
Appendix 1. 
Experiments for Difference Equations with 
Continuous Time 

• Acknowledgement 

The development was done during the visit of the author at the Department of the Medical 
Informatics, Albert Szent-Györgyi Medical University. 

I Introduction 

Consider the difference equation with continuous time 

x(t)=a(t)x(t-l) + b(t) x(p(t)), t>t0, 

where a, b and p are real functions such that 0<a(t)<l, 0<p(t)<t, t>tg, and lim p(t)=oo. 
/—>00 

Here we do some numerical and graphical experiments on the asymptotic behavior of the 
solutions of some equation of above form, based on the asymptotic estimates given in Section 5. 

I Notations 

a(t), b(t) : coefficient functions in the equation 

P(t): lag function 

¥>(t): initial function 

P(t): function estimating the solutions 

xl , x2: window frame parameters for x(t) 

to: initial time 

t - D minimal time ( [ t _ i , t 0 ] intial interval) 

T: final time for solution 

a: constant such that a<l-a(t) , t>io, 

M0: constant such that Mq= sup (p(t) ly>(t)l} 
rmin<r<iii 
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Consider the particular case p(t)=-§-. In virtue of Corollary 5.3, for the solution x(t) holds 
that \x(t)\ < n

 c
(t) for ?>r0, where p(t)=t and 

c = r r ^ ^ i 
1 ln=l V a0.5 (0.5 Ui-0.5")2 ) 

Definitions 

ln[9]:= Clear [a, b, cp, x, p, p, xl, x2, tO, tmin, T, a, MO, CC] 
1 

a[t_] := — ; 
(l + t)2 

b [ t _ ] := (1 - a [t] ) 0.5; 
P [t_] := 0.5 t; 
<p[t_] : = j t0-5; (* j is a parameter given later *) 
p[t_] := t; 

i Parameters 

ln[11]:= x l : = - 4 ; x 2 := 4 ; 
tO := 2; tmin : = 1; T : = 30; 

8 
a = — ; MO = 5 20"5; 

i Recursive definition of the solutions 

ln[12]:= x[t_] : = Which [t i tmin && t < tO, ip [t] , t 2: tO, a [t] x[t - 1] + b [t] x[p [t] ] ] ; 

i Solve the value of the infinite product 

ln[ 13]:= CC = MO * N [Evaluate [j [ fl + t 0 °'5 ] 1 1 
4 11 a 0.5 (tO - 0.5n)2 / J J 

Out[13]= 25.8848 

i Plot the solutions with several initial functions 

ln[14]:= p i t = 
Table[Plot[x[t], (t, tmin, T}, PlotRange(-4, 4}, 

. . j + 2 . 5 - , , PlotPoints -7 50, PlotStyle [Hue[ ^ J j, AxesLabel {t, x} J , 
{j, -2.5, 2.5, 1}]; 
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Plot the covering curves 

ln[15]:= 
cc cc 

:•= gorl = P i o t [ { — - _ _ } , {t, tmin, T} , PlotRange -» {xl, x2}] 

4 

3 • 

2 • 
1 • 

10 15 20 25 30 
- 1 



Appendix 1. Difference Equations with Continuous Time 88 

• Plot them together 

ln[16]:= Show[Graphics [Thickness [0 . 006] ] , gorl, pit, 
Display-Function -> $DisplayFunction, A x e s L a b e l { " t " , "x"), 
PlotRange -» {xl, x2). Axes -* True] ; 

x 

I E x a m p l e 2 : x ( t ) = + T 1 t 1 ' 0 
(t+1)2 > 

| x ( V 7 ] 

Consider the particular case p(t)=y/1. In virtue of Corollary 5.4, for the solution x(t) holds 
that \x(t)\sc / {p ( t ) ) for t>tlh where p(t)=log t and 

C=M„ nn°=i (1 + (log t o 2 - (n + 2) ) / (a ( ( t0) - - 1) log ( ( t0) - - 1) ) ). 

• Definitions 

ln[17]:= Clear [a, b, cp, x, p, p, xl, x2, tO, tmin, T, a, MO, CC] 
1 

b[t_] := (1 - a[t] ) 0.5; 
p[t_] := V t i 
<p[t_] := j t0-5; (* j is a parameter given later *) 
p[t_] := Log [t]; 

• Parameters 

ln[ 19]:= xl : = - 4 ; x2 : = 4 ; 
tO := 2.; tmin := 1; T := 20; 

8 
a = — ; 

9 
M0 := Log [2] 2.5 20"5; 

• Recursive definition of the solutions 

ln[20]:= x [ t ] := Whichft £ tmin && t < tO, <p[t] , t 2: tO, a[t] x[t - 1] + b[t] x[p[t] ] ] ; 
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Solve the value of the infinite product 

Log [tO] 2 .n+1 
r r f l 1 ln[21]:= CC = MO N Evaluate 1 + 

1 il a (t02,° - 1 L ) Log [tO2- - 1]' ]] 

