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Chapter 1

Introduction

Group extensions play a fundamental role both in the structure theory and
in the theory of varieties of groups. In 1950, Kaloujnine and Krasner proved
that any extension of a group N by a group H is embeddable in the wreath
product of N by H, see [22]. Note that the wreath product of N by H is a
special semidirect product of a direct power of N by H.

Semigroups are natural generalisations of groups. There are two impor-
tant classes of semigroups where the influence of the Kaloujnine-Krasner
Theorem is fundamental, namely the classes of finite monoids and of regular
semigroups. We say that a monoid S divides a monoid 7" if S is a homomor-
phic image of a submonoid of 7. The famous Krohn-Rhodes Theorem ([21])
states that every finite monoid (semigroup with identity element) divides a
finite iterated wreath product of copies of a specific three element monoid
and finite simple groups. Although it is not an embedding theorem its im-
portance in the structure theory of finite monoids (semigroups) and in the
theory of automata and languages is undeniable.

Inverse semigroups are one of the most natural generalisations of groups.
By Cayley’s Theorem we can think of groups (up to isomorphism) as sets of
permutations on a given set which are closed under composition and taking
inverse. A similar result, the Wagner—Preston Theorem, shows that inverse
semigroups are, (also up to isomorphism) sets of partial permutations on a
set X (i.e., bijection between subsets of X) which are closed under compo-
sition of partial maps and taking inverse. In a group, every congruence is
fully determined by the congruence class which is a subgroup. In an inverse
semigroup congruence, there might be several idempotent congruence classes,
but they play a similar role. More generally, if S is a regular semigroup and



o0 is a congruence on S such that S/p is a group (more generally, an inverse
semigroup) then p is uniquely determined by the single congruence class (by
the set of congruence classes) which is a subsemigroup in S (which are sub-
semigroups in S). What is more, the subsemigroup congruence classes and
their union are all regular. This gives us the opportunity to speak about
extensions by inverse semigroups in a sense similar to group extensions, and
to study whether they can be described by means of simple constructions
like semidirect products.

There are a number of such embedding theorems in the structure theory
of regular semigroups. Next we recall some of those considered as origins of
our research. An inverse semigroup is said to be E-unitary if it is an extension
of a semilattice by a group. The classical result of O’Carroll [25] states that
every FE-unitary inverse semigroup is embeddable in a semidirect product
of a semilattice by a group. By a band we mean a semigroup where every
element is idempotent and by an E-unitary regular semigroup we mean an
extension of a band by a group. O’Carroll’s result was extended by Szendrei
[27] for extensions of certain bands, called regular, by groups. She proved
that every FE-unitary regular semigroup whose band of idempotents is in a
regular band variety V is embeddable in a semidirect product of a band from
V by a group. On the other hand, Billhardt [7] showed that there exists an E-
unitary regular semigroup which is not embeddable in a semidirect product
of a band by a group.

A congruence on an inverse semigroup S is said to be idempotent sep-
arating if every congruence class contains at most one idempotent and so,
every class that contains an idempotent is a subgroup of S. On the opposite,
a congruence is said to be idempotent pure if each congruence class contain-
ing an idempotent consists of idempotents. Houghton [16] proved that every
idempotent separating extension of an inverse semigroup is embeddable in a
kind of wreath product of inverse semigroups, he introduced for the purpose
of this proof. Billhardt [5] showed the same with A-wreath product instead
of Houghton’s wreath products. Both Houghton’s and Billhardt’s proof show
similarities to the standard proof of the Kaloujnine—Krasner Theorem. Bill-
hardt [6] also proved that an inverse semigroup S with an idempotent pure
congruence g is embeddable in a A-semidirect product of a semilattice by
S/p, which generalises O’Carroll’s result in another direction.

Billhardt and Szittyai [9] strengthened the former result on idempotent
separating extensions by proving that if S is an inverse semigroup and g is
an idempotent separating congruence such that every idempotent p-class is



from a group variety V then S is embeddable in a A-semidirect product of a
group from V by S/p.

Szendrei noticed in [28] that Houghton’s wreath product and Billhardt’s
A-wreath product are equivalent in the sense that the same extensions of
members of a variety-like class by inverse semigroups can be embedded in
them.

The main result of the thesis is a generalisation of the result of Billhardt
and Szittyai mentioned recently for a class of regular semigroups which is
much wider than that of inverse semigroups, and for congruences on them
where the idempotent classes are unions of groups.

Locally inverse semigroups form a large and important class of regular
semigroups which contains several well-studied subclasses — above all the
class of inverse semigroups and that of completely simple semigroups. Locally
inverse semigroups were introduced by Nambooripad in [24] (under the name
pseudo-inverse semigroups). The research into the structure of locally inverse
semigroups was particularly active in the late 1970’s and early 1980’s, and
several nice and deep results were established by McAlister, Nambooripad
and Pastijn. For an exhaustive list of references, see [4].

The class of E-solid semigroups appeared even earlier in the structure
theory of regular semigroups, see Hall [14]. This wide class also contains the
above mentioned prominent classes. Moreover, it is a common generalization
of orthodox semigroups and completely regular semigroups. However, the
study of the structure of E-solid semigroups has not been as intensive and
successful as that of locally inverse semigroups. By Yamada (and Hall) [32],
a regular semigroup is E-solid if and only if the idempotent classes of its
least inverse semigroup congruence are completely simple subsemigroups.

The study of classes of regular semigroups outside of inverse semigroups
and completely regular semigroups from universal algebraic point of view
began in the late 1980’s. It has turned out that the classes of locally inverse
and of FE-solid semigroups are precisely those in which a theory showing
close analogy to that for usual varieties of algebras can be developed, see
Auinger [1], [2], Hall [15], Yeh [33], Kadourek and Szendrei [19], [20], [29]. For
surveys, see Auinger [3], Jones [18] and Trotter [31]. This progress revitalized
the structure theoretical investigations in these classes, see e.g. Billhardt and
Szendrei [8].

The thesis concentrates on FE-solid locally inverse semigroups which are
extensions by inverse semigroups and the idempotent classes are completely
simple. The main problem we will give an answer to is whether such ex-



tensions are embeddable in a A-semidirect product of a completely simple
semigroup by an inverse semigroup.

Chapter 3 and [10] deals with the special case where the extensions are by
groups. In this case, the extension itself is necessarily completely simple. The
motivation for considering this case first was to check whether the general
embedding result we intend to prove holds in this special case. In fact, we
prove a somewhat stronger result than that following from our main result
(Theorem 4.1.1), namely that each extension of a completely simple semi-
group U by a group H is embeddable in a semidirect product of a completely
simple semigroup V by H where V is close to U, e.g., the maximal subgroups
of V are direct powers of those of U (Theorem 3.2.1). Note that the embed-
ding given in the proof mimics the standard proof of the Kaloujnine—Krasner
Theorem. Comparing this easy proof to that of the main result, one can see
how much more complicated the extensions by inverse semigroups might be
than those by groups.

The semidirect product of V' by H constructed in the proof of the result
mentioned in the previous paragraph is not the wreath product of U by
H. Since completely simple semigroups are fairly close to groups — they
are disjoint unions of pairwise isomorphic groups —, it is natural to ask
whether the Kaloujnine-Krasner Theorem holds for such extensions. In the
first section of Chapter 3, we establish that this is not the case in general,
that is, an extension of a completely simple semigroup U by a group H is
given which is not embeddable in the wreath product of U by H (Theorem
3.1.2). However, we also show that the Kaloujnine-Krasner Theorem is valid
within the class of central completely simple semigroups (Proposition 3.1.1).

In Chapter 4 we give affirmative answer to the main problem formulated
above (see Theorem 4.1.1):

Main result. If S is an E-solid locally inverse semigroup and ¢ is an inverse
semigroup congruence on S such that the idempotent p-classes, as subsemi-
groups of S, are completely simple then S is embeddable in a A-semidirect
product of a completely simple semigroup by S/ .

As a corollary, we obtain that the E-solid locally inverse semigroups are,
up to isomorphism, the regular subsemigroups of the A-semidirect products
of completely simple semigroups by inverse semigroups (Corollary 4.1.2). In
the proof of the main result we apply the ‘canonical embedding technique’
developed by Kufil and Szendrei [23] for handling embeddability of extensions



by inverse semigroups in A-semidirect products. This chapter’s results are
contained in [12].



Chapter 2

Preliminaries

In this chapter we summarize the notions and results needed in the thesis.

2.1 Basic definitions

This section follows mainly the structure of [17], for more details the reader is
referred to that monograph. In several cases, we give alternative definitions
for notions in order to reduce the number of concepts introduced.

An element a of a semigroup S is called regular, if there exists an element
b of S that satisfies aba = a. A semigroup S is called regular if all of its
elements are regular. If b is an element of .S, such that aba = a and bab = b
then we call it an inverse of a. The set of inverses of a is denoted by V' (a).
If a is regular then V' (a) is known to be non-empty.

An element e of a semigroup S is called idempotent if e = e. The set of
idempotent elements is denoted by Eg. Note that every idempotent element
is regular and an inverse of itself. If aba = a for some a,b € S then both ab
and ba are idempotents. There is a natural order of Es defined by e < f if
ef = fe=e (e, f € Eg). In particular, if Eg is a subsemilattice in S then <
is just the partial order corresponding to the meet semilattice Fg.

If S is a regular semigroup then the natural order of Fg can be extended
to S by the rule s <t if s = et = tf from some e, f € Eg (s,t € S), and is
called the natural order of S.

By a full reqular subsemigroup of a regular semigroup S we mean a regular
subsemigroup 7" of S such that Er O Eg (or equivalently, Er = Eg).

A semigroup with an identity element is called a monoid. For any semi-



group S let S denote the monoid we get from S by adding a disjoint identity
element to S if there is none in S.

If a is an element of S then the smallest left ideal of S containing a is
S'a = Sa U {a}. The Green relation £ is defined by a £ b if S'a = S'b.
Dually, a R b if aS' = bS'. Note that £ is a right congruence and R is a
left congruence, and they commute. Let us denote the smallest equivalence
relation containing both R and £ by D. By the previous observation D =
RoL. The intersection RNL is denoted by H. The equivalence class of a € S
is denoted by L, R,, D,, H,, respectively. If H, contains an idempotent
element, then it is a maximal subgroup of S. Conversely, every maximal
subgroup of S is of the form H, for some e € Fg. Note that in a regular
semigroup every R- and L-class contains at least one idempotent element. If
a D class contains a regular element then all of its elements are regular.

If S is a semigroup and K is a subsemigroup in .S then we distinguish the
R relation on K from that on S by writing R¥. Note that if K is regular
then RE = RN (K x K). Moreover, if K is a full regular subsemigroup in the
regular semigroup S then the rule R +— R¥ = RN K determines a bijection
from the set of R-classes of S onto the set of R-classes of K. In particular,
for any # € K, we have (R,)% = (R¥),, therefore it is not confusing to write
simply RE.

Let 0 be a congruence on a semigroup. The congruence class of a € S
is denoted by ap, and the natural homomorphism from S onto the factor
semigroup S/p is given by o°: S — S/o, a + ap. It is easy to see that
every factor semigroup of a regular semigroup is also regular. Obviously, a
congruence class ap € S/p forms a subsemigroup in S if and only if ap is
idempotent in S/p. In particular, for every idempotent e of S, the congruence
class ep is a subsemigroup of S.

The following result is known as Lallement’s Lemma.

Lemma 2.1.1. For every congruence ¢ on a reqular semigroup S, if ap is
an idempotent in S/p, then there exists an idempotent e in ap.

A congruence g is said to be a group [semilattice, .. .| congruence, if S/o
is a group [semilattice, ...]. The kernel of a group congruence Ker g is the
inverse image of the identity element of S/p. If o is a semilattice congruence,
and p: S — Y is a surjective homomorphism inducing the congruence o on S
(and so Y = S/p), then S is said to be the semilattice Y of the subsemigroups
Sa (v € Y) of S where S, is the inverse image of «. If there are certain kinds
of homomorphisms between these classes, called structure homomorphisms,
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and we can express the multiplication of S with the help of the multiplication
of the S,’s and the structure homomorphisms, then S is said to be a strong
semilattice Y of the subsemigroups S, (o € Y). Since the details of this
construction are not needed in the thesis, we omit them.

A semigroup where every element is idempotent is called a band. Note
that semilattices are just commutative bands. A band with only one D-class
is called a rectangular band. It is known that every band is a semilattice of
rectangular bands. A band is normal if it is a strong semilattice of rectan-
gular bands.

A regular semigroup S is completely reqular if it is the union of its maximal
subgroups, and is completely simple if it is completely regular and it contains
only one D-class. Notice that bands and rectangular bands are just the
completely regular and completely simple semigroups, respectively, where
the maximal subgroups are trivial. Similarly to bands, every completely
regular semigroup is a semilattice of completely simple semigroups.

By a Rees matriz semigroup we mean a semigroup S = MIG; I, A; P]
where G is a group, I, A are non-empty sets and P = (py;) is a A X [ matrix
with elements from G, called a sandwich matriz. The underlying set of S is
I x G x A, and the multiplication is defined by

(4,9, ) (g, hy 1) = (4, gpash, ).

Every Rees matrix semigroup is completely simple and conversely, by the
Rees—Suschkewitsch Theorem, every completely simple semigroup is isomor-
phic to a Rees matrix semigroup. We say that P is normalised if there exists
¢ € I and A € A such that p,; = py; = 1 for every j € I and p € A. Every
Rees matrix semigroup is isomorphic to one with normalised sandwich ma-
trix. A completely simple semigroup is in most cases represented as a Rees
matrix semigroup with a normalized sandwich matrix throughout Chapter
3.

A completely simple semigroup is called central if the product of any two
of its idempotents lies in the centre of the containing maximal subgroup. It is
well known that a Rees matrix semigroup M|[G; I, A; P] with P normalized
is central if and only if each entry of P belongs to the centre of G.

The group congruences of a Rees matrix semigroup with a normalized
sandwich matrix are characterized as follows.

Proposition 2.1.2. Let S = MIG;1,A; P] be a Rees matriz semigroup
where P is normalized. Assume that N is a normal subgroup of G such
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that every entry of P belongs to N. Define a relation o on S such that, for
every (i,g, N, (j.h, ) € S, let

(4,9, X) 0 (j, hyp) if and only if gh™" € N.

Then o is a group congruence on S such that S/ o is isomorphic to G/N and
Ker o = M[N; I, A; P].

Conversely, every group congruence on S is of this form for some normal
subgroup N of G where all entries of P belong to N.

This proposition implies that the kernel of any group congruence of a
completely simple semigroup is completely simple. Conversely, it is routine
to check that if S is a regular semigroup and p is a group congruence on S
such that Ker g is a completely simple subsemigroup of S then S is necessarily
completely simple.

A regular semigroup S is called inverse if every element a of S has a
unique inverse element denoted by a~!. Equivalently, a semigroup is inverse
if it is regular and the set of idempotents is a subsemilattice. An inverse
semigroup S is a group if and only if |Es| = 1. The natural order of an
inverse semigroup S can be handled more easily than the regular case, since
s < t if and only if there exists e € Eg such that s = et (or, equivalently,
there exists f € Eg such that s =tf), for any s,¢ € S. The natural order in
an inverse semigroup is compatible with the multiplication.

Let S be a semigroup, and K a class of semigroups. If ¢ is an inverse
semigroup congruence on S (i.e., S/p is an inverse semigroup) then p is said
to be a congruence over K if each idempotent p-class, as a subsemigroup of S,
belongs to K. In this case, the union of the idempotent p-classes, called the
kernel of o and denoted Ker p, is a semilattice of subsemigroups belonging to
K. Recall that if S is a regular semigroup then, by Lallement’s Lemma, the
idempotent p-classes are precisely the p-classes ep where e € Eg. Moreover,
they are always regular subsemigroups in S.

