
'Ъ-ьао

Wigner Functions in Quantum Optics

PhD Thesis

written by

Attila Czirják

Supervisor: Dr. Mihály G. Benedict

Department of Theoretical Physics 

Attila József University 

Szeged, Hungary 

1999.



Contents

Introduction 1

31 Review of Wigner functions
1.1 Probability density functions in classical mechanics
1.2 The Wigner function for a spinless system............

1.2.1 Definition and simple properties...............
1.2.2 Associated operator ordering.....................
1.2.3 Equation of motion and Wigner trajectories
1.2.4 Complex formalism ..................................
1.2.5 Examples related to quantum optics . . . .

1.3 Other phase space representations.........................
1.4 Wigner function for spin systems............................

3
5
6
8
9

11
13
17
20

232 Wigner function for tunneling in a uniform static electric field
2.1 Introduction.........................................................................
2.2 Integral formulation of the problem ..................................
2.3 Wigner function approach .................................................

2.3.1 Equation of motion.................................................
2.3.2 The quasi-stationary Wigner function..................
2.3.3 Airy function formula for the energy propagator .

2.4 Tunneling viewed from phase space.................................
2.5 Discussion and conclusion.................................................

23
24
26
26
27
29
30
37

383 Generalized parity and quasiprobability density functions
3.1 Introduction.....................................................................................
3.2 The shifted parity operator and the Wigner function.....................

3.2.1 Expectation value of the Wigner operator........................
3.2.2 Commutator of Wigner operators with different arguments

3.3 Trace-class generalization of the parity and the Wigner operator .

38
39
39
41
41

l



CONTENTS 11

3.3.1 Eigenstate basis of the Wigner operator...............
3.3.2 Moments of the generalized Wigner operator . . .

3.4 Integral representation for the generalized Wigner operator
3.5 Connection with other quasiprobability density functions .
3.6 Conclusions.........................................................................

43
43
44

. 46
47

494 Atomic Schrödinger cat states
4.1 Introduction..........................................................
4.2 The Wigner function of the polar cat state ....
4.3 Nonpolar cat states, and their squeezing properties
4.4 Decoherence and dissipation..............................

4.4.1 Model and solution.................................
4.4.2 Characteristic times.................................
4.4.3 Wigner functions....................................

4.5 Conclusions..........................................................

49
50
52
56
56
59

. 63
65

675 Joint Wigner function for atom-field interactions
5.1 Introduction...............................................................................
5.2 Definition of the joint Wigner function.....................................
5.3 Equation of motion in the case of the Jaynes-Cummings model
5.4 Reduced joint Wigner functions ..............................................
5.5 Application to the Jaynes-Cummings model............................
5.6 Conclusions...............................................................................

67
. 68

69
73
74
81

82Summary

Összefoglalás 85

88Acknowledgments

89Bibliography



Introduction

The Wigner function, introduced by E. P. Wigner in 1932 [1], initiated a new approach to 

quantum theory. Since that time, his construction has been developed to a method widely and 

successfully used in distinct areas of modern physics. The background of this success is that 
the Wigner function, although it is a strictly quantum mechanical tool, genuinely employs the 

classical concept of phase space in quantum theory. With its help we can deal with quantum 

physics by using phase space functions, and we can use (with some care) our intuition based on 

classical physics.
The first application of the Wigner function was concerned with the equation of state of the 

helium gas. Since then it has become a theoretical tool in statistical physics and condensed 

matter physics. It is possible to formulate nonrelativistic potential scattering in terms of the 

Wigner function and the cross section can be calculated from the Wigner function, therefore 

it is a new theoretical tool in nuclear physics and also in the physics of atomic and molecular 

collisions. It is useful in field theory and high energy physics, too.
The Wigner function is perhaps the most adequate tool to build the bridge between classical 

and quantum physics. This is why it plays the pivotal role in semiclassical physics. Further, it 
has been proven to be an excellent tool to reveal fundamental aspects of quantum theory, like 

non-locality and non-classicality.
We think, however, that the Wigner function has achieved its greatest success in quantum 

optics. This rapidly expanding field of modem physics heavily relies on the physics of the 

simple harmonic oscillator, and this is where the Wigner function can show its largest power 

perhaps. Quantum optics has the beauty that, besides being very closely related to exciting prac
tical applications, it serves as an excellent testing ground for fundamental questions of quantum 

physics also. Inspired by these features, our aim has been to contribute to the application of 

Wigner functions in quantum optics. The results of our research are summarized in this thesis.
The outline of our present work is the following: In Chapter 1 we give an introductory re

view on the Wigner functions, including also spin systems. We begin the presentation of our 
new results with Chapter 2 where we investigate [2] a system modelling strong-field induced 

ionization, with the help of the Wigner function. The three and one-dimensional cases both
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Chapter 0. Introduction 2

suggest that the electron, tunneling through a potential barrier, leaves the tunnel with a non
zero velocity. In Chapter 3 we construct [3,4] a possible generalization of the operator kernel 
of the Wigner function and show its connection to a broad class of quasiprobability density 

functions. Chapter 4 deals with a class of states in an ensemble of two-level atoms, the atomic 

Schrödinger cat states, using the spherical Wigner function for spin systems. We explore [5, 6] 
their fundamental properties like squeezing, give phase space images of the dissipation and 

decoherence process and show [7] that the latter one is surprisingly slow for a special state. Fi
nally, in Chapter 5, we construct [8] a joint Wigner function for atom-field interaction. We give 

the equation of motion [9] in the case of the Jaynes-Cummings model and applying our new 

method we give phase space images of a well-known process using the reduced joint Wigner 

functions [10, 11, 12].



Chapter 1

Review of Wigner functions

This chapter is intended to give a brief review of the basic definitions and properties of Wigner 
functions. There are a number of books for general reference on Wigner functions, see e.g. 
[13] and most of the modern books on quantum optics [14, 15, 16, 17]. We start with the 

classical probability density functions of statistical mechanics. Then we introduce the Wigner 
function and summarize its basic properties including its connection to operator ordering. Next 
we consider other quasiprobability density functions frequently used in quantum optics. Finally 

we review a successful construction of a phase space representation for spin systems.

1.1 Probability density functions in classical mechanics
The idea of phase space arises in a very obvious way in classical Hamiltonian mechanics: since 

a system of n degrees of freedom is characterized by n generalized coordinates qi,... , qn and 

n generalized momenta pi,... , pn, it is natural to introduce a coordinate system based on these 

2n variables and to think of the system as a point in this phase space, moving along its phase 

space trajectory according to Hamilton’s equations as time elapses:

dH dH
(1.1)г = 1,... ,n;Qi = dpi Pi = - dqi ’

where H = H(q\,... , qn,Pi, ■ ■ ■ ,Pn, t) is the Hamiltonian of the system.
The solution of the Hamilton equations requires initial conditions. In the real world however, 

we usually do not know exactly the state of the system under study, but we can still characterize 

the state by the set of those phase space points which correspond to the possible states of the 

system. If we know what is the probability of finding the system at these points at some time 

t then we have a probability density function f(qi,... ,qn,Pi, ■ ■ ■ ,pn,t) to characterize the 

state of the system. The value of / at a specific point of the phase space, multiplied by the

3



Chapter 1. Review of Wigner functions 4

infinitesimal volume element, gives the probability of the system being in the infinitesimal 
volume element around the phase space point. It follows from this definition that the integral of 

/ over the phase space is unity.
The dynamics of the system is described now by the time evolution of the probability density 

function. To find the equation of motion for /, let us consider the value of / along a classical 
trajectory, that is we examine the function

F(t) = /(&(*),... ,pn(t),t), (1.2)

where <?*(£) and pi(t) (г = 1,... , n) define a phase space trajectory starting at some initial point. 
Now we calculate the time derivative of F:

71 /£(
i=l 4

dqi9t dpiPi) dt'd F
(1.3)dt

However, the probability density along a trajectory is conserved: dF/dt = 0. Thus using 

Hamilton’s equations we easily obtain the equation of motion for / called the Liouville equa
tion:

df (1.4)

where

{AB},±(дАдВ_ _ c№dA
dqi др{ dqi dpi

(1.5)

denotes the Poisson bracket. For a complete solution of the Liouville equation we need the 

initial condition and some boundary condition.
The ideal case of exactly known state is described by a probability density function which 

is a product of Dirac’s delta functions:

/(?!, • ■ • ) Qn,Pi, ■ ■ • ,Pn,t) = Д <5(ft - 9i(t)) 5{pi -Pi(t)), (1.6)
i=1

where qt and рг define the phase space trajectory corresponding to the exactly known initial 
state.

Since in the Hamiltonian mechanics an arbitrary physical quantity A can be expressed as a 

function of the generalized coordinates and momenta, and time, we can represent it by a function
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A(q1,... ,qn,Pi,--- ,Pn,t) over the phase space. The equation of motion is the following:

d A dA
dt {A’V + Th- (1.7)

The expectation value (or mean value) of A is given by the following formula:

(A)c\(t) = j d<?i • • • J dqn J dpi • • • J dpn A(q1}... • • • ,Pn,t)
(1.8)

Here, and in the following, it is understood that all integrations extend from —oo to oo, unless 

other limits are explicitly specified.
If A does not depend on some of the dynamical variables then a reduced probability density 

function is still sufficient to calculate (Л)с1- Such a reduced probability density function is 

obviously given by integrating the probability density function with respect to those variables 

that A does not depend on. However, it is generally not possible to obtain an equation of motion 

for such a reduced probability density function.

1.2 The Wigner function for a spinless system

The usual way of quantization (called canonical quantization) is based on Hamiltonian mechan
ics. Therefore it is natural to ask, whether it is possible to transfer the concept of phase space 

and probability density functions into (nonrelativistic) quantum theory? Such an idea is sup
ported also by the fact that the absolute square of the coordinate or the momentum wavefunction 

plays the role of a reduced probability density function.
The answer to this question is basically positive, however, as we will shortly see, we have 

to give up the strictly probabilistic interpretation of the resulting phase space representation. 
This is already seen from the fact, that the coordinate and the conjugate momentum are not 
simultaneously measurable quantities, therefore it makes no sense to speak about the probability 

of a quantum system to be at a phase space point. In accordance with the lack of strictly 

probabilistic interpretation, the phase space functions arising in a phase space representation 

of quantum mechanics are called gwasiprobability density functions (QPDF). (In the literature, 
however, the terms quasiprobability distribution functions or quasidistributions are the most 
widespread.)

Л.Л
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1.2.1 Definition and simple properties

The first, and probably most successfully and widely used representative of the QPDFs is the 

Wigner function, introduced by E. P. Wigner in 1932 [1].
The Wigner function is defined in terms of the density matrix elements for a system in n 

spatial dimensions as:

J dXl ■ ■ ■ J dxn e2i(piZl+-+p»*„)/aWp{qu... ,qn,Pi,--- ,Pn,t) =

x (qx - xi,. .. ,qn - xn I pit) I <?i + £b... ,qn + xn),
(1.9)

where p is the density operator of the system. For a one dimensional pure state the formula in 

terms of the wavefunction Ф(ж) = (.х|Ф) is the following:

[ dx Я/*(q + х)Я>(q 
7rfi J

x)e2ipx/h.W9(q,p) (1.10)

The Wigner function characterizes the state of the system uniquely. It is easy to construct the 

inverse of (1.9) in one- spatial dimension, i.e. to express the density matrix in terms of the 

Wigner function:

и-"УЬуУ((и + у)/2,р).(v\p\u) = (1.11)

Analyzing this formula, it turns out however, that not all of the phase space functions are per
missible Wigner functions in the sense that they should give a valid density matrix through the 

inverse formula, there are some conditions to satisfy. For the details we refer to [18].
It is worth to pay attention to the fact that the Wigner function corresponding to a superposi

tion of two pure states is not the superposition of the Wigner functions of the pure states: there 

are interference terms. The Wigner function is additive with respect to the density matrix.
Now we list some important properties of the Wigner function. These can be checked more 

or less directly based on the definition. For simplicity we assume a one dimensional quantum 

system in a pure state |Ф).

1. The Wigner function is real valued. This suggests that there may exist a phase space de
pendent Hermitian operator kernel such, that its expectation value is the Wigner function:

W(q,p) = (V\W(q,p)№. (1.12)

We are going to analyze this issue in detail in Chapter 3.
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2. Integration of the Wigner function with respect to the momentum or to the coordinate 

results in the quantum mechanically correct marginal probability density function of the 

other variable:

J dp W(q,p) = |(д|Ф)|2, 

J d qW(q,p) = |(р|Ф)|2,

(1.13)

(1.14)

J dq J dpW(q,p) = 1 (1.15)

Further, the Wigner function is normalized to unity.

3. The Wigner function is Galilei-invariant, i.e.:

(д|Ф) —> (q + <7о|Ф) 

(р|Ф) -»■ (р + р0|Ф)

W(q,p) -)• W(q + q0,p), 

W(q,p) -> W(q,p + p0).

(1.16)

(1.17)

4. W is invariant with respect to space and time reflection:

(«l*> -> <-?|*>
(?|Ф) (Фк>

W(q,p) -> W(-q,-p) 

W(q,p)^W{q, -p).

(1.18)

(119)

5. The overlap between the quantum states |Фг) and |Ф2) can be calculated using the corre
sponding Wigner functions Wi and W2 by the formula

|(Ф1|Ф2)|2 = 2nh JdqJ dpW1(q,p)W2(q,p). (1.20)

This latter property has important consequences which can be found easily. First let us choose 

two orthogonal states |Фх) and |Ф2), then the scalar product in (1.20) vanishes and we have

J dq J dp Wi(q,p)W2(q,p) = 0 (1.21)

From this it follows that the Wigner function generally has also negative values. This makes 

the interpretation of the Wigner function as a true probability density function impossible. As 

it was shown by Hudson, a Wigner function is non-negative if and only if the corresponding 

wavefunction is of Gaussian form [19]. Then of course the Wigner function itself is Gaussian 

also.
Another interesting property of the Wigner function is obtained if we substitute two identical
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states into the density operator version of (1.20):

dp (W(q,v)Y = Tr(p2) < 1,27xh (1.22)

where the equality holds for a pure state. This implies that the Wigner function is not too highly 

peaked and that certain functions like delta functions cannot be Wigner functions.
Up to know we have mapped only the state of the quantum system onto a phase space 

function. In order to make predictions, we have to be able to calculate expectation values of 

physical quantities, therefore we have to represent them over the phase space. Wigner defined 

the quantum phase space representation of the physical quantity A in terms of the corresponding 

operator A as

WÁ(q,p) = 2 J dx (q x I Ä I q + х)е2'рх/п. (1.23)

Then we can calculate the correct quantum expectation value by the classical formula

J dq J dpW(q,p)WÁ(q,p)Tr (pi) (1.24)

A similar formula holds for the trace of the product of two operators:

Tr(AB) = 2tth J dq J dpWÄ(q,p)Wä(q,p). (1.25)

We see that the definition of the Wigner function associated with the density operator differs 

only in normalization from the definition of the Wigner function representing any other operator.

1.2.2 Associated operator ordering

The Wigner representation of quantum mechanics does not need the knowledge of the classical 
function A(q,p) from which the quantum operator Á is usually obtained by some procedure. 
However, as we will see, one of these procedures, the Weyl correspondence, is distinguished in 

connection with the Wigner representation.
Weyl proposed [20] the following association of an operator AWeyi to the classical phase 

space function A(q,p)\ expand A(q,p) into a Fourier integral

J da J dr a(a, r) e\(<jq+Tp)/h
5A {q,p) (1.26)

and substitute the phase space variables by the corresponding operators, i.e. substitute the
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function Q'(a<i+rv)ß by the operator e'(<r^+Tfl)/h. Then we have the Weyl operator by the definition

J do J dr ck(<t, r) el^+TP)/hAweyl = (1.27)

Based on the definitions (1.27) and (1.23) it is straightforward to prove that the Wigner phase 

space representation of the Weyl operator coincides with the original phase space function:

WÄWeyl(<fP) = a(q,p)- (1.28)

This deep connection was first pointed out by Moyal [21]. The Weyl correspondence applied 

to any product of canonically conjugate variables yields the symmetrically ordered operator 

prescribed by the usual quantization procedure of quantum mechanics. Thus in the Wigner 
representation of quantum mechanics the phase space function associated with any operator but 
the density operator is simply the classical phase space function.

