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1. Introduction

One of the main methods of examining non-normal operators, acting
on a complex Hilbert space, is the theory of contractions. We say that a
bounded, linear operator T' € B(#) is a contraction if ||T|| < 1 is satisfied
where B(?) denotes the set of bounded operators acting on the complex
Hilbert space H. This area of operator theory was developed by B. Sz.-
Nagy and C. Foias from the dilatation theorem of Sz.-Nagy.

Sz.-Nagy and Foias classified the contractions according to their as-
ymptotic behaviour. This classification can be done in a more general
setting, namely when we consider the class of power bounded operators.
An operator T € B(H) is called power bounded if sup{||T"]|: n € N} < co
holds. We call a vector x € H stable for T if lim,_, ||T™z| = 0, and the
set of all stable vectors is denoted by Ho = Ho(T'). It can be derived quite
easily that Hg is a hyperinvariant subspace for T' (see [11]), which means
that Hg is a subspace that is invariant for every operator which commutes
with T'. Therefore we call it the stable subspace of T. The natural clas-
sification of power bounded operators given by Sz.-Nagy and Foias is the
following:

e T is said to be of class C;. or asymptotically non-vanishing if
Ho(T') = {0}

e T is said to be of class Cy. or stable if Ho(T) = H, i.e. when
T™ — 0 holds in the strong operator topology (SOT);

o T is said to be of class C.; (j € {0,1}) whenever T™ is of class
Cj.;

e the class Cj (j,k € {0,1}) consists of those operators that are
of class C. and C'y, simultaneously.

In 1947, Sz.-Nagy characterized those operators that are similar to
unitary operators. This theorem belongs to the best known results con-
cerning the study of Hilbert space operators that are similar to normal
operators. Now we state the result.

THEOREM 1.1 (Sz.-Nagy [15]). An operator T is similar to a uni-
tary operator if and only if it is invertible and both T and T~ are power
bounded.

In order to prove the theorem, Sz.-Nagy defined the so-called L-
asymptotic limit of a power bounded T' € B(H) which usually depends
on the chosen Banach limit L. In case when T is a contraction, this defini-
tion is independent of L, and it is simply the SOT limit of the self-adjoint
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iterates {T*™7T™}>2 ;. This SOT limit is denoted by Ar and it is called
the asymptotic limit of 7. However, when T is a general power bounded
operator, usually the previous sequence does not converge. In this case
Sz.-Nagy considered the following sesqui-linear form:

wrn: HxH—=C, wpp(zy)=Llim(T"T"z,y).

n—o0

Since wr 1, is bounded and positive, there exists a unique representing
positive operator A 1 € B(H) such that

wr,(z,y) = (Arpz,y) (z,y € H).

The operator A7 p, is called the L-asymptotic limit of the power bounded
operator T. It is quite straightforward to show that when T and T—! are
both power bounded, then A7 ; is invertible and there exists a unique
unitary operator U € B(#) such that A;/iT = UA;{% is satisfied. It is
also easy to see that ker Ay 1, = Ho(T) is satisfied for every Banach limit
L.

We note that there is a certain reformulation of Theorem 1.1 which
reads as follows (see e. g. [13]).

THEOREM 1.2 (Sz.-Nagy). Consider an arbitrary operator T € B(H)
and fir a Banach limit L. The following six conditions are equivalent:

(i) T is similar to a unitary operator;

(ii) T is onto and similar to an isometry;

(i) T is power bounded and there exists a constant ¢ > 0 for which
the inequalities ||T™z|| > c||z|| and | T*"z|| > c||z|| hold for every
n €N andx € H;

(iv) T is onto, power bounded and there exists a constant ¢ > 0 for
which the inequality || T"x| > c||z|| holds for every n € N and
x €H;

(v) T is power bounded and the L-asymptotic limits Ap 1 and Ap- 1,
are invertible;

(vi) T has bounded inverse and both T~ and T are power bounded.

