0

2
σz + ℏ

(
ωa†a+

Ω

2
σx
(
a† + a

)
+

Ω

2
σx

(
α∗eiωt + αe−iωt

)︸ ︷︷ ︸
A
2Ω

(
eiωt+ϕ0+e−iωt−ϕ0

)
)
. (5.19)

Let us write the quantum state in the following form:

|Ψ⟩ = ei
Aξ
2ω

sin(ωt+ϕ0)σxe
i
2
(ωt+ϕ0)σze−

i
ℏ tϵ+

∞∑
j=0

bej |ẽ⟩|j, αe−iωt⟩e−ijωnt

+ei
Aξ
2ω

sin(ωt+ϕ0)σxe
i
2
(ωt+ϕ0)σze−

i
ℏ tϵ−

∞∑
j=0

bgj |g̃⟩|j, αe−iωt⟩e−ijωnt. (5.20)

Insight can be gained if we reproduce the calculation in subsection(3.4.1), but without
limiting ourselves to the special case of cos θ = 0. The dynamical equations turn out to
be:

iḃej(t) = ⟨ẽ|W (t)|ẽ⟩bej(t) + ⟨ẽ|W (t)|g̃⟩ei
ϵ+−ϵ−

ℏ t bgj (t)

+
Ω

2
ei(δωt−ϕ0)

∑
k

⟨j|a+ a†|k⟩e−iω(k−j)t bgk(t)

−Ωcos θei
ϵ+−ϵ−

ℏ t cos(ωt+ ϕ0)
∑
k

⟨j|a+ a†|k⟩e−iω(k−j)t bgk(t)

+
Ω

2
sin(2θ) cos(ωt+ ϕ0)

∑
k

⟨j|a+ a†|k⟩e−iω(k−j)t bek(t),

iḃgj (t) = ⟨g̃|W (t)|g̃⟩bgj (t) + ⟨g̃|W (t)|ẽ⟩e−i
ϵ+−ϵ−

ℏ t bej(t)

+
Ω

2
e−i(δωt+ϕ0)

∑
k

⟨j|a+ a†|k⟩e−iω(k−j)t bek(t)

−Ωcos θei
ϵ−−ϵ+

ℏ t cos(ωt+ ϕ0)
∑
k

⟨j|a+ a†|k⟩e−iω(k−j)t bek(t)

−Ω

2
sin(2θ) cos(ωt+ ϕ0)

∑
k

⟨j|a+ a†|k⟩e−iω(k−j)t bgk(t).
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It is easy to check, that unlike in the case of harmonic modes, the dynamical equations
regarding the excitation mode have a resonant term (proportional to sin(2θ)) already at
first-order perturbation.

To quantify the backaction, –that is, the difference from the initial Poissonian photon
statistic that develops over time– let us simply use the weighted sumBA ≡

∑∞
j=0 j

(
|bgj |2+

|bej |2
)
, which characterizes components orthogonal to the coherent state.

Its evaluation, together with the above considerations, leads us to the following conclu-
sion: The backaction can be maximalized if cos θ is maximal, that is, when δω = 0,
whereas for parameters which fulfill the cos θ = 0 condition, the backaction on the exci-
tation is minimal. This can be observed in Fig.5.7, where the dominant feature, besides
the continuous growth is the T -periodic oscillation, which largely corresponds to the pe-
riodical dynamics on phase space as described earlier.

Figure 5.7: Time-evolution of the measure of backaction BA. Parameters are chosen so
that |δω| is maximal (blue) and |δω| = 0 (red), with the parameter Ω/

√
ω = 0.005.

5.4 Quantized excitation, quantized harmonics

Incorporating the fully quantum nature of the dynamics in a model is numerically chal-
lenging without some kind of approximation. During our calculations, we employed the
two-mode approximation, that is, considered only a single excitation and a single scat-
tered mode.
An important question, only treatable within the fully quantized formalism, is whether
there are meaningful correlations that develop between absorption from the excitation
mode and emission in the scattered modes. Let us introduce an operator measuring the
number of absorbed photons in the excitation mode:

δN ≡ |α2| −N. (5.21)

We define correlation function between δN and Nn as:

gδi ≡
⟨δNNi⟩
⟨δN⟩⟨Ni⟩

, (5.22)

which, unlike previously introduced correlation functions, can have negative values, since
δN can be negative. For Fig.(5.8), the parameters have been chosen so that the monochro-
matic excitation contains ≈ 108 photons. For the sake of clarity, we point out that due to
the presence of counter-rotating terms, the energy of the system can not be characterized
by the sum of photon energies and excitation energy of the material.
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Figure 5.8: a) shows time-evolution of δN . Subfigures b) and c) shows the correlation
between the absorbtion of a photon in the excitation mode and the emission of a photon in
an odd-, and even harmonic mode respectively, with the parameter chosen so that |δω| =
0. Subfigures d) and e) are analogous, but with |δω| = 0.1ω.

In Fig.5.8/a) we can observe that photon absorbtion from the highly populated excita-
tion mode happens in discrete steps in each half-cycle. There is nearly of unit correlation
between the absorbtion from excitation mode and emission in odd-harmonic modes [see
Fig.5.8/b) and d)], however the even harmonic photon emissions are uncorrelated to the
photon emission from the excitation [see Fig.5.8/c) and e)].

As a closing remark, let us note that man aspects of the completely quantized model
needs to be a subject for further research before further conclusions may be drawn. It
is not evident what implications follow from the correlations between the excitation and
odd(even) harmonic modes. Furthermore, when the interaction is in the regime of very
strong light-matter coupling, or if multi-mode excitation or multi-atom effects are to be
accounted for, refined numerical methods are neccessery.
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Chapter summary

• We derived and presented a novel method for the inclusion of the quantized
nature of the excitation, allowing a simple construction of the Wigner func-
tion.

• The classically calculated spectrum induced by quantized excitation has been
calculated. The quantized nature of the excitation causes a minor difference
in the dynamics of the dipole-operator when compared to classical excitation.

• The backaction (the difference of photon statistics compared to the initial
one) on monochromatic excitation has been investigated. We introduced a
parameter that quantifies the backaction.

• Correlations between absorption of photons from the excitation mode and
emission in the harmonic modes have been calculated, and was shown to be
significant for odd harmonic modes, and negligible for even harmonics.
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AAppendix A

A.1 Length-gauge, photons and polaritons

Recall that we switched from the velocity-gauge to length-gauge through equation (1.26)
(within dipole-approximation). Strictly speaking, many physical quantities, like photon-
number operators and related quantities are gauge-dependent:

N l
j =

(
a†j + τ ∗j

)(
aj + τj

)
= N v

j + (a†jτj + ajτ
∗
j ) + |τj|2, (A.1)

where the indices l and v refers to the given quantity in length-, and velocity gauges.
We note that sometimes the additional terms are neglected, which is a gauge-dependent
approximation, potentially leading to physically unacceptable results [130]. For clarifica-
tion of the physical meaning, let us write out explicitly the transformation of some of the
operators [129]:

rl = rv (A.2)
pl = pv + eAv(0) (A.3)

Bl(r) = Bv(r) (A.4)

El
⊥(r) = Ev

⊥(r)−
1

ϵ0
Pv

⊥(r) (A.5)

where P⊥(r) is the transverse part of the polarization density. In length-gauge, the
D(r) = ϵE(r) +P(r) electric displacement-operator can be written as:

Dl(r) = ϵ0E
l
⊥(r) =

∑
n

ϵ0Eωnϵn
(
ane

iknr + a†ne
−iknr

)
. (A.6)

In length-gauge, the energy-density of the electromagnetic field ∼ (E2 + B2) is trans-
formed into ∼ (D2 +B2).

This is relevant from two viewpoints: First, while various approaches exist [214–217]
for the field quantization using different material models, the standard method [218–220]
–when nonlinear optical properties are relevant– for structured, nonmagnetic, dispersive
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medium, is to use mode decomposition of D and B fields [221].
Second, as the Hamiltonian of the electromagnetic field in (1.30) and afterwards no longer
corresponds to that of the interaction-free field, its excitations are not photons in a strict
sense, but coupled excitations of matter and the EM field. While they would usually be
called polaritons [219], we will continue referring to them as a photon, which should not
cause confusion, as the coupling is not extremely strong.

A.2 On von Neumann-lattices

A few important properties of the coherent states and displacement operators are listed
below.

|α⟩ ≡ D(α)|0⟩ = e−
|α|2
2

∞∑
n=0

αn

√
n!
|n⟩

D(α) ≡ exp
(
αa† − α∗a

)
D(α)D(β) = D(α + β)e(αβ

∗−α∗β)/2

Coherent states fulfill the closure relation 1
π

∫
|α⟩⟨α|d2α = 1, which ensures com-

pleteness. At the very early stages of the development of quantum mechanics von Neu-
mann suggested a physical way of choosing a subset of coherent states which preserve the
property of completeness. He suggested a lattice in the phase plane with a unit cell area
equal to h, the Planck constant [222, 223].

The “complete” von Neumann basis, which spans the infinite Hilbert space is, how-
ever, still an abstract construction. In any numerical calculation, there is only a finite
number of lattice points that can be incorporated. Using only a finite subset of the phase-
space, representation of the wave function can carry significant numerical errors, and
generally speaking, has sub-optimal convergence properties [223, 224].
A precise formulation (among other possibilities) [225] based on a finite Hilbert-space
leads to the distortion of the Gaussians near the classical phase-space boundary to con-
form to the shape of the boundary while leaving the Gaussians in the interior unchanged.
Another possibility is the so-called periodic von Neumann basis [226, 227] which can
significantly increase the fidelity of the basis.

It should be noted that despite the very compact representation of the wave function in
phase space, there is a variety of factors that impair the effectiveness of the representation
relative to coordinate-space grid representations.
The phase-space representation is generally nonorthogonal, requiring the calculation of
the inverse of a multidimensional overlap matrix. Further research is needed to reach
definitive conclusions on whether the requirements of phase-space methods can be made
competitive with optimized coordinate-space methods.

Unfortunately, the elements of the periodic von Neumann basis are not equivalent
with the coherent states as defined on infinite Hilbert-space, and cannot be considered
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to be eigenstates of the annihilation operator, thus losing the simplicity the coherent ba-
sis offers. It is nevertheless possible to run calculations on the periodic von Neumann
basis, then evaluate expectation values while treating the basis elements as if they were
a-eigenstates, with a certain prescription of eigenvalues. In our experiences, this can im-
prove results for certain (lowest order in a and a†) expectation values.
Another point worth noting is that for basically all cases covered, each electromagnetic
mode is going to be close to the coherent state: the distribution of coefficients on the
von Neumann-lattice can be viewed as having a significant peak, and small (∼ γ) coef-
ficients around the peak. This means that for any evaluation of normal-ordered operator
products ⟨: f(a, a†) :⟩, the most significant contribution is brought by the single peak, the
coefficient of which varies little during the interaction.

The numerical procedure that we used for solving the time-dependent Schrödinger
equation using the von Neumann lattice is the following: First, we have to determine the
initial part of the lattice that will serve as an approximate basis. Then, at each time instant,
{|+⟩|α(k)⟩(t), |−⟩|α(k)⟩}(2N+1)×(2N+1)(t)

k=1 have to be determined [see Eqs. (5.4)], and also
the overlap matrices N±±(t) should be updated. These calculations are completely ana-
lytic. According to our numerical experience, relatively small grids (N ≈ 5) are sufficient
to reach convergence (i.e., no observable change in the results by further increasing the
value of N.) The inverses of the overlap matrices can conveniently be calculated by nu-
merical means, and the time derivative of the coefficients c±j are given by Eqs. (5.9) and
(5.10). Using an appropriate integration routine (preferably with adaptive stepsize), the
norm

⟨Ψ|Ψ⟩(t) =
∑
km

(c+k (t))
∗N++

km (t)c+m(t)

+
∑
km

(c−k (t))
∗N−−

km (t)c−m(t) (A.7)

can be kept close to unity.

A.3 Wigner functions on von Neumann-lattice

Since its introduction in 1932 [228], the Wigner function became the central tool for
describing quantum mechanics on the phase space, allowing the investigation of connec-
tions and most important differences between quantum mechanics and classical statistical
mechanics. A detailed summary of various additional distributions together with the dis-
cussion of a wide class of problems on the quantum optical phase space can be found in
Ref. [229]. In the following, we show how the von Neumann lattice allows an elegant
calculation of the Wigner function.

Let us note that although a joint Wigner function for the atom-field system has already
been constructed [230], in the following we use the traditional approach, in which only
the field degrees of freedom are involved. For clarity, let us note that disregarding atomic
degrees of freedom is most transparently described by a partial trace over atomic states:
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For a complete atom-field state |Ψ⟩ we construct the density operator ρaf = |Ψ⟩⟨Ψ| and
use the reduced density operator ρf = Traρaf = ⟨e|ρaf |e⟩+ ⟨g|ρaf |g⟩ for the calculation
of the Wigner function. Since there is no additional reason for using density operators in
the following (there are no mixed states involved), below we use a definition that is based
on pure states.

The Wigner function corresponding to a state |Ψ⟩ is essentially the two-dimensional
Fourier transform of the characteristic function χ:

WΨ(α) =
1

π2

∫ ∫
χΨ(α)e

α∗α−αα∗
d2α, (A.8)

where χΨ(α) is the expectation value of the displacement operator D(α):

χΨ(α) = ⟨Ψ|D(α)|Ψ⟩. (A.9)

For the case of t = 0, we have:

WΨ(α) = (A.10)

=
1

π2

∫ ∫ ∑
km

(c+k )
∗c+m⟨α(k)|D(α)|α(m)⟩eα∗α−αα∗

d2α

+
1

π2

∫ ∫ ∑
km

(c−k )
∗c−m⟨α(k)|D(α)|α(m)⟩eα∗α−αα∗

d2α. (A.11)

It is practical to apply the Baker-Campbell-Haussdorf identity to factorize the expo-
nent in the displacement operator and obtain

⟨α(k)|D(α)|α(m)⟩ = e−|α|2/2eα(α
(k))∗−α∗α(m)⟨α(k)|α(m)⟩. (A.12)

By explicitly using the real and imaginary parts of α, the result above tells us that the
Fourier-transform of the summands in Eq. (A.11) can be calculated analytically. The gen-
eralization of the steps above to the case of time-dependent von Neumann lattice coherent
states is straightforward, and the final result is given by:

WΨ(α) = (A.13)

=
2

π

∑
km

(c+k )
∗N++

km c+me
−2(Im α−zkm1 )2e−2(Re α−zkm2 )2

+
2

π

∑
km

(c−k )
∗N−−

km c−me
−2(Im α−zkm1 )2e−2(Re α−zkm2 )2 , (A.14)

where the explicit notation of the time dependences of the overlap matrices and the coef-
ficients are omitted, and the complex numbers in the exponents are given by

zkm1 =
1

2

(
iRe α(k) + Im α(k) − iRe α(m) + Im α(m)

)
, (A.15)

zkm2 =
1

2

(
−iIm α(k) +Re α(k) + iIm α(m) +Re α(m)

)
. (A.16)

As we can see, having determined the coefficients c±k (t), the Wigner function of the
state |Ψ⟩(t) can be calculated analytically, without the need of fast Fourier transform or
any other numerical method.
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Summary

In this dissertation, we presented a discussion of HHG limited to the simplest possible ma-
terial model, that is, a two-level system. The advantage of this approach, besides leading
to mathematically transparent equations and numerically feasible simulation schemes, lies
in the fact that the physical principles of the various dynamical processes can be clarified
without being distracted by details necessary to describe real (solid-state or molecular)
structures.

Categorization of models has been done based on which elements are incorporated as
classical or quantum objects (see the tables in the introduction). Our research focused on
exploring nonclassical effects and demarcating the limits of the various approaches.
We introduced the fully quantized model of high-order harmonic generation from a fun-
damental system, containing both quantized excitation and quantized harmonic modes in
Chapter I, highlighting the approximations inherent in its derivation.

As a first step, we analyzed the semiclassical describtion of the system in Chapter
II. The semiclassical model can reproduce most of the qualitative features of the experi-
mental spectra of bulk solids, i.e. the plateau structure with a cutoff; as well as the linear
dependence of the cutoff frequency on peak field strength.
Using Floquet-analysis, we identified the structure of the harmonic spectrum: It contains
odd-order harmonics, and dual spectral lines (Hyper-Raman lines, or Mollow-sidebands)
near the even-order multiples of the base harmonic, which lines we (in this thesis) refer to
as even-order harmonics. We denoted the spectral distance of these lines from the closest
even multiple of the base harmonic as |δω|.

We derived –for monochromatic excitation– analytical results that allow a simple eval-
uation of the line structure δω for given parameters, or conversely, finding parameters that
correspond to given δω. It turns out that this value has a strong influence on the quantum
properties of the scattered radiation. Throughout the thesis, we gave special attention to
the parameters when |δω| is maximal, that is, when the two even harmonic lines have
maximal separation.
The first-order perturbative result in our formulation is in agreement with the numeri-
cally calculated semiclassical spectrum, within reasonable relative error. We expressed
analytically (for the special case of maximal |δω|) the dipole-operator mean value within
perturbative approach, which can be considered an analytical approximation of the non-
linear optical response function of the two-level system.

In Chapter III, we introduced a transformation of the fully quantized case, which
puts the excitation modes and scattered modes on the same footing. This allows the
introduction of an effective model, involving classical excitation and quantized harmonic
radiation. The conditions and assumptions behind the neglection of the quantized nature
of the excitation have been identified, with further details given later, in Chapter V.
Within this approach, we derived an approximative method to calculate the dynamics of
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the classically driven quantized secondary radiation field, based on operator-expectation
values. We calculated photon-number expectation values and quadrature-variances.

We concluded that the optical lines have the same spectral position as in semiclassical
calculations, and the semiclassical three-step model is at least qualitatively acceptable in
explaining the order of appearance of high harmonics.
However, the quantum optically calculated harmonic spectrum displays certain quantita-
tive differences compared to the semiclassically calculated one: The even harmonic lines
are sometimes significantly more intense than the semiclassical calculations would imply,
with different dependence on initial conditions. A qualitative explanation of this has been
done analytically, through performing low-order perturbation calculation.

The radiation field will always contain squeezed modes, the significance of which
strongly depends on the excitation parameters. Odd harmonics are usually weakly squeezed,
independently of whether the excitation is monochromatic or pulsed. A detailed investiga-
tion was done for the case of monochromatic excitation, the conclusions of which remains
valid for "boxed" monochromatic excitation (that is, for pulses that has nearly rectangular
envelope). We found that the choice of parameters fulfilling δω = 0 results in strongly
squeezed even harmonic radiation, while maximalizing |δω| results in anti-squeezed even
harmonics.

We can conclude that if one wishes to investigate the spectral dynamics or the creation
of squeezed high harmonic radiation, then the Hcq model [See Eq.3.4] can be considered
as a minimal working example.

In Chapter IV, we calculated correlation functions within one-mode and two-mode
approximations, employing the exact solutions of the system in the strong-field limit.

Concerning the one-mode photon statistics, for greater insight, we characterized the
photon statistics of harmonics induced by monochromatic excitations in detail, treating
the cases of zero and large |δω| parameters separately. Beyond trivial oscillations, odd-
harmonic modes can be generally characterized by a practically Poissonian photon distri-
bution. We found that the even harmonic spectral lines may correspond to sub- or super-
Poissonian photon statistics, depending on the parameters and interaction time. This
qualitative feature generally remains valid for pulsed excitations, though the parameter-
dependence becomes much more complicated. For pulsed excitations, even a relatively
small modification of the detuning can determine whether a given even harmonic is sub-,
or super-Poissonian.

Of special interest –with respect to the generation of nonclassical harmonics– is the
case of (boxed) monochromatic excitation in the case of parameters coinciding with large
values of |δω|. In such cases, numerical calculations indicate (and our analytical calcula-
tion supports) that the more populated even harmonic mode essentially occupy only the
vacuum and 1-photon states in the Fock-space.
We note that the other special case of |δω| = 0 corresponds to initially sub-Poissonian
even-harmonic statistics that grows super-Poissonian. The physical explanation for this is
that the squeezing increases faster than the average photon numbers.
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We calculated intermodal photon-correlation functions within the two-mode approx-
imation. We found that correlations between odd-harmonic photons are practically of
unit value, independently of the excitation and interaction parameters. Similarly, there is
substantial anti-correlation between even-, and odd-harmonic photons in all cases inves-
tigated by us.
On the other hand, the correlations between even-harmonic photons can be both higher
than unit, or nearly zero, depending on the parameters and the excitation type.

Specifically for (boxed) monochromatic excitation, with the choice of parameters cor-
responding ti |δω| = 0, the even-order subset of the radiation-modes display strong in-
termodal correlations collectively, while strong squeezing characterizes the modes indi-
vidually. In the case of large |δω| values, the even-order subset of the radiation-field
displays strong intermodal anti-correlations collectively, while strongly sub-Poissonian
photon statistics characterize the modes individually. Our analytical calculation shows
that the anti-correlations themselves correspond to nonclassical entanglement.

In order to incorporate the quantized nature of the excitation into our model, we
worked out a phase-space method in Chapter V. Our calculational scheme is based on
the von-Neumann coherent lattice basis, which allows a simple evaluation of the time-
dependence of the Wigner function describing the excitation.

Numerical calculations imply that the backaction on the excitation mode (which can
be significant depending on the parameters) has limited effects on the time evolution of
the dipole moment operator. In a framework where the excitation is quantized, and the
harmonic radiation is calculated semiclassically –that is, where time-dependence of the
dipole-operator expectation value is the source of harmonic radiation– we identified the
lowest-order term that contributes to spectral modifications. Generally, this modification
is small, which justifies the validity of the effective model investigated in Chapters III-
IV, as long as the investigation does not refer to the quantum state of the excitation itself.

We have done calculations within the fully quantized model, limited to the correlations
between absorption of photons from the excitation mode and emission in the harmonic
modes. Our numerical results suggest that this correlation is near unity for odd harmonic
modes, but negligible for even harmonics.

In summary, we have shown that the value of δω substantially affects the quantum
state of the even harmonics.
By including the quantized nature of the excitation, we found that the dynamical backac-
tion on the excitation does not significantly modify the harmonic spectrum.
This justifies an effective model of HHG, of within the scattered radiation is quantized,
while the excitation is classical, at least in cases when the quantum state of the excitation
itself is not to be investigated.
Our results imply that – depending on the value of |δω| – HHG can be the source of either
strongly squeezed or nonclassical, entangled even-harmonic radiation.
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Összefoglalás

A disszertációban bemutattuk a magasrendű felharmonikus-keltés tárgyalását a legegy-
szerűbb anyagi modellre, a kétszintes rendszerre korlátozva. Ennek a megközelítés-
nek az előnye – amellett hogy matematikailag áttekinthető dinamikához és numeriku-
san kivitelezhető szimulációs eljárásokhoz vezet – hogy a különböző folyamatok fizikai
alapelvei tisztázhatók anélkül, hogy a valódi (szilárdtest vagy molekuláris) rendszerek
leírásához szükséges részletek bonyolítanák a számításokat.

A modellek kategorizálását az alapján végeztük, hogy mely elemeket vettük figyelembe
klasszikus illetve kvantumos objektumokként (lásd a táblázatokat a bevezetőben). Kutatá-
sunk arra összpontosított, hogy felderítsük a nem-klasszikus tulajdonságokat, kijelölve az
egyes modellek alkalmazhatósági határait.
A magasrendű felharmonikus-keltés teljesen kvantált modelljét, vagyis amikor mind a
gerjesztés, mind a szórt sugárzás kvantált jellege szerepet játszik, az I. fejezet-ben vezettük
be, hangsúlyozva a felhasznált közelítéseket.

Kiindulási pontként a II. fejezet-ben elemeztük a rendszer szemiklasszikus leírási
módját. A szemiklasszikus modell visszaadja a kísérletileg (tömbi szilárdtest-mintákra)
mért spektrumok legtöbb kvalitatív jellemzőjét, vagyis a platós szerkezetet egy levágás-
sal; valamint a levágási frekvencia lineáris függését a gerjesztő mező csúcs térerősségétől.
Floquet-analízis segítségével azonosítottuk a harmonikus spektrum felépítését: páratlan
rendszámú felharmonikusokat, és kettős spektrális vonalakat (Hiper-Raman vonalakat
vagy Mollow-mellékvonalakat) tartalmaz, az alap-harmonikus páros-számú többszörö-
seihez közel, mely vonalakat (ebben a disszertációban) páros rendű felharmonikusnak
nevezünk. A disszertáció során |δω|-val jelöltük ezen vonalak spektrális távolságát az
alap-frekvencia legközelebbi páros többszörösétől.

A monokromatikus gerjesztés speciális esetéhez olyan, analitikusan számolt ered-
ményeket vezettünk le, amelyek lehetővé teszik a vonalszerkezetet jellemző δω egyszerű
kiértékelését adott paraméterek mellett, illetve fordítva, lehetővé teszi olyan paraméterek
megkeresését, amelyek megfelelnek egy megadott δω értéknek. Kiderült, hogy ez az
érték erősen befolyásolja a szórt sugárzás kvantumoptikai tulajdonságait. Az értekezés
során különös figyelmet fordítottunk azon paraméterekre, amikor |δω| maximális, vagyis
amikor a páros felharmonikushoz tartozó két vonal maximális spektrális távolságban van
egymástól.
Az általunk levezetett formalizmusban az elsőrendű perturbációszámítás alapján levezetett
eredmény elfogadható relatív hibával összhangban van a numerikusan kiszámított klasszi-
kus spektrummal. Analitikusan kifejeztük a dipólmomentum operátor várható értékét
(maximális |δω| esetére) perturbatívan, mely a kétszintes rendszer nemlineáris optikai
válasz-függvényének analitikus közelítő kifejezése.

A III. fejezet-ben bevezettük a teljesen kvantált modell olyan transzformációját, mely
a gerjesztési és a szórt módusok kvantumállapotát azonos módon veszi figyelembe. Ez
lehetővé tette, hogy felállítsunk egy olyan effektív modellt, amelyben a gerjesztés klasszi-
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kus, míg a harmonikusok kvantáltak. A gerjesztés kvantált jellegének elhanyagolása
mögött rejlő feltételeket azonosítottuk, melynek további részleteivel később, az V. fe-
jezet-ben foglalkoztunk.
Ezen a modellen belül bevezettünk egy közelítő formalizmust a klasszikusan gerjesztett,
kvantált másodlagos sugárzási mező dinamikájának kiszámítására, az operátorok várható
értékei alapján. Kiszámítottuk a fotonszám várható értékeket és a kvadratúra-szórásokat.

A spektrumvonalak spektrális helyzete megegyezik a szemiklasszikus modellen belül
kapott eredményekkel, és a klasszikus háromlépcsős modell legalább kvalitatívan elfo-
gadható magyarázatot ad a magasrendű harmonikusok megjelenési sorrendjére.
Ugyanakkor a kvantumoptikai modellen belül számított harmonikus spektrum bizonyos
kvantitatív különbségeket mutat a klasszikusan számítotthoz képest. A páros felhar-
monikus vonalak gyakran lényegesen intenzívebbek, mint azt a klasszikus számítások
jósolják, és a kezdeti feltételektől való függés is eltérő. Ennek kvalitatív magyarázatát
analitikusan, alacsonyrendű perturbáció-számításon keresztül végeztük el.

A sugárzási mező mindig tartalmaz préselt állapotú módusokat, a préseltség mértéke
azonban erősen függ a gerjesztési paraméterektől. A páratlan harmonikusok általában
gyengén préseltek, függetlenül a gerjesztés monokromatikus vagy impulzusszerű jellegétől.
Részletes vizsgálatot a monokromatikus gerjesztés esetére végeztünk, melyre vonatkozó
következtetéseink érvényben maradnak a "dobozolt" monokromatikus gerjesztésre (vagyis
a közel téglalap alakú burkolóval rendelkező impulzusokra). Azt tapasztaltuk, hogy a
δω = 0 -ot teljesítő paraméterek megválasztása erősen préselt páros felharmonikus sug-
árzást eredményez.

Arra a következtetésre juthatunk, hogy amennyiben a vizsgálat tárgya a spektrális
dinamika vagy préselt magas felharmonikusok keltése, akkor a (3.4) egyenlettel megadott
Hcq egy működő, minimális modellnek tekinthető.

A IV. fejezetben kiszámítottuk a korrelációs függvényeket egy-, és két-módus közelíté-
seken belül, a modell erősteres határesetére vonatkozó egzakt megoldásait használva.

Az egy módusra vonatkozó fotonstatisztika jellemzését, a nagyobb áttekinthetőség
érdekében, a monokromatikus gerjesztések által keltett felharmonikusokra vonatkozóan
végeztük el részletesen, külön kezelve a nulla és nagy |δω| paraméterek eseteit. A triviális
oszcillációkon túl a páratlan felharmonikus módusokat gyakorlatilag poissoni fotonszám-
eloszlás jellemzi. Megállapítottuk, hogy a páros felharmonikus spektrális vonalak a para-
méterektől és a kölcsönhatás idejétől függően lehetnek szub-, vagy szuper-poissoni fo-
tonstatisztikájúak. Ez a kvalitatív jelleg általában pulzált gerjesztésekre is érvényes, bár
a paraméterfüggés sokkal bonyolultabb. Impulzusszerű-gerjesztések esetén az elhangolás
viszonylag kis módosítása is befolyásolja, hogy egy adott páros harmonikus vonal szub-,
vagy szuper-poissoni jellegű-e.

Különösen érdekes – a nem-klasszikus állapotú felharmonikusok létrehozása szempont-
jából – a monokromatikus gerjesztés, speciálisan a |δω|-t maximalizáló paraméterekkel.
Ilyen esetekben a numerikus számítások azt mutatják (és analitikus számításunk alátá-
masztja), hogy a jobban betöltött páros harmonikus módusok lényegében csak a vákuum-
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és az 1-foton állapotokat foglalják el a Fock-térben.
Megjegyezzük, hogy a |δω| = 0 másik speciális esete annak felel meg, hogy a páros fel-
harmonikusok kezdetben szub-poissoni statisztikájúak, mely szuper-poissonira változik.
Ennek fizikai magyarázata, hogy a préseltség gyorsabban növekszik, mint a fotonszám
átlaga.

Kiszámítottuk a módusok közti foton-keresztkorrelációs függvényeket két-módus kö-
zelítésen belül. Megállapítottuk, hogy a páratlan harmonikus fotonok közötti korrelációk
gyakorlatilag egységnyi értékűek, függetlenül a gerjesztési és kölcsönhatási paraméterek-
től. Hasonlóképpen, a páros és a páratlan felharmonikus fotonok között jelentős antikor-
reláció mutatkozik minden általunk vizsgált esetben.
Ugyanakkor a páros felharmonikus fotonok közötti korrelációk a paraméterektől és a ger-
jesztés típusától függően egyaránt lehetnek egység fölöttiek, vagy közel nullák.

Konkrétan a (dobozolt-)monokromatikus gerjesztések esetében, ha |δω| = 0 teljesül, a
mező páros rendű felharmonikusait erős kollektív módus-módus keresztkorreláció jellemzi,
míg a módusokhoz egyenként jelentősen préselt kvantumállapot rendelhető. A maximális
|δω| -nak megfelelő paraméterek megválasztásával a felharmonikus módusok páros rendű
részhalmazát kollektíven erős antikorreláció jellemzi, míg a módusok egyenként erősen
nem-klasszikus kvantumállapotban vannak. Analitikus számításunk azt mutatja, hogy az
antikorrelációk megfeleltethetőek nem-klasszikus összefonódásokkal.

Annak érdekében, hogy modellünkbe beépítsük a gerjesztés kvantumos jellegét, ki-
dolgoztunk és bemutattunk egy fázisteres leíráson alapuló módszert a V. fejezetben. Számí-
tási eljárásunk a Neumann-féle koherens rácson alapszik, mely lehetővé teszi a gerjesztést
leíró Wigner-függvény időfüggésének egyszerű kiértékelését.

A numerikus számítások azt mutatják, hogy a kölcsönhatás visszahatása a gerjesztési
módusokra (amely a paraméterektől függően jelentős lehet) korlátozott hatással van a
dipólmomentum operátorra. Egy olyan formalizmusban, ahol a gerjesztést kvantáljuk de
a harmonikus sugárzást klasszikusan számítjuk – azaz a dipólmomentum operátor várható
értékének időfüggése a felharmonikus sugárzás forrása – azonosítottuk a spektrum módo-
sulását okozó legalacsonyabb rendű korrekciós tagot. Általában ez a módosulás kicsiny,
ami igazolja a III.-IV. fejezetek-ben vizsgált effektív modell érvényességét, amennyiben
a vizsgálat nem vonatkozik a gerjesztés kvantumállapotára.

Számításokat végeztünk a teljesen kvantált modellen belül, a gerjesztési módusból
történő foton-abszorpció és a felharmonikus fotonok emissziója közti korrelációra szorít-
kozva. Numerikus eredményeink azt mutatják, hogy ez az összefüggés a páratlan felhar-
monikusok esetében közel egységnyi, míg páros felharmonikusok esetében elhanyagol-
ható.

Összefoglalva, a szemiklasszikus modellen belül meghatároztuk a δω spektrális para-
méter függését a gerjesztési és anyagi paraméterektől. Kiderítettük, hogy δω elsősorban
a páros felharmonikusok kvantumoptikai tulajdonságait befolyásolja.
Azáltal, hogy a gerjesztés kvantumos tulajdonságait figyelembe vesszük, megállapítottuk
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hogy a dinamikai visszahatása a gerjesztés kvantumállapotára nem módosítja jelentősen
a felharmonikus spektrumot.
Ez alátámasztja a HHG azon modelljét, melyben a szórt sugárzás kvantálva van, míg a
gerjesztés klasszikus, legalábbis amennyiben a gerjesztés kvantumállapota jelentéktelen
a vizsgálat szempontjából.
Eredményeink azt sugallják, hogy –a δω paramétertől függően– a HHG folyamata lehet
erősen préselt vagy nem-klasszikus, összefonódott fotonállapotú páros felharmonikusok
forrása.
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