Out[21]= 4.82 814 

i Plot the solutions with several initial functions 

ln[22]:= pltl=Table[plot[x[t], {t, tmin, T} , 
j + 3 

PlotRange {xl, x2}, PlotPoints 50, P l o t S t y l e [ H u e [ ]}]' 

{j, -2.5, 2.5, 1}]; 
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Plot the covering curves 

ln[23]: 
r, CC cc 

= gor2 = Plot I , 1, {t, tmin, T} , PlotRange -» {xl, x2) ; L 1 p[t] p[t] J 1 
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i Plot them together 

ln[24]:= Show[Graphics[Thickness[0.006] ], gor2, pltl, 
Display-Function-> $DisplayFunction, AxesLabel-> ("t", "x"). 
Axes -> True] ; 

—g—s . .U-0 11 — " T r 

- 2 

-3 

1 • 

N 

[ E x a m p l e 3 : x ( t ) = A x ( t - 2 ) + A x ( t - i ) 

Consider the particular case p(t)=t - 2. In virtue of Corollary 5.12, for the solution x(t) 
holds that \x(t)\<p"B

t) for t>t0, where p(t)=A t . 
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i Definitions 

ln[25]:= Clear [a, b, (p, x, p , p, xl, x2, tO, tmin, T, MO] 
a[t_] := 0.25; 
b[t_] 1/8; 
P[t_] : = t - 2; 
<P[t_] : = j C 5 

P[t_] := 2t ; 

i Parameters 

ln[27]:= x l : = - 4 ; x 2 : = 4 ; 
tO : = 2 . ; tmin : = 0; T : = 10; 
MO := 10 20'5 ; 

i Recursive definition of the solutions 

ln[28]:= x[t_] := Which [t 2 tmin && t < tO, <p[t] , t £ tO, a[t] x[t - 1] + b[t] x[p[t] ] ] ; 

i Plot the solutions with several initial functions 

lnI29]:= plt2 = Table [ Plot [x [ t ] , (t, tmin, T}, 

PlotRange -» {xl, x2}, PlotPoints -> 50, PlotStyle 

{j, -2.5, 2.5, 1}]; 

J— 10 

10 
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Plot the covering curves 

MO MO 
ln[30]:= gor3 = Plot [ { , }, {t, train, T} , PlotRange -» {xl, x2}l; 

L 1 P [ t ] p [ t ] ' J 

• Plot them together 

ln[31]:= Show[Graphics[Thickness[0.006]], gor3, plt2, PlotRange-» {xl, x2 } , 
D i s p l a y F u n c t i o n - » $ D i s p l a y F u n c t i o n , A x e s L a b e l - » { " t " , " x " } . A x e s - > T r u e ] ; 
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Discrete pantograph-type difference equations 
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I Theory 

Consider the discrete difference equation 

x„+i = ( 1 -an)xn + bnxPn, n>n 0 , 

where («„}, {bn} are real sequences such that 0 < an < 1, {pn} is a sequence of natural numbers such that 
pn < n, n > no, and lim pn = oo. 

n-* oa 

Here we do some numerical and graphical experiments on the asymtotic behavior of the solutions of 
some equation of above form, based on the asymptotic estimates given in Section 6. 

I Notations 

an,bn : coefficient sequences in the equation 

pn: lag sequence 

ipn: initial values (n=n-i,n-i +l,...,no) 

pn: sequence estimating the solutions 

xl, x2: window frame parameters for xn 

no: initial time 

n-X: minimal time 

Nl: final time for solution 

a: constant such that a< an, t>to, 

M0: constant such that Mo=max n _ | s n s n o {p n l<pnl} 
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ln[1]:= E x a m p l e 1 : x n + 1 - x n = 
/ 1 1 x 

— + 1 
Xn 

( 1 

V 4 ( n + 1) 3 4 ( n + 1) 
+ I x [ | - ] 

Consider the particular case p n = / - j / - In virtue of Corollary 6.2, for the solution x n holds that I x n l < 
for n>nn, where pn=n and 

f-'n 

c = M „ r r 0 + - ^ - ) . 
u 1 I/=| v tt(2 2/-lr ' 

• Definitions 

ln[54]:— Clearfan, bn, pn, p n , xn, CI, xl, x2, NO, Nl, MM, NN, a] ; NN = 1000; 
r 1 1 ., , anHnJ 

an = Table + — , {n, 1, NN} ; bn = Table , (n, 1, NN} ; 
L (n+ l)3 4 J L 3 J 

pn = Table [Floor [-^j , {n, 1, NN}]; 

• Parameters 

ln[55]:= x l = - 5 ; x 2 = 5; 
Nl = 50; 
NO = 2; a = 0.25; 
MM = 10; MO = 2; 
soltab = Table[0, (i, 1, MM}, (j, 1, Nl + 1}] ; 
Table[ 