1.2.3 Equation of motion and Wigner trajectories

The Wigner phase space representation presented here is based on the Schrödinger picture of 

quantum mechanics, thus the dynamics of the system is given by the time dependence of the 

Wigner function associated with the state of the system. The equation of motion is derived from 

the Neumann equation for the density operator, for the details see e.g. [22, 18]. We give here 

the result for a Hamilton operator

^2+1/®H = (1.29)

where the potential energy V is assumed to be an analytic function. The dynamical equation, 
also called the quantum Liouville equation is

) W{q,p,t) = f' (W/2)2‘ d2k+1V(4)d2MW(q,V,t)
’ fc = l

aw p_d_ dV(q) d 
at + m dq .(1.30)

dq dp (2k + 1)! dq2k+1 dp2k+1

Here we wrote this complicated infinite order partial differential equation such that the left-hand 

side displays the terms present in the classical Liouville equation while the right-hand side gives 

the quantum “correction” terms, all of which would vanish in the limit h -*■ 0.
An alternative form of the quantum Liouville equation is the following:

dW _ p dW 
dt m dq

J dj W(q,p + j)J(q,j) (1.31)
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where

Jp f dy [V(q + y) V(q-y)}e-2ijy/nJ{q,j) = (1.32)

is the probability of a jump in the momentum by an amount j if the position coordinate is q. 
This latter form clearly expresses the non-local nature of the Wigner function. We will use this 

form extensively in Chapter 2.
A very interesting and important feature of the quantum Liouville equation is displayed by 

the form (1.30): for potentials containing terms up to quadratic dependence on q the equation 

of motion of the Wigner function is identical to the classical Liouville equation. In this case the 

Wigner function moves along the classical trajectories. (The quantum mechanical properties of 

the system are then hidden in the initial condition, as we already discussed earlier.)
This special property is intuitively connected to the general concept of the Wigner trajectory 

[23]. This term denotes those phase space paths along which the Wigner function is propagated 

by the quantum Liouville equation in the general case. To formulate this concept more precisely, 
an effective potential Vefr = Veff(<?, P, t) is defined as:

dVefí dW _ dVdW y, (ih/2)2k d2k+1V(q)d2k+1W(q,p,t) 

dq dp dq dp

J djW{q,p + j)J(q,j)

(2k 4- 1)! dq2k+1 Qp2k+1
(1.33)k=1

Using this somewhat formal construction, it is possible to return to the classical Hamilton’s 
equation from the quantum Liouville equation:

dp d Vei{(q,p,t)dq _ p_ 
d t m

(1.34)
df dg

These equations determine the Wigner trajectories of a system which coincide with the classical 
trajectories if the potential does not contain cubic and higher terms. But in the general case the 

effective potential is state-dependent and to determine it in practice one needs to know the 

Wigner function at all time, therefore the Wigner trajectories are hard to find, if not impossible. 
However, if the system is in a stationary state then the Wigner trajectories coincide with the 

“equi-Wigner” curves, thus the knowledge of the initial Wigner function alone can provide 

dynamical information. This is the case for example in scattering theory, where this approach 

yields rich information on the dynamics of scattering processes and collisions [24].
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1.2.4 Complex formalism

Now we introduce the complex formalism [25, 18] which is usual in the Wigner representation 

of quantum optics. For simplicity we consider a one dimensional quantum system with two 

canonically conjugate variables denoted by q and p. These generally need not be the position 

and momentum of a point particle, they could be for example the two quadrature components 

of a normal mode of the electromagnetic field. The complex coordinates of the phase space are 

defined as:

)=Uq - -p),a=vmiM+ip)' Oi* = (1.35)
л/2h

where p is a constant characterizing the particular system. For a mechanical oscillator p = 

л/mu, while for an electromagnetic field mode p = л/hu/c. Obviously, the phase space func
tions can be expressed as the functions of the complex coordinate. In order to emphasize that 
the real and imaginary part of the complex coordinate can vary independently, it is customary 

to write the functions like /(a, a*). However, here we are going to use the simple form / (a).
The complex Fourier transform g(ß) of /(a) is defined as:

\ J d^/WeO“'g(ß) (1.36)

where we have introduced f d2a = f d(Re(a)) f d(Im(a)). It is easy to see that the inverse 

relation has the same form:

— J d2a g(a)eßa' ß*a№ (1.37)

This definition of the complex Fourier transform differs from the usual Fourier transform only 

in a scaling factor. Dirac’s delta function of the complex variable a is defined as 5(a) = 

Ö(Re a) 6(Im a). Its complex Fourier expansion is:

a£*-a*£5(a) (1.38)

The following operators, called annihilation and creation operators, are constructed in anal 
ogy with the complex coordinates:

4 = -y= (ßq — — 
V2h p p)> (1.39)

where q and p are the canonically conjugate operators with the commutator [q,p] = ih. It is
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well known that these operators obey

[a, a*] = 1. (1.40)

The product а) a is self-adjoint, its eigenvalues are the nonnegative integer numbers and all the 

eigenvalues are non-degenerate:

a*a|n) = n\n), n = 0,1, 2,... (1.41)

These eigenstates are called usually number states. For completeness we write down how the 

powers of the annihilation and creation operators act on the number states:

J /й n-j) if j <n 

if j > n
а? I n) (1.42)

(n + k)\(a*)‘ I "> n + к). (1.43)
n!

Now we introduce a very important and frequently used operator, the displacement operator. 
In terms of the (q,p) variables it is

D(q,p) = %^я-яр)/и
(1.44)е'ря/ье-т/ье-%яр/ь — е~'яр/ие1ря/ие±яр/п

where the last two forms are obtained the Baker-Campbell-Haussdorff formula [26]. The ex
ponentials of the operators are defined by the Taylor series, as usual. It is easy to prove the 

following properties of the displacement operators:

D](q,p) = D l{q,p) = D(~q, -p). (1.45)

Using the complex formalism, the displacement operator reads as:

D(a) = e“’-«'1
_ g—|a|2/2gQőtg—a*a   g|a|2/2g—a'ägaät (1.46)

where the two latter forms are normally and antinormally ordered, respectively. The product of 

two displacement operators is the operator of the sum of the displacements up to a phase factor:

D{a)D(ß) = &№-а'Я£){а + ß). (1.47)
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The following formulas well display the effect of the displacement operator:

D(—a)aD(ot) = a + ot 

D{—a)cßD{a) = a) + a*.

(1.48)

(1.49)

Now we introduce the Wigner function in the complex formalism. Since the displace
ment operators constitute a basis in the space of operators with finite Hilbert-Schmidt norm 

(Tr(A^A) < oo) it is possible to expand the density operator in this basis [25]. The expansion 

coefficient is called the characteristic function:

X(ß) = Tr(pD(ß)). (1.50)

The Wigner function is the complex Fourier transform of the characteristic function:

^ J d2/? x(ß) ea0'~a'PW(a) (1.51)

It is interesting to mention that the characteristic function itself can also be used to calculate 

quantum expectation values of symmetrically ordered operators. This can be verified easily by 

inserting

^ (-a*)ras
D(a) = V (1.52)Sym ’r! s!

r,s=0

into (1.50). Here {a7'(at)s}Sym denotes the symmetrically ordered product which is the arith
metic mean of the (r+s)! possible different products. Then it follows thatr! s!

d’‘+”‘XSym(l8)(p K№Sym)Tr (1.53)dßmd(-ß*)n
/3=0

1.2.5 Examples related to quantum optics

In this section we illustrate the Wigner function with some examples. We consider those im
portant states of a harmonic oscillator that have significance in quantum optics [14, 15, 27]: a 

number state, a thermal state, a coherent state, a squeezed state and a Schrödinger cat state. 
We give the final formulas of the corresponding Wigner functions only, the calculations can be 

carried out based on (1.51).
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Number state. The Wigner function of a number state truly displays the highly non-classical 
properties of the number state [28]. The formula is given by

l(-iye-W?Lf(A\ß\\
7ГИ'ий (1.54)

where L^\x) denotes the associated Laguerre-polynomial [29]. In Fig. 1.1 we plot this func
tion for n = 6.

0 . 6

0.4
W

0.2

Figure 1.1: Plot of the Wigner function of the harmonic oscillator number state | n 6).

Thermal state. The state of an oscillator in thermal equilibrium with its environment of tem
perature T is a mixed state described by the following density operator:

OO

h = (1 - V |n>< —nhuj/(kT) (1.55)n e
n=0
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Thus the corresponding Wigner function can be obtained by summing the number state Wigner 

function weighed by the appropriate Boltzmann factors. The result is

WPT(ß) = — tanh(7ku/(2/cT))e 
7г

—2|j3|2tanh(faj/(2fcT)) (1.56)

which is a symmetric Gaussian centered in the origin and its width is determined by the ratio of 

the frequency and the temperature.

Coherent state. The coherent states [30] are of fundamental importance in quantum optics 

[31, 32, 33]. It is perhaps the most expressive to define them by displacing the ground state in 

the phase space by a, which also labels the resulting state:

I <*) = Z?(o:)|0)
oo n

vn!

(1.57)e-H2/2

Here we have given its expansion in the number state basis also. The Wigner function of the 

coherent state | a) is

WW ß) = 2- e-2\ß-a\2, (1.58)

simply a Gaussian of unit width displaced from the origin by a. Fig. 1.2 shows a plot in the 

case of a = 2 + i.

Squeezed state. The term squeezed state [14, 34, 35] denotes an oscillator quantum state in 

which the variance of a physical quantity is less than the variance in the ground state. Heisen
berg’s uncertainty relation implies that the variance of the conjugate quantity is then larger than 

in the ground state.
The (quadrature) squeezed state of a harmonic oscillator is defined by squeezing the ground 

state with the squeeze operator

S(£) = e2(rä2_e(ät)2) (1.59)

and then displacing it:

|«,í) = D(«)á(í)|0). (1.60)

The complex number £ = re10 characterizes the squeezing: 0 defines that linear combination
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W 0-4

0.2

Figure 1.2: Plot of the Wigner function of the coherent state | а = 2 + i)

of the quadrature components, one of which is squeezed while the other one is stretched by an 

amount determined by r. The Wigner function of the squeezed state |a, £) is the following:

2((cosh2(r)+sinh2(r))|/3—a|2+smh(2r)Re((/3-a)2e10))Wa4(ß) = -
7Г

(1.61)

Fig. 1.3 shows the Wigner function of the \a = 2, £ = 1) squeezed state.

Schrödinger cat state. The term Schrödinger cat state [36, 37] refers usually to a superposi
tion of two coherent state of an oscillator in quantum optics. This is a famous representative of 

quantum states built up (or “engineered”) by the superposition of coherent states. The Wigner 

function is the most adequate tool to control how well is a state approximated by its constituents 

[38]. The Wigner function of the Schrödinger cat state

1
|SC> = -=(|a) + |-a>) (1.62)

л/2
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W 0.4

0.2

Figure 1.3: Wigner function of the squeezed state |а 2) £ == !)•

is not purely a superposition of the Wigner functions of the coherent states, there is also an 

interference term:

W\SC)(ß) = i [e~2\ß-a\2 + e“2l/3+Ql2 + 2e-2^!2 cosh(2(/PP - /Га))) . (1.63)

In Fig. 1.4 we plot this function for а = 2.5.

1.3 Other phase space representations

The successful application of the Wigner representation in many branches of physics encour
aged the search for other quasiprobability density function. Some of the well known examples 

are: the Husimi Q-function, the Glauber-Sudarshan P-function, the positive P-representation, 
the P-representation (see e.g. [26] and references therein.) The aim of several constructions 

was to have a phase space representation of quantum mechanics which is tailored to the specific
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Figure 1.4: Plot of the Wigner function of the Schrödinger cat state Eq. (1.63) with а = 2.5.

needs of a research topic. In this section we give a brief review on them.
The Q- and the P-functions can be defined in way analogous to the definition of the Wig

ner function presented in the complex formalism. Since D(ß) e^l2/2 is normally ordered while 

D(ß) e-^!2/2 is anti-normally ordered, define the normally and anti-normally ordered charac
teristic functions as

XK(ß)=Tr(ßD(ß)eW’/2), 

Ха(/?)=Тг (f,D(ß) e-l'’!2/2).

(1.64)

(1.65)

Then the P- and the Q-functions are defined by the complex Fourier transform of the normally
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and anti-normally ordered characteristic functions, respectively:

Pß(a) = ~2 J d2ß Xn(ß)e 

^2 J d2ß XA(ß)e

aß*-a*ß (1.66)

Ctß* —Oi* ßQß{oi) (1.67)

These forms are identical to the original definitions

/d*eP,(o)|a>(o|,

\W\a).
7Г

(1.68)P

Qß(a) = (1.69)

Using the P- and the Q-function or the normally and anti-normally ordered characteristic 

function we can easily calculate the expectation value of normally and anti-normally ordered 

products, respectively:

dn+mxM J d 2aan(a*)mPp(a), 

J d2aan(a*)mQp(a).

Tr (p{cß)man) (1.70)dßmd(-ß*)n ß=o
dn+mXA(ß)Tr (pan(at)m) = (1.71)dßmd{-ß*)n ß=0

Here we can make an important observation: the classical function an(a*)m in the above inte
grals can be interpreted both as the (^-representation of the normally ordered operator product 
(ől)mán and also as the P-representation of the anti-normally ordered operator product an{a[)m 

as well. Thus, at least for a broad class of operators, the Q- and P-functions constitute a comple
mentary pair of phase space representations in the sense that the expectation values of physical 
quantities can be calculated by the classical formula, where the state is represented by one of 

these functions and the operator is represented by the other one.
A whole family of quasiprobability density functions was introduced by Cahill and Glauber 

[25] by generalizing the definition of the P- and Q-functions. The definition of these s-ordered 

representations is based on the s-ordered displacement operator

D(ß,s) = D(ß)e^\ (1.72)

where s can be any complex number. The term “s-ordered” is based on the following definition 

of the s-ordered operator product:

dn+m Dipt, s){(а+)пат} = (1.73)дапд(-а*)™
а=0
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The s-ordered characteristic function associated to the operator A is defined as

^(As)=Tr(i£>(/3,S)) (1.74)

Then the s-ordered quasiprobability density function representing the operator A is defined as 

the Fourier transform of the s-ordered characteristic function:

i J d/2ßxÄ(ß ,s) eaß'~a*ß.WÁ{a,s) (1.75)

In the case of the density operator the normalization is different:

Wf(a,s) = ^ J d2ßxi(ß ,s) eaß'-a'ß. (1.76)

From this definition it is obvious that Wp{a, s) interpolates between the Q-, Wigner and P- 

functions as s goes from -1 through 0 to 1, respectively.
The expectation value of A is given by the familiar formula, but note the different sign of 

the ordering indices:

(Äp) = J d 2aWÁ(a, -s) Wp{a, s).Tr (1.77)

Thus, all the s-ordered phase space representations have their counterpart, with the s parameter 

of opposite sign, which makes the calculation of expectation values possible.
According to this, as we have already known, in the Wigner representation both the phys

ical quantity and the state are represented by Wigner functions. Now we see, that this is a 

unique property of the Wigner representation which distinguishes it among all the phase space 

representations.
The s-ordered quasiprobability density functions have found important applications recently 

in realistic quantum state reconstruction schemes called optical homodyne tomography [39, 40, 
41]. The parameter s is related to the detector efficiency [42, 43].

1.4 Wigner function for spin systems
The phase space representations treated so far are valid for systems without spin only. The 

construction of quasiprobability density functions and especially of the Wigner function for 

spin systems has been a challenge for a long time. The main reason for this seems to be that 
the many advantageous properties of the original Wigner function cannot all be transferred to a 

phase space description of spin.
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The phase space of a spin system with quantum number j is the surface of a sphere of ra
dius у/j{j + 1), (h = 1), which is sometimes called the Bloch sphere. This phase space and 

quasiprobability distributions corresponding to various operators acting in the 2j + 1 dimen
sional Hilbert space have been introduced first by Stratonovich [44]. Similar constructions have 

been considered independently by several authors [45, 46, 47, 48, 49]. We adopt here the con
struction and notation introduced by Agarwal [46]. Similarly to the case of spinless systems, 
the quasiprobability density functions for spin states are not unique either. Beyond the natural 
requirements that the possible quasiprobability distribution functions have to satisfy, there is a 

special property, called the product rule, that distinguishes the most natural choice among the 

possible quasiprobability density functions. This rule requires that the expectation value of a 

product of two operators could be calculated by integrating the product of the corresponding 

quasiprobabilities. This choice is essentially unique, and in accordance with most authors we 

call it the Wigner function for spin j.
Using the procedure proposed in [46] one first chooses the set of the spherical tensor opera

tors TKq as an operator basis. These transform among themselves irreducibly under the action 

of the rotation operators [50]. This can be readily shown based on the following commutators 

with the angular momentum operators:

Jz,TKQ

j±, TKQ

hQTkq,

hy/K(K + l)-Q{Q±l)fKtQ±1.

(1.78)

(1.79)

The explicit expression of the spherical tensor operators is the following:

i КJ J^2 ( — 4-1)1/2 IQ|,Tkq (1.80)
—m Q m — Qm=-j

КJ Jwhere is the Wigner 3j symbol. They form a basis in the sense that

any operator of the Hilbert space can be expanded in terms of them and they fulfill the Hilbert- 
Schmidt orthonormality condition Tr (TkqTk'Q1'^ = Ökk'Öqq1-

Introducing the characteristic matrix of any operator A with respect of this operator basis

—m Q m — Q

as:

Akq — Tr j , (1.81)
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the operator A can be mapped into the fi-type phase space function

2 j К
С^\в,ф) = ^2 Ху AkqYkq(&,(I>)CIkq- (1.82)

К=0Q=-K

Here YKq(Q, ф) denotes the spherical harmonics and the VLrq denote complex numbers. The set 
of these numbers distinguishes between the various types of phase space representations. For 
the calculation of the trace of the product of operators we need the conjugate quasiprobability 

density function

2 j

of (9, Ф) = E Ё a*q W«. Ф) tA ■
A Mk,-Q

(1.83)
K=0Q--K

Then

п2ж гтг
j dфJ dd sin в (в, ф) (в, ф)Tr(Áé) (1.84)

The Wigner representation is obtained if we choose flKQ — 1 for all К and Q. The Wigner 
function associated with the state p is then the following:

j + X] X! PkqYkqÍO,Ф)-Wp{ßA) (1.85)
47Г

К=ОQ=-K

The factor in front of the sum ensures normalization and is absent if the operator to be repre
sented is not the density operator. This definition satisfies the product rule mentioned above, 
giving the following result for the expectation value of an operator Ä:

12w d<p £de sin 9 wp{9, ф)Tr(pÁ) (1.86)

For other types of quasidistributions of angular momentum, like the analogs of the oscillator P 

and Q functions see [46].
This Wigner function allows one to visualize the properties of the state in question. In the 

work of Dowling & al. [51] graphical representations of the Wigner function of the number, 
coherent and squeezed atomic states were presented.