Moreover, if we have an arbitrary power bounded operator T € B(H), then
the next three conditions are also equivalent:

(i) T is similar to an isometry;
(i") there exists a constant ¢ > 0 for which the inequality ||T™x| >
cllz|| holds for every vector x € H;
(iii") the L-asymptotic limit Ap 1, is invertible.
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Sz.-Nagy’s method naturally leads us to a more general definition, the
so-called isometric and unitary asymptote of a power bounded operator.
We consider the operator X}"L € B(H,Ht) where Hi = (ran Ar )~ =
(ker Ar, )t = Hg and X;C’Lx = AlT/ia: holds for every x € H. Since
HX;,LTQTH = HX:,foH is satisfied (z € H), there exists a unique isom-
etry Vr, € B(H}) such that X}, T = Vr, X7, holds. The operator
Vr 1 (or sometimes the pair (Vr, L,/X; 1)) is called the isometric asymp-
tote of T. Let Wy € B(Hr,z) be the minimal unitary dilation of V1
and Xpp € B(H,Hr,), Xtz = X;E,Lx for every x € H. Obviously
we have Xp 1 T = Wy X 1. The operator Wr 1, (or sometimes the pair
(Wr.r,Xr,1)) is said to be the unitary asymptote of T'. These asymptotes
play an important role in the hyperinvariant subspace problem, similarity
problems and operator models.

When T ¢ C1.(H) U Co.(H), we have the following result which was
first proven by Sz.-Nagy and Foias for contractions and by L. Kérchy for
power bounded operators.

LeMMA 1.3 (Kérchy [12]). Consider a power bounded operator T ¢
C1.(H) U Co.(H) and the orthogonal decomposition H = Ho ® Hg. The
block-matrixz form of T in this decomposition is the following:

(1o R 1
T—(o Tl)esmoea%ox (1.1)

where the elements Ty and Ty are of class Cy. and C1., respectively.

This is a very important structural result which is used several times
throughout the dissertation.

Our aim in this dissertation is to explore the asymptotic behaviour
of power bounded operators. We present some applications, namely we
investigate similarity to normal operators, the commutant of non-stable
contractions and cyclic properties of a recently introduced operator class,
the weighted shifts on directed trees. The dissertation contains the results
of five papers [3, 4, 5, 6, 7]. In the next sections we present them.

2. Positive operators arising asymptotically from contractions

In Chapter 2 we have characterized those positive operators A € B(H)
that arise from a contraction asymptotically, i.e. there is such a contraction
T € B(H) for which Ay = A holds. First we proved that the norm of the
L-asymptotic limit of any power bounded operator is either 0 or at least
1.
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THEOREM 2.1. Suppose L is a Banach limit and T is a power bounded
operator for which At # 0 holds. Then we have

JAzs > 1. 1)
In particular, ||Ar|| = 1 holds whenever T is a contraction.

Next, the characterization in finite dimensions was provided which
reads as follows.

THEOREM 2.2. Let T € B(C?) be a contraction. Then Ap = A2 =
Ap~, i.e. Ap is simply the orthogonal projection onto the subspace Ho(T)*,
and Ho(T) = Ho(T™) is satisfied.

Turning to the infinite dimensional case, we say that the positive op-
erator A € B(H) arises asymptotically from a contraction in uniform con-
vergence if lim,, o ||T*"T™ — A|| = 0 holds. Of course in this case A = Ar.
On the other hand, it is easy to see that usually for a contraction 7' € B(H)
the equation lim,,_, ., T*"T™ = A holds only in SOT. The symbols o, and
re denote the essential spectrum and the essential spectral radius. Our
characterization concerning the separable, infinite dimensional case reads
as follows.

THEOREM 2.3. Let dimH = Wy and let A be a positive contraction
acting on ‘H. The following four conditions are equivalent:

(i) A arises asymptotically from a contraction;
(ii) A arises asymptotically from a contraction in uniform conver-
gence;
(i) r.(A) =1 or A is a projection of finite rank;
(iv) dim#(]0,1]) = dim H(]4,1]) holds for every 0 < § < 1, where
H(w) denotes the spectral subspace of A associated with the Borel
subset w C R.

Moreover, if one of these conditions holds and dimker(A — I) € {0,R¢},
then T' can be chosen to be a C.g-contraction such that it satisfies (ii).

We have also given the characterization in non-separable spaces. Let
k be an infinite cardinal number, satisfying x < dim H, then the closure of
the set &, := {S € B(H): dim(R(S))~ < k} is a proper two-sided ideal,
denoted by C,. Let F, := B(H)/C, be the quotient algebra, the mapping
7 B(H) — F.; be the quotient map and || - || the quotient norm on
Fi.. For an operator A € B(H) we use the notations ||Al|x := ||7x(A)]]x,
0x(A) :=o(m;(A)) and r,(A) := r(m.(A)). (For k = Ry we get the ideal of
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compact operators, ||Allx, = ||A]lc is the essential norm, oy, (A4) = 0.(A)
and 7y, (A4) = r.(A).) For more details see [2] or [14]. Now we state our
result in the non-separable case.

THEOREM 2.4. Let dimH > Ny and A € B(H) be a positive contrac-
tion. Then the following four conditions are equivalent:

(i) A arises asymptotically from a contraction;
(ii) A arises asymptotically from a contraction in uniform conver-
gence;
(i) A is a finite rank projection, or k = dimH(]0,1]) > Ry and
rx(A) =1 holds;
(iv) dimH (]0,1]) = dimH (]6,1]) for any 0 < § < 1.
Moreover, when dimker(A—1) € {0,00} and (i) holds, then we can choose
a C.g-contraction T such that A is the uniform asymptotic limit of T.

It is natural to ask what conditions on two contractions T1,T5 € B(H)
imply Ar, = Ar,, or reversely what connection between 77 and 75 follows
from the equation Ay, = Ar,. The last theorem of Chapter 2 concerns this
problem.

THEOREM 2.5. Let H be an arbitrary Hilbert space and T,T1,Ts €
B(H) contractions. The following statements hold:
(i) if Ty, To commute, then Ap,1, < Ap, and Ap1, < Apy;

(ii) of w € H* is a non-constant inner function and T is a c.n.u.
contraction, then Ar = Ay (1);

(i) Ay, = A, = A implies A < Apyp,;

(iv) if Ty and Ty commute and Ar, = Ar,, then we have Ap,1, =
Ap, = Arp,.

3. Cesaro asymptotic limits of power bounded matrices

Chapter 3 was devoted to the characterization of all possible L-
asymptotic limits of power bounded matrices which has been given in [5].
The first important step towards the desired characterization was to show
that Banach limits can be replaced by usual limits if we consider Ceséro
means of the self-adjoint iterates of T

THEOREM 3.1. Let T € B(CY) be power bounded, then
n

1 L

_ — Tim — *j g

Arp =Arc = nlgrgo - g 1 9T
]:

holds for all Banach limits L.
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The matrix Ay ¢ = lim,, 00 % Z;L:l T*3T7 is called the Cesaro asymp-
totic limit of 7. In order to prove Theorem 3.1 we derived some properties
of the Jordan decomposition of T. Then we gave the characterization of
C11 matrices which we state now.

THEOREM 3.2. The following statements are equivalent for a positive
definite A € B(CY):

(i) A is the Cesaro asymptotic limit of a power bounded matriz T €

Cll ((Cd ) B
(i) if the eigenvalues of A are tq,...,tq > 0, each of them is counted
according to their multiplicities, then
1 1
e =d (3.1)
holds;
(iii) there is an invertible S € B(CY) with unit columnvectors such
that

A=571871 = (5577

The proof of the general case uses the C;; case, Lemma 1.3 and a
block-diagonalization of a special type of block matrices. We call a power
bounded matrix T € B(CY) I-stable (0 < I < d) if dimHy = [. In the
following theorem the symbol I; stands for the identity matrix on C' and
0, € B(C*) is the zero matrix.

THEOREM 3.3. The following three conditions are equivalent for a non-
invertible positive semidefinite A € B(C?) and a number 1 <1 < d:
(i) there exists a power bounded, l-stable T € B(C?) such that
AT,C = A,’
(ii) let k = d —1, if t1,...t; denote the non-zero eigenvalues of A
counted with their multiplicities, then
1 1
o +- o <k;
(iii) there ewists an invertible S € B(C?) such that it has unit colum-
nvectors and

A=8"YL®0,)S™ "

One could ask whether there is any connection between the Cesaro
asymptotic limit of a matrix and the Cesaro-asymptotic limit of its adjoint.
If T € B(CY) is contractive, then Ap. = Az is valid (see Theorem 2.2).
In the case of power bounded matrices usually the subspaces Ho(7T) and
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Ho(T™*) are different and hence Ap« ¢ and Ap ¢ are different, too. However,
we have provided the next connection for Ci; class 2 x 2 power bounded
matrices.

THEOREM 3.4. For each T € C11(C?) the harmonic mean of the
Cesaro asymptotic limits A c and Ap- ¢ is exactly the identity I, i.e.

ALl e + Azl o =2L. (3.2)

Theorem 3.4 is not true in three-dimension any more which was justi-
fied by a concrete 3 x 3 example.

4. Asymptotic limits of operators similar to normal operators

Chapter 4 contains our results from [6]. First we have given a general-
ization of the necessity part in Sz.-Nagy’s similarity result (Theorems 1.1
and 1.2). Let us consider a normal power bounded operator N € B(H).
Since r(N)" = r(N™) = ||[N"|| holds (n € N), we obtain that N is a
contraction. A quite straightforward application of the functional model
of normal operators gives us that Axy = Iy vyt © Oy () holds where
N|(ran Ay )~ is the unitary part of N. In view of Theorem 1.2 it is rea-
sonable to conjecture that when a power bounded operator T is similar to
a normal operator then Ap r|(ran Ap 1)~ should be invertible. We recall
that if the operator A € B(H) is not zero, then the reduced minimum
modulus of A is the quantity y(A) := inf{||Az|: = € (ker A)*, ||z| = 1}.
In particular if A is a positive operator, then y(A4) > 0 holds exactly
when A|(ran A)~ is invertible. Our first result concerns two similar power
bounded operators and it reads as follows.

THEOREM 4.1. Let us consider two power bounded operators T, S ¢
Co.(H) which are similar to each other. Then y(Ar,) > 0 holds for some
(and then for all) Banach limits L if and only if v(As,r) > 0 is valid.

Moreover, y(Ar, 1) > 0 holds if and only if the powers of T are bounded
from below uniformly on Ho(T)*, i.e. there exists a constant ¢ > 0 such
that

cllz| < ||IT 2|l (x € Ho(T)*,n € N).
In particular, if T is similar to a normal operator, then v(Ar,r) > 0

and y(Ar~.1) > 0 are satisfied.

The proof of Theorem 4.1 uses Lemma 1.3. This theorem can be con-
sidered as a generalization of the necessity part in Sz.-Nagy’s theorem and
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it can help in deciding whether an operator is similar to e.g. a normal op-
erator. However, the last statement of Theorem 4.1 is clearly not reversible
which can be seen by easy counterexamples.

As we have seen, Sz.-Nagy’s theorem says that Ar ;. is invertible when
T is similar to a unitary. If T" is a contraction, then we can state more than
simply the invertibility of A7. Namely we will prove the following theorem
where (i) is only an implication, but (ii) is its converse in the separable
case. We recall that the minimal element of the spectrum of a self-adjoint
operator A is denoted by r(A).

THEOREM 4.2.

(i) Let dimH > Rg and T € B(H) be a contraction which is similar
to a unitary operator. Then dimker(Ar — r(Ar)I) € {0,00}.
Consequently, the condition r(Ar) € c.(Ar) holds.

(ii) Let dimH = No, A € B(H) be a positive, invertible contrac-
tion and suppose that the conditions 1 € o.(A) and dimker(A —
r(A)I) € {0,Ro} are fulfilled. Then there exists a contraction
T € B(H) which is similar to a unitary operator and the asymp-
totic limit of T is exactly A.

This theorem can be considered as a strengthening of the necessity
part in Sz.-Nagy’s similarity theorem. In particular, in the separable case
it provides a characterization of asymptotic limits for those contractions
which are similar to unitary operators. We note that it is an open problem
to describe the L asymptotic limits of those operators that are similar to
unitary operators and act on infinite dimensional spaces.

5. Injectivity of the commutant mapping

Let us consider a contraction T € B(H). Given any C € {T} there
exists exactly one D € {Wr} such that XpC = DXp. This enables us to
define the commutant mapping 7 of T in the following way:

v =7r: {T} = {Wr}, C— D, where X7C = DXr.

It can be shown that 7 is a contractive algebra-homomorphism (see [16,
Section IX.1] for further details). This commutant mapping is among the
few links which relate the contraction to a well-understood operator. It
can be exploited to get structure theorems or stability results. Hence it
is of interest to study its properties. Our purpose in [3] was to examine
the injectivity of v, and in Chapter 5 we gave the results obtained in that
publication. If T" is asymptotically non-vanishing, then X, and hence v
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are clearly injective. A natural and non-trivial question is that if the com-
mutant mapping is injective, is necessarily T of class C;.7 However, this
is not true. In Chapter 5 a counterexample have been given. We have also
provided four necessary conditions of injectivity. For a contraction T let Py
denote the orthogonal projection onto the stable subspace. The compres-
sions PyT|Ho and (I — Py)T|Hg are denoted by Tyo and 741, respectively.

THEOREM b5.1. If the commutant mapping v of the contraction T €
B(H) is injective, then
(i) the equation XTy1 = XTyo is satisfied only with X = 0,
) 0ap(T5o) N oap(T1) # 0,
(iii) op(T)Nop(T*)ND =0, and
) there is no direct decomposition H = Mo+M;y such that Mo, M
are invariant subspaces of T and {0} # My C Ho.

For an operator A on a Hilbert space F, and for a complex number
A, the root subspace of A corresponding to A is defined by ker(A — AI) :=
Ve2, ker(A — A )J. We say that the operator A has a generating root

subspace system if F =V {l;gr(A —A): e Jp(A)}.

Our second result was about sufficiency. Namely, it shows that under
certain circumstances (iii) of Theorem 5.1 is sufficient for the injectivity of
5.

THEOREM 5.2. Let us assume that the stable component Tyg of the
contraction T satisfies the following conditions:

(i) op(T5o) C op(Too):
(ii) Tg, has a generating root subspace system.

Then 7y is injective if and only if o,(T) N o, (T*) ND = (.

We note that the conditions of the previous theorem are satisfied in a
large class of Cy-contractions.

After that we were able to present our example for a non-C;. con-
traction which has injective commutant mapping. This was followed by
investigating the injectivity of commutant mappings for quasisimilar con-
tractions and orthogonal sum of contractions. Two operators A, B € B(H)
are quasisimilar if there exist quasiaffinities (i.e. operators with trivial ker-
nel and dense range) X € B(H) and Y € B(H) such that XB = AX and
YA = BY. We say that T € B(H) is in stable relation with 7" € B(H’),
if CT =T'C and ranC C H{(T") imply C = 0, and if C'T" = TC' and
ran ¢’ C Ho(T) imply C’ = 0. Our result concerning quasisimilar contrac-
tions and orthogonal sum of contractions reads as follows.
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THEOREM 5.3. Let T € B(H) and T’ € B(H') be contractions.

(i) If T and T' are quasisimilar, then yr is injective if and only if
Y0 18 tnjective.
(ii) The commutant mapping 7 = ypgr is injective if and only if
~yr and yp: are injective, and T is in stable relation with T'.
(iil) Assuming T =T', the commutant mapping ¥ = Yrer 18 injective
if and only if yr is injective.

We would like to point out that (ii)-(iii) of the above theorem can
be extended quite easily for orthogonal sum of countably many contrac-
tions. We also note that the injectivity of vy and 7+ does not imply the
injectivity of 7. This was verified by a concrete example.

Finally, using certain properties of shift operators, we have provided
an example for which (i)-(iv) of Theorem 5.1 are satisfied but still v is not
injective. This shows that these four conditions together are not enough
to provide a characterization of injectivity of ~p.

6. Cyclic properties of weighted shifts on directed trees

The classes of the so-called weighted bilateral, unilateral or backward
shift operators are very useful for an operator theorist. Besides normal
operators these are the next natural classes on which conjectures could be
tested. Recently Z. J. Jablonski, I. B. Jung and J. Stochel defined a natural
generalization of these classes in [10]. They were interested among others
in hyponormality, co-hyponormality, subnormality etc., and they provided
many examples for several unanswered questions using this new class.

In the last chapter we have studied cyclic properties of bounded
(mainly contractive) weighted shift operators on directed trees. Namely
first we have explored their asymptotic behaviour, and as an application
we have obtained some results concerning cyclicity. These theorems are
from [7].

We recall some definitions from [10]. The pair 7 = (V, E) is a di-
rected graph if V' is an arbitrary (usually infinite) set and E C (V x V) \
{(v,v): v € V}. We call an element of V' and F a vertex and a (directed)
edge of T, respectively. We say that 7 is connected if for any two distinct
vertices u,v € V there exists an undirected path between them, i.e. there
are finitely many vertices: u = vg, v1,...v, = v € V (n € N) such that
(vj—1,v;) or (vj,vj—1) € E for every 1 < j < n. The finite sequence of
distinct vertices vg, v1,...v, € V (n € N) is called a (directed) circuit if
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(vj—1,v;) € E for all 1 < j < n and (vn,v9) € E. The directed graph
T = (V,E) is a directed tree if the following three conditions are satisfied:

(i) T is connected,;
(ii) for each v € V there exists at most one u € V such that (u,v) €
E;

(iii) 7 has no circuit.

From now on 7T always denotes a directed tree. In the directed tree a
vertex v is called a child of u € V if (u,v) € E. The set of all children of
u is denoted by Chiy(u) = Chi(u). Conversely, if for a given vertex v we
can find a (unique) vertex u such that (u,v) € F, then we shall say that
u is the parent of v. We denote u by par,(v) = par(v). We also use the
notation par®(v) = par(...(par(v))...) if it makes sense, and par® is the
identity map.

If a vertex has no parent, then we call it a root of 7. A directed
tree is either rootless or has a unique root (see [10, Proposition 2.1.1.]).
We denote this unique root by rooty = root, if it exists. A subgraph
of a directed tree which is itself a directed tree is called a subtree. We
use the notation V° = V' \ {root}. If a vertex has no children, then we
call it a leaf, and 7T is leafless if it has no leaves. The set of all leaves
of T is denoted by Lea(7). Given a subset W C V of vertices, we put
Chi(W) = U,ew Chi(v), Chi’(W) = W, Chi"*" (W) = Chi(Chi"(W)) for
all n € N and Des(W) = Des(W) = [J,—, Chi"(W), where Des(W) is
called the descendants of the subset W, and if W = {u}, then we simply
write Des(u).

If n € Ny := NU {0}, then the set Gen, r(u) = Gen,(u) =
U;-L:O Chi’ (par’ (u)) is called the nth generation of u (i.e. we can go
up at most n levels and then down the same amount of levels) and
Genr(u) = Gen(u) = |J,;—, Gen, (u) is the (whole) generation or the level
of u. From the equation (see [10, Proposition 2.1.6])

V= U Des(par”™(u)) (6.1)

n=0

one can easily see that the different levels can be indexed by the integer
numbers (or with a subset of the integers) in such a way that if a vertex
v is in the kth level, then the children of v are in the (k4 1)th level and
par(v) is in the (k — 1)th level whenever par(v) makes sense.
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The complex Hilbert space £2(V) is the usual space of all square sum-

mable complex functions on V' with the standard inner product
(f.9) =2 f(wgu), f.gel(V).
u€V

For u € V we define e, (v) = 8., € (?(V), where du,v is the Kronecker-
delta symbol. Obviously the set {e,: u € V} is an orthonormal basis. We
usually refer to £2(W) as the subspace V{e,: w € W}, for any subset
W CV.

Let A= {)\,: v € V°} CC be a set of weights satisfying

sup Z [Ao2rueV 3 < oo.
vE€Chi(u)

Then the weighted shift operator on the directed tree T is the operator
defined by
Sx: C(V) = V), ewrr > Aew.
vE€Chi(u)
By [10, Proposition 3.1.8.] this defines a bounded linear operator with
norm ||Sy|| = sup {, /2 vechi(u) [Ao]?: u € V}.

We considered only bounded weighted shifts on directed trees, es-
pecially contractions. We recall that every S, is unitarily equivalent to
Sia) where [A| == {|\y]: v € V°} C [0,00[. If a weight A, is zero, then
the weighted shift operator on this directed tree is a direct sum of two
other weighted shift operators on directed trees (see [10, Theorem 3.2.1
and Proposition 3.1.6]. In view of these facts, we exclusively considered
weighted shift operators on directed trees with positive weights.

An operator T € B(H) is cyclic if there is a vector h such that

Hrpn =Hp = V{T"h: n € No} = {p(T)h: pe Pc}” =H,
where Pc denotes the set of all complex polynomials. Such an h € H is

called a cyclic vector for T'. The first theorem of the chapter concerned a
countable orthogonal sum of weighted backward shift operators.

THEOREM 6.1. Suppose that {e;: j € J,k € No} is an orthonor-
mal basis in the Hilbert space H where J # 0 is a countable set and
{wjr:j € T,k € Ng} C C is a bounded set of weights. Consider the
following operator:

e 0 ifk=0
UL wjk—1€jk—1 otherwise’
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(i) If there is no zero weight, then B is cyclic.
(ii) Assume there is no zero weight and there exists a vector g €
oo iran(B™) such that for every fized j € J, (g,ejr) # 0 is
fulfilled for infinitely many k € Ng. Then we can find a cyclic
vector from the linear manifold NS, ran(B™).
(iii) The operator B is cyclic if and only if B has at most one zero

weight.

The proof of Theorem 6.1 was motivated by the solution of [8, Problem
160]. We would like to note that the case in (iii) of Theorem 6.1 when
#J =1 was done by Z. G. Hua in [9]. However this article was written in
Chinese, therefore we were not able to read the proof. The above theorem
can be considered as a generalization of Hua’s result.

After this we gave our results concerning cyclicity of weighted shifts
on directed trees. The quantity

Br(T)= > (#Chi(u)—1)

u€V\Lea(T)

is called the branching index of 7. By (ii) of [10, Proposition 3.5.1] we
have
1+ Br(7) if T has a root,

Br(7)  if T has no root. (62)

dim(ran(Sy)*) = {
It is easy to see that for every cyclic operator T € B(#H) we have
dim(ran(T)+) < 1. Therefore the only interesting case concerning the
cyclicity of Sy is when 7 has no root and Br(7) = 1 (if the branching
index is zero, we obtain a usual weighted shift operator).

If #Lea(T) = 2, then T is represented by the graph (V, E) with ver-
tices V={j€Z:j<jo}U{k': 1<k <ko} where we assume 1 < kg <
jo < 00, and edges E — {(j — 1,7): j < jo} UL(0,1)} U{(( — 1)/,57): 1 <
j < ko}. The corresponding weights are A = {\,: v € V}. If #Lea(T) =1
or 0, then the representative graphs are very similar. Our next result is
about the cyclicity of S).

THEOREM 6.2. Suppose that the directed tree T = (V, E) has no root
and Br(T) = 1.

(i) If #Lea(T) = 2, then every bounded weighted shift on T is cyclic.
(ii) Suppose T = (V, E) has a unique leaf. A weighted shift Sy on T
1s cyclic if and only if the bilateral shift operator W on the subtree
T':=(Z,EN(Z x 7)) with weights {\,}>>__ ={\,: € VNZ}

— 00
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is cyclic. In particular, if Sy ¢ C.o(¢2(V)) is contractive, then Sy
18 cyclic.

(i) Assume that Sy is contractive and of class C1. (consequently T
has no leaf ). Then it has no cyclic vectors.

(iv) If T as no leaf, then there exists a cyclic weighted shift operator
Sy onT.

As far as we know complete characterization of cyclicity of bilateral
weighted shift operators is still open. Our last result concerns the cyclicity
of the adjoint of weighted shift operators on directed trees.

THEOREM 6.3.

(1) If T has a oot and the contractive weighted shift operator Sy on
T is of class C1., then S} is cyclic.

(ii) If T is rootless, Br(T) < oo and the weighted shift contraction
Sx on T is of class C1., then S} is cyclic.

In order to prove the above theorem we have verified that S @ (S;)*
(k € N) is cyclic where S denotes a simple bilateral shift operator and S,j
denotes the orthogonal sum of k pieces of simple unilateral shift operators.
It is interesting to ask what happens if in (ii) of Theorem 6.3 the condition
Br(7) < oo is dropped. If S @ (S;fo)* were cyclic, we could drop this
condition. These questions were left open in the dissertation.
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