. r t 2 7T , , 1 2 7 7 , . , 
soltab It i + 1,1]] = Cos , soltab [[ i + 1,2]]= Sin 1, {i, 0, MM - 1} ; L L mm J L MM j j j 

• Recursive definition of the solutions 

ln[56]:= SetAttributes [Pantograph, HoldFirst] 
Pantograph [x_, n_Integer, an_, bn_, pn_] := (l-an[[n]]) xfln]] +bn[n] x |[pn [n]] ]]; 

• Solve the value of the infinite product 
a> 

1—T I 2 2:i+1 

ln[58]:= CI = M0 N[Evaluate[ 1 + 1 L Li 1 [ a (2 2* - I)2 , J J 
5=1 

Out[58]= 5 3 . 3 3 8 8 
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i Plot the covering curves 

ln[59]:= p l t l = ListPlot [ 
CI 

Table [n[ ] , {n, 2, Nl} ] , Axes True, PlotRange -» {xl, x2} ] ; plt2 = 

CI 
ListPlot [Table [n[ ], {n, 2, Nl} ], Axes True, PlotRange -> (xl, x2 }] ; 

10 2 0 30 4 0 5 0 

- 2 

10 2 0 3 0 40 5 0 

• Solve the difference equation with several initial condition 

ln[60]:= Do [soltab j[i, n + 1J = N [Pantograph [soltab|i]], n, an, bn, pn] ] , 
{n, 2, Nl}, (i, 1, Length[soltab]}] 

ln[61):= plt3 = Table [ListPlot [Take [soltab[[i]], {2, Nl}], PlotStyle (Hue [ - E ] } , 

PlotRange -> •[ {2, Nl}, — }}' pl° t J°i n e tl False] , 

(i, 1, Length[soltab]}]; 
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i Plot them together 

ln[62]:= Show[pltl, plt2, plt3, Display-Function -» $DisplayFunction] ; 

i n ' i H i i i n 
10 20 3 0 4 0 5 0 

- 2 

Consider the particular case pn=[Vn]- In virtue of Corollary 6.3, for the solution xn holds that 
xn\<-~ for n>no, where pn=log n and 

C=AM + ^ log n„ 
C "o 21—1) flog (no 21-1))' 

i Definitions 

ln[16]:= Clear [an, bn, pn, pn, xn, CI, xl, x2, NO, Nl, at, NN, MM] ; NN = 1000; 
1 1 , , anfnj an = Table [ -

(n+1) 3 4 
pn = Table [Floor [Vn ] , {n, 1, NN} ] ; 

+ — , (n, 1, NN} ] ; bn = Table [ , {n, 1, NN} ] ; 
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• Parameters 

ln[17]:= x l = - 4; x 2 = 4; 
N1 = 50; 
NO = 2 . ; a = 0 . 25; 
MM = 10; MO = Log [2] ; 
soltab = Table [0, {i, 1, MM}, {j, 1, Nl + 1}]; 
Table[ 

r |- i 2 7T 1 i 2 7T 
j soltab[[i + 1, lj = Cos , soltab[[i + 1,2]]= Sin 1 } , {i, 0, MM -1}|; 1 L MM J L MM J J J 

i Recursive definition of the solutions 

In[i8]:= SetAttributes [Pantograph, HoldFirst] 
Pantograph [x_, n_Integer, an_, bn_, pn_] := (l-an[[n]]) x|[n]] + bn[[n] x [[pn |[n]] ]] ; 

Solve the value of the infinite product 

CO . 

In[20]:= Cl = MO N [Evaluate [J~| 1 + 
j=i ^ 

Log [NO] 2.d+1 

a (NO2-3 - 1) Log [N02"j - 1] 2 .3 ]] 
0ut[20]~ 3 . 4 0 3 2 6 

Plot the covering curves 

CI 
lr>[21]:= plt4 = ListPlot [Table ÍNÍ 1, {n, NO, N1}1, PlotRange -+ {-2, 2}]; L L L Log[n] J J J 

CI 
plt5 = ListPlot [Table [n[ 1, {n, NO, Nl} 1 , PlotRange-> {-2, 2}]; L L 1 Log[n] J J J 
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i Solve the difference equation with several initial condition 

ln[22]:= Do [soltab[[i, n + lj = N[Pantograph[soltab[[i]], n, an, bn, pn] ] , 
{n, 1, Nl}, (i, 1, Length[soltab]}] 

ln[23]:= plt6 = Table [ListPlot [Take [soltab[[i]], (1, Nl}], PlotStyle -> [Hue [ - E ] } , 

PlotRange {{2, Nl}, (-1, 1}}, Plot Joined-> False] , 
{i, 1, Length[soltab]}]; 
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i Plot them together 

ln[25]:= Show[plt4, plt5, plt6, DisplayFunction-> $DisplayFunction, 
AxesOrigin-> {0, 0}]; 
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