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The concept of information is of intrinsically physical origin. In-
formation is stored, transmitted, manipulated, and processed by
means of physical systems. When these systems obey the laws
of quantum mechanics, quantum theory must be applied to in-
formation as well. In the Dissertation, quantum communica-
tion schemes are investigated in which quantum information is
transmitted via a purely classical and a nonclassical (entangled)
channel. Beyond quantum teleportation, the more general remote
state preparation schemes and their properties are studied. The
present summary condenses the main ideas and results.

Introduction

The simplest quantum systems have two well-defined and distinguish-
able levels that are conventionally denoted by orthogonal state vectors |0)
and |1). From the quantum information point of view, such systems are all
equivalent and referred to as quantum bits or qubits. In contrast to classical
bits whose value is either “0” or “1”, a qubit can have both the values |0)
and |1) at the same time. This follows from the superposition principle of
quantum mechanics: generic pure states of the qubit are given by complex
superpositions of |0) and |1) described by two real angles as parameters,
1) = cos 8|0} + e sin &|1). This property is the essence of many inter-
esting phenomena in quantum information processing. For example, the
main advantage of quantum computation over its classical counterpart is
due to quantum parallelism: a function can be evaluated in multiple points
in the same run, if the input is in a superposition state [1]. Famous exam-
ple is Shor’s prime factoring quantum algorithm [2] that is exponentially
faster than all the presently known classical algorithms. However, quan-
tum properties of physical systems are rather fragile. Even looking at them
can destroy their quantum nature, and measurement transforms quantum
information (the two real angles) into classical (a “0” or “17). Quantum
information cannot be entirely extracted, nor can it be exactly copied or
cloned [3]. This fact provides the starting point of unbreakable quantum
cryptographic ciphers [2].

The most interesting physics, however, starts when superposition prin-
ciple is applied to multiple subsystems that are separated in space: the
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existence of entanglement is one of the most peculiar characteristics of
quantum mechanics. Consider for example two distinguishable Spin—% par-
ticles whose total angular momentum is zero. Regarding only the spin
component of their wave function, they can be interpreted as quantum
bits. Their spin state, the antisymmetric singlet is maximally entangled
and has the following property. If the spin of the first particle is measured
and found to point in a specific (but random) direction, then the spin of
the other will point to the opposite direction with certainty, even though
it has been indeterminate before. The importance of this phenomenon was
first addressed by Einstein, Podolsky, and Rosen [4] mainly in philosophi-
cal context regarding non-locality and incompleteness of quantum theory.
Later, Bell [5] and Clauser et al. [6] showed that entanglement leads to
correlation between measurement outcomes that cannot be explained by
any local classical theory and is of inherently quantum origin. Since then,
entanglement has become a key resource in quantum information science.
Entangled states, if disposable, can make it possible to perform many non-
local operations that cannot be otherwise carried out by local operations
and classical communication. Thus, entangled states serve as a resource to
circumvent superselection rules posed by locality [7].

One of the most fundamental applications of entanglement is quantum
teleportation [8]. It is a quantum communication protocol in which entan-
glement assists in exchanging quantum information when no direct transfer
of any quantum system is possible and the communicating parties are re-
stricted to local quantum operations and classical communication. Indeed,
entanglement and classical communication together have the potential to
be turned into quantum communication: a generic unknown qubit state can
be perfectly transmitted while using up one pair of maximally entangled
qubits (distributed between the parties in advance) and sending two bits of
classical information in forward direction (from the sender to the receiver
of the quantum information). The entanglement cost of teleportation is 1
ebit [9] per qubit transmitted. Less entangled resources like partially en-
tangled or mixed states can also be used in teleportation [10]. However, the
quantum communication capacity of such teleportation channels (the av-
erage quantum information they can convey) is decreased. Such imperfect
teleportation schemes are either probabilistic or the transmitted state is
distorted implying a decrease in transmission fidelity. For reversible chan-
nels [11], it is possible to undo distortions, but such schemes are always

3



probabilistic if the resource is not maximally entangled. