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Chapter 1

Introduction

Tree transducers are formal models of program compilers. Indeed, their theory was sig-
nificantly motivated by the, so-called, syntax-directed compilation (or syntax-directed
translation). To demonstrate this, we give a short description of the syntax-directed
translation in the first section. In Section 1.2 we describe two particular tree trans-
ducers, namely top-down tree transducers and bottom-up tree transducers, and discuss
their behavior because these transducers will be in the focus of our interest. In the next
section we introduce the shape preserving versions of the above transducers. Moreover,
we point out an important difference between the syntax of shape preserving top-down
tree transducers and shape preserving bottom-up tree transducers. Namely, we describe
the reason of that in the bottom-up case the transducers can be deleting, however in
the top-down case can not.

In Section 1.4 we present the main problem solved in the Thesis which consists of
the following questions. Can we characterize shape preserving top-down and bottom-up
tree transformations by restrictions on the syntax of these transducers? Is the shape
preserving property of these transducers decidable? In the Thesis we will give positive

answers to these questions. The last section describes the outline of the Thesis.

1.1 Syntax Directed Semantics

Compilers are computer programs which transform an input program written in a higher
level programming language (also called the source language) into an output program
of another language, called the target or object language [AU77, Joh79, ASU86]. The
target language can usually be understood and executed by the computer.

The earliest program compilers were large hand-written programs which contained
the definition (i.e., the syntax) of the source language deeply embedded in the code
of the programs. This method made the modification of the source language very
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difficult, since it was not obvious how to find those parts of the compiler which might
be affected by the modifications. Moreover, it was also difficult to check whether the
compiler accepts all those programs which have correct syntax, i.e., which correspond
to the definition of the source language, and that it accepts only those programs.
Nevertheless, all compilers before 1960 were of this type, since there was not a common

method for defining source languages.

In 1956 the linguist Noam Chomsky invented context-free grammars [Cho56]. His
intention was to give a formal model which can describe natural languages. It turned
out that these grammars are powerful enough to specify the syntax of most program-
ming languages. In fact, the syntax of most programming languages is defined by a
notational variant of context-free grammars, called Backus Naur Form (BNF), which
was invented, independently from Chomsky, by the computer scientist John W. Backus
in 1959 [Bac59]. Soon after this, Edgar T. Irons proposed a new method to define a
compiling system [Iro61] and he called his method as syntax-directed compilation. In
fact he suggested to separate the definition of the source language and the transla-
tion of input programs from the source language into output programs of the target
language. That part of compilers which checks whether the input program has the
correct syntax according to the definition of the source language is called parsing. This
part, as we have mentioned above, can be done using context-free grammars. More-
over, since context free grammars are weak enough, efficient algorithms can be given
for the parsing. The second part, i.e., the translation of the input program into the
output program, is in fact the semantics of the compilation. By the method of Irons,
the translation of the input program is given according to the definition of the source
language, i.e., the semantics is defined in terms of the syntax. This is the idea of the,
so-called, syntax-directed semantics.

Let us consider now the parsing of an input program. If the program is syntactically
correct, then the parsing yields a tree, called the derivation tree (or parsing tree) of the
program, which shows the structure of it according to the definition of the programming
language (cf. Figure 1.1). A derivation tree is a finite, directed, ordered, acyclic, labeled
graph such that each node has at most one incoming edge, and there is exactly one
node with no incoming edges, which is called the root node (or just root). Clearly,
every node has zero or more, so-called, child nodes. Moreover, every node different
from the root has exactly one parent node.

After the parsing, the compiler works on the parsing tree (or input tree), and yields
a program in the output language. Nevertheless, the translation of the input program
can be done by transforming the input tree into another tree, called the output tree,
which represents the structure of the output program in the target language. Then
the output program is simply the yield of the output tree. Therefore, from theoretical
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Figure 1.1: The parse tree of the arithmetic expression a * (b + ¢).

point of view, the translation of the input program is nothing else but a transformation
of the input tree. In this way the compiler transforms a parsing tree into an other
tree, i.e., computes a function which associates an output tree with every input tree
(cf. Figure 1.2).

compiler

derivation tree output tree

Figure 1.2: A compiler transforms a derivation tree into an output tree.

Since we want to study abstract mathematical properties of the syntax-directed
translation, we make the following abstraction steps. First of all, by a tree we mean a
well-formed term over a ranked alphabet. A ranked alphabet is a finite nonempty set
of symbols such that every symbol in it has a rank (or arity), which is a nonnegative
integer. For instance, ¥ = {a(o),ﬁ(o), ) 0(2)} is a ranked alphabet, where the upper
index of a symbol means its rank, and a, y(a), and o(o(a, 8),v(c)) are trees over .
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Note that the graph representation of a term will be a tree in the above sense, see
Figure 1.3, with the additional property that different nodes can have the same label
only if they have the same number of outgoing edges. However, this latter is just a

technical matter.

o « « ,8

Figure 1.3: The tree representation of the terms a, y(«) and o(o(a, 3),v(a)).

Now we abstract from the syntax of both the source language and of the target
language and we allow trees over ranked alphabets to be the input tree and the output
tree. Moreover, we replace the machine-oriented computation paradigm of the compiler
with a more abstract computation paradigm which is called term rewriting. As a result
of these big abstractions steps, we obtain an abstract computation device which takes
an input tree over a ranked alphabet, then, by manipulating on the input tree as a
term rewrite system, computes an output tree over another ranked alphabet. Such
an abstract device is called a tree transducer. A more detailed description of this
abstraction can be found in Section 1 of [FV98].

There are many kinds of tree transducers, however in this Thesis we deal only
with top-down tree transducers and bottom-up tree transducers. We will discuss them
informally in more detail in the next section. Moreover, we will also consider tree
transducers which compute nondeterministically, which means that they associate a
(maybe empty) set of output trees with an input tree, hence they compute a binary
relation over trees. We call a binary relation over trees a tree transformation. Hence
tree transducers compute tree transformations.

We note that top-down and bottom up tree transducers can model only certain basic
types of syntax-directed semantics. However, there are tree transducers with greater
expressive power (e.g. attributed tree transducers [Fiil81] which are formal models of
Knuth’s attribute grammars [Knu68], and macro tree transducers [EV85]) which can
model syntax-directed semantics in general (cf. also [FV98]). Moreover, we note also
that many generalizations of the above transducers have been introduced, for example,
modular tree transducers [EV91], which are generalizations of macro tree transducers;
top-down tree-to-graph transducers [EV94]; higher-order attributed tree transducers
[NVOO]; tree series transducers [Kui99, EFV02, EK03, FV03] which transform a tree
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into a formal tree series [BR82], rather than a set of trees.
A rather natural generalization of top-down tree transducers, namely top-down tree
transducers with regular look-ahead, was introduced in [Eng77]. We will discuss these

latter transducers briefly in Section 1.4.

1.2 Top-Down and Bottom-Up Tree Transducers

In this section we describe top-down tree transducers and bottom-up tree transducers.
Top-down tree transducers were introduced, independently, by Rounds [Rou70] and
Thatcher [Tha70] (cf. also [Rou68, Tha69]). Their intention was to give formal models
for parts of mathematical linguistics (in particular, for the theory of syntax-directed
translation). Bottom-up tree transducers were invented by Thatcher [Tha73]. These
transducers were further investigated in many works (see e.g. [Eng75, Bak78, BakT79,
Esi80, Eng82, Esi83, GS84, FV92, FV98], and [GS97]). In the Thesis we follow the
terminology of [Eng75]. The reader can find a deep introduction to the theory of top-
down and bottom-up tree transducers in [GS84, GS97], where these transducers are
called root-to-frontier and frontier-to-root tree transducers, respectively.

A tree transducer M is a finite state machine which processes a tree s, called input
tree, over the input ranked alphabet ¥ and computes a finite set 7a7(s) of trees, called
output trees, over the output ranked alphabet A. Top-down tree transducers process
an input tree s from its root towards its leaves. Bottom-up tree transducers work in
the opposite direction, i.e., they process an input tree s from its leaves towards its root.
The tree transformation 7 computed by M, i.e., the semantics of M, is the set of
pairs (s,t) such that s € Ty, and t € 7p(s), where Ty, denotes the set of trees over L.
To give an intuition of the behavior of top-down tree transducers and bottom-up tree
transducers we consider their definition (or syntax) in more detail.

First we deal with top-down tree transducers. Formally, a top-down tree transducer
is a system M = (Q, X, A, Qo, R), where @ is the finite and nonempty set of states; ¥
and A are the input and the output ranked alphabets, respectively, and Qo C @Q is the
set of initial states. States are considered to be unary symbols. Moreover, R is a finite
set of (rewriting) rules of the form ¢(o(x1,...,2x)) — 7, where ¢ € Q, o is an input
symbol of rank &k from X, xy,...,zy are variables, and r is a tree over A which may
contain also subtrees as p(z;), where p is a state and 1 < ¢ < k. Variables are zero-ary
symbols.

In fact M is a term rewrite system which rewrites an input tree starting at the
root of the tree and proceeding towards its leafs. In more detail, a general step of the
rewriting by M can be described as follows. Assume that u is an intermediate tree over
@ U X U A such that above the states in u there are only symbols from A while below
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them only symbols from ¥. Assume also that there is a subtree g(o(uy,...,ux)) of u,
where ¢ € Q, k > 0, o0 € ¥ with rank k, and uy,...,ux € Tx (see Figure 1.4, where
the gray and white parts of u are consisting of symbols from A and X respectively,
and in-between the two parts states are from Q). If there is a rule in R of the form
q(o(zy,...,xx)) — r, then M rewrites u into another tree v, which fact we denote by
u = v, where v is the tree obtained by replacing the subtree g(o(uy,...,ux)) of u by
rluy, ..., ux). Here r[uy, ..., ux) is the tree yielded by replacing the variables zy, ...,z

in r by the trees uy,...,u, respectively.

Figure 1.4: Application of a rewriting rule of a top-down tree transducer.

If r does not contain a variable z; for some 1 < i < k, then the tree u; will not show
up in the tree v. In this case we say that M deletes u;.

Now take an input tree s € Ts. Applying rules in R to the tree go(s) as far as
possible, where go € Qo is an initial state, the rewriting process may terminate in an
output tree t € Ta. If this is the case, then we write go(s) =}, t. In this way M
computes the tree transformation 7ar4, = {(s,t) € Ty x Ta | qo(s) =}, t} in state
go. Then the tree transformation 7y computed by M is the relation UseQ,7rmq A
tree transformation computed by a top-down tree transducer is called a top-down tree
transformation.

Now we describe the behavior of bottom-up tree transducers. A bottom-up tree
transducer is a system M = (Q, X, A, Qo, R), where Q, ¥ and A are the same as in the
top-down case, and Qp is the set of final states. Moreover, R is a finite set of rules of
the form o(q1(z1),...,q(zx)) — q(r), where q,q1,...,qx € Q, o is an input symbol of
rank k from ¥, and r is a tree over A which may contain also variables as its leaves
from the set {zy,...,zx}.

Bottom-up tree transducers also can be regarded as term rewrite systems. However,
M starts to rewrite an input tree at the leaves and proceeds towards the root of the
tree. A general step of a rewriting process of an input tree can be described as follows.
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Assume that u is an intermediate tree over @ U ¥ U A such that above the states in u
there are only symbols from ¥ while below them only symbols from A. Assume also
that there is a subtree o(qi(v1),...,qk(vx)) of u, where k > 0, 0 € ¥ with rank k,
q1y---,qk € Q, and vy,...,v; € Ta (see Figure 1.5, where the gray and white parts of u
are consisting of symbols from A and ¥ respectively, and between the two parts states
are from Q). If M has a rule of the form o(qi(z1),...,q(zx)) — ¢(r), then M can
apply it to rewrite u into a tree v, which we denote by u =) v. In fact, M replaces
the subtree o(q;(vy),...,qk(vk)) of u by g(r[vi,...,vk]), where r[vy,...,vg] is the tree
resulted by replacing the variables z1, ...,z in r to the trees vy,..., v, respectively.

Figure 1.5: Application of a rewriting rule of a bottom-up tree transducer.

Again, as in the top-down case, 7 may not contain a variable z;, i.e., M deletes the
tree u;. However, in contrast to the top-down case, before the deletion M rewrites wu;
to a tree g;(v;).

Applying rewriting steps as far as possible, M may rewrite an input tree s € Ty into
a tree go(t), where g9 € Qo and t € Ta. If this is the case, then we write s =7, qo(t).
Similarly as in the top-down case, M computes the tree transformation 7pz,4, = {(s,t) €
Ty, x Ta | s =3, qo(t)} in state go. Then the tree transformation 7);, computed by M
is UgeQoTm,q- The concept of a bottom-up tree transformation is defined analogously
with the top-down one.

In [Eng75] it was pointed out that there are important differences between the
behavior of top-down and bottom-up tree transducers. One of them concerns the
problem of deleting. In fact, as we have seen above, a top-down tree transducer can
not inspect a subtree before deleting it, while a bottom-up tree transducer can. A
consequence of this difference is that there are bottom-up tree transformations which
can not be computed by any top-down tree transducer. (Note that the analogous
statement, which we obtain by exchanging bottom-up and top-down, also holds because
of other differences.) In the next section we discuss how the above difference in deleting
affects the syntax of shape preserving top-down and bottom-up tree transducers.
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1.3 Shape Preserving Tree Transducers

We say that two trees have the same shape, if they are isomorphic modulo labeling,
i.e., they differ only in the labels of their nodes (cf. Figure 1.6).

o )

i s il

0 Y ~ o w
o Gl sy B &Y B
é i

Figure 1.6: Trees which have the same shape.

A tree transformation 7 C Ty, x Th is shape preserving if, for every (s,t) € 7, the
trees s and t have the same shape. Now, a tree transducer M is shape preserving if the
tree transformation 7); computed by it is shape preserving. Thus, the shape preserving
property of a tree transducer M is a property of the tree transformation 75y computed
by M, hence it is a dynamic property in the following sense. Assume, that M is a
shape preserving (top-down or bottom-up) tree transducer and consider an input tree
s of M. Assume also that s has a subtree s’ and during the rewriting process of s into
an output tree ¢, s’ is rewritten into a tree ¢’. Then it can be very well that the shapes
of ' and t’ are not the same, however, since M is shape preserving, s and ¢ have the
same shape.

We can give examples of shape preserving tree transducers easily. For this, we recall
the concept of finite state relabelings from [Eng75]. However, in this Thesis, for the sake
of brevity, we drop the attribute “finite state” from the name of finite state relabelings,
and write just relabeling instead. (We note that in [Eng75] the name “relabeling” refers
to a simpler class of transducers.) A top-down tree transducer is a top-down relabeling
if each of its rules has the form g¢(o(z1,...,2x)) — (qi(z1),...,q(xx)), where o
and ¢ are input and output symbols, respectively, of the same rank k. Similarly, a
bottom-up tree transducer is a bottom-up relabeling if each of its rules has the form
a(q(z1),. .., qu(zk)) — q(d(z1,...,xx)). It was shown in [Eng75] (cf. the discussion
after Definition 3.14) that both bottom-up and top-down relabeling tree transducers
compute the same tree transformation class, which we denote by QREL.

Now it can be seen that both top-down and bottom-up relabeling tree transducers
are shape preserving. This is because, in both the top-down and the bottom-up case,
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a statical property, the syntax, assures that the dynamic property holds, i.e., that the
shape of the input tree and the output tree are the same. In fact, scanning an input
symbol o € ¥, a relabeling tree transducer writes out exactly one output symbol § € A
such that o and § have the same rank. Moreover, both tree transducers keep the order
of the subtrees symbolized by the variables z1, ..., zy.

On the other hand, it is easy to give top-down and bottom-up shape preserving
tree transducers which are not relabeling tree transducers. Nevertheless, the shape
preserving property causes a rather strong restriction on the syntax of top-down tree
transducers, while in the bottom-up case this does not hold. We discuss this in more
detail in the rest of this section.

As we have seen in the previous section, top-down tree transducers do not have the
ability of inspecting a subtree before deleting it. Therefore, it is not difficult to see that
a shape preserving top-down tree transducer M can not delete subtrees of the input
tree. We will see in the Thesis that this property easily implies that M also can not
copy the subtrees. Then, using that M can not delete or copy the subtrees, we will
show that scanning an input symbol o with rank different to one, M writes out exactly
one output symbol § with the same rank and maybe some more unary symbols. This
is clearly a strong restriction on the syntax of M.

Now let M = (Q, X, A, Qo, R) be a shape preserving bottom-up tree transducer and
let s € Ty such that s =}, qo(t), where go € Qo and t € Tao. Assume that there is
a subtree o(sy,...,s;) of s where k > 1 and o € ¥ with rank k. Moreover, assume
that s;, for some 1 < i < k has been rewritten into the term g;(t;), where ¢; € Q and
t; € Ta. During the rewriting process of s;, M can also collect information about it
and can store this information in the state ¢;. For example, this information can be
the shape of s;. Therefore, even if M deletes the subtree s;, it can reproduce its shape
in the output tree using the information stored in the state g;. This clearly implies
that a shape preserving bottom-up tree transducer can delete, and therefore also copy,

subtrees of the input tree.

1.4 Characterizing Semantical Properties by the Syntax

In this Section first we describe a problem class concerning tree transducers as follows.
Take a tree transformation class C' computed by tree transducers of a certain kind.
Moreover, let us consider a (natural) subclass C’ of C. Now we ask whether a (natural)
syntactic restriction of the model can be given such that a tree transformation 7 belongs
to C' if and only if there is a tree transducer M which obeys that syntactic restriction
and for which 73y = 7. If such a syntactic restriction can be given, then we have

characterized a semantic restriction made on C by a syntactic restriction made on the
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tree transducer model. Moreover, we ask whether the following problem is decidable:
given a tree transducer M of that certain kind, is the tree transformation 737 in C’?

In the rest of the section we give three “positive” instances of this problem class: for
each instance, the semantic restriction can be characterized by a syntactic restriction
and the elementship problem is decidable. Finally we present the main problem which
we have solved in the thesis as a fourth positive instance of that problem class.

The first example concerns top-down tree transducers with regular look-ahead. In
order to present it, we need some preparation.

A subset L of Ty, for a ranked alphabet ¥, is called a tree language. Tree au-
tomata [Don65, Don70] and [TW65, TW68] are finite state devices which recognize
tree languages (cf. also [GS84, GS97]). If a tree language L is recognizable by a tree
automaton, then we say that L is a recognizable tree language.

A top-down tree transducer with regular look-ahead [Eng77] is a five-tuple M =
(Q,2,A,Qo, R), where Q, X, A and Qg are the same as for top-down tree transducers,
and R is a finite set of the rules of the form (¢(o(xy,...,2zx)) — r,Ly,..., L), where
q(o(z1,...,2¢)) — ris a top-down tree transducer rule, and Ly, ..., L, the look-ahead,
are recognizable tree languages. The above rule can be used to rewrite a subtree
q(o(sy,...,s;)) of the input tree only if the inclusion s; € L; holds for every 1 <
¢ < k. In this way the transducer has the ability of inspecting a subtree of a node
before deleting it (note that bottom-up tree transducers also have this property, cf. the
discussion at the end of Section 1.2).

We say that M is deterministic, if Qg is a singleton, and if (¢(o(z1,...,2x)) —
r1, L1,..., L) and (g(o(z1,...,2)) — ro, LY, ..., L},) are two different rules in R with
the same left-hand side, then there is an 1 < 4 < k, such that L; N L} = @. It is
clear that “being deterministic” is a restriction on the syntax of the transducer and
that deterministic top-down tree transducers with regular look-ahead compute tree
transformations which are partial mappings.

Now we consider the first example. Let us denote the class TOP® of tree transfor-
mations which can be computed by top-down tree transducers with regular look-ahead.
Let TOPf be the subclass of TOP® which consists of transformations which are par-
tial mappings. (As we have mentioned, a deterministic top-down tree transducer with
regular look-ahead computes a tree transformation which is in TOPf.) On the other
hand, it was shown in [Eng78] (cf. Theorem on page 171) that a tree transformation
is in TOP;2 if and only if it can be computed by a deterministic top-down tree trans-
ducer with regular look-ahead. Therefore a restriction on the semantics (i.e, on the set
TOPT) is characterized by a restriction on the syntax.

Moreover, it is decidable if a tree transformation computed by a top-down tree
transducer with regular look-ahead is in T' OP;2 or not. This can be seen as follows.
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Let M be a top-down tree transducer with regular look-ahead. Then, by Theorem 2.6
of [Eng77], Tm = 7a, © Tm,, Where M is a deterministic bottom-up relabeling tree
transducer, i.e M; does not have different rules with the same left-hand side, Ms is
a top-down tree transducer, and o is the composition of the relations 7y, and 7ay,.
Now, since 7y, is a partial mapping (note that M is deterministic), 7ps is a partial
mapping if and only if the restriction of Tas, to the tree language 77, (dom(7ar)), where
dom(tps) denotes the domain of 7y, is a partial mapping. By Corollary 2.7 of [Eng77],
a1, (dom(7ar)) is a recognizable language. Then, by Theorem 8 of [Esi80], it is decidable
if the restriction of 737, to the tree language Tar, (dom(7ar)) is a partial mapping or not.
This implies that it is also decidable whether 7p/ is a partial mapping,.

Now we prepare our second example. A deterministic top-down tree transducer
M = (Q,%,A,Qo, R) with regular look-ahead has the single-use restriction if the
following holds. Let ¢ be an input symbol in ¥ with rank & > 0 and let p; =
{q1(o(z1,...,2k)) = 71,L1,...,Lg) and po = {(g2(o(x1,...,2x)) = 72, L1,..., Li) be
rules in R. Then, for every term ¢(z;) where ¢ € Q and 1 < i < k, if g(z;) occurs in both
ry and 79, then p; = pg. This means that for this symbol ¢ and look-ahead Ly, ..., L,
no q(x;) occurs more than once in the right-hand sides of those rules which scan o and
have the look-ahead Li,..., L. Clearly, the single-use restriction is a restriction on
the syntax of the model.

On the other hand, a tree transformation 7 has linear size increase if there is a
constant ¢ such that, for every (s,t) € 7, size(t) is bounded by c - size(s) (by the size

of a tree we mean the number of its nodes).

The second, more recent example is the following. Let TOP;?M denote the subclass

of TOP;t consisting of tree transformations which have linear size increase. It was
shown that TOPf”jlm is exactly the set of tree transformation which can be computed
by deterministic top-down tree transducers with regular look-ahead and single-use re-
striction (see Theorems 7.4 and 7.2 in [EMO03] and Theorem 7.4 in [EM99]). Therefore,
again, a semantic restriction on the tree transformation class is characterized by a
syntactic restriction on the model itself. Moreover, by Theorem 2 of [Man03], it is
decidable, whether a given deterministic top-down tree transducer with regular look-

ahead computes a tree transformation of linear size increase or not.

The third example concerns recognizable tree languages and bottom-up tree trans-
ducers. We say that a bottom-up tree transducer M = (Q, £, A, Qo, R) is linear if, for
every rule o(qi(z1),...,qk(zx)) — ¢(r) in R and 1 < i < k, z; occurs at most once in
r. Clearly, being linear is a restriction on the syntax of tree transducers. Moreover, a
tree transformation 7 C T x T preserves recognizability if, for every recognizable tree
language L C Tk, the tree language 7(L) = User7(s) is also recognizable. Let BOT
denote the class of bottom-up tree transformations and BOT),, denote the subclass of
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BOT consisting of tree transformations which preserve recognizability.

By Corollary 3.11 of [Eng75], linear bottom-up tree transformations preserve recog-
nizability. On the other hand, by Theorem 1 of [Géc81], a bottom up tree transforma-
tion preserves recognizability, if and only if it can be computed by a linear bottom-up
tree transducer. By these results, again, a semantical property is characterized by a
restriction on the syntax of the transducers. Moreover, by Theorem 2 of [Géc81], it is
decidable whether an arbitrary bottom-up tree transducer computes a tree transforma-
tion which is in BOT,,.

In the Thesis we show a result of similar type. In fact, we characterize shape
preserving top-down and bottom-up tree transformations by relabeling tree transducers.
Let SHAPE be the set of the tree transformations computed by shape preserving
(top-down or bottom-up) tree transducers. Certainly, SHAPE C TOP U BOT, where
TOP is the class of top-down tree transformations. We have seen that a relabeling tree
transducer computes a shape preserving tree transformation, thus QREL C SHAPE.
As the main results of the Thesis, we will show that every top-down tree transformation
7 € SHAPE can be computed by a relabeling tree transducer (Theorem 3.64), and
that every bottom-up tree transformation 7 € SHAPE can also be computed by
a relabeling tree transducer (Theorem 3.70). Thus a top-down or bottom-up tree
transformation 7 is in SHAPF if and only if it can be computed by a relabeling
tree transducer. Therefore, we characterize the semantical restriction “being shape
preserving” by the syntactic restriction “being relabeling”. Moreover, we also show
that the shape preserving property is decidable for top-down tree transducers (Theorem

4.4) as well as for bottom-up tree transducers (Theorem 4.19).

We should mention that our result, namely that SHAPE = QREL, is a natural
generalization of a result concerning generalized sequential machines. We discuss this
result in the following. A generalized sequential machine (gsm, cf. [Gin66], see also
[Eil74, Ber79)]) is a system M = (Q, X, A, qo,d), where Q is the set of states; ¥ and A
are the input and the output alphabets, respectively; qo is the initial state; and 4, the
transition function, is a mapping from Q x ¥ to Q x A*. Then 4 extends from Q x X*
to the @ x A* in a standard way and the translation defined by M is the set 7py =
{(z,y) € £* x A* | (¢,y) € d(g0,x)}. In general the length of an input string z € X*
and of the output string y = 7p7(2) is not the same, however if 75, has this property
then M is called a length preserving gsm. For instance if M is a Mealy automaton
[Mea55], i.e., 6 maps to Q x A, then M is length preserving. On the other hand, it was
shown that if a gsm is length preserving then it is equivalent to a Mealy automaton
(cf. Propositions XI.3.1 and IX.6.2 in [Eil74] and see also Theorem 3 in [Leg81]). One
can easily observe that top-down tree transducers and bottom-up tree transducers are

both, in fact, generalizations of gsm’s from strings to trees. Thus, the shape preserving
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property of tree transducers corresponds to the length preserving property of gsm’s, and
the characterization of shape preserving tree transducers by relabeling tree transducers
is the generalization of the above result, namely the characterization of gsm’s by Mealy

automata.

1.5 The Outline of the Thesis

The Thesis has the following structure. In Chapter 2 the necessary definitions and
preliminary results are given. Here we also provide examples of shape preserving top-
down and bottom-up tree transducers. We will use these examples many times in the
Thesis as running examples.

In Chapter 3 we show the above discussed characterization of shape preserving tree
transducers, namely that SHAPE = QRFEL. The results of this chapter are from
[FG03] which paper discusses the top-down case and from [Gaz06b] which deals with
the bottom-up one.

In Section 3.1 we give some useful properties of shape preserving tree transducers.
In the top-down case (Subsection 3.1.1) we show that every shape preserving top-down
tree transducer is necessarily a, so-called, permutation quasirelabeling (Lemma 3.5).
Permutation quasirelabelings have the property that scanning an input symbol with
rank k£ # 1 they write out exactly one output symbol with rank k& and maybe some
more unary symbols. Moreover, they can permutate the order of the subtrees of an
input tree during the computation of an output tree.

In Subsection 3.2.1 we give an algorithm which eliminates the permutation rules
from shape preserving permutation quasirelabelings. In this way we show that every
shape preserving top-down tree transducer is equivalent to a, so-called, quasirelabeling
(Lemma 3.31).

In Subsection 3.3.1 we give an equivalent relabeling to a shape preserving quasire-
labeling. Summarizing the above results we can show that shape preserving top-down
tree transducers are equivalent to relabelings (Theorem 3.64)

On the other hand, in Subsection 3.1.2 we show useful properties of shape preserving
bottom-up tree transducer. Using these properties, in Subsection 3.2.2, we show that
every shape preserving bottom-up tree transducer, provided that it computes an infi-
nite tree transformation, is a, so-called, transformable tree transducer (Lemma 3.36).
Then we introduce the concept of frame transducers of transformable tree transducers
(Definition 3.38). In Corollary 3.44 we show that, for a transformable bottom-up tree
transducer M and its frame transducer fr(M), a strong connection holds, namely that
™M =g lo Tfr(M) © h, where g and h are special functions, called tree homomorphisms
(cf. e.g. Definition I1.4.13 in [GS84]).



14 CHAPTER 1. INTRODUCTION

In Subsection 3.2.3 we show that the frame transducer fr(M) of a shape preserving
bottom-up tree transducer M is also shape preserving (Lemma 3.52). Then, in Subsec-
tion 3.3.2, using Theorem 3.64, we define the relabeling frame transducer rfr(M) of M
which is a relabeling equivalent to fr(M) (Definition 3.65). Finally, we give an equiva-
lent relabeling to a shape preserving bottom-up tree transducer M using its relabeling
frame transducer rfr(M) (Theorem 3.70).

In Chapter 4 we show that it is decidable whether a given (top-down or bottom-up)
tree transducer computes a shape preserving tree transformation or not. Subsection
4.1.1 deals with the top-down case. Here we show that the shape preserving property
of top-down tree transducers is decidable (Theorem 4.4).

In Subsection 4.1.2, we show that it is decidable whether a transformable tree
transducer is shape preserving (Lemma 4.5). Moreover, we show that it is also decidable
if a bottom-up tree transducer M is transformable, provided that M satisfies certain
decidable conditions (Lemma 4.18). Using these results we can prove that the shape
preserving property of bottom-up tree transducers is decidable (Theorem 4.19).

In this chapter we also show that, for every shape preserving (top-down or bottom-
up) tree transducer, an equivalent relabeling can be effectively given. It was shown in
[AB93] that the equivalence problem for relabeling tree transducers is decidable. Now
using these results we can easily show that the equivalence of shape preserving tree
transducers is also decidable (Corollary 4.20).

The corresponding papers in this chapter are [FG03] and [Gaz06a]. In [FGO03] it was
shown that the shape preserving property for top-down tree transducers is decidable.
In [Gaz06a] the analogous result was given for bottom-up tree transducers.

Finally, in Chapter 5 we draw some conclusions.



Chapter 2

Preliminaries

2.1 Definitions, Notations, and Preliminary Results

Let A and B be sets. A C B denotes that A is a subset of B. Proper inclusion is
denoted by A C B, the cardinality of A by ||A||, and the empty set by @. The set of
nonnegative integers is denoted by N, and for every k € N, [k] is the set {1,...,k}. A
subset p of A x B is called a (binary) relation from A to B. In case B = A we also
say that p is a relation over A. Sometimes we express that (a,b) € p by writing apb.
We define the domain and the range of p, denoted by dom(p) and ran(p), respectively,
by dom(p) = {a € A | 3b € B such that (a,b) € p} and ran(p) = {b € B | Ja €
A such that (a,b) € p}.

For every a € A, p(a) denotes the set {b| (a,b) € p}. If p(a) = {b}, for some b € B,
then sometimes p(a) denotes the element b rather than the set {b}. If, for every a € A,
[lp(a)|] =1 (resp. ||p(a)|| < 1), then p is a mapping (resp. partial mapping) from A to
B. As usual, we also write p : A — B to denote that p is a (partial) mapping from A
to B. Let p: A — A be a mapping. We say that p is a permutation (of the set A) if
dom(p) = ran(p) = A and, for every a,b € A such that a # b, the condition p(a) # p(b)
holds.

Let p be a relation over A. The inverse of p, denoted by p~%, is the set {(b,a) |
(a,b) € p}. Let C be a set and p; C A x B, po C B x C relations. The composition of
p1 and p2 is denoted by p; o po and defined by

p1ope = {(a,c)|3b€ B:(a,b) € p; and (b,c) € pa}.

Moreover, if R and R» are classes of relations, then R)oRy denotes the class of relations
{p1op2|p1 € Ry and p2 € Ro}.

Let p be a relation over A. We say that p is reflexive (resp. irreflezive) if, for every
a € A, (a,a) € p (resp. (a,a) & p). We say that p is symmetric if, for every (a,b) € p,

15
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(b,a) € p. Finally, p is called transitive if, for every (a,b), (b,c) € p, (a,c) € p also
holds. A relation over A is called an equivalence relation (resp. a strict partial order)
on A, if it is reflexive, symmetric and transitive (resp. irreflexive and transitive).

An alphabet A is a finite, nonempty set of symbols. We denote by A* the set of
strings (or words) over A, we let AT = A* — {c}, where ¢ is the empty string. A string
u € A* is the prefir of a w € A* if there is a v € A* such that uv = w. We say that u is
a proper prefiz of w if u is a prefix of w and u # w. Moreover v and w are comparable if
u is a prefix of w or w is a prefix of u. If u and v are not comparable, then we call them
incomparable. The length of a string w € A* is defined in the usual way and is denoted
by length(w). Moreover, for every k € N, we put A** = {w € A* | length(w) < k}.
The ith letter of a string w is denoted by w(i).

A ranked alphabet is a pair (X, rank), where X is an alphabet and rank is a mapping
from ¥ to N. For every k > 0, we denote by ) the set of symbols ¢ € ¥ with
rank(c) = k and, for a symbol o € £ we write o(¥) to denote that o € £*).

Let A be a set disjoint with X. The set of (finite, labeled and ordered) trees over T
indezed by A, denoted by Tx;(A), is the smallest subset T of (EUAU{(,)}U{, })*, such
that (i) A C T and (i) if o € *) with k > 0 and s1,...,sx € T, then o(sy,...,s;) € T.
In case k = 0, we identify o() with . Moreover, Tx (@) is denoted by Tx,. It should be
clear that Ty, = @ if and only if »0 = g,

A tree language is a subset of Ty, and a tree transformation is a subset of Ty, x Tx,

i.e., a tree transformation is a relation from Ty to Ta, where ¥ and A are ranked

alphabets.
We will need the set X = {z1,z2,...} of variable symbols. For every k > 0, we
define X = {z1,...,zx}, thus Xo = @. We use the variables to occur in trees, so

we will frequently consider the sets Tx(X), Tx(Xy), etc. of trees where ¥ is a ranked
alphabet. We identify Ty (X1) with (E1)*.

We distinguish a subset fz(Xk) of Tx(X}) as follows. A tree t € Tx(Xy) is in
fg(X %) if for every 1 < i < k, the variable z; occurs exactly once in ¢ and, reading the
leaves of ¢ from left to right, the variables occur in the order z; < xg < ... < z}. Note
that Ty (X1) = Trw (X1)(= ED)*).

The tree substitution is defined as follows. Let t € Tx(Xj) and let ¢;,...,t be
also trees over (maybe other) ranked alphabets. Then t[ty,..., %] stands for the tree
which is obtained from ¢ by substituting, for every 1 < i < k, the tree t; for every
occurrence of z;. If v € (2())*, then 4[] is also denoted by ~t in order to avoid too
many parentheses. Now let ¢ € T(X1) and n > 0. Then ¢" is defined as follows.

