Appendix 1.
Experiments for Difference Equations with
Continuous Time
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I Introduction

Consider the difference equation with continuous time
x(t)=af(t) x(t-1) + b(t) x(p(t)), t=to,

where «a, b and p are real functions such that O<a(z)</, O<p(t)<t, t=ty, and lim p(t)=co.

=00

Here we do some numerical and graphical experiments on the asymptotic behavior of the
solutions of some equation of above form, based on the asymptotic estimates given in Section 5.

l Notations

a(t), b(t) : coefficient functions in the equation

p(t): lag function

@ (t): initial function

p(t): function estimating the solutions

Xl mxD.s window frame parameters for x(t)

to: initial time

S minimal time ([t_;,to] intial interval)
18 final time for solution

w: constant such that a<l-a(t), t=1,

My: constant such that My= sup {p(t) lp(t)!}

IminSt=ly
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x(t
a1y (

Example 1: x(t) =

-D+ 2 (1- ——__(t+11)2 )x(5)

Consider the particular case p(t)=-%. In virtue

2

that Ix(z)l=s—S~ for t>tg, where p(t)=t and

Q2 (t)
o i

m Definitions

In[9)= Clearla, b, @, ®, P, Ds X1, %2, £0;
1
alt ] := — ——;
(e
bileelle="(1 —aft]) 0.5}
Piitalge—t0 T8t 2

of Corollary 5.3, for the solution x(z) holds

10 OASIH’Z )
@0.5(0.519—0.5") )

tmin; T, o, MO, CC]

o[t_] :=3t%5 (* j is a parameter given later =*)

o o B 1

®m Parameters

Inf11]= X1 := -4; X2 2= 4;
EQiTe 29 itmin :=1; T := 303
8
" ;.; MO = 520.5;

®m Recursive definition of the solutions

Inf12):= x[t_] :=Which[t 2 tmin&&t < t0, ¢[t], t 2t0, a[t] x[t-1] +b[t] x[p[t]]];

® Solve the value of the infinite product

In[13):= CC = MO % N[Evaluate [l l (1 +
n=1l

Out/13)= 25.8848

£0i0.57 )]]

a 0.5 (£0 -0.5%)72

E Plot the solutions with several initial functions

In[14]:= plt =

Table[Plot [x[t], {t, tmin, T}, PlotRange -» {-4, 4},

PlotPoints - 50, PlotStyle —» {Hue[

(1. -2°8,'2:5, 1}]3

3+2.5

Py ]}, AxesLabel - {t, x}] 7
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m Plot the covering curves

cc ce }
olt]l ' plt]

Inf15]= . goxrl = Plot[{ » {t, tmin, T}, PlotRange - {x1, x2}] :

ek
ot
=

-4
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m Plot them together

In[16]:= Show[Graphics[Thickness[0.006]], gorl, plt,
DisplayFunction - $DisplayFunction, AxesLabel - {"t", "x"},
PlotRange - {x1, x2}, Axes - True];

X

Example 2: x(t) = el R (1 - ——1-—)X(\/—E)

(t+1)? 2 G+’

Consider the particular case p(r)=\/ t. In virtue of Corollary 5.4, for the solution x(z) holds
that Ix(z)l=sc/ (o (t)) for t=ty, where p(t)=logt and

CIM()H;‘II (Zttllog g2 (nt2) ) /o (a-((ty) 225 n=1) logt2 (i )it 2.0 s A8 e,

m Definitions

In[i7l=" Clear|a,;bopx, o, D, X1, %2, 0, tmin, T a, M0, CC|

. 1
L S = r——m—— 3
3 (1+¢t)2

bt ]l s= (T =Fglt i) 055

Pl =R

oe] =3t (* j is a parameter given later x)
plt_] :=Log[t];

m Parameters

Inf19)= X :=~-4: 22 3= 4;
L0 =2 tmins="1; D :=20;
8
a=—;
9
MO := Log[2] 2.5 2°%5;

m Recursive definition of the solutions

Inf20]= x[t_] :=Which[t 2 tmin&&t <t0, @[t], t 2t0, a[t] x[t-1] +b[t] x[p[t]]];:
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m Solve the value of the infinite product

@

Inf21]:= CC = MO N[Evaluate [| l (1 +

n=1

Tog [t0] 2.8

]]

a (£02" - 1) Log[t0%-" - 1]°
oufz1)= 4.82814

m Plot the solutions with several initial functions

inf22)= pltl = Table[Plot[x[t], {t, tmin, T},
j+3

Tl

PlotRange - {x1, x2}, PlotPoints - 50, PlotStyle » {Hue[

fd,0=255,12.5; 1}],-

R IR

-1t
-2t

-4t



Appendix 1. Difference Equations with Continuous Time

90

e 2 5 S (T

5 110) 45

=
=3

-4+t



Appendix 1. Difference Equations with Continuous Time

m Plot the covering curves

cc CcC

inj23}= gor2 = Plot [ { T e

}, {t, tmin, T}, PlotRange - {x1, xz}];

e R 5 TR 7Y (L

=1
L

-3t

-4t

m Plot them together

In[24]:= Show[Graphics[Thickness[0.006]], gor2, pltl,
DisplayFunction -> $DisplayFunction, AxesLabel -> {"t", "x"},
Axes -> True];

X

g

Example3: x (t) = £ x(£-2) + +x (£-1)

Consider the particular case p(f)=t — 2. In virtue of Corollary 5.12, for the solution x(z)
holds that I,\t(z)ls#—f@t—)— for t=>ty, where p(t)=At.
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m Definitions

In[25]:= Clear[a, b, ¢, x, p, P, X1, %2, t0, tmin, T, MO]
aleaps=10.25;
b[t_] :=1/8;
plt. ] 2=t ~2;
DENi =l (* j is a parameter given later x)
plt_] :=2%;

m Parameters
Inf27]= x1 1= -4; %2 :=4;

t0:=2.7 tmin :=0; T:=10;
MO := 10 2°-5;

m Recursive definition of the solutions

Inf28l= x[t_] :=Which[t 2 tmin&&t < t0, @[t], t 2t0, a[t] x[t-1] +b[t] x[p[t]]];

m Plot the solutions with several initial functions

Inf29):= Pplt2 = Table[Plot [x[t] yolEr emin. T

j+3
PlotRange - {x1, %2}, PlotPoints - 50, PlotStyle —» {Hue[ e ] }] ’

{jl -2.5, 2.5, 1}];

w
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m Plot the covering curves

MO0 MO0
plEl *  olt]

In[30):= gor3 = Plot[{ }, {t, tmin, T}, PlotRange -» {x1, xz}] ;

g - N B S

[\
'S
@

10

m Plot them together

Inf31]:= Show[Graphics[Thickness[0.006]], gor3, plt2, PlotRange —» {x1, x2},
DisplayFunction -» $DisplayFunction, AxesLabel -» {"t", "x"}, Axes — True];
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m Acknowledgement

The development was done during the visit of the author at the Department of Medical Informatics,
Albert Szent-Gyorgyi Medical University.

Theory

Consider the discrete difference equation
Xnet = (1 —ap)xp, + by Xp,» N=ng,

where {a,}, {b,}arereal sequences such that 0 <a, <1, {p,}1is a sequence of natural numbers such that

Dp =1, -1 2ing, and limip, = col
n—oo

Here we do some numerical and graphical experiments on the asymtotic behavior of the solutions of
some equation of above form, based on the asymptotic estimates given in Section 6.

l Notations

a,b, : coefficient sequences in the equation

P lag sequence

D initial values (n=n_;,n_; +1,...,np)
Bni sequence estimating the solutions
Xilx2: window frame parameters for x;,
ng: initial time

b5 P minimal time

Ni: final time for solution

a. constant such that a=a,, (=1,

My: constant such that My=max,  <,<p,{0On 10al}
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In[1]:= Example 1l : X,,1 —Xp =

il s il 1 1k
— | Xy - — | = ————— | %2,
4 (n+1)° 3 \4 (n+1)3 <

Consider the particular case p,=/% /. In virtue of Corollary 6.2, for the solution x, holds that | x,l<

< for n=nj, where o,=n and
0 n Ali+1)

C=M, ﬂ (] + ;‘5')
Jj=1 a(22-1)

m Definitions

In[54]= Clear[an, bn, pn, pn, xn, Cl, x1, x2, NO, N1, MM, NN, o] ; NN = 1000;

X < an[n]

an = Table[———3 + -, {n, 1, NN}] $ bn= Table[—
(n+1) 4

, {n, 1, NN} ];

o= Table[Floor[%], fn Nl NN}];

m Parameters

Inj55l= X1 = —-5; %2 =5;
Nl = 50;
NO=2; a=0.25;
MM = 10; MO = 2;
goltab = Table[0, {i, 1, MM}, {J, 1, N1+1}];
Table[

12 o 372 v

{soltabl[i +1, 1] = cos[ ] , soltabf[i+1, 2] = Sin[

]}I {il 0, m‘l}];

m Recursive definition of the solutions

In[56]:= SetAttributes[Pantograph, HoldFirst]
Pantograph[x_, n_Integer, an_, bn_, pn_] := (1 -an[n]) x[n] + bn[n] x[pn[n]]:

m Solve the value of the infinite product

2 2j+1

In[58]= C1 = MO N[Evaluate [H (1 + ] ]

a(z239-1)*
j=1

oufs8)= 53.3388
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m Plot the covering curves
In[59]= pltl = ListPlot[

el
Table [N[—-] » {0, 2, Nl}] , Axes - True, PlotRange - {x1, x2}] s plt2a =
n

ListPlot[Table[N[-

cl
], {n, 2, Nl}] , Axes - True, PlotRange - {x1, x2}] 7
n

10 20 30 40 50

10 20 30 40 50

“m Solve the difference equation with several initial condition

In[60)= Do[soltab[[i, n+ 1] = N[Pantograph[soltab[[i]], n, an, bn, pn]],
{n, 2, N1}, {i, 1, Length[soltab]}]
-
nf61}= plt3 = Table|[ListPlot [Take[soltab[[i], {2, N1}], PlotStyle - {Hue[ﬁ] .
R _
PlotRange - {{2, N1}, {— ?, ?}}, PlotJoined - False] >

{i, 1, Length[soltab] }];
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i BT D L N Y v 50

® Plot them together

Inf2]= Show[pltl, plt2, plt3, DisplayFunction - $DisplayFunction];

af
;;éigﬁ‘.ﬁ“e“ 20 530 40 50
-4t

Example 2: xn,,l-xn=(%+—(n:l)3 ) xn-% (% + ——-—(n+11)3 )x[\/;]

Consider the particular case p,=/+/n]. In virtue of Corollary 6.3, for the solution x, holds that |
Xn|—<7§n— for n=ng, where o,=log n and

00 A(+1)
C:M()I—[‘ <|+ 'lognne ; 'y).
j=1 a(ny2-1)(og(ny2/-1))°

®m Definitions

In[16]= Clear[an, bn, pn, pn, xn, C1, x1, x2, NO, N1, a, NN, MM] ; NN = 1000;
i 1 an[n]
an = Table[———-—-—-— + —, {n, 1, NN}]; bn = Table[—
(ne1) - 4 3

DY = Table[Floor[\/; ] PG o by NN}] F

insly NN}]F
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m Parameters

In[17):= X1 =-4; %2 = 4;

Ni= 507
NO'= 2.7 a=0.25;
MM = 10; MO = Log[2];

soltab = Table[0, {i, 1, MM}, {3, 1, N1+1}];
Table |

3209 127
], soltab[[i+ 1, 2] = Sin[

{soltab[[i +1, 1] = Cos[

m Recursive definition of the solutions

In[18)= SetAttributes[Pantograph, HoldFirst]

Pantograph[x_, n_Integer, an_, bn_, pn_] := (1 -an[n]) x[n] + bn[n] x[pn[n]];:

m Solve the value of the infinite product

@

Inf20]:= C1 = MO N[Evaluate[| |

3=1

Log[NO] 2.3
1+ [vo] :l

2
a (N0*-” - 1) Log [NO?-’ - 1]

Sl

out20)= 3.40326

m Plot the covering curves

c1
ij21}= plt4 = ListPlot[Table[N[———], {n, NO, N1}], PlotRange - {-2, 2}];
Log[n]
c1
plt5 = ListPlot [Table[N[- ———], {n, NO, N1}], PlotRange - {-2, 2}];
Log[n]
27 .
1.5}
1 ---.......no-. ..................
S
10 20 30 40 50
=0 .5
_l-
=5
_2L

]}I {il ol MM_J-}];
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m Solve the difference equation with several initial condition
Inf22]:= Do [soltab[i, n+ 1] = N[Pantograph[soltab[[i]l, n, an, bn, pn]],
{n, 1, N1}, {i, 1, Length[soltab]}]
i
niz3}= Plt6é = Table [ListPlot [Take[soltab[i], {1, N1}], PlotStyle - {Hue[-ﬁ] )

PlotRange —» {{2, N1}, {-1, 1}}, PlotJoined » False] v
{i, 1, Length[soltab] }];
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m Plot them together

In[25]= Show[plt4, plt5, plt6, DisplayFunction -> $DisplayFunction,
AxesOrigin -> {0, 0}];
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