We close this section by noting that the construction outlined above can be extended to 

include several values of j [52, 53], and in the same spirit Wigner functions can be defined for 

arbitrary Lie groups [54].



Chapter 2

Wigner function for tunneling in a 

uniform static electric field

2.1 Introduction
Tunneling lies at the very heart of quantum mechanics. It cannot be understood in completely 

classical terms. The Wigner phase-space quasi-probability function [18], although it is a strictly 

quantum mechanical tool, genuinely employs the classical concept of phase space in quantum 

theory. Therefore, it is suggestive to study the Wigner function for a tunneling situation in order 

to see exactly how far classical concepts will carry in such a case.
In the context of intense-laser atom physics the Wigner function has been used to draw 

conclusions regarding the classical or nonclassical character of laser induced stabilization [55]. 
However, to the our best knowledge, one of the simplest situations, viz. an electron tunneling 

out of the single bound state of a zero-range potential owing to an applied uniform static electric 

field, has not been considered yet in this context. It is this picture that underlies all of our 

understanding of strong-field tunneling; see, e.g. [56, 57]. It is of crucial significance in intense- 

laser atom physics; for a review, see, e.g. [58, 59]. We also note that our model problem is 

closely related to tunneling in an accelerating potential [60].
The plan of this chapter is the following: In Sec. 2.2 we formulate the model and give an 

integral equation for the quasi-stationary wavefunction. Then we turn to the Wigner function 

approach: Section 2.3 contains the derivation of a quasi-stationary Wigner function, utilizing 

the phase space propagator technique. The resulting expression corresponds to a situation where 

the bound-state population is held fixed, that is, the part lost to ionization is continuously re
plenished. In Sec. 2.4 we present the Wigner phase space view of the tunneling process by 

the help of several figures which suggest that the electron leaves the tunnel with a non-zero 

velocity. Comparison of the quasi-stationary Wigner function with the time-dependent Wigner

23
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function obtained by numerical simulation shows that the latter situation approaches the former 

very rapidly. The dynamics along the longitudinal direction (with respect to the applied field) 
is well described by the one-dimensional model, while the transversal momentum distribution 

obtained from the three-dimensional quasi-stationary Wigner function is in a good agreement 
with previous results. Finally, in Sec. 2.5 we discuss our results in the context of strong-field 

ionization models.

2.2 Integral formulation of the problem
As it follows from the general definition (1.9), the Wigner function for a particle in a pure state 

with the wave function Ф(г, t) is defined in three spatial dimensions by

+ r-M).W(r,p,t) (2.1)

The wave function Ф(г, t) of an electron which is bound by the potential V(r) (which later 

we will specify as of zero range) and is placed in an external uniform static electric field E may 

be calculated numerically as a solution of the time-dependent Schrödinger equation

V2
-— + v(t)-t-F Ф(г,f), (2.2)ldt

where F = eE. Owing to the possibility of ionization, such a wave function invariably will not 
be stationary.

Alternatively, we may attempt to solve the homogeneous integral equation, see, e.g. [61],

i J d3r'dt' t\г', £')У(г')Ф(г', t').Ф(г ,t) (2.3)

Here Udenotes the retarded time-evolution operator of a free particle in the presence of the 

uniform static field F. It obeys the differential equation

‘ gt + 2^'V2 + r • F U(r, t; r', t') = i5(t - t')5(r - r') (2.4)l—

and has the explicit form
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3
, (r-r')21 mU^(r, t\r', t') — i9(t — t') exp l m

2ir(t — t' — ie) 2(t - t')
i?2(r+ r')(t-t')) exp ^ (í - t')3) • (2.5)x exp —l

24m

In one dimension, the power of the second factor on the right-hand side which describes 

quantum mechanical wave packet spreading is 1/2 in place of 3/2.
The integral equation (2.3) is particularly useful for a short-range potential since it allows us 

to calculate the wave function everywhere provided we know it within the range of the binding 

potential. The solution is simplest for a zero-range potential,

2тг f . d
—Mr)¥rr

in three dimensions, or V(z) = (n/m)S(z) in one. Both potentials support a single bound 

state with the binding energy |£70| = «2/(2m). Below, we will specialize to this case. Briefly, 
the procedure of solution is as follows [57, 62]: multiplying the integral equation (2.3) with 

V (r) and integrating over r we obtain an integral equation for the time-dependent function 

F(t) = f d3rV(г)Ф(г, t). Since the propagator (2.5) only depends on the time difference 

t — t!, this integral equation is solved by an exponential ansatz F(t) ~ exp(—iEt) which yields 

the complex quasi-energy

V(r) (2.6)
тк

Е = -\Е0\+АЕ-гГ/2, (2.7)

that is to say, we obtain expressions for the (real) Stark shift AE and the ionization rate Г 

in terms of the parameters F and E0. Inserting now, on the right-hand side, V(г')Ф(г', t') ~ 

5(r') exp (—iEt1) reduces the integral equation (2.3) to a mere quadrature. For a not too strong 

field and for high enough binding energy, both AE and Г are small. Also, the wave function 

near the origin is only insignificantly distorted from the field-free wave function Ф0(г, t) = 

у/к/{2-к) exp(—кг)/г exp(z|E0|f). In this approximation,

^0(г)ег1£»1‘. 
mУ(г)Ф0(М) « (2.8)

If this expression is used on the right-hand side of the integral equation (2.3), then the resulting 

wave function is exact but for its normalization and the neglect of the Stark shift AE. Neglecting
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depletion due to the ionization rate Г corresponds to a situation where the population of the 

ground state is kept constant, like in field emission microscopy with the help of an applied 

voltage.

2.3 Wigner function approach
In this section we present the derivation of a quasi-stationary Wigner function. First we establish 

an integral equation of motion utilizing the phase space propagator technique. Then we give 

an approximate solution to this equation in terms of the retarded energy propagator. Finally we 

apply the Airy function representation of the energy propagator.

2.3.1 Equation of motion

We now establish an analog of the integral equation (2.3) for the Wigner function instead of the 

wave function. We start from the equation of motion 1.31

о

(p-Vr + F-Vp)kF(r,p,f) 

J d3 к J(r,]s.)W(r,p + k, t)
dt

(2.9)+

for the Wigner function with

^ j d3y(V(r + y) — V(r — y))e—2ikyJ(r.k) (2.10)

We will show that the desired homogeneous integral equation for the Wigner function reads

J dt' J d3r'd3p'L{F\r,p,t\r' ,t') 

x J d3kJ(r', ~k)W(r', p' + k, t').

W(r,p,t)

(2.11)

This expression displays the phase space propagator lSF\r, p, t; r', p', t') which has replaced 

the position space time evolution operator (r, t; r', t') of Eq. (2.3). In order to prove the 

integral equation (2.11) we note that the phase space propagator satisfies, in general, [63]
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£(r, p, t; t', p', t) = 5(r - r')5(p - p'), (2.12)

for equal times, and

J d3rd3pL(r,p,f;r',p',f') = 1 (2.13)

as well as the group property. For a particle in the absence of a binding potential just interacting 

with the uniform static electric field, the phase space propagator satisfies the equation of motion

" r\

^ + p • Vr + F • Vp i<F>(r, p, f; r', p', Í') = 0. (2.14)

With the help of this equation of motion as well as Eq. (2.12), it is easy to verify that any 

Wigner function that is a solution of the integral equation (2.11) satisfies the correct equation 

of motion (2.9). This proves Eq. (2.11).
Eliminating the kernel Eq. (2.10) from the integral equation (2.11) we obtain the explicit 

representation

/•tf/dVdVL^r,W(r,p,t)

dVí(r4x',í')*eV x^(r' - 

x (V (г' + x') — V (r' — x'))

x^/ x',0
(2.15)

which will be used below.

2.3.2 The quasi-stationary Wigner function

For any potential of up to quadratic dependence on the space coordinate and, in particular, for 

the free particle in the uniform static electric field the phase space propagator is simply given 

by delta functions enforcing motion on classical trajectories. Flence, we have

L{F)(r, p, f; r', p', t') = ő[p-p' -F(t- t')] ő [r - rc(f|r', f'; p)] (2.16)

with the classical orbit

Y-\
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— (f — f')2F.rc(t|r', £'; p) = r' + (t - t')p/m (2.17)
2m

With this explicit form (2.16) for the phase space propagator, Eq. (2.15) yields the following 

expression for the Wigner function,

J dt' J dV^x'^x',*')]*
xФ (2[r - rc(f |0, £'; p)] - x', t') 

x exp {2г(р - F(t - t')) • (x' - r + rc(f|0, £'; p))}

W(r,p,t)

(2.18)

which is still exact. We now specialize to the zero-range potential (2.6) and make use of the 

approximation (2.8). The resulting expression

4 г dí'e-i|£o|í'^ (2[r 

x exp {—2г(р - F(t - t')) • (r - rc(f|0, £'; p))} ,

W(r, p, t) rc(i|0, t'; p)], t7)—Re
ТО7Г2

(2.19)

now only depends linearly on the underlying wave function.
The retarded energy propagator is related to the time evolution operator (2.5) by

r °o
* /

J о
G[2(t,i'-E) = -í (2.20)

since the time evolution operator U^(r,t]r',t') depends only on the time difference t — t'. 
Hence, using again the approximation (2.8) in the integral equation (2.3), we can re-express the 

wave function in terms of the retarded energy propagator,

Ф(х,£) (2.21)

Finally, putting together Eqs. (2.18-2.21) we obtain

Г, (. d 2\/ dr exp 1771——r p
Jo V dr )

4 m С£)(2гр(т).0;-|£о|).VF(r,p,£) = Re (2.22)
m27T2
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Here the orbit

r p(r) = r — p т/т + ^r2
2m

(2.23)

specifies the position where an electron has to enter the stage through ionization at the time t-r 

in order that it will contribute to the Wigner function at the position r and the observation time t 
with momentum p. According to the form (2.22), the Wigner function then is the coherent sum 

of such contributions over all previous times t — r. Clearly, the Wigner function W is stationary 

so that W(y, p, t) = W(r, p).
The one-dimensional analog of the expression (2.22) is different only in that the prefactor 

is гк3/(пт4) in place of 4гк/7г2т2.

2.3.3 Airy function formula for the energy propagator

There is an explicit representation of the energy propagator (2.20) in terms of Airy functions 

[62] which is very convenient for the numerical evaluation of the Wigner function (2.22). In 

one dimension it is the following:

F2t3]Г°° , / m \i/2 
г dt ( —— ) e J0 V 27T1Í /

m о t —z2 -I- -Fz - 
21 2

i Et exp < i 24m
-^(2mF)2//3Ai(o:+)Ci(a:_) (2.24)
F

where Ai(cn) and Ci(o:) = Bi(a) + гАЦск) are Airy functions in the notation of Abramowitz 

and Stegun [64] with the arguments

(^)1/312В+л±1л1Ь (2.25)Oi± = —

The analog in three dimensions is

F2f3]• / , / m \3/2г dt ( —— ) eJo \2mtJ
m о t _
—r2 + -F ■ r - 21 2g\3(*ae) i Et exp < г 24m

7T)
—г [Ci(a+)Ai,(o!_) — Cí'(o:+)Aí(q:_)] , (2.26)
2|r|

with
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(г^)1/3 [2B + FT±|F||r|] (2.27)a± = -

The representation (2.22) is crucial in three dimensions where it saves doing the three-dimen
sional integration which is required in a straightforward numerical evaluation of the definition
(2.1).

2.4 Tlinneling viewed from phase space
Next, we will provide various illustrations of the behavior and the properties of the Wigner 
function. First we will investigate the time evolution. We start with the atom in its bound s- 
tate and at t = 0 instantaneously turn on the electric field. We employ the one-dimensional 
description and proceed in a straightforward way by numerically solving the Schrödinger e- 
quation (2.2) and then evaluating the defining integral (2.1) of the Wigner function. Figure 2.1 

displays linear colored contour plots of the Wigner function at the time of the turn-on t = 0 

(a) and at two subsequent times t = 4 a.u. (b) and t = 8 a.u. (c), for a binding energy of 

|£0| = 1 a.u. and F = 0.5 a.u. The position of the atom at 2: = 0 and the “exit of the tunnel” 

at z = \E0\/F = 2 are marked by vertical black lines. In each case, the black dot gives the 

position of a classical particle having started at the exit of the tunnel at t = 0 with zero velocity, 
so that its classical trajectory in phase space is a parabola. Figures 2.1b and c show the ensuing 

temporal development. A series of fringes develops on either side of this classical trajectory 

whose separations decrease with increasing distance from the ion. In between the correspond
ing maxima the Wigner function assumes significantly negative values. This fringe structure 

develops farther and farther away from the ion as time goes on. Near the ion, the structure 

quickly becomes stationary. There is hardly any structure preceding the black dot that denotes 

the position of the classical particle having started at the time of the turn-on. Figure 2.2 shows 

the stationary Wigner function that has been calculated from the one-dimensional version of Eq. 
(2.22). As we have noted, physically this corresponds to a scenario where the population in the 

atomic ground state is held constant, that is, the part lost to ionization is continuously replen
ished. This is, for example, the case in field ionization microscopy where a constant voltage 

is maintained between the probe and the screen [65]. Comparing Figs. 2.1c and 2.2 we realize 

that within the range covered by the figures, that is, near the atom, this stationary situation is 

reached very quickly. (Of course, for very long times, when most of the population has leaked 

out of the atomic ground state, this picture will change again.)
Fig. 2.3 also depicts the stationary scenario, calculated, however, from the three-dimensional 

solution with the help of Eq. (2.22) with the transverse positions and momenta put equal to zero.
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Figure 2.1: Tunneling viewed through the Wigner function, (a) The thick solid line shows the 
potential corresponding to a field strength of F = 0.5 a.u. with a binding energy (dashed line) 
of I£701 — 1 a.u. Figs, (b-d) illustrate the time dependence of the tunneling process using linear 
contour plots of the Wigner function at the initial time t = 0 (b) and at two subsequent times 
t — A a.u. (c), and t = 8 a.u. (d). The position of the atom at г = 0 and the “exit of the tunnel” 
at г = \Eq\/F = 2 are marked by vertical black lines. The black dot gives the position of a 
classical particle, having started at the exit of the tunnel with zero initial velocity, and moving 
along its classical phase space trajectory marked by the black parabola. Different shades of blue 
correspond to negative values of the Wigner function, they change from light to dark blue as 
the function values decrease. The colors from yellow through red to violet represent positive 
function values increasing in this order (i.e. yellow corresponds essentially to zero). The color 
coding is identical for all of the plots.
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Figure 2.2: Wigner function corresponding to a quasi-stationary tunnel current. In contrast to 
the time dependent situation of Fig. 2.1 we now continuously feed back the population of the 
ground state that has leaked out through the tunnel. This creates a quasi-stationary state, the 
Wigner function of which is shown here as a linear contour plot with the same color coding as 
in Fig 2.1. Comparison to Fig. 2.1c shows that this stationary situation is reached very quickly. 
We have obtained this result from the one-dimensional version of the quasi-stationary Wigner 
function, Eq. (2.22). Binding energy and field strength are the same as in Fig. 2.1.