(i) If n =0, then t" = x;.

(i) If n > 0, then t" = t"~![t].
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If Q is a unary ranked alphabet, i.e., the rank of all symbols in Q is 1, and A is a
set, then Q(A) stands for the set {¢(a) | ¢ € Q and a € A}.

Now we introduce some characteristics of trees, namely we define the height and
the set of occurrences of a tree.

Let ¥ be a ranked alphabet and A be a set. For an arbitrary s € Tx:(A) the height

of s (height(s)) and the set of occurrence of s (occ(s)) are defined as follows.
(i) If s € £ U A, then height(s) = 1, occ(s) = {e}.
(i) If s = o(sy,...,s;) for some 0 € Z®) k> 1 and s1,...,s; € Ts(A), then

— height(s) = 14+ maz{height(s;) | 1 <1 <k},
— oce(s) = {e}U{w | w=1v,1 <i<k,v € oce(si)}.

Obviously, height(s) € N, while occ(s) € N*, where in this latter case numbers are

considered as symbois.

Now, for s € Tx(A), and w € occ(s), we can define the subtree of s at w (stree(s,w))

as follows.
(i) If s € (@ U A (and thus w = €), then stree(s,w) = s.
(i) If s = o(sq,...,5x) for some o € E®) with k > 1 and s1,..., 85 € T (A), then

— if w = €, then stree(s,w) = s, otherwise,

— if w = iv for some 1 < i < k, then stree(s,w) = stree(s;,v).

Hence stree(s,w) € Tx(A).

For trees s,t € T, we say that t is a subtree of s if there is a w € occ(s) with
stree(s,w) = t. Moreover t is a proper subtree of s if t is a subtree of s and t # s.

Let s € Ty (X)), for some £ > 1 and let ¢ € (k] such that the variable z; occurs
exactly once in s. Then we denote by occ(s, ;) the unique occurrence w € occ(s) for
which stree(s,w) = x;.

Let ¥ and A be a ranked alphabets. Two trees s € fg(Xk) and t € TA(X,C),
where k > 0, have the same shape, denoted by s = t, if occ(s) = occ(t), and, for
every i € [k], we have occ(s, ;) = occ(t,x;). Certainly A = X and k = 0 is possible,
in which case &~ is an equivalence relation over Ty;. We note that, for a given s €
'fg(Xk), there are only finitely many ¢ € fg(Xk) such that s ~ t. For instance, if
2 = {a©®, 30 41 5?5} and A = %, then a ~ 8, 0(a,7(8)) = §(8,7(a)) and
o(z1,8(8,v(x2))) = d(z1,0(a,¥(x2))). If s and t do not have the same shape, then
we write s % t. A tree transformation 7 C Ty x Ta is shape preserving if, for every

(s,t) € T, we have s = t.
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Next we introduce the concept of tree homomorphisms. Let ¥ and A be ranked
alphabets and let & : ¥ — Ta(X) be a mapping with the property that if o € £*) for
some k > 0, then h(o) € Ta(X}) holds. The tree homomorphism induced by % is the

mapping h : T5(X) — Ta(X) defined by induction as follows.

(i) If s € X, then h(s) = s.

(i1) If s = o(s1,...,8;) for some k > 0, 0 € £®) and s1,...,8 € Ts(X), then
h(s) = h(a)[h(s1),. .., h(sk)].

We say that the tree homomorphism h is linear (resp. nondeleting), if, for every k > 1
and ¢ € £®) the condition that h(c) contains every variable x € X} at most once
(resp. at least once) holds.

A tree transducer [Rou70, Tha70, Tha73, Eng75] is a system M = (Q, X, A, qo, R),
where (Q is a unary ranked alphabet, called the set of states; ¥ and A are ranked
alphabets called the input and the output ranked alphabet, respectively, satisfying that
QNEUA) = &; q € Q is the designated state; and R is a finite set of rewriting
rules such that either (i) every rule in R is of the form ¢(o(zy,...,2x)) — r with
k>0 0¢€ K, ge Qandr € TaA(Q(Xy)) or (ii) every rule in R is of the form
o(qi(z1),...,qk(zx)) — q(r) with k > 0, 0 € 2® g,q1,...,qo € Qand r € Ta(Xy).
In Case (i) M is called a top-down tree transducer and go is the initial state while in Case
(ii) M is a bottom-up tree transducer and g is the final state. Now, let lhs — rhs be a
rule of a tree transducer. We say that lhs and rhs are the left-hand side and the right-
hand side of this rule, respectively. We note, that this definition of tree transducers
differs from the one we gave in the introduction, since there tree transducers have a
set of designated states, rather than one designated state. However, we can define tree
transducers as above without loss of generality, since in this Thesis we consider only
nondeterministic tree transducers (i.e., tree transducers which can have different rules
with the same left-hand side), and to a nondeterministic tree transducer with a set of
designated states, an equivalent one can be constructed, which has only one designated
state.

The derivation relation induced by a tree transducer M is a binary relation = s
over the set Tounua (X) defined as follows. If M is a top-down tree transducer, then for
s,t € Tousua(X), we write s = t if and only if there is a rule g(o(z1,...,2¢)) — rin
R and t is obtained from s by replacing an occurrence of a subtree g(o(sy,...,sk))
of s by r[s1,...,sx], where s1,...,sx € Ty(X). If M is a bottom-up tree trans-
ducer, then for s,t € Tousua(X), we write s =) t if and only if there is a rule
o(qi(z1),...,qk(zk)) — gq(r) in R and ¢ is obtained from s by replacing an occurrence
of a subtree o(q1(t1),...,qk(tx)) of s by q(r[t1,...,tk]), where t,...,tx € Ta(X). The
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reflexive, transitive closure of =)/ is denoted by =7},. Then the tree transformation

computed by M in a state ¢ € @ is the relation

_ {(s,t) € Ty, x Ta | q(s) =}, t}, if M is a top-down tree transducer
Mg = . ;
‘ {(s,t) € Ts; x Ta | s =3, q(t)}, if M is a bottom-up tree transducer.

The tree transformation computed by M is 7y = Tpr4,- Note that, for every state
q € Q, dom(7az,4) is finite if and only if 7ps 4 is finite. Two tree transducers M and M’
are equivalent if Tor = Ty,

In the rest of the Thesis we will frequently investigate the decomposition of a deriva-
tion (or: computation) of tree transducers. In fact, we will use the following, slightly

modified versions of decomposition lemmas of [Eng75].

Proposition 2.1 (cf. Lemma 1.2 of [Eng75]) Let M = (Q,%, A, qo, R) be a top-

down tree transducer. Then the following holds.

1. For every o € O ge Q and t € Tha, if q(0) =}, t, then the rule (o) — t is in
R.

2. For every k > 1, t € Ta(X}) such that every x € X) occurs exactly once in ¢,
Q-+ Gk € @, 51,- .., 5k € Tx(X), and t' € TA(Q(X)), if t{gi(s1), . .., qi(sk)] =%,
¢/, then there are trees ti,...,tx € TA(Q(X)) such that ¢’ = ¢[ty,..., ¢, and, for
every 1 < i <k, gi(si) =}y ti-

3. For every k > 1, t € Ta(Xk), 81,-- 18k € Tn(X), q1,...,qx € Q and ty,... ¢t €
TA(Q(X)), if, for every 1 < i < k, qi(si) =} ti, then t[q1(s1), ..., qr(s1)] =¥
t[tlw"?tk}' |

Proposition 2.2 (cf. Lemma 1.1 of [Eng75]) Let M = (Q, %, A, go, R) be a bottom-
up tree transducer. Then the following holds.

1. Forevery 0 € 20 ge Qand t € Th, if o = 4(t), then the rule o — g(t) is in
R.

2. For every k > 1, 0 € k) s1,..., 8 € T»(Q(X)), g € Qand t € Ta(X), if
o(s1,...,8k) =7 q(t), then there are states qi,..., ¢, € Q and trees ¢, ... i €
Ta(X) such that o(s1,...,8k) =3 o(q1(t1),-..,qe(tx)) = ¢(t) and, for every
1<i<Lk, si =)y qi(t:).

3. For every k > 1, 0 € E(k), 81,...,8k € Tx(Q(X)), q1,...,qx € Q and
tiy ..ty € Ta(X), if, for every 1 <4 <k, si =, i(t:), then o(s1,...,s5) =3,
o(qi(ty), ..., qr(te))- n
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Now, let M = (Q,Z, A, qo, R) be a top-down (resp. bottom-up) tree transducer. A
rule g(o(z1,...,2x)) — 7 (resp. o(qi(zy),...,q(xx)) — q(r)) in R is useful if it takes
part in a successful derivation. More exactly, the mentioned rule is useful, if there are

u € ,’fg(){l), veTa(X1), s1,...,8% € Tx, t1,...,tx € Ta and t € Ta such that
qo(ulo (s, ... s6)]) =u vla(o(s1,. . s0)] = v[rlga(sy), - a(sw)]] = t

(resp. ulo(sy,...,sx)] =0 wlo(qi(ty), ..., q(te))] =um ulg(r[ts, ..., t])] =3 qo(t)).

The useless rules can be eliminated from M by a standard construction. A state ¢ € Q
is useful if it is on the right-hand side (resp. on the left-hand side) of a useful rule. Note
that if ¢ is useful, then dom(7y ) # @ and ran(rpq) # @. Throughout the Thesis all
tree transducers we consider are assumed to have only useful rules and states.

A tree s € Ty, is called an input tree to M or just an input tree. A tree t € Ta
satisfying s =7}, ¢(t) (resp. ¢(s) =}, t) for some s € Ty, and ¢ € Q is called an output
tree. Hence input trees and output trees are trees over the input and the output ranked
alphabet, respectively.

Next we define some restrictions on tree transducers. Therefore first let M =
(Q,%,A, qo, R) be a top-down tree transducer. We say that M is

(a) linear (resp. nondeleting) if for every rule g(o(z,...,2x)) — r in R and index

i € [k], z; occurs at most once (resp. at least once) in r;

(b) a permutation top-down quasirelabeling tree transducer (or a permutation quasire-
labeling to be short) if every rule in R has either of the following forms

(1) glo(zy,...,zx)) — ’75(71611(%(1)),--.,'yqu(:c,r(k))), where k # 1, q,qy,...,
g €Q,0eX® e Al 54, . 3 e (AWY* and 7 : [k] — [k] is a
permutation, and

(2) g(o(z1)) — yp(21), where p,g € Q, 0 € =) and v € (AD)*;

(c) a top-down quasirelabeling tree transducer if it is a permutation top-down quasire-

labeling tree transducer and, for every rule
g(o(z1, -5 2k)) = V(a1 (Te(y), - ., Yok (Tr(ry))
in R, 7 is the identity permutation, i.e., 7(1) = 1,...,7(k) = k;
(d) a top-down relabeling tree transducer if every rule in R is of the form
o(q(@1), -+ ar(xk)) = q(8(zy, ..., ),

where § € AK);
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(e) shape preserving if 7p; is shape preserving.
Now let M = (Q, %, A, qo, R) be a bottom-up tree transducer. We say that M is

(a) linear (resp. nondeleting) if for every rule o(qi(z1),...,qk(zx)) — q(r) in R and

index 7 € [k], x; occurs at most once (resp. at least once) in r;

(b) a bottom-up quasirelabeling tree transducer if every rule in R has either of the

following forms.

(1) o(qi(zr), ..., q(zr)) = ¢(vd(nz1,. .., k), where k # 1, § € AKX and
ViV Mk € (A(l))*, and
(2) o(p(z1)) — q(y(z1)), where p,q € Q, o € £ and v € (AM)*;

(c) a bottom-up relabeling tree transducer if every rule in R is of the form
o(qi(z1),- . qlzx)) — q(d(z1, ..., zx)),
where 6 € A%,
(d) shape preserving if Tp; is shape preserving.

Clearly, both top-down and bottom-up (quasi)relabeling tree transducers are linear
and nondeleting. It is known (Theorem 2.9 in [Eng75]) that linear and nondeleting
top-down tree transducers compute the same tree transformation class as the one com-
puted by linear and nondeleting bottom-up tree transducers. Moreover, by the proof
of Theorem 2.9 of [Eng75], for every (quasi)relabeling M, a (quasi)relabeling M’ can
be effectively constructed, such that M’ is equivalent to M and the following holds.
If M is a top-down tree transducer then M’ is a bottom-up tree transducer and vice
versa. Therefore, if there is no danger of confusion, we will drop the attribute top-down
(resp. bottom-up) from the name top-down (resp. bottom-up) (quasi)relabeling tree
transducer, and we will simply write (quasi)relabeling instead.

The class of tree transformations computed by relabelings and shape preserving top-
down or bottom-up tree transducers is denoted by QREL and SHAPE, respectively.

We introduce top-down tree automata as special top-down relabeling tree trans-
ducers because this will be convenient in what follows. A top-down tree automaton is
a top-down relabeling tree transducer T = (Q, X, A, go, R) such that ¥ = A and each
rule in R has the form g(o(z1,...,2%)) — o(qi(x1),...,qe(xx)). Since the input and
the output ranked alphabets are the same we can also write T' = (Q, X, g, R). The tree
transformation 77 is a partial mapping from T, to Tx. The tree language recognized by
T, denoted by L(T), is the domain (and hence the range) of 7. A tree language L is

recognizable if there is a top-down tree automaton which recognizes L.
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2.2 Two Examples of Shape Preserving Tree Transducers

Now we demonstrate the behavior of shape preserving tree transducers by giving two

examples. First we present a shape preserving top-down tree transducer.
Example 2.3 Let M; = (Q, X, A, qo, R) be a top-down tree transducer, where
e Q=1{q,q1, --,q},
o T ={al (0) l) a(})’,y(l)’a.(ls)}’
o A= {;81(0 0) [33 (0) w(l) 5(&)}

e R is the set of the rules

1 = gp(y(z1)) — q(z),

p2 = qo(z,22,23)) — w(d(w(g2(z2)),g3(z1), qo(x3))),
p3 = 2(v(z1)) — (),

fa = a(v(z1)) — wlgs(z1)),

ps = qa(a2) — P,

e = gs(e1) — P

pr = qo(as) — B

It is easy to see that M, is a permutation quasirelabeling. To see that M, is also
shape preserving, let u = y(o(ya1, v, 1)) and v = wé(wPB2,wf,x1). Clearly, Ty, =

(u™[ag),v™[B3]) | n > 0} and, for every n > 0, u"[a3] ~ v"(33], which means that M,
is shape preserving. Let us consider now the derivation go(u[as]) =}, v[Bs] in more
detail.

go(ules]) = go(v(o(yar,vaz2,a3)))
=u  qlo(yar,yaz,a3))
=m  wi(wge(vaz),g3(va1), go(as))
=% wo(wags(az),wqs(a1), go(3))
=3 wi(wpi,wpPs, B3)

= v[a3].

It can be seen that p; and p3 both scan the input symbol v, but none of them write
out any output symbol. The application of s compensates the deletion made by pq
and pu3 since it writes out more than one output symbols. Actually, uy scans the input
symbol ¢ which has rank three, and writes out the output symbol §, which also has
rank three, and two additional unary symbols.

This example also demonstrates that a shape preserving top-down tree transducer
can have a rule such that a real (i.e. not the identity) permutation of the variables
occurs in the right-hand side of the rule (cf. the rule us). a
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Next we give an example of a shape preserving bottom-up tree transducer.

Example 2.4 Let M, = (Q,X, A, qo, R) be a bottom-up tree transducer, where
L4 Q = {QO7 q1,42, 93, qa}:
e X = {Q(O)» A/(l)a 7{1)7 0-§2)7 0(3)}5
o A= {5(0)’/350), 50)’&,(1)’5&2)’5(3)},

o R={,pu2,...,u s}, where

= 0(q1(z1),qa(72),q2(73)) — qo(6(d1(B, 1), 22, x3)),
p2 = o1(ga(z1), 90(22)) — qi(x2),

H3 = 01(qa(®1), Ga(22)) — q1(z2),

Hq = Y(g3(z1)) —  qa(z1),

s = v(g3(z1)) — gs(w(z1)),

fe = Y1(9a(z1)) — @(w(w(z1))),

Wy = a — qa(Br),

g = @ — Qa(ﬁz)-

We leave the proof, that M, is shape preserving to the reader, however we provide
some help by giving certain subsets of Ty, g, and T, .- Let a = o(o1(e, 1), @, y110)
and b = 6(61(B3, 21), B2, wwP1). Moreover let, for every n > 0, a, = a"[a], b, = b"[B1],
cn = Y"1 and d, = w13, It is easy to see that, for every n > 0, (an,bn) € TM,,g0
(cnydn) € TM, g2y On = bp and ¢, & d,.

Next we examine a derivation of M}, in detail in order to analyze the shape preserving
property of M. Let s = o(o1(w, $1),a,82) and t = 8(61(8,t1), B2, t2), where s; =
o(o1(a, @), a, s2), s2 = yna, t1 = 8(61(8, 1), B2, t2) and to = wwp;. Since sp ~ ta, we
have that s; = ¢;, and thus s &~ ¢ also holds. It is easy to see that there is a derivation

of My of the following form.

(1)
§ = o(o1(a, s1), @, s2)
=y, (01(ga(B1), 90(t1)), @, 52)
=>u, o(q(t1),a,s2) (rule pg)
=, °q1(t1),9a(B2), g2(t2))
=um, 90(0(61(8,t1), B2, t2)) (rule p)

= qo(2)-

When gz scans the input symbol oy, it does not write out any output symbol, only
keeps the tree ¢; and deletes the subtree 8;. This behavior of uy does not impact the
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shape preserving property of My, since later M, applies the rule y; which writes out
more than one output symbols compensating the deletion of 3; by ps and the fact that
o did not write out any output symbol.

Now let us consider the derivation s =7}, gqo(t) in another form. Let u =
o(o1(a,s)),a,21) and v = §(61(58,t1), 2, x1). Then there is a derivation of M, of

the following form.

(1)

s = u[ymal
=u, urnga(61)]
=ur, u[vgz(wwp)) (rule pg)
=u, ulga(wwp)] (rule pq)
=y, vwwpi])

= qo(1)-

In this derivation the rule ug writes out two unary symbols, but in the next deriva-
tion step u4 does not write out any output symbol, preserving the shape of the input

subtree. O



Chapter 3

Characterizing of Shape
Preserving Tree Transducers

In this chapter we give a characterization of shape preserving top-down tree transducers
as well as of shape preserving bottom-up tree transducers. In fact we show that a (top-
down or bottom-up) tree transducer is shape preserving if and only if it is equivalent

to a relabeling.

3.1 Useful Properties of Shape Preserving Tree Transduc-

ers

In this section we show properties of shape preserving tree transducers which we will
use in the forthcoming sections. The shape preserving property is a strong restriction
for both bottom-up and top-down tree transducers. As we will see in this section,
shape preserving tree transducers can have only rather restricted rules. However, there
is an important difference between the rules of these two types of shape preserving tree
transducers as follows (cf. also Section 1.3). A rule of a shape preserving top-down tree
transducer can not be deleting or copying, i.e. every variable occurring on the left-hand
side of the rule, must occur exactly once on the right-hand side. On the other hand,
a shape preserving bottom-up tree transducer can be deleting and copying as well.
However, certain restrictions on rules of a shape preserving bottom-up tree transducer

also can be given.

3.1.1 The Top-Down Case

Here we show that every shape preserving top-down tree transducer is a permutation
top-down quasirelabeling tree transducer. By definition a permutation quasirelabeling

differs from a relabeling in that the right-hand sides of its rules may contain some

25



26 CHAPTER 3. CHARACTERIZING OF SHAPE PRESERVING TREE TRANSDUCERS

extra unary output symbols and a permutation of the variables is also allowed in the
right-hand sides.
We begin our work by proving that every shape preserving top-down tree transducer

is nondeleting.

Lemma 3.1 Let M = (Q, X, A, qo, R) be a shape preserving top-down tree transducer.
Then M is nondeleting.

Proof. We prove by contradiction. Let us assume that there is a rule ¢(o(z1,...,xx)) —
r in R such that k > 1 and, say, x; does not occur in r. This rule is also useful, so

there are u € fg(Xl), 81y...,8x €Ty, v € f’A(Xl) and t € T such that
qo(ulo(s1, ..., sk)]) = viglo(st, ..., 8))] =>m v[rfs1,... 8]l =3 t.

Since M is shape preserving, ulo(sy,...,s;)] = ¢ holds. Now let us change the in-
volved occurrence of s; to a s; such that s; % s;. Then certainly ul[o(sy,...,s¢)] #
ulo(sy,...,8},...,8)]. On the other hand, since x; does not occur in r, we have

rlet, oy 85000y 85] = Pl81505,8%] and thus

qo(ulo(s1y--. 8k .. 86)]) =3 vig(o(st, ..., 85 ... 86)] =M
v[r[sty. .., 8y 8k)] = v[r[sy, ..., sk]] 20t

Since M is shape preserving, u[o(sy,...,s},...,s:)] & t, a contradiction. |

The above lemma is the key in showing that every shape preserving top-down tree
transducer is a permutation quasirelabeling. However, we need some further prepa-
rations. First we define the branch number and the weighted branch number of a

tree.

Definition 3.2 Let ¥ be a ranked alphabet. A symbol o € X is called a branch symbol
provided that its rank is greater than 1. The branch number bn(s) and the weighted
branch number wbn(s) of a tree s € Tx(X) are defined by induction as follows.

(i) If s € 2 or s € X, then bn(s) = 0 and wbn(s) = 0.
(ii) If s = o(sy,...,sk) for some o € L®) gk >1and sq,...,sk € Tg(X), then

- if k = 1, then bn(s) = bn(s;) and wbn(s) = wbn(sy),
~ if k > 1, then bn(s) = 1+ 3%, bn(s;) and wbn(s) = k + 3r_, wbn(s;).

O

Hence the branch number of a tree s is the sum of the number of the occurrences of
the branch symbols in s. Certainly, if s ~ ¢, then bn(s) = bn(t) and wbn(s) = wbn(t).
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Lemma 3.3 Let M = (Q, %, A, qo, R) be a shape preserving top-down tree transducer.
Then, for every rule q(o(x1,...,2;)) — r in R, we have bn(r) < 1.

Proof. We prove by contradiction. Assume that, there is a rule g(o(z1,...,2x)) = 7 €
R with bn(r) > 1. This rule can be applied in a successful derivation go(s) =3, t for
some s € Ts; and t € Tia. Since M is shape preserving, bn(s) = bn(t). The application
of the above rule increases the branch number of the output with respect to the input,
hence another rule is needed to compensate the increase. The only chance to decrease
the branch number is to apply a rule of the form p(é(zy,...,z;)) — r, where l > 1 and
r does not contain some of the variables z1,...,z;. However, by Lemma 3.1, there are

no such rules in R. Thus bn(s) > bn(t), which is a contradiction. Hence our statement

follows. |
JFrom Lemmas 3.1 and 3.3 we get the following corollary.

Corollary 3.4 Let M = (Q, %, A, qo, R) be a shape preserving top-down tree trans-
ducer. Then every rule in R has either of the following forms.

L g(o(z1,... k) = (a1 (i), - - Ymm(Tiy, ), where k # 1, m >k, q,q1,...,
gmn € Q, 0 e T®, e A ~ v, ... Ym € (ADY and {z;,,...,2:,.} = X
(Note that some z; may occur more than once in the right-hand side.)

2. q(o(xy1)) — vp(x1), where ¢,p € Q, 0 € (1) and = (A(l))*.

Next we are going to show that in 1. of the above corollary even k = m holds, which
means that a shape preserving top-down tree transducer is a permutation quasirelabel-

ing.

Lemma 3.5 Let M = (Q, £, A, qo, R) be a shape preserving top-down tree transducer.
Then M is a permutation quasirelabeling.

Proof. Each rule in R is as in 1. or 2. in Corollary 3.4. It is enough to prove that
in Case 1. only m = k is possible. This can be shown easily in the following way. If
m > k, then the application of that rule increases the weighted branch number, which
increase cannot be compensated somewhere else, cf. the proof of Lemma 3.3. |

Note, that we have seen in Example 2.3 that M, is shape preserving and a permu-
tation quasirelabeling as well.
Now, we state an important property of shape preserving top-down tree transducers

which we will use later.
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Lemma 3.6 Let M = (Q, X, A, qo, R) be a shape preserving top-down tree transducer,
q € Q, and let us consider a derivation go(u) =%, vlg(z1)] of M, where u € Tx(X,)
and v € fA(Xl). If occ(u,z1) and occ(v,z1) are incomparable, then dom(7ar,q) and
ran(Tpy,q) are uniform.

Proof. Let a = occ(u, z1) and # = oce(v, x1) and assume that a and 3 are incompara-
ble. We prove that dom(7ar,q) and ran(7pr,4) are uniform by contradiction. Therefore
assume that dom(7prq) or ran(Tarq) is not uniform. We treat the two possible cases
together.

Let us suppose that dom(7pr,4) (respectively ran(7pq)) is not uniform. Then there
are trees uy,uz € dom(mar,q) and vy, vy € ran(7ar,q) such that uy % ug (resp. vy % vg),
q(u1) =3, v1, and q(uz) =}, va. Then, clearly, there are derivations go(u[u]) =},
vlg(u1)] =3, vlvi] and go(uluz]) =3, vig(uz)] =3, v[va] of M and, since M is shape
preserving, u[u;] &~ v[vi] and ulug] ~ v[vs] (cf. Figure 3.1). Now, since u; % ua (resp.

v] % vy) and a and 3 are incomparable, we have that
stree(uu], a) # stree(u[ug], a) =~ stree(v(va], a) = stree(v[vi], @)
(resp. stree(ului],B) = stree(u[us], B) = stree(v(va], B) # stree(v[vi], B)).

However, this implies that u[u;] % v[v;], which is a contradiction. =

________

Figure 3.1: If o and 3 are incomparable, then dom(7as,4) and ran(7yr,q) are uniform.

The next lemma is a consequence of the previous one. We will use it when we con-
struct a quasirelabeling equivalent to a shape preserving permutation quasirelabeling,.

Lemma 3.7 Let M = (Q, %, A, qo, R) be a shape preserving permutation quasirela-
beling. Then for every k£ > 1, permutation rule
q(o(z1,. ., 2k)) = V(@ (Zr))s - - - TR (Tr(k)))

in R, where ¢,q1,...,qr € Q0 € £®) 5 € A®) ~ 4, ....m € (AD)* and 7 : [k] — [K]
is a permutation, and i € [k], if m(i) # 4, then both dom(7aq,) and ran(7arq,) are

uniform.
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Proof. Let u = q(o(z1,...,2k)) = v6(mq1(Tx1)),- -, %@k (Tx(xk))) be a permutation
rule in R with £ > 1 and assume that for some i € [k], 7(:) # i holds.

Since the rule is useful, there are u € fg(Xl), 8,81,...,8: € Ty, v € TA(XI) and
t,t1,...,tp € Ta such that
(1)
qgo(s) = qo(ulo(s1,...,sk)])
=% vlgla(st,...,sk))]
=M VY@ (sra))s - Wk (Sn(k)))] (rule p)
=3 vyo(mtr, .. wte)]
= t.

Let a = occ(u, 1) and 8 = occ(v,z1). Now we distinguish three cases.

Case 1: o and (3 are incomparable. Then, by Lemma 3.6, dom(7as,q) and ran(7p,q)
are uniform. Clearly this implies that the sets dom(7asq,) and ran(rag,) are also
uniform.

Case 2: (3 is a prefix of a. Now a = occ(v[yz;],x1) because M is a shape pre-
serving permutation quasirelabeling and thus the symbol § written by the applica-
tion of the rule x4 matches the o being at « in s. Since m(i) # ¢, the occurrences
am(i) and ai are incomparable. Let u' = u[o(s1,--.,8x(i)=1,T1, Sx(i)+1, - - - » Sk)] and
v = v[yb(mty, ... Yi1tio1, %Z1, Yit1tiv1, - - - Yetk). Clearly, am(i) = occ(v',z1), od is
a prefix of oce(v/,z1). Then occ(u', 1) and occ(v',z1) are incomparable. Moreover,
there is a derivation go(u’) =7}, v'[gi(z1)] of M, which, by Lemma 3.6, implies that
dom(7m,q,) and ran(7paq,) are uniform.

Case 3: a is a proper prefix of 3. Then « is also a proper prefix of occ(v[yzi], x1).
On the other hand, similarly as in Case 2, it can be seen that a = occ(v[yz1], z1), which

is a contradiction. n

3.1.2 The Bottom-Up Case

As we have showed in the previous subsection, a shape preserving top-down tree
transducer is nondeleting and linear. Although we can not prove a similar result
for shape preserving bottom-up tree transducers, we can show the following. Let
M = (Q,%, A, qo, R) be a shape preserving bottom-up tree transducer and consider
a rule o(qi1(z1),...,q(zx)) — ¢(r) in R. If, for some i € [K], Tarq, is infinite, then z;
occurs exactly once in 7. Moreover, for every 4,j € [k] such that ¢ < j and 714, and
TM,q; are infinite, the variables z; and x; occur in r in the order z; < z;.
Furthermore, we define the concept of the matching paths and show some of their
important properties. These matching paths will be very useful in the forthcoming

sections when we show that M is equivalent to a relabeling.
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We begin our work by defining the deleting states and the copying states of a

bottom-up tree transducer.

Definition 3.8 Let M = (Q, X, A, qo, R) be a bottom-up tree transducer and let ¢ be
a state in Q. The state q is deleting (resp. copying) if there are trees u € T'E(XI) and
v € Ta(X1) such that there is a derivation u[g(z1)] =}, go(v), and the variable z; does
not occur (resp. x; occurs more than once) in the tree v. Otherwise g is nondeleting

(resp. noncopying). g

Now, consider a shape preserving bottom-up tree transducer M = (Q, 2, A, qo, R)
and a state ¢ in Q. We show that if 75/ 4 is infinite then g is nondeleting.

Lemma 3.9 Let M = (Q, X, A, qo, R) be a shape preserving bottom-up tree transducer
and let ¢ be a state in @ such that 7y 4 is infinite. Then ¢ is nondeleting.

Proof. We prove the lemma by contradiction. Let us suppose that ¢ is deleting. Then
by Definition 3.8 there are trees u € T v(X1) and v € Ta and there is a derivation
ulg(z1)] =% qo(v). Then, since q is useful, there is a derivation ufu,] =}, u[g(v1)] =,
go(v[v1]) = qo(v), where u; € Ty and vy € Ta. Since Tps4 is infinite, there is a tree
a1 € dom(7pg) such that u; % 4. Let 91 € ran(rarq) such that a; =3, q(v1).
Then there is a derivation u[i] =}, u[g(?1)] =3 e (v[v1]) = go(v). Since M is shape
preserving, u[uj] &~ v & u[i;]. On the other hand, clearly, ufu;] % u[u,], which is a

contradiction. [ |

Next we are going to show that if 7p7, is infinite then ¢ is also noncopying. The
proof of this result is more complicated than showing that ¢ is nondeleting. First we

show that if the set 7 4 is infinite then the set ran(7aq) is also infinite.

Lemma 3.10 Let M = (Q, X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and ¢ be a state in Q. If a4 is infinite, then the set ran(7as,4) is infinite.
Proof. We prove the statement by contradiction. Therefore let us suppose that 7ps 4
is infinite, but the set ran(7a,q) is finite.

Then it is easy to see that there are trees uy, 4; € dom(7um,q) and vy, 1 € ran(Tarq)
such that uy % @y, u1 =}, q(v1), @41 =}, ¢(01) and v; = ¥;. Since q is useful, there are

derivations of M of the form
uluy] =3 ulg(v1)] =3 qo(v[n1]) and ufa] =4 ulg(1)] =3 go(v[w1]),

where u € Tx(X;) and v € Ta(X;). Clearly, u[ui] % uli1]. Moreover, since M is
shape preserving, u[u;] ~ v[vi] and u[t;] ~ v[t;]. Then, since v ~ ¥;, we have that

u[uy] & ul@], which is a contradiction proving the lemma. ]
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We will need the following lemma.

Lemma 3.11 Let M = (Q, %, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and let g be a state in @ such that 7a74 is infinite. Let s = ufu1] =3, ulq(v1)] =3,
qo(v[v1]) = qo(t) be a derivation of M, where u € Tx (X)), s,u; € Ty, v € Ta(X1) such
that the variable x; occurs in the tree v, and t,v; € Ta. Moreover, let a = occ(u, ;)
and 3 € occ(v) such that stree(v, 3) = z1. Then a and 3 are comparable.

Proof. We prove the lemma by contradiction. Let us suppose that a and [ are in-
comparable. Since 7a74 is infinite, by Lemma 3.10, ran(7as4) is also infinite. Then
there is a tree U1 € ran(tarq) such that 91 % v;. Let @ € dom(7ag) such that
@y =}, ¢(1). Let us form the input tree 5§ = w[t;]. Then there is a derivation
§ = ulay] =% ulg(v1)] =3 qo(v[01]) = qo(f), where t € Ta. Since M is shape
preserving s ~ t and § ~ t. Then, since a and  are incomparable, we have that
v) = stree(t, 3) = stree(s,3) = stree(s, ) ~ stree(t, ) = 71, which contradicts that
vy % 7. a

Now we can show that q is noncopying.

Lemma 3.12 Let M = (Q,X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and let ¢ be a state in @ such that 74 is infinite. Then ¢ is noncopying.
Proof. We prove the lemma by contradiction. Let us suppose that ¢ is copying. Then
by Definition 3.8 there are trees u € fg(Xl) and v € Ta(X;) such that there is a
derivation u[q(x1)] =}, qo(v) and the variable z; occurs more than once in the tree
v. Let a = occ(u,z1) and By,B2 € occ(v) such that 8y # B2 and stree(v, ) =
stree(v, 32) = z1. Then clearly #; and (3, are incomparable and, by Lemma 3.11, «
and ) are comparable, and a and 3» are also comparable. This clearly implies that
a is a proper prefix of the occurrences 31 and 3;. Since 7y74 is infinite, there is a tree
@ € dom(7pr,q) such that @ = uy[uzg[us]], where uy,us € fg(Xl), ug # x1, uz € Ty and
there is a derivation of M of the following form.

up [uz[us]] =4 uifuz[p(vs)]] =nr wilp(va[vs])] =3 q(v1lva[vs]]),
where p € Q, vi,v2 € Ta(X1) and v3 € Ta. Let, for every i € N, u® = uy [ubug)],

50 = wu®], v = vi[vifvs]], t? = v[v®] and @; = occ(ulus [ud]], z;). Clearly, for

every i € N, there is a derivation u() =%, q(v®), and therefore
s = ufu®] =3 ulgv®)] 2% wEP?]) = 0.