A regular semigroup S is called orthodox if its idempotents form a sub-
semigroup, i.e. a subband. In an orthodox semigroup every inverse of an
idempotent is idempotent. The relation v defined by ayb < V(a) = V(b)
is the smallest inverse semigroup congruence on S. An orthodox semigroup
is called a generalised inverse semigroup if its idempotents form a normal
band.

A regular semigroup is called locally inverse if each local submonoid
eSe (e € Eg) is an inverse subsemigroup. Note that each inverse semigroup
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and each completely simple semigroup is locally inverse. In fact, completely
simple semigroups are just the regular semigroups where local submonoids
are groups. Moreover, generalised inverse semigroups are exactly the ortho-
dox locally inverse semigroups. It is well known that a regular semigroup
is locally inverse if and only if the natural order < is compatible with the
multiplication.

For a regular semigroup S the sandwich set S(e, f) of two idempotent
elements e, f € S is defined by

S(e, f) ={g € V(ef)NEs: ge = fg = g},

and it has the property that if e £ e; and f R f; then S(e, f) = S(ey, f1).
It is well known that a regular semigroups is locally inverse if and only if
each sandwich set is a singleton. This allows us to introduce another binary
operation A on a locally inverse semigroup S, assigning to any pair of elements
(s,t) € Sx.S the unique element sAt of the sandwich set S(t*t, ss*), where s*
and t* are arbitrary inverses of s and t, respectively. We call A the sandwich
operation on S. It is clear by definition that s At € Fg and s At = ss* At*t
for every s,t € S and for any s* € V(s) and t* € V(t). In particular, in an
inverse semigroup, s At = ss~'t7!t and, in a completely simple semigroup,
sAt is the unique idempotent which is R-related to s and L-related to ¢, that
is, s At is the identity element of the group H,. Let us also mention that
every homomorphism and congruence of locally inverse semigroups respects
the sandwich operation, see [33].

The following important property of locally inverse semigroups will be
also needed later, see [13, Proposition 1X.3.2(4)].

Proposition 2.1.3. Let S be a locally inverse semigroup, and let s,t € S
with s <t. Then, for every b € Ry, there exists a unique a € R, such that
a <b.

A regular semigroup is called E-solid if the core of S, that is, the subsemi-
group generated by the idempotents of S is completely regular. In particu-
lar, orthodox semigroups and completely regular semigroups are F-solid. It is
also known, that a regular semigroup is E-solid if and only if the least inverse
semigroup congruence is over the class of all completely simple semigroups,
see Yamada (and Hall) [32]. Thus the kernel of the least inverse semigroup
congruence of an F-solid locally inverse semigroup is a locally inverse com-
pletely regular semigroup, that is, a strong semilattice of completely simple
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semigroups. For several equivalent characterizations of the class of strong
semilattices of completely simple semigroups, see [26].

In the thesis, we denote by LZ, £S and CS the classes of all locally
inverse semigroups, F-solid semigroups and completely simple semigroups,
respectively.

Let K be a semigroup and 7" an inverse semigroup. If S is a semigroup
and ¢ is a congruence on S such that S/p is isomorphic to T" and Ker g is
isomorphic to K then the pair (S, g) is called an eztension of K by T. If,
moreover, S is regular then (5, o) is termed a regular extension of K by T.
In this case, K — being isomorphic to the kernel of an inverse semigroup
congruence — is necessarily regular. If (S, 9) and (7, 0) are extensions by
inverse semigroups then an injective homomorphism v¢: S — T is defined
to be an embedding of the extension (S, ) into the extension (T, o) if the
congruence induced by 1o? is just o.

In this terminology, the second statement in the paragraph after Proposi-
tion 2.1.2 says that each regular extension of a completely simple semigroup
by groups is completely simple. Chapter 3 deals with these extensions. Sim-
ilarly, the statement on E-solid locally inverse semigroups in the paragraph
after Proposition 2.1.3 says that each F-solid locally inverse semigroup is
a regular extension of a strong semilattice of completely simple semigroups
by an inverse semigroup. Note that the converse of this statement is easy
to check. The topic of Chapter 4 is an embedding theorem for regular ex-
tensions of strong semilattices of completely simple semigroups by inverse
semigroups.

2.2 Semidirect and A-semidirect products

Let K, T be semigroups. We denote the endomorphism monoid of K by
End K. We say that T acts on K by endomorphisms on the left, in short, T’
acts on K if an antihomomorphism ¢: T" — End K, t — ¢, is given, that is
a map, where €,6;, = &, for any u,t € T. For brevity, we will use the usual
notation ‘a to denote ag; (a € K,t € T). The semidirect product K x T is
defined on the set K x T by multiplication

(a,t)(b,u) = (a- b, tu).

A related construction is the following. For any semigroups K,T’, an
action of T' on the direct power KT can be defined in the following natural
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way: for any f € KT and t € T, let 'f be the element of K7 where u('f) =
(ut)f for any u € T. The semidirect product K7 x T defined by this action
is called the wreath product of K by T, and is denoted by K 1T. In case
K and T are groups, these are the usual definitions of a semidirect product
K x T and of the wreath product KT of K and T.

If K is a semigroup and 7T is a group then K x T and KT are regu-
lar [inverse, completely simple] if and only if K is. However, in general, a
semidirect product K x T is not regular even if both K and T are inverse.
This led Bernd Billhardt [6] to adapt these constructions to the inverse case
in the following way. Let K be a semigroup and 7T an inverse semigroup
acting on K. The \-semidirect product K x, T is defined on the underlying
set

{(a,t) e K xT: " 'a=a}

by multiplication
(a,t)(b,u) = (MW "q . % tu),

for all a,b € K, t,u € T. The wreath product analogue will not be applied
in the thesis, therefore we do not define it.

Remark 2.2.1. If T is a group then the above definition of A-semidirect
product construction is simply the usual semidirect product of K by T

By specializing the respective statements in [5] and [23], we formulate the
properties of this construction in the case where K is a completely simple
semigroup.

Proposition 2.2.2. Let K be a completely simple semigroup [rectangular
band, group] and T an inverse semigroup acting on K.

(i) The A-semidirect product K x, T is an E-solid locally inverse semi-
group [generalised inverse semigroup, inverse semigroup/ with set of
idempotents

Erxw,r={(e,i): e € Ex, i € Er and e =e},
and for any (a,t) € K x\ T, we have

Vicwsr((a,8)) = {(b,t7Y) 1 b € Vie(* a) and b = b}.
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(i) The second projection mo: K X\ T — T, (a,t) — t is a homomor-
phism of K x, T onto T, and the congruence 95 induced by mo is over
completely simple semigroups. The kernel of ¥y is

Ker(v;) = {(a,e) :a € K, e € Ep and @ = a},

and it is isomorphic to a strong semilattice of the completely simple
subsemigroups [rectangular subbands, subgroups]

K.={aeK:%9=a} (e€ Er).

Statement (ii) of this proposition shows that the extension (K %, T, 1)
is an extension of a strong semilattice of completely simple subsemigroups of
K by T. The extension (K X T,vs) is referred to as a A\-semidirect product
extension of K by T.

The following proposition shows how the Green relations R and £ work
in the A-semidirect product construction.

Proposition 2.2.3. Let K x, T be a \-semidirect product of a completely
simple semigroup K by an inverse semigroup T. Then, for any elements
(a,t), (b,u), we have

(1) (a,t) R (b,u) in K x,T if and only if aRb in T and t Ru in T,
(2) (a,t) L (b,u) in K x\T if and only if* 'a L b in K and t Lu in T.

In particular, if T is a group then K x T satisfies the same properties, where
the second relations are trivial.

2.3 Existence varieties, bifree objects

A class of regular semigroups is termed an existence variety, or, for short, an
e-variety if it is closed under taking direct products, homomorphic images
and regular subsemigroups. For example, £Z, £S and CS form e-varieties.
Note also that a class of inverse semigroups or a class of completely sim-
ple semigroups constitutes an e-variety if and only if it forms a variety of
semigroups with an additional operation ~!.

If S is a regular semigroup then an inverse unary operation is defined to

be a mapping T: S — S with the property that s' € V(s) for every s € S.
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In particular, if S is an inverse semigroup then the unique inverse unary
operation is denoted in the usual way by ~'.

By a binary semigroup we mean a semigroup having an additional binary
operation denoted by A. A homomorphism or a congruence of a binary
semigroup is always supposed to respect both the multiplication and the A
operation. As noticed above, each locally inverse semigroup is also a binary
semigroup with respect to the sandwich operation, and the homomorphisms
and congruences of locally inverse semigroups, considered as usual semigroups
and binary semigroups, respectively, coincide.

Let X be a non-empty set. The free semigroup on X is denoted by X .
We ‘double’ X as follows. Consider a set X' = {2’ : x € X} disjoint from X
together with a bijection ’: X — X', x + 2, and denote X U X’ by X.

Let S be a regular semigroup. A mapping v: X — S is called matched if
x'v is an inverse of zv in S for each € X. Now let K be a class of regular
semigroups. We say that a semigroup B € K together with a matched
mapping £: X — B is a bifree object in K on X if, for any S € K and
any matched mapping v: X — S, there is a unique homomorphism ¢: B —
S extending v, that is, for which £&p = v holds. We denote the unique
homomorphism extending v by 7. It was essentially proved by Yeh [33] that
an e-variety admits a bifree object on any alphabet (or, equivalently, on an
alphabet of at least two elements) if and only if it is contained either in LT
or in £S. The bifree objects of £LZ and £S are determined by Auinger [1],
2] and by Szendrei [29], respectively. Each of these descriptions fit into a
Birkhoff-type theory for the respective class based on an appropriate notion
of ‘identity’, see also [20]. In this thesis we need the model for the bifree
objects of £Z published in [2]. For a more complete introduction to the
theory of e-varieties, see [3], [18] and [31].

The free binary semigroup Fiz2,(Y') on the alphabet Y can be interpreted
as follows. Its underlying set is the smallest one among the sets W which
fulfill the following conditions:

L) YSWCyu{(A)D,
(ii) u,v € W implies uv € W,
(ili) w,v € W implies (u Av) € W.
The operations - and A are the concatenation and the operation

F<272> (Y) X F<272>(Y> — F<272> (Y) , (U,U) — (U N U) R
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respectively.

One can see that the indecomposable (into a product) terms in Fig 0y (Y)
are precisely the elements of Y called letters and the terms of the form (uAv).
Moreover, each term admits a unique factorization into indecomposable ones.

A bi-identity in LZ is a formal equality v = v among terms u,v €
Fo2 (7) We say that a semigroup S € L7 satisfies the bi-identity u = v if
uv = v¥ for each matched mapping v: X — S. The bi-identity u = v holds
in the class IC of locally inverse semigroups if it holds in every member of .
For an e-variety V of locally inverse semigroups, define

OW, X) = {(u,v) € Fo2)(X) X Fron)(X) :
the bi-identity u = v holds in V}.

This relation is obviously a congruence on Fis (7) which is called the bi-

invariant congruence on Fig o (7) corresponding to ). The main results of
the Birkhoff-type theory for £Z are the following.

Proposition 2.3.1. A class of locally inverse semigroups forms an e-variety
if and only if it is defined by a set of bi-identities.

Proposition 2.3.2. Given an e-variety V of locally inverse semigroups and
a non-empty set X, the factor semigroup BFV(X) = Fia9 (7) /OV, X)
together with the matched mapping €: X — BFV(X), y — yO(V,X) is a
bifree object in'V on X.

In the sequel we need the description, published in [2], of the bi-invariant
congruences corresponding to the variety CS.

For any term w € Flg0,(X), denote by ww [w7] the first [last] letter (i.e.,
element of X) appearing in w (reading w from the left to the right as a word
in the alphabet X U {(,A,)}). In the usual way, extend ': X — X' to a
mapping ': X — X by defining (2')’ to be x for any z € X.

Let us consider the following reductions of the terms in Fs 9 (7) where
u,v € Frapg) (7) and z,y,z € X:

(RO) (uAv)~ (tuAovT),
(R1) z(y Ax) ~ x,

(R2) (z Ay~

15



(R3) (zAy)(xAz)~ (zA2),
(R4) (zAz)(yAx)~ (2 Aw),
(Rb) o'z ~ (z' A z).

A reduction s ~ t is applied in a term w € Fy 9 (Y) if a segment s in w is
changed for ¢. A term in Fy o) (Y) is called reduced if no reduction can be
applied. Since reductions (R0)—(R5) shorten the terms in Fia2)(X), one sees
that a reduced form can be obtained for any term by applying finitely many
reductions. In [2], each term w € Fy (7) is proved to have a uniquely
determined reduced form which is denoted by s (w), and the following result
is obtained.

Proposition 2.3.3. For any non-empty set X, we have
O(CS, X) = {(u,v) € Fr (Y) X Fia9 (Y) :s(u) =s(v)}.

Notice that, applying reduction (R0) for any indecomposable factor of
a term in Fp 9 (7) which is not a letter, we obtain an element of the free
semigroup X' on the alphabet X = X U (X A X) where (X A X) stands
for the set {(x Ay) : x,y € X}. In particular, every reduced term belongs
to X*. Thus the model of a bifree object in CS§ on X provided by Results
2.3.2 and 2.3.3 can be simplified as follows. Make the free semigroup X to
a binary semigroup by defining an additional binary operation A on it by

(uAv) = (Lu A o) (2.3.1)

for every u,v € X*, and consider the restriction of ©(CS, X) to X .
Proposition 2.3.4. For any non-empty set X, the relation
0(CS, X)={(u,v) e X* x Xt :s(u) =s(v)}

is a congruence on the binary semigroup g* such that )?j(:)(cs, X) together
with the matched mapping &: X — X+ /O(CS, X), y — yO(CS, X) is a bifree
object in CS on X.

Later on, we use the latter model for the bifree object of CS on X, and
need an alternative description of ©(CS,X). In order to distinguish the

elements of the two types in the alphabet X, we call the elements of X, as
usual, letters, and those of (X A X) A-letters.

16



Lemma 2.3.5. The congruence é(CS,X) s generated on X, as a semi-
group congruence, by the relation TU YT where

[ = {(z2'z,2) : v € X},

and Y is the union of the following three relations coming from rules (R3)—
(R5):

Ts ={((zAy)(xAz2),(xN2): 2,y 2 GX},
T, {((z/\x)(y/\x),(z/\z)):x,y,zEX},
Ts = {(2z, (2’ Az)) : 2 € X}.

Proof. Denote the semigroup congruence described in the lemma by x. It is
obvious by Proposition 2.3.4 that x is contained in ©(CS, X), and that, in
order to show the reverse inclusion, it suffices to verify that the pairs

(z(y Ax),z) and ((z Ay)z,z) (2,9 € X),

coming from rules (R1)—(R2), belong to x. Indeed, applying the relations
I, T5, T4, T5, I, we see that

rlynz) x zd’z(yANx) x e’ ANx)(yAx) x o2’ Ax) x xz’z x x

for every z,y € X. The statement for the pairs of the other type is proven
dually. O]

2.4 Graphs and semigroupoids

Now we summarize the basic notions on graphs and semigroupoids needed
in the dissertation.

A graph X consists of a set of objects denoted by Obj X and, for every
pair g,h € Obj X, a set of arrows from g to h which is denoted by X(g,h).
The sets of arrows corresponding to different pairs of objects are supposed to
be disjoint, and the set of all arrows is denoted by Arr X'. If a € X (g, h) then
we write that a(a) = g and w(a) = h. By a loop we mean an arrow a with
a(a) = w(a). The arrows a,b € Arr X are called coterminal if a(a) = «(b)
and w(a) = w(b), and are termed consecutive if w(a) = a(b).

A semigroupoid is a graph X equipped with a composition which assigns
to every pair of consecutive arrows a € X(g,h), b € X(h,i) an arrow in
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X(g,1), usually denoted by a o b, such that the composition is associative,
that is, for any arrows a € X(g,h), b € X(h,i) and ¢ € X (i,]), we have
(aob)oc=uao(boc).

The notion of a semigroupoid generalizes that of a semigroup. Indeed,
each semigroup can be considered as the set of arrows of a semigroupoid
whose set of objects is a singleton. A number of basic notions in semigroup
theory can be extended in a natural way for semigroupoids.

Let X be a semigroupoid. We define Green’s relation £ on X as follows:
for any a,b € Arr X, we have a Lb if and only if either a = b, or there exist
u,v € Arr X such that w(u) = a(a), w(v) = a(b) and uoa =b, vob = a.
It is routine to check that £ is an equivalence relation on Arr X', and clearly,
for any a,b € Arr X with a £b, we have w(a) = w(b). Furthermore, for any
c € Arr X with a(c) = w(a) = w(b), the relation a Lb implies a o cL b o c.
Dually, we can introduce Green’s relation R on X and formulate its basic
properties.

By a regular semigroupoid we mean a semigroupoid X in which, for every
arrow a € X(g, h), there exists an arrow b € X' (h, g) with aoboa = a. If the
arrows a € X (g, h), b € X(h, g) have the property that aoboa = a and boao
b = b then we call b an inverse of a, and denote the set of all inverses of a by
V(a). Similarly to a regular semigroup, each arrow of X has an inverse, and
each R- and L-class contains an idempotent arrow. Each idempotent arrow
is a loop, i.e., belongs to X (g, g) for some g € Obj X, and X (g, g) is a regular
semigroup for every g € ObjX. Therefore the notion of the sandwich set
S(e, f) is defined for every g € Obj X and e, f € E(X(g,g)). These sandwich
sets are singletons if and only if F(X(g, g)) is a locally inverse semigroup for
any g € ObjX. If X is a regular semigroupoid with this property then we
call it a locally inverse semigroupoid, and we define a sandwich operation
on it as follows: if a,b € Arr X such that a(a) = w(b) then (a A b) is the
unique element of S(b'b, aa’) where o’ € V(a), ' € V(b). Note that (a A b)
is independent of the choice of a’,V/, and (a A b) € E(X(a(a),(a))). For
completeness, let us mention that also the notion of a natural partial order
can be introduced for regular semigroupoids so that its properties are similar
to those well known for regular semigroups. In particular, the natural partial
order of X is compatible with o if and only if X" is locally inverse, and in the
case, it is compatible also with A.

Motivated by the notion of a locally inverse semigroupoid which is a
semigroupoid with an additional partial binary operation, now we introduce
a notion of a free binary semigroupoid Fz9(X) on a graph X. Consider the
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smallest set P such that it is the disjoint union of its subsets P, (¢g,h €
Obj X)), and the following conditions are satisfied:

(i) X(g.h) C P € (Arr X U{(, A},
(i) p € Pyn, q € Puy imply pg € Py,
(ili) p € Py, q € Prg imply (p A q) € Py,

The elements of P are called paths (more precisely, binary paths), and if
p € P, then we define a(p) = g and w(p) = h. The free binary semigroupoid
Fi29(X) on X is defined as follows: its set of objects and arrow sets are
Obj Fro0(X) = ObjX and Fip9(X)(g,h) = Pyn (9,h € ObjFia9 (X)),
respectively, and the operations are those in (ii) and (iii) above. Notice that
Arr F<272> (X) Q F<2’2) (AI‘I‘ X)

Let us ‘double’ X' as follows. Consider a graph X’ such that Obj X’ =
Obj X, the set Arr X’ is disjoint from Arr X', and a bijection

" X(g,h) = X'(h,g), awd

is fixed for every g,h € ObjX’. Define the graph X by ObjX = ObjX
and X (g,h) = X(g,h) UX'(g,h) (g,h € Obj X). Notice that the bijections ’
from the arrow sets of X onto those of C' determine a bijection from Arr X
onto Arr X’. Therefore, Arr X U Arr X’ is a doubling of the set Arr X'. For
brevity, put A = Arr X, and assume that A’ = Arr X’. Thus A = Arr X
also follows, and each (binary) path in X can be also considered as a term in
Fi29)(A). In particular, a A-letter (aAb) € (AAA) is a path in X if and only
if a(a) = w(b). Such a A-letter will be termed a A-loop. Obviously, a word
a1ag -« Ay, € Atisa path in X if and only if a, is either a letter or a A-loop
for every i (1 <i<m), and w(a;) = a(az), w(az) = alas), ..., w(am_1) =

a(ap). It is straightforward that the subgraph of Fg ) (X ) whose arrows
are just the (binary) paths in X belonging to A* forms a subsemigroupoid.
This subsemigroupid is denoted X*. Equality (2.3.1), applied only for u,v €
Arr X with a(u) = w(v), defines a A operation on Arr X' so that it can be
also considered a binary semigroupoid.

Given a regular semigroupoid X, a transformation T: Arr X — Arr X is
called an inverse unary operation on X if a' € V(a) for any arrow a.

Let X be a semigroupoid and S a semigroup. If /: X — S is a morphism
of semigroupoids, i.e., {(aob) = £(a) - £(b) for any pair of consecutive arrows
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a,bin X then / is said to be a labelling of X by S. For an arrow a € Arr X,

the element ¢(a) of S is called the label of a. Note that if both X and S are
locally inverse then ¢ is also a binary morphism.
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Chapter 3

Extensions of completely
simple semigroups by groups

3.1 Embeddability in a wreath product

In this section first we notice that the Kaloujnine-Krasner Theorem can
be easily extended to central completely simple semigroups. Moreover, we
establish that it fails in general: we present a completely simple semigroup
which is an extension of a completely simple semigroup by a group, and is
not embeddable in their wreath product.

Now we present an isomorphic copy of the wreath product 17! H of a
Rees matrix semigroup 7' = MIG; I, A; P] by a group H which allows us
to make the calculation in the next section easier. First, it is routine to
see that the direct power T is isomorphic to M[GY; " AH; PH] where
pPH = (ng) is the following sandwich matrix: for any ¢ € A" and n € 17
we have Apg] = pag.an (A € H). Moreover, the action in the definition of
the wreath product determines the following action when replacing T by
M[GH; TH A, PH]: for any A € H and (n, f,£) € M|GH; [T A" PH] we
have 4(n, f,€) = (“n,f,4¢), where 4y € I, Af € G and ¢ € A¥ are
the maps defined by B(4n) = (BA)n, B(“f) = (BA)f and B(4¢) = (BA)¢,
respectively, for every B € H.

Notice that, for any A € H, we have

A("pgy) = (AB)péy, = PiaBye,(aBn = Pace) APy = APl 5,

and so
Bpgi = pgg,gn (3.1.1)
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for any B € H.
Finally, we sketch a standard proof of the Kaloujnine-Krasner Theorem.
Let G be an extension of N by H. Without loss of generality, we can
assume that N is a normal subgroup of G and H = G/N. Choose and fix an
element 74 from each coset A of NV in GG such that ry is the identity element
of G. It is straightforward to check that the map

k:G— N"xH, g (fy,gN) where f,: H— N, A~ TAgTZLN (3.1.2)
is an embedding. Since x is a morphism, the equality

fgh:fg'ngh (3‘1‘3>

holds for every g, h € G.

Let S = MIG; I, A; P] be an extension of a completely simple semigroup
U by a group H where P is chosen to be normalized. By Proposition 2.1.2,
we can assume that there is a normal subgroup N of the group G such that
all entries of the sandwich matrix P belong to N, and we have H = G/N
and U = M[N;I,\; P] CS.

First suppose that S is central, i.e., each entry of P belongs to the centre
of the group GG. Note that, in this case, U is necessarily also central. In this
case, we can mimic the proof of the Kaloujnine-Krasner Theorem sketched
in the previous section. For, it is routine to check by applying (3.1.2) and
(3.1.3) that the map

v S —ULH =U" % H, (i,9,\) = (f, gN)

where '
SR H = U, A (i, Afg, )

is an embedding. This verifies the following statement.

Proposition 3.1.1. Each central completely simple semigroup which is an
extension of a (necessarily also central) completely simple semigroup U by a
group H is embeddable in the wreath product of U by H.

Now we turn to investigating the general case where S is an arbitrary
completely simple semigroup. Suppose that there exists an embedding S —
Ul H, ie., an embedding

0: S — M[NH: 7 A" PP s H (3.1.4)
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where M[N; 7 AH; PH] ¢ H is the isomorphic copy of U ¢ H introduced
in this section. Proposition 2.2.3 implies that, in the semidirect product
M[NH: TH A" PH] 3 H, we have

[(7717f17§1)7A] R [(7727 f27€2>7B]

if and only if (771, fl; 51) R (?72, fQ, fg) in ./\/l[]\/vH7 [H, AH, PH], and this is the
case if and only if n; = 1,. Moreover,

[(T]l?flagl):A] L [(7727 f27§2)7 B]

if and only if A7 (1, f1,€1) LB (na, fo, &) in M[NH; TH A" PH] and this
is the case if and only if 47°¢; = B7'¢,. Thus we see that the R-class of an
element [(n, f, &), A] depends only on 7, while its £-class depends only on &
and A. Since the morphism ¢ sends R-equivalent elements to R-equivalent
elements, and L-equivalent elements to L-equivalent elements, we obtain
that, for each 7 € I, there exists n; € I, and for each (A, \) € H x A, there
exists €4, € AP, such that, for every g € G, we have

(iu g, A)QO = [(nza f;)\’ SgN,)\)v gN]

for some fi* € N*.
Since ¢ is a morphism, we have

[, 13 &) GNI[(05, S, € )s RN = [, fgp s Eghvn)s 9N
for any i,7 € I, g,h € G and A\, u € A. This equality holds if and only if
I 0 vy O = Fam (3.1.5)
forany i,7 € I, g,h € G and A\, u € A, and
NNy = Eghvp (3.1.6)

for any g,h € G and u € A. Notice that (3.1.6) is equivalent to requiring
that

A
éA,/L = £N,u

for every € A and A € H. Therefore, later on, we shortly write £, and “,
instead of {n,, and 4, respectively.
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By (3.1.1), equality (3.1.5) is equivalent to
Fomsn = - pih, - SN (3.1.7)

Substituting ¢ = h = 1 and g = p;il, h =1, j = i, respectively, where 1
denotes the identity element of N, we obtain from (3.1.7) that

pAJ = fi*p éwy s (3.1.8)
fi = fp Lpail fl/\l Peyn, i
and the latter implies
ix H -1
fp;il = (Peyns) - (3.1.9)
If py; = 1 then the map
Lin: G — N7 % H, g»—>(pgw A gN) (3.1.10)

is an injective group morphism For, it is injective since ¢ is injective, and

by (3.1.7), we have pfl, f2} = bl 2,1 = By 2 N(peyg £, amd 50

<p€>\777. g ’9N>(p£wz ‘)\’hN) (pfw gh’ghN>

We now give a suitable group G, a normal subgroup N of G and a Rees
matrix semigroup S = M|G; I, A; P] for which no such injective morphism
 exists.

Let G be the non-commutative group of order 21. To ease our calcula-
tions, we present GG in the form G = Z7 x H where Z; is the additive group
of the ring of residues modulo 7, [2] = {1, 2,4} is the subgroup of the (multi-
plicative) group of units of the same ring generated by 2, and [2] acts on Z;
by multiplication. The second projection of G is a morphlsrn onto [2], its ker-
nel is N = {(a,1) : a € Z;} isomorphic to Z7, and the map H = G/N — [2],
(a,k)N + k is an isomorphism. For our later convenience, we identify H
with [2] via this isomorphism. Let I = A = {1,2}, and denote by P the
normalized sandwich matrix of type A x [ over G consisting of the elements
P11 = p12 = po1 = (0, 1), the identity element of N, and py = (1,1) € N, an
element of order 7.

Now we assume that ¢ is an embedding of the form (3.1.4) from this Rees
matrix semigroup S, and apply the general properties deduced so far for this

S.
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The elements of order 3 in G and N x H play crucial role in our ar-
gument. Observe that (0,2) and (0,4) are mutual inverse elements of G of
order 3. Moreover all the elements of order 3 in N¥ x H are of the form
(t,2) or (t,4). Let us mention, although we do not need it explicitly, that
(t,2) and (t,4) are of order 3 if and only if (1¢) - (2t) - (4t) = (0, 1).

Applying the injective group morphism ¢17: G —> NH x H defined in
(3.1.10), we see that pagt1; = (h, 1) with h = pgm e Since the image of an
element of order 3 has order 3, the following two cases occur:

Case 1: (0,4)t1; = (t,4). Then we obtain

((671)_1]722(67 Z))Lll ( ( ) )( )(t,Z) (2( ) 2h Zt ) = (2h71>
On the other hand, (0,4) 'p»(0,4) = (0,2)(1,1)(0,4) = (2,1) = (1,1)* =
P32, and so p3y; = (b, 1)(h, ) (h2,T) Thus % = h? which implies, for any
a € H, that a(*h) = a(h?), whence (2a)h = ah - ah = (ah)?. Consequently,
2h = (1h)? and 4h = (2h)* = (1h)*. Since h is not the identity element of
the group N, we deduce that 1h # (0,1), the identity element of N. Since
N is a cyclic group of order 7, we have 1h # 2h, 1h # 4h and 2h # 4h. This
means that  is injective, and its image does not contain (0, 1).

Case 2: (0,4)t11 = (t,2). A similar argument shows that 2h = (12)* and
4h = (1h)?, and we again deduce that h is injective, and its image does not
contain (0, 1).

By (3.1.8) and (3.1.9), we have

Hlﬁ

11 _ 21 . H -1 _H H —1
P22 f( )pf?ﬁ?f( 1) (p§27]1> Peyny (pémz) )

and so
_ . H 1, H (o H \—1
h = Py p22 p§1m (p§2771> Peoyns (pglm) . (3.1.11)
This means that we can express h as a product of entries in P¥ and their

inverses, which sit at the intersections of two rows and two columns. By the
definition of P¥, for any a € H and for any i, € {1,2}, we have

apgnj = Dag;,an; -
Hence the image of each entry of P is contained in {(0, 1), ps2}, and
apgm = poy if and only if a&; = an; = 2.
Consequently, for any a € H,

apgn1 = apg772 = pyo if and only if apg771 = apg772 = pao.
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Hence We see that it is impossible that two of the four entries p&m’p&zm’
pgm,p51772 sitting neither in the same row nor in the same column assign
p2o to some a € H. For, in this case, (3.1.11) would imply ah = (0, 1),
contradicting the property deduced above that the image of A does not con-
tain (0,1). Consequently, for any a € H, at least two of the four entries
Pt Deb s Dby De, assign (0, 1) to a, and if precisely two then the respec-
tive entries sit either in the same row or in the same column of P#. So, by
(3.1.11), we have ah € {(0,1), pao, pyy } for any a € H, contradicting the fact
that ah # (0,1) and h is injective. This completes the proof that there is
no embedding (3.1.4) in the case of S considered, thus proving the following
result.

Theorem 3.1.2. There exists a completely simple semigroup which is an
extension of a completely simple semigroup U by a group H and which is not
embeddable in the wreath product of U by H.

3.2 Embeddability in a semidirect product

In the previous section, we established that the Kaloujnine-Krasner Theorem
does not generalize for extensions of completely simple semigroups by groups.
In this section, we present a modified version of the Kaloujnine—Krasner
Theorem which holds for all extensions of completely simple semigroups by
groups.

Let S be an extension of a completely simple semigroup U by a group H.
Our goal is to give an embedding of S into a semidirect product V x H of a
completely simple semigroup V' by H such that, in the special case where S
is a group (i.e., [ and A are singletons), it is just the embedding in (3.1.2).
Unlike in the wreath product U { H, in this semidirect product V' x H the
R- and L-classes of V', its sandwich matrix and the action of H on V' can be
chosen appropriately.

Theorem 3.2.1. Any extension of a completely simple semigroup U by a
group H is embeddable in a semidirect product of a completely simple semi-
group V' by the group H, where the mazximal subgroups of V' are direct powers
of the mazimal subgroups of U.

Proof. Let S be an extension of U by H. As above, we can assume that
S = MIG;I,A; P] where the sandwich matrix P is normalized, and by
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Proposition 2.1.2, there is a normal subgroup N of G such that every en-
try of P belongs to N, and H = G/N, U = M|N;I,A; P] C S. Consider the
action of H on N¥ defining the wreath product N H, and, for any ¢g € G,
the map f, € N¥ defined in (3.1.2).

By means of S, we define a suitable semigroup V', an action of H on
V, and an embedding of S into the semidirect product of V by H. Let
V = M[NH; I H x A;Q], where the entries of Q belong to the direct power
N for any (B,\) € Hx A and j € I, let

B
A)»] = fp)\j'

Define an action of H on H x A by the rule 4(B,)\) = (A B,)\) ((B,\) €
HxA, A€ H). Now we give an action of H on V as follows: for any A € H
and (i, f, (B, \)) € V, let

A, £.(B,N) = (@.f, (B, X))
For any A € H and (4, f, (B, \)), (J, /', (C, 1)) € V, we have

A, £ (BA) A6, 1 (Cop)) = (64, (A B )G (A Co))
= (6, gy, (A Cop)
= (i, sy, A AC W)
= A6 f - aqwag - fH(Cow)

G, £, (B NG £ (C ).

Hence this is a well-defined action of H on V, and so the semidirect product
V x H=M[N" ;I H x \;Q] x H with respect to this action is defined.
Let us consider the mapping

Y: M[G;I,A; P] — MNP T, H x A; Q] x H,

where
(i, 9, MY = ((i, fg: (9N, A)), gN).
We intend to verify that ¢ is an embedding. Assume that (7,9, \)y =

(j? h? /’1/)17/}7 i'e'7 (27 fg7 (9N7 )\))79]\[) = (]7 fh? (hN7 ILL))’ hN)' Hence 7; = j7 )\ =
i, gN = hN and f, = fj,. Since s in (3.1.2) is injective, the last two equalities
imply g = h, and so (i, g, \) = (4, h, ) follows.
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To prove that ¢ is a morphism, we can see for any (i,g, ), (j, h,u) €
M[G; 1, A; P], that

(ia g, A)w@a ha M)w =

and

((Z> 9, /\) (]a h7 M))w - (7'7 gp)\]ha M)@D = ((7’7 fgpkjh7 (gp)\]hN7 H’))? gp)\]hN)

We need to prove that the two maps in the middle components are equal.
Since py; € N and N is the identity element of H, (3.1.3) implies by the
definition of () that

Fosit = fg = Fonsh
fo - ™™ fony - P )
fog - I (fpns - f)
g T Fon " i
= Jq- q(gN )5 'ngh-

Thus v is, indeed, an embedding, and the proof of the theorem is complete.
O

Note that, in the case where S is a group, i.e., where I and A are singletons
(and so the single entry of P is the identity of G, and S is isomorphic to G),
the map v coincides with the embedding « in (3.1.2).
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Chapter 4

Extensions of completely
simple semigroups by inverse
semigroups

4.1 Main result

The aim of this chapter is to prove the main result of the thesis.

Theorem 4.1.1. Let S be an E-solid locally inverse semigroup and o an
wmverse semigroup congruence on S such that the idempotent classes of o
are completely simple subsemigroups in S. Then the extension (S, o) can
be embedded into a A-semidirect product extension of a completely simple by

S/oe.

Recall that, in an E-solid semigroup, the idempotent congruence classes of
the least inverse semigroup congruence are completely simple subsemigroups,
see [32]. Taking into account Proposition 2.2.2 and that both classes of
E-solid and of locally inverse semigroups are closed under taking regular
subsemigroups, we immediately deduce the following characterization of F-
solid locally inverse semigroups.

Corollary 4.1.2. A reqular semigroup is E-solid and locally inverse if and
only if it is embeddable in a A-semidirect product of a completely simple semi-
group by an inverse semigroup.

In particular, this statement provides a structure theorem that constructs
E-solid locally inverse semigroups from completely simple and inverse semi-
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groups by means of two fairly simple constructions: forming A-semidirect
product and taking regular subsemigroup.

Note that, when restricting our attention to inverse semigroups, the ex-
tensions considered in Theorem 4.1.1 are just the idempotent separating ex-
tensions. Thus the following weaker version of the main result of [9] easily
follows from Theorem 4.1.1.

Corollary 4.1.3. If S is an inverse semigroup and o an idempotent sep-
arating congruence on S then the extension (S, o) can be embedded into a
A-semidirect product extension of a group by S/ o.

4.2 Construction

In this section the canonical construction of [23] is adapted to derive an
embeddability criterion for the extensions considered in the thesis.

Throughout this section, let (S, 0) be an extension by an inverse semi-
group where S is an E-solid locally inverse semigroup and g is over the class
CS of all completely simple semigroups. For brevity, denote the factor semi-
group S/o by T and its elements by lower case Greek letters. Recall that
Ker p is a strong semilattice of completely simple semigroups.

By making use of Result 2.1.3, it is routine to extend a well-known prop-
erty of strong semilattices of completely simple semigroups (cf. [26, Lemma
I1.4.6(ii) and Theorem IV.1.6(iii),(iv)]) to E-solid locally inverse semigroups
as follows.

Lemma 4.2.1. For every o, € T with o > 3, and for every s € «, there
exists a unique t € 8 such that s > t.

Proof. Recall that K = Kerp is a full regular subsemigroup in S, and so
the rule R — RX = RN K determines a bijection from the set of R-classes
of S onto the set of R-classes of K. Let o, € T with o > 3, and let
s € a,s €V(s). Then (ss')o = so(so)™' = aa™ > 837, and RE = RE,
is an R-class in the completely simple subsemigroup aa™' of K. Since K
is a strong semilattice of the completely simple semigroups € (¢ € E(T)),
there is a unique R-class R of the completely simple semigroup 33! such
that RE < RE. In fact, RX is the R-class of 337! containing the unique
idempotent e of K (or, equivalently, of S) such that e € 387! and e < ss'.
The inequality R¥ < RE implies R < R,, R being the R-class of S containing
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RX. Finally, we deduce by Proposition 2.1.3 that there is a unique t € R with
t < s. This proves the existence of t. Uniqueness also follows if we observe
that t < sin S and to(to)~! = 887! imply that, for any ¢ € V(¢), we have
Ry = Ry < Ry = Ryy, whence RE, < RE, follows. Furthermore, RE, is an
R-class of the completely simple semigroup 387!, and so RS, = RE. O

Now we recall the canonical construction of [23] and adapt it to our
purposes.

First we define the derived semigroupoid C corresponding to the extension
(S, o) as follows. Let ObjC =T and, for any o, € T, let

Cla,B) ={(a,s,8) eETxSxT:a-so=pand 8- (so) " =a}.

Therefore a(a) = a and w(a) = § for any arrow a = (a,s,5) € ArrC.
Composition is defined in C in the following manner: if (a, s, ) € C(«, )

and (5,t,v) € C(8,7) then
(a,8,8) 0 (B,t,7) = (a,st, 7).

Clearly, this operation is associative, and so C forms a semigroupoid. Fur-
thermore, by putting ¢(a) = s for every arrow a = (v, s, ) € ArrC, we define
a labelling of C by S. Since S is a regular semigroup, C is a regular semi-
groupoid, in which V((a,s,ﬁ)) = {(B,s", ) : s* € V(s)}. Hence, for every
a € T, the semigroup C(a, «) is easily seen to be regular and isomorphic to
a subsemigroup of the locally inverse semigroup S. Therefore C is a locally
inverse semigroupoid, and so the sandwich operation A is also defined, and
the natural partial order of C, where a < b for any a,b € ArrC if and only if
ala) = a(b), w(a) = w(b) and £(a) < (D), is compatible both with o and A.

Consider the graphs C’ and C corresponding to C, and put A = ArrC,
A" = ArrC’. Then we have A= AU A’ = ArrC.

Let us choose and fix an inverse unary operation T on S. This determines
an inverse unary operation, also denoted by T, on C by letting (a, s, )7 =
(B, s, ) for every (a,s,3) € ArrC. Consider the congruence # on the free
binary semigroup Fi 2 (Z) generated by

O(CS, A) UZ, UE,

where ©(CS, A) is the bi-invariant congruence on Fys o) (Z) corresponding to
CS (see Result 2.3.3), and

1 = {(d,a"):a€ A},
s = {(ab,c):a,b,ce Aandaob=c inC}.

(11 1]
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The factor semigroup Fia ) (X) /0 is clearly isomorphic to the factor semi-
group BFCS(A)/v where v is the congruence on BFCS(A) generated by
E1 U Ze. In [23], this is the first factor of the A-semidirect product con-
structed to embed the extension (.5, 0) into. Moreover, it is proved that,
up to isomorphism, BFCS(A)/v is independent of the choice of the inverse
unary operation of S involved in the construction.

Now we apply the idea of replacing each term of F o (Z) by the word

belonging to A+ which is obtained from it by applications of (R0). Propo-
sition 2.3.3, Proposition 2.3.4 and Lemma 2.3.5 imply that the completely
simple semigroup Fys ) (A) /0 is isomorphic to AT /60 where 6 is the semigroup

congruence generated by TU T U =, U Z9; U Zgy where

=1 = =1,

Z91 = {(ab,c) : a,b,c € A, either a and b or ¢ are letter factors,
and aob=rc inC},
Soy = {((a/\y),(c/\y)) ca,c€ A yeA andaob=c inC
for some b € A}
U{((yAb),(yNc)):bceA yeA andaob=c inC
for some a € A}.

By the well-known description of a semigroup congruence generated by a
relation, we easily deduce the following lemma.

Lemma 4.2.2. Let u,v be words in A*. Then (u,v) € 0 if and only if there

exists a finite sequence of words u = wg, w1, ..., w, = v in AT such that, for
any i (1 =0,1,...,n— 1), the word w1 is obtained from w; by one of the
following steps:

(Sja) replacing a section s in w; by t,
(Syb) replacing a section t in w; by s
where j =1,21,22, (s,t) € Ej, and
(Tja) replacing a section s in w; by t,
(Tjb) replacing a section t in w; by s,

where j = 3,4,5, (s,t) € 1.
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Put K = A" /6. Since ©(CS, A) C 0, we have K € CS. The equality
o, s,8) = (ra, s, m3) (meT, (a,s,8) €A

defines an action of 7" on the semigroupoid C in the sense that the following
properties hold: "(aob) = "a o™ for any m € T and any arrows a,b € A
with w(a) = «(b), and also "(*a) = ™a for every m,v € T and a € A. Note
that M(a A b) = ("a A ™b) also holds for any 7 € T and any arrows a,b € A
with a(a) = w(b) since morphisms of locally inverse semigroupoids respect
A. Moreover, it is also clear that "(a) = ("a)" for every a € A and 7 € T.
This ensures that, for every m € T, the mapping A — A, a — "a can be
naturally extended to an endomorphism e, of K such that e.e; = e, holds
for every m,¢ € T. Therefore 7 — e, defines an action € of 7" on K by the
rule "(uf) = ("u)d (rm € T, u € AT) where ™ is the word obtained from u
by replacing each letter a of u by "a.

Consider the A-semidirect product K x, T determined by this action, and
define a mapping

k:S— Kx,T by s~ ((sg(sg)’l,s,sg)g, sg).

It is easily seen that x is a homomorphism, and the congruence induced by
KTy is just p. Furthermore, the following important property of x is implied
by the main result of [23]:

Result 4.2.3. Let S be an E-solid locally inverse semigroup, and let o be an
inverse semigroup congruence on S over CS. Then the extension (S, o) is em-
beddable in a \-semidirect product extension of a completely simple semigroup
by an inverse semigroup if and only if Kk is an embedding, or, equivalently,
if and only if the relations s ot in S and (so(s0)™', s,s0) 0 (to(to)™', t,to) in
At imply s =t for every s,t € S.

In the next section we apply this result to prove our main result Theorem
4.1.1. By Lemma 4.2.2, this is based on the study of the a finite sequences
U = wo, Wy, . .., w, = v of words in AT where, for every i (i =0,1,...,n—1),
the word w;41 is obtained from w; by one of the steps (Sja), (Sjb) with
j = 1,21,22 and (Tja), (Tjb) with j = 3,4,5. Later on, such a sequence
U = wp, Wy, ..., w, = v is called a CS-derivation from u to v in AT
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4.3 Proof of Theorem 4.1.1

This section is devoted to proving that the homomorphism x introduced in
the previous section is, indeed, an embedding.

Let (.S, 0) be an extension where S is an E-solid locally inverse semigroup
and o is an inverse semigroup congruence on S over CS. Consider the con-
struction — in particular, T, C, C, A, A, A+, ,6 K and k — corresponding
to (9, g) as introduced in the previous section.

Now we observe that adjacency in the semigroupoid C is closely related
to Green’s relation R in 7', and that there is a crucial connection between
the endpoints and the label of an arrow.

Lemma 4.3.1. Let (a,s,8) €T xS xT.
1. We have (o, s,3) € ArrC if and only if a R 3 in T and sp > a~ 1.
2. If (a, s,8) € ArrC then so(so)™' > a~'a and (so) 'so > 7' in T.
3. If (a, s, B8) € ArrC then the following properties are equivalent:

(a) so=a '3,
(b) so(so)™' =ala,
(c) (s0)'so=pB7"15.

Proof. (1) Let (a,s,(3) € ArrC; then a-sp = 8 and - (sp)™' = a in T.
Hence we deduce aR 3 and a tar-s0 = o~ 13, and so sp > o~ '3 is implied in
the inverse semigroup 7. Now let a and 8 be R-related elements in T, that
is, let aa™! = BB71, and let s € S with sp > a~13. We clearly have a - sp >
00'f = B8 = f and B (s0) > Bla~'8)" = BFla = aa~la =
whence a > a - sg(sp)™' > B (so)™t and B > - (sg)"'so > « - sg follow,
respectively. So, by the definition of C, we see that (a, s, 3) € ArrC.

(2) If (a,s,8) € ArrC then (1) implies sp(so)™* > a™'B(a™1p)™t =
a 1887 la = ataala = a™ta, and similarly, (so)tso > B714.

(3) Straightforward. O

Lemma 4.3.1(2),(3) indicate that some arrows in C are special in the sense
that their labels are ‘as low as possible’. An arrow («, s, #) in C having the
property that so = a3 (cf. (3)) is termed stable. Consider the subgraph C
of C where Obj C= ObjC and ArrC consists of all stable arrows of C.
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Lemma 4.3.2. Let a,b be consecutive arrows in C.
1. Ifa€e ArrC then each inverse of a is in ArrC.
2. Ifa € ArrC thenaob € ArrC and aR aob.
3. Ifa € ArrC then (b A a) € ArrC and a L (b A a).

Proof. (1) Clear by definition.
(2) Suppose that a = (o, s,5) € ArrC and b = (f,t,77) € ArrC. Then
(s0)"'sp = 718 by Lemma 4.3.1(3), and 3 - to(to)~* = 3. Thus

(st)o- ((st)o)™" =
=s0-to- (to)™" ( o) =s0- 7B to(to)" - (so)”!
=s0-B7'8-(s0) ' =t

Hence a o b = (a,st,v) is stable. Moreover, if s € V{(s), t € V(t) in
S then Lemma 4.3.1(2),(3) imply (s's)o = 718 < (tt')p. Since 710 is
an idempotent p-class which is a completely simple subsemigroup of S by
assumption, we obtain that (s'stt’)o = 8715 and s's R s'stt’. Since R is a
left congruence, this implies s R stt’ R st whence a R a o b follows.

(3) The proof is similar to that of (2). O

An immediate consequence of this lemma is that Cisa locally inverse sub-
semigroupoid in C. Furthermore, we have the following important property
of stable arrows:

Lemma 4.3.3. For every arrow a € ArrC, there is a unique stable arrow
b € ArrC such that b < a.

Proof. Let a = (a,s,8) € ArrC. If b = (a,t, ) € ArrC with b < a then,
by definition, we have t < s and to = a~'3. On the other hand, we see by
Lemma 4.2.1 that there exists a unique t € S such that ¢t < s and tp :Aoflﬁ.
Lemma 4.3.1 ensures that, in this case, we have b = (a,t,3) € ArrC, and
the proof is complete. n

For any arrow a, denote by a the unique stable arrow b with b < a, and
consider the graph morphism ~: C — C whose object mapping is identical
and which assigns @ to a for every a € ArrC. From now on, we put A= AnC.

Observe, that the graph morphism ~ respects the operations of C, that
is, it constitutes a binary semigroupid morphism from C onto C:

35



Lemma 4.3.4. For any a,b € A with w(a) = a(b), we have

Proof. (1) Straightforward by definition.
(2) By definition, we have a < a, b < b, and so dob < aob. Moreover,
@ob is stable by Lemma 4.3.2. Therefore Gob = a o b follows by Lemma 4.3.3.
(3) The proof is similar to that of (2). O

By making use of the inverse unary operation T on C, we extend the graph
morphism ~: C — C to a binary semigroupoid morphism from Fi; 9 (C) in the
way that we consider the graph morphism

§:C—C, as=aand dd= @) (acA),

and we define ": Fy 9 (E) — C to be the unique extension of § to Fy (5)

The restriction of = to C*, also denoted by ~, is obviously a semigroupoid
morphism. In fact, it is also a binary semigroupoid morphism since each
semigroup C(«, ) (a € T') is completely simple.

Now we turn to proving that x is injective, that is, for every s,t € S, the

following implication holds:

sot and (SQ(SQ>_1,S,SQ) 0 (tg(tg)_l,t,tg) imply s=¢t. (4.3.1)

Let s,t € S with st and, for brevity, put a = (so(s0)™',s,sp) and b =
(to(to)™',t,to). Notice that a,b are coterminal arrows in C, and, simultane-
ously, one-letter words in AT Suppose that adb. By Lemma 4.2.2, there
exists a CS-derivation

a = Wy, W, ..., W, =b (4.3.2)

from a to b. We intend to prove that a = b which clearly implies the equality
s = t. The crucial point in the proof is to describe the special features of
the words of A* appearing in such derivations. Notice that derivation steps
(T3b), (T4b) might introduce A-letters which are not A-loops. Consequently,
w; (0 < i < n) need not be a path in C. The idea of our description of the
words in such derivations is to indicate the breaking points of these kinds
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and their ranges by pairs of brackets [.] and [.], respectively. For example,
in the derivation

(anb), (anc)lanb), (aNc)(dAc)laNb),

where we apply rules (T3b) and (T4b), and (aAb) is a A-loop but (aAc), (dAc)
are not, we indicate the breaking points as follows:

(anb), [(anc)](anbd), [(anc)|(dAc)|](anbd).

Now we introduce the set of words with brackets needed in our description.
Consider the free monoid (AU{|, ], [,]})* where the empty word is denoted

e, and let W be its smallest subset which has the following four properties:
(i) e € w:

)

(ii) a € W for all a € A;

(iil) wywe € W for all wy, wy € W;
)

(iv) |w], [w] € W for all w € W, where w # ¢.

Notice that AT C /WVN In order to distinguish the elements of ;ﬁ, called
words, from those of W, the latter will be called bracketed words. Moreover,
the elements of A will be called A-letters. Recall that an A-letter is either a
letter of a A-letter. If w € W then Iw [wT] denotes the first [last] element
of AU{[,],[,7} appearing in w (reading w from the left to the right as a
word in this alphabet).

For our later convenience, we introduce the notation w/ for the subword
of w € W obtained from w by deleting all brackets. Clearly, ] = € and if
w # ¢ then w| € AT, s

Now we define three subsets W,,, Wbt and Wt of W for every n € Ny.
Simultaneously, we attach a (binary) path p(w) € ArrC* to each element w

o~

of these subsets. If p(w) is defined then we use p(w) to denote p(w). For
technical reasons, we put p(e) = ¢ but let p(e) undefined.

Let Wy = ArrCT, W = WoU{e}, and for any w € Wy, define p(w) = w.
Moreover, define

Wi = {p(y A) : p € Wy, aly) # w(z), and w(p) = aly) if p £ <),
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and for any w = p(y A z) € ngght, let p(w) = p(y A y'). By assumptions,
this, indeed, belongs to ArrC*. Similarly, let

Wt = {(x Ay)p:p € WE, alx) # w(y), and w(y) = alp) if p # €},
and for any w = (x Ay)p € W let p(w) = (v Ay)p. Notice that Wy U
Wkt | pyleft C AT

Assume that W, [Wreht  J/left] ig defined for some n € Ny, and a path
p(w) € ArrC™ is assigned to each of its elements w. For brevity, denote the
set of all idempotent arrows of C by E. Define the set W,y [W2" TWieft]
to consist of the bracketed words in W, [Wreht ¥lft] and, additionally, of
all bracketed words w € W of the form

w = poB1C1p1 B2Cy - - - BCypr  (k € N), (4.3.3)
where the following conditions are satisfied:
(E0)
(B0a) pr,....pe1 € Wo, po € W (W5, Wi, py € W5 WG, WG],

and w(p;—1) = a(p;) for every i (1 <1 < k),
(EOb) BlCl, Ce ,Bka 7é &;
(E1) for any i (1 <i < k), we have
(Ela) B; = |wi||ws] - |ws], where s € Ny and w; € Wreht (1 < j <
s), and
(E1b) for any j (1 <j <s), if w;T = (y; A x;) then
(E1bi) §(w;) € E and g; R p(w;), and
(E1bii) z; £ §(pi—1) (in particular, py # € if By # ¢);
(E2) for any i (1 <i < k), we have
(E2a) C; = [w][ws] -+ [ws], where s € Ny and w; € Weft (1 < j <'s),
and
(E2b) for any j (1 <j <s), if Iw; = (z; A y;) then
(E2bi) 9(w;) € E and g; £ p(w,), and
(E2bii) z; R @(p;) (in particular, py, # € if Cy, # ¢).
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For every w € W,yq \ W, [WEE\ Wrieht - jy/left \ Jleft] of the form (4.3.3),

define p(w) = p(po)p1 - - - Pr—19(pr). Again, p(w) is easily seen to belong to
ArrC* by (E0a) and by the definition of p(w) for w € (WZE\ 1Wrieht) U
(Wt \ W) The less trivial part to check is that p(w) is non-empty if
w = poB1C1p1 € W11\ W,,. However, since either By or C is non-empty by
(EOb), we get by (E1b) or (E2b) that py # € or pi # €, respectively, whence
o(w) # e follows.

Finally, we define

W = U Wn, anht U erght and Wleft U Wleft

n=0 n=0

Alternatively, the bracketed words in W U Wrieht J 1/ can be charac-
terized as follows.

Lemma 4.3.5. 1. A bracketed word w € W belongs to W [Wright  Jyleft ]
if and only if it is of the form

w = poB101p1BQCQ B Bkapk (k € No), (4.3.4)

where either k = 0 and py # €, or the slightly modified versions of
(E0)-(E2) are satisfied where n is deleted from WH " qnd Wk’ ip
(Ela) and (E2a), respectively. Moreover, this form of w is uniquely
determined.

2. For any bracketed word w € W U Wl YWl of the form (4.3.4), we
have

p(w) = p(po)p1 - - - Pr—19(Pr)-

Remark 4.3.6. Notice that the description of the bracketed words belonging
to W U Wbt YWt wwhich is formulated in Lemma 4.3.5(1) can be modified
by deleting (EOb) from the properties required, but then the form obtained
is no more uniquely determined.

Later on, when considering a bracketed word from W U W*isht  /left e
always consider it in its form described in Lemma 4.3.5(1), but when checking
whether a bracketed word belongs to WUW? et U/t we disregard checking
property (EOb).

Notice that the set W is self-dual in the sense that the reverse of each
bracketed word of W belongs to W. E.g., the reverse of the bracketed word
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a[(bAc)](a' Aa)is (aAa')|(cAb)]a and vice versa. Similarly, the sets Wright
and W' are dual to each other.

Besides bracketed words from W U W*ieht U Wt we need also certain
prefixes and suffixes of them which, due to properties (E1bii) and (E2bii),
fail to belong to this set. Define WO [1//0Fieht] to consist of all non-empty
bracketed words w of the form (4.3.4) where py = ¢, By # ¢, and w satisfies
all conditions (E0)—(E2) for W [Weht] but (E1bii) in case i = 1. Notice that
o(w) can be also defined for any w € WP [IWOrieht] in the same way as it was
done for bracketed words in W [IW*e] but this time p(w) might be empty.
Clearly, we have p(w) = ¢ if and only if £ = 1 and p; = C; = &. Dually, we
define the set of bracketed words W1 [17%ftl0],

Given a bracketed word w € W U Wreht U WWeft of the form (4.3.4), the
following non-empty sections of w are called W -suffizes of w of type (a), (b)
and (c), respectively:

(a) pieBi+1Cit1 - pr—1BrCrpy (0 < i < k) where p;y is a non-empty suffix
Of Di,

(b) Ciapi -+ BrCypr, (1 < i < k) where Cip = [w ] [wia] - Jw] (1<t <
s) provided C; is of the form (E2a) with s # 0,

(¢) BinCi--- BpCipr (1 < i < k) where By = |w]|wi1] - |ws] (1 <
t <'s) provided B; is of the form (Ela) with s # 0.

It is obvious that a W-suffix of w is of the form (a), (b) and (c) if and only

if its first A-letter belongs to p;, C; and B;, respectively. The W-prefixes
of w of type (a), (b) and (c) are defined dually. The following statement is
straightforward to check by definition.

Lemma 4.3.7. Let w € W [Wrieht Welt] and let v be a proper W -suffiz
of w.

1. If v is of type (a) or (b) then v € W [Wrieht /],
2. If v is of type (c) then v € WO [1/0isht = j/01]

Moreover, p(v) = € if and only if v is of the form |w;||ws]---|ws]| for
some s € N and wy, wo, ..., w, € Wreht,

The first two statements of the next lemma directly follow from the pre-
vious lemma.
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Lemma 4.3.8. (1) If w € W™ then Tw is a A-letter which is not a A-
loop. Moreover, if w # Iw then w has a proper W—suﬂiw which is either
a path, or of the form |u] for some u € W&t The latter case occurs
if and only if the last A-letter of w is a A-letter which is not a N-loop.

(2) If w e W then w has a W-sufffic [W -prefiz] which is either a path, or
of the form |u] [[u]] for some u € Wbt [y € W] The latter case
occurs if and only if the last [first] A-letter of w is a N-letter which is
not a N-loop.

(3) Let [w] be a factor of a bracketed word in W U Wreht U Wt yhere
w € W such thatw # Tw = (zAy) (z,y € A), and the last A-letter of
w is (bAa) (a,b € A). Then, independently of whether a(b) = w(a) or
not, we have a LY L p(w) € E and w(a) = w(y) = a(p(w)) = w(p(w)).

Moreover, if v is the W-suffix of w obtained from w by deleting Tw,
then we have v € W U WY and if p(v) # ¢ then § L p(v) € E and

w(y) = a(p(v)) = wp(v)).

Proof. (3) Assume that w is of tﬁf\orm (4.3.4). If a(b) = w(a) then (bAa) =
pr'T and py, # €. Hence p(w) L (b A a) La follows. Applying property (E2bi),
we see that p(w) € E and p(w) Ly whence a Ly L p(w) € E follows. If
a(b) # w(a) then the last factor in the form (Ela) of By is |u] for some
u € Wl with T = (b A a). This implies by (E0a) that p,_; # & and
o(w) = p(po) - - - p(pr-1), and so P(pr—1) L p(w) follows. By property (E1bii)
of u we deduce that a £ {(pr_1), and by property (E2bi) of w that p(w) L7y.
Thus we again obtain that a Ly £ 9(w) € E. In both subcases, this relation
implies w(a) = w(y) = a(p(w)) = w(p(w)).

Turning to the second statement, first notice i}_lﬂ Lemma 4.3.7 implies
v e WUWYU. By definition, we have p(w) = (3 A y)@(v) where all three
elements belong to a completely simple subsemigroup of S. This implies
o(w) L p(v). Furthermore, we have seen in the first part of the proof that
o(w) € E and p(w) L 7y. Since (m) € F and (m) Ly also holds, we
deduce that p(v) € E and 9(v) LY. These relations imply w(y) = a(p(v)) =
w(p(v))- O

An easy consequence of this lemma is that the subsets W, W*eht and
Wt of I are almost pairwise disjoint.
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Corollary 4.3.9. For the subsets W, Wl qnd W of W, we have W N
(Wrisht y Wty = () and Wieht 0 Wt s the set of all A-letters which are
not A-loops.

Let w € W U Wrsht J et We see by definition that if @ is any non-
empty bracketed subword of w then two possibilities occur: either @ is inside
a pair of brackets [, | or [, ], or it is not. In the first case, there exists a
shortest section v of w such that v contains u, and v is either of the form
|u| for some u € Wkt or of the form [u] for some u € W', We denote
u and v by sb, (@) and sbbr, (@), respectively. In the second case, sby, (@) is
defined to be w and sbbr,, (@) is undefined.

Now we are ready to return to proving the equality a = b provided a
CS-derivation (4.3.2) is given from a to b where a, b are coterminal arrows in
C. Tt suffices to show that, whenever w,w! € AT such w! is obtained from
w by one of the derivation steps, and w € W such that w = w/, then there
exists a bracketed word w' € W such that w' = w'] and p(w) = P(w?).
For, if this holds, then we can choose wy to be a, and we obtain w;;; for
i =0,1,...,n — 1 by induction such that H(w;) = H(w;y1). This implies
0 = pla) = Plwn) = Plwn) = - = Fwa1) = Plwa) = p(b) = b, since
Wy = Wyl = w, = b.

In the rest of the section we verify the above statement for any derivation
step. In each subcase considered, the general scheme of the argument is as
follows. We consider u = sb, () and v = sbbr, (1) for a bracketed subword
@ of w such that u] contains the section of w involved in the derivation step,
and define u! € W such that the following conditions are satisfied:

(Q1) w!{ is just the term obtained from u) by the derivation step considered,

(Q2) u!is of the form (4.3.4), and if Iu = (z A y) [uT = (z A y)] such that
a(z) # w(y), then Tu! = (2' A yt) [W'T = (22 A y')] such that 2 R T and
y Ly,

(Q3) w!has property (E0a), and we have p(u!) = p(u) [p(u') Lo(u), p(ut)RH(u)]
provided w = u [v = [u], v = |u]].

(Q4) u! has properties (E1)—(E2).

Notice that relations 2t R & and g/;\z L7y imply a(z') = a(z) and w(y') = w(y).
Thus, by Corollary 4.3.9, (Q2)-(Q4) imply that ' € W, ut € Wrieht and
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ul € W if and only if w = u, v = |u]| and v = [u], respectively. Define w!
to be the bracketed word obtained from w by replacing the section u by ul.
To justify our approach, we have to verify that properties (Q1)—(Q4) imply
w e W, ut=wl and fluw) = Gu).

Clearly, we have w!' = u! if and only if w = u, and we have sbbr,,(u!) =
[w!] [[u']] if and only if v = |u] [[u]]. Moreover, property (Q2) implies that
the factor [u'| [[u']] of sby(|u!]) [sby([ul])] satisfies condition (E1bii)
[(E2bii)], since w € W, and so the factor |u| [[u]] of sby(|u]) [sbw([u])]
has property (E1bii) [(E2bii)]. All the details of properties (E0)—(E2) of w!
not checked in (Q2)—(Q4) are obviously inherited from those of w. This shows
that w! € W. The equality w' = w'| is clear by (Q1) and by the definition
of w'. The equality p(w) = p(w') is implied. For, if w # u then p(w) is
not affected by the changes done in u to obtain !, and so p(w') = p(w). If
w = u then we also have u! = w!, and the equality follows from (Q3).