Figure 2.3: Cut of the Wigner function corresponding to a three-dimensional tunneling process. 
Here we restrict the six-dimensional Wigner function to the longitudinal variables г and pz only, 
that is we show W(p = 0, z\pp = 0,pz). Here p and pp denote the transverse coordinate and 
momentum taking into account rotational symmetry. Again we assume a quasi-stationary situ
ation and show the function as a linear contour plot with the same color coding as before. The 
pattern is nearly identical to the one-dimensional situation of Fig. 2.2. However, the maximum 
of the Wigner function near the classical parabolic phase space trajectory is less pronounced in 
the three-dimensional situation. This shows that, as far the longitudinal dynamics is concerned, 
for many purposes a one-dimensional treatment is sufficient.
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Remarkably, Figs. 2.2 and 2.3 look almost identical. This suggests that we can assume 

W3(p = 0,z;pp = 0,pz) ос Wi(z,pz) to a very good approximation, where we denoted the 

stationary Wigner function in one and in three dimensions by Wi(z,pz) and W3(r, p), respec
tively. We note that with the help of the representations (2.24) and (2.26) it can be certainly 

checked that integrating out the freedom transverse to the direction of the field in ТТз(г,р) 

yields Wx(z,pz)\

j d2rTd2px W3(r p) = Wi(z,pz). (2.28)

The fringe structures that accompany the classical parabola are due to interferences of slow 

contributions having started earlier with faster contributions that started later. Even though, 
technically, the Wigner function is measurable, these fringes have little to do with observable 

structures in phase space: First, the maxima are separated by valleys where the Wigner function 

is markedly negative and, second, inspection of the numerical scales involved shows that the 

uncertainly relation would preclude an actual resolution.
If the Wigner function were a true phase space probability density, then the paths of highest 

density would represent particle trajectories in phase space. If we adopt this interpretation 

then we realize that these trajectories surely do not originate from the “exit of the tunnel” with 

zero velocity. Such an intuitive visualization underlies many of the (very successful) models 

employed in intense-laser atom physics [58]. Rather, it can be seen that the dominant trajectory 

starts from inside the tunnel, and initially follows an approximately linear trajectory which later 

bends over until it essentially merges with the classical parabola. An illustration is given in

Figure 2.4: Wigner tunneling trajectory (solid curve) versus classical trajectory (dashed curve). 
We obtain the phase space path by taking for each value of the г coordinate the pz momentum 
where the Wigner function of Fig. 2.2 has its global maximum along the section defined by г. 
For comparison we depict the classical trajectory of an electron starting at the exit of the tunnel 
with zero velocity.
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Fig. 2.4 which displays the trajectory specified by the maximum of the Wigner function for 

the parameters used before. It is interesting to observe that a trajectory such that position and 

momentum remain proportional can be generated by an inverted harmonic oscillator potential 
[66, 67].

In Fig. 2.5a we consider the stationary situation of an eigenstate of energy resonant with 

the ground state of the zero-range potential. The parameters are the same as in all previous 

figures. This stationary case can be envisioned as a constant stream of particles moving up 

the inclined plane formed by the potential — Fz until they are turned around and travel down. 
As a quantum mechanical feature, they may tunnel into the resonant bound state through the 

classically forbidden region 0 < z < 2. Owing to stationarity, they tunnel out again with the 

same rate with which they tunnel in. The overall picture is much like a superposition of Fig. 2.2 

as it stands and the same with the sign of p reversed. There are, however, massive interferences. 
In particular, the Wigner function develops pronouncedly negative values around the exit of the 

tunnel at г = 2, pz = 0. Figure 2.5b shows the same situation in the absence of the zero- 
range potential. We observe the same parabolic structures reflecting the motion on the inclined 

plane. However, the contrast is much stronger and all interferences that involve the tunneling 

contributions have disappeared.
Finally, in Fig. 2.6 we show momentum distributions for the three-dimensional case. The 

position is fixed just inside the tunnel (a) at г = 1 a.u., at the exit of the tunnel (b) at г = 2 

a.u., and just outside the tunnel (c) at z = 3 a.u.; in all cases x = у = 0,px = py = 0. The 

distribution of the longitudinal momenta essentially agrees with the one-dimensional results 

plotted in Fig. 2.2. The additional information that comes with three dimensions is concerned 

with the distribution of the transverse momentum pp. For the three panels shown it is compatible 

with the dependence

«Pp
x(Pp) ~ exp (2.29)

meF

which was derived [62] from an analysis of the wave function. However, farther away from the 

position of the atom this distribution narrows. The distribution of the longitudinal momentum 

then breaks up into more and more disjoint pieces, as shown in Figs. 2.2 and 2.3 for the one
dimensional case.
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Figure 2.5: Similarities and differences of scattering states illustrated by Wigner functions. For 
this comparison we use the energy eigenstate of the electron in the uniform static field, in the 
presence (top) and in the absence (bottom) of the delta-function potential. The energy of both 
of the scattering states is equal to the ground state energy of the zero-range potential. The end 
of the tunnel region and the position of the delta-function are marked by vertical black lines 
in both cases. In (b) the line at г = 2 denotes the borderline between the classically allowed 
and forbidden region. Not too close to this border the Wigner functions look similar, although 
in the presence of the zero-range potential the interference pattern has a fine structure and its 
contrast is weaker compared to (b). However, closer to the border and especially inside the 
tunnel the behavior is drastically different: The Wigner function in the presence of the zero- 
range potential (a) has its maximum at the origin. At the exit of the tunnel it takes on strongly 
negative values around the zero momentum region while it has positive local maxima near 
pz = ±1 a.u., suggesting again, that the electron leaves the tunnel with a non-zero velocity. 
Here we considered the one-dimensional problem again with the same parameters as in Fig 2.1.
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Figure 2.6: Three-dimensional plot of the Wigner momentum distributions W3 (p = 0, 2; pp, pz) 
for three-dimensional tunneling at three different positions г. We show the Wigner function, 
Eq. (2.22) just inside the tunnel (a) at 2 = 1 a.u., at the exit of the tunnel (b) at 2 = 2 a.u., 
and just outside the tunnel (c) at 2 = 3 a.u. The distributions of the longitudinal momentum 
essentially agree with the one-dimensional results of Fig. 2.2. In this region the Gaussian dis
tributions of the transverse momentum pp are essentially independent of 2 in agreement with 
Eq. (2.29). The parameters and the color coding are the same as before.
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2.5 Discussion and conclusion
In this chapter we have evaluated the Wigner quasi-probability function for the paradigm of field 

induced ionization, namely a particle bound in a zero-range potential that tunnels out due to the 

application of a static uniform electric field. This situation underlies all of the widely used tun
neling formulas that are used to describe tunneling in real atoms, such as the Ammosov-Delone- 

Krainov (ADK) formula [56]. Even for realistic binding potentials, the dominant exponential 
factor that governs the order of magnitude of the tunneling rate agrees with the one obtained 

from the paradigm. Laser-atom phenomena are often semiclassically described by multi-step 

models [68] whose first step consists of tunneling into the continuum. The next step is classical 
propagation of the freed electron in the laser field or, in an improved version, propagation of an 

appropriate quantum mechanical wave packet. This requires specification of initial conditions. 
Commonly, it is assumed that the relevant electronic orbit starts from the “exit of the tunnel” 

with zero velocity. Models like these have explained many features of the data and some
times produced even excellent quantitative agreement [68, 58]. Our results have shown that 
this commonly adopted initial condition is not supported by the picture afforded by the Wigner 
quasi-probability function. In fact, plots of the Wigner function do not in any way distinguish 

the “exit of the tunnel”. Rather, to the extent that the Wigner function allows at all for the iden
tification of classical orbits that are to be associated with electrons in the process of ionization, 
these orbits originate from inside the tunnel. If any particular starting point should be identified, 
it would be the origin. (In fact, trajectories starting at the center of the binding potential were 

used with good success in Ref. [69]). However, for weak fields the starting point moves towards 

the exit of the tunnel (not shown). Whatever the position of the starting point, the phase space 

trajectory followed by these maxima is initially about linear. Later, i.e. further away from the 

origin, it bends over towards the parabolic shape characteristic of a particle in a uniform static 

field. Moreover, the Wigner function exhibits quite violent oscillations and pronounced areas 

of negativity. These structures are most strongly developed in the classically allowed regions of 

phase space. The behavior in the classically forbidden regions is comparatively smooth.
Our approach allows to deal with the fully three-dimensional case. It is well known that 

tunneling has some three-dimensional features with no analog in the one-dimensional case [62], 
such as the distinction between energetically and dynamically forbidden regions. However, 
if only the dynamics in the (z,pz) subspace are of interest then the one-dimensional Wigner 
function already contains much of the relevant information.



Chapter 3

Generalized parity and quasiprobability 

density functions

3.1 Introduction
In Section 1.2.1 we have mentioned that the reality of the Wigner function suggests that there 

should exist a phase space dependent Hermitean operator kernel such, that its expectation value 

is the Wigner function, cf. Eq. (1.12). In this chapter we show first that this kernel is identical 
to the displaced parity operator. Our main result here is to introduce a trace-class generalization 

of the displaced parity operator which yields other quasiprobability density functions.
Looking at the usual (one-dimensional) definition of the Wigner function,

f dx (q — x \ p \ q + x)e2'px^h 
■nh J

Wß(q,p) (3.1)

we can notice, that its value in the origin is proportional to the expectation value of the parity 

operator P0:

wp(0,0) = J da: (~x Ip I x) = ^ J dx (x \ Pop \ x) 1
^Tr(PoP), (3.2)

and that the proportionality factor consists of universal constants.
In what follows we shall show, that the value of the Wigner function at any point of the 

phase space can be given as the expectation value of an operator in a similar manner, which 

therefore can be given the name Wigner operator.
We note that this concept has recently been introduced in a different context in [70, 71]. 

The connection between parity and the Wigner function was already implicitly contained in the 

work of Cahill and Glauber [25] and later noticed again by Royer [72] and independently by

38
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Englert [73]. In [74] an experiment has been described to measure the parity of an optical field 

mode i.e. the value of the Wigner function at one special point, namely at the origin.
The outline of the chapter is the following: We first establish the correspondence between 

the Wigner operator and the Wigner function by using the variables q and p. Then we change 

to the complex formalism introduced in Section 1.2.4 and by calculating the commutator of 

Wigner operators with different arguments we show that they represent incompatible physical 
quantities. Next we give a trace-class generalization of this operator and point out that the 

displaced number states of the harmonic oscillator form the “natural” eigenstate basis of this 

generalized Wigner operator. Using its integral representation we show that its expectation val
ue is proportional to other quasiprobability density functions at special values of the parameter. 
We close this chapter by illustrating this connection with the coherent, number and squeezed 

states of the harmonic oscillator.

3.2 The shifted parity operator and the Wigner function
Comparing formulae (3.1) and (3.2) we note the exponential factor and that the matrix elements 

of the density operator are to be taken between coordinate basis states displaced relative to each 

other. Since the displacement operator

D(q,p) = е^-вй/А (3.3)

effects the elements of the coordinate basis as

D(q,p) I x) = ek4v/h+\px/h\x + (3.4)

we inspect that the Wigner operator can be defined as

W(q,p) = ^D(q,p)P0D-'(q,p) (3.5)

where the factor ^ ensures that we get precise correspondence with the Wigner function in the 

connection below.

3.2.1 Expectation value of the Wigner operator

We now are going to give a proof for the connection between the Wigner function and the 

Wigner operator.
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Statement In any state the expectation value of the Wigner operator corresponding to any 

fixed point in phase space is identical to the value of the Wigner function of that particular state 

at that specified point:

(W(q,p))p = Wß(q,p). (3.6)

Proof To verify this relation we represent the physical state by the density operator p and 

expand the trace in the coordinate basis. Then we get

(W(q,p))p = Tr (pW(q,p))

j dX ^ I 1(q,p) I x)
7^ / dX Idy I I D(q,p)PoD~1(q,p) I x). (3.7)

Using (3.4) it is easy to obtain the formulas for D 1(q,p) \ x) and (y\D(q,p) in the above 

formula. Since P0\x — q) = \q — x) and (y — q\q — x) = 5(y — (2q — x)) we obtain:

J da; J dy (x \ p \ y)épv^h5{y — (2q — x))e 

J dx(x\ p\2q

[ dz (q — z \ p \ q + z)e2ipz^h 
7Г h J
Wß(q,p).

1
(W(q,p))p = —ipx/h

7Г h
1 x)e2ip(q-xVh

ttH
1

(3.8)

This completes the proof.
In the following we are going to use the complex formalism introduced in Section 1.2.4 

Using those notations the Wigner operator takes the form

W(a) = -D{a)P0D~l{a).
7Г

(3.9)

For completeness we give two alternative forms for the definition 3.9. With the help of the 

anticommutators

{p0,a} = o, {р0,а!} = о (3.10)

it is easy to verify that P0D(a) = D(—a)P0. Using this relation we can put the parity operator
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to the left or to the right:

W(o0 = -D(2a)P0 = -P0D{-2a).
7Г 7Г

(3.11)

3.2.2 Commutator of Wigner operators with different arguments

Now we are going to show, that the observables represented by Wigner operators with different 
arguments cannot be measured simultaneously, because Wigner operators with different argu
ments do not commute.

Using the forms (3.11) and the formula for the product of two displacement operators:

D{a)D{ß) = e^aß'~atß)D(a + ß), (3.12)

we easily find for the product of Wigner operators with different arguments the following ex
pression:

\ö(2a)D(-2ß)
7TZ

±ea'ß-aß'D{ 2(a-ß)).

W{a)W(ß)

(3.13)
7Г2

So the commutator of two Wigner operators is

W{a),W{ß)] = 4 (ea'ß-aß'D(2{a- ß)) -eß'a~
J 7TZ \

ßa‘D( 2{ß-a)j) (3.14)

which equals zero if and only if a = ß.
This result is the consequence of the simple fact that generally a state cannot have a definite 

parity simultaneously with respect of different points in the phase space.

3.3 Trace-class generalization of the parity and the Wigner 

operator
The parity operator and therefore the Wigner operator are not trace-class operators:

2 2 2 °°Tr(W(cc)) = -Tr(D(a)P0D(-a)) = -Tr(Д) = - У^МГ,
7Г 7Г 7Г L—*

(3.15)
n=0

which is clearly not a convergent but an oscillatory series.
We can however introduce operators, which are trace-class, and which can be brought arbi-
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trarily close to the parity operator by changing a parameter.
The convergence, or better to say the divergence of the series 5D^Lo(—■*■)" a problem 

dating back to Euler. One of the simplest possibilities to generalize it to a convergent series is 

the substitution of —1 by a real number A, with |A| < 1. Then the sum of the series о 
obtained this way is and this tends to | if A goes to — 1 + 0. For simplicity we do not want 
the sum of the generalized series to depend on the particular value of the parameter A, but we 

do want its limit to be | as A —>■ —1 + 0. Thus we have to multiply it by
Thus we would like to find some operators depending on the parameter A which have the

trace

1 1 00
(3.16)

n=0

A possible choice is the generalized parity operator P(A) which we define by its effect on the 

elements of the number state basis as

n)A (3.17)

for any I n) and for |A| < 1.
The term “generalized parity” is justified in the interval — 1 < A < 0 because of the alter

nating sign of An. Further, this operator reduces the weight of a number state in a pure state as 

|A| decreases or n increases. In the special case A = 1 it projects onto the vacuum state (and 

multiplies by |).
With the help of P(A) it is straightforward to generalize the definition (3.9) of the Wigner 

operator as

W(a, A) = -D{a)P(\)D{-a).
7Г

(3.18)

We will call this operator generalized Wigner operator. We note here, that substituting P0 by 

P(A) in the alternative forms (3.11) of the Wigner operator would give different operators than 

the generalized Wigner operator (3.18).
In order to explore the significance of the generalized Wigner operator, we are going to 

calculate its integral representation in the next section. Before doing so, we first find its natural 
eigenstate basis and then calculate its moments using this basis.
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3.3.1 Eigenstate basis of the Wigner operator

Any complete set of vectors which have a definite parity with respect of the phase space point 
a, is an eigenstate basis of the generalized Wigner operator W (а, A) for all |A| < 1. One such 

possibility is the set of the displaced number states of the harmonic oscillator:

I n, a) = D(a) I n). (3.19)

As it can be easily verified with the help of definition (3.18), these states are the eigenstates of 

the corresponding W(a, A) with the eigenvalues (1 — X)Xn/n, for all |A| < 1. Further, they are 

also the eigenstates of the Wigner operator with the eigenvalues 2(—l)n/7r.
In the following we shall need the expansion of the displaced number states in the number 

state basis. Using the normally ordered form of the displacement operators

D(a) = e-H2/2eQäVa*ä, (3.20)

and the effect of the annihilation and creation operators on the number states given by (1.42) 
and (1.43) we can write | n, a) as follows:

I x _i|a|2 \/nKn ~ J + k)\ k\ n,a) = e EE* ■); ак(—а*У I n — j + k). (3.21)
j=0 k=0

The scalar product (m 
L{na)(x) [29]:

n, a) can be expressed with the associated Laguerre polynomials

е-|а|2/2ат 4ГП)(М2)(m I n, a) (3.22)

thus equation (3.21) can be given another form:

OO n!In, a) = e —Im>. (3.23)
m=0

3.3.2 Moments of the generalized Wigner operator

Now we are going to calculate the expectation value of the generalized Wigner operator in 

the state described by the density operator p. Since the expansion of the trace in the suitable 

displaced number state basis is particularly simple, we may say that this is the “natural” basis
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of the generalized Wigner operator:

OO

X))„ Tr(pW(a,A)) = | pW(ct, A) | n,a)
n=0

—
7Г '

P I n,a) An. (3.24)n, cc
n=0

In a similar way one obtains for the higher moments of W(a, A):

/1 _ A\(Wk(a,\))p = Í—-—J £> , a I p I n, a)\kn (3.25)

for every positive integer k, so one can easily calculate also the variance of the generalized 

Wigner operator.