Moreover, since ug # 1, «; is a proper prefix of a;41.

It is easy to see that v; and vy contain the variable z;. Indeed, if one of them does
not contain z;, then for a sufficiently large m € N, height(s(™) > height(t™)). On
the other hand, since M is shape preserving, sM ~ (M) a contradiction.
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It is also not difficult to see that there is a number n € N such that either (i) a,
and (3 are incomparable, or (ii) ay, and [ are incomparable. Let us suppose that the
case (i) holds (see Figure 3.2, the case (ii) can be considered similarly).

Now, let B} € occ(v[vi[v][z1]]]) such that stree(t™,]) = z; and 3, is a prefix of
B1. Then, clearly, o™ and (] are incomparable. On the other hand, since uy # z,
it follows that 77, is infinite. Moreover, it is easy to see, that there is a derivation
st = ufus [ug [us]]] =37 ulwr [u[p(v3)]]] =3 qo(vfvr[vs[vs]]]) = t™). Then, by Lemma
3.11, we get that o™ and (7 are comparable, which is a contradiction proving the

lemma. )

q0

Pa

s A

() 4(n)

Figure 3.2: If 7)s 4 is infinite, then ¢ is noncopying.

Let us consider now the shape preserving bottom-up tree transducer M} appearing
in Example 2.4. It is easy to see that {¢; | 7 € [3]} U {qo} is the set of those states
in which M, computes infinite tree transformations. One can also easily observe that

these states are both nondeleting and noncopying.
We will use the next corollary frequently when we consider certain derivations of a

shape preserving bottom-up tree transducer.

Corollary 3.13 Let M = (Q, %, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and let g be a state in @ such that 7/, is infinite. Then in every derivation
ufu] =3, ulg(v1)] =3 qo(v[vi]), where u € Te(X1), wp € Ts, v € Ta(X;) and
vy € Ta, the condition v € TA(Xl) holds.
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Proof. Since 7, is infinite, by Lemmas 3.9 and 3.12, the state ¢ is nondeleting and
noncopying. Then, by Definition 3.8, in every derivation of M of the form ufg(z)] =%,

qo(v), the variable z; occurs exactly once in the tree v, which proves the statement. l

In the following definition we associate a set of indexes to every rule of a bottom-up

tree transducer.

Definition 3.14 Let M = (Q,X, A, g, R) be a bottom-up tree transducer and let
w=o(q(x1),...,q(xx)) — q(r) be a rule in R. We define

inf(p) = {i € [k] | Tm,q; is infinite}.

We will also use the following corollary.

Corollary 3.15 Let M = (Q, %, A, go, R) be a shape preserving bottom-up tree trans-
ducer and let p = o(qi(x1),...,qu(zx)) — q(r) be a rule in R. For every i € inf(u),
the variable x; occurs exactly once in the tree r.

Proof. Let ¢ € inf(u). By Definition 3.14, 7az4, is infinite, hence 7y 4 is also infinite.
Then the statement can be proved easily, using Corollary 3.13. |

In Subsection 3.2.2 we will construct a so-called frame transducer of a special
bottom-up tree transducer, called transformable tree transducer. Later we will show
that every shape preserving bottom-up tree transducer M is transformable, provided
that 7ps is infinite. The frame transducer computes a tree transformation from which,
roughly speaking, we can get back the tree transformation computed by the original
transformable tree transducer. Moreover, it has certain good properties which will
make the proof of that every shape preserving bottom-up tree transducer is equivalent
to a relabeling much easier. One of these properties is that if the original transformable
tree transducer is shape preserving, then the frame transducer is also shape preserving.
During the construction of the frame transducer and later, when we prove that a shape
preserving bottom-up tree transducer has a shape preserving frame transducer, we will
need the concept of matching paths. Before the formal definition of the matching paths,
we give some intuition with the help of the tree transducer M, and its derivations (1)
and (1) appearing in Example 2.4.

First we consider the derivation (f) and the application of the rule u;. It is easy to
see that the symbol § written out by p; occurs at the same occurrence in the tree t as
the occurrence of o scanned by y; in the tree s. One can also show that this is true in
general, i.e. the following holds. In every derivation s’ =M, 90(t') of My, where s’ € T,
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and t' € Ta, such that u; is applied in this derivation, the symbols ¢ and 4, scanned
and written out by s, occur at the same occurrence in the trees s’ and t', respectively.

We can observe the following. Let r = §(6,(3,z1),z2,23), i.e. 7 is the tree which
is written out by p;. The longest common prefix of the occurrences {occ(r,z;) | 7 €
inf(py)} is € and the symbol ¢ is exactly the symbol which occurs at £ in r. This is
the intuition of that ¢ will be called a matching path of p;.

Next we consider the derivation (1) and the application of ug. It can be seen that
the second w written out by ug occurs at the same occurrence in the tree t as the
occurrence of v, scanned by pg in the tree s. This is also true in general. For every
derivation s" =7}, qo(t') of M, where s € Ty and t' € T, such that pg is applied in
this derivation, the following holds. The symbol v; scanned by ug, and the second w
symbol written out by the same rule, occur at the same occurrence in the trees s’ and
t’, respectively.

Now, let A; = occ(u[y(z1)],21), A2 = occ(v,z1) and 7’ = ww(z)), i.e. A; is the
occurrence of y; scanned by pg in the tree s, A9 is the occurrence of the first w written
out by the same rule in the tree ¢, and 7’ is the tree which is written out by ug. Since
A1 = 31 and Ay = 3, we have that A\; = Ap1. This path 1 is exactly the occurrence of
the second w symbol written out by ug in the tree r’. This is the intuition of that 1
will be called a matching path of .

In these examples we gave the matching paths of certain rules of a shape preserving

bottom-up tree transducer. The exact definition of matching paths is given below.

Definition 3.16 Let M = (Q,X, A, go, R) be a bottom-up tree transducer and let
p=0(q(x1),...,qx(xk)) — q(r) be a rule in R such that ||inf(u)|| # 1, Tam,q is infinite
and, for every ¢ € inf(u), the variable z; occurs exactly once in r. The set of matching
paths of p, denoted by mp(u), is defined by case distinction according to the cardinality
of the set inf(u) in the following way.

Case 1: |linf(u)|| = 0. Let mp(n) be the smallest subset of N* satisfying the

following condition. If there exists a derivation

§ = ulo(s1,...,Sk)]
=y ulo(a(tr), - qe(te))]
=y ulg(r[ty,. .. t])] (rule )
=>*M qO(’U[’I‘[tl,...,tk]])
= qft),

of M, where s € Ty, u € Ts(X1), v € Ta(X1), $1,---,8k € T, t1, ...t € Ta, t € Ta
(cf. Figure 3.3), and, for a string v € N*, the condition a = 3y or 3 = a7y holds, where
a = occ(u, 1), B = occ(v,z1), then let v € mp(u). Moreover, if the condition a = By
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holds, then ~ is called a right matching path of u, otherwise 8 = ay and v # ¢, when
v is called a left matching path of 1. Note that in general, v can be both right and left
matching path of pu.

Case 2: |linf(u)|| > 1. Let mp(u) = {7}, where ~ is the longest common prefix of
the strings occ(r, z;) for every i € inf(u). O

One can observe that we did not define the matching path of a rule p of a bottom-up
tree transducer M in case ||inf(u)|| = 1. The reason of this is that we will not need
to use a matching path of such a rule, neither in the definition of the frame transducer
nor in those lemmas which we will use to show that the frame transducer of a shape
preserving bottom-up tree transducer is also shape preserving.

In the next example we determine those rules of M, which have matching path, and

we give one matching path for every such a rule.

Example 3.17 Let M, be the tree transducer we gave in Example 2.4. For every state
q € {qo,q1,92,93} the set 7pr, is infinite and the set 7ps 4, is finite. Then inf(ui) =
(1,3}, inf(us) = {2}, inf(us) = @, inf(ua) = {1}, inf(us) = {1} and inf(ug) =
inf(ur) = inf(us) = @. By Definition 3.16, the set of matching paths is defined for
the rules u, p3 and pg and is not defined for the remaining rules in R. (Note that the
rules p7 and pg have the state g, on their right-hand side and 7y 4, is finite.)

We have already seen in the discussion given before Definition 3.16 that € € mp(u,)
and 1 € mp(ug). Moreover it is easy to see that, by Case 1 of Definition 3.16, 1 is a
right matching path of ug. To compute a matching path of ug, let u = o(z1, a, Y71 )
and v = 6(0,(8, z1), 1,wwfB2). Clearly there is a derivation of M} of the following form.

(1)
s = uloi(a, a)]
=,  Uo1(ga(B1), 9a(52))]
=un, ulq(6)] (rule pu3)
=y, 0(v[B])

= QO(t)’

where s € T):Mb and t € TAM,,- Let A\; = occ(u, 1) and Ay = occ(v,z1). Then A\; =1,
Az = 12 and Az = X12. Now, since ||inf(u3)|| = 0 and Tar4, is infinite, by Case 1 of
Definition 3.16, 2 € mp(u3) and 2 is a left matching path of uj. O

We showed in the discussion before Definition 3.16 that for the rule ug € R, 1 €
mp(ug). Moreover, it follows from the same discussion and from Case 1 of Definition
3.16 that even mp(ug) = {1} holds. We are going to generalize this observation, i.e. we

will show the following,.
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Let us consider a shape preserving bottom-up tree transducer M and a rule p of
M. If p is such that llinf(u)|| = 0 and 7p7,4 is infinite, where ¢ is the state occurring
on the right-hand side of y, then [[mp(p)|| = 1 (note that g satisfies the conditions
of this statement). To prove this we will need the following lemma which implies that
either every matching path v € mp(u) is a right matching path of x or every matching

path v € mp(u) is a left matching path of p.

Lemma 3.18 Let M = (Q, X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and let o = o(qi(x1),...,qk(zx)) — q(r) be a rule in R such that 7y, is infinite.

Assume there are two derivations (1) and its “primed version” (2) of M as follows.

(1) (2)
s = ulo(s1,...,8k)) s = wlo(sy, ..y 8]
=y ulo(gi(t), .-, qr(te)) =y vlo(q(t), ---»Qk(tl.))]
=>um  ulg(r [tu-- ])] =um  Wlg(r[ty,... t])] (rule p)
=y [ty ... ) =y @[ty 4]
= ql), = qt),

where s,$" € Ty, u,u’ € fg(Xl), v, v € fA(Xl), B0 By o vy By 8 € Thgs 8108050 000 Bpi B
€ Ta and t,t' € Ta. Let o = occ(u,z1), @ = occ(v', 1), B = occ(v,z1) and §' =
occ(v', xy).

Then either
- [ is a prefix of a and 3’ is a prefix of o or
— a is a proper prefix of 3 and o is a proper prefix of 3.

Proof. By Lemma 3.11, a and 3 are comparable and o’ and 3’ are also comparable.

Now we prove the lemma by contradiction. Assume, on the contrary, that

~ « is a proper prefix of 3 or o is a proper prefix of 4’ and
— [ is a prefix of a or ' is a prefix of o.

Without loss of generality, assume that o is a proper prefix of 8 and ' is a prefix of
o'. Let f = avyand o = By, where v € N* and 4/ € N*. Since M is shape preserving,
s’ ~ t/, which implies that o(s],...,s}) ~ stree(r[t],...,t;],7"). Moreover there is a

derivation of M of the following form.
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Figure 3.3: The derivation appearing in Case 1 of Definition 3.16 in the case when

B = ay.
5= (sl 5]

=4 ulo(q(ty), - k()]

=um ulg(r[ty, ... %)) (rule 4)

=4 o[ty .. 4]

i qO(t)a
where § € Ty, and t € Ta. Since M is shape preserving, § ~ t. Furthermore, since
B = av, it follows that r[t},...,t}] ~ stree(a(s),...,s}),7), which clearly contradicts
that o(s},...,s}) = stree(r[t], ..., t;],7'), since v # ¢. |

The following two lemmas will imply that even the condition ||mp(u)|| = 1 holds.
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Let us consider a shape preserving bottom-up tree transducer M and a rule p of
M. If o is such that |jinf(p)|| = 0 and 7p7, is infinite, where g is the state occurring
on the right-hand side of p, then |[|mp(u)|] = 1 (note that ug satisfies the conditions
of this statement). To prove this we will need the following lemma which implies that
either every matching path v € mp(u) is a right matching path of p or every matching

path v € mp(u) is a left matching path of pu.

Lemma 3.18 Let M = (Q, %, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and let o = o(q1(1),...,qx(xx)) = q(r) be a rule in R such that 74 is infinite.

Assume there are two derivations (1) and its “primed version” (2) of M as follows.

(1) (2)
g = ulo(s1,. .., Sk)) ¥ = u[o(s],...,8)]

=Yy wo(qi(t),. .., a(ty)) =y ve(a(ty),.. - k()]

=u  ulg(rlty, ... t])] =>n uwlg(r[ty, ... )] (rule p)

=y o[t t]]) =1 o't ... 8]

= (1), = qo(t'),

where S, se TE: u’ul € T\E(Xl)7 v, v € TA(Xl)a 3133’17 R ,Sk,S;c € TE: tlvtlly o -atkvt;c
€ Ta and t,t' € Ta. Let a = occ(u, 1), ¢ = occ(u',z1), B = occ(v,zy) and B =
occ(v', xy).

Then either
~ (is a prefix of o and ' is a prefix of &’ or
~ a is a proper prefix of 3 and o is a proper prefix of 3.

Proof. By Lemma 3.11, « and 3 are comparable and o’ and 3’ are also comparable.

Now we prove the lemma by contradiction. Assume, on the contrary, that

— a is a proper prefix of 3 or  is a proper prefix of 4’ and
— [ is a prefix of a or 3 is a prefix of «'.

Without loss of generality, assume that o is a proper prefix of 3 and #' is a prefix of
o. Let B = ay and o = By, where v € N* and o/ € N*. Since M is shape preserving,
s' &~ t', which implies that o(s,...,s}) = stree(r[t},...,t;],7"). Moreover there is a

derivation of M of the following form.
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§= =M =M

Figure 3.3: The derivation appearing in Case 1 of Definition 3.16 in the case when

B = ay.
§ = ulo(sy,...,8%)]

=y ulo(@(ty), ... ()]

=um  ulg(rfty,. .-, t;])] (rule )

=y Gty )

=5 QO(t)v
where § € Ty, and £ € Ta. Since M is shape preserving, § ~ ¢. Furthermore, since
B = av, it follows that r[t],...,t;] ~ stree(o(s),...,s}),v), which clearly contradicts
that o(s),...,s}) ~ stree(r[t}, ..., t;],7'), since v # €. [ |

The following two lemmas will imply that even the condition ||mp(x)|| = 1 holds.
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Lemma 3.19 Let M = (Q,%, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and let u = o(qi(x1),...,qk(xx)) — ¢(r) be a rule in R such that 7574 is infinite
and ||inf(u)|| = 0. Assume there are two derivations (1) and (2) of M as in Lemma
3.18. If o = B, for some v € N*| then o/ = .
Proof. We prove the lemma by contradiction. Let us suppose that there is a derivation
of M of the form (2) such that o/ # 3'v. Since, by Lemma 3.18, the string [ is a prefix
of o/, we have that o/ = #'y' where v/ € N* such that v # 4/. Now we distinguish two
cases.

Case 1: o/ and 'y are comparable. Clearly there is a derivation of M of the

following form.

i = Wlo(s1y. .., 8k)]
=y Wo(qi(ts), -, qr(te))]
=>p Uglrlts, ..., t])] (rule u)
=4 @@ty t])
= (1),

where § € Ty, t € Ta (cf. derivations (1) and (2) in Lemma 3.18). Then, since o/
and 'y are comparable, it follows that v is a proper prefix of 4’ or 4/ is a proper
prefix of . Assume that 7 is a proper prefix of 4/, the other case can be han-
dled similarly. Since M is shape preserving, s ~ t and § ~ t. Then stree(s,a) =

o(s1,...,8k) = stree(r[ty,...,tx],y) = stree(t,a) and stree(5,o) = o(s1,...,8k) =
stree(r[ty,...,te],7’) = stree(t,o/). Then we get that stree(r[ti,...,tx],7) =~
stree(r(ty,...,tx],¥), which is clearly a contradiction because stree(r[ti,...,tk],7')

is a proper subtree of stree(r[ty,...,tk], 7).

Case 2: o/ and 'y are incomparable. Since o’ and ' are comparable, it follows
that v and v’ are incomparable. Moreover, since T4 is infinite and |[inf(u)|| = 0,
there is a rule @ = &(p1(z1),...,m(z1)) — q(7) in R such that ||inf(z)|| > 0. Then
there are derivations of M of the following forms.

F = ulg(51,...,8)] ¥ = W[5 (51,...,51)]
=% ulapi(t),...,m(t0))] =4 vEli(t), ... o(h))
=y ulg(Flt,...,t])] =ym YgFh,...,t)) (rule fz)
=y o[l 1) =>4 [, 4l)
= qf), = q),

where 3, 51,...,5,8 € Ts, t,t1,...,t;,t' € Ta and u,u’,v,v’ are the same as in deriva-
tions (1) and (2). Since M is shape preserving, § ~ t and § ~ t'. Let i € inf(fi). Since
TM p; is infinite, there is a tree 3; € dom(7ap,) such that 5; % 3;. Let t; € ran(Tap,)
such that $; =), pi(ti). Let us form the input tree § = u[5(51,...,8i,...,5)]. Then

there is a derivation of M of the following form.
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Figure 3.4: stree(7[t1,...,ti, ..., t),7'i) = stree(F[t, ..., 4], 7%).

W
I

WG (51, vy Biye oy 81)]
=% ulapi(t),...,pilti), -, oi(@))]

=M U[q(f[t—l,...,t},...,{l])] (rule ﬂ)
=>7w (I()(’U[f‘[fl,...,f,',...,E[]])
I* q0(£)a

where { € Tx. Since M is shape preserving, § ~ t. Moreover, since v and 4 are

incomparable, we get the following condition (cf. Figure 3.4)

stree(F[f1, ..., &, . .., &), 7i) = stree(t, 87'i) = stree(3, B'3)
= stree(3, 37'1) ~ stree(t, Bv'i) = stree(F[ty, ..., §], %),

hence

stree(F[y, ..., biy- .., 01, ¥'0) = stree(F[t1, ..., &], 7). (1)

Now let § = u'[6(51,. . ., 8is- -, 51)]. Then there is a derivation of M of the following

form.
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stree(vy,v'1)

Figure 3.5: stree(F[ty,...,ti,...,b), i) # stree(F[ty, ..., t],77).

= u'l5(3y, ..., 8,...,8)
=>4y YEE),. .. pi), . mt0))]
=M u'[q(f[t—h...,fi,. ,t_l])] (rule ﬁ)
=4 W [Flk, ... k..., 4])
= ),

where € Ta. Since M is shape preserving, § ~ t'. Then we get the following
condition (cf. Figure 3.5)
stree(F[ty, ... i, .., b, 7'1) = stree(’, B'7'1) = stree(§', B'v'i) = &
# 5; = stree(5, 8'v'i) ~ stree(t', §7'i) = stree(F[ty, ..., #],7'),
hence
stree(F[ty, ..., ti,. .., b),7'i) % stree(F[ty, . .., t],7'1).

This contradicts to (1), which proves our lemma. [ |

The statement and the proof of the next lemma is similar to that of the previous

one.

Lemma 3.20 Let M = (Q, %, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and let u = o(q1(z1),...,qx(zx)) — q(r) be a rule in R such that 774 is infinite



3.1. USEFUL PROPERTIES OF SHAPE PRESERVING TREE TRANSDUCERS 41

and |[inf(u)|| = 0. Assume there are two derivations (1) and (2) of M as in Lemma
3.18. If B = a~, for some v € N, then 3’ = a'y.
Proof. We prove the lemma by contradiction. Let us suppose that there is a derivation
of M of the form (2) such that 3’ # o’v. Since, by Lemma 3.18, the string o’ is a proper
prefix of 4, we have that 3’ = o/y" where ' € N* such that v # 7'. Now we distinguish
two cases.

Case 1: o’y and ' are comparable. Clearly there is a derivation of M of the

following form.

§ = do(sr,... 8]
M 1"[‘7((11(f1 s Qr(tr))]
=um  wg(rlty,.. tk])] (rule )
=4 @[t ]])
= ),

where § € Tx, t € Ta (cf. derivations (1) and (2) in Lemma 3.18). Then, since o’y
and 3’ are comparable, it follows that v is a proper prefix of 4/ or 4/ is a proper
prefix of v. Assume that v is a proper prefix of 4/, the other case can be han-
dled similarly. Since M is shape preserving, s ~ t and § ~ t. Then stree(t,3) =
rlt1y ..., te] = stree(o(sy,...,sk),y) = stree(s,) and stree(t, ) = rlt1,...,tk] =
stree(o(sy,...,sk),Y) = stree(s, ). Then we get that stree(o(si,...,sk),y) =
stree(o(sy,...,Sk),7), which is clearly a contradiction because stree(o(s1,...,sk),7')
is a proper subtree of stree(a(sy,...,Sk),7)-

Case 2: o/~ and ' are incomparable. Since o and (' are comparable, it follows
that v and 4’ are incomparable. Moreover, since 7ps4 is infinite and |[inf(u)|| = 0,
there is a rule i = d(p1(x1),...,pi(x;)) — q(F) in R such that ||inf(@)|| > 0. Now let
us consider the following derivations of M.

i = ulg(51,...,8)] g = u[5(51,...,8)]
=>4 o), .. .,m(t))] =y vE@ih),....mt))
N ) P ) (rule &)
=y [, 4]) =>4 ' [Flt, ... 4ll)
= qo(b), = q(),

where 5, 3,,...,5,8 € Ty, t,t1,...,8,t € Ta and u,v',v,v" are the same as in deriva-
tions (1) and (2). Since M is shape preserving, we have that § ~  and § ~ ¢t
Let i € inf(). Then Tarp, is infinite, and by Lemma 3.10, ran(tpp;) is also in-
finite. Moreover, it follows from Corollary 3.15, that the variable z; occurs in the
tree 7. Let #; € ran(rarp,) such that t; % t;. Then clearly 7[t1,...,t;,...,4] %
#lt1,...,f]. Let & € dom(rarp,) such that § =3}, pi(f;). Let us form the input
tree § = u[5(31,...,8i,...,5)]. Then there is a derivation of M of the following form.
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§ = 1o PITTE WE ) |
=y uem®),. .. pi(t),...,pmE@))]
=m  ulg(F [tl,-~.,ti,...,fl])] (rule fi)
=Y Ot b, 8])

= q(1),

where t € Ta. Since M is shape preserving, § = t. Moreover, since 7 and 4 are

incomparable, we obtain that

~

stree(G(51,...,8i,...,5),7) = stree(3, ay’) = stree(t, ')

= stree(t,ay') ~ stree(§,ay') = stree(G (51, ..., 5),7).

Now let §' = u'[5(51,...,8;,...,5)]. Then there is a derivation
¥ = WG (51,3 8i,.-.,8)]
=y v[Epi(t), - Pz( i)y pi(t)]
=y  U[q(F [tl,...,ﬂi,...,tl])] (rule fz)
=y @' [Flf, .t )
= qff)

of M, where # € T,. Since M is shape preserving, 8 ~ . Then

stree(a(31,...,8i,...,8),7) = stree(§', a'y') =~ stree(t',a'y) = 7t ..., tiy..., 1]

# Flty,..., 1] = stree(t,a'y’) ~ stree(3',a'y’) = stree(3(51,...,5),7).
This is a contradiction, which proves our lemma. n
Now, we can state the following.

Corollary 3.21 Let M = (Q, X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and let 4 = o(q1(z1),...,qk(xk)) — ¢(r) be a rule in R such that 7p 4 is infinite
and [inf ()] # 1. Then mp(i0)| = 1. |

Proof. If |[in f(u)|| = 0, then the statement holds by Lemmas 3.19 and 3.20. Otherwise,
the statement holds by Case 2 of Definition 3.16. |

In the rest of the Thesis, if, for a rule u of a bottom-up tree transducer M, the
condition ||mp(u)|| = 1 holds, we write v = mp(u) instead of v € mp(u).

Now let us consider a rule p of a shape preserving bottom-up tree transducer such
that ||inf(u)|| > 1. In the next two lemmas we give certain properties of x4 which we
will use later. First we show an important role of the matching path of p.
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Lemma 3.22 Let M = (Q,X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer and let = o(qi(z1), .., q(xx)) — q(r) be a rule in R such that |jinf(u)|| > 1.
Let v = mp(u) and 6 € A be the root of the tree stree(r,v). (Note, that, by Corollary
3.15, stree(r,7) contains at least one output symbol, i.e., stree(r,vy) ¢ X;.) Assume
that there is a derivation (1) of M as in Lemma 3.18. Then the symbol o in s and
the symbol § in ¢ match each other. More formally, the condition o = 35 holds, where
a = occ(u, ) and B = occ(v, x1).

Proof. We prove the lemma by contradiction. Let us suppose that a # 3v. It follows
from Corollary 3.15 that, for every i € inf(u), the variable z; occurs exactly once in
the tree r. Let, for every i € inf(u), vi = oce(r, z;). Then, by Definition 3.16, for every
i € inf(u), v is a prefix of 4;. Moreover, T4, is infinite which, by Lemma 3.11, implies
that i and (37; are comparable. Now we distinguish the following three cases.

Case_1: The occurrences a and 3y are incomparable. Let 7 € inf(u). Since a7 and
(Bv; are comparable and « is a prefix of v;, it follows that @ and (v are comparable,
which is a contradiction.

Case 2: The occurrence « is a proper prefix of the occurrence 3v. Let 8y = ad/,
for some o/ € N*, and let j = &/(1). Since |[inf(u)|| > 1, there is an index i € inf(u)
such that ¢ # j. Then clearly ai and (v are incomparable. On the other hand, the
occurrences ai and J7; are comparable. This is again a contradiction, since 7 is a prefix
of ~;.

Case_3: The occurrence (v is a proper prefix of the occurrence a. Let 4,5 € inf(u)
such that v; and v; are not comparable, and +y is the longest occurrence in N* such that
7 is a prefix of v; and ~;. Since v is a proper prefix of «, it follows that either (i) a
and (v, are incomparable or (ii) a and 3v; are incomparable. In both cases we have a

contradiction to the fact that, for every k € inf(u), a and v, are comparable. n

Next we show that the following also holds. For every i € inf(u), the variable z;
occurs in the subtree stree(r,~i), where v = mp(u) and r is the tree which occurs on

the right-hand side of p.

Lemma 3.23 Let M = (Q, X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer, u = o(qi(z1),...,q(zx)) — ¢q(r) a rule in R such that ||inf(u)|| > 1, and
v = mp(u). Then, for every i € inf(u), vi is a prefix of v;, where v; = occ(r, z;) (by
Corollary 3.15, for every ¢ € inf(u), z; occurs exactly once in 7).

Proof. Let ¢ € inf(u). Since p is useful, there is a derivation (1) of M as in Lemma
3.18. Note that, by Lemma 3.13, we can assume that v € fA(Xl). Let a = occ(u, x1)
and 3 = occ(v,z1). By Lemma 3.22, a = #y. We show that vi is a prefix of ~;, by
contradiction. Clearly v; is not a proper prefix of vi (cf. Case 2 of Definition 3.16), so
let us suppose that 7; and +i are incomparable. Since 7ps 4, is infinite, it follows from
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Lemma 3.10, that ran(7pr4,) is also infinite. Then there is a tree ¢; € ran(rar,q,) such
that t; % t;. Let 5 € dom(ram,q,) such that 5 =3, qi(t:;). Let us form the input tree

5 =ufo(s1,...,35i,...,5)]. Then there is a derivation of M of the following form.
5 = ulo (s, - - 8k)]
=y uo(a ( -w‘h(t) -5 qr(tr)]
A L (rule )
=y @ty --,tk]])

= (),

where f € Ta. Since M is shape preserving, § ~ t. Moreover, since i and +; are
incomparable and ai = (7yi, we have that o and (7; are incomparable. Then we
get that £; = stree(t, By;) ~ stree(3, Bvi) = stree(s, ;) = stree(t,Bv;) = t;, which
contradicts that t; % ;. Therefore we have proved that i is a prefix of «;. [

We close this subsection with summarizing our results concerning the matching
path of certain rules of a shape preserving bottom-up tree transducer. Therefore let
M = (Q,%,A,q, R) be a shape preserving bottom-up tree transducer, and let us
consider a rule u = o(q1(z1), ..., qk(xk)) — ¢(r) in R such that [[inf(u)|| # 1 and Tar4

is infinite. Moreover, let us given a derivation

SR U[G(Sl, v 9Sk)] =" u[O-(QI(tl)% i3 QQk(tk))} =
ulg(rfts, - - )] =7 qo(v[rlty, ..., t]]) =

of M, where s € Ty, u € fg(Xl), v E fA(Xi), 81y...,8x € Ty, t1,...,tx € Ta and
t € Ta (cf. Figure 3.3). Since M is shape preserving, s ~ t. Let o = occ(u,x;)
and 3 = occ(v,z1). Now, if ¥ = mp(u), then, roughly speaking, the following holds.
According to the cardinality of |[inf(u)|| there are the following two cases.

Case 1:|linf(p)|| > 1. Then, by Lemma 3.22, a = #7 and thus the trees stree(s, a)
= o(s1,...,sk) and stree(t, By) = stree(r[t,...,tk],y) have the same shape and occur
at the same occurrence in the trees s and t, respectively. Moreover, by Corollary 3.15
and Lemma 3.23, for every i € inf(u), the variable x; occurs once in r, namely in the
ith subtree of the root of stree(r,~). ’

Case 2: |linf(un)]| = 0. Then by Lemma 3.18, (i) either v is a right matching path
of u, or (ii) v is a left matching path of u. Moreover, by Case 1 of Definition 3.16
and by Lemmas 3.19 and 3.20 the following holds. In Case (i) o = By, while in Case
(ii) ay = B. Thus in Case (i) the trees stree(s,a) = o(si1,...,sx) and stree(t, By) =
stree(r[ty,...,tk],7), while in Case (ii) the trees stree(s,ay) = stree(o(s1,...,5),7)
and stree(t,8) = r[t1,...,tx| have the same shape and occur at the same occurrence

in s and ¢, respectively.
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3.2 Transforming Tree Transducers into Quasirelabelings

Here we transform tree transducers into quasirelabelings. With these quasirelabelings
our work will be easier since shape preserving quasirelabelings have the following nice
property. Let M = (Q, ¥, A, qo, R) be a shape preserving top-down quasirelabeling tree
transducer and consider a rule u = q(o(z1,...,2x)) = Y9(Miqi(x1), ..., qr(zk))) in
R such that k # 1 and a derivation go(s) =}, t, where s € T, and t € Ta, in which
the rule yu is applied. If a € oce(s) and 3 € oce(t) are the occurrences of the non-unary
symbols ¢ and § scanned and written out by p, respectively, then a = 3. Of course, a
similar discussion is also true when M is a shape preserving bottom-up quasirelabeling
tree transducer.
First we consider top-down tree transducers.

3.2.1 Transforming Shape Preserving Top-Down Tree Transducers
into Equivalent Quasirelabelings

In this subsection we develop a procedure which eliminates the permutations from the
rules of a shape preserving top-down tree transducer M = (Q,X, A, qo, R). As we
have seen in Subsection 3.1.1, M is a permutation quasirelabeling. To construct an

equivalent quasirelabeling to M, we need the following preparation.
Definition 3.24 Let M = (Q, %, A, go, R) be a permutation quasirelabeling and let
p=q(o(x1,..., o)) = YVM@(Tr(1))s - s W(Tr(x)))

be a rule in R, where k > 1, 6 € A®), v v ...y € (A and 7 : [k] — [K] is a
permutation. The permutation degree of p is the number of indexes 1 < ¢ < k for which
7(¢) # i. A rule with permutation degree greater than one is called a permutation rule.
Moreover, a state ¢ € @ is a permutation state if there is a permutation rule of the
above form. The permutation degree of M is the sum of the permutation degrees of its
rules of the above form. (Note that the permutation degree of a quasirelabeling and
thus of a relabeling is zero.)

Finally we define the binary relation < over () in the following way: for every
p,q € Q, let ¢ < p if and only if there exist u,u’ € ’fg(Xl) and v,v’ € fA(Xl), such
that the following conditions hold:

= qo(u[w']) =% vlp()] =7 vl [g(=))]],
~ occ(u, 1) and occ(v, z1) are comparable,

— occ(ufu],z1) and occ(v[v'], z1) are incomparable.
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Note that © may be z;, however 4’ cannot be z; in this definition of <. O

Intuitively, for two states p,q € @, the condition ¢ < p holds if there are u,u’ €
Ts(X1) and v,v' € Ta(X1) and a derivation qo(u) =7, v[p(z1)] such that no piece of
the path o = occ(u, x;) takes part in a permutation during that derivation, moreover,
there is a derivation p(u’) =}, v'[g(z1)] such that a piece of the path 8 = occ(v/, z)
takes part in a permutation during that derivation. (Note that in go(u) =3}, v[p(z1)]
a permutation rule might be applied on «, which however did not move the involved
piece of . Moreover, a permutation rule was applied in p(u’) =}, v/[¢(z})] on the path
[ which did move the involved piece of 3.)

Let us see now how the relation < looks like in the case of the top-down tree

transducer M; of Example 2.3.

Example 3.25 Let M, be the top-down tree transducer appearing in Example 2.3. As
we have seen M, is a permutation quasirelabeling. For instance g3 < ¢ because with
u="(ry), v = o(z1,y02,03), v = x1, and v’ = wé(wp, 1, 33) we get the derivation

puu]) = q(y(o(z1,va2,a3)))
=y  alo(z,va2,a3))
=1 wi(wp,a(z1),Bs)
= vf[gs(z1)]].

It is not hard to see that the full Hasse diagram of the relation < on Q is the one
in Figure 3.6. The < indicates that ¢ is a permutation state.

do Q<

q2 q3 q4 qs

Figure 3.6: The Hasse diagram of < for M; in Example 3.25.

i
Now, we define periodic top-down tree transducers. Later we will see that < is
computable for periodic permutation quasirelabelings. Moreover, we will show that a

shape preserving top-down tree transducer is periodic.
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Definition 3.26 Let M = (Q,X, A, qo, R) be a top-down tree transducer. We say that
M is periodic if, for every derivation q(u) =}, v[g(z1)], where ¢ in Q, u € TE(XI) such
that length(occ(u,z1)) < [|Q]], and v € Ta(X,), we have that length(occ(u,z,)) =
length(occ(v, z1)).

Now we show that < is computable for every periodic permutation quasirelabeling.

Lemma 3.27 For every periodic permutation quasirelabeling M = (Q, %, A, qo, R),
the relation < is computable.

Proof. Let n = ||Q|| and p,q € Q. In order to verify whether there are u € TE(Xl)
and v € T‘A(Xl) such that go(u) =}, v[p(z1)] and that no permutation happens on the
path a = occ(u, z1), it is sufficient to consider trees u of height at most 2n. In fact,
we may assume without loss of generality that if there is such an u, then the length
of a is at most n, otherwise we can apply standard pumping arguments (cf. Lemma
10.1 in Chapter II. of [GS84], also Proposition 5.2 in [GS97]) and use the fact that M
is a periodic permutation quasirelabeling. Moreover, we can assume that the length of
any path which leads from a node being in a to an arbitrary leaf of u is at most n,
otherwise we can apply again standard pumping arguments. Hence the height of u is
at most 2n.

In order to verify whether there are u' € TE(X 1) and v/ € Ta(X;) such that
p(u') =}, v'[g(x1)] and that a permutation happens on the path 8 = occ(v, z1), it is
sufficient to consider trees u’ of height at most 3n. Indeed, we may assume without
loss of generality that if there is such an v/, then the length of the path from the root
of u’ to the node where the permutation rule was applied is at most n, otherwise we
can apply again standard pumping arguments and use the fact that M is a periodic
permutation quasirelabeling. Similarly, we can assume also that the length of the path
from the node where the permutation rule was applied to x; is again at most n and
that the length of any path which leads from a node being in 8 to an arbitrary leaf of
u’ is at most n. Hence the height of u’ is at most 3n.

Thus it is decidable if ¢ < p holds. [ |
Next we show that shape preserving top-down tree transducers are periodic.

Lemma 3.28 Let M = (Q,%, A, qo, R) be a shape preserving top-down tree trans-
ducer. Then M is a periodic top-down tree transducer.

Proof. We prove the lemma by contradiction. Therefore assume that M is not pe-
riodic. Then, by Definition 3.26, there is a state ¢ in @ and a derivation g(u) =7},
v[g(z1)], where u € Ts(X1) with length(occ(u, 1)) < ||Q|| and v € fA(Xl), such that
length(a) # length(3), where o = occ(u, 1) and 3 = occ(v, 7).
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Since ¢ is useful, there are trees u; € fg(Xl), ug € Tx such that go(u)) =}
vi[q(z1)] and q(ug) =}, va, where v; € TA(Xl), vy € Ta. Moreover, since length(a) #
length(3), it is easy to see that there is a number n € N such that height(s) # height(t),
where s = u; [u"[up]] and ¢t = v [v"[v2]]. Then there is a derivation of M of the following

form.

qo(s) = qolur[u"[ue]])
=y vl [uz])]
=y vi[v"[g(u2)]]
=% v [v"[ve]]
= qo(t).

Since M is shape preserving, s ~ t, which clearly implies that height(s) = height(t).

However, this is a contradiction which proves the lemma. [ ]

By Lemma 3.28, a shape preserving permutation quasirelabeling M is periodic.
Then, by Lemma 3.27, the relation < is computable for M. Next we prove that in this

case < is a strict partial order.

Lemma 3.29 The relation < is a strict partial order for any shape preserving permu-
tation quasirelabeling M = (Q, X, A, qo, R).
Proof. We show that < is irreflexive and transitive. In fact, the transitivity can be
proved easily by using standard arguments, hence we leave this part of the proof.

We prove the irreflexivity by contradiction. Let us suppose there is a p € @ such
that p < p holds. Then there exist u,u’ € Ts (X1) and v,v’ € fA(Xl) such that

qo(u[w]) =4 vlp(w)] =3 v/ [p(z1)]]

and, moreover, occ(u,z1) and occ(v,z;) are comparable but occ(ufu],z;) and
occ(v[v'], x1) are incomparable. Since p(u') =* v'[p(x1)] and u' # x1, dom(Tarp) is infi-
nite, hence not uniform. On the other hand, since clearly occ(u[u'], z1) and occ(v[v'], z1)
are incomparable, by Lemma 3.6, dom(7ar,) is uniform, which is a contradiction. M

As the last preparation step we state the following rather obvious fact concerning

finite tree transformations.

Lemma 3.30 Let p = {(s1,%1),...,(Sn,tn)} € Tx x Ta be finite relation and v €
(AM)*, where ¥ and A are ranked alphabets such that the set {s1,7t1,- -+, SnyYtn} is
uniform. Then there is a quasirelabeling M = (Q,Z, A, qo, R) such that 7ay = p.
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Proof. In case v = ¢ the statement is clear because we can construct M as the disjoint
union of the relabelings M; which compute the relations {(s;,¢;)}. Hence, in this
particular case M is a relabeling.

Now let us assume that v € (AM))* with length(y) = m. Then, for every j € [n],
there are v; € (£1))* and u; € Ty, such that length(v;) = m and vju; = s;. Obviously
{ui,t1, ..., un,ty} is uniform, so, by the discussion of the case v = ¢, there is a relabeling
M = (Q,X,A,q, R') such that Tpyr = {(u1,t1),..., (Un,ta)}.

Let qo and, for every j € [n], pj1,...,Pjom-1) be new states. Moreover, construct the

rules

qo(7j(1)(z1)) - pji(z1),
pi1(v;(2)(z1)) - pja(z1),

Pjtm-1)(vi(m)(x1)) —  gqp(z1).
(Recall that ~;(i) is the ith letter of 7;. In case m = 1, we have the only rule
qo(v;(1)(21)) — go(x1).)
Now, let M = (Q, %, A, qo, R), where Q = Q" U {go} U{pji | j € [n],i € [m — 1]}
and let R be the set of the rules constructed above and of the rules in R’. It should be

clear that M is a quasirelabeling and 73 = p. |

Now we can show that every shape preserving permutation quasirelabeling is effec-

tively equivalent to a quasirelabeling.

Lemma 3.31 Let M = (Q, %, A, qo, R) be a shape preserving permutation quasirela-
beling. Then a quasirelabeling M’ = (Q', %, A, ¢}, R') can be constructed such that
™ = TM!.

Proof. If the permutation degree of M is zero, then M is a quasirelabeling thus we
are ready. Otherwise, it is sufficient to show that a permutation quasirelabeling N =
(Q, Y, A, qo, R) can be constructed such that 7p; = 7n and the permutation degree of
N is less than that of M.

To see this, let us take a permutation rule

p=qlo(zy, ..., o) = V@ (@) - W@k (Tr()))

in R, where k > 1, ¢,q1,...,qx € Q, 0 € E®) 6§ € AR ~ v ...y € (AM)* and
7 : [k] — [k] is a permutation, such that ¢ is maximal among the permutation states,
i.e., there is no permutation state p with ¢ < p. (Note that by Lemmas 3.27 and 3.28
< is computable, and by Lemma 3.29, < is a strict partial order.)

Since u is a permutation rule, there exist n > 1, a sequence 1 < iy,...,74, < k
of different indexes such that 72 = 7(é1),...,in = m(in—1) and 4; = n(i,). Moreover,
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since ¢ is maximal among the permutation states and M is shape preserving, there
is a derivation such that the occurrence of § which is added to the output by the
application of p matches the occurrence of o to which pu was applied. More formally,
M has a derivation (f) as in Lemma 3.7 such that occ(u,z,) = occ(v,z1)1™, where

= length(). Then the following statement holds.

(*) For every j € [n], a tree in dom(Tar,q_ g ) has the same shape as a tree

in v, ran(Ty, %, ), see Figure 3.7. Hence dO’In(TMq . ) Ui;ran(Ty, % ) is

(i5

e s

uniform.

>
>

/ 7"_1(13

q —1(i5)

PAY

Figure 3.7: s;; ~ 7;,t;;, hence the set dom(Tarq

}

=1 )) U’Yz,”m(TM a; ) is uniform.

Now let, for every j € [n], MY = (QW), %, A,pl), RU)) be the quasirelabeling
which computes the relation dom(ra,q__, (.'J-)) X ran('rM,qij). Such a quasirelabeling
exists by Lemmas 3.7 and 3.30. Assume that the state sets Q\) are disjoint.

Moreover, let ji be the rule obtained from yu as follows. For every j € [n], we
substitute the construct g;; (z,,(,-j)) by pY)(z; ;) in the right-hand side of . Then the

permutation degree of f is less than that of p.
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Now construct the top-down tree transducer (Q, 3, A, do, i), where

- 4o = qo,

-Q@=QuQWu...uQ™,

- ff — (R - {N’}) U {ﬂ} U R(l) U...U R(n)

Then eliminate the useless rules of the top-down tree transducer (Q, ¥, A, qo, 1:2)
and let the resulting top-down tree transducer be N = (Q, %, A, Gy, R). Then it should
be clear that the permutation degree of N is less than that of M.

Now we show that 7y; = 7n. Let us denote by = s n the derivation relation over
Thugusua in which both the rules in R and in R can be applied.

First we show 7y C 7. To see this, it is sufficient to show the following (we freely
reuse the notations of the trees we have already used up to this point because this
will not cause any confusion). Let s € Tx, and t € Ta with go(s) =3, 5 t and let
a derivation sequence of t from qo(s) be given such that the rule p is applied K > 1
times in the sequence. Then we can construct another derivation sequence from go(s)
to ¢t such that the rule u is applied K — 1 times in the steps of the second derivation
sequence.

Indeed, if go(s) =}, t such that the rule u is applied K times in the steps of that
derivation, then applying K times the construction we obtain that go(s) =7} .

Let us take a derivation go(s) =3un ¢ i which the rule p is applied K times. Let
p: [n] — [n] be a permutation such that 4,1y < ... <',). Then go(s) =}, n t can

be written as

qo(s) = qo(u[a(sl,...,sk)])
=%un vlga(sy, -1 5k))]
~u vpyd(. .. ’7ip(1)QiP<1)(s"(ip(1)))’ we 01 Yigin) Qip(n) ('STF(‘ip(rl.)))’ -]
(rule p)
2oy VOG- Vit Yipy tns )]
= t
where u € fE(Xl), $1,...,5: E T, vV E fA(Xl) and t1,...,t, € Ta. Then we have
that
q(s) = qo(ulo (s, - 56)])

=yun  Vglo(s1y--» sk))]
1) (s _ '
=N U['Y(s(' o :’Wp(l)p(p( ))(é'p(l))7 T ’%p(n)p(p(n))(szp(n)), . )]

(rule )
=>7\/IuN 1)[’)’5( oo ,7ip(1)t11 “ae 7’yip(,‘)tn, ‘e )]
= t

because, for every j € [n], t; € ran(TMg,, ) and si,,, € dom(7arg,

1. ) and
Hipg))
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pP7)) is the initial state of the quasirelabeling which computes the tree transformation

p(J)

dom(Tpr 4 g )) X ran(Tm,g )-
T ()
The above argumentation is clearly reversible, so 7n C 7)s also holds. Thus, we
have shown that a quasirelabeling M’ can be constructed such that M’ is equivalent to

M. |

3.2.2 Constructing Frame Transducers of Transformable Bottom-Up
Tree Transducers

In this subsection we define the concept of transformable bottom-up tree transducers
and show that every shape preserving bottom-up tree transducer M is transformable,
provided that 7 is infinite. Moreover we define the frame transducer fr(M) of a
transformable bottom-up tree transducer M. The transducer fr(M) will work on trees
over special ranked alphabets, called tree alphabets. These tree alphabets contain
certain parts of trees from the sets dom(7ys) and ran(7ys). Formally, a part of a tree
can be defined as follows. Let £ be a ranked alphabet, s € Ty, and u € fg(Xk) for
some k € N. Then we say that u is a part of s if there are trees u' € ﬁ;(X 1) and
Uy ..., up € Ty such that s = w'[ufuy, ..., ux]]. Of course in the tree alphabets these
parts are considered as input and output symbols of the frame transducer. The benefit
of constructing the transducer fr(M) is that it computes a tree transformation which
is closely related to 7ps in the sense that we can get back 7/ easily from 7.5y with
the help of certain tree homomorphisms. Moreover, fr(M) has certain nice properties.
For example, fr(M) is a bottom-up quasirelabeling tree transducer, and if M is shape
preserving, then fr(M) is also shape preserving. These properties will make the proof
of that every shape preserving bottom-up tree transducer is equivalent to a relabeling
much easier.

First we define formally the tree alphabet mentioned above and a tree homomor-

phism.

Definition 3.32 Let ¥ be a ranked alphabet and S be a finite subset of U0 Ts(X))
for some k > 0, such that the following conditions hold:

- wl¢S7

~ for every s € S with s € fg(Xl), if s = o(s1,...,8m) for some m > 0, then, for
every i € [m], either s; € Xj or s; € Tx.

(Note that the above conditions assure that, for every | € [k], z; ¢ S and that, for
every s € S with s € ﬁ;(Xl) and s = o(81,...,8m), m > [ holds.)

We define the ranked alphabet, called tree alphabet and denoted also by S, such that,
for every | € [k], S© = SN T;;(X[). We also define the mapping hg: SUX — Tx(Xk)
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such that, for every s € S U X, hg(s) = 5. Then hg extends to a tree homomorphism
hs : Ts(X) — Tx(X) in a usual way. O

Let us consider now a ranked alphabet ¥ and a number [ > 1. Next we define the
decomposition of an element of ﬁ;(Xl) satisfying certain conditions into subtrees such
that the set of these subtrees forms a tree alphabet. This decomposition will be used

when we define the rules and the sets of input and output symbols of fr(M).

Definition 3.33 Let ¥ be a ranked alphabet and let s € TA“);(XI), where [ > 1. Let vy
be the longest path in occ(s) such that stree(s,y) € ﬁ;(Xl).

Assume that if [ > 1, then the following additional condition holds. For every ¢, 7 €
[l] with ¢ # j, the longest common prefix of occ(stree(s,~), z;) and occ(stree(s,v),z;)
is €.

Then the decomposition of s, denoted by dec(s), is defined, by case distinction
according to {, as follows.

Case 1:1=1. (Note that in this case v = occ(s,z1).) If s = z1, then let dec(s) = 2.
Otherwise, let n = length(y). Then there are trees ui,...,u, € ﬁ;(Xl) such that,
for every 1 < m < n, occ(um,x1) = y(m) and s = uy[...[u,]]. Then let dec(s) =
{ug, ..., un}.

Case 2:1 > 1. Let stree(s,v) = o(r1,...,r%). (Note that & > [ holds.)

Let s = uM[o(ry,..., )] for some u) € ﬁ;(Xl) such that stree(u),v) = ;.
Let, for every j € [l], i; be the index in [k] such that z; occurs in ;.

Let u? = o(7y,...,7%), where for every i € [k], 7; = z; if i =i, (i.e. z; occurs in

r;) for some j € [l], and 7; = r; otherwise. Then let

dec(s) = dec(uM) Udec(ry,) U dec(ri,[zs — x1]) U... Udec(r;, [z; — x1]) U {u?}.

Next we give an example to demonstrate how this decomposition works.

Example 3.34 Let ¥ = {al ,ag ,7§ ),'yél) 6@ 63}, The decomposition of the
trees sp, 89 € fg(Xl) and s3,84 € TL(Xz) can be seen in Figure 3.8. O

In the following we define transformable bottom-up tree transducers. As we have
already mentioned, if a bottom-up tree transducer M is transformable, then we can
associate another bottom-up tree transducer to M which is called the frame transducer

of M.

Definition 3.35 Let M = (Q, X, A, qo, R) be a bottom-up tree transducer. We say

that M is transformable, if T)s is infinite and for every rule u = o(q1(z1), ..., q(zx)) —
q(r) in R such that 7ps4 is infinite and |[inf(u)|| # 1, the following conditions hold.
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Figure 3.8: Decomposition of trees.

(i) For every i € inf(u), the variable z; occurs exactly once in r.

(i) [fmp(u)]] = 1.

(iii) If ||linf(u)|| = 0, then the following holds. Let v = mp(u). Then either v is a left
matching path of 1 and, for every s € {o(s1,...,8¢) | Vi € [K] : 5; € dom(Tm,q,)},
we have that v € occ(s), or v is a right matching path of u and, for every
t € {r[ty,...,tx] | Vi € [k] : t; € ran(Ta,q,)}, the condition y € oce(t) holds.

(iv) If |Jinf(u)|| > 1, then the following holds. Let v = mp(u). Then, for every i,j €
inf(u) with i < j, we have that occ(stree(r,y),z;)(1) < occ(stree(r, ), x;)(1).
(Note that, by Case 2 of Definition 3.16, for every i € inf(u), length(y) <
length(oce(r, z;)).)

O

Now, using the results of Subsection 3.1.2, we can easily show that every shape
preserving bottom-up tree transducer M is transformable, provided that 7, is infinite.
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Lemma 3.36 Let M = (Q, X, A, go, R) be a shape preserving bottom-up tree trans-
ducer. If 75, is infinite, then M is transformable.
Proof. Let u = o(q1(x1),...,qx(zx)) — q(r) be a rule in R such that Tp74 is infinite
and ||[inf(u)|| # 1. We show that the conditions (i)-(iv) of Definition 3.35 are fulfilled
as follows.

Conditions (i) and (ii) hold by Corollaries 3.15 and 3.21, respectively.

We prove that Condition (iii) also holds by contradiction. Assume that ||inf(u)|| =
0 and Condition (iii) does not hold. Let v = mp(p). By Lemma 3.18, v is either left
matching path or right matching path of u. Then either (1) 7 is a left matching path
of p, and there is a tree s € {o(s1,...,8¢) | Vi € [k] : si € dom(7Taq,)} such that
v & oce(s), or (2) v is a right matching path of u and there is a tree t € {r[ty, ..., ] |
Vi€ [k] : t; € ran(Tam,q)} such that v & occ(t). Without loss of generality, assume that

Case (1) holds (the other case can be handled similarly). Then s = o(sy,...,s) for
some sp,...,8; € Ty. Furthermore, there is a derivation of M of the following form.
i o= ulo(s1, ..., sk)]
=nu  ulo( ql(fl) '-:Qk(tk )]
=>um  ulg(r[ty,. .., t])] (rule p)
:>R/I U(U{ [tl’ we g k”)
= q0(?),

where 5 € Ty, u € Tg(Xl), v € Ta(Xy) and ¢,¢y,...,tx € Ta. By Corollary 3.13,
veTa (X1). Moreover, since v is a left matching path, it follows from Definition 3.16
and Lemma 3.20, that 3 = a7, where a = occ(u, 1) and 8 = occ(v,z;). Since M is
shape preserving, § & f, which implies that 3 = oy € occ(3). Then, clearly v € occ(s),
a contradiction.

Finally, that u satisfies Condition (iv) can be seen easily with the help of Lemma
3.23. [ |

Before we define formally how to construct the frame transducer of a transformable
bottom-up tree transducer, we give some intuition for that construction.

Therefore let M = (Q, X, A, qo, R) be a transformable bottom-up tree transducer.
The frame transducer fr(M) of M is a bottom-up tree transducer such that its rules
scan and write out parts of those trees which are in the domain and range of 7,
respectively. Of course these parts are considered by fr(M) as input and output symbols
from certain tree alphabets. This means that 74.(ary € Tx,, X Ta,,, where Xps and Ay
are tree alphabets, which contain certain parts of trees from dom(ryr) and ran(ry),
respectively, i.e. for every & € Zpr and § € Ay, hy,, (5) € Ts(X) and ha,, (8) € Ta(X).
During the construction of fr(M), for every rule u = o(qi(z1),...,qk(zx)) — q(r) in R
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such that 7p 4 is infinite, we will define a set of rules of fr(M). Let inf(u) = {i1,... 4},
where 0 < ! < k and i) < iy < ... < 4. Moreover let us consider a derivation

5 = a{81; s 58%) =hp @l@i{br)s -+  @eltn)) =w qlrllyy . -« ta]) = o(f)

of M, where s,s1,...,8: € Ty, and t,t1,...,tx € Ta (note that at the last derivation
step M applies the rule p.) Instead of performing the derivations s; =73, ¢i(t;) of
M, where i € inf(u), and the application of p (i.e. scanning o and writing out r),
fr(M) will do the following. It will process a tree § € T’EM(X() for which hy,, (5) =
o(81,...,8k), where if ¢ &€ inf(u), then §; = s; else §; is an appropriate variable such
that o(5),...,8k) € ’fg(Xl). Moreover, fr(M) will write out a tree t € fAM(Xl) such
that ha,, (£) = r[t1,...,t], where if i € inf(u), then ¢; = ¢t; else #; is a suitable variable
such that r[t1,..., 4] € fA(Xl) (note that since M is transformable, by Condition (i)
of Definition 3.35, for every ¢ € inf(u), x; occurs exactly once in the tree r). Clearly,

hs,, (5) and ha,, (t) are parts of the input and output trees s and ¢, respectively.

Now we give the intuition behind the definitions of o(51,...,38k) and r[ty,..., ],
i.e. the intuition of that the condition §; = s; and t; = t; holds, only if i & inf(u).
Therefore let S, be the set of all trees of the form o (uy, ..., ux), whereif i & in f(u), then
u; € dom(Tprq,) €lse u; is an appropriate variable such that S, C ’fg(X,). Furthermore,
for every u = o(uy,...,ur) € Sy, Tp,u is defined to be the set of all trees of the form
rv, ..., vg], where if ¢ & inf(u), then v; € ran(7ar,q,(u;)) else v; is a suitable variable
such that T}, C Ta(X;). Assume that |linf(u)|| > 1. For every pair of trees (u,v),
where u € S, and v € T}, 5, fr(M) will have a rule i = u(g;, (x1),...,q,(x1)) — ¢(?),
where @ € Z%,) and & € Ta,, (X)), such that hy,, (@) = u and ha,, () = v. Clearly
the set of rules of fr(M) must be finite, thus S, and T, = S, T, must also be
finite. On the other hand, if we defined in the definition of S, and T}, ,, for an index
i € inf(p), that u; € dom(7ag,) and v; € ran(a,q(us)), then S, and T}, would be
infinite (note that by Lemma 3.10, if for a state g € Q, Tar,q is infinite, then ran(rasq)
is also infinite).

In this way, trees from dom(7psq,) and ran(tyg,), where i € inf(u), are, so to
speak, coded in the symbols of ¥ and Apy, respectively. This is the reason of that
when we will construct fr(M), we will consider a rule y in R only if 774 is infinite,
where ¢ is the state occurring on the right-hand side of u. (Note that since M is
transformable, Tz 4, is infinite and since every state in M is useful, there is a rule x in
R such that gp occurs on the right-hand side of pu.)

In the following we give some examples to demonstrate the discussion above and
to help the better understanding of the complex definition of the frame transducer

appearing in Definition 3.38.



3.2. TRANSFORMING TREE TRANSDUCERS 57

Example 3.37 Let us consider the shape preserving bottom-up tree transducer M, of
Example 2.4. By Lemma 3.36, M, is transformable. Now we construct some rules of
the frame transducer fr(M,) of M,. According to the discussion given above, fr(Mp)
will scan and write out symbols from some tree alphabets X, and Ay, , respectively.
This means that, for every & € X, and 5eA M,, there are trees s € dom(7y,) and
t € ran(rp,) such that hy,, (6) and ha,, (8) are parts of the trees s and t, respectively.
The formal construction of fr(M;) will be given in Example 3.39. In the following we
consider the rules u1, 3 and pg of M; (note that, for every state ¢ from the right-hand
sides of these rules, Ty, 4 is infinite). Now we have the following three cases.

Case 1. Let us consider the derivation (1) in Example 3.17 and the application of p3
in (1). While M, performs the derivations o =y, ga(81) and a =, qo(f2) and scans
the input symbol a1, the frame transducer fr(M;) will do the following. It will process
a tree &,,10,,,2, where o1 € Z% and 0,2 € 258,1 such that hy,, (Gus,1) = o1(e, 21)
and hy,, (Gus,2) = . Moreover it will write out a symbol Oy € As\g) for which
hAM,, (843) = P2. According to this, fr(Mp) will have the rules 7, 1(p1(z1)) — qi(z1)
and G, 2 — p1(dy,), where p; is a new state not in Q. Clearly, with these rules fr(M,)
can perform the derivation &,;,103,2 =} (p,) @ (Ops)-

It can be seen easily that the trees hy,, (Gus,10u5,2) = Ay, (Gps )[Ry, (Gpa,2)] =
o1(a, z1)]e] = o1(o, ) and han, (0us) = P2 are parts of the input and output trees
s and t, respectively. The trees o1(a,a) and (2 were resulted by the substitutions
o1(z1, T9)[@, @] and x1[B2], respectively (note that inf(u3) = @ and cf. the discussion
before this example.)

Now we use the matching path of u3 to explain how the trees hy My (Oua,1) = o1(ay 1)
and hg,, (Gu,,2) = @ can be determined from the tree o;(a, @). By Example 3.17 and
Corollary 3.21, mp(u3)=2 and 2 is a left matching path of p3. Therefore we split the
tree o1 (a, a) into trees o1(a, z1) and « as follows. a = stree(oi(a, o), 2) and o1(a, 1)
is the tree which we get by replacing in o1(a, @) the subtree at the occurrence 2 with
the variable z;. This splitting of the tree o1 (e, ) is necessary because we want fr(M,)
to be a shape preserving bottom-up tree transducer.

Case 2. Let us consider now the derivation (i) in Example 2.4 and the application
of ug in (f). Instead of the subderivation & =>ps, ga(f1) and the application of ug,
which scans the input symbol 7; and writes out the tree ww(z;), the frame transducer
fr(Mp) will do the following. It will scan a symbol &, € £f;) for which hy,, (54,) =
7o and write out a tree Suﬁ,lgue,g, where 8,1 € A% and Suﬁ,g = Ag&l such that
hay, (0u6.1) = w(z1) and ha M (846.2) = wPi. According to this, fr(M,) will have the
rule ,, — Q3(5‘u6,15,1672).

Clearly the trees hy,, (9u) = M and ha,, (Ous10u6,2) = w(z1)[wBi] = wwpy are
parts of the input and output trees s and ¢ respectively. The trees yia and wwf



58 CHAPTER 3. CHARACTERIZING OF SHAPE PRESERVING TREE TRANSDUCERS

were resulted by the substitutions 7 (z;)[a] and ww(z)[B], respectively (note that

inf(ue) = ).

Now we use the matching path of ug to explain how the trees hAM,,(gus,l) = w(xy)
and h,AMh(émj“z) = w/f can be determined from the tree wwf;. By Example 3.17 and
Corollary 3.21, mp(ug) = 1, moreover 1 is a right matching path of pg. Therefore we
split the tree wwpf; into trees w(z;) and wpf as follows. wf) = stree(wwf, 1) and
w(xyp) is the tree which we get by replacing in wwf; the subtree at the occurrence 1
with the variable z;. Again, this splitting of the tree ww/; is necessary in order to
ensure fr(M,) to be a shape preserving bottom-up tree transducer.

Case 3. Finally, let us consider the derivation () in Example 2.4 and the application
of p11 in (t). Instead of the subderivation a = u, ga(B2) of (1) and the application of the
rule y¢1, which scans the symbol ¢ and writes out the tree §(6,(3, z1), 2, z3), fr(M) will

do the following. It will scan a symbol 7, € Eﬁi for which hyg,, (64,) = o(z1, @, z2),

and write out a tree 5,“,1(3“,,2(:151),1'2), where 4,1 € As\zz) and J,, 2 € Ax,l such that

h,AA,,b(é'm‘l) = 0(x1, B2, x2) and h’AMb((sﬂl‘Q) = §1(83,x1). Consequently fr(M,) will have

a rule 6, (q1(1), 42(2)) = 0(8u1,1 (0, 2(21), 22))-
One can easily see that the trees hy,, (6,,) = o(z1,,22) and

hAMb (5“1,1(8,“,2(1'1),562)) == h’AMb (Sﬂlvl)[h’AMb (8#1v2)v$2] =
6(z1, Ba, 22)[01(8, 1), x2] = 6(d1(B, x1), B2, x2)

are parts of the input and output trees s and ¢, respectively. Let us denote the tree
0(81(B,x1), P2, 2) by t,,. The trees o(x), o, x2) and t,, were resulted by the substitu-
tions o(z1, z2, ¥3)[T1, @, T3] = o (21, @, x2) and §(81 (8, z1), T2, x3)[21, B2, T2] = t,,, (note
that inf(u1) = {1, 3}).

The trees 6(z1, B2, z2) and d1(8, x1) were resulted by the decomposition of ¢,,,. This
decomposition is necessary in order to ensure fr(M,) to be a shape preserving bottom-

up tree transducer. O

Next we define formally the frame transducer of a transformable bottom-up tree

transducer.

Definition 3.38 Let M = (Q, %, A, qo, R) be a transformable bottom-up tree trans-
ducer. We define the bottom-up tree transducer fr(M) = (Qar, Xnr, A, o, By,
called the frame transducer of M in the following way.

First, for every rule u = o(q1(1),...,qx(zx)) — ¢(r) in R such that 7a 4 is infinite,
we define the tree alphabets ¥, A,, the set of rules R, and the set of states @, as
follows. Let inf(u) = {41,...,%4}, where 0 <! < k and i} <42 <... <4 Let

Su={o(s1,...,sk) | Vi€ [l] : 5i; = xj and Vi € [k], i € inf(u) : s; € dom(Tam,g,)}
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and, for every s = o(s1,...,5;) € Sy, let
THvS = {'r[tl, AL ,tk] | V_] € [[] y tij = Ij and Vz € [k],l ¢ ’l:nf(/l,) 1 t; € T}\_,[’qj(Si)}.

Moreover let 7}, = [, s, Tu,s- Clearly Sy, and T}, are finite. According to the cardinality
of the set inf(u), we distinguish the following two cases.

Case 1: |linf(un)|] = 0. Let v = mp(u). Then we distinguish the following two sub
cases.

Case 1.a: v is a left matching path of u. Let n = length(y). Since M is trans-
formable, for every s € S, we have v € occ(s). Let A, =T, and

L, = U ({stree(s,v)} U dec(3)),

SES,

where 5 € fg(Xl) such that s = 3[stree(s,~)]. Moreover, let

RHwS = {61 (Pl ('7'1)) =2 P0(1?1), ce ’511(Pn(931)) - pn——l(l’l)}u
{6 = P‘n(g) I 5 € Auth,‘(S) € Tu,s},

where pog = ¢, p1,...,Pn are new states and 1,...,0n € EE}), S E(O) such that
hs,(61...6,0) = s. Furthermore, let Qs = {po,--- Paty Hy = Uses, Rus and
Qu = Usesu Qu,s- )

For example, if we consider Case 1 in Example 3.37, then G, 1,5,;2 € Epy, Ops €
Ay and {G,,1(p1(1)) = q1(21), 53,2 = P1(8ps1)} € Rosg 01 (@a)-

Case 1.b: v is a right matching path of . Since M is transformable, for every
t € T, we have v € occ(t). Let £, = S, and A, = UteTp({stree(t, v)} Udec(t)), where
t € Ta(X,) such that t = t[stree(t,~)].

Let, for every s € S, 5§ € Z,(?) such that hy, () = s and let, for every t € Tous
t = 76, where € (A(l))* and 6 € ALO), such that ha, () =t and ha, (8) = stree(t, 7).
Let R, = Uses, tet,... 15 — 4l t)} and let Q. = {q}-

For instance, if we consider Case 2 in Example 3.37, then 6, € X, Oe.1s Oug.2 €
Apug and G5 — 93(8ps,1006,2) € Ryg-

Case 2: ||inf(p)|| > 1. Let £, be the tree alphabet S. Since M is transformable,
i ol v f/_\.(X,) and, if [ > 1, then, for every ¢t € T}, the conditions required by Definition
3.33 hold. If T, # {x1}, then let A, = UtGTM dec(t). Moreover, let, for every s € Sy,
s§€ 2(0 such that hy, (§) = s. Furthermore, if ||inf (w)|| = 1, then let, for every ¢t € T},
te (A(l))*, such that ha, () = t. If [linf(u)|| > 1, then let v = mp(u) and let, for
every t € Ty, t € Ta(X1) such that t = #[stree(t,v)] and f=%6(mx1,...,5x1), where
YsH1y- -V € (A,(})) and 4 € A,(,), such that hA“(t) =t and ha,(7) =t.

Now, let Ry, = Uses, rer,, {5(@i (€1), - - @it (@) — q(t)} and Qu = {g, ¢ir» - -+ 9 }-
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As in the previous cases, we give an example. If we consider Case 3 in Example 3.37,
then G, € Ly, 0py,1,0u,2 € Ay and 6y, (q1(21), q2(2)) — qo(dpy,1(0p 2(71), 22)) €
i

Finally, we define the sets Qar, Xar, Ay and Ry, as follows. Let R’ be the smallest
subset of R such that, for every rule u = o(q1(x1),...,q(zk)) — q(r) in R, if 7ar4 is
infinite, then ¢ € R'. Moreover, let Qpr = Uper Qus Ep = U“&_R, T Bar = Upery By
and Ry = ,cp By Clearly these sets are finite, g9 € Qs and the sets Xy and Ay
are tree alphabets. )

Using Definition 3.38, we can construct the frame transducer of the bottom-up tree
transducer M, appearing in Example 2.4.

Example 3.39 Let M}, be the bottom-up tree transducer appearing in Example 2.4.
Since M, is shape preserving and 7y, is infinite, it follows from Lemma 3.36 that M,
is transformable. Now we give the frame transducer fr(M,) of M,,.

Let p be a rule in R. We gave the set inf(u) in Example 3.17. Moreover, if
[linf(u)|] # 1 and 7py, 4 is infinite, where q is the state occurring on the right-hand side
of u, then a matching path v € mp(u) was also given, which by Corollary 3.21 implies
that mp(u) = ~. 1

In Table 3.1 we show the sets which are necessary to define fr(M;) (cf. also Example
3.37). Let fr(My) = (Qm,> Enty» Abtyr G0, R, ), where

L QM[, == {QO,QlanCI:s,P]_}
. Z]Wb == {&13 s 765}a where

o1 = o(z1,a,2), 03 = a, 75 = n(a).

o2 = o1(a, x1), G4 = (11),

o Ay, = {51,...,58}, where

81 = 8(x1, Br, x2), b4 = Bi, b7 = w(By),
82 = (21, Ba, 2), b5 = Bs, ds = w(fBa).
53 = 61(8,z1), 86 = w(xy), |

L] R}gb = {/3,1, Ve ,/}10}, where

= ouq1(21), q2(x2)) —  go(d1(d3(x1), x2))s
fiz = G1(q1(21), g2(wa)) — go(d2(d3(z1),72)),
i3 = o2(q0(z1)) — qi(z1),
fig = oapi(z1)) — qi(z1),
fis = Gy — Pl(&i)?
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61

o | inf(u) | mp(p) | Sy Ty Zu Ay |
BB, (21, B, 22)
w1 1,3 € o(x1,a,x9) Arz2) o(zy1,a,z2) | 6(x1, P2, 2)
6(01(B, 1), 5, (B,x1)
1(0, 1
B2, T2)
not
pa | 2 de- o1(a,zy) x o1(a,xy) not defined
fined
2 (left B o1(a, 1) o)1
o m.p.) ) Ba « B2
not
pa |1 de- ¥(z1) @ (1) not defined
fined
not
ps | 1 de- v(z1) w(zy) v(z1) w(z1)
fined
1 w(z1)
Mo | @ (right | v1(a) :EZE?:;; (@) w(pr)
m.p.) w(f2)

Table 3.1: The sets which are

3.39.

flg = &3 — pi(ds),
fir = G4(g3(z1)) — gqo(z1),
fis=Ga(g3(z1)) — a3(d6(z1)),
fig = &5 — q3(d6(d7)),
fiio = &5 — q3(06(ds)).

necessary to define the frame transducer in Example

Note that in Example 3.37, the symbols 61, 72, 03 and 65 were denoted by 7, ,0,;,1,
Ou,,2 and 0,4, respectively. Moreover, 52,53,55,56 and 57 were denoted by 5,“,1,5,“,2,

Su:,,&‘&l and 5,‘6,2, respectively.