Note that, throughout the next proofs, (Q1) and (Q2) will be clear from
the definition of w!, and in a number of cases, the same holds for (Q3).
Furthermore, most of the properties to be checked in (Q4) are inherited
from the respective properties of u and w, or they are obvious by definition.
For example, (Q3) is clear if p(u') = p(u), or condition (E1bi) is trivially
satisfied in case w; = w;T. It is also obvious that if u of the form (4.3.4) and
u! is obtained from u by deleting a factor |w;] [[w;]] (see (Ela) [(E2a)])
then (Q2)-(Q4) are valid. In the proofs of the following propositions, we
concentrate on the properties where this is not the case.

Proposition 4.3.10. Suppose that w,w' € A* and we get w' from w by a
derivation step of one of the types (Sja), (Sjb) for j = 1,21,22 and (Tha),
(T5b). If w € W such that w = w) then there exists w' € W such that
wt =], and P(w) = Pw).

Proof. First we consider the case of derivation steps (S22a) and (522b). By
symmetry, we can assume that w' is obtained from w by replacing either an
occurrence of a A-letter (aAy) by (cAy), or an occurrence of a A-letter (cAy)
by (a Ay), where y € A and a,c € A such that aob = ¢ for some b € A.
This equality implies @ R ¢, and so a(a) = a(c) follows. Hence (a A y) is a
A-loop if and only if (¢ Ay) is, and in this case, (m) = (c/\/\y) If (any) is
replaced by (¢ A y) then put u = sb,((a A y)), and consider its form (4.3.4).
Define u! to be the bracketed word obtained from u by replacing (a A y) by
(¢ Ay). We see that (a A y) belongs to a section of p; for some ¢ (0 <i < k),
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and (a A y) is not a A-loop if and only if either ¢ = 0, (a Ay) = Ip; = Iu and
sbbry,((aAy)) = [u], ori =k, (aAy) = px T = «T and sbbr,((aAy)) = |u].
In these subcases, denote by p} and pfk the words obtained from p; € Wit
and p, € W)™ respectively, by replacing (aAy) by (¢Ay). By definition, we
have p(p1) = p(p}) in the first subcase, and since (m) R (0//\7), we have
O(px) R 9(p,) in the second subcase. These observations imply properties
(Q2)—(Q4). The same argument applies if (¢ A y) is replaced by (a A y).
Turning to the rest of the derivations steps, denote by p the section of w
modified by the derivation step, and by ¢ the word p is replaced by in order
to obtain w!. (Using the notation of Lemma 4.2.2, p = s, ¢ =t or p = t,
q = s.) With each derivation step considered, p and ¢ are coterminal paths
in ArrC* such that p = g. Let u = sby(p) be of the form (4.3.4). Then p is
a section of p; for some i (0 <i < k), and p is not a prefix of py [suffix of py]
if u € Wt [I/rieht] - Define u! to be the bracketed word obtained from u by
replacing the section p of u by ¢q. Thus «! is obtained from u by replacing a
path section of p; by ¢. Properties (Q3)—(Q4) are now easier to check than

in case (522a). O

The respective propositions for derivation steps (T3a), (T3b), (T4a),
(T4b) are more complicated to prove. However, (T3a) and (T3b) are du-
als of (T4a) and (T4b), respectively, therefore we can restrict ourselves to
proving the latter ones.

Proposition 4.3.11. Suppose that w,w' € A" and we get w' from w by a
derivation step of type (T4b). If w € W such that w = wl then there exists
wt € W such that wt = w'] and p(w) = H(w').

Proof. Assume that an occurrence of a A-letter (y Ax) in w is replaced by the
word (yAx)(zAz) where 2,5,z € A. Put u = sb,((yAx)) and v = sbbr,(u).
If (y A x) is not a A-loop then we have either v = [u] (u € W'") or
v=|u] (ue€ Wrisht),

First we suppose that (y A z) is a A-loop, or (y A x) is not a A-loop, and
v=[u],u € W Tu= (yAx). If uis of form (4.3.4) then in these cases,
(y A z) is in p; for some i (1 < i < k), and if (y A z) is not a A-loop then
necessarily ¢ = 0 and (y A x) = Ipy. Thus we have p; = p;1(y A z)pso for some
i where p;; and p;y are (possibly empty) paths, pg; being necessarily empty
if (y A x) is not a A-loop. Define u! to be the bracketed word obtained from
u by replacing the A-letter (y A x) by the bracketed word (y A x)(z A ) or

(y ANzx)| (2 A z)] according to whether (z A x) is a A-loop or not.
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If a(z) = w(x) then u! is obtained from w such that p; is replaced by
P\ = pa(y A x)(2 A z)piz, and section p} of u! belongs to Wy if p; € Wy, and
belongs to Wt if 4 = 0 and py € Wi, Moreover, (z//\\x) is an idempotent
L-related to 7, therefore H(p;) = P(p}). Similarly to the end of the proof of
Proposition 4.3.10, this equality implies properties (Q3)—(Q4). If (z A x) is
not a A-loop then we have

u' = po - pic1BiCipi (y A ) [(2 A ) | pie Bisa CigaPisr - - - Di- (4.3.5)

To verify (Q4), it suffices to show that the factor | (2 Ax)| and those of B;
satisfy condition (E1bii). The former holds since p(pi(yAx)) LZ. To see the
latter, we recall the respective relation between p; and B; 1 in w and the facts
that if p;» # € then 9(p;) £ piz, and if p;s = € then H(p;) = P(pi_1(yAz)) LT

Now suppose that v = |u] (u € W) and so uT = (y A x). Consider
the section uy = sby,(v) of w, and suppose that it is of the form (4.3.4).
Then v is a factor of B; for some i (1 < ¢ < k), therefore B; is of the
form [u_p,] -+ Ju—1]|u]|ui] -+ |un] (m,n € Ny) for some bracketed words
u; € Wreht (—m < j < n, j # 0). Define uﬂr to be the bracketed word
obtained from u, by replacing |u] by |u](z A z) if (2 A z) is a A-loop, and
by |u][(z A x)| otherwise. Thus

we=po e pialucm] - L Lul (2 A ) L) Lua) Copi -y

and

uh = po- - pi [t - Lua ) Lu) Lz A )] Lun] - un ) Copi - - i,

respectively, in the two subcases. In the second subcase, (Q3) is clear. Since
uT = (y A z) implies by property (Elbii) of u; that ¥ £ p(p;—1), we im-
mediately obtain that the new factor |(z A z)| satisfies condition (E1bii),
and so (Q4) also follows. In the first subcase, where (z A /x)\ls a new path

factor, the relation Z £ 9(p;_1), seen above, implies p;_1(z A z) = p;_; and
w(pi—1) = a(z) = w(x), since (z A ) is idempotent. This verifies (Q3). More-
over, we obtain that the factors |u;] (1 < j < n) satisfy condition (E1bii)
whence (Q4) follows. O

Proposition 4.3.12. Suppose that w,w' € A* and we get w' from w by a
derivation step of type (T4a). If w € W such that w = w] then there exists
w' € W such that w' = w'] and p(w) = p(wd).
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Proof. Assume that an occurrence of a section (y A x)(z A x) of w is replaced
by (y A z) where z,y,z € A. Denote sb,((y A x)), shy((2 Az)) and sb,((y A
x)(z Ax)) by ui, us and u, respectively. Clearly, u; and uy are sections of u,
and each can be equal to u or can be a proper subsection of u. We proceed
by distinguishing the four cases obtained in this way.

Case u = u; = uy. Ifwisofthe form (4.3.4) then (yAx)(zAx) is a section
of p; for some i (0 < i < k). This implies that w(z) = a(z), and so (z A x)
is a A-loop. If (y A x) is not a A-loop then (E0a) implies i = 0, py € Wl
and Ipy = (y A x). Define p| and u! to be the bracketed words obtained
from p; and u, respectively, by deleting (z A /x)\ Property (Q3) follows from

—

the fact that, if (y A ) is a A-loop then (y Ax) and (z Ax), if (y A x) is

—_—

not a A-loop then (2/ A z) and (2 A x) are L-related idempotents, and so we
have (y//\\x) (z//\\x) = (y//\\x) and (m)(z//\\x) = (m), respectively. To
check (Q4), it suffices to observe that H(p;) £ $(p}) by the former equalities
if (y Ax)(z A ) is a suffix of p;, and by the equality p;T = p{T otherwise.

Case u = uy # up. Put vy = sbbr,(uy) where we have vy = |uy] and
uy € WrHeht or vy = [uy] and upy € W Assume that u is of the form
(4.3.4). Then (yAz) = pi1 T and (2 Az) is the first A-letter of the bracketed
word B;C; for some i (1 < i < k), and if (y A z) is not a A-loop then i =1
and po = (y A x).

If B, = ¢ then (z A z) is contained in the first factor of C; of the form
(E2a). Therefore the first factor of C; is vy = [us] where uy € Wt and
Ius = (2 A x), and so a(z) # w(z). Notice that w(z) = w(p;—1) = a(p;) and
ZR 9(p;) by properties (E0a) and (E2bii) of u, and the latter relation implies
a(z) = a(p;). Hence we obtain that a(z) = w(x), a contradiction.

If B; # ¢ then (z A ) is the first A-letter of the first factor [wy] of B;
of the form (Ela) where w; € Wreht, By the dual of Lemma 4.3.8(1) we see
that either a(z) # w(z) and ug = wy = (2 A x), or (2 A z) is a A-loop and
uy = wy, or else a(z) # w(x), uy € W with Tuy = (2 A z), and vy = [uy]
is a /V[V/—preﬁx wy. Now we consider these subcases separately.

If a(z) # w(x) and us = wy = (2 A x) then define u! to be the bracketed
word obtained from u by deleting the factor |w; | of B;. This obviously fulfils
all the requirements.

Now consider the subcase where (z Ax) is a A-loop, i.e., a(z) = w(x), and
ug = wy. Then the dual of Lemma 4.3.8(3) implies a(z) = a(a), and (E1bii)
ensures b £ ©(pi—1) L since p(p;—1)T is either (y Az) or (' A x), depending
on whether (y A x) is a A-loop or not. This implies w(b) = w(z) whence we
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obtain a(a) = w(b), a contradiction.

Finally, let a(z) # w(z), uy € W such that Tuy = (2 Az) and vy = [usy |
is a W—preﬁx of wy. Therefore we have uy = (2 Ax)ug and wy = [ug Jwis for
some TW-suffix Ugo and wiy of uy and wyq, respectively, whence uqsy € WU wol
and wiy € W' by Lemma 4.3.7. This allows us to define u! so that the
section (y Ax)|w1] = (y Ax)|[[(z A x)u]wiz] of u, where (y Az) =p;—1T,
is replaced by (y A 2)ugs |wiz]. Since uy = (2 A x)uge € W it is easy to
see by definition that (y A 2)ug, € W or W depending on whether (y A z)
is a A-loop or not. This implies that u! is of the form (4.3.4). Applying
Lemma 4.3.8(3) for ug, we obtain that if p(ug) # € then T L p(ug) € E.
Hence p((y Ax)uge) = 9((y A z))pluse) = ((yAx)) follows, and this implies
O(pi—1u22) = P(pi—1), and so (Q3) holds for u!. In order to check (Q4) for !,
it suffices to verify that the factor |wis] satisfies (E1b). Since wi2T = wyT
and p(wia) = p(wy), it is straightforward from property (E1bi) of |w;] in
u that the same property is valid for |wis] in w!. Similarly, these equalities
combined with {(p;_1u22) = P(p;_1) allow us to see that property (El1bii) of
|w: ] in u implies the same property of |wiz] in ul.

Case u = ug # u;. Assume that u is of the form (4.3.4). Then (z Ax) =
Ip; and (y A x) is the last A-letter in the bracketed word B;C; for some
i (1 <4 < k). Furthermore, if (z A x) is not a A-loop then i = k and
(z A x) = pg.

First we examine the subcase, where (z A z) is a A-loop. If C; # ¢
then s € N in (E2a), and (y A x) is the last A-letter of w,. Assume that
lws = (a A b)/vgere ala) # w(b). Property (E2bii) of w, implies that
aR p(pi) R (zAx) R Z whence a(a) = «az) follows. If wy = Tws then
b =z and w(b) = w(z) are obviuos. If ws # Tws then we see by Lemma
4.3.8(3) that w(b) = w(x). Combining these equalities we obtain «a(z) =
ala) # w(b) = w(x), a contradiction.

Let us assume now that C; = ¢, and so (yAx) is the last A-letter of B;. In
the form (Ela) of B;, we have s € N and (y Ax) = w,T. Since (2 Ax) = Ip;,
we have p; = (2 A x)ps where py € W¢ or i = k and p;y € ngght. Define

uz = pO o 'pileipiZBi+1Ci+1pi+1 . pk

Since (z Ax) is a A-loop and we have p(p;—1) LT in u by the property (E1bii)
of w, W%‘i@(?i—l)(?«' ANz) = p(pi-1). Hence p(pi—1pi) = p(pi—1(2Ax)pi2) =
O(pi-1)(z A 2)P(piz) = P(Pi-1)9(Piz) = P(Pi-1piz) also if piz # €, and (Q3)
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follows. If ps # € then the relation p; £ p;z implies that the factors of B; g
fulfil condition (E1bii) in «! since they do in u. If p;; = e then the same
follows by observing that p; = (Z\\l‘) L7 in u, and so p; L p;_1.

Secondly, consider the subcase where (z A x) is not a A-loop. As we have
seen above, u is necessarily in W and p, = (z A z) in its form (4.3.4). If
C, = e then (yAz) is the last A-letter in By, and so in its form (Ela) we have
s€ Nand (y Az) =w,T. By (EOa) it follows that w(px_1) = a(pr) = a(z).
Also, by applying (E1bii) for wg, we obtain that & £ 9(px_1) = pr_1, which
immediately implies w(py_1) = w(z). Hence we conclude a(z) = w(x), which
contradicts the assumption that (z A x) is not a A-loop.

If Cy, # ¢ then (yAx) is the last A-letter in Cy where it is of the form (E2a)
with s € N. Assume that Tw, = (a A b) where, by definition, a(a) # w(b).
By property (E2bii) of ws in u we see that a R 9(pr) R z. If lws = w, then
we have wy = (a Ab) = (y Ax), and so y = a R z follows. In this case,
let us define u! = poB1Cip1 -+ pr_1Br[w1] -+ - [ws_1](y A x). Obviously, the
relation ¥ R Z implies properties (Q2) and (Q4), the rest being even more
straightforward.

Now consider the subcase Iw; # w,. Then ws = (a A b)wss such that wgy
is the W-suffix of w, € W obtained by deleting Iw, = (a A b), and so the
last A-letter of wyy is (y Ax) and we € W U WY by Lemma 4.3.7. Recall
the relation @ R z from the previous paragraph, and notice that b L 7 follows
by applying Lemma 4.3.8(3) for w, in u. Consider the section v = sbg(|u])
of w, and let its form (4.3.4) be

v = PoBiCipr BaCoppa - - o1 BiCipyy (l €N).
Then |u] is a factor of B; for some i (1 <4 <), more precisely, we have
By = Libn) -+~ Lty-o ) Ll Libgo) - L] (¢ € N),
where 10, € WHeht (1 <m <t, m # j). For brevity, put
B = 1] -~ [@j 1] and By =[] -+ L],
and so we have B; = B;; ] Bis. Define
uy = poBiCip1 -+ pr—1 Brur] -+ - [ws_1](a A b)

and
vt = 1 B1Cip1 - - pim1 B ”_U%)J W2 BinCip; - - - BiCpy.
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Notice that u}, € W which directly follows from the facts that u € W/rieht
and a R Z, b L 7. Since we € W U WY the bracketed word o? is of the form
(4.3.4), and conditions (Q1) and (Q2) are clearly satisfied by v and v'. If
o(ws2) = € then (Q3) is also obvious. If p(ws) # € then, applying Lemma
4.3.8(3) for w, in u, we see that T L b £ p(ws) € E, and, by using (E1bii)
for the factor |u] of B;, we obtain that H(j;_1) £Z. Hence we conclude that
O(pi1)p(ws2) = P(Pi—1), and (Q3) holds also if p(wss) # €. Moreover, these
observations combined with the respective properties of v imply most items of
property (Q4). It remains to observe that if ws, has a non-empty W-prefix of
the form By = [ ] [1ba] - - - |tbn ] Where 1y, € W2t and 10, T = (g A )
(1 < m < n), in particular, if p(ws) = &, then T, £ §(pi_1). For, T Lb
follows from the property (E2bi) of w;y in w.

Case u # wuy,us. Observe that in this case sbbr(u;) and sbbr(us) are
disjoint. Therefore, considering u in the form (4.3.4), each of u; and ws is
in a factor |w;] of some B; (see (Ela)) or in a factor [w;] of some C; (see
(E2a)). First assume that (y A z) is the last A-letter of B; and (z A z) is the
first A-letter of C; for some i (1 < i < k), and so (y A ) = w,T where |ws |
is the last factor of B; of the form (Ela), and (z Az) = Tw; where [w;] is the
first factor of C; of the form (E2a). This implies that a(y), a(z) # w(z). By
(E0a), we have w(p;_1) = a(p;), and by (Elbii), we have p(p;_1) L7, whence
w(pi—1) = w(x) follows. Similarly, ZR O(p;) by (E2bii), and so a(z) = a(p;).
Hence we obtain a(z) = w(x), a contradiction.

Now assume that both u; and us are in B; for some i (1 <14 < k). Then,
considering B; in the form (Ela), there exists j (1 < j < s) such that (y Ax)
is the last A-letter of wj_1 and (z A x) is the first A-letter of wj. Thus
(yAx) =w,;—1T and a(y) # w(z) follow, and we have either w; = (2 Ax) and
a(z) # w(x), or wj # w;T. If w; = (2 Az) then define u! to be the bracketed
word obtained from wu by replacing B; by

Bl =[] o L) Loge) -+ o).

It is straightforward that (Q1)—(Q4) hold.

Now we turn to the subcase w; # w;T. Then (2 A z) is the first A-letter
of w; and w;T = (a Ab) with a(a) # w(b). We obtain by the dual of Lemma
4.3.8(1) that either (z A x) is a A-loop, and so uy = wj, or else a(z) # w(z),
and so uy € W Tuy = (2 A x) and [uy] is a prefix of w;. If (2 A x) is a A-
loop then property (E1bi) of w; implies that a(z) = a(p(w;)) = w(p(w;)) =
w(a’) = a(a). Furthermore, applying (E1bii) for w;_; and w;, we see that
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T L p(pi—1) Lb, and so w(z) = w(b). Thus a(a) = a(z) = w(r) = w(b), a
contradiction.

If (2 A x) is not a A-loop then w; = Jus|wjo and us = (2 A x)ugy where
wjo and ug, if ugp # €, are W-suffixes of w; and uy, respectively, and we
have w;eT = w;T and p(wj2) = p(w;). Since wj, is of type (a) or (b), we
see by Lemma 4.3.7 that wj, € Wright and ugy € W U WY, Let us define !
to be the bracketed word obtained from w by replacing B; by

B = [wy] - [wj—1]use | wia] [wjs] -+ [ws].

Since ug € W U WY, ! is of the form (4.3.4) and (Q2) holds. If p(ug) = ¢
then (Q3) is obvious. In the opposite case, we apply Lemma 4.3.8(3) for us
to see that T £ p(use) € E. By property (Elbii) of the factor |w;_1] of B;
we have T L 9(pi—1), and so p(pi—1)P(u2) = 9(pi—1). Hence (Q3) follows also
in case p(ug) # €. In order to check (Q4), assume that ugs, if non-empty,
is of the form ugy = [aiy] |2 -+ |2, ]uly where n € Ny, b, € Wrisht
(1 <m < n), and ui} is empty or is the longest W-suffix of ugs of type (a)
or (b). By Lemma 4.3.7, either u3h = p(u3b) = ¢, or p(ug) = p(usy) # &.
Therefore it suffices to show that (E1bii) is satisfied by the following factors
of Bl: || (1 < m < n), provided n # 0, and |wjs], |wjs1],-- -, [ws],
provided p(ug) # €. If w0, T = (ym Azy) (1 < m < n) then property (E1bii)
of the former factors in uy implies z,, £ ((z A x)) £ Z. Similarly, the same
property of the factors of B; in u ensures that TLDL b: if w, T = (a, AN b,)
(j <r <s),since w; 1T = (y Ax) and w;T = (a Ab) = wjT. This verifies
property (Q4) because it is seen above that T £ O(p;_1), and if usy # € then
also T L H(ugs).

Finally, assume that both u; and us are in C; for some 1 <4 < k. Then,
considering C; in the form (E2a), there exists j (1 < j < s) such that (y Ax)
is the last A-letter of wj_q1 and (z A z) is the first A-letter of w;. Hence we
obtain that (z A x) = Iw; with a(z) # w(x), and so w; = (z A z)wj, where
wjo, if non-empty, is a W-suffix of wj. Define u! to be the bracketed word
obtained from u by replacing C; by

Ci = [wr] - [wj 2] [wjywia ] [wisa ] - -~ [ws].

All we have to show is that w;_jw;j, € W and the factor [w;_jwjs] of
C! has property (E2bi). For, (E2bii) follows from the same property of C;
due to the equality I(w;_1w;2) = Iw;_;. By the same argument applied in
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the previous paragraph for us and use, we can deduce that if w;s # € then
wiy € WO and if p(wjs) # € then 7 £ H(wje) € E and w(r) = a(p(w)q)).
Put Iw;—; = (aAb). If wj_y = lwj_; then a =y, b = =, and if w;_, #
Iw;_; then Lemma 4.3.8(3) implies that TLOL o(wj—1) € E and w(z) =
w(b) = w(p(wj_1)). Therefore, whether w;_; = Iw;_; or not, w(p(w;_1)) =
a(p(w;q)) follows if p(w;q) # €, and we can deduce that w;_;w;s is of the form
(4.3.4) where (EOa) holds with py € W, and so (Q2), (Q3) are satisfied.
To verify property (E1) of w;_jw,s, we again refer to the argument on uy and
Ugo in the previous paragraph which shows in our present case that if wj, =
Lain ] 2] - - - [0 Jw3y where n € Ny, b, € WY with w0, T = (Y A Zpn)
(1 < m < n), and w? is empty or is the longest W-suffix of wjo of type
(a) or (b), then z,, £ §((z A x)) L Z. Combining this with the previous
relations 7 £ p(wje) € E if p(wj2) # € and TLOVL o(w;_1) € E, we obtain
that @(wj_leg) = @(’Ujj_l)@(wjg) = @(U}j_l), and so (El) holds in Wj—1Wj2.
Since w;_q € Wieft and Wijo € wol (E2) is clearly fulfilled in w;_jwjs, thus we
have shown that w;_jwj, € W' where, obviously, I(w;_1wj2) = Tw;_;. O

4.4 Concluding remarks

The main result of [9] proves that, given a group variety U, if S is an inverse
semigroup and g a congruence on S such that the idempotent classes of p
belong to U then the extension (5, p) is embeddable in a A-semidirect product
extension of a member of U by S/p. Moreover, Theorem 3.2.1 establishes that
if S'is a completely simple semigroup and o a group congruence on S such
that the idempotent class of ¢ belongs to the variety CS(U) of all completely
simple semigroups whose subgroups are from U then (S, g) is embeddable in
a semidirect product extension of a member of CS(U) by S/o.

The question naturally arises whether Theorem 4.1.1 can be strengthened
so that the variety of all completely simple semigroups be replaced by any
variety of completely simple semigroups.

Problem 4.4.1. For which varieties V' of completely simple semigroups is
it true that if S is an E-solid locally inverse semigroup and g an inverse
semigroup congruence on S such that the idempotent classes of o belong to
V then the extension (5, ) is embeddable in a A-semidirect product extension
of a member of V by S/p?

Note that in the special case where V is the variety of rectangular bands,
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the answer is affirmative. The approach applied in the proof of Theorem 4.1.1
works, and the technical details are significantly simpler (no A operation is
needed, the invariant congruence corresponding to the variety of rectangular
bands is easy to handle). Thus the following result yields.

Proposition 4.4.2. A regular semigroup is a generalized inverse semigroup

if and only if it is embeddable in a A\-semidirect product of a rectangular band
by an inverse semigroup.
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Summary

Group extensions play a fundamental role both in the structure theory and
in the theory of varieties of groups. In 1950, Kaloujnine and Krasner proved
that any extension of a group N by a group H is embeddable in the wreath
product of N by H, see [22]. Note that the wreath product of N by H is a
special semidirect product of a direct power of N by H.

Semigroups are natural generalisations of groups. One of the important
classes of semigroups where the influence of the Kaloujnine-Krasner Theorem
is fundamental is the class of regular semigroups.

Inverse semigroups are one of the most natural generalisations of groups.
By Cayley’s Theorem we can think of groups (up to isomorphism) as sets of
permutations on a given set which are closed under composition and taking
inverse. A similar result, the Wagner—Preston Theorem, shows that inverse
semigroups are, (also up to isomorphism) sets of partial permutations on a
set X (i.e., bijection between subsets of X) which are closed under compo-
sition of partial maps and taking inverse. In a group, every congruence is
fully determined by the congruence class which is a subgroup. In an inverse
semigroup congruence, there might be several semigroup congruence classes,
but they play a similar role. More generally, if S is a regular semigroup and
o0 is a congruence on S such that S/p is a group (more generally, an inverse
semigroup) then g is uniquely determined by the single congruence class (by
the set of congruence classes) which is a subsemigroup in S (which are sub-
semigroups in S). What is more, the subsemigroup congruence classes are
all regular and their union, called the kernel of ¢ and denoted by Ker p, is
also a regular subsemigroup in S.

A regular semigroup is completely simple if it is a union of its maximal
subgroups and it contains only one D-class. Note that in a completely simple
semigroup all maximal subgroups are isomorphic to each other. Completely
simple semigroups are also natural generalisations of groups.
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Let K be a semigroup and 7" an inverse semigroup. If S is a semigroup
and ¢ is a congruence on S such that S/p is isomorphic to T" and Ker g is
isomorphic to K then S is called an extension of K by T.

Let K, T be semigroups. We denote the endomorphism monoid of K by
End K. We say that T acts on K by endomorphisms on the left, in short, T’
acts on K if an antihomomorphism ¢: T" — End K, ¢t — ¢; is given, that is
a map, where €,6; = &, for any u,t € T. For brevity, we will use the usual
notation ‘a to denote ag; (a € K,t € T). The semidirect product K x T is
defined on the set K x T by multiplication

(a,t)(b,u) = (a- b, tu).

A related construction is the following. For any semigroups K,T’, an
action of T on the direct power K7 can be defined in the following natural
way: for any f € KT and t € T, let !f be the element of K7 where u('f) =
(ut)f for any u € T. The semidirect product K7 x T' defined by this action
is called the wreath product of K by T, and is denoted by K ¢ T. In case
K and T are groups, these are the usual definitions of a semidirect product
K x T and of the wreath product KT of K and T.

If K is a semigroup and 7T is a group then K x T and KT are regu-
lar [inverse, completely simple| if and only if K is. However, in general, a
semidirect product K x T is not regular even if both K and T are inverse.
This led Billhardt [6] to adapt these constructions to the inverse case in the
following way. Let K be a semigroup and 7' an inverse semigroup acting on
K. The A-semidirect product K x, T is defined on the underlying set

{(a,t) e K xT: " 'a =a}

by multiplication
—1
(a,t)(b,u) = (W " . % tu),

forall a,b € K, t,ueT.

There are a number of embedding theorems in the structure theory of
regular semigroups. Next we recall some of those considered as origins of our
research. An inverse semigroup is said to be E-unitary if it is an extension
of a semilattice by a group. The classical result of O’Carroll [25] states that
every FE-unitary inverse semigroup is embeddable in a semidirect product
of a semilattice by a group. By a band we mean a semigroup where every
element is idempotent and by an E-unitary regular semigroup we mean an
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extension of a band by a group. O’Carroll’s result was extended by Szendrei
[27] for extensions of certain bands, called regular, by groups. She proved
that every E-unitary regular semigroup whose band of idempotents is in a
regular band variety V is embeddable in a semidirect product of a band from
V by a group. On the other hand, Billhardt [7] showed that there exists an E-
unitary regular semigroup which is not embeddable in a semidirect product
of a band by a group.

A congruence on an inverse semigroup S is said to be idempotent sep-
arating if every congruence class contains at most one idempotent and so,
every subsemigroup congruence class is a subgroup of S. On the opposite, a
congruence is said to be idempotent pure if each congruence class contain-
ing an idempotent consists of idempotents. Houghton [16] proved that every
idempotent separating extension of an inverse semigroup is embeddable in a
kind of wreath product of inverse semigroups, he introduced for the purpose
of this proof. Billhardt [5] showed the same with A\-wreath product instead
of Houghton’s wreath products. Both Houghton’s and Billhardt’s proof show
similarities to the standard proof of the Kaloujnine-Krasner Theorem. Bill-
hardt [6] also proved that an inverse semigroup S with an idempotent pure
congruence o is embeddable in a A-semidirect product of a semilattice by
S/ o, which generalises O’Carroll’s result in another direction.

Billhardt and Szittyai [9] strengthened the former result on idempotent
separating extensions by proving that if S is an inverse semigroup and p is
an idempotent separating congruence such that every idempotent p-class is
from a group variety V then S is embeddable in a A-semidirect product of a
group from V by S/p.

The thesis concentrates on E-solid locally inverse semigroups which are
extensions by inverse semigroups and the idempotent classes are completely
simple. The main problem we will give an answer to is whether such ex-
tensions are embeddable in a A-semidirect product of a completely simple
semigroup by an inverse semigroup.

Chapter 3 which contains the results of [10] deals with the special case
where the extensions are by groups. In this case, the extension itself is
necessarily completely simple. The motivation for considering this case first
was to check whether the general embedding result we intend to prove holds
in this special case. In fact, we prove a somewhat stronger result than that
following from our main result, see Theorem 3.2.1.

Theorem. Any extension of a completely simple semigroup U by a group
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H s embeddable in a semidirect product of a completely simple semigroup V
by the group H, where the mazximal subgroups of V' are direct powers of the
maximal subgroups of U.

Note that the embedding given in the proof mimics the standard proof
of the Kaloujnine-Krasner Theorem. Comparing this easy proof to that of
the main result, one can see how much more complicated the extensions by
inverse semigroups might be than those by groups.

The semidirect product of V' by H constructed in the proof of the result
mentioned in the previous paragraph is not the wreath product of U by
H. Since completely simple semigroups are fairly close to groups — they
are disjoint unions of pairwise isomorphic groups —, it is natural to ask
whether the Kaloujnine-Krasner Theorem holds for such extensions. In the
first section of Chapter 3, we establish that this is not the case in general
(Theorem 3.1.2).

Theorem. There exists a completely simple semigroup which is an extension
of a completely simple semigroup U by a group H and which is not embeddable
in the wreath product of U by H.

However, we also show that the Kaloujnine—Krasner Theorem is valid
within the class of central completely simple semigroups (Proposition 3.1.1).
They are defined by the property that the product of any two idempotents
lies in the centre of the containing maximal subgroup.

Proposition. Fach central completely simple semigroup which is an exten-
sion of a (necessarily also central) completely simple semigroup U by a group
H is embeddable in the wreath product of U by H.

A regular semigroup S is called locally inverse if each local submonoid
eSe (e € Eg) is an inverse subsemigroup. Note that each inverse semigroup
and each completely simple semigroup is locally inverse.

A regular semigroup S is called E-solid if the subsemigroup of S gen-
erated by the idempotents is the union of subgroups of S. In particular,
inverse semigroups, completely simple semigroups, and members ofsevereal
other well-studied classes (e.g., orthodox, completely regular) are E-solid. It
is also known, that a regular semigroup is E-solid if and only if the semi-
group classes of the least inverse semigroup congruence are completely simple
semigroups, see Yamada (and Hall) [32]. Thus the kernel of the least inverse
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semigroup congruence of an F-solid locally inverse semigroup is a semilattice
of completely simple semigroups which is also locally inverse.

In Chapter 4 we give affirmative answer to the main question of the thesis
formulated above (see Theorem 4.1.1):

Main result. If S is an E-solid locally inverse semigroup and o is an in-
verse semigroup congruence on S such that the subsemigroup o-classes are
completely simple then S is embeddable in a \-semidirect product of a com-
pletely simple semigroup by S/ o.

As a corollary, we obtain that the E-solid locally inverse semigroups are,
up to isomorphism, the regular subsemigroups of the A\-semidirect products
of completely simple semigroups by inverse semigroups (Corollary 4.1.2).

Kufil and Szendrei [23] developed a method, called the ‘canonical embed-
ding technique’ to prove or disprove whether an extension S of a member K
of a given “nice” class C of regular semigroups by an inverse semigroup 7" is
embeddable in a A-semidirect product of a member of C by 7. They con-
struct an appropriate K together with a A-semidirect product K x, T of K
by T', and a homomorphism from S to K x, T such that this homomorphism
is injective if and only if S is embeddable in a A-semidirect product of a
member of C by T'. In our case K is a factor of some word algebra. To prove
injectivty, we have to show that every congruence class contains at most one
special one-letter word. For this, we show combinatorial properties of the
words of the congruence classes of these special one-letter words. We proved
the main result using this technique. In comparison to other similar results
where one had to prove properties fulfilled by applying generator relations
of the congruence, we had to describe words of the algebra. For our very
general class of semigroup we needed to give an almost full description of
words.
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Osszefoglalé

A csoportbovitések alapveto szerepet jatszanak mind a csoportok struktira-
elméletében, mind a csoportok varietdasainak elméletében. Kaloujnine és
Krasner ([22]) 1950-ben bebizonyitotta, hogy egy N csoport H-val vett bovi-
tése beagyazhaté N-nek H-val vett koszoruszorzataba. Megjegyezziik, hogy
a koszoru szorzat egy specidlis szemidirekt szorzat.

A félcsoportok a csoportok természetes dltalanositasai. Az egyik olyan
félcsoport osztaly, ahol a Kaloujnine-Krasner-tételnek jelentos hatasa volt, a
regularis félcsoportok osztalya.

Az inverz félcsoportok az egyik legtermészetesebb altalanositasai a cso-
portoknak. A Cayley-tétel alapjan a csoportokra (izomorfiatdl eltekintve)
ugy tekinthetiink, mint adott halmaz permutécidinak olyan halmazaira, me-
lyek zartak a kompozicidra és az inverzképzésre. Egy hasonlé eredmény,
a Wagner—Preston-tétel, azt allitja, hogy az inverz félcsoportok (izomorfiz-
mus erejéig) éppen egy adott X halmaz parcidlis permutdciéinak (azaz X
részhalmazai kozotti permutaciéinak) halmazai, melyek zartak a parcidlis
leképezések szorzasara és az inverzképzésre. Egy csoportkongruenciat tel-
jesen meghataroz az az osztalya, amely részcsoportot alkot. FEgy inverz
félcsoportban szamos részfélcsoport kongruenciaosztaly lehet, de azok ha-
sonlo szerepet jatszanak. Pontosabban, ha S reguléris félcsoport és o olyan
kongruencia S-en, amelyre S/o csoport [inverz félcsoport], akkor o-t egyér-
telmiien meghatdrozza az egyetlen olyan kongruenciaosztély [azon kongru-
enciaosztalyok halmaza], mely részfélcsoport S-ben [melyek részfélcsoportok
S-ben]. Tovébba a részfélcsoport kongruenciaosztalyok regularisak és azok
egyesitése, melyet p magjanak hivunk és Ker p-val jeloliink, szintén regularis
részfélcsoport S-ben.

Egy félcsoportot teljesen eqyszerinek neveziink, ha el6all, mint maximalis
részcsoportjainak egyesitése, és egyetlen D-osztalybdl all. Egy teljesen egy-
szerll félesoportban a maximalis részcsoportok izomorfak egymassal. A tel-
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jesen egyszeri félcsoportok a csoportok is a csoportok altaldnositasai, csak
mas iranyban.

Legyen K tetszéleges, T pedig inverz félcsoport. Ha S olyan félcsoport és
o olyan kongruencia S-en, melyre S/o izomorf T-vel és Ker g izomorf K-val,
akkor azt mondjuk, hogy az S félcsoport K -nak T-vel vett bovitése.

Legyenek K., T tetszoleges félcsoportok, és jeloljik K endomorfizmus-
monoidjat End K-val. Azt mondjuk, hogy T hat K-n, ha adott egy e: T —
End K, t — ¢, antihomomorfizmus, azaz olyan leképezés, melyre €,6, = &4,
barmely ¢,u € T-re. Az egyszerliség kedvéért a szokdsos a jelolést fogjuk
hasznélni ag; (a € K,t € T') helyett. A K x T halmazt az

(a,t)(b,u) = (a- b, tu)

egyenloséggel definidlt szorzassal igy nevezziik: K szemaidirekt szorzata T -vel,
jelolése: K x T.

Ehhez kapcsolédé konstrukeio a kovetkezo. Tetszoleges K, T félcsoportok
esetén T hat a KT direkt hatvanyon a kovetkezé médon: minden f € KT
ést € T esetén 'f az az elem KT-ben, melyre u(*f) = (ut)f minden u € T
esetén. Az ennek segitségével definidlt szemidirekt szorzatot K-nak T-vel
vett koszori szorzatdnak nevezzik, és K ¢ T-vel jeloljik.

Ha K félcsoport, T pedig csoport, akkor K x T és K T pontosan
akkor regularis [inverz, teljesen egyszerti| félcsoport, ha K is az. Altaldban
K x T viszont nem inverz félcsoport még akkor sem, ha K és T is inverz
félesoport. Ez vezette el Billhardtot [6] a konstrukcié inverz félcsoportokra
torténo kovetkezé adaptalasahoz. Legyen K félecsoport és T' olyan inverz
félcsoport, amely hat K-n. A K-nak T-vel vett A\-szemidirekt szorzatdn azt
a félcsoportot értjiik, melynek alaphalmaza

{(a,t) e K xT:" "o =a}
és amelyen a szorzas
(a,t)(b,u) = (PO . %, tu)

minden a,b € K, t,u € T esetén.

A regularis félcsoportok elméletében sok beagyazasi tétel sziiletett. A
kovetkezokben ezek koziil emlitiink meg néhanyat, melyek a kutatasunk
elozményét képezték. Egy inverz félcsoportot E-unitérnek neveziink, ha
félhélonak csoporttal vett bévitése. O’Carroll klasszikus eredménye [25] azt
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mondja ki, hogy minden E-unitér inverz félcsoport beagyazhaté félhalonak
csoporttal vett szemidirekt szorzatdba. Kotegnek olyan félcsoportot nevezziik,
melyben minden elem idempotens, E-unitér regularis félcsoportnak pedig
olyat, amely kotegnek csoporttal vett bévitése. O’Carroll eredményét az tigy-
nevezett reguldris kotegekre Szendrei altaldnositotta [27]-ben. Bebizonyitotta,
hogy minden olyan F-unitér regularis félcsoport, melyben az idempotensek
kotege egy V regularis kotegvarietashoz tartozik, beagyazhatd egy V-beli
koteg csoporttal vett szemidirekt szorzataba. Mésfelél Billhardt [7] példat
adott olyan F-unitér regularis félcsoportra, amely nem agyazhaté be kotegnek
csoporttal vett szemidirekt szorzataba.

Egy S inverz félcsoporton kongruenciat idempotens szétvalasztonak ne-
veziink, ha minden kongruenciaosztaly legfeljebb egy idempotenst tartal-
maz, azaz minden részfélcsoport kongruenciaosztély részcsoport S-ben. Egy
kongruenciat idempotenstisztanak neveziink, ha minden idempotenst tartal-
mazé kongruenciaosztély csak idempotens elemekbél all. Houghton [16] bebi-
zonyitotta, hogy inverz félcsoport minden idempotens-szétvélasztd bovitése
beagyazhaté inverz félcsoportok valamilyen koszoru szorzataba, melyet a bi-
zonyitashoz konstruélt. Billhardt [5] ugyanezt bizonyitotta be A-koszord
szorzatokat hasznalva. Mindkét bizonyitas hasonlosdgokat mutat a Kalouj-
nine—Krasner-tétel standard bizonyitasaval. Billhardt [6]-ban azt is igazolta,
hogy ha |rho egy idempotenstiszta kongruencia az S inverz félcsoporton,
akkor S bedgyazhato félhalénak S/p-val vett A-szemidirekt szorzatdba, mely
O’Carroll tételének egy masik iranyu altalanositdsa.

Billhardt és Szittyai [9]-ben erésebbé tette az eléz6 eredményt idempotens
szétvalaszto kongruencidkra. Bebizonyitottak, hogy ha S inverz félcsoport és
o idempotens szétvalaszté kongruencia S-en melyre minden idempotens p-
osztaly egy V csoportvarietasbol szarmazik, akkor S beagyazhaté egy V-beli
csoport S/ p-val vett szemidirekt szorzataba.

A disszertécio E-tomor lokalisan inverz félcsoportokkal foglalkozik, melyek
olyan inverz félcsoporttal vett bovitések, ahol a részfélcsoport osztalyok tel-
jesen egyszeri félcsoportok. A f6 probléma, amelyre vélaszt adunk, az, hogy
bedgyazhato-e minden ilyen bovités teljesen egyszerti félcsoportnak inverz
félcsoporttal vett szemidirekt szorzatéba.

A 3. Fejezet, mely a [10] cikk eredményeit tartalmazza, azzal a specidlis
esettel foglalkozik, ahol a bovitések csoporttal torténnek. Ilyen esetben maga
a bovités is sziikségszertlien teljesen egyszert félcsoport. A motivacidja ennek
a kérdésnek az volt, hogy ellenorizziik, igaz-e az altalanosan megfogalmazott
kérdés ebben a specialis esetben. Valdjaban valamivel erésebb allitast latunk
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be ebben az esetben, mint ami a fotételbol kévetkezik, lasd 3.2.1. Tétel.

Tétel. Egy U teljesen egyszeri félcsoportnak H csoporttal vett tetszdleges
bovitése bedgyazhato eqy V' teljesen eqyszeri félcsoportnak H-val vett szemidi-
rekt szorzataba, ahol V- mazimdlis részcsoportjai U mazximdlis részcsoportja-
wnak direkt hatvdnyai.

Megjegyezziik, hogy a fenti tétel bizonyitasa soran hasznalt bedgyazas a
Kaloujnine-Krasner tétel standard bizonyitasaban haszndlt bedgyazast alta-
lénositja. Osszehasonlitva ezt az egyszer(i bizonyitést a disszertécié fotételé-
nek bizonyitasaval, konnyen lathaté, hogy a csoporttal vett bovitések men-
nyivel egyszeriibben viselkednek, mint az inverz félcsoporttal vett bovitések.

Bar az eloz6 tételben emlitett V-nek H-val vett szemidirekt szorzata
hasonlit a koszoruszorzatra, valdjaban nem az. Mivel a teljesen egyszerii
félcsoportok nagyon kozel dllnak a csoportokhoz, igy természetesen mertl
fel a kérdés, hogy a Kaloujnine—Krasner-tétel igaz-e rajuk. A 3. Fejezetben
bebizonyitjuk, hogy altaldban nem ez a helyzet (3.1.2. Tétel)

Tétel. Van olyan teljesen eqyszeri félcsoport, amely eqy U teljesen eqyszeri
félcsoport H csoporttal vett bovitése, de nem dgyazhato be U-nak H-val vett
koszoriszorzataba.

Ugyanakkor belatjuk, hogy a Kaloujnine-Krasner-tétel igaz in. centralis
teljesen egyszerii félcsoportokban (3.1.1 Allitds), azaz ahol két idempotens
szorzata mindig az 6t tartalmazé legbovebb részcsoport centrumaban van.

Allitas. Minden olyan centrdlis teljesen egyszeri félcsoport, mely eqy U
(sziikségképpen centrdlis) teljesen egyszeri félcsoport H csoporttal vett bo-
vitése, beagyazhato U-nak H-val vett koszoriszorzatdiba.

Egy S regularis félcsoportot lokdlisan inverz félcsoportnak neveziink, ha
minden eSe (e € Eg) “lokdlis” részmonoidja inverz részfélcsoport. Megje-
gyezzilk, hogy minden inverz és minden teljesen egyszeri félcsoport lokalisan
inverz.

Egy S regularis félcsoportot E-tomor félcsoportnak hivunk, ha az .S idem-
potensei altal generalt részfélcsoport, S részcsoportjainak egyesitése. Speci-
alisan az inverz és a teljesen egyszerl félcsoportok E-tomor félecsoportok, és
ebbe az osztalyba tartoznak tovébbi sokat vizsgélt félcsoportosztélyok (pl.
ortodox, teljesen reguldris) tagjai is. Ismert, hogy egy regularis félcsoport
pontosan akkor E-tomor, ha a legkisebb inverz félcsoport kongruencidjanak
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részfélcsoport osztalyai teljesen egyszertiek, lasd Yamada (és Hall) [32]. Ebbél
kovetkezik, hogy egy FE-tomor lokdlisan inverz félcsoport legkisebb inverz
félcsoport kongruenciajanak magja teljesen egyszerti félcsoportok lokalisan
inverz félhaléja.

A 4. Fejezetben igenlé valaszt adunk a disszertacié f6 kérdésére, amit
kordbban megfogalmaztunk (lasd: 4.1.1. Tétel):

Fotétel. Ha S E-tomor lokdlisan inverz félcsoport és o olyan inverz fél-
csoport kongruencia S-en, melyben minden részfélcsoport osztaly teljesen
egyszert, akkor S bedgyazhatd teljesen egyszerid félcsoport S/o-val vett A-
szemidirekt szorzatdba.

A tétel kovetkezményeként kimondhaté, hogy az E-tomor lokélisan in-
verz félcsoportok izomorfizmus erejéig a teljesen egyszerii félcsoportok in-
verz félcsoporttal vett A-szemidirekt szorzatainak reguldris részfélcsoportjai
(4.1.2. Kovetkezmény).

Kufil és Szendrei [23]-ben kifejlesztettek egy “kanonikus bedgyazdsi mdd-
szert” | amelynek segitségével bizonyithatd vagy cafolhatd, hogy egy S fél-
csoport, mely valamely C “szép” osztalybdl szarmazéd félcsoport bovitése
egy T inverz félcsoporttal, bedgyazhato-e egy, a C osztdlybdl szarmazd K
félcsoport T-vel vett A-szemidirekt szorzataba. A bizonyitdashoz leirtak egy
megfelelo K félcsoportot és egy K ) T A-szemdirekt szorzatat, valamint
adtak egy homomorfizmust S-bol K x, T-be, amely pontosan akkor in-
jektiv, ha létezik beagyazas S-bdl valamely C-beli félcsoport T-vel vett \-
szemidirekt szorzataba. Itt K egy megfeleld szdalgebra faktora. Az injek-
tivitds bizonyitasahoz pedig azt kell megmutatnunk, hogy minden kongruen-
ciaosztaly legfeljebb egy specialis, egy betiibol allé szot tartalmaz. Ehhez az
egybetiis szavak kongruenciaosztalyaiba tartozé szavak kombinatorikus tu-
lajdonsagait kellett lefrnunk. Ezt a moddszert hasznalva bizonyitottuk be a
fotételt. A korabbi hasonld bizonyitasokban a szavak leirasa helyett elegendo
volt észrevenni, hogy a kongruencia elemi 1épései (generatorelemeinek alkal-
mazdsa) megdriznek bizonyos tulajdonsagokat. Az altalunk vizsgélt nagyon
altalanos félcsoport osztalyban lényegében teljes leirasra volt sziikség.
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