3.4 Integral representation for the generalized Wigner oper
ator

Due to the trace-class extension introduced in the previous section, the Hilbert-Schmidt norm — 

defined for an arbitrary operator F as Тг(^^) — is finite for the generalized Wigner operator:

OO

Tr(Wt(a:, X)W(a, A)) £< I W\a,X)W{a,X) \ n,a)П. OL

n=0

(—) VA2^-
V 7Г / ' 7Г' ' n=0

1 - A (3.26)
2(1 + A)

Using the special features of the displacement operators, namely that they form a basis in 

the space of operators with finite Hilbert-Schmidt norm, similarly to the Fourier basis in the 

space of the square-integrable functions, Cahill and Glauber have shown [25], that any operator 

F with a finite Hilbert-Schmidt norm can be written in the form

f = \Ja4 тШ, (3.27)

where

/(?)=Tr(FD-1(f)) (3.28)
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is square-integrable. The validity of (3.27) can be easily seen using the “orthogonality relation”

Tr(DiflD-1«')) = ж{(( - (') (3.29)

which can be obtained with the help of (1.47).
If we apply (3.28) to the generalized Wigner operator and expand the trace on the displaced 

number states (3.19), we find that

w(t,a,\) = TriD-'iQWicX'X))
^2(n,a I ^(O^a.A) I n, a)

1 - Л 00
—5^(n>a I ^(-o In’ a)xn-7Г i—'

n=0

(3.30)
n=о

Let us have a closer look at the matrix element in the above sum. If we apply (3.19) and (1.47) 
we get

(n, or I £>(-£) I n, a) = еаГ a4(n | D{-£) \ n). (3.31)

Using (3.22) in the special case of m = n, the matrix element of the displacement operator 

between the number states above takes the form

(n|£>(-f)|n)=e-|f^2i<°>(|i|2). (3.32)

If we substitute back (3.31) and (3.32) into (3.30), we get

OO- Л
w((,a, A) = - ear-a4e-|e|2/2^L(0)(|£|2)An_ (3.33)

7Г
n=0

The sum in the above expression can be written in a closed form (cf. 8.975,1. of [29]). This 

way we arrive at

w(€,<x, A) = -
7Г

еаГ-аЧе||£|2^ (3.34)

With this “coefficent function” we can write the integral representation of the generalized Wig
ner operator as

i j d2i D(()ei5xírlíl2+of-e*fW{a, A) = (3.35)
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If we take the limit Л -y — 1 + 0 in (3.35), we can write the Wigner operator in an integral
form:

W(a) = ^ J d2£D(Z)eai'-a*Z (3.36)

which is essentially the Fourier-transform of the displacement operator over the phase space.

3.5 Connection with other quasiprobability density functions
If we evaluate the expectation value of the generalized Wigner operator using its integral repre
sentation (3.35), we obtain the following:

(W(a, A)>„=i J d2( Tr(p£>(0)elbrlíl2+Qí*-Q*í (3.37)

This is nothing else, but the s-ordered quasiprobability density function of Cahill and Glauber 

[25] with the correspondence s = ^j-, which interpolates between the Wigner, Q- and P- 

functions. Thus the generalized Wigner operator is essentially a quasiprobability density oper
ator, since its expectation value is the whole class of quasiprobability density functions along 

the parameter Л or s, equivalently.
We note that the interval —1 < A < 0, where the generalized parity operator transforms 

the states with an alternating sign, corresponds to the well-behaving quasiprobability density 

functions.
In the following we show explicitly how the generalized Wigner operator goes over into the 

Q- and P-functions if we choose the appropriate Л. Finally, in order to give an example, we 

calculate the expectation value of the generalized Wigner operator in a well-behaving case, the 

coherent state.

The Q-function. In the case of the Q-function we can obtain the correspondence also with 

the help of formula (3.24). If we write Л = 0 in the expression of W(a, Л) we get an operator 

which projects every state onto a coherent state (and multiplies it by £). In accord with this, 
if we substitute Л = 0 in (3.24), there remains only the n = 0 term in the sum, all the others 

vanish:

{W(a, A = 0))p = i(0 I b(-a)j>b(a) | 0> = i(a | p | a) = 0(a).
7Г 7Г

(3.38)

Thus, the expectation value of the generalized Wigner operator at Л = 0 is the Q-function.
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The P-function. Since the P-function is singular in general [75], we cannot expect that in 

the convergence interval of (3.24) for Л we obtain the P-function.
However, if we let Л —> — oo, we do obtain the P-function. of the corresponding state. 

Taking into account (3.20) the trace in (3.37) can be written as

Tr(AD(0) = e le|2/2Tr(/3efate e*a) = e li|2/2XN(0- (3.39)

where %N(0 is the characteristic function for normal ordering [26]. Thus an equivalent form of 

(3.37) is the following:

J d2£ XN(0e1 лзт1£|2+аг-а4(%% = (3.40)
2n2h

Now in (3.40) the first term of the exponent vanishes as Л —> — oo, so there remains only 

the Fourier transform of the characteristic function for normal ordering, which is by definition 

the P-function [26].

Example of a coherent state. Finally we illustrate the above connections by calculating the 

expectation value of the generalized Wigner operator in the coherent state | ß) of the harmonic 

oscillator, using formula (3.24). Since the density operator is Pß =| ß)(ß |, the matrix element 
to be calculated is the following:

ß\2n2 \OC —(n,a \pß\n,a) = \(ß I п,а)\2 = e |а ßl (3.41)
n\

After substitution into (3.24) we get:

(W(a,A))„ = — A
7Г

(3.42)

It is readily seen, that in the limits of Л at 0 and —1 the (W{oi, A))^ is the well known Q- 

and Wigner function of the coherent state, respectively, while as A —> —oo, (W(a, A))^ tends 

to (5(ck — ß) which is the P-function of the coherent state.

3.6 Conclusions
Based on a deep connection between the parity operator and the Winger function it is possible to 

identify the displaced parity operator as the operator kernel for the Wigner function, and which 

is called therefore the Wigner operator. We have shown that the observables represented by the 

Wigner operators corresponding to different phase space points cannot be measured simultane-
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ously. Based on a trace-class generalization of the parity operator we defined the generalized 

Wigner operator. We have shown that the displaced number states consitute the natural eigen
state basis of the generalized Wigner operator. Constructing the integral representation of the 

generalized Wigner operator we concluded that its expectation value gives the broad class of 

s-ordered quasiprobability distributin functions.



Chapter 4

Atomic Schrödinger cat states

4.1 Introduction
The question, why macroscopic superpositions are not observable in everyday life, has been 

raised most strikingly by Schrödinger in his famous cat paradox. Recent experiments [76, 77], 
however, show that at least mesoscopic superpositions can be observed in quantum-optical sys
tems. In quantum optics one usually speaks of a Schrödinger cat (SC) state if one has a su
perposition of two different coherent states of a harmonic oscillator. In one of the experiments 

[76] a superposition of two different coherent states have been created for an ion oscillating in a 

harmonic potential. In the other one [77] two coherent states of a cavity mode were superposed, 
and also the process of the decoherence between these states could be followed by monitor
ing the field with resonant atoms. The unusual properties of such states have been discussed 

theoretically in several publications, see e.g. [36, 37, 78, 79, 80].
A different type of Schrödinger cat like state can be created in principle in a collection of 

two-level atoms, as first proposed in [81], see also the more advanced schemes in [82, 83]. The 

terminology we may use, is the following: The individual two-level atoms can be regarded as 

the “cells” of the cat, and the cat is definitely alive, if all of its cells are alive, i.e. they are in the 

|+) state, and it is definitely dead, if all the cells are in the ill, |—) state. In the case of N atoms 

a prototype of a SC like state is then:

1
l^sc) — —^(|+, +> • • • , +) H- I —, — (4.1)

y/2 > •

where each of the terms contain N pluses and N minuses. We shall call this state the polar cat 
state, because the two components are in the farthest possible distance from each other. This 

state is in the totally symmetric N + 1 dimensional subspace of the whole 2N dimensional 
Hilbert space, and if such states are manipulated by a resonant electromagnetic field mode

49



Chapter 4. Atomic Schrödinger cat states 50

with dipole interaction, then the atomic system will remain in this subspace. This is the arena 

of the collective interaction of the atoms and the electromagnetic field, called superradiance 

[84, 85, 86]. In this chapter we present results concerning the properties and dynamics of polar 

cat states (4.1), and also of more general collective atomic states, the generation of which have 

also been considered recently [87, 88].
Our approach of discussing the properties of quantum states like |Ф$с) is based mainly on 

the method of the Wigner function. Based on the method described in section 1.4 we determine 

the Wigner function for the cat state (4.1). Next we consider more general cat like states, which 

we call “nonpolar cats” and determine their squeezing properties. Then we write down and 

solve the master equation for a cat state in an environment with finite temperature. We define 

and determine the dissipation and decoherence times of the system, and the characteristic time 

when the system becomes essentially classical.

4.2 The Wigner function of the polar cat state

The iV-atom dipole interaction with the electromagnetic field is equivalent to the dynamics of a 

spin of j = TV/2, and the phase space of the atomic subsystem is the Bloch sphere.
The characteristic matrix of the state given by (4.1) can be calculated according to the defi

nition, Eq. (1.81), taking into account that the density operator corresponding to |Ф5с) is

1
2 Ш>7> O'. 31 + b> -j) 0. -31 + \ jj) 0. -31 + \з, -j) (JJ\) 

in the standard basis, with j = N/2. The characteristic matrix has the form:

(4.2)Ps c =

V2K+1
—

J К j 

-3 0 j

3 К j 

-3 2j -j

(l + (-l)*)iQ|0(Qsc)k,q
2

(4.3)
(0Q,2j + {~l)K 5Q-2j) ,+

and from Eq. (1.85) one obtains the following result for the Wigner function:

( N
Wsc(e^) = l\jN + 1 V2TTlN\E [Yl0(e) + Yl0(ir-0)]

47Г y/(N-l)l{N + l + 1)!
/(27V+ 1)! (sin 6)N cos(N<f>)'

V 4тг 2^ЛП

4 J = 0 (4.4)

+ 2

The first term, containing the sums of two spherical harmonics, corresponds to the individual
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Figure 4.1: Wigner function for a polar cat state, Eq. (4.4) for the case of N = 5 atoms. 
The absolute value of the function is measured along the radius in the direction (в, ф), and the 
surface is shown in light where the function is positive and in dark where it takes on negative 
values.

states |+, +,... , +), and |—, —,... , —), while the last term arises from the interference term 

between the “living” and “dead” parts of (4.1) (the last two terms of the density operator). The 

Wigner function (4.4) has been considered first by us in [5], see also [89].
Fig. 4.1 shows the polar diagram of this Wigner function for N = 5 atoms. The two bumps 

to the “north” and “south” correspond to the quasiclassical coherent constituents, while the 

ripples along the equator - where the function takes periodically positive and negative values 

- are the result of interference between the two kets of Eq. (4.1). The factor cos(ÍV0) in (4.4) 
shows that the number of negative “wings” along the equator is equal to the number of atoms.
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4.3 Nonpolar cat states, and their squeezing properties

One can also construct more general SC states by taking the superposition of any two atomic 

coherent states. An atomic coherent state (a quasiclassical state) |r) [45] is an eigenstate with 

the highest eigenvalue m = j of the component of the angular momentum operator ‘pointing in 

the direction n’:

(J • n) Ir) =j\r). (4.5)

The notation т refers to a specific parameterization of the unit vector n by its stereographic 

projection to the complex plane. It is connected with the polar angle ß and the azimuth a of the 

direction n as r = tan(/3/2)e~ia. The atomic coherent state can be expanded in terms of the 

eigenstates \j, m) of Jz [45]:

31
erJ+ \j, ~j)lT) 1 + |t|2

J 1/2 Tj+mt (b )^\j +mj
m=—j N '

13, m)(1 + \т\*У

£ ( 2j ) ■4—' \J + mJ
m=—j '

1/2

(/?/2)е-‘0+”>“ Ij,m).smj+m(ß/2) j-m (4.6)cos

The superposition of two quasiclassical coherent states is given by the ket:

I7!) + 1T2)
1/2(1 + Re(ri|r2))

1^12) (4.7)

Recently Agarwal, Puri and Singh [87] and Gerry and Grobe [88] have proposed methods to 

generate such states in a cavity, via a dispersive interaction with the cavity mode.
We choose here rx = tan(/3/2), r2 = —ту. Then ß is the polar angle of the classical Bloch 

vector corresponding to the atomic coherent state |ti) (ß is measured from the south pole), 
see Fig. 4.2. This means that the x component of the expectation value of the dipole moment 
in these states is proportional to ±(27/2) sin ß, respectively, and the у component is zero. Any 

other equal weight superposition of two atomic coherent states can be obtained from this special 
choice by an appropriate rotation. The polar cat state (4.1) corresponds to the special case when 

the two points are the northern and southern poles of the Bloch sphere. If the centres of the 

two coherent states in question are not in opposite points of the sphere, then we will call then- 
superposition as “nonpolar” cat states.

The corresponding quasiprobability distribution functions still can be explicitly calculated.
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Figure 4.2: The phase space scheme of a nonpolar cat state, Eq. (4.7) with r2 = — rx.

For the Wigner function of the cat state |Ф12) one gets the following expression:

K=0Q=—K

(-1 y~Q~m + (-1)^'+™ + (-l)2J + (-l)2J-<3 

y/{i + m)-(J - rn)\(j + Q + m)! (j -Q-m)\

К j 

—m — Q Q m

V2KTl(2j)\
2(1 4- (cos ß)2i)

j

£ (4.8)X

J (sin /3/2)2Ü+m)+<3(cos ß/2)2(J_m)_<2 y^Q(0,(/.).x

We present polar plots of this Wigner function in Fig. 4.3 for N = 5 atoms and for several 
values of ß. For small ß values, the interference is weak and the maximum of the Wigner 

function is around 0 = 0. For larger ß-s the function has two maxima around в = ±ß, and 

the interference gets more pronounced. When ß = 7r/2, the two maxima corresponding to the 

individual coherent states point in the x and —x directions, respectively. In this case we get 
back the Wigner function of the SC state of Eq. (4.1), rotated around the у axis by 7t/2.

Now we turn our attention to the squeezing properties of the atomic SC states. The expec
tation values of the dipole operators Jx and Jy are zero in the state (4.7) with тг — tan(/3/2), 
т2 = — ть which is a consequence of the mirror symmetry of this state with respect of both the 

x — z and the у — г planes. As it is known, the variances of the dipole operators, Jx and Jy are
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-0

Figure 4.3: Wigner functions for the state |Ф12) for N = 5 atoms, and for several different 
values of ß: (a) ß = 20°, (b) ß = 45°, (c) ß = 55°, (d) ß = 70°. For smaller values of ß the 
state goes over into a single coherent state, and then it has essentially only one positive lobe. 
This graphical presentation shows qualitatively that the у component of the dipole moment is 
squeezed, the maximal value of the squeezing in the present case (N = 5) comes about ß = 43°.

equal to each other in an atomic coherent state:

(ДЛ)2|И = (AJ„)2|w = i/2. (4.9)

In order to calculate the variances in the state (4.7), one can use directly expansion (4.6) and the
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known matrix elements of Jx and Jy, but the summations that occur are rather cumbersome to 

evaluate. A more effective procedure is to apply the method of generating functions [45]. All 
the necessary expectation values in a cat state can be calculated by the formula :

d\bд\а d\c
(4.10)

dt dr/ дс f=7J=C = 0

where

xa(£,V,() = (Ti\eiJ-er,JzeiJ+ \t2)
^—j j g(Ti g(r2H-C)^+ I—

{(1 + kil2)(i + k2|2)p 

(e-^+e^K+Ofo + C)}2'
{(l + |ri|2)(l + |r2|2)P

(4.11)

is the (antinormally ordered) generating function.
Inserting the necessary operators, we obtain the following expressions for the variances in 

the state given by (4.7):

(2 j - 1) sin2 ß(AJX)2 — |(l + (4.12)
1 4- (cos ß)2i

(2j — 1) (cos /3)2-7 2 sin2 ß
(My)2 (4.13)

1 + (cos ß)2i

Comparing these results with Eq. (4.9), we see, that except for some special cases the Jy 

quadrature is squeezed while the Jx quadrature is stretched in this state. The reason of this 

asymmetry lies in the fact, of course, that in the superposition (4.7) we have chosen states that 
are both centered in points lying in the x — z plane.

One of the exceptional cases that is not squeezed is if there is only one atom. As it is 

easily seen, for j = 1/2 any state in the two-dimensional Hilbert space is a coherent state, and 

therefore it does not show squeezing. The two other exceptions are ß = 0 for any j, because 

then the two coherent states coincide, and ß = 7г/2, which is the rotated version of the polar cat 
state.

Writing Eq. (4.13) in the form (A Jy)2 = 1 — S)/2, we can define the quantity S as the
measure of squeezing. Analysis shows that if N is large enough, then the maximum value of S 

is 0.56 and it is achieved around ßm — 1.6/VN. Figure 4.4 shows the dependence of S on ß 

for several values of N = 2j.
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Figure 4.4: The ß dependence of the quantity S in (ДJy)2 = j(l — S(ß,j))/2, for several 
values of TV = 2j. S can be considered as the measure of squeezing for a cat state consisting of 
two atomic coherent states separated by the central angle 2ß on the Bloch sphere.

4.4 Decoherence and dissipation

As we mentioned in the introduction, Sec. 4.1, there have already been realizable methods pro
posed for the experimental generation of atomic SC states in a collection of two-level atoms 

[82, 83, 87, 88]. However, such an atomic ensemble can never be perfectly isolated from the 

surrounding environment. Further, any observation of these states necessarily leads to the in
teraction of the atomic system with a measuring apparatus. In both of these cases the atomic 

system interacts with a system containing a large number of degrees of freedom. A possible 

and successful approach to this problem [90] considers that the static environment continuous
ly influences the dynamics of the atomic subsystem, which besides exchanging energy with 

the environment loses the coherence of its quantum superpositions and evolves into a classical 
statistical mixture.

In this section we investigate the decoherence and dissipation of the atomic Schrödinger cat 
states embedded in an environment with many degrees of freedom, by writing down the master 
equation for the reduced density operator of the atomic subsystem. We provide the solution for 
the polar cat states (4.1).

4.4.1 Model and solution

We couple our ensemble of two-level atoms to the environment which is supposed to be a 

multimode electromagnetic radiation with photon annihilation and creation operators ak and a\. 
Then the interacting system can be described by the following well known model Hamiltonian
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which considers dipole interaction and uses the rotating wave approximation:

H U)a Jz + H ^ ^ Lük O'k O'k ^ ^ Qk J— T J+ ^ j (4.14)
к к

where ша is the transition frequency between the two atomic energy levels, the шк denote the 

frequencies of the modes of the environment and дк are the coupling constants. If we suppose 

the environment to be in thermal equilibrium at temperature T, then the time evolution of the 

atomic subsystem is determined by a master equation for its reduced density operator pit) [91, 
14]:

h2 M*) 7- ((n) + 1) (J+J_p(t) + p(t)J+J_ - 2J_p{t)J+) 

I (n) (J-J+P(t) + - 2J+p(i)J_),
di

(4.15)

which involves the usual Bom-Markov approximation and is written in the interaction picture. 
Here (n) = (exp (Нша/(квТ)) — l)-1 is the mean number of photons in the environment and 

7 = (д(ша)сг(и>а))2 denotes the damping rate, where о is the mode density of the environment.
Eq. (4.15) can be obtained also in a somewhat different context, as described in [92]. Then 

one assumes the atomic subsystem to be placed in a resonant cavity with low quality mirrors 

causing the damping of the cavity mode at a rate k. Under certain reasonable assumptions one 

can get Eq. (4.15) with 7 = 2 д(ша)2/к.
From Eq. (4.15) one can easily deduce the following equations for the matrix elements of 

the density operator pmJl (t) = {j, m \p(t) | j, l):

dpm,l (t)
\ (n) (2j(j + 1) - m(m + 1) - 1(1 + 1))

+((n) + 1) (2j(j + 1) - m(m - 1) - 1(1 - 1)) ] PmM 

+ 7 (n) VU(j + 1)- m(m - !)) UÜ + !) - Kl - !)) (4.16)
+ 7 ((n> + 1) y/(j(J + 1) - m(m + 1)) (j(j + 1) - Щ + 1)) pm+i,i+i(t).

d t

Thus the time evolution of a particular density matrix element is coupled only to the two neigh
bouring elements in the corresponding diagonal for (n) > 0, and only to the neighbour with 

larger index at zero temperature.
In the case of a polar cat state (consisting of N = 2j atoms), the elements of the density 

matrix have zero initial values except for p~j~j, pjj, p~j,j and ph-j (= pi • •). This implies 

that the density matrix elements, except for those in the main diagonal and for p_jj and Pj-j, 
remain identically zero for any time. Setting 7=1 (i.e. the time unit is 1 /7) the equations for
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the elements in the main diagonal of the density matrix are the following:

- Kn) (j(j + !) - ra(m + 1)) + (<n) + 1) (j(j + 1) - m(m - 1))] pm,m(t) 

+ (n) (j(j + 1) - m(m - 1)) pm

+ (in) + 1) 00 + !) - m(m + !)) Pw+l,m+lO),

df
(*)— l,m—1

(4.17)

(t = 0) = + &m-j) (cf. equation (4.1)). The dynamics ofwith the initial values p 

P-jj is governed by the particularly simple equation:
m,m

= -j(2(n) + 1 )p-jj(t), (4.18)
df

yielding immediately the following solution with the initial value p~j,j(0) = 1/2 corresponding 

to the polar cat state:

1
P-iA*) = 2 exp (~A2(n) + l)i) • (4.19)

As expected, the stationary solution of Eq. (4.17) is the Boltzmann distribution of the sta
tionary values pm,TO:

1 - exp (-huia/(kBT)) 
kBT) 1 - exp (-(2j + 1)Лша/(kBT))

m+j

hu)a
(m + j)Pm,m exp

(<n)/«n> + l)) (4.20)
((n) + 1) (l - (<n)/«n) + l))2j+1)

Approximate analytical time dependent solutions of Eq. (4.17) can be found especially for the 

case of superradiance, when Pjj(0) = 1 in [93, 94], see also [86] and references therein. For the 

initial conditions corresponding to the polar cat state, the time dependent solution of equations 

(4.17) at zero temperature ((n) = 0) can be obtained by the following recursive integration:

^exp(-2jt),Pj,j (t)

(4.21)

J" exp (bmt) Pm+i,m+i(^) df j ,exp (~bmt) I ^Pm,m(t) bm,—j + bm+1 -j <m< j

where bm = j(j + 1) — m(m — 1). These equations show rather explicitly, how does the initial 
excitation cascade down to the zero temperature stationary state.

For non-zero temperatures ((n) > 0) we have solved equations (4.17) numerically. Now we
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are going to analyze the solutions.

4.4.2 Characteristic times

Figure 4.5 shows the time evolution of the relevant density matrix elements pm,m(t), m = 

—j, — j + 1,... , j (solid lines) and p~jj(t) (dashed line), in the case of initial polar cat states 

consisting of 5 and 50 atoms, for (n) = 0, 1, 10.
The actual value of p~j,j(t) characterizes the coherence of the corresponding state, since 

P-jj and pj-j (= P*-j>3) are the only nonzero matrix elements outside the main diagonal. Their 

exponential decay (cf. Eq. (4.19)) is the decoherence, shown by the dashed lines in the plots of 

Fig. 4.5. Thus it is reasonable to define the characteristic time of the decoherence by

2
(4.22)fdec — N(2(n) + 1) ’

implying p_jj(tdec) = p-j,j(0)/e.
In contrast to the simple time dependence of p-jj(t), the dynamics of the main diagonal ele

ments Pm,miß) depend on the actual value of (n) and N rather sensitively. The zero temperature 

cases, Fig. 4.5 (a) and (d), clearly show the initial excitation, contained in p3j (0) = 1 /2, cas
cading down to P-j-jioo) = 1 as given by Eqs. (4.21). At nonzero temperatures ((n) > 0) the 

time evolution of the pm,m(t)-s is more complicated because of the coupling to both neighbours, 
cf. Eq. (4.16).

More information can be extracted from the time evolution of the pm>m{t)-s by calculating 

the energy of the atomic subsystem as the function of time:

E(t) = (u;aJz)(t)

= waTr(p(t) Jz)
j

hiOa ^ ^ im Pm,miß)- (4.23)
m— —j

The process of dissipation (i.e. the change of the energy of the atomic subsystem in time) can 

be very easily followed by studying E{t). This function, normalized to the zero temperature 

stationary energy and shifted to vary from 1 to its stationary value: 1 + E(t)/(—jhua), is shown 

in the plots of Fig. 4.5 by the dotted lines. Since its asymptotic behavior is exponential-like, it 
is reasonable to define the characteristic time of dissipation fdiss by requiring

IE{tdisa) - E(oo)\ = |£(0) - £(oo)|/e. (4.24)

In order to ensure that E(t) achieves its stationary value with a good accuracy in the plots of



Chapter 4. Atomic Schrödinger cat states 60
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Figure 4.5: Plots of the density matrix elements pm,m(t), m = —j, + (solid lines)
and p~j,j(t) (dashed line) versus time (the time unit is 1/7). Plots are given for N = 5 atoms: 
(a, b, c), and N = 50 atoms: (d, e, f), for (n) = 0 (zero temperature): (a, d), for (n) = 1: (b, 
e), and for (n) = 10: (c, f). A solid line corresponding to a particular pm>m can be identified as 
follows: In (a): as m increases, the corresponding pm;7n reaches its maximal value earlier; in (b) 
and (c): using the fact that the stationary values of the pm<rn-s follow the Boltzmann distribution, 
see Eq. (4.20). In (d, e, f) the pm,m-s follow each other along the axis labeled by the m. The 
dotted lines (starting from 1 at t — 0) show the normalized energy of the atomic subsystem 
1 + E(t)/(—jhuja), see Eq. (4.23). The number r = tdiss/tdec is the ratio of the characteristic 
time of dissipation to the characteristic time of decoherence.

Fig. 4.5 we have set the time range to 5fdiss. It is seen that the value of r = tdiss/tdec grows 

with both the temperature and the number of atoms. A more detailed analysis of this question 

follows later in this section.
The initial state of the process, the polar cat state, has sharply non-classical features. On the 

other hand, at non-zero temperature the final stationary state of the present model is a thermal 
state, which is classical in its nature. (At zero temperature the stationary state is also non- 

classical, since it is the state \j, —j).) It is natural to ask, when does the transition from the 

non-classical to the classical stage occur? What is a good measure of non-classicality reflecting 

the change of non-classical nature of the corresponding state?
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The spherical Wigner function (1.85) provides a good answer to both of these questions. 
Quantum states are generally considered essentially non-classical if the corresponding Wigner 

function takes on also negative values. Therefore to answer the second question, for the measure 

of the degree of non-classicality we propose to use the quantity и — 1 — (7+ — /_)/(/+ + /_), 
where I+ is the integral of the Wigner function over those domains where it is positive while 

7_ is the absolute value of the integral of the Wigner function over the domains where it is 

negative. Since the integral of the Wigner function over the sphere is 1, 7+ — /_ = 1, thus 

v = 27_/(27_ + 1), and it is easy to see that 0 < v < 1. According to this definition, the bigger 

is the value of v, the more non-classical is the state, and for all classical states one has v = 0.
Regarding now the first question, namely for how long is the state of the atomic system 

non-classical, we introduce a third kind of characteristic time tnd. We define fnci to be the time 

instant when the corresponding spherical Wigner function becomes non-negative everywhere 

on the sphere, i.e. v becomes 0. We will return to this question in connection with the time 

evolution of the Wigner function, which we will present in the next subsection in more detail.
Based on the information provided by the three kinds of characteristic times, we consider 

here the dependence of the process on the number of atoms and on the temperature. In Figure 

4.6 we plot £diss (dashed line), fdec (solid line) and tncl (dotted line) as the function of the number 

of constituent atoms of the polar cat N, for several temperatures, on a log-log scale.
It is seen that the characteristic time of decoherence fdec is inversely proportional to the num

ber of atoms (the straight solid lines in Fig. 4.6), according to the definition (4.22). Compared 

to this, the characteristic time of non-classicality ind decreases less rapidly with increasing 

number of atoms. The characteristic time of dissipation fdiss first slightly increases at non-zero 

temperature then it achieves a maximum which depends on (n) and finally it decreases nearly 

inversely proportional to the number of atoms. The values of idiss at different temperatures seem 

to converge slowly beyond a certain number of atoms.
It seems however rather surprising that the ratio idiss/idec is not as large as such a quantity is 

usually expected to be [90, 95, 96, 97, 98, 99]: in the case of N = 1000 it is 4.04 for (n) = 0, 
and it is still just around 350 for (n) = 100. (Note that (n) = 100 would correspond to a 

temperature of 250 К in the case of typical experiments [77].) The ratio idissAdec seems not 
even to vary considerably with increasing N beyond the maximum of £diss mentioned above. 
Thus the process of decoherence is extremely slow in the case of a polar cat state which is 

coupled to the environment by an interaction leading to the master equation (4.15).
Similar effects have already been reported for other physical systems earlier [100, 101, 102, 

103, 104]. In a recent work Braun, Braun and Haake [105] investigated the decoherence of an 

atomic SC state |ti) + 172) based on Eq. (4.15) for zero temperature. By evaluating a certain 

quantity characterizing the decoherence rate at the initial time, and applying a semiclassical pro
cedure for finite times they concluded that for atomic SC states with = 1 the decoherence
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Figure 4.6: Plots of the characteristic times of decoherence, tdec (solid line), dissipation, fdiss 
(dashed line) and non-classicality, fnci (dotted line) versus the number of atoms, on a log-log 
scale. The uppermost solid and dashed line are for (n) = 0 (there is no plot for fncl at zero 
temperature, since the state stays non-classical: и > 0 for all times), while the subsequent 
groups of the three kinds of lines, one under the other, are for (n) = 1, 10, 100, respectively.

slows down.
Our initial state, the polar cat state fulfills the former condition. The results presented in Fig. 

4.6 derive from the solution of the master equation for the whole process. They are in agreement 
with the statements of Ref. [105], where the initial stage of the decoherence is analyzed for the 

case of zero temperature.
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4.4.3 Wigner functions

We illustrate now the process of decoherence and dissipation using the spherical Wigner func
tion (1.85). In order to obtain its time dependence we have to calculate first the characteristic 
matrix Qk,q(f) = Tr j from the matrix elements pm,i(t) according to

te.eW = ^T ÍZ (
m=—j \

К3 3 Pm,m-Qiß)- (4.25)
—то Q то — Q

From Eq. (4.25) it can be seen that only gKfi (К = 0,1,... , N) and qn>n = (—1)n(qn_n)* 

are nonzero. This fact (which is due to the initial conditions specified by the polar cat state) 
ensures that the azimuthal dependence of the spherical Wigner function is determined only by 

the real part of the spherical harmonic YNtN(9, ф) which is proportional to cos(Иф). Therefore 

the Wigner function keeps its initial azimuthal symmetry during the whole process. Further, 
since QN,N(t) = (—1 )Npj-j(t), the azimuthal modulation of the spherical Wigner function 

explicitly shows the degree of the coherence of the actual state.
Figures 4.7 and 4.8 show the polar plots of the spherical Wigner function transforming its 

shape in time at (n) = 0 and (n) = 10, respectively. The initial state is a polar cat made of 

N = 5 atoms and its Wigner function is shown in Fig. 4.1.
In Figures 4.7 and 4.8 the following main characteristics of the process can be identified. 

The decoherence is shown by the decreasing and finally disappearing ripples along the equator. 
The vanishing of non-classicality, i.e. the decrease of the parameter u, can be easily recognized 

as the decrease of the negative (dark) wings. At nonzero temperature they disappear exactly at 
fnci. as shown in Fig. 4.8(c). The dissipation is represented by the approach of the initial upper 

and lower bumps to each other. At zero temperature (Fig. 4.7) the upper bump disappears and 

goes over to the lower one. This stationary shape of the Wigner function corresponds to the 

lowest coherent state |j, —j) [51]. For (n) = 10, when the stationary energy is close to the 

initial energy, not only the upper bump moves downwards but also the lower one lifts upwards. 
The stationary Wigner function has nearly a spherical symmetry, although its center is not in 

the origin.
In agreement with Fig. 4.6, the plots of Figures 4.7 and 4.8 show, that the timescales of 

the decoherence and of the dissipation are very close to each other in the case of 5 atoms, for 

zero temperature they are practically the same. Then the spherical Wigner function exhibits 

considerable azimuthal modulation (ripples) also at idiss.
We may come back finally to the question of finding the characteristic time of non-classica- 

lity fnci- According to the arguments given after Eq. (4.25) it is sufficient to study the Wigner 
function within а ф-range of length 2ir/N, e.g. 0 < ф < 2n/N, because it is invariant with
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Figure 4.7: Polar plots of the temporal change of the Wigner function representing the decoher
ence and dissipation of the initial polar cat state (4.1), made of 5 atoms and shown in Fig. 4.1, 
at zero temperature. The dynamics of the corresponding density matrix elements is shown in 
Fig. 4.5(a). The time instants are the following (in units of 1 /7): (a) 0.1, (b) 0.2, (c) 0.4 (= ^ес), 
(d) 0.506 (= fdiss), (e) 0.8, (f) 2.5.

respect of rotations by ф = kjj-, (к = 1,2,... ,N) i.e. it has C^ symmetry at all times. 
Therefore the spherical Wigner function of a polar cat state, while subject to dissipation and 

decoherence, has its minimum value always at ф — тт/N. Thus in order to calculate incl, it is 

sufficient to follow the time evolution of the section W(9, ф = тг/N). Further, in connection 

with the calculation of the measure of non-classicality u, it is sufficient to consider the above 

mentioned 0-range when evaluating the integrals I+ and /_.
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Figure 4.8: Polar plots of the temporal change of the Wigner function representing the decoher
ence and dissipation of the initial polar cat state (4.1), made of 5 atoms and shown in Fig. 4.1, for 
(n) = 10. The dynamics of the corresponding density matrix elements is shown in Fig. 4.5(c). 
The time instants are the following (in units of I/7): (a) 0.01, (b) 0.019 (= fdecX (c) 0.031 
(= ind), (d) 0.045, (e) 0.058 (= tdiss), (f) 0.25.

4.5 Conclusions
We have considered a class of states in an ensemble of two-level atoms, a superposition of two 

distinct atomic coherent states which are called atomic Schrödinger cat states. According to the 

relative positions of the constituents we have defined polar and nonpolar cat states. We have 

investigated their properties based on the spherical Wigner function, which has been proven to 

be a convenient tool to investigate the quantum interference effects.
We have shown that nonpolar cat states generally exhibit squeezing, for which we have 

introduced the measure S. The squeezing depends on the separation of the components of the 

cat and on the number of the atoms the cat is consisting of. By solving the master equation 

of this system embedded in an external environment we have determined the characteristic



66Chapter 4. Atomic Schrödinger cat states

times of decoherence, dissipation and non-classicality of an initial polar cat state. We have 

shown how these depend on the number of the microscopic elements the cat consists of, and 

on the temperature of the environment. Our results show that the decoherence of the polar 

cat state is surprisingly slow: tdtss/tátc is less then a half of an order of magnitude for zero 

temperature, making these states potentially significant in several areas of quantum physics, 
e.g. experimental studies of decoherence, quantum computing and cryptography. We have 

visualized the process, governed by the interaction with the external environment, using the 

spherical Wigner function. Its transformation in time reflects the characteristics of the behaviour 
of the atomic subsystem in a suggestive way.



Chapter 5

Joint Wigner function for atom-field 

interactions

5.1 Introduction
An atom interacting nearly resonantly with a single mode electromagnetic field can be approx
imated with good accuracy as a two-level system, which is equivalent to a spin-| particle. A 

fully quantum-theoretical description of this system is the Jaynes-Cummings model [106]. If 

one has a collection of N identical two-level atoms, then the behaviour of the atoms is similar to 

the dynamics of an angular momentum characterised by the quantum number j = N/2 [84,45]. 
This model is the prototype of superradiance [84]. The state space of these kind of interacting 

atom-field systems is the direct product of the (2j + 1)-dimensional angular momentum state 

space with the infinite-dimensional oscillator state space.
Phase space methods are widely used in the description of a field mode. In the previous 

chapter we have shown that Wigner functions can be successfully applied for an atomic system. 
Now it seems straightforward to describe the interaction of the atomic system and the field by a 

new quasiprobability density function over the corresponding (classical) phase space, which is 

the direct product of a spherical surface with a plane.
In the present chapter we introduce the joint Wigner function of the interacting atom-field 

system to give a fully phase space description for these typical problems of quantum optics. 
Our definition of this new quasi-probability distribution is based on unifying the well known 

Wigner functions for the field oscillator and for the angular momentum. We derive an equation 

of motion for the joint Wigner function in the case of the Jaynes-Cummings model and give 

phase space images of interesting processes with help of the reduced joint Wigner functions.

67
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5.2 Definition of the joint Wigner function

Now we introduce the joint Wigner function for interacting atom-field systems. This new 

quasiprobability density function is defined over the corresponding classical phase space, which 

is the direct product of a spherical surface characterized by the coordinates (в, ф) with the 

(ог, cü*)-plane.
If we want to represent an operator A, acting in the state space of the interacting system, by 

a function over the corresponding phase space, first we expand it in a suitable operator basis. 
For our systems this basis is constituted by the tensor products of the displacement operators 

1.44 with the multipole operators 1.80:

{D-\ß,ß>)TKCl) (5.1)
ßec, К-0,1.... 2j, Q=-K,-K+1,...,K,

where j is the angular momentum quantum number characterizing the atomic system. The 

expansion of A is then the following [25, 46]:

2j K 1 Г

i = E E - h2ßcm
K=0Q=-K J

(A) (ß,ß-)b~l(ß,ß')fKQ (5.2)

where the characteristic functions are to be calculated as

сйг(АЯ = Тг(Л£>(/з.Л^в) (5.3)

In order to obtain the Wigner representation of A, we replace in the integral (5.2) the operator 

basis (5.1) by the appropriate function basis, which, if we want to obtain a Wigner representa
tion, is the set of functions

{е^-^Гк(3(в,ф)} (5.4)a,j3e C, K=0,l,...,2j, Q=-K,-K+1,...,K,

where YKq{9, ф) denote the spherical harmonics. This mapping transforms (5.2) into the fol
lowing equation, which is the definition of the joint Wigner function for A:

2 j
;E E 5WM) id2ßCKQ
71 K=0 Q=-K J

{A)М{А)(а,а*,в,ф) = - Cß,ß*)eaß'~a'ß. (5.5)

In the case of the joint Wigner function for the density operator, W^p\ it is customary to nor
malize it in such a way, that its integral over the phase space is unity. This can be done with the
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definition

y^P-E E WM)/d2ßc
K=0Q=-K J

%(ß,ß',t)<?>'-*f- (5.6)УУ{р)(а,а*,в,ф,г) =

With the help of the joint Wigner functions one can calculate the quantum expectation values 

by the following integral over the phase space:

r2ir
/ ácj) W{p\a,a*

Jo
0,<M) )Л>{А\а,а*,6,ф).(5Л)Tr(p(t) A) d9 sin#

As an example, we give the joint Wigner representation of the Hamilton operator of the 

Jaynes-Cummings model, according to definition (5.5), The well-known operator [106] is the 

following

jHjc = cof(a)a + ^) + \шаРг + 9(a<7+ + (5.8)

Setting a = \a\e the corresponding joint Wigner function is

—j= (u)f\a\2 + ^-Wacosd + V3g \a\ sin# cos(ф — ф) ] 
v27r у 4 J

■ (5.9)

To avoid large formulae, in the following we are going to use the g [ ] symbol to denote 

the transformation of the joint characteristic function into the joint Wigner function. Since it 
is essentially a Fourier transformation, we shall refer to this transformation as joint Fourier 

transformation. In this notation (5.6) is takes the form:

W(a,a*,e^,t)=S[CKQ(ß,ß*,t)}. (5.10)

For the sake of completeness we note, that analogous definitions can be made to obtain other 

kind of joint phase space representations for these interacting systems (e.g. Q- or P-functions).

5.3 Equation of motion in the case of the Jaynes-Cummings 

model
Now we derive the equation of motion for the joint Wigner function defined in (5.6), assuming 

here the special case of one two-level atom, i.e. j = \- We describe the interaction by the 

Jaynes-Cummings model.
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Differentiating definition (5.6) with respect to time:

§-tcKQ(ß,ß-,t)],
r\

(5.11)
dt

in the right hand side there appears simply the time derivative of the joint characteristic function. 
With the help of (5.3) it can be written in the following manner:

л

jCK<}(ß,ß\t) = -ilY [Diß.ß^T^Hjc] U(t)) , (5.12)

where p0 = p(t = 0), and U(t) = exp (—j^Hjct) is the time evolution operator for the Jaynes- 
Cummings model with the Hamilton operator Hjc-

We have to calculate the commutator in (5.12). Using formulae

ß %AD{ß,ß*), (5.13)ß %-)D{ß,ß*), D(ß, ß*)aaD(ß,ß*) = 2 dß*2 dß*

and their adjoints [25], the commutator in (5.12) can be written in the following form:

=iw' (ß§ß - ß'jßß) D(ß-ß')T'xQ -
~^D(ß,ß-) \a+,T<KQ

i [ß(P,ß*)TiQ, Hjc

+ \gßD(ß,ß') {Ti

'-gß‘D(ß,ß‘) {T<KQ,a.} +ig^D(ß,ß') [а
}KQi °+

mi
KQ ■

(5.14)

The commutators and anticommutators in the above equation are the following:

[°±,тЦ = -л/Щк + (5.15)

— ±]j(1 - K)(K + 3)(KtQ + 1 )(K TQ + 2) TÍK+l,Q^l(2K + l)(2K + 3)

{K + 2) (2 - K){K ± Q){K ±Q- 1) TÍ (5.16)=F K-l,Q^V(2K + l){2K-l)

where the anticommutators assume the j = | case.
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Using these expressions and substituting (5.14) into (5.12) we arrive at the equation:

ilü> {ßWg^CKQ(ß,ß*,t)
P* 9

- ß CKQiß, ß*,t) - iQujaCKQ(ß, ß*, t)dß*
ig (1-K)(K+ 3){K-Q + l)(K-Q + 2)

ßCK+l,Q-l(ß, ß*, t)+ -Г- (2Ä4-l)(2Ä4-3)2

ig (K + 2){2-K){K + Q)(K + Q-l)
ßCK-l,Q-l{ß,ß*,t)(2K + 1)(2K-1)2

r\

+i9y/K(K + 1) - Q(Q - 1 )—CKlQ-X{ß,ß\ t)

ig {l-K)(K + 3)(K + Q + l)(K + Q + 2) ß*CK+hQ+1(ß,ß*,t)
(2K + 1)(2K + 3)2

ig (K + 2)(2-K)(K-Q)(K-Q-l) ßmCK-ltQ+1(ß,ß*,t)
(2K + 1)(2K- 1)2

- ig y/K(K + l)-Q(Q + l) 4zCKtQ+l (ß,ß*,t). (5.17)dß

Substituting the right hand side of (5.17) into (5.11), we manipulate the equation to arrive 

at a differential equation for the joint Wigner function. The necessary expressions for the first, 
second, fifth and eighth term in (5.17) are well known. The joint Fourier transformation applied 

to them gives the following results:

^ ™f(?dß ß* dß*) д „ д 
adа * а dtfCkq W, (5.18) 

(5.19)

д d\
1m)w■ (5'20)

= даЧ-'* ( cotf)ß + ijM W,(5.21)

lLOf

$ [—ÍQUoCkq\ —
’ л

5 igVK(K + 1) - Q(Q - 1)^Ск,е-1
r\

$ —Í9\/K{K + 1) — Q(Q + 1 )-ßß^CK,Q+i

= gae1(í> ( cot в— —дф

дф

where we omitted the obvious arguments of C and W.
Before proceeding to the remaining terms of (5.17) we note that the procedure done up to 

now can be readily generalized for the case of arbitrary number of atoms using the Hamilton 

operator of the Dicke model.
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For the remaining terms we have found the following formulae:

i д (l-K)(K + 3)(K-Q + l)(K-Q + 2)
■ßCK+l,Q-l5 1 (2Ä4-l)(2Ä4-3)

i<7 (К + 2){2 - K)(K + Q){K + Q - l)
ßCx-i.Q-i(2K + 1)(2K- 1)2

d Í-V3 2. — l— cos 9 d 1 еъф£___p-i Ф + __ l___e2i Ф9-1фЛ-
дф V5 sin 9 дф дф

W, (5.22)-19 да* 89 cos 92

ig (1 -K)(K + 3)(K + Q + l)(K + Q + 2)5 -f ß Ck+\,q+i(2K + 1)(2ÜC + 3)

Ü {K + 2){2-K){K-Q){K-Q-l)0,
ß Ck-i,q+i+ -E- (2K + 1)(2K-1)2

.V3. d v ^ 2Ü 9 1
—— cos 9—---- -e

2 89 cos 9
+ 1_______ e_2i0—ei0—

дф~ ' "\/3sin9 дф дф
-2i ф w. (5.23)—í

Collecting together (5.18)-(5.23) and substituting them into the right hand side of equation 

(5.11) we can write down the equation of motion for the joint Wigner function in the case of the 

Jaynes-Cummings model. It is the following:

d ■( 9 . 9 
íLüf a-------a -—

; \ да da*
d

—W

ig (ае1ф — а*е~1ф) W + g cot 9 (ае,ф + а*е~'ф) -Д-W
4 ' д9 дф

дф да дф

dt

V3 д 1—g cos2 9
89 cos 9

е*ф—е
дф дф да*

да*
д д

дф дф да
1 -Í Ф W (5.24)-19 \/3sin0

Now we recast this equation using the polar decomposition a = \а\е'^ of the field variables
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which might prove convenient for practical calculations:

dd d_ Wa__w

+2<?|a| siti('0 — + 2 с/1 a cot всоз(ф — 'ip)-^W
ив

Vs 2n+—gcos26

_ J_ (Cos(* - Ф) - sin(ф - ф)^ A} W

-д7Ш^{(е,х(-ф~ф)~МФ~ф)й)
Сы(ф-ф)+<хя(ф-ф)£Л^\п

dt

дф
{(sin(^)+cos(*-0^д 1

дв cos 9

д д
дф д\а\

1
(5.25)И

This form explicitly shows the importance of the relative phases of the atom and the field.
The first and second terms in the right hand side of the equation of motion describe the time 

evolution of the Wigner function in the absence of interaction, that is the dynamics of the free 

field and the free atom. In this case the solution of (5.24) does not need any additional effort 
compared to the equations of motion for the corresponding usual Wigner functions. On the 

other hand, in the case of interaction the solution of (5.24) seems to be very difficult, even with 

numerical methods.
However, it is still possible to construct the joint Wigner function based on the definition 

(5.6), if the state is known at any time. This way we may get more insight into the physics of 

atom-field interactions. Before doing so, we have to surmount a difficulty.

5.4 Reduced joint Wigner functions
If we want to visualize the joint Wigner function, we face the following problem: it has four real 
phase space coordinates, and generally also time, as its arguments. However, we can derive six 

kinds of reduced joint Wigner functions by integrating the joint Wigner function with respect 
to two coordinates not of interest. Keeping the two coordinates of the field or those of the 

atom yields the usual Wigner functions for the field or for the atom, respectively. Thus it is 

more interesting to keep one field and one atomic coordinate, since the resulting reduced joint 
Wigner function still contains information about the corresponding correlations.

In the following we deal with two complementary reduced joint Wigner functions. The first
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one, W^(|a;|, в, t) characterizes the field strength and the excitation of the atomic system:

/ d-ф &ф\а\У\^{р)(\а\,ф,в,ф,г). 
Jo Jo

(5.26)

In the above formula we used the polar decomposition a = |a|e'^. The other reduced joint 
Wigner function, ('ф, Ф, t) shows the correlations between the phases of the atomic part 
and the field:

Г oo 

Jo
a\ f d0 sin# W^(|a|,0,i). 

Jo
wjíw,0,() = d|o: (5.27)

Here we note that the question of the phase of the field, and especially the existence of a phase 

operator (dating back to Dirac), are of continuous interest in quantum optics [107, 108, 109, 
110, 111]. In the next section plots of these reduced joint Wigner functions will be presented.

5.5 Application to the Jaynes-Cummings model

We give here general expressions of the joint Wigner function and of the two reduced joint 
Wigner functions and VV^ for an arbitrary pure state in the Jaynes-Cummings model.

Let |Ф) denote the state to be represented with the joint Wigner function. First we expand it 
in the “bare” state basis {|n, +), |n, — )}^L0 [15], using the Schrödinger picture:

OO

1ф(*)> = 5Z №(*) ln> +> + dn(t) k->) • (5.28)
71=0

For the well-known coefficients d+(i) and dn (t) see for example [15]. Based on the definitions 

(5.3) and (5.6), one can calculate the expression for the joint Wigner function:

£ h»(0)K(№) + <:№<««)) +
Ы0) №(()v+(í) - -
■ЛYu(e,Ф) <£(*)*<£(<) - V2 у^е.ф)*

(-l)m (2|a|)n-me-2|Q|2 L^~m\A\a\2) ei(n-m^.

1
yj-3/2

71,771=0

(5.29)
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Then the reduced joint Wigner function has the following form:

00

w[f\\aUt) = 2e-2'«'2 (1 + л/3 cos 0) У K(t)|2(-1)”40> (4|a|2)
n=0

oo

ílElíW^-1)^01 (4N2) ,+(i — >/з (5.30)cos
n=0

and Wph^ reads as:

00WphV.'M) = j2 + ^|Re e* £№№)•<№)
n=0

^Re £ £ < ((^й)’4й+к'й)’4й) (5.31)
_m=0 n=m+1

\/37T
ei(n-m)V> ,— (e‘*M;W)**W + e-'*№(í))'<C(i)) Í+ nm

where Inm denotes the following integral:

(-1Г2”-” /d|a| |a|
Jo

= — (—l)TTlv/2Tl mT[(n — m + 2)/2] 2Fi(—m, (n — m + 2)/2, n — m + 1, 2).

e-2|a|2L(n-m)(4|Q!|2)n—m+1Inm

(5.32)
n!

Here 2Fi stands for the corresponding regularized hypergeometric functions.
Consider now the following initial state: the atom is in its excited state and the field is 

in a coherent state | a = 3). Figure 5.1 shows the atomic inversion (crz)(t) as a function of 

time, which is a well-known characteristic of the Jaynes-Cummings model. For the present 
initial state it explicitly shows the phemonema of revivals [112, 113]. Now we use it to identify
certain interesting time instants, denoted by dots in the plot, where we evaluate the reduced joint 
Wigner functions.

In Figures 5.2, 5.3 and 5.4 we plot the reduced joint Wigner functions and wj^ for 9 

instants monitoring the first Rabi oscillation as shown in Fig. 5.1. In the left column the 

while in the right column the is is shown. If the atom is in its excited state then 

has its maximum at 9 = 0 and |a| = 3. In the phase space region close to the atomic ground 

state and to |a:| = \/I0 the function value is negative. As time goes on, the maximum of 

oscillates between these two positions, as one would expect. It is interesting to note, that the
transition between these two states is first done by the components of higher field amplitude.
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Figure 5.1: Time dependence of the atomic inversion in the Jaynes-Cummings model. The 
initial state for the atom is the excited state while for the field the coherent state | а = 3). The 
time unit is 1 /д.

This causes the remarkable state shown in Fig. 5.4(a), which suggests that the field amplitude 

is higher if the atom is excited. We note that the recovery of the state is not perfect after one 

oscillation, in accordance with the fact that the system evolves towards the Cummings collapse.
The plots for Wpí show no correlation at the initial state, but strong correlation during 

the process, except for the local extrema of the inversion. These however also get gradually 

correlated, in accordance with the fact that the state of the system is an entangled state (except 
for the initial state).

In Figure 5.5 we plot the reduced joint Wigner functions for 3 instants during the build-up 

of the first revival, as shown by Fig. 5.1. We see that the reduced joint Wigner function char
acterizing the amplitudes is getting similar to those corresponding to the maxima of inversion 

during the first Rabi oscillation, Figs. 5.2(a) and 5.4(e), but of course the revival is not perfect. 
The reduced joint Wigner function characterizing the phases is getting also to show weaker 
correlation, like in Figs. 5.2(b), 5.3(d) and 5.4(f), i.e. at the local maxima and minima of the 

inversion, but with a phase shift of 7r in the phase of the field.
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(b)

0.6

Figure 5.2: Phase space images of the first Rabi oscillation, cf. Fig. 5.1. We plot here the 
reduced joint Wigner functions in (a, c, e) and wj^ in (b, d, f) at the following times: 
t = 0 for (a, b), t = 0.17 for (c, d), and t = 0.25 for (e, f). The time unit is 1 /д. Initially the 
atom is in the excited state and the field is in the | а = 3) coherent state. The time evolution is 
governed by the Jaynes-Cummings model.
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Figure 5.3: The same as Fig. 5.2 but t = 0.34 for (a, b), t = 0.48 for (c, d), and t = 0.65 for (e,
f).
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Figure 5.4: The same as Fig. 5.2 but t = 0.75 for (a, b), t = 0.83 for (c, d), and t = 0.97 for (e,
f).
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Figure 5.5: The same as Fig. 5.2 but t = 15.6 for (a, b), t = 17.9 for (c, d), and t = 19.95 for 
(e, f).
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5.6 Conclusions
We have defined a joint Wigner function which is appropriate to give a phase space represen
tation for the interacting system of an electromagnetic field mode with a ensemble of identical 
two-level atoms. Describing the interaction by the Jaynes-Cummings model we have derived 

an equation of motion for the joint Wigner function. We have constructed reduced joint Winger 
functions and with the help of these we have plotted phase space images of an important model 
process in order to demonstrate the power of this new method.



Summary

The Wigner function [1], and generally the quasiprobability density functions, are widely and 

successfully used in distinct areas of physics. The Wigner function — which is a distinguished 

representative of these phase space functions because of its unique properties — achieved its 

greatest success in quantum optics apparently. This is why we have chosen to study and apply 

the Wigner representation in topics related to quantum optics.

Review of Wigner functions. In the first chapter we have given a brief review of the basic 

definitions and properties of Wigner functions [18, 13]. We have started with the classical 
probability density functions of statistical mechanics. Then we have introduced the Wigner 
function and summarized its basic properties: its connection to operator ordering, the equation 

of motion. We have summarized the complex formalism used in quantum optics, and have 

shown the Wigner function of important quantum states, too. Next we have considered other 

quasiprobability density functions frequently used in quantum optics. Finally we have reviewed 

a successful construction of a phase space representation for spin systems [46].

Wigner function for tunneling in a uniform static electric field. We have started with the 

presentation of our new results in Chapter 2. There we have evaluated the Wigner quasi
probability function for the paradigm of field induced ionization, namely a particle bound in a 

zero-range potential that tunnels out due to the application of a static uniform electric field. This 

situation underlies all of the widely used tunneling formulas that are used to describe tunneling 

in real atoms, such as the Ammosov-Delone-Krainov formula [56, 57, 58, 59]. Laser-atom in
teraction phenomena are often described semiclassically by multi-step models whose first step 

consists of tunneling into the continuum, and the next step is propagation of an appropriate 

quantum mechanical wave packet. This latter requires specification of initial conditions. Com
monly, it is assumed that the relevant electronic orbit starts from the “exit of the tunnel” with 

zero velocity.
Our results [2], however, have shown that this commonly adopted initial condition is not 

supported by the picture afforded by the Wigner function. In fact, plots of the Wigner function 

do not in any way distinguish the “exit of the tunnel”. Rather, to the extent that the Wigner
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function allows at all for the identification of classical orbits, these orbits originate from inside 

the tunnel. The phase space trajectory is initially about linear, leaves the exit of the tunnel 
with non-zero momentum and later it bends over towards the parabolic shape characteristic of a 

classical particle in a uniform static field. Moreover, the Wigner function exhibits quite violent 
oscillations and pronounced areas of negativity.

Our approach allows to deal with the fully three-dimensional case. It is well known that 
tunneling has some three-dimensional features with no analog in the one-dimensional case, such 

as the distinction between energetically and dynamically forbidden regions. However, if only 

the dynamics in the (z, pz) subspace are of interest then the one-dimensional Wigner function 

already contains much of the relevant information. Further, comparison of the approximate ana
lytical quasistationary result with the time-dependent numerical simulation justifies the former 

one very well.

Generalized parity and quasiprobability density functions. The reality of the Wigner func
tion suggests that there should exist a phase space dependent Hermitian operator kernel such, 
that its expectation value is the Wigner function. In Chapter 3. we have recalled that this kernel 
is identical to the displaced parity operator [72], which is called therefore the Wigner operator 

[70]. We have shown that the observables represented by the Wigner operators corresponding 

to different phase space points cannot be measured simultaneously. Our main result here is to 

introduce a trace-class generalization of the displaced parity operator which we call the gene
ralized Wigner operator [3, 4]. We have shown that the displaced number states constitute the 

natural eigenstate basis of the generalized Wigner operator. By constructing the integral repre
sentation of the generalized Wigner operator we concluded that its expectation value gives the 

broad class of s-ordered quasiprobability distribution functions [25]. These functions play an 

important role in the homodyne tomographic reconstruction of quantum states [39, 42, 43]. We 

have explicitly shown the limits where the expectation value of the generalized Wigner operator 

yields the Q- and the P-functions, and we worked out the case of coherent state as an example.

Atomic Schrödinger cat states. In Chapter 4, we have considered a class of states in an 

ensemble of two-level atoms, a superposition of two distinct atomic coherent states [45] which 

are called atomic Schrödinger cat states [81], in analogy with the corresponding quantum states 

of the harmonic oscillator [36, 37, 38]. There are a number of proposals for the experimental 
realization of such states [82, 83, 87, 88]. According to the relative positions of the constituents 

we have defined polar and nonpolar cat states. We have investigated [5] their properties based 

on the spherical Wigner function, which has been proven to be a convenient tool to investigate 

the quantum interference effects.
We have shown that nonpolar cat states generally exhibit squeezing, for which we have
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introduced the measure S [6]. The squeezing depends on the separation of the components of 

the cat and on the number of the atoms the cat is consisting of.
By solving the master equation of this system embedded in an external environment (which 

we consider as a multimode electromagnetic field, obtaining this way a special superradiating 

system [86]) we have determined the characteristic times of decoherence, dissipation and non- 
classicality of an initial polar cat state [7]. We have shown how these depend on the number of 

the microscopic elements the cat consists of, and on the temperature of the environment. Our 

results show that the decoherence of the polar cat state is surprisingly slow: tdiSíi/táec is less then 

a half of an order of magnitude for zero temperature, making these states potentially significant 
in several areas of quantum physics, e.g. experimental studies of decoherence [77], quantum 

computing and cryptography.
We have visualized the process, governed by the interaction with the external environment, 

using the spherical Wigner function. Its transformation in time reflects the characteristics of the 

behaviour of the atomic subsystem in a suggestive way.

Joint Wigner function. Finally, in Chapter 5. we have introduced a joint Wigner function 

[8] which is appropriate to give a phase space representation for the interacting system of an 

electromagnetic field mode with an ensemble of identical two-level atoms. The construction of 

this new quasiprobability density function is based on unifying the Wigner function for field and 

for angular momentum. The joint Wigner function is defined over the phase space which is the 

direct product of a spherical surface with the plane. The underlying operator basis is constituted 

by the tensor products of the displacement operators [25] with multipole operators [50, 46].
Describing the interaction by the Jaynes-Cummings model [106] we have derived an equa

tion of motion for the joint Wigner function [9]. The equation of motion for the joint character
istic functions can be readily generalized for the case of the Dicke model.

By integrating out variables not of interest in the joint Wigner function, we have constructed 

reduced joint Winger functions [10, 11, 12]. With the help of these we have plotted phase 

space images of an important model process in order to demonstrate the capabilities of our new 

method.



• •

Összefoglalás

A Wigner-függvényt [1] és általában a kvázivalószínűségi sűrűségfüggvényeket széles körben 

és sikeresen használják a fizika számos területén. Úgy tűnik, hogy a Wigner-függvényt — 

amely speciális tulajdonságai miatt kitüntetett szerepet játszik az összes ilyen függvény között 
— legnagyobb sikerrel a kvantumoptikában alkalmazzák. Ezért is tűztük ki célul a Wigner- 

függvényes módszer vizsgálatát és alkalmazását a kvantumoptikával kapcsolatos témákban.

Irodalmi áttekintés. Az első fejezetben egy tömör áttekintést adunk a Wigner függvénnyel 
kapcsolatos legfontosabb ismeretekről [18, 13]. Kiindulópontunk a klasszikus statisztikus fizi
kában használatos valószínűségi sűrűségfüggvények elmélete. Ezután bevezetjük a Wigner- 

függvényt és összefoglaljuk alapvető tulajdonságait. Ismertetjük az operátorszorzatok rendezé
sével való kapcsolatát, felírjuk mozgásegyenletét, majd bevezetjük a kvantumoptika komplex 

formalizmusát és néhány nevezetes kvantumállapot Wigner-függvényét is bemutatjuk. Ezek 

után röviden tárgyaljuk a kvantumoptikában használatos egyéb kvázivalószínűségi sűrűség- 
függvényeket is. Végül ismertetünk egy igen eredményesnek bizonyult konstrukciót a spinnel 
rendelkező rendszerek fázisteres leírására [46], amelyet gömbi Wigner-függvénynek nevezünk. 
Az alábbiakban rátérünk új eredeményeink ismertetésére.

Optikai alagutazás vizsgálata Wigner-függvénnyel. A második fejezetben a térindukált 
ionizáció alapvető modelljét vizsgáljuk: egy vonzó Dirac-delta potenciálból a külső homogén 

sztatikus elektromos mező hatására alagút effektussal kilépő elektron viselkedését tárgyaljuk a 

Wigner-függvény segítségével. Ez a modell alapozza meg azon széles körben használt for
mulákat, amelyeket valódi atomok alagút effektussal történő ionizációja esetén használnak, 
mint például az Ammosov-Delone-Krainov formula [56, 57, 58, 59]. Ezen jelenségek szemi- 

klasszikus leírására többlépéses modellek használatosak, amelyek első eleme a kötött állapotok
ból a kontinuumba való kijutás alagút effektussal. A következő lépés a hullámcsomag terjedése 

külső mezőben, amely viszont kezdeti feltételeket igényel. A szokásos feltételezés szerint az 

elektron az alagút kijáratától zéró kezdősebességgel indul.
Wigner-függvényes vizsgálatunk eredményei [2] azonban ennek ellentmondanak. A klasz- 

szikus pályákkal összefüggésbe hozható fázistrajektóriák az origóból indulnak és az alagút tar-
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tományában lényegében egyenesek. Az alagutat határozottan nem zéró impulzussal hagyják 

el, majd az alagúton kívül fokozatosan megközelítik a klasszikus részecskét jellemző parabolát. 
Emellett a Wigner-függvény gyors oszcillációkat mutat és jelentős tartományokban negatív.

További fontos eredményeink, hogy a háromdimenziós Wigner-függvény longitudinális 

jellemzőit hűen tükrözi az egydimenziós Wigner-függvényes leírás is, valamint az, hogy a nu
merikus szimulációval való összevetés igen jól igazolja az analitikus kvázistacionárius leírás 

jogos voltát.

Az általánosított paritás operátor kapcsolata kvázivalószínűségi sűrűségfüggvényekkel.
A Wigner-függvény valós volta azt sejteti, hogy léteznie kell egy, a fázistéren értelmezett her- 
mitikus operátornak, amelynek várható értéke a Wigner-függvény. A harmadik fejezetben 

fölidézzük, hogy ez az operátor nem más mint az eltolt paritás operátora [72] amelyet ezért 
Wigner-operátomak [70] hívunk. Megmutatjuk, hogy a fázistér különböző pontjaihoz tartozó 

Wigner-operátorok egyidejűleg nem mérhető fizikai mennyiségeket reprezentálnak. Fő ered
ményünk a Wigner-operátor olyan trace-class általánosítása, amely a paritás operátor általá
nosításán alapul [3, 4]. Megmutatjuk, hogy az eltolt számállapotok alkotják az általánosított 
Wigner-operátor természetes sajátállapot bázisát. Megadjuk az általánosított Wigner-operátor 

integrálreprezentációját az eltolás operátorok bázisán, és levonjuk a következtetetést, hogy az 

általánosított Wigner-operátor várható értéke megegyezik az s-rendezett kvázivalószínűségi sű
rűségfüggvények osztályával [25]. Ezen függvények fontos szerepet játszanak a kvantumál
lapotok homodyn rekonstrukcióval történő mérésében [39, 42, 43]. A P-és Q-függvények 

speciális esetét és a koherens állapotot mint példát külön tárgyaljuk.

Atomi Schrödinger-macska állapotok vizsgálata. A negyedik fejezetben kétnívós atomok 

rendszerének speciális állapotait vizsgáljuk, amelyeket atomi Schrödinger-macska állapotoknak 

neveznek [81] a harmonikus oszcillátor analóg kvantumállapotainak mintájára [36, 37, 38]. 
Ezeket két atomi koherens állapot [45] szuperponálásával kaphatjuk meg, ilyen állapotok kí
sérleti megvalósítására már számos javaslat született [82, 83, 87, 88]. Az összetevők relatív 

helyzetétől függően poláris és nempoláris macska állapotokat definiálunk. Ezek tulajdonságait 
a kvantuminterferencia effektusok vizsgálatára különösen alkalmas (gömbi) Wigner-függvény 

segítségével tárgyaljuk [5]. Megmutatjuk, hogy a nempoláris macska állapotok általában pré
seltek, melyek mértékére bevezetünk egy S paramétert [6].

Ezek után megvizsgáljuk ezen rendszer viselkedését termikus környezetben, amelyet sok- 
módusú elektromágneses mezőnek tekintünk (ilyen módon tulajdonképpen egy speciális szu
persugárzó rendszert kapunk [86]). A rendszer időbeli fejlődését a vonatkozó master egyenlet 
megoldásávál határozzuk meg. A folyamat jellemzésére karakterisztikus időket vezetünk be 

[7]: a dekoherencia időt, a disszipációs időt és a nemklasszikusság idejét. Ez utóbbi jellemzőt
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a Wigner függvény pozitivitása alapján definiáljuk. Megvizsgáljuk, hogy ezen mennyiségek 

hogyan függenek az atomok számától és a környezet hőmérsékletétől. Eredményeink azt mu
tatják, hogy a poláris macska dekoherencia ideje meglepően hosszú. Ez a tény ezen állapotokat 
különösen alkalmassá teheti a dekoherencia jelenségek kísérleti vizsgálatára [77], illetve kvan
tuminformatikai alkalmazásokra.

A dekoherencia és disszipáció folyamatát illusztráljuk a gömbi Wigner függvény segítségé
vel, amelynek időbeli mozgása hűen tükrözi az atomi rendszer viselkedését.

Egyesített Wigner-függvény. Végül, az ötödik fejezetben bevezetjük az egyesített Wigner- 

függvényt kétnívós atomok és egymódusú fény kölcsönhatásának fázisteres leírására [8]. Ezt 
az új függvényt a részrendszereket külön-külön jellemző Wigner-függvények mintájára állítjuk 

elő. A megfelelő fázistér a gömbfelület és a sík direkt szorzata, az operátor-bázist az eltolás 

operátorok [25] és a multipólus operátorok [50, 46] tenzori szorzatai adják.
Egyetlen kétnívós atom és a mező kölcsönhatására a Jaynes-Cummings modellt [106] hasz

nálva levezetjük az egyesített Wigner-függvény mozgásegyenletét [9]. Az egyesített karak
terisztikus függvényre vonatkozó mozgásegyenlet egyszerűen általánosítható a Dicke modell 
esetére.

Az egyesített Wigner-függvényt bizonyos változókra kiátlagolva, redukált egyesített Wig- 
ner-függvényeket nyerünk [10, 11, 12]. Ezek segítségével a fázistérben vizsgáljuk egy jól is
mert, a mező koherens állapotából induló folyamat időfejlődését, demonstrálva ezzel módsze
rünk hatékonyságát.
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