O

It turns out easily from Definition 3.38 that the frame transducer fr(M) of a trans-
formable bottom-up tree transducer M is a bottom-up quasirelabeling tree transducer.
We will show in Subsection 3.2.3 that if M is shape preserving, then fr(M) is also

shape preserving.

We will need the following observation in what follows.
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Observation 3.40 Let M = (Q, %, A, qo, R) be a transformable bottom-up tree trans-
ducer, and let fr(M) = (Qwm,En, An, qo, Rar) be the frame transducer of M. Then

the following statements hold.
(i) fr(M) is a bottom-up quasirelabeling tree transducer.

(ii) Let p = o(qi(z1),...,qc(zx)) — q(r) be a rule in Ry such that & > 1. Then
4, q1,---,qk € Q

(iii) Let u = o(p(z1)) — q(y(x1)) be a rule in Ry, where v € (ASJ,))*. If p € Q, then
also ¢ € Q.

(iv) For every state ¢ € Q the condition ¢ € Qs holds if and only if the set 7ps4 is

infinite.

(v) Let u € T\EM(Xl), v € Ta,,(X1) and p,q € Qpu such that there is a derivation
ulp(z1)] =7, a) 2(v). Then v € Ta,, (X1).

Proof. The statements (i)-(iv) easily follow from Definition 3.38, while Statement (v)
follows from the fact that, also by Definition 3.38, fr(M) is linear and nondeleting. W

We will need also the following observation.

Observation 3.41 Let ¥ and A be ranked alphabets, let h be a linear and nondeleting
tree homomorphism from 75 (X) to Ta(X) and let u € fg(Xl). Then h(u) € TA(Xl).
Proof. The proof is straightforward and thus it is left to the reader. |

In the rest of the Thesis, if we consider a tree u in T »(X1) and a linear and nondelet-
ing tree homomorphism h : Tx(X) — Ta(X), where £ and A are ranked alphabets,
then we will assume that h(u) € Ta(X1) without referring to Observation 3.41. Note
that the tree homomorphisms hy,, and ha,,, appearing in Definition 3.38, are linear
and nondeleting.

In the following we show that the frame transducer of a transformable bottom-up
tree transducer M, broadly speaking, preserves the tree transformation computed by
M. The reason of this, as we have already seen in Example 3.37 and in the discussion
before it, is that the frame transducer does nothing else but performs more derivation
steps of M in one derivation step. To demonstrate this we recall the derivations of
the transducer M, appearing in Examples 2.4 and 3.17, and give the corresponding
derivations of fr(Mp).

Example 3.42 Let us consider again the shape preserving bottom-up transducer M,

of Example 2.4, the derivations (1) and () appearing in the same example, moreover
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the derivation (1) in Example 3.17. Let fr(Ms) be the frame transducer of M, defined
in Example 3.39. In the present example, for every of these derivations of M,, we
associate a derivation of fr(M,) which, roughly speaking, simulates the corresponding
one of M. According to the derivations of M}, we consider the following three cases.
Case _1: The derivation (1) of M} in Example 3.17. We can associate to this deriva-

tion the following one of fr(Mp).

B = G1(6203,54675)
=gy 1(52p1(05), 7405) (rule fig)
=) 01(91(%5), 5465) (rule jig)
o) 4 q0(01 (9305, 060s))
= qo(?).

It is easy to see that if s and ¢ are the trees defined in Example 3.17, then hy My (8] =
s and ha,, (f) = t. We note that 3 ~ {.

Case 2: The derivation () of M, in Example 2.4. Now, we give the corresponding
derivation of fr(M,).

5§ = U[G4675)
=gy W0493(3607)] (rule jig)
=gy lg2(867)] (rule fi7)
=y D0(0[0607])
= q(t),

where @ = 61(&2(51)77;1)’ G = 52(33(51)5371), §1 = 51(5’25‘3,3'2),{1 = 52(8354,{2)752 =
5465 and ty = dgd7. It can be seen that gy (z1)] =>}r( Mp) qo(?) and thus the above
derivation is a valid derivation of fr(Mj). It is also easy to see that if s and ¢ are the
trees defined in Example 2.4, then th (8) = s and hp M, (t) = t. We note that 5 ~ #,,
which implies that §; ~ f1, and thus § ~ £.

Case 3: The derivation (f) of My in Example 2.4. The corresponding derivation of
fr(My) is the following one.

i = 71(52(81), 32)
=5t 9102(q0(th)), 5)
=pon)  01(a1(0), 5) (rule fi3)
=>;?”(Mb) o1 (?1 (fl )92 (52))
= fr(Mj) 90(§2(53(51), t2)) (rule fig)
= q0(1),

where the trees 3, , 51, 1,82 and ¢y are the same as in the previous case. O
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Lemma 3.43 Let M = (Q, X, A, qo, R) be a transformable bottom-up tree transducer,
and let fr(M) = (Qur, s, A, qo, Rar) be the frame transducer of M. Let g € QNQay,
then mprq = th O Thr(M),q © Py -

Proof. First we show that 7p7, C hg}w O Tpr(M),q © hay, - To see this, it is enough to
show the following. Let s € Ty, and t € Ta such that s =3, q(t). Then there are trees
§ €Ty, and t € Ta,,, such that s = hg,, (3), t = ha,,(f) and 3 =5 q(t). We
prove this by induction on the length n of the derivation s =}, ¢(t). If n = 1, then
s — ¢(t) € R. Then, clearly, s = o, for some o € £ and ||inf(s — ¢(t))|| = 0. Let
v = mp(p). By Definition 3.16 and Item (iii) of Definition 3.35, it follows that v can be
only a right matching path of u. Then, by Case 1.b of Definition 3.38, there are trees
§ € Ty,, and t € Ta,, such that hy,, (3) = s and ha,, (f) = t, moreover § — q(f) € Ru.
This implies that § =>;T(M) q(t).

Now let us suppose that the statement holds for n > 1. For the induction step
from n to n + 1, let us assume that there is a derivation s =>’1t;” q(t). Let s =
o(s1,...,8k), where k > 1, 0 € »*) and sy,...,5x € Tx. Then there is a rule pu =
o(qi(z1), ..., qe(zk)) — q(r) in R such that the derivation s =17 ¢(t) can be written

in the following form.

g = o(81,...,8k)
=W alai(t), ..., ak(te))
=m q(rfts, ... t]) (rule p)
= q(),

where t1,...,ty € Ta. According to the cardinality of inf(u), we distinguish the
following two cases.

Case 1: ||inf(un)|] = 0. Let v = mp(u). Now, we have the following two sub cases.

Case 1.a: v is a left matching path of u (for example as in the case of u3 applied in
the derivation (1) of Example 3.17). Let n = length(vy). Then, by Case 1.a of Definition
3.38, there are rules G1(p1(z1)) — po(@1),...,6n(Pa(@1)) = Pa—1(1),6 — pu(d) in
Ryr, where py,...,pn € Qur, Po = q, 01y...,0n € 25‘},), o€ 2,(&3) and 0 € ASS,), such
that hy,, (61...6,0) = s and hAM(g) =t Now let § =3,...6,0 and { = 4. Clearly
§ =4 M) q(t) (cf. the derivation appearing in Case 1 of Example 3.42, and the rules
fi4, fig applied in this derivation).

Case 1.b: v is a right matching path of u (as in the case of ug applied in the
derivation (1) in Example 2.4). Then, by Case 1.b of Definition 3.38, there is a rule
& — q(30) in Ry, where & € 258,), Y€ (Af‘ff))* and 6 € AE\(,),) such that hy,,(¢) = s and
ha,, (%) =t. Let 5= and t = 6, clearly s =>}T( M) q(t) (cf. the derivation appearing
in Case 2 of Example 3.42, and the rule fig applied in it).

Case 2: |linf(p)|| > 1 (for example as in the case of p; applied in the derivation
(1) in Example 2.4). Let inf(u) = {i1,...,%4}, where I > 1 and 4 < iz < ... < 4.
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For every i € inf(u), the set Tasq, is infinite, which, by Statement (iv) of Observation
3.40, implies that ¢; € @ N Qa. Then, by induction hypothesis, for every i € inf(u),
there are trees §; € dom(7f(ar),q,) and t; € ran(Tf (), )» Such that s; = hy,, (5;) and
L = hAM(izi)'

Moreover, by Case 2 of Definition 3.38, there is a rule i = 6(¢;, (z1), ..., i, (%)) —
q(7)) in Rpp, such that hy,, (6)[si,...,s;] = s and ha,, (F)[ti, ..., ty,] =t. Let § =
7(8iy,...,8;) and b= #l s, fil]. Using that hy,, and ha,, are tree homomorphisms,
it can be seen that s = hy,, (3), t = ha,, (t). Furthermore there is a derivation of fr(M)
of the following form (cf. the derivation in Case 3 of Example 3.42, and the rule i,

applied in it).

i o= G(5iy, -1 8)
'_'?;r(M) 7(gi, (t.h | - y Qi (EH))
= (M) q(Fti,, - - .,f,;,]) (rule f1)
- q(t).

Now we prove the other inclusion, namely that h;:}w O Tpr(M),q © hay € Targ. To
see this it is enough to show the following. Let 5 € Ty, and t € Ta,, such that
5 =>;T(M) q(f). Then there are trees s € Ty and t € Ta, such that s = hg,,(5),
t = ha,, (t) and s =%, q(t). Again, we prove this by induction on the length n of the
derivation § =7 . q(t). If n = 1, then 5 — ¢(f) € Ry (as an example of this case
see the application of fig in the derivation in Case 2 of Example 3.42). Then, it follows
from Definition 3.38, that there is a rule in o(q1(z1),...,qk(zx)) — q(r) € R with
[linf(n)|| = 0 and, for every i € [k], there are trees s; € dom(7ar,q,) and t; € ran(Tazq,)
such that o(sy,...,sk) = hx,, (3) and r[ty,...,tk] = ha,,(t). Let s = o(s1,...,sk) and
t =rlty,...,t]. Clearly s =}, q(t) (cf. the subderivation v« =M, g3(wwpr) of (1) in
Example 2.4 and the application of pg in it.)

Now let us suppose that the statement holds for n > 1. For the induction step

from n to n + 1, let us assume that there is a derivation § =>;“(L]i,) q(t). Let § =
6(51,...,8), wherel > 1, ¢ € ES‘I} and 51,...,5; € Ty,,. Then there is a rule g =
(q1(z1),...,@(x1)) — q(7) in Rpr such that the above derivation can be written in

the following form.

5§ = 5'(51,...,51)
2o @),...a@)
=y A(F[t, .. 0]) (rule f1)
= q(t),

where #y,...,% € Ta,,- Now we distinguish the following two cases.
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Case 1: | > 1l or (I = 1 and ¢ € Q N Qyp) (for instance the case of rule jis
applied in the derivation appearing in Case 3 of Example 3.42, since for this rule
[ = 2). Then by Definition 3.38, there is a rule p = o(qi1(z1),...,q(zx)) — q(r) in
R, where k > I, such that the following holds. Let inf(p) = {é1,...,%} such that
i1 <dp < ... <. Then, for every j € [l], ¢i; = ¢; and, for every i € [k], i & inf(u),
there are trees s; € dom(7prq,) and t; € ran(7arq,) such that o(5y,...,5) = hx,,(5)
and r[ty,...,tk] = ha,, (7), where §1,...,5; and #j,...,# are defined as follows. For
every j € [l], 5;; = t;; = x; and for every i € [k],i & inf(n), 5; = s; and #; = t;.

Moreover, if { > 1, then it follows from Statement (ii) of Observation 3.40 that, for
every i € [l], ¢; € Q@ N Qar. Then, by induction hypothesis, for every i € [l], there is a
derivation hy,, (3;) =%, Gi(ha,, (t;)). Now let

s=0(81,...,80)|hsy (31),..., hx,, (51)] and t = r[t1, ..., t][hay (E1),- - -y hay, (B))-

Clearly s = hy,,(3), t = ha,, (f) and s =%, q(t) (see the derivation () in Example 2.4
and the rule u, applied in it).

Case 2:1 =1 and ¢, € QNQ s (for example as in the case of rule jig in the derivation
in Case 1 of Example 3.42). Then, by Case l.a of Definition 3.38, there are rules
F1(p1(z1)) = po(z1), .-+, Gn(Pa(z1)) = Pa-1(21),6 — pn(d) in Rar, where pp = ¢ and
p1 = 1, such that § = &;...6,6 and t = §. Moreover, it follows from Definition 3.38,
that there is a rule o(qi(z1),...,qk(zx)) — q(r) € R such that |[inf(x)|| = 0 and, for
every i € [k], there are trees s; € dom(7ar,), ti € ran(Tarq,) such that o(sy,...,s) =
hs,, (8) and r[t1, ..., tx] = ha,, (t). Let s = o(s1,...,8k) and t = r[ty,...,t;]. Then
clearly s =}, q(t). (For example see the subderivation o1(a, @) =}, ¢1(82) of (f) of
Example 3.17 and the rule pj applied in it). |

Since by Definition 3.38, a transformable tree transducer and its frame transducer
have the same initial state, from Lemma 3.43 we immediately get the following corollary.

Corollary 3.44 Let M = (Q,X%, A, qo, R) be a transformable bottom-up tree trans-
ducer, and let fr(M) = (Qar, Xnr, A, qo, Rar) be the frame transducer of M. Then

-1
™ = hg,, © Tgr(ar) © hay - . n
Now we reconsider again the tree transducer of Example 2.4.

Example 3.45 Let M, be the bottom-up tree transducer appearing in Example 2.4
and let, for every n > 0, ay,, by, ¢, and d, be the trees defined in that example. Let
moreover fr(Mp) be the frame transducer of M, defined in Example 3.39. We leave
the complete proof of that 7y, = hgilb o Tr(M,) © ha M, tO the reader, however we
provide some help for that proof. We have already shown in Example 2.4 that, for



3.2, TRANSFORMING TREE TRANSDUCERS 67

every n > 0, (an,bn) € TMy.q0 and (cn,dn) € Ta,,q,- Let a = d1(G2(x1),6405) and
b = d(33(x1), 4607). Moreover, for every n > 0, let a, = @ (53], bp = b"[04], & = ~20’r
and d,, = 6}dg. It is easy to see that, for every n > 0, hx,,, (@n) = an, by, (Cn ) =
h,AMb(b.,,,) = by and ha,, (d ) = d,. Moreover, (an,b,,,) € Tfr(M,),q0 and (E,,,d;,,)

We note that, for every n > 0, not only a, =~ b, and ¢, =~ d, hold, but also

TfY‘(A/I(,),(]Q .
|

an ~ b, and é, = dp.

The following lemma also shows a close relationship between a transformable
bottom-up tree transducer M = (Q, %, A, qo, R) and its frame transducer fr(M) =
(Qar, Sar, Aary qo, Rar)- Let us consider two states p,g € QN Qs and trees s € Ty, t €
Ta,u € f}:(Xl),'U € fA(Xl) as well as trees 5§ € T)_*,M,f € Ta,,u € ng(Xl),f) €
T\AM(Xl) such that hy,, (3) = s, hy,, (@) = u,ha,,(t) = t and ha,, () = v. While by
Lemma 3.43 s =}, p(t) if and only if § =7 /) p(t), the following lemma states that
fp(z1)] =7,y 9(0) implies that ulp(x1)] =3 q(v).

Lemma 3.46 Let M = (Q, X, A, qo, R) be a transformable bottom-up tree transducer,
and let fr(M) = (Qum,Xm, A, qo, Rm) be the frame transducer of M. Let u €
TLM(XI) o € Tay(X1) and p,g € Q N Qu such that ulp(z1)] =7,y q(0). Then
hey (@) [p(21)] =3 a(hay (9)).
Proof. We prove the lemma by induction on the length n of the occurrence occ(i, x1).
If n = 0, then the statement is trivial. Now let us suppose that the statement holds for
n > (. For the induction step from n to n + 1, let us assume that length(occ(, 1)) =
n + 1. Then there are numbers [ > 1 and j € [l] such that @ = &(31,...,5§), where
o€ E( for every i € [l], ¢ # j, §; € Tx,,, and 5; € sz(Xl). Moreover, there is a
rule i = a(q1(z1),...,qi(z;)) — q(7) in Rp such that the following conditions hold.
lj‘or every i € [I], i # J, $i =} ) Gi(t;), where t; € Ta,,, 5;[p(x1)] =% (M) G;j(t;), where
tj € Ta,, (X1) and & = 7[t1,..., &)

First we show that, for every i € [l] the state ¢; is in Q. If [ > 1, then this is true
by Statement (ii) of Observation 3.40. If [ = 1, then a straightforward computation,
using Statements (ii) and (iii) of Observation 3.40 and that p € Q, shows that §; € Q.

Then, since length(occ(3j,x1)) = n, by induction hypothesis, hy;,, (5;)[p(z1)] =,
Gj(hay (t;)). Moreover, by Lemma 3.43, for every m € [l], m # j, there is a derivation
hs.y, (3m) =37 Gm(hay, (Em)). Furthermore, it follows from Definition 3.38, that there is
arule u = o(q1(xy),...,q(zk)) — q(r) in R, where k > [, such that the following holds.
Let inf(u) = {é1,...,4}, where ¢y < iy < ... < 4. Then, ¢;; =§i,...,q;, = § and, for
every i € [k], i & inf(u), there are trees s; € dom(7am,q,) and t; € ran(rar,q,) such that
o(31,...,8k) = hg,,(6) and r[t1,...,t] = ha, (F), where §;,...,5 and #1,...,%; are
defined as follows. For every m € [l], 5;,, = t;,, = Tm and for every i € [k],i & inf(u),

5i=s; and t; = t;.
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Now let, for every m € [l], si,, = hx,,(5n) and t;,, = ha,, (tm). Using that hy,,

and ha,, are tree homomorphisms, we get that

h’EM (5)[’12“ (51)5 2oy h’EM (51)] = hZM (5(‘§1? Tt gl)) = h'L‘M (ﬁ)

and

T‘{tl, g tk] = 7‘[51, ey t_k“tg“ oo 7t‘il] =
hAM (ﬂ[hﬂm (fl), s ’h‘AM ({l)] = h‘AM (ﬂflv cen ’EID = hAM (f))

Clearly o(s1,...,sx)[p(z1)] =3 q(r[t1,. .., tx]) which proves our lemma. n

3.2.3 Properties of the Frame Transducer of a Shape Preserving
Bottom-Up Tree Transducer

JFrom now on, whenever we consider a shape preserving bottom-up tree transducer
M such that 7 is infinite, by Lemma 3.36, we will assume that the frame transducer
fr(M) of M exists.

Let us consider a shape preserving bottom-up tree transducer M = (Q, X, A, qo, R)
and its frame transducer fr(M). In this subsection we will show some important prop-
erties of fr(M). For example we will show that fr(M) is also shape preserving and
if o(qi(z1), ..., q(zk)) — q(vd(mz1,...,ykxx)) is an arbitrary rule of fr(M), then
th(O') ~ h,AM((S)

First we show that fr(M) is shape preserving, however for this we need some prepa-
rations. In fact we will show the following. Let (5,t) € Tr(M)- Since, by Statement
(i) of Observation 3.40, fr(M) is a quasirelabeling, it follows that if fr(M) scans an
input symbol &, with rank different to one, during the derivation § =) qo(f), then
it writes out exactly one output symbol ¢ with rank different to one. In the following
two lemmas we show that the trees hy,, () and ha,, (5) are, roughly speaking, at the
same occurrence in the trees hy,, () and ha,, (f), respectively. The key for the proofs
of these lemmas is that in Definition 3.38, for a rule p of M such that ||inf(u)|| # 1,
we constructed the rules of the frame transducer using the matching path of .

Lemma 3.47 Let M = (Q, X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer such that 7js is infinite and let fr(M) = (Qum,Xm, Am, o, Rar) be the frame
transducer of M. Let fi = (q1(z1),...,@(x)) — G(F36(F1z1,...,%x)) be a rule in
Rur, where L # 1, Gy, @1,6 € QN Qur, 6 € AV and 9,41, ..., 4 € (AD)*. Let
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(1)
5 = a[o(31,. .., 81)]
::’;1'(1\,1) "1[-((]1(51): Q@ ~l))]
=pon WAty ..., Aih))) (rule f2)
fr(M) (IO({'['-YS(:Ylglv - -l~1)])
= qo(t),
be a derivation of fr(M), where § € Ty,,,, 4 € ng (X1 )y Biye o 581 € T t1,...,4 €

Ta,,, € Ta, (X1) and £ € Ta,,. Then a = By, where a = occ(th( ), & )
occ(ha,, (0),z1) and v = occ(ha,, (¥), 1)
Proof. We prove the statement by contradiction. Therefore, let us suppose that a #
By. Let u = hyg,, (@) and v = ha,,(¥). Since go,§ € Q, by Lemma 3.46, there is a
derivation u[g(z1)] =}, 9o(v). Now we distinguish the following two cases.

Case 1:1 = 0. Then there is a rule p = (g1 (1), ..., qk(zx)) — ¢(r) in R such that
llinf(p)]| =0, mp(p) = ~ and v is right matching path of p (cf. Case 1.b of Definition
3.38). Clearly, there is a derivation of M of the following form.

(1)
§ = ulo (s, ..., k)]
=4 ulo(a(tr), ..., a(te))]
=n ulg(rlty, ..., t])] (rule p)
=Y @[t .., tk]])
= qo(t),
where s,s1,...,8 € Ty, and t,t1,...,tx € Ta. Since M is shape preserving and v is

a right matching path of y, it follows from Case 1 of Definition 3.16 and Lemma 3.19
that a = 37, a contradiction.

Case 2: 1 > 1. Then there is a rule u = o(q1(x1),...,qx(zx)) — G(r) in R, where
k > 1, such that ||inf(u)|| = and v = mp(u) (cf. Case 2 of Definition 3.38). Again,
there is a derivation (}) of M as in Case 1. Since M is shape preserving, it follows from

Lemma 3.22 that a = 3, which is again a contradiction. n

Lemma 3.48 Let M = (Q,X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer such that 7ps is infinite and let fr(M) = (Qm, XM, AMm,q0, Rp) be its frame
transducer. Let 61(pi(x1)) — po(z1),...,dn(Pa(*1)) = Pn-1(x1) and 6 — pn(8) be
rules in Ry, where n > 1, 61,...,0, € E(l) = ZSS), € ASS,), Pl Pn € QM \Q
and po € QN Qpr. Let
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§ = [y ...6,5]
=t @lpo(d)]
= (M) 90(3[6])
= qo(t).

be a derivation of fr(M), where § € Ty,,, @ € ng(Xl), v € fAM(Xl) and t €
Ta,- Then 3 = ay, where a = occ(hs,,(@),z,), 8 = occ(ha, (¥),71) and v =
occ(higy, (61 <. . On )y 1)

Proof. We prove the lemma by contradiction, so assume that 8 # . Let u = hy,, ()
and v = ha,, (0). Since go,po € @, by Lemma 3.46, there is a derivation u[py(z)] =V
go(v). Moreover, there is a rule p = o(qi(z),...,qe(xr)) — po(r) in R such that
[linf(u)]] = 0, mp(p) =+ and ~ is left matching path of u (cf. Case 1.a of Definition
3.38). Clearly, there is a derivation of M of the following form.

g o= ulo(s1,...,8k)]
=M uo(qi(t), -, qrte))]
=m  ulpo(rlty,..., )] (rule p)
=y qo(v[rlty, ..., t]])
= qolt),
where s, 81,...,81 € Ty, and ¢,ty,...,t € Ta. Since M is shape preserving and v is a

left matching path of p, it follows from Case 1 of Definition 3.16 and Lemma 3.20 that
B = ary. This is a contradiction, which proves our lemma. [ ]

Next we show that if fr(M) scans an input symbol & and writes out an output
symbol & such that these symbols have rank greater than one, then the trees hs,, (7)

and ha,, (6) have the variables at their leaves at the same occurrences.

Lemma 3.49 Let M = (Q, L, A, qo, R) be a shape preserving bottom-up tree trans-
ducer such that 7 is infinite and let fr(M) = (Qm,Xnm,AMm, 0, Ryr) be its frame
transducer. Let i = (Gi(z1),...,q@x)) — §F(1,...,52)) be a rule in Ry,
where [ > 1, § € A%,) and 4,%1,...,9; € (A%;))*, and let v = hy,(6) and v = hau(g)-
Then, for every j € [l], occ(u,x;) = occ(v, ;).

Proof. We prove the lemma by contradiction. Assume that there is an index j € [I],
such that occ(u,z;) # occ(v,z;). It follows from Definition 3.38 that there is a rule
p = o(q(z1),...,q(zx)) — q(r) in R, where k > I such that ||inf(u)|| = | and the
following holds. Let inf(p) = {41,...,4;}, where 4, < 42 < ... < 4. Then there is
no occurrence w € occ(stree(r,vi;)) such that stree(r,yijw) = ;;, where v = mp(u).
However, by Corollary 3.15, there is exactly one occurrence @ € occ(r) such that
stree(r,w) = x;;. Furthermore, by Lemma 3.23, vi; is a prefix of @, which is clearly a

contradiction. n
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Next we define the set of segments of a tree, which consists of those parts of the

tree which are built up from unary symbols.

Definition 3.50 Let ¥ be a ranked alphabet and v € Tx,. Let
F(v) = {y € (EW)* | there exist s € fz(Xl) and u € Ty, such that s[yu] = v}.

A v € F(v) is mazimal if there is an s € fg(Xl) and a u € Ty, such that s[yu] = v and,
for every s € Tx(X1), ¥ € (EW)* and v’ € Ty, if oce(s', 1) is a prefix of occ(s, z1)

and v/ is a subtree of u, and s'[y/u/] = v, then s =§', y=+" and u = v/, O

Now using our results, we can show the following. Let us consider two maximal
segments 9, € F(3) and 4; € F(t) such that the tree transformed by fr(M) from 7, is
a part of the tree 4;,. Then hy,, (5s) and ha,,(7:) are at the same occurrence in hy($)
and ha (t), respectively. Moreover, the variable z; is at the same occurrence in hy,, (7s)
and ha,, (Fe)-

Let us consider for example the frame transducer fr(M) defined in Example 3.39

and its derivation

¢ &= U[G4546455)
=My Wl045454q3(3608)]
=hon)  Ul92(060606s)]
=0 (M) q0(9(0606969s])

= q(?),

where @ and © are the same as in Case 2 of Example 3.42. Here, the trees 646454
and dgd60g are maximal segments in F(3) and F(f), respectively. One can easily
check that occ(hs,, (@), 1) = occ(hay, (0),71) and that occ(hy,,, (4[646464)), 1) =
OCC(hAMb (6[868686])7 1)

We generalize this observation formally in the next lemma. Then the fact that
the frame transducer of a shape preserving bottom-up tree transducer is also shape

preserving will be an easy consequence of this lemma.

Lemma 3.51 Let M = (Q,%, A, qo, R) be a shape preserving tree transducer such
that 7ps is infinite and let fr(M) = (Qm,Xnm, A, qo, Rar) be the frame transducer
of M. Let § € dom(7s(ar)), ¥s be a maximal segment in F(5), 4 € TEM (X1) and
Uy € Tk,, such that § = @, [J,us]. Let
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(1)

i Uy [Ystia]

=% an 0P %0)]
=han  wlp'( ’%(2 )
=5y o Ul["h '752) t(z) 2])

= qo(t)

W

be a derivation of fr(M), where 7, € fAM (X1), t,92 € Ta,, and 'yt( ),'ytm,ﬁ(d)

(A%,))*, such that 7(1) (2)7,( Y is a maximal segment in F(t). Let % = ,%(1)7’( )'yt( ),
a1 = occlhy,, (41),21), B1 = occlha, (01),21), az = oce(hs,, (@1[3s)),21) and f2 =
occ(ha,, (01[3)), z1). Then a; = By and ay = f.

Proof. Without loss of generality, we assume that 4; # z;. (The case when @ = z;
can be considered similarly, so we left its proof to the reader.) Since 7, is maxi-
mal, @ = @[31(811, ..., 81i-1, 21, 8141, - - -, 1)), where k > 1, i € [k], 61 € B9,
u) € f‘gM(Xl) and, for every j € [k], j # 4, §1; € Tx,,. Then there is a rule
i1 =o1(qui(xr), ..., qr(zr)) — cj(;vlgl(’yuxl, - Awexk)) in Ry, where &) € A( ) and
Y1, Y115 - - - » Y1k € (A( )) such that, for every j € [k], j # 1, §); € dom(‘rf,(M)qu), qii =
p and 4y; = t( ). Moreover, for every j € [k], j # i, there is a tree ¢;; € ran(Ts(M),q;)
such that 0, = ?7/1[’7151(’?11511,---,211,~--,’Y1kt~1k)], for some o] € Ta,,(X;). Further-
more, @;[G(x1)] = go(?}). Then the derivation () can be written in the following

form.
8 = wy[61(511, -, Yty - -+, S1k)]
=tan BB ED, P EPA0), . dwEw)]
=pon U[g( (M1 (Fuita, - .- ,’Yt( )’)'t(2) (3)02, s Fkti))] (rule fi;)
= (M) g0(@ (161 Gmtun, -, 37058, . Fudin)])

= qo(%)-

By Statement (v) of Observation 3.40, 9] € fAM (X1). Let of = oce(hg,, (@), 1)
and (] = occ(ha,, (9}),z1)occ(hay, (1), 21). Since k > 1, by Statement (ii) of Ob-
servation 3.40, the states ¢,qi1,...,qix are in Q. Then by Lemma 3.47, o) = f.
Now, let w € occ(hs,,(61)) such that stree(hs,,(51),w) = z;. Then, by Lemma 3.49,
stree(ha,, (31),w) = z; which implies that a; = ajw = fjw = $1. Now, it remained to
prove, that ag = (2. We distinguish the following two cases.

Case 1: iy & Eﬁ?,)- Then 42 = 62(821,...,82), where | > 1, 65 € Z() and
391,...,8y € Tx,, (note that 7, is maximal segment). Moreover, there is a rule
fis = G2(@u(@), -, Gu(@)) = p(2da(3mzy,...,Fme)) in Rar, where b € AY)
and o2,7921,.. -, € (Ag\y)*, such that, for every j € [l], 32; € dom(7f(ar),g,,;) and
2 = ( ). Furthermore, for every j € [l], there is a tree taj € Tan Ty M),q2;) Such that
Uy = 52(721521, ..., Jaty). Then the derivation (1) can be written in the form
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s = 1 [Js02(S215 - - -, 521)]
= (M) 1 [Fs62(G21(F21), - - - » G (E)))]
=y W [Fsp(¥ D ba(3ntar, -, Fubw))] (rule fi2)
=5y qo(017 ) L( )5 ()52(’721"21,...,&2[521)])
= qo(t).

Since | > 1, by Statement (ii) of Observation 3.40, the states p, o1, ...,y are in Q.
Then, by Lemma 3.47, it follows that ag = occ(ha,, (0; [q"/fl)f"yfz)]), xy)occ(ha,, (‘yt(:’)), xy).

Using that ha,, is a tree homomorphism, we get the desired equation
2) (3
ay = oce(ha, (@1 FV 305, 21) = Ba.

Case 2: Uy € 253) . Then iy = &9, for some 69 € ESC),) and there is a rule fis = 69 —

p(ﬁ/g&;) in Ry, where 45 = %3), such that v = 32. Now there are the following two

sub cases.
Case 2.a: p € Q. Then the proof can be continued similarly as in Case 1.

Case 2.b: p & Q. Then fi; has the form G2 — p(d2) and there are rules &1 (p1(z1)) —
PO(fBl), vy 7&;L(p(m1)) = pn—-l(xl) in RAI, where n > 1 &’la vy O ~I E 25\}[), P1y---3Pn—-1 &
Qum \ Q and pp € Q such that 55 = 7.5} ...d,, for some 7, € (2 )* Then the

derivation (f) can be written in the form

5 = @[55, ... 55
:"}r(M) 17407 - - - nP(‘52)] (rule fi2)
=>;r(M) uy h’sp()(‘s?)]

= (M) ‘IO(Ul[ 7t( 4))

5 qo(t)-

It follows by Lemma 3.48, that occ(hs,, (41[7,]), z1)occ(hs,, (61 ... Gn), x1) = B2. This,
since hy,, is a tree homomorphism, implies that ay = occ(hs,, (41[%501 - - . Gn]), 71) =

(32, which completes the proof of the lemma. ]

Now, we can show that the frame transducer of a shape preserving bottom-up tree

transducer is also shape preserving.

Lemma 3.52 For every shape preserving bottom-up tree transducer M, if 7 is infi-
nite, then the frame transducer fr(M) is also shape preserving.

Proof. Let M = (Q, X%, A, qo, R) be a shape preserving bottom-up tree transducer such
that 7 is infinite and let fr(M) = (Qar, Zar, Anr, qo, Ras) be the frame transducer of
M. Now, we show that fr(M) is shape preserving by contradiction. Assume that there
are trees (3,t) € 7f(ar) such that § % t. By Statement (i) of Observation 3.40, fr(M) is



74 CHAPTER 3. CHARACTERIZING OF SHAPE PRESERVING TREE TRANSDUCERS

a quasirelabeling. Then it follows that § and ¢ can differ from each other only in parts
which are built up from unary symbols.

More formally, there is a maximal segment 75 € F'(§), there are trees 4; € fg o (X1)
and ug € Ty, with § = @;[¥s2] and there is a derivation of fr(M) as (f) in Lemma 3.51
such that length(%;) # length(7s), where 4, = S't(l)f'yl(z):/fii). (Note that by Statement
(v) of Observation 3.40, we can assume that o; € TAM (X1).)

Now, consider the occurrences a; = occ(hyg,, (1), 1), & = occ(hs,, (¥s), 1) and
ay = occ(hy,, (41[7s]), z1). Moreover, let 81 = occ(ha,, (01), 1), B = occ(ha,, (Ft), 1)
and B2 = occ(ha,, (01[%]),z1). Using that hy,, and ha,, are tree homomorphisms,
we have that as = occ(hy,, (41[7s)),z1) = occ(hs,, (W)lhs,, (3s)],z1) = a;a’ and
B2 = occ(ha,, (01[1]), 1) = occ(ha,, (01)[ha,, (3t)],x1) = B18’. Moreover, by Lemma
3.51,a; = (3 and as = B which implies that o’ = 3’. Clearly length(a’) = length(3').
On the other hand, it is easy to see by induction that length(a’) = length(7,) and
length(8') = length(¥;), which, using that length(%;) # length(7,), implies that
length(o') # length((3'). However, this is a contradiction, which proves that fr(M)

is shape preserving. |

In the rest of this subsection we show two important properties of the frame trans-
ducer fr(M) = (Qnr, X a1, A, qo, Rar) of a shape preserving bottom-up tree transducer
M =(Q,X, A, qo, R). First we show that if fr(M) scans an input symbol & and writes
out an output symbol § such that these symbols have rank different to one, then the

trees hy,, (7) and ha,,(6) have the same shape.

Lemma 3.53 Let M = (Q, X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer such that 7, is infinite and let fr(M) = (Qu, X nm,Am, qo, Rar) be the frame
transducer of M. Let g = a(q(z1),...,q(x;)) — cj(ﬁs(%wl,...,'hm)) be a rule in
Ras, where [ #£1, 3 € AY and 7,71, ...,% € (A))*. Then hy,, (3) ~ ha,, (5).
Proof. According to | we distinguish the following three cases.

Case 1: 1 = 0 and § € Q (cf. for example the rule fig = &5 — q3(d¢d7) of fr(Mp)
defined in Example 3.39, since g3 is a state of M, and note that, for the symbols
65 and &7, which both have rank zero, hsy, (65) & hay, (67)). By Statement (iv)
of Observation 3.40, 7y is infinite. Let v = occ(ha,, (¥);21). Then by Definition
3.38, there is a rule u = o(q1(z1),...,qk(zx)) — ¢(r) in R such that |jinf(u)|| = 0,
7 is right matching path of p and the following holds. There is a derivation of M
as (1) in Lemma 3.18 (note that by Corollary 3.13 we can assume that v € TA(X 1))
such that hy,,(6) = stree(s,a) and ha,, (3) = stree(t, 3y), where a = occ(u, ;) and
B = occ(v,x1). Since v is a right matching path of y, it follows from Definition 3.16
and Lemma 3.19 that o = (7. Moreover, since M is shape preserving, s ~ t. Then

clearly stree(s,a) a stree(t, 3y) which implies that hy,, (6) ~ hAM(S).
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Case 2:1 =0 and § € Q (cf. for instance the rule jis = 63 — p1(d4) of fr(M,), since
p1 is not a state of My, and note that hy,, (53) ~ ha,, (4)). Then, by Definition 3.38,

i = ¢ — ¢(0) and there are rules d1(p1(x1)) — po(z1),...,0n(Pn(z1)) = Pn-1(z1) in
Ry, where n > 1, 61,...,0, € ES\;), Po € Q, p1y...,pn-1 € Qum \ Q and p, = ¢q. By
Statement (iv) of Observation 3.40, Tasp, is infinite. Let v = occ(hs,, (61 ...0n), 71)-
Then, by Definition 3.38, there is a rule u = o(qy(z,),...,q(zx)) — ¢(r) in R such
that ¢ = po, [linf(u)|| = 0, v is a left matching path of 1 and there is a derivation of
M as (1) in Lemma 3.18 (note that by Corollary 3.13 we can assume that v € TalX1))
such that hy,,(¢) = stree(s,ay) and ha,, (8) = stree(t, 8), where a = occ(u,z1) and
3 = occ(v,x1). Since 7 is a left matching path of u, it follows from Definition 3.16
and Lemma 3.20 that ay = 3. Furthermore, since M is shape preserving, s = t. Then
clearly stree(s,avy) =~ stree(t, 8), which implies that hy,, () ~ ha,, (0)-

Case 3: | > 1 (cf. e.g. the rule iy = &1(qi(x1), ga(z2)) — qo(d1(d3(z1),x2)) of
fr(My), where the symbols &; and 51, which are the only symbols with rank different
to one, have the property that hy M (61) = ha M, (61)). In this case we prove the lemma
by contradiction. Assume that hy,, (6) % ha, (). By Statement (ii) of Observation
3.40, we have that ¢,qG1,...,q € Q. Let @ = hy,,(6), ¥ = hay, (S) Since X and Ay
are tree alphabets, @ € Ty (X;) and v € Ta (X;). Moreover, by Lemma 3.49, for every
i € [l], occ(u,z;) = occ(v,x;). Then it follows that either (i) there is an occurrence
in w € oce(it) such that w & occ(v) or (ii) there is an occurrence in w € oce(T) such
that w & occ(@). Without loss of generality, assume that Case (i) holds (the proof can
be continued similarly if Case (ii) holds). Clearly, for every i € [l], occ(?,z;) is not a
prefix of w. Moreover, there is a derivation (t) of fr(M) as in Lemma 3.47 (note that
by Statement (v) of Observation 3.40, v € fAM (X1)). Let ug = hyg,, (@), v1 = ha,, (9),
uy = hs,, (6(51,...,5)) and va = ha,, (30(311,...,%#)). Then, by Lemma 3.43 and
Lemma 3.46, there is a derivation

8 = up [ug)
=V Ul[‘i("—@)]
=y o(vi[va])
= q(t),

of M, where s € Ty, and t € Ta. Let a = occ(uy,zy), f = occ(vi,x1) and v =
occ(ha,, (7),x1). Since M is shape preserving s ~ t. We will show that aw € occ(s)
while aw ¢ occ(t) which is clearly a contradiction since occ(s) = occ(t).

It is easy to see that aw € occ(ujf[uz]) = occ(s). Moreover, by Lemma 3.47,
a = (. Using that hp,, is a tree homomorphism, we have that stree(vy,v) =

stree(hay (3)[hay (6(Fats, ..., %)), 7) = hay (6(nt1, ..., %t)). Then it can be seen

that w & occ(stree(vq,v)). Thus we have that aw = fyw & occ(vi[v2]) = oce(t) which

completes the proof of the lemma. |
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Let us consider now two trees (3,) € Ti(ary- In the next lemma we show that
for two maximal segments 75 € F(8) and 7, € F(t) such that these segments are at
the same occurrence in § and t, respectively, the condition hs,, (3s) = ha,, (7¢) holds.
For example consider the trees s and t appearing in the derivation (1) discussed before
Lemma 3.51. Clearly 546464 and dgd60s are maximal segments in F(3) and F(f),
moreover they occur at the same occurrence in § and £, respectively. It is also easy to

see that }LgMb (5’45’45’4) ~ h'AMb (558656).

Lemma 3.54 Let M = (Q, X, A, g, R) be a shape preserving bottom-up tree trans-
ducer such that 7y is infinite and let fr(M) = (Qar, Xa, Au, go, Rar) be the frame
transducer of M. Let (S, f) € Tgrary and s be a maximal segment in F(5). Let
U, € T\EM(XI), iy € Tx,,, such that @ = @[jsug]. Moreover let ¥, € (Ag:,))*,
v € TA’AM(Xl) and @y € Ta,, such that t = 9;[}¥2], occ(t1,z1) = occ(?y,z1) and
oce(@1 [¥s), ©1) = occ(01[31), x1). Then hy,, (Fs) = hay, ()

Proof. We prove the lemma by contradiction. For this, let us assume that the condi-
tions of the lemma hold but hs,, (3s) % ha,, (5¢)-

It is easy to see that there is a derivation (}) of fr(M) as in Lemma 3.51 such
that 4, = fyt( (2) (3) By Lemma 3.52 fr(M) is shape preserving, which implies that
Y is a maxnnal segment in F(t). Let a; = occ(hs,, (41),z1), & = occ(hy,,(¥s), 1),
ag = occ(hy,, (ﬂlﬁ’s])swl)ﬂ p1 = occ(hay ({)l)vxl)v g = OCC(hAM (), 1) and By =
occ(ha,, (01[31]), z1). By Lemma 3.51, a; = B1 and ag = fo. Using that hy,, and ha,,

are tree homomorphisms, we have that
Q2 = OCC(h‘EM (1~L1[’~73]), Ty) = occ(th (al)[hzm (:Ys)]sxl) = oo

and
ﬁ2 = OCC(hAM ({]1 H’t])’xl) = OCC(hAM (61)[hAM ('?t)l’fl:l) = ﬁlﬁl-

Then it follows that o = 3.

Now it is easy to see that either (i) there is an occurrence w € occ(hy,,(%s)) such
that w ¢ occ(ha,, (%)) or (ii) there is an occurrence w € occ(ha,, (%)) such that
w ¢ occ(hs,, (7s)). Without loss of generality, assume that Case (i) holds. (If Case (ii)
holds, then the proof can be continued similarly.) Then 4’ and w are not comparable,
otherwise w € occ(ha,, (%)), which would contradict to our assumption.

Let s = hy,,(5) and t = ha,, (f). Using that hy,, and ha,, are tree homomorphisms,
we get that s = hg,, () [Py (78)[’7'21\4 (112)]] and t = ha,, (61)[hAM (:Yt)[hAM (2)]]. It
can be seen, that w € occ(hs,, (3s)[hs,, (#2)]) and since 3’ and w are not comparable,
w & occ(ha,, (7t)[ha,, (92)]). Thus, since a3 = Bi, we have that ajw € occ(s) and
aiw = fyw & occ(t), which implies that s 5 t. However, by Corollary 3.44, (s,t) € a1,

and since M is shape preserving, s & t, a contradiction. |
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3.3 Characterizing the Shape Preserving Property

Here we prove the main result of this chapter, i.e., we show that, every shape preserving
tree transducer is equivalent to a relabeling. Using this result we can easily characterize

shape preserving tree transducers by relabelings.

3.3.1 The Top-Down Case

To show that part of the main result which concern top-down tree transducers it is
enough to show that every shape preserving quasirelabeling is equivalent to a relabeling.
Then it easily follows from this fact and from the results of Subsections 3.1.1 and 3.2.1
that shape preserving top-town tree transducers are equivalent to relabelings.

Again, we start our work with some preparations.

Definition 3.55 Let ¥ and A be ranked alphabets.
a) We denote by (X, A) the ranked alphabet defined by (X, A)¥) = £4) x AK) for

every k > 0.

b) We denote by X and Ao the ranked alphabets which are obtained from ¥ and
A, respectively, by adding a new unary symbol © to both £() and A(),

c) Let hy : Tizo,a0) — Tx(X) and ha : Tiso.a0) — Ta(X) defined as follows. For
every k > 0 and (0,6) € (Zo,Ac)®), let

hs((o,8))= { o(xy,...,zx) ifo#O

T otherwise,
< 0z1y...,xk) f0#C
ha({o,8))=
1a((,9)) { T otherwise.

We note that in this definition o = < (resp. § = <) implies § € AY (resp. o € Eg)).
Now let hy : Tiz, Aoy — Tx and ha : Tz, Aoy — Ta be the tree homomorphisms

induced by hy, and ha, respectively. ]

Observation 3.56 For every s € Tis a), hs(s) = ha(s). Hence, for every L C Tis; a),
the tree transformation hg' o Id(L) o ha is shape preserving, where Id(L) = {(s,s) |
s € L}. The same does not hold with the ranked alphabet (Z¢, Ao). »

Lemma 3.57 For every quasirelabeling M = (Q, X, A, g, R) a top-down tree automa-
ton T = (P, (X6, As), po, Rr) can be constructed such that 7y = hgl oTr o ha.

Proof. For every rule
p=gq(o(z1,...,zk) = Yo(na(z1),. .., ma(zk)) € R,

where k& 74 1 q,91,---,4k € Qa o€ Z(k)7 0 € A(k), and Yy Y15+ Vk € (A(I))* with
length('y) =n Ellld length('yl) =MN1y... ,length(fyk) = Ny, construct t;he rules
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q((©,y(1)) (1)) — (O, (D)) (pr(z)),

%7;—1(<<>,7(n)>(1'1)) — (O, y(n))(pn(z1)),
n((0,8)(x1, . xk) — (0,0 (pu(@1), ..., pri(zk); (1)

as well as, for every 1 < j < k, construct the rules
pin((O,v; () (@1) = (0,71 (Pia(21)),

pin, (0,7 (M) (1)) = (©,7;(n3))(gj(x1)),

where pi,...,pn and pji,...,pjn, are new states. (In case n = 0 we mean p, = q in
the rule () and there are no rules above (1). In case nj =1, we have the only rule
pi1 ({0, 7 (1)) (z1)) = (©,7;(1))(g;(21)), while in case n; = 0, pj1 is meant to be g; in
the rule (1) and we do not need further rules for the index j.)

Let R, be the set of all rules constructed from p and @, be the set of all states
appearing in those rules.

Moreover, for every rule u = g(o(z1)) — yp(x1) in R, where ¢,p € Q, 0 € £ and
v e (AM)* with length(y) = n, construct the rules

a((0,7(1))(z1)) = (O, ()1 (1)),

Pr-1({osv(n))(z1))  —  (o,7(n))(p(z1)),
where p1, ..., pn—1 are new states. (In case n = 1, we have the only rule ¢((o,v(1))(z1))
— (o,v(1))(p(z1)), while in case n = 0, we have the only rule g(({o,Q)(z1)) —
(0,0)(p(21)).) Again, let R, be the set of all rules constructed from p and @, be
the set of all states appearing in those rules.
Now let T' = (P, (X6,As), po, Rr) be the top-down tree automaton, where P =
Uyer Qu o = qo and Ry =, Ry It should be clear that 7y = hg' o 7poha. B

We will need the following definition.

Definition 3.58 Let ¥ and A be ranked alphabets. For a tree language L C Tix, As);
we define F((L) = {J,¢ F(v) (cf. Definition 3.50). The tree language L is k-bounded, for
k > 0, if, for every v € F(L), the approximation |length(hs; (7)) — length(ha(y))| < k
holds. Moreover, L is bounded if it is k-bounded for some k. a

Now we prove a technical lemma. Its proof relies on the simple idea that some
states of a finite tree automaton necessarily repeat on sufficiently long paths (and thus
segments) of a tree.
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Lemma 3.59 Let ¥ and A be ranked alphabets and T' = (P, (£0,A¢),po, RT) be a
top-down tree automaton such that the tree transformation 7 = hgl oTroha is shape
preserving. Then L(T') is bounded.

Proof. We prove by contradiction that L(7T") is k-bounded, where k = ||P||. Assume
that L(T) is not k-bounded, let

Ly = {y € F(L(T)) | llength(hs(y)) — length(ha(7))| > k}

and let v be an element of L; with minimal length. Then also length(y) > k. Moreover,
for every 0 < i < length(y), let B, % € ((Zo, Ao)M)* be such that length(B;) =i and
v = Bi%i-

Since v € F(L(T)) and length(y) > k, there are s € T(Bo,Ao)(Xl)a u € Tizy o))
q,¢' € P and 0 < i < j < length(v) such that s[yu] € L(T) and

po(s[yu]) =% slg(yu)] =7 sBid (viw)] =7 s[B;q (vjw)] =T slyul.

Let 8i; € ((Zo, Ao)(l))+ be such that §;0;; = ; and thus 3;3;;7; = 7. Then, for every
1 >0, s[BiB};vjul € L(T) hence B;8};v; € F(L(T)).

Now length(hs(Bi;)) # length(ha(Bi;)) because otherwise the tree 7' = Biv; €
F(L(T)) also satisfies |length(hy(v')) — length(ha(Y'))| > k thus also 4" € L. This,
however, is impossible because length(y') < length(y) and v is an element of L; with
minimal length.

Thus we can assume that, say, length(hs(Bij)) > length(ha(Bi;)). Then, for a
sufficiently big [,

height(hs (s[3:84y;ul)) > height(ha (s[B:8;75ul)),
which contradicts the fact, that 7 is shape preserving. Hence L(T') is k-bounded. W

The following definition is a key to construct the relabeling equivalent to a shape pre-
serving quasirelabeling. For a top-down tree automaton T’ = (P, (£¢, Ao), qo, R7) such
that L(T) is k-bounded we give another top-down tree automaton 7’ =
(P, (%, A), py, Ryv) such that hgloTT/ohA C h51 otroha. Moreover, if hglorTohA is
shape preserving, then hgleoh,A - hglorT/ohA also holds. This automaton T” will be
given with the help of a top-down tree transducer N = (Py, (X0, Ac), (X, A), po, RN).

Intuitively, N does nothing else but throws away the ¢ symbols from the input
trees as follows. The states of N work like a kind of puffer of symbols in £() and
AWM In fact, every state p in Py is a two component structure such that either the
first component of p is £ and the second component is a word from (AMY* or the first
component is a word from (£(1))* and the second component is €, moreover the length
of the words which are stored in the states is at most k. The initial state py of N is
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a state of which both components are e. N can scan an input symbol (o,6) € (X, A)
with rank different to one if and only if it is in the state pp and in this case it writes
out (o,d). Now assume that N is scanning a maximal segment 7 of an input tree and a
prefix 4" of v is already processed by N. Assume also that N is in the state p = (u,v),
where u € (Z)* and v € (AW)*. If, for example, length(hs(Y')) < length(ha(v')),
then v is that suffix of ha(y’) by which ha(v’) is longer than hy(y’) and in this case
u = £. Now, if in this situation N scans an input symbol (o, ), where o € ¥ and
0 € Ag >, then it writes out the symbol (o, "), where ¢’ is the first letter of v. The fact
that L(T) is k-bounded ensures that no overflowing of the words stored in the states

happens during the work of N. The formal definitions of 77 and N are as follows.

Definition 3.60 Let T = (P, (¥0,A0),q0, R7) be a top-down tree automaton such
that L(T) is k-bounded. The shape preserving frame of T is the top-down tree automa-
ton 77 = (P', (2, A), pp, Rrv) constructed in the following way. First we construct a
linear top-down tree transducer N = (Pn,(Z¢,As), (£,A),po, Ry) as follows. Let

o Py = (ZW)"k x {e} U {e} x (AW)*¥,
e po = [¢,¢], (We use the brackets [ and ] to denote elements of Py.)

e Ry is the smallest set of rules satisfying the following conditions.

— For every m withm # 1, 0 € »(m) and § € A™) | the rule
[€1€](<U’ 5)(:513 v ,-Tm)) - (07 5)([6751(2:1)3 CERE) [535](1'7,,.)) is in RN.

— For every u € (Z(l))*”H and B € £, the rule [u, €]((8, C)(z1)) — [uB,€](z1)
is in Ry.

|

For every 3,3 € s, ue (E(l))*’k'1 and v € AWM the rule
[/3’“,5}((,@, 7)(11)) = (ﬁ,77>[u/@’ E](l’]) is in Ry.

For every B € M), u € (EW)%*~1 and v € AD | the rule
[Bu, €]({(©,7)(z1)) = (B, 7)[u,€](z1) is in Ry.

i

|

For every v € (AM)*¥~1 and v € AW, the rule [¢,v]((0,)(z1)) — [&, vy)(z1)

is in RN.

..... For every v, € AW, v e (AW)**~1and g e £ the ryle
e, Yv]((B,7)(z1)) = (B,7)[e; vy](z1) is in Ry.

— For every v € AW, v € (AW =1 and g € £U)| the ryle
e, Y'v)({B, O)(x1)) = (B:7) e, v](21) is in Ry.
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Now let L = ran(rpo7yn). Since linear top-down tree transducers preserve recogniz-
ability [Rou70] (cf. also Corollary IV.6.6 in [GS84]), L is recognizable, hence a top-down
tree automaton T = (P, (X, A), py, Ryv) can be constructed such that L = dom(rp).

Let T and T’ be the tree transducers appearing in the discussion before Definition
3.60. In the next two lemmas we show that if hg o 71 0 ha is shape preserving then

hgl‘ orproha = hgl orpoha.

Lemma 3.61 Let T = (P, (Yo, o), qo, Rr) be a top-down tree automaton such that
L(T) is k-bounded and T" = (P', (X, A),pj, Rr) is the shape preserving frame of T.
Then h,g"‘ o Tpr 0 hp is shape preserving and hy, Lormoha C hgl oTroha.

Proof. Since T” recognizes trees over the ranked alphabet (X, A), by Observation 3.56,
the tree transformation hy L6 774 0 ha is shape preserving.

Since L(T) is k-bounded, for every maximal v € F(L(T)) and prefix v of v, the
approximation |length(hs(y')) — length(ha(7'))| < k holds. Now the piece of string
of length at most k with which hy (') is “ahead” of ha(y') (resp. ha(y’) is ahead of
hy:(y')) is stored in the first (resp. second) component of the states of V.

Moreover, N is able to process an input symbol (0,8) € (Zo, Ao)(™ with m # 1
only in state [¢,e]. Hence it should be clear that N has the following property. For
every v € ran(7r), the inclusion v € dom(7y) holds, if and only if, for every maximal
v € F(v), |length(hxs(v)) — length(ha(y))| = 0. Moreover, if this is the case, then
hy(v) = hg(v') and ha(v) = ha(v'), where v' = Tn(v).

Now we can show that hgl ot oha C hg1 o 7r o ha in the following way. Let
(s,t) € h;}l orproha. Then, there is a v € ran(rr)Ndom(7x) such that, for v’ = 7x(v),
we have hy(v') = s and ha(v') = t. Since v € ran(rr) N dom(7y), by the above note
hy(v) = hy(v') and ha(v) = ha(v)). Hence, also (s,2) € hg! o 77 o ha. "

Lemma 3.62 Let T = (P, (o, A0), qo, Ryp) be a top-down tree automaton such that
L(T) is k-bounded and T" = (P', (%, A), pp, Ry+) is the shape preserving frame of T'. If
hg' o 77 0 ha is shape preserving, then hy' o 7r 0 ha C hs' o mri o ha.

Proof. Let (s,t) € hg‘ o 7p o ha, then there is a v € ran(7r) such that hy(v) = s and
ha(v) = t. Since s ~ t, for every maximal v € F(v), |length(hx (7)) —length(ha(7))| =
0 holds. Then, by the proof of Lemma 3.61, v € dom(7y) and hs(v) = hg(v') and
ha(v) = ha(v'), where v' = T (v). This means (s,t) € hs' o v 0 ha. [ |

As the last step of the preparation we state an obvious fact.

Lemma 3.63 Let T = (P, (X, A), po, Rr) be a top-down tree automaton. Then there
is a relabeling M = (P, 3, A, po, Rar) such that hg' o 7o ha = 7.
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Proof. Ry is constructed as follows. For every rule ¢((c,0)(x1,...,2x)) —
(0,0)(q1(21),- -, qr(zx)) in Ry, let the rule g(o(zy,...,zx)) — d(q1(21),...,q(zk))
be in Ry;. It should be clear that h.}:‘i oTroha =TM. [ ]

Now we can state one of the main results of this chapter.

Theorem 3.64 Every shape preserving top-down tree transducer is equivalent to a top-
down relabeling tree transducer.
Proof. It follows form Lemmas 3.5, 3.31, 3.57, 3.59, 3.61, 3.62, and 3.63. |

3.3.2 The Bottom-Up Case

In this subsection we show that every shape preserving bottom-up tree transducer M is
equivalent to a relabeling. First we give the relabeling frame transducer rfr(M) of M
which is a relabeling equivalent to fr(M). Then we show certain properties of rfr(M)
which we will use to finish our work.

The formal definition of relabeling frame transducers is as follows.

Definition 3.65 Let M be a transformable bottom-up tree transducer such that
fr(M), the frame transducer of M, is shape preserving. By Statement (i) of Ob-
servation 3.40, fr(M) is a bottom-up quasirelabeling tree transducer. Then there is a
top-down quasirelabeling M’ equivalent to fr(M) (cf. the discussion after the definition
of quasirelabelings in Chapter 2). Moreover, by Theorem 3.64, there is a top-down re-
labeling tree transducer M” equivalent to M’. Finally, there is a bottom-up relabeling
tree transducer rfr(M), such that Tar» = 7y (ar). Then, clearly, 7 (ary = Trpr(ar). This
rfr(M) is called the relabeling frame transducer of M. O

In the rest of the Thesis, if we consider a shape preserving bottom-up tree trans-
ducer M and its frame transducer fr(M), then, since by Lemma 3.52 fr(M) is shape
preserving, we will assume that the relabeling frame transducer 7fr(M) exists.

Let M = (Q, %, A, qo, R) be a shape preserving bottom-up tree transducer, fr(M) =
(Qum, a1, Anr, qo, Ray) its frame transducer and 7fr(M) = (Q', Ear, Au, o, R') its re-
labeling frame transducer. In the following two lemmas we show that if rfr(M) scans
an input symbol ¢ € X s and writes out an output symbol beA M, then hy,, (6) and
ha,, (8) have the same shape.

The next lemma concerns the case when & and § have rank different to one. Let
w=a(q(z1),...,q(x)) — q(6(z1,...,2;)) be arule in R'. In the proof of the lemma
we will show that there is a rule i = (¢ (1), ..., q@i(z1)) — (j("yg(ﬁqml, ..sMx1)) € Ry
which, by Lemma 3.53, easily implies that hy,, (5) = ha,, (9).
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Lemma 3.66 Let M = (Q,X,A, gy, R) be a shape preserving bottom-up tree trans-
ducer such that 7/ is infinite, fr(M) = (Qar, X, Anr, qo, Rar) its frame transducer,
and rfr(M) = (Q',Xm,AM, ¢, R') the relabeling frame transducer of M. Let p =
ag(qi(z1), ..., qz)) — q(S(:m, ...,27)) bearulein R, where [ # 1 and § € AS{}. Then
/L}_jM ((}) ~ h,AM (5)

Proof. Since every rule in R’ is useful, there is a derivation

§ = ulg(s1,...,s1)]
=Teon  uo(@(t),- ., at))]
=) wla(0(tr, . 1)) (rule 1)
=eony ([0 3ty o )]
= q(t)

of rfr(M), where s,s1,...,8 € Tx,,, t,t1,...,t1 € Ta,,, u € TEA,(Xl) and v €
fAM (X1). Since rfr(M) is a relabeling tree transducer, it is easy to see that a = f3,
where a = occ(u, 1) and 8 = occ(v, x1).

By Definition 3.65, fr(M) and rfr(M) are equivalent, which implies that (s,t) €
Ti(m)- Then there is a rule i = 5(q,(x1),...,q(x) = G35z, ..., yz)) in Ry,
where ¢ € A() and ¥,91,...,9 € (ASJI))*, such that there is a derivation of fr(M) of

the following form.

g = ulG(s1,...,81)]
=%Lan we(@t),...,a(®))
=pon w3 by, ..., b)) (rule /i)
= (M) (B[ (ks - - - b))
- qo(t),

where t1,...,4; € Ta,, and & € Th,,(X;). By Statement (v) of Observation 3.40,
U E TAM (X1). Let B' = occ(v[¥'],x1). Since fr(M) is a shape preserving bottom-up
quasirelabeling tree transducer, it is not difficult to see that o = 3. Clearly the root
of the tree stree(t, 3) is 6 while the root of the tree stree(t,3') is §'. Since 8= a = 4,
this implies that §' = . Then it follows from Lemma 3.53 that hs; u(8) = ha,, (6).

The following lemma is a consequence of Lemma 3.54. We show that, for every
rule p = &(qi(z1)) — ¢(3(x1)) of rfr(M), where & € E( ) and & € Ag?, the condition
hs,y, () = ha,, (§) holds.

Lemma 3.67 Let M = (Q,%, A, qo, R) be a shape preserving bottom-up tree trans-
ducer such that 7 is infinite, fr(M) = (Qar, Zar, Apr, qo, Rar) its frame transducer,
and rfr(M) = (Q',Zm,AM,qp, R') the relabeling frame transducer of M. Let p =
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5(q1(z1)) — q(6(z1)) be a rule in R', where & € ES\J,,) and § € A&ll). Then hy,, (6) =~
ha,, ().
Proof. We prove the lemma by contradiction. Let us suppose that hy,, () # ha,, (8).
Since every rule in R’ is useful, there are trees § € Ty,, and t € Ta,, such that
S :>:fr(.-'\ll) qh(t) and the rule y is applied during this derivation. Then there is a
maximal segment ¥, € F(5), there are trees 4, € (AS\E))*, ) € fg,\, (X1), w2 € Tx,,,
U] € T’AM (X1) and 02 € Ta,, such that § = @[Ysto], t = 91[Vda], occ(ty,z1) =
occ(1, 1), occ(ly [s], 1) = oce(D1[F¢], 21) and the following holds. There is a number
i € [length(7s)] such that hx,,(7s(7)) % ha,, (3:(¢)). Then clearly hx,,(3s) # ha, (1)
On the other hand, by Definition 3.65, fr(M) and rfr(M) are equivalent, which
implies that (5,) € Tfr(ar)- Then it follows from Lemma 3.54 that hy,, (5s) = ha,, (%),

a contradiction, which proves the lemma. |

We will need the last lemma of this subsection to construct a bottom-up relabeling
Y j ab e o fi=1 - p
tree transducer _A'I from rfr(M) such that 7 = hg o Trp(ar) © ha,- Then we will
show that this M is the relabeling which is equivalent to M.
The transducer rfr(M) scans and writes out symbols which are parts of trees from
the domain and the range of 7ps, respectively, as well as fr(M) does. Moreover, it has

the property that if u = &(qi(x1),...,q(z;)) — ¢(6(z1,...,2;)) is a rule in R’, then
the condition hy,, () & ha,, (3) holds. The bottom-up relabeling tree transducer M
again will scan and write out symbols from ¥ and A, respectively, like M does. In
fact the rule set of M will contain a subset R, of relabeling rules such that M can
perform the derivation hy,, (5)[g1(21), ..., q(z1)] =% q(hay, (6)) using rules only from
R,,. Defining for every rule u € R’ the set R, and taking the union of these sets, we
will get the rule set of M. In the next lemma we show formally how to construct M, but
first we show an example. Let us consider again our shape preserving bottom-up tree
transducer M, defined in Example 2.4, and its frame transducer fr(M,) from Example
3.39. It is easy to see that the relabeling frame transducer rfr(Mp) must have a rule
1 = 61(q)(x1), dhy(x2) = ¢ (6(x1,2))). By Example 3.39, hsy, (61) = o1, @, 72) and
ha My (81) = é(z1, 51, ®2). Then M, will have, among others, the set of relabeling rules
Ry = {a — p(B1),0(q)(z1), p(x2), g5(x3)) — ¢'(6(x1, 22, 23))}, where p is a new state.
Clearly M, can do the computation hy; m, (9)]1(21), g3(w2)] =1, ¢ (ha Mb(S)) applying
rules only from the set R, .

Lemma 3.68 Let S and D be tree alphabets such that hg : Ts(X) — Ty(X) and
hp : Tp(X) — Ta(X), where £ and A are ranked alphabets. Moreover, let M =
(Q,S,D,qo,R) be a bottom-up relabeling tree transducer such that, for every rule
w=6(q(z1),...,q(x)) — qd(z1,...,2;)) in R, the condition hs(5) ~ hp(8) holds.
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Then there is a bottom-up relabeling tree transducer M = (Q, X, A, qo, R) such that
Tar = h,gl oty o hp.

Proof. We define the bottom-up relabeling tree transducer M in the following way.
First, for every rule u = 6(qi(x1), ..., q(x;)) = q(8(z1,...,2;)) in R, we define the sets
@ and R, as follows.

Since S and D are tree alphabets and hg(6) ~ hp(d), we have that hs(G) =
o(s1y...,5:) and hp(8) = 8(t1,...,tx), forsome k> 1, c € S®) e A®) g ... s €
Tx(Xi1), t1,...,tk € Ta(X;). Moreover, o(sy,...,sk) € fg(Xl), O(ty, ..., tg) € fA(Xl)
and, for every i € [k], either s; = t; = x;, for some j € [l], or s; € Tx, t; € Ta and
S; =~ t.

Let I = {i1,...,41}, 41,...,% € [k], i1 < iz < ... < 4; such that, for every i € [k],
i € I if and only if there is an index j € [l] such that s; = x;.

Now let, for every i € [k], 1 & I, ]VI,Si) = (Q,(f), X, A, q,(f), Rﬂ)) be the bottom-up rela-
beling tree transducer which computes the tree transformation {(s;,¢;)}. Furthermore,

let Q, = Uie[k],ig?l Qf,‘) U{g,q1,...,q} and let

Ru= U RYU{omi(@),...,pu(xx) = q(6(z1,. .., z)},
i€[k] igl

where, for every i € [k], p; = qﬁi), if ¢ ¢ I, and p; = g, if i = ¢; for some j € [I].
Finally let Q = Uuer@u and R = [J,cg Ry It should be clear that M is a

relabeling bottom-up tree transducer and 7;; = hgl oty o hp. [ |

We immediately have the following corollary.

Corollary 3.69 Let M = (Q, X, A, qo, R) be a shape preserving bottom-up tree trans-
ducer such that 7ps is infinite and let rfr(M) = (Q', X, Am, gy, R') be the relabel-
ing frame transducer of M. Then there is a bottom-up relabeling tree transducer
M = (Q,X, A, gy, R) such that 75 = h;:il O Trir(M) © Ray -

Proof. By Lemma 3.66 and Lemma 3.67, for every rule u = o(qi(x;),...,q(z;)) —
q(6(z1,...,2)) in R, the condition hyx,, (o) ~ ha,,(6) holds. Then, by Lemma 3.68,

there is a bottom-up relabeling tree transducer M = (Q, A, qp R) such that 75 =

hg}w O Trir(M) © hayy- ]

Now we can state the second main result of this chapter.

Theorem 3.70 Every shape preserving bottom-up tree transducer M is equivalent to

a bottom-up relabeling tree transducer.
Proof. Let M be a shape preserving bottom-up tree transducer. If 7ps is finite then it

is easy to see that M is equivalent to a relabeling (cf. the proof of Lemma 3.30 in case
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v = €). Therefore let us suppose that 7 is infinite. Since M is shape preserving, by
Lemma 3.36, it is also transformable. Then let fr(M) be the frame transducer of M.
By Lemma 3.52, fr(M) is also shape preserving. Let rfr(M) be the relabeling frame
transducer of M. By Corollary 3.69, there is a bottom-up relabeling tree transducer
M such that Tig = hg;l O Trfr(M) © hay,- By Definition 3.65, 7.4-(rr) = T ar), and, by
Corollary 3.44, hy, 11” o Tr(m) © ha,, = Tar. This clearly implies that 7 = 7, which

proves the theorem. [ ]

Now, using Theorems 3.64 and 3.70, we can end this chapter with the following

characterization of shape preserving tree transducers.

Corollary 3.71 SHAPE = QREL.
Proof. By Theorems 3.64 and 3.70 we have that SHAPE C QREL. Now the state-

ment follows from that, clearly, QREL C SHAPE. |



Chapter 4

Decidability Results

In the previous chapter we showed that shape preserving tree transducers and rela-
belings are equivalent. In this chapter we show more practical results. Namely, we
show that it is decidable if a tree transducer is shape preserving or not and that the

equivalence problem for shape preserving tree transducers is decidable.

4.1 Decidability of the Shape Preserving Property of Tree

Transducers

In the following we give algorithms which decide whether a tree transducer M is shape
preserving or not. Moreover we show that if M is shape preserving then a relabeling
M equivalent to M can be constructed. We will use this M later when we show that

the equivalence problem for shape preserving tree transducers is decidable.

First we deal with top-down tree transducers.

4.1.1 The Top-Down Case

We only need a few preparations to give the desired algorithm mentioned above. As
we will see later, the most of the results which are necessary to give an equivalent
relabeling to a shape preserving top-down tree transducer were already proved in the
corresponding subsections of the previous chapter. It remains only to prove some
decidability results, which we will do in the following lemmas.

First we show that it is decidable whether a top-down tree transducer is periodic

or not.

Lemma 4.1 Let M = (Q,%,A,qo, R) be a top-down tree transducer. Then it is
decidable whether M is periodic or not.

L e — e = e T e I e i T s e (T e TR Tl Tl 1 1 1 =1 e . M——
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Proof. Let gq(u) =}, u[ (x1)] be a derivation of M, where ¢ € Q, u € Te (X)) such
that length(occ(u, 1)) < ||Q|], and v € Ta(X1). Then two trees v’ € Tx(X,) and
v € Ta(X)) can be given such that occ(u’,z1) = occ(u,z1), occ(v',z1) = occ(v, zy),
height(u') < 2||Q|| and q(u') =}, v'[g(z1)]. This clearly implies that it is decidable

whether M is periodic. n

Now, we prove a technical lemma which uses standard pumping arguments to show
that it is decidable whether a recognizable tree language L C Tix, a.), where ¥ and

A are ranked alphabets, is bounded or not.

Lemma 4.2 Let ¥ and A be ranked alphabets and T' = (P, (X0, Ac), po, Rr) be a
top-down tree automaton. Then it is decidable if L(T') is bounded and, moreover, if
L(T) is bounded, then we can compute the smallest k£ for which L(T') is k-bounded.
Proof. Let n = ||P|| and define for every p,q € P

LY = {y € ((Zo, Ao)D)* | p(7) =% vq(z1) and length(y) < n}.

It should be clear that L,(,rfq) is a finite and computable set.

a) First we show that it is decidable whether L(T') is bounded. To see this we
prove that L(T') is bounded if and only if, for every p € P and vy € Lg‘,} the condition
[length(hs:(y)) — length(ha(¥))| = 0 holds.

Assume that L(T) is bounded and there are p € P and v € L,(,T,l,z such that
[length(hs(y)) — length(ha(7))| > 0. Then, since all states in p are useful, there
are s € f(Eo,Ao)(Xl) and u € Tix, A,) such that s[yu] € L(T), hence v € F(L(T)).
Since p(y) =% yp(z1), for every | > 0, s[y'u] € L(T) and thus 4 € F(L(T)). This
means that L(T") is not bounded, which is a contradiction.

Next assume that L(T) is not bounded. Let

L, = {y € F(L(T)) | [length(hx(7)) — length(ha(v))| > n}

and let v be an element of L, with minimal length. Then certainly length(y) > n and
thus there are v1,7v2,73 € ((Xo, Ao)D)* such that 0 < length(v2) < n and ¥ = v17273,
moreover, there are states p,q € P such that g(y1727s) =% 1p(7273) =7 11720(73)-
Then v, € L;,g and v173 € F(L(T)). Now it can be seen that |length(hs(y2)) —
length(ha(v2))| > 0. Indeed, if |length(hs(v2)) — length(ha(7y2))| = 0, then, clearly,
|length(hs(v173)) —length(ha (7173))| > n and thus v17y3 € Ly, which is a contradiction
because length(yi17ys) < length(7).

Now since it is decidable if, for every state p € P and v € L( ") the condition
[length(hx (7)) — length(ha(7))] = 0 holds, it is also decidable if L(T) is bounded.

b) Now assume that L(7') is bounded. Let

k = maz{|length(hs(y)) — length(ha(v))| | v € L), p,q € Q}.
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Certainly there is no ¥’ < k such that L(T') is k’-bounded. On the other hand, we can
show that L(T) is k-bounded.
Let us suppose that L(T') is not k-bounded and let

Ly = {y € F(L(T)) | |length(hz (7)) — length(ha(7))| > k}

and v be an element of L; with minimal length. Now, by the definition of k, length(vy) >
n and thus there are v1,72,73 € ((Z0,A0)1)* and states p,q € P with the same
properties as in Case a). Then |length(hs(y2)) — length(ha(v2))| = 0, because L(T)
is bounded, see Case a). Moreover, |length(hs(y173)) — length(ha(v173))| > k, hence
7173 € Lg. This is a contradiction because length(v17y3) < length(y) and 7 is an
element of Ly with minimal length. Hence L(T') is k-bounded. |

Now let us consider a top-down tree automaton 7" = (P, (Xo,As), qo, Rr) such
that L(T) is k-bounded, and its shape preserving frame 7" = (P, (X, A), pjy, R1v). By
Lemma 3.62, if h;l o 71 o hp is shape preserving then hEI orroha C hgl o7 0 ha
holds. In the next lemma we show that it is decidable if the above inclusion holds.

Lemma 4.3 Let T = (P, (Z0,As),qo0, Rr) be a top-down tree automaton such that
L(T) is k-bounded and 7" = (P’, (X, A), py, Ry) the shape preserving frame of . Then
it is decidable, if hgl orroha C hgl o 7+ 0 ha holds.

Proof. We show that hgl orpoha C hgl o7pr o hp if and only if ran(rr) C dom(7n).

Assume that h,gl orroha C hgl o7 o ha and let v € ran(rr). Let s = hy(v)
and t = ha(v), then (s,t) € hg! o 77 o ha and thus (s,t) € hg' o 77v 0 ha. Then,
there is a v’ € ran(rr o 7y) such that s = hy(v') and t = ha(v'). Since v’ € Tis ay,
by Observation 3.56, s &~ t holds, which implies that for every maximal v € F(v),
|length(hs (7)) — length(ha(7))| = 0 holds. Consequently, v € dom(7n).

Now assume that ran(rr) C dom(7y) and let (s,t) € hgl o7p o ha. Then, there
is a v € ran(rr) such that s = hg(v) and t = ha(v). Now v € dom(7n) also holds,
which implies that there is a v’ € ran(7y) such that 7y(v) = v/. It follows from the
construction of N that s = hy(v') and t = ha(v'). Then (s,t) € hgl o(rro71n)oha,
cf. the proof of Lemma 3.61. Consequently, (s,t) € hg Lo 7m0 ha.

Then the decidability of hy'orroha C hy'orpoha follows from the fact that both
ran(rr) and dom(ry) are recognizable tree languages and that the inclusion problem
is decidable for recognizable tree languages (cf. Theorem 10.3 in Chapter II. of [GS84]).

[ ]
Now we can state our first decidability result.

Theorem 4.4 It is decidable if a top-down tree transducer M = (Q,X, A, qo, R) is
shape preserving or not. Moreover, if M is shape preserving, then a relabeling M can

be constructed such that Tas = Tyy-
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Proof. We give an algorithm that terminates with yes if M is shape preserving, other-
wise it terminates with no. Furthermore, if M is shape preserving, then the algorithm
outputs a top-down relabeling tree transducer M which is equivalent to M. The algo-

rithm is as follows.

1. Check if M is permutation top-down quasirelabeling or not. If not, then halt

with no because, by Lemma 3.5, M is not shape preserving.

2. Check whether M is periodic. (By Lemma 4.1, it is decidable if M is periodic.)
If M is not periodic, then halt with no because, by Lemma 3.28, M is not shape

preserving.

3. Compute the relation < on @ (Definition 3.24) according to Lemma 3.27. If there
are states qp, ..., g for some 1 < k < ||Q|| such that ¢ =g and ¢ < g2 < ... <
gk, then halt with no, because, by Lemma 3.29, M is not shape preserving.

4. Eliminate the permutation rules from M in the following way (cf. Lemma 3.31).
Take a permutation rule p with a maximal state in its left-hand side with respect
to <. Check, if the condition (*) described in the proof of Lemma 3.31 holds.
(Note that the tree language dom('rM,q"_I(‘_j)) is recognizable by Theorem II.1 of

[Rou70]. Moreover, since M is linear, v;ran(7ar,,) is also recognizable [Rou70]

(cf. also Corollary IV.6.6 in [GS84]). Therefore these languages are effectively

computable.) If the condition (x) does not hold, then halt with no, because M

is not shape preserving. Otherwise eliminate the rule p. (Finally M becomes a

quasirelabeling.)

5. Construct the top-down tree automaton T = (P, (Xo,As),po, Rr) such that
Tm = hg' o 77 0 ha (Lemma 3.57).

6. Check if L(T') is bounded (Lemma 4.2). If not, then halt with no, because, by
Lemma 3.59, M is not shape preserving. If yes, then compute k such that L(7T)
is k-bounded (Lemma 4.2).

7. Construct the shape preserving frame 7" = (P', (X, A), py, Rrv) of T (Definition
3.60).

8. Check, if hgl orroha C hgl o1 o ha (Lemma 4.3). If not, then halt with no,

because, by Lemma 3.62, M is not shape preserving.

9. Let M be the relabeling equivalent to hs, Lo 70 ha (by Lemma 3.63 M can be
constructed). Then halt with yes (by Lemmas 3.61 and 3.62, hg Yorpoha = 7).
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4.1.2 The Bottom-Up Case

In this subsection we show that the shape preserving property of bottom-up tree trans-
ducers is also decidable. Moreover, similarly as in the previous subsection, we show
that an equivalent relabeling can be effectively constructed to every shape preserving
transformable bottom-up tree transducer.

Using the results obtained in the previous chapter we can easily prove the next

lemma.

Lemma 4.5 Let M = (Q, X, A, qo, R) be a transformable bottom-up tree transducer.
Then it is decidable whether M is shape preserving or not. Moreover, if M is shape
preserving, then a bottom-up relabeling tree transducer M can be constructed such

that 7as = 5.

Proof. We give an algorithm that terminates with yes if M is shape preserving, oth-
erwise it terminates with no. Moreover, if M is shape preserving, then the algorithm

outputs a relabeling M which is equivalent to M. The algorithm is as follows.

1. Construct the frame transducer fr(M) of M. (Note that for every rule
o(qi1(z1),...,qk(zx)) — q(r) in R such that a7 4 is infinite and [|in f(u)|| = 0, the
set mp(p) can be easily determined, if we consider a derivation of M in which u

is applied.)

2. Construct a top-down tree transducer Mr such that 74.(Ary = Tar,.. (By Item (i) of
Observation 3.40, fr(M) is a quasirelabeling. Then it is effectively equivalent to a
top-down quasirelabeling, cf. the discussion after the definition of quasirelabelings

in Chapter 2.)

3. Check whether My is shape preserving. (By Theorem 4.4, it is decidable if My
is shape preserving or not). If M7 is not shape preserving, then halt with no,
because then fr(M) is not shape preserving and, by Lemma 3.52, it follows that M
is also not shape preserving. Note that since M is transformable, 7); is infinite.)

4. Construct the top-down relabeling tree transducer Mz such that Ty, = Tk
(By Theorem 4.4, My can be constructed.)

Construct the relabeling frame transducer rfr(M) = (Q', X, Ay, qf, R') of M
(rfr(M) can be effectively constructed from Mr, cf. again the discussion after the

ot

definition of quasirelabelings in Chapter 2).

6. For every rule o(qi(x1),...,qk(xk)) — q(6(z1,...,2%)) in R’ check whether
hy,, (o) = ha,(8). If not, then halt with no because, by Lemma 3.66 or by

Lemma 3.67, M is not shape preserving.
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7. Construct the bottom-up relabeling tree transducer M, such that hgi! O Ty fr(M) ©
hay = Ty (By Lemma 3.68, M can be constructed.) Then halt with yes. (Now
M is equivalent to M, because, by Definition 3.65, Trfr(M) = Tfr(m) and, by
Corollary 3.44, h.gllu o Trr(M) © hay = ™M, which implies that 7; = 7as. Hence
M is shape preserving.)

It should be clear that if it is decidable whether a bottom-up tree transducer M
is transformable, then the shape preserving property of M is also decidable. So, it
remains to show that it is decidable if M is transformable or not. However, to do so
we need a rather big preparation.

First we define two special bottom-up tree transducers, namely periodic and occur-
rence preserving bottom-up tree transducers. We show that the occurrence preserving
property is decidable for periodic tree transducers. These properties, briefly, express the
following. Let M = (Q, X, A, qo, R) be a bottom-up tree transducer, g € Q, u € T\E(Xl)
and v € fA(Xl)‘ If M is periodic, length(occ(u,z1)) < ||Q|| and there is a derivation
ulg(z1)] =3 q(v), then length(occ(u,z1)) = length(occ(v,z1)). If M is occurrence
preserving, Ta,q is infinite and there is a derivation u[g(z1)] =}, qo(v), then occ(u, z,)
and occ(v,x1) are comparable. It can be seen that in both cases M can have rather
restricted trees in its certain derivations. We show that if M is periodic, then it is
enough to examine a finite number of derivations of M to decide whether it is occur-
rence preserving. After this we show that if M is periodic and occurrence preserving,
then it is decidable whether M is transformable or not. On the other hand, we will
show that if M is shape preserving, then it is periodic and occurrence preserving as
well.

Summarizing the above discussion, to decide the shape preserving property of M,
we have to do the following. First we decide whether M is periodic and occurrence
preserving. If M is not periodic or not occurrence preserving, then M can not be shape
preserving. Otherwise we check whether M is transformable. If M is not transformable,
then it is again not shape preserving. However, if it is transformable, then we can decide
whether it is shape preserving or not (cf. Lemma 4.5).

First we make some observations, which will be helpful in the rest of the Thesis.

The first observation expresses an easy fact concerning words.

Observation 4.6 Let a,3 € N* such that o and 3 are incomparable. Let «; and S
be common prefixes of a and 3. Let o, 3] € N* such that length(ay) — length(a)) =
length(B1) — length(f3]). Moreover, let & = ajas and 3 = (152, for some az, B2 € N*.

Then the words ojas and ]2 are also incomparable.
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Proof. If o] and 3] are incomparable, then clearly o/ ay and 3], are also incompara-
ble, so let us suppose that o/ and 3] are comparable. Let n be the smallest number in
N such that a(n) # B(n) and let m = length(ay) —length(a}). Clearly m < length(a;)
and, since n > length(ay), we have that m < n. Moreover ojas(n —m) # 3] B2(n —m)

which clearly implies that oy and 3}8; are incomparable. |

The next observation will be useful when we consider certain derivations of a

bottom-up tree transducer.

Observation 4.7 Let u € T\g(Xl) and ui,us € Tx(X1) such that u = uj[ug]. Then
Uy, Ug € fg(Xl).

Proof. We prove the statement by contradiction. Let us suppose that u; € i »(X) or
us & flAﬂg(Xl). Then there are two possibilities. Either (i) u; € Tx or ug € Tk, or (ii) u;
and u, contain z; at least once and one of them contains z; more than once. In Case
(i) u € Tx, while in Case (ii) u contains z; more than once. In both cases we have a

contradiction, which proves the statement. ]

Throughout the rest of the Thesis, whenever we consider a tree alphabet ¥ and
trees u € T;—;(Xl) and uy,us € Tx(X1) such that u = u;[ug], then, by Observation 4.7,
we will assume that uy,up € fg(Xl).

Now we define periodic and occurrence preserving bottom-up tree transducers.

Definition 4.8 Let M = (Q, X, A, qo, R) be a bottom-up tree transducer. We say that
M is

(a) periodic if, for every derivation ulg(z1)] =%, ¢(v), where ¢ € Q, u € TZ(X 1) such
that length(occ(u, 1)) < ||Q]| and v € Ta(X1), we have that length(occ(u,x1)) =
length(occ(v, x1));

(b) occurrence preserving if it satisfies the following condition. If u[g(z1)] =%, qo(v)
is a derivation of M, where ¢ € Q such that 7p4 is infinite, u € Tx(X;) and

vE TA(Xl), then occ(u, z1) and occ(v, x1) are comparable.

The following statements are similar to the corresponding ones concerning top-down
tree transducers (cf. Lemmas 4.1 and 3.28). They can be proved analogously to the

top-down case therefore their proof are omitted.

Lemma 4.9 Let M = (Q,%,A, g, R) be a bottom-up tree transducer. Then it is

decidable whether M is periodic or not. ]

Lemma 4.10 If M = (Q, X, A, qo, R) is a shape preserving bottom-up tree transducer,

then it is periodic as well. ]
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Next we prove two technical lemmas concerning periodic bottom-up tree transduc-
ers. We will use these lemmas when we show that it is decidable whether a periodic
bottom-up tree transducer is occurrence preserving or not. The proof of the first one
relies on the simple idea that a state of a bottom-up tree transducer necessarily repeats

during a derivation of an input tree which has a sufficiently large height.

Lemma 4.11 Let M = (Q,X,A,qo, R) be a periodic bottom-up tree transducer.
Moreover, let u € Ty(X;) and v € Ta(X1) such that length(occ(u, z,)) > ||Q|]
and there is a derivation ul[g(z1)] =}, p(v), where p,q € Q. Then there are trees
u' € Ty (X)) and v/ € Ta(X) such that length(oce(d, z1)) < ||Q|], u'[g(z1)] =1 p(v)
and length(occ(u, 1)) — length(occ(u’, 1)) = length(occ(v, x1)) — length(oce(v', x1)).
Proof. It is enough to show that we can give two trees u € TA"E(X 1)and v € fA(X 1) such
that length(occ(i, 1)) < length(oce(u, x1)), alg(x1)] =3, p(v) and length(occ(u, x1))—
length(occ(@, x,)) = length(occ(v, z1)) — length(occ(v, x1)). Since length(occ(u, z1)) >
[|Q]], there are trees uj,ug,us € fg(Xl), v, Vg, U3 € TA(Xl) and a state ¢’ € Q such
that u = wujfugfus]], 1 < length(occ(uz,z1)) < ||Ql, v = wvive[vs]] and ufg(z1)] =
ur[ualusfg(z))]l] =3 wilueld' (v3)l] =3 wilg'(v2lvs])] =3, p(vr[valvs]]) = p(v). Let
@ = upfug] and © = vyvs]. Since us # x1, length(occ(u,z,)) < length(occ(u,xy)).
Moreover, it is easy to see that there is a derivation u[g(z;)] =%, p(v) of M. Fur-
thermore, since M is periodic, length(occ(ug, 1)) = length(occ(ve, x1)). Then we have
that length(occ(u, 1)) — length(occe(@, z1)) = length(oce(v,z1)) — length(occ(v,x1))

which proves the lemma. |
The following lemma is an easy consequence of the previous one.

Lemma 4.12 Let M = (Q, %, A, qo, R) be a periodic bottom-up tree transducer. Let
u € ﬁ:(Xl) and v € fA(Xl) such that there is a derivation u[g(z1)] =}, p(v), where
p,q € Q. Let a = occ(u,z1) and 8 = occ(v,x1). Then length(a) — length(B) < ||Q]|.

Proof. We prove the lemma by contradiction. Let us suppose that length(a) —
length(B) > ||Q||. Then clearly length(a) > ||Q|| and by Lemma 4.11 there are trees
W € Ts(X;) and v/ € Ta(X1) such that length(occ(u/, 1)) < ||Q|l, @[a(z1)] =3, p(v')
and length(a) — length(occ(u',21)) = length(3) — length(occ(v',1)). On the other
hand, since length(a) — ||Q|| > length(B) and length(occ(u',z1)) < ||Q||, we have
that length(a) — length(occ(u', 1)) > length(3). Clearly this is a contradiction which

proves the lemma. |

Now, we show that it is decidable if a periodic bottom-up tree transducer is occur-

rence preserving or not.
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Lemma 4.13 Let M = (Q, X, A, qo, R) be a periodic bottom-up tree transducer. Then
it is decidable whether M is occurrence preserving or not.

Proof. Let us assume that M is not occurrence preserving. Then by Item (b) of Defi-
nition 4.8 there is a derivation u[g(z1)] =}, go(v) of M, where u € ﬁ;(Xl), vE TA"A(XI)
and q € @, such that 7, is infinite and the occurrences occ(u, ;) and occ(v, x)) are
incomparable. Let a = occ(u,z1) and § = occ(v,z1). Without loss of generality, we
can assume that height(u) < length(a)+||Q||. Indeed, if height(u) > length(a)+]|Q|l,
then we can easily give trees v’ € fz(Xl) and v € fA(XI) such that occ(v/, z1) = «,
oce(v', 1) = B, u'[g(x1)] =3/ qo(v') and height(u') < length(a) + [|Q]|.

Moreover, we can assume that « is with the minimal length, i.e. there are no trees
u € fg(Xl), v € Ta(X,) and state ¢ € Q such that TM,q is infinite, v'[¢'(z1)] =3,
qo(v"), occ(u', x1) and occ(v', x1) are incomparable and length(occ(v’, z1)) < length(a).

We show that length(a) is bounded by a number which only depends on M. This
clearly implies that it is decidable if M is occurrence preserving or not, since it is
enough to examine a finite number of its derivations.

Let us consider the derivation u[g(z1)] =}, ¢o(v) in more detail. Let u =
ur[o(sty ..., 8i—1,u2, Sit1,..., k)], for some uy,ug € ﬁ-‘;(Xl), keN,ielk],ocexk
and s1,...,8i_1,8i+1,.--,8x € Tx such that the following holds. There is a rule
u = o(qi(zy),...,qx(zx)) — p(r) in R such that the above derivation can be writ-

ten in the following form.

ulg(zy)] = ur[o(s1, ... uzlg(z)], .. ., sk
=% wlo(qi(t), ..., qi(va), ..., q(tr))]
=y wp(rlty, ..., v2, .. tk])] (rule p)
=% qo(urfty,...,ve, ... t]])
= qo(v),

where vy, v9 € fA(Xl) (cf. Observation 4.7) and ty,...,ti—1,ti+1,...,tk € Ta. More-
over, there is an occurrence w € occ(r) such that fyw, where 31 = occ(vy, 1), is the
longest common prefix of a and 8. Let @ = fiw, a; = occ(uy, 1), ag = occ(ug, x1)
and B = occ(vg, x1) (cf. Figure 4.1). It is easy to see that r contains z; exactly once,
otherwise r[t1,...,ti—1,Z1,tig1 ..., tk] & fA(Xl), which contradicts Observation 4.7.
Now we distinguish the following two cases.

Case 1: @ is a prefix of a; (cf. Figure 4.1). First we show that in this case
uy = z1. On the contrary, let us suppose that ug # x;. Let us consider the tree
u) = wuifo(s1,. .., 8i-1,1, Sit1s- -, 8)]. Clearly length(occ(uV),z1)) < length(a),
and there is a derivation u(![g;(z1)] =% qo(v'V) of M, where the tree v(}) =
vi[rfty, ..., ti—1, Z1, tig1, - - -, tx]]. Since Tprq is infinite, 7arq, is also infinite. Moreover
it is easy to see that occ(u()), ;) and occ(v™V), z,) are incomparable. This contradicts
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Figure 4.1: © = Bjw is the longest common prefix of @ and # in Lemma 4.13.

the fact that length(a) is minimal, which implies that ug = z.

Since @ is a prefix of o), u; = wuy[ue), for some ujr,u2 € fg(Xl), such that
occ(ugy, 1) = @. Cleafly, uy [uiz[p(z1)]] =% wild' (vi2)] =3 qo(vi1[viz]), for some
¢ € Q and vy1,v12 € Ta(X)), such that v; = vy1[vi2]. Let ayy = oce(uyy, 1), a2 =
occ(uya, 1), P11 = occ(viy, z1) and Pha = oce(vi2, z1) (cf. Figure 4.2).

Now we show that length(ajy) < ||Q||. To derive a contradiction, assume that
length(ay1) > ||Q||. Then, by Lemma 4.11, there are trees, uj, € Ts(X,) and
vy, € Ta(X1) such that the following holds. length(occ(u},,z1)) < ||Q||, length(ai) —
length(occ(uyy,z1)) = length(B11) — length(oce(viy, 1)) and ui;[¢'(z1)] =3 qo(v];)-

Let u® = w);[uiafo(s1,...,8i-1,21,8i41,---,8%)]]. Clearly length(occ(u®, z1)) <
length(a) and there is a derivation u®[gi(z1)] =%, q@©?) of M, where v® =
vy [vi2[rfty, ..., tic1, @1, tigr, -, t]]]. It can be seen also, with the help of Observation

4.6, that occ(u®, z1) and occ(v®,z,) are incomparable, which again contradicts that
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Figure 4.2: Case 1 of Lemma 4.13:

Figure 4.3: Case 2 of Lemma 4.13: «ayi is a prefix of ©(= fiw = ajias)).

a is minimal, thus length(ai;) < ||Q]].

Since length(a1;) < ||Q|| and a1 = @, it follows that length() < ||Q]|. Then
clearly length(B12) < ||Q||, which by Lemma 4.12 implies that length(as) < 2||Q-

Summing up, we have that length(a) = length(a)+1+length(as) = length(on1)+
length(anz) + 1 < 3||Q|| + 1.

Case 2: i is a prefix of @. Then uy = wug[ugy], for some ugy,uz € fg(Xl),
such that occ(ui[o(s1,...,8i—1,u21, Six1,...,8k)],z1) = @. Clearly, ua [u2[q(z1)]] =
u21(q (v22)] =3 qi(va1[vaz]), for some ¢’ € Q and vy, vy € fA(Xl) such that vy =
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vor[vee]. Let agy = oce(uay, z1), aga = occ(uze, 1), P21 = occ(vay,x1) and Bog =
occ(vag, x1) (cf. Figure 4.3).

First we show that length(az) = 1. Clearly length(ass) # 0, otherwise a would
be a prefix of § contradicting the condition that o and 3 are incomparable. Now we
show the claim by contradiction. Therefore, let us suppose that length(ags) > 1. Then
Uy = Uhy[uly), for some uhy, usy € T »(X1) such that occ(ub,, 1) € N. Clearly, there
is a state § € Q and there are trees vhy, vl € Ta(z1) such that uhy[ulslq(z:)]] =Y
uno[q(vha)] =3y ¢'(Va[v,]) and vy = vy [vhy].

Let u) = wyfo(sy,...,8i_1,u21 [thy), Six1,--.,5k)]. Then uM[g(z)] =%, qo(v),
where v(1) = vy [r[t1, ..., ti 1, vo1[vhe], tix1, . .., tk]]. It is easy to see that Tm,g is infinite,
occ(u(l),:cl) and oce(v(V), z1) are incomparable, and length(occ(u(l),xl)) < length(a)
which contradicts that « is minimal.

Now we show that length(a;) < ||Q||- To derive a contradiction, assume that
length(ay) > ||Q||. Then, by Lemma 4.11, there are trees, u} € fg(Xl) and v] €
Ta(X1) such that length(occ(u),z1)) < ||Q|l, length(ay) — length(occ(u),z1)) =
length(By) — length(occ(v], 1)) and u}[p(z1)] =%, qo(v}).

Let u® = wj[o(s1,...,8i-1,U2, Sit1,---,8k)]. Clearly length(occ(u?, z1)) <
length(a) and there is a derivation u®[g(z1)] =3, qo(v@) of M, where v(? =
Vi[rfty, ... tio1,v2, tig, ..., t]]. It can bee seen (cf. Observation 4.6) that occ(u(®, z;)

and occ(v(z), x1) are incomparable, which again contradicts that a is minimal.
Now, since length(ay) < ||@]], it is easy to see that length(anias;) = length(fiw) <
(11Ql] + 1)mz, where

mx = max{height(r) | 3up € R,p € Q : p(r) is the right-hand side of u}.

Then length(a) = length(ayiagiag) < (||Q|| + 1)mz + 1.
So, we have proved that length(a) < maz{3||Q|| + 1, (||Q|| + 1)mz + 1}, i.e. it is
bounded by a number which depends on M, what we wanted to show. [ ]

In the following lemma we show that a shape preserving bottom-up tree transducer

is also occurrence preserving.

Lemma 4.14 Let M = (Q, X, A, go, R) be a shape preserving bottom-up tree trans-
ducer. Then M is occurrence preserving.

Proof. We prove the lemma by contradiction. Therefore let us suppose that M is
not occurrence preserving. Then by Item (b) of Definition 4.8, there is a derivation
ulg(z1)] =73, qo(v) of M, where-q € Q such that 7p, is infinite, u € Ty(X;) and
v € fA(Xl), such that o and B are incomparable, where @ = occ(u,z;) and 8 =
occ(v,z1). Since T4 is infinite, there are trees uy, @ € dom(7ar4) such that uy % ;.
Then there are derivations s = ufuy] =%, ug(v1)] =3 w@[v1]) = (t) and 5§ =
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uliy] =%, ulg(®1)] =3 w@[@1]) = qo(t), where t,£,v1,9; € Ta. Since M is shape
preserving, s ~ t and § ~ t. Then, since a and 3 are incomparable, u; = stree(s, o) ~
stree(t,a) = stree(t,a) ~ stree(s,a) = i, which contradicts that u; % @y, proving

the lemma. ]

Let us consider now a bottom-up tree transducer M = (Q,X%,A, qo, R). In the
definition of the transformable tree transducer (cf. Definition 3.35) we required the
transformable tree transducer to have the property that if a rule x of the transducer
satisfies the conditions of Definition 3.16, then ||mp(u)|| = 1. Therefore, to decide
whether M is transformable or not, we have to compute the set mp(u) for every rule
p in R which satisfies the conditions of Definition 3.16. In the next two lemmas we
show that mp(u) is computable for periodic and occurrence preserving transducers as
follows. Let us suppose that M is periodic and occurrence preserving. Moreover let p
be a rule in R such that [|inf(u)|| = 0 and 7y 4 is infinite, where ¢ is the state occurring
in the right-hand side of p. Let v € mp(u) be a matching path of x. We show that
there is a derivation u[g(z1)] =}, qo(v) of M, where u € fg(Xl) and v € fA(Xl),
such that a = [y if 7 is a right matching path of x4 and 8 = ay otherwise, moreover
length(a) < n where n is a positive number depending on M. This clearly implies that

the set mp(u) is computable.

M B4 A

I

Figure 4.4: The derivation appearing in Lemma 4.15.

Lemma 4.15 Let M = (Q,%,A,qo, R) be a periodic and occurrence preserving
bottom-up tree transducer, and let 4 be a rule in R such that ||inf(u)|| = 0 and 77,4 is
infinite, where ¢ is the state occurring in the right-hand side of . Let v € mp(u) be a
right matching path of . Then there are trees u’ € Ts(X,) and v € Ta(X1) and there
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18 a derivation u'[g(z1)] =}, qo(v') of M such that o/ = 3’y and length(o/) < 3||Q||,
where o’ = occ(u/, z1) and 8 = oce(v', ).

Proof. Since v is a right matching path of u, by Definition 3.16, there is a derivation
ulq(z1)] =%, qo(v) for some u € fg(Xl) and v € fA(XI) such that @ = v, where
« = occ(u,z1) and B = oce(v, z1).

Let u = wj[ug), where uj,uy € Tx(Xi), such that occ(ui,z;) = B. Then
occ(ug, 1) = 7 and there is a state p € Q) such that the derivation u[g(z1)] =%, qo(v)
can be written in the form u[g(z1)] = uiualg(z1)]] =%, uilp(v2)] =% qo(vi[ve]) =
qo(v), where vy,v9 € TA(Xl)- Let 81 = occ(vy,z1) and B2 = occ(va, x1) (cf. Figure
4.4).

If length(B) > ||Q||, then by Lemma 4.11, there are trees v} € Tx(X,) and v} €
Ta(X,) such that length(occ(uy, 1)) < ||Q|], ¥}[p(x1)] =3, 90(v}) and

length(B) — length(occ(uy, z1)) = length(B;) — length(occ(vy, z1)). (4.1)

Now let @ = uy, U1 = vy if length(8) < ||Q|| and let @ = u}, 7) = v} otherwise.
Moreover let a; = occ(y, ®1), v’ = @1[ug] and v' = 1[ve]. Clearly length(a1) < ||Q|],
u'[q(z1)] =%, go(v') and since M is occurrence preserving, o’ and 3’ are comparable,
where o = occ(v/,z1) and 3’ = occ(v',z;). It can be seen that o/ = @;y. Moreover,
by equation 4.1, we have that a; = . Thus o’ = (. It remains to show that
length(a’) < 3]|Q]|.

Since @; = ' we have that length(3') < ||Q||. Then, since length(32) < length(3')
and, by Lemma 4.12, length(vy) — length(B2) < ||Q||, it follows that length(y) < 2/|Q|].
Then length(a') = length(a:) + length(y) < 3||Q|| which proves the lemma. |

Lemma 4.16 Let M = (Q,X,A,qo,R) be a periodic and occurrence preserving
bottom-up tree transducer, and let y be a rule in R such that [|inf(u)|| = 0 and 7,4
is infinite, where q is the state occurring in the right-hand side of p. Let v € mp(u)
be a left matching path of u. Then there are trees v/ € T (X)) and v/ € Ta(X;) and
there is a derivation u'[g(z1)] =%, go(v') of M such that 8’ = /v and length(a’) <
(1Q||+1)mz+2(|Q||, where ¢ = occ(v/, 1), B’ = occ(v', z1) and mz = maz{height(r) |
Ju e R,pe Q: p(r) is the right-hand side of u}. ‘

Proof. Since « is a left matching path of u, by Definition 3.16 there is a derivation
ulgq(z1)] =3, qo(v) where u € Te(X1) and v € Ta(X;) such that 8 = ay and a is a
proper prefix of 8, where a = occ(u, z1) and 8 = occ(v, z1).

Now let a; be the longest occurrence in occ(u) such that the following holds. There
are trees ui,ug € fy_;(Xl) and vy,vp € fA(Xl) such that u[ug] = u, vi[ve] = v,
occ(uy, z1) = a1, wrfuz(g(z)]] =3, wilp(v2)] =% qo(vi[v2]), for some p € Q, and
occ(vy, 1) is a prefix of a. Let ag = occ(ug, z1), fi = occ(ve, z1) and fy = occ(vg, x1).
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Figure 4.5: The derivation appearing in Lemma 4.16.

Since « is a proper prefix of [, it is easy to see that us # z,. Then there are
trees uoy, Ugy € fE(Xl) such that ug = g [uge] and occ(ug, z1) = n for some n € N.
Moreover there is a derivation us = ugi[ug2[q(x1)]] =3 u21(p'(ve2)] =3, p(va1|va]) =
p(va) of M for some p' € @ and wva1,v2 € Ta(X1) (cf. Figure 4.5).

If length(ay) > ||@||, then by Lemma 4.11, there are trees u} € ’fg(Xl) and v] €
fA(Xl) such that length(oce(u}, 1)) < [|Q]], there is a derivation u} [p(x1)] =}, qo(v})

and
length(ay) — length(oce(uy, z1)) = length(B1) — length(oce(v), 1)). (4.2)

Now let % = u; and 0; = vy if length(a;) < [|Q|| and let @; = u} and 7, = v}
otherwise. Moreover, let &y = occ(ti1, 1), ' = U1 [ug], v' = 01 [va], &/ = oce(u/, ;) and
B = occ(v',z1). Clearly length(a:) < ||Q|| and there is a derivation u'[g(z;)] = go(v')
of M. Additionally, since M is occurrence preserving, we have that o’ and 4 are
comparable. Then it can be seen with the help of equation 4.2 that 3’ = o/y. It
remains to show that length(a’) = length(a1) + length(as) < (||Q|| + 1)mz + 2||Q).
Since length(ay) < ||Q]], it is enough to show that length(asz) < (||Q[| + 1)mz + ||Q||.
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First we show that v < ||Q||mz. If length(a’) < ||@||, then it is easy to see that
length(8') < ||Q||mz. Then length(y) < ||Q||mz also holds. So let us suppose that
length(o/) > ||Q||. Then, by Lemma 4.11, there are trees @ € Tx(X;) and & € TAlX1),
such that length(a) < [|Q]|, where & = occ(@, x1), there is a derivation @[g(z)] =%,
qo(v) and

length(a') — length(&) = length(B') — length(f), (4.3)

where 3 = occ(?,z1). Since is M occurrence preserving, @ and (3 are comparable. Then
B = a7, for some 7 € N*. It can be seen by equation 4.3 that length(5) = length(v).
Moreover, since length(@) < ||Q||, it follows that length(B) < ||Q||mz. This implies
that length(y) = length(¥) < ||Q]|mz.

Now we show that length(az) < (]|Q]| + 1)ma + ||Q]| as follows. It is easy to
see that length(occ(vae, 1)) < length(y) < ||Q||mx and that length(occ(vay, x1)) <
mz. Then length(B2) < (||Q]] + 1)ma. Furthermore, by Lemma 4.12, we have that

length(ag) — length(B2) < ||Q|| which implies that length(az) < (||Q|] + 1)mz + ||Q||.
]

Now, using Lemmas 4.15 and 4.16, we show that mp(u) is computable, since it will
be enough to examine a finite number of the derivations of M to compute it.

Lemma 4.17 Let M = (Q,X,A,qo, R) be a periodic and occurrence preserving
bottom-up tree transducer, and let u = o(qi(21),...,qx(zx)) — ¢q(r) be a rule in
R such that 7p74 is infinite and ||inf(u)|| # 1. Then mp(u) is computable.
Proof. If ||inf(u)|| > 1 then mp(p) is computable by Definition 3.16. So let us suppose
that ||inf(u)|| = 0. Let v € mp(pn). We give a derivation s’ =7}, qo(t’), where s’ € Ty
and t' € Ta, such that v can be determined from this derivation and height(s') is
bounded by a number which depends only on M. This will clearly imply that mp(u)
is computable.

Let us assume that 7 is a right matching path (resp. < is a left matching path) of
p. Then, by Definition 3.16, there is a derivation

s = u[o(sl; sos Sk )}
=% ule(ai(t),. .., a(tr))] :
=um  ulg(rfts,. .. t])] (rule p)
=% @[ty ..., k)
= qf?)

of M, where s € Ty, u € ﬁg(Xl),--v € fA(Xl), 81y..-,5k €ETx, t1,...,tx € Ta, t € Ta
such that @ = (v (resp. B = avy), where a = occ(u,z1) and B = occ(v, ;). Let
Mz = maz{(||Q|| + )mz + 2||Q||, 3||Q||}, where mz = max{height(r') | Iy’ € R,p €
Q : p(r') is the right-hand side of p'}.
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By Lemma 4.15 (resp. by Lemma 4.16), there is a derivation u'[q(z1)] =%, qo(v')
of M, where «' € Tx(X,) and v' € Ta(X}), such that o/ = 'y (resp. 8 = ') and
length(o/) < Mz, where o/ = occ(u’,z1) and ' = occ(v’,z1). Then it is easy to see
that there are trees @ € Tx(X;) and ¥ € Ta(X1) such that height(d') < Mz + ||Q|],
oce(W,z1) = o, occ(v',21) = (' and there is a derivation @'[q(z1)] =%, qo(V') of

M. Tt can be seen also that there are trees s,...,s; € Ty and t|,... t} € Ta such

that, for every i € [k], height(s;) < ||Q|| and there is a derivation o(s),...,s}) =%,
1), ar(6) Zar q(rlths.- ) of M. Let s = @lo(s},...,s)] and ¢ =
V'[r[t},...,t;]]. Clearly there is a derivation of M of the form
gy = @' [o (875 55y 83)]

=4y Tlola(ty),. .., a(ty))]

=y Wq(rt), ..., t;))] (rule p)

=i @@t 8])

= qU(tl)v
and height(s') < Mz + 2(|Q|| + 1, which implies that mp(u) is computable. n

Now let M be a periodic and occurrence preserving bottom-up tree transducer. The

next lemma shows that it is decidable whether M is transformable.

Lemma 4.18 Let M = (Q,X,A,qo,R) be a periodic and occurrence preserving
bottom-up tree transducer. It is decidable whether M is transformable.
Proof. Let g be a state in Q. By Corollary 3.12 of [Eng75], dom(7p,4) is recognizable,
therefore it is decidable if Tas,q is infinite (cf. Theorem I1.10.4 in [GS84] and note that
Ta,q is infinite if and only if dom(7pr4) is infinite). Then it is also decidable if )/ is
infinite. Let u = o(q1(x1),...,qk(2x)) — q(r) be a rule in R such that 774 is infinite.
Since inf(u) is computable, it is decidable if [|inf(u)|| # 1. We show that conditions
(i)-(iv) of Definition 3.35 are also decidable. Condition (i) is clearly decidable. By
Lemma 4.17, the set mp(p) is computable, therefore Condition (ii) is also decidable.

Now, assume that ||mp(p)|| = 1, |linf(r)|| = 0 and let v = mp(u). Using Lemma
4.17 one can decide whether « is either a right matching path or a left matching path
of u. Moreover, since |[inf(u)|| = 0, the sets S = {o(s1,...,s%) | Vi € [k] : s; €
dom(taq,)} and T = {rt1,...,tx] | Vi € [k] : t; € ran(Tarq,)} are computable. If v is
a left matching path of y, then one can decide whether for every s € S, v € occ(s) or
not. Likewise, if v is a right matching path of yx, then one can decide whether for every
t € T, v € occ(t) or not. This implies that Condition (iii) is decidable.

Finally, let us suppose that ||[mp(u)|| =1 and |[inf(u)|| > 1. Let v = mp(p). Then
one can easily decide whether Condition (iv) holds or not. |
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Now, using Lemmas 4.5 and 4.18, we can decide whether a bottom-up tree trans-

ducer is shape preserving or not as follows.

Theorem 4.19 Let M = (Q, %, A, go, R) be a bottom-up tree transducer. Then it is

decidable whether M is shape preserving or not.

Proof. We give an algorithm that terminates with yes if M is shape preserving, oth-

erwise it terminates with no. The algorithm is as follows.

1. Check whether 7y is finite (cf. the proof of Lemma 4.18). If 75, is finite, then go

to Step 2, otherwise go to Step 3.

2. Check if M is shape preserving or not. (It is clearly decidable whether a finite
tree transformation is shape preserving or not.) If M is shape preserving, then

halt with yes, otherwise halt with no.

3. Check whether M is periodic and occurrence preserving or not. (By Lemma 4.9
it is decidable whether M is periodic, and if M is periodic, then by Lemma 4.13
it is decidable whether M is occurrence preserving.) If M is not periodic or it is
not occurrence preserving, then halt with no, because by one of the corresponding
lemmas (Lemmas 4.10 and 4.14), M is not shape preserving.

4. Check whether M is transformable. (By Lemma 4.18 it is decidable whether a
periodic and occurrence preserving bottom-up tree transducer is transformable

or not.)

If M is not transformable, then halt with no. (Since 7/ is infinite, by Lemma

3.36, M is not shape preserving.)

(S1]

6. Check whether M is shape preserving (Lemma 4.5). If M is shape preserving,
then halt with yes, otherwise halt with no.

4.2 Decidability of the Equivalence of Shape Preserving

Tree Transducers

Here we show that the equivalenee problem for shape preserving tree transducers is
decidable. This is a consequence of that, as we have seen in the previous section, for
every shape preserving tree transducer, an equivalent relabeling tree transducer can be
constructed, and the fact that the equivalence problem for relabelings is decidable.
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Corollary 4.20 Let M and N be two shape preserving tree transducers. Then it is
decidable whether Ty = 7n.

Proof. As we have seen in the proof of Lemma 4.18 it is decidable if a bottom-up tree
transducer computes an infinite tree transformation. Using Theorem II.1 of [Rou70],
the analogous result can be shown for top-down tree transducers.

If 7p; and 7 are finite, then it is clearly decidable if 7py = 7. If only one of them
is finite, then 73y # 7n. Therefore assume that 7ps and 7y are infinite. By Theorem
4.4 and Lemmas 3.36 and 4.5 two relabelings M and N can be constructed such that
v = T and 7§y = 75. Moreover, by Theorem 1 of [AB93], the equivalence problem
of relabelings is decidable, hence it is decidable whether 7;; = 75 holds or not. Thus

it is also decidable if 7py = 7n. ]






Chapter 5

Conclusions

As the first main result of the Thesis, it was showed that shape preserving (top-down
or bottom-up) tree transducers and relabeling tree transducers compute the same tree
transformation class (cf. Corollary 3.71). In this way a dynamic property of tree trans-
formations, i.e., the shape preserving property was characterized, by a static property
of tree transducers, i.e. that they are relabelings. Our result also naturally generalizes

the analogous characterization of length preserving gsm'’s.

The second main result of the Thesis is that the shape preserving property is decid-
able for both top-down tree transducers and bottom-up tree transducers. Moreover, as
a byproduct of the above results, it was shown that the equivalence problem of shape
preserving tree transducers is also decidable.

In the following, we show two examples of the application of our results. First we
recall a result concerning top-down relabeling tree transformations. In [LST98] the
smallest class of transductions which contains length-preserving rational transductions
and is closed under union, composition and iteration, was considered. They gave several
interesting characterizations of this class. Recently Z. Fiilop and A. Terlutte were
going to generalize the results of [LST98] to the class of shape preserving top-down
tree transducers [FT02]. However, they could generalize the results only to the class
of relabeling tree transducers. They gave a characterization of UCI(QREL), where
U, C and I stand for union, composition and iteration, respectively, in terms of a short
expression built up from QREL with composition and iteration. They also gave a
characterization of UCI(QRFEL) in terms of one-step rewrite relations of very simple
term rewrite systems. Now, using Corollary 3.71, QRFEL in the above description can
be replaced by SHAPE. In this way, the results of [LST98] can be generalized to shape

preserving tree transducers.

Next, let us consider a well known result from the theory of tree transducers that

linear tree transformations preserve recognizability of tree languages [Rou70], [Eng75].
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Clearly relabeling tree transducers are also linear, thus it easily follows from Corollary
3.71 that shape preserving tree transducers also preserve recognizability.

Finally, we recall another famous result, namely that BOT = QREL o HOM
(Theorem 3.15 of [Eng75]), which expresses that every tree transformation 7 computed
by a bottom-up tree transducer can be decomposed as 7 = 7} o 15, where 7} and 7
are computed by a relabeling tree transducer and a homomorphism tree transducer,
respectively (this latter transducer is a top-down or bottom-up tree transducer which
has only one state, can read every input symbol, and does not have different rules with
the same left-hand side). By Corollary 3.71 the class QREL in this equation can be

replaced by the class SHAPE.



Summary

In this Thesis shape preserving top-down and bottom-up tree transducers were studied.
As the first main result of the Thesis, we gave a characterization of these transducers by
relabelings. In fact we showed that SHAPE = QREL (Corollary 3.71), where SHAPE
and QREL are the classes of tree transformations computed by shape preserving top-
down or shape preserving bottom-up tree transducers and relabelings, respectively. The
shape preserving property is a semantical property of the tree transducers, since it is a
property of the tree transformations computed by them. On the other hand, relabelings
have strict restrictions on their syntax, i.e. on their rewriting rules. Therefore, the above
result characterizes a semantical property of tree transducers by a syntactical one. As
the second main result of the Thesis, it was shown that the shape preserving property of
both top-down tree transducers and bottom-up tree transducers is decidable (Theorems
4.4 and 4.19).

In Chapter 1 we gave a brief introduction concerning tree transducers. The first sec-
tion described the role of tree transducers in the theory of syntax-directed translation.
In the next section top-down and bottom-up tree transducers were discussed. Then we
considered the shape preserving versions of these transducers. We described the reason
of that a shape preserving top-down tree transducer can not delete the direct subtrees
of a node of an input tree, while shape preserving bottom-up tree transducers can do
it. Finally, we described the problems which we have solved in the Thesis, and gave
the outline of the Thesis.

In Chapter 2 the necessary definitions and preliminary results were given. Addi-
tionally, we gave two examples of shape preserving tree transducers, a top-down and
a bottom-up one, and we examined their certain derivations. In fact, we used these

transducers and derivations as running examples throughout the Thesis.

Chapter 3 deals with the first main result of the Thesis. Here we proved the above
mentioned characterization of shape preserving tree transducers, i.e. that SHAPE =
QREL. It is obvious that relabelings are shape preserving tree transducers. To show
that SHAPE C QREL we needed the following preparation.

In Subsection 3.1.1 useful properties of shape preserving top-down tree transducers
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were given. In fact we showed that, for obvious reasons, a shape preserving top-down
tree transducer can not delete or copy the direct subtrees of a node of an input tree.
However, it turned out that it can permutate those subtrees. Using these results, we
showed that every shape preserving top-down tree transducer is a permutation top-
down quasirelabeling tree transducer (Lemma 3.5).

In Subsection 3.2.1 we gave an algorithm which eliminates the permutation rules
from a shape preserving permutation quasirelabeling. In this way we proved that every
shape preserving top-down tree transducer is equivalent to a top-down quasirelabeling
(Lemma 3.31).

A top-down quasirelabeling is a tree transducer which scanning an input symbol
with rank k£ # 1 writes out exactly one output symbol with rank k, and maybe some
additional unary output symbols. In Subsection 3.3.1 we developed a method which,
roughly, deals with these additional unary symbols. Using this method it was shown
that every shape preserving top-down quasirelabeling is equivalent to a top-down rela-
beling.

Summarizing the above results we could prove that every shape preserving top-
down tree transducer is equivalent to a top-down relabeling tree transducer (Theorem
3.64).

In order to show the other main result of this chapter, namely that every shape
preserving bottom-up tree transducer is also equivalent to a relabeling, we made the
following preparation steps.

In Subsection 3.1.2 useful properties of shape preserving bottom-up tree transducers
were given. Then, in Subsection 3.2.2; the concept of transformable tree transducers
was introduced (Definition 3.35). Using the results obtained in Subsection 3.1.2 we
showed that a shape preserving bottom-up tree transducer is transformable, provided
that it computes an infinite tree transformation (Lemma 3.36).

Then we introduced the concept of the frame transducer of a transformable tree
transducer (Definition 3.38). It turned out that there is a strong connection between a
transformable tree transducer M and its frame transducer fr(M). In fact, we showed
that Ty = g~ ' o Tir(m) © h, where g and h are certain tree homomorphisms determined
by the input and output ranked alphabets of fr(M) (Corollary 3.44).

In Subsection 3.2.3 it was shown that if the tree transformation computed by a
shape preserving bottom-up tree transducer M is infinite, then the frame transducer
of M is also shape preserving (Lemma 3.52). Using Theorem 3.64, we introduced the
relabeling frame transducer of M- (Definition 3.65), which is a bottom-up relabeling
tree transducer equivalent to the frame transducer of M.

In Subsection 3.3.2 we showed certain properties of the relabeling frame transducer

of a shape preserving bottom-up tree transducer. Then, using these properties and the
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above results, we concluded the second main result of the chapter, namely that every
shape preserving bottom-up tree transducer is equivalent to a bottom-up relabeling
tree transducer (Theorem 3.70).

In Chapter 4 some decidability results were given. In Section 4.1 we showed that
the shape preserving property of a top-down or bottom-up tree transducer is decidable
as follows.

In Subsection 4.1.1 an algorithm was given which decides whether a top-down tree
transducer is shape preserving or not. Moreover, if it is shape preserving, then the
algorithm outputs a relabeling equivalent to it (Theorem 4.4).

In Subsection 4.1.2 the analogous result was given for bottom-up tree transducers.
First, based on the results of Chapter 3, we showed that it is decidable if a transformable
bottom-up tree transducer is shape preserving or not (Lemma 4.5). Moreover, we
showed, that it is also decidable if a bottom-up tree transducer, which satisfies certain
decidable conditions, is shape preserving or not (Lemma 4.18). Using these result, we
concluded, that it is decidable if a bottom-up tree transducer is shape preserving or
not (Theorem 4.19).

In Lemma 4.5, we also showed that if a transformable bottom-up tree transducer
is shape preserving, then an equivalent relabeling can be constructed. Moreover, it
is not difficult to see that if the tree transformation computed by a bottom-up tree
transducer is shape preserving and finite, then again an equivalent relabeling can be
given. Using these results and that every shape preserving bottom-up tree transducer
which induces infinite tree transformation is transformable (Lemma 3.36), we concluded
that for every shape preserving bottom-up tree transducer, an equivalent relabeling can
be constructed.

It was shown in [AB93] that the equivalence problem for relabeling tree transducers
is decidable. As a corollary of this result and the fact that we can construct an equiv-
alent relabeling for every shape preserving (top-down or bottom-up) tree transducer,
we showed that the equivalence problem of shape preserving tree transducers is also
decidable (Corollary 4.20).

In Chapter 5 some conclusions were given. We recalled several results from the
theory of tree transducers which concern relabelings. Then, using the equivalence
of shape preserving tree transducers and relabelings (Corollary 3.71), we generalized
these results to the class of tree transformations computed by shape preserving tree

transducers.
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(")sszefoglalés

(Summary in Hungarian)

Az értekezésben alakmeg6rzo felszallo és leszallé fatranszformatorokat tanulmanyoz-
tunk. Az értekezés elsé f6 eredménye ezeknek a fatranszformatoroknak atcimkézé
fatranszformatorokkal valé jellemzése. Lényegében megmutattuk, hogy SHAPE =
QREL (3.71. Kovetkezmény), ahol SHAPE az alakmeg6rzé leszalls illetve az alak-
mego6rzo felszallé fatranszformatorok altal, QREL pedig az atcimkézok altal kiszamolt
fatranszforméaciok osztalya.

Az alakmegorz6 tulajdonsag egy szemantikus tulajdonsdga a fatranszforméatorok-
nak, mivel ez az altaluk kiszamitott fatranszformacidk tulajdonsdga. Mésrészrél, az
atcimkézoknek szigorti megkotéseik vannak a szintaxisukat, azaz az étirési szabdlyaikat
tekintve. Ebbdl adéddan, a fenti eredmény a fatranszformétorok egy szemantikus tulaj-
donsagat jellemzi egy szintaktikussal. A értekezés masodik f6 eredményeképpen meg-
mutattuk, hogy a felszallé fatranszformatorok és a leszdllé fatranszformétorok alak-
meg6rzd tulajdonsiga eldonthetd (4.4. és 4.19. Tétel).

Az 1. fejezet a fatranszformétorok egy révid bevezetése. Az elsé alfejezet leirja
a fatranszformatorok szerepét a szintaxis-vezérelt forditdsban. Az ezt koveté alfe-
jezetben a felszallo és leszallo fatranszformatorokat ismertettiik. Ezutan ezen fatransz-
formétorok alakmegérzé valtozatait targyaltuk. Megmutattuk, hogy egy alakmeg6rz6
felszallé fatranszformator miért nem tudja torolni a bemeneti fa egy szogpontjanak
kozvetlen részfait, amig az alakmegorzo leszall6 fatranszformator ezt megteheti. Végiil
ismertettiik azokat a problémakat, amelyeket az értekezésben megoldottunk, és megad-
tuk az értekezés felépitését.

A 2. fejezetben targyaltuk a sziikséges definicidkat és jeloléseket. Emellett ad-
tunk két példat alakmegérzé fatranszformatorokra, egy felszallét és egy leszallét, majd
megvizsgaltuk ezek néhany derivéacidjat. KésGbb ezeket a fatranszformatorokat és de-
rivaciékat, mint alkalmas példéakat, tobbszor is felhasznédltuk az értekezés folyaman.

A 3. fejezet az értekezés elsé f6 eredményét ismerteti. Bebizonyitottuk a fent em-

litett tulajdonsdgat az alakmegorz6 fatranszformatoroknak, azaz megmutattuk, hogy az
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altaluk kiszdamolt fatranszformaciok osztdlya megegyezik az atcimkézék altal kiszdmi-
tott osztallyal. Az nyilvanvald, hogy az atcimkézok alakmegérzé fatranszformétorok.
A maésik irdny megmutatdsa jelenti a fejezet érdemi részét.

A 3.1.1. alfejezet az alakmegorz6 felszallo fatranszformatorok hasznos tulajdonsdgait
targyalja. Megmutattuk, hogy nyilvanvalo modon egy alakmegérzé felszdllo fatransz-
formator nem torélheti vagy masolhatja egy bemeneti fa szogpontjainak kozvetlen
részfait. Viszont, az is kideriilt, hogy permutdlhatja a szogpontok ezen részfait. Ezen
eredmények segitségével megmutattuk, hogy minden alakmegérzo felszdllé fatransz-
formator egy permutacios kvézidtcimkézé (3.5. Lemma).

A 3.2.1. alfejezetben egy algoritmust adtunk, amely eltavolitja egy alakmego6rzo
permutdciés kvdaziatcimkézé permutacios szabdlyait, megorizve az eredeti fatransz-
forméciét. Igy bebizonyitottuk, hogy minden alakmegérzé felszallé fatranszformétor
ekvivalens egy kvazidtcimkézével (3.31. Lemma).

A felszallé kvazidtcimkézé egy olyan fatranszformétor, amely egy k # 1 rangui
input szimbdélumot beolvasva, pontosan egy, az input szimbolummal megegyez6 rangu
output szimbélumot ir ki és esetleg még néhany undris output szimbélumot. A 3.3.1.
alfejezetben kidolgoztunk egy mddszert, ami ezeket az undris szimbdlumokat kezeli. A
maodszer segitségével megmutattuk, hogy minden alakmegorzé felszalld kvazidtcimkézo
ekvivalens egy felszallo atcimkézdvel.

A fenti eredményeket felhasznédlva bebizonyitottuk, hogy minden alakmegérzo fel-
szall6 fatranszformétor ekvivalens egy felszdlld atcimkézé fatranszformatorral (3.64.
Tétel).

Annak érdekében, hogy megmutassuk a fejezet masik f6 eredményét, nevezetesen,
hogy minden alakmeg6rz6 leszallé fatranszformator is ekvivalens egy atcimkézével, a
kovetkez6 elOkésziileteket tettiik.

A 3.1.2. alfejezet az alakmegorzo leszallo fatranszformatorok hasznos tulajdonsédgait
targyalja. A 3.2.2. alfejezetben bevezetjiik a transzformalhaté fatranszformatorokat
(3.35. Definicié). A 3.1.2. alfejezet eredményeinek segitségével pedig megmutatjuk,
hogy egy végtelen fatranszforméciot kiszdmité alakmegérzo fatranszformétor transz-
formélhaté (3.36. Lemma).

Azutén bevezettiik a transzformalhaté fatranszformatorok keret-fatranszformétora-
nak fogalmdt (3.38. Definicié). Megmutattunk egy erés kapcsolatot egy M transz-
formalhaté fatranszforméator és annak fr(M) keret-fatranszformdtora kozott. Nevezete-
sen, megmutattuk, hogy 7as = ¢! o Tfr(Mm) © h, ahol g és h olyan fahomomorfizmusok,
amelyek fr(M) bemeneti és kimeneti rangolt dbécéinek segitségével hatédrozhatok meg
(3.44. Kovetkezmény).

A 3.2.3. alfejezetben bebizonyitottuk, hogy ha egy M alakmegérzo leszallo fatransz-
formédtor &ltal kiszamitott fatranszformécié végtelen, akkor M keret-fatranszformatora
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szintén alakmegdrz6 (3.52. Lemma). A 3.64. tétel segitségével definidltuk M dtcimkézd
keret-fatranszformatorat (3.65. Definici), ami egy, az M keret-fatranszformatoraval
ekvivalens atcimkéz6 fatranszformator.

A 3.3.2. alfejezetben megmutattuk a keret-fatranszformatorok néhany fontos tu-
lajdonsagdat. Felhaszndlva ezeket a tulajdonsdgokat, valamint a fenti eredményeket,
kimondtuk a fejezet masodik f6 eredményét, nevezetesen, hogy minden alakmegérzé
leszallé fatranszformator ekvivalens egy leszalld atcimkézé fatranszformatorral (3.70.
Tétel).

A 4. fejezetben eldonthetoségi problémakkal foglalkoztunk. A 4.1. alfejezetben azt
mutattuk meg, hogy egy tetszoleges felszalld vagy leszallé fatranszformatorrdl eldonthe-
t6, hogy alakmegérzé-e.

A 4.1.1. alfejezetben foglalkoztunk a felszallé esettel. Megadtunk egy algoritmust,
amely eldonti, hogy egy felszallé fatranszformator alakmegorzé-e. Tovdbbd, ha a
fatranszformator alakmegérz6, akkor az algoritmus megkonstrudlja a vele ekvivalens
atcimkézot (4.4. Tétel).

A 4.1.2. alfejezetben mutattuk meg azt, hogy a leszillé fatranszformatorok alak-
meg6rz6 tulajdonsaga is eldonthetd. A kovetkezOképpen jartunk el. Elészor, a 3.
fejezet eredményeit felhaszndlva, megmutattuk, hogy eldonthetd, vajon egy transz-
formélhaté leszéllé fatranszformator alakmegérzé-e vagy sem (4.5. Lemma). Megmu-
tattuk tovabbd, hogy egy, bizonyos eldontheté tulajdonsdgokkal rendelkezo, leszalld
fatranszformétorrél eldonthetd, hogy transzformélhaté-e (4.18. Lemma). Ezen ered-
mények felhasznalasaval megallapitottuk, hogy a leszall6 fatranszformétorok alakmegor-
z6 tulajdonsaga is eldonthet6 (4.19. Tétel).

A 4.5. Lemmaban azt is megmutattuk, hogy ha egy transzformélhaté fatransz-
formator alakmeg6rz6, akkor megkonstrualhatd egy vele ekvivalens atcimkéz6. Nem
nehéz belatni azt, hogy egy véges alakmegorzo fatranszformaciéhoz is megadhaté egy
6t kiszdmité atcimkéz6. Ezt felhasznélva, valamint azt, hogy minden végtelen alak-
meg6rz6 fatranszforméciét kiszamito leszallé fatranszformétor transzformélhaté (3.36.
Lemma), megallapitottuk, hogy minden alakmeg6rzé leszéllé fatranszformatorhoz meg-
adhaté egy vele ekvivalens atcimkézd.

Ismert eredmény tovabba, hogy az atcimkézé fatranszformitorok ekvivalencidja
eldonthetd [AB93]. Felhasznélva ezt, valamint azt, hogy a fenti eredmények alapjin
minden alakmeg6rzé (felszéllé vagy leszdlld) fatranszformdtorhoz megadhaté egy vele
ekvivalens atcimkézd, megdllapitottuk, hogy az alakmegdrz6 (felszall vagy leszalld)
fatranszformatorok ekvivalencidja szintén eldonthetd (4.20. Kovetkezmény).

Az 5. fejezetben megadtuk az értekezés eredményeinek néhany kovetkezményét.
Felidéztiink néhdny, a QREL osztalyra vonatkozd, eredményt és a 3.71. Kovetkezmény
felhaszndlasaval ezeket az eredményeket altaldnositottuk az alakmeg6rzé fatranszfor-

matorok osztélyara.
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[IAll

A*

A*,k
A+
A—B
bn(s)
dec(s)
dom(p)
e
fr(M)
vt
height(s)
inf(u)

)
length(w)
mp(u)

N

occ(s)
oce(s, ;)

Q(4)

Reflexive, transitive closure of =y, 6, 7, 19
Derivation relation computed by M, 18
Strict partial order over state sets, 45

Proper subset relation, 15

Subset relation, 15

Empty set, 15

Cardinality of A, 15

Set of strings over A, 16

Set of strings in A* with length at most k, 16
A* — {e}, 16

(partial) mapping from A to B, 15

Branch number of s, 26

Decomposition of s, 53

Domain of p, 15

Empty string, 16

Frame transducer of M, 58

Notation of ~[t], 16

Height of s, 17

{i¢ € [k] | Tm,qg, is infinite} (k is the arity of the sym-
bol scanned by i and qy, ..., g are the states on the
left-hand side of p), 33

Set of natural numbers 1,2,...,k, 15

Length of w, 16

Set of matching paths of u, 34

Set of all natural numbers, 15

Set of occurrences of s, 17

Unique occurrence of z; in s, 17

{q(a) | g€ Q and a € A}, 17
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GLOSSARY

QREL

ran(p)
rfr(M)
pla)
pt
P10 p2
R1 o R2
st

SHAPE

(e
5 (k)

stree(s,w)
™

TM,q

Ty

Tx(A)
Ts(Xy)

w(z)
wbn(s)

Xk

Set of tree transformations computed by relabelings,
9,21

Range of p, 15

Relabeling frame transducer of M, 82

{b] (a,b) € p}, 15

Inverse of p, 15

Composition of relations p; and po, 11, 15
Composition of relation classes R; and Ra, 15

s and t have the same shape, 17

Set of tree transformations computed by shape pre-
serving transducers, 12, 21

Notation of Ty,1)(X1), 16

Set of symbols in ¥ with rank &

, 16

Symbol with rank &, 16

Ranked alphabet obtained from ¥ and A by
(£, A)R) = 1k) x AK) “for every k > 0, 77

Ranked alphabet ¥ with a unary symbol &, 77
Subtree of s at w, 17

Tree transformation computed by M, 19

Tree transformation computed by M in a state ¢, 19
Set of trees over X, 16

Set of trees over ¥ indexed by the elements of A, 16
Smallest subset of 7% (X)) containing those trees in
T5(X) which contain the variables from X} in the
order ;) < 3 < ... < T, 16

Tree substitution, 16

t[t]. .. [t]]], where t occurs n times in the substitution,
16 '

1th letter of w, 16

Weighted branch number of s, 26

Set of all variable symbols, 16

Set of variables z1,x9,..., T, 16
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alphabet, 16
ranked, 3, 16
input, 5, 18
output, 5, 18
tree, 53

attributed tree transducer, 4

Backus Naur Form, 2
bottom-up
quasirelabeling tree transducer, 21
relabeling tree transducer, 21
tree transducer, 5, 6, 18
linear, 21
nondeleting, 21
shape preserving, 21
bounded, 79
k-, 79
branch
number, 26
weighted, 26
symbol, 26

comparable occurrences, 16
compiler, 1

composition of relations, 15
context free grammars, 2

copying state, 30

decomposition of a tree, 53
deleting state, 30
derivation
relation, 18
reflexive, transitive closure of, 19

tree, 2

equivalence relation, 16

equivalent tree transducers, 19

final state, 6, 18
frame transducer, 59

relabeling, 83

generalized sequential machine (gsm), 12

length preserving, 12
height of a tree, 17

incomparable occurrences, 16
initial state, 5, 18

inverse of a relation, 15
k-bounded, 79

language
object, 1
programming, 1
source, 1
target, 1
tree, 16

length of a string, 16

linear size increase, 11

macro tree transducer, 4
mapping, 15
matching path, 34
left, 35
right, 35
maximal segment, 71



126

INDEX

Mealy automaton, 12

occurrence preserving bottom-up tree trans-

ducer, 93

occurrences, 17

parsing, 2
tree, 2
part of a tree, 52
partial
mapping, 15
periodic
bottom-up tree transducer, 93
top-down tree transducer, 47
permutation
degree, 45
of a set, 15
quasirelabeling, 20
rule, 45
state, 45
top-down quasirelabeling tree trans-
ducer, 20
prefix, 16
proper, 16

quasirelabeling, 20, 21

permutation, 20

ranked alphabet, 3, 16

input, 5, 18

output, 5, 18
recognizable tree language, 10, 21
relabeling, 20, 21
relabeling frame transducer, 83
relation, 15

domain of, 15

irreflexive, 15

range of, 15

reflexive, 15

symmetric, 15

transitive, 16
rewriting rule, 5, 18
rule, 18

left-hand side, 18

permutation, 45

rewriting, 5

right-hand side, 18

useful, 20

segment
maximal, 71
of a tree, 71
semantics
of a tree transducer, 5
of the compilation, 2
set of strings (words), 16
shape
preserving
bottom-up tree transducer, 21
frame, 80
top-down tree transducer, 21
tree transformation, 17
same, 8, 17
single-use restriction, 11
state, 18
copying, 30
deleting, 30
designated, 18
final, 6, 18
initial, 5, 18
noncopying, 30
nondeleting, 30
permutation, 45
useful, 20
strict partial order, 16
subtree, 17
at w, 17
proper, 17
syntax, 1
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-directed
compilation, 2
semantics, 2

of a tree transducer, 5

of the source language, 1

top-down
quasirelabeling tree transducer, 20
permutation, 20
relabeling tree transducer, 20
tree automaton, 21
tree transducer, 5, 18
linear, 20
nondeleting, 20
shape preserving, 21
with regular look-ahead, 10
transformable tree transducer, 54
translation of the input program, 2
tree, 2
alphabet, 53
derivation, 2
homomorphism, 18
input, 5, 20
language, 16
k-bounded, 79
bounded, 79
recognizable, 10, 21
node of, 2
output, 5, 20
over ¥ indexed by A, 16
parsing, 2
part of, 52
root of, 2
segment of, 71
substitution, 16
transformation, 4, 5, 16
computed by M, 6, 7, 19
shape preserving, 17
tree transducer, 18
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occurrence preserving, 93
periodic, 93

macro, 4
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periodic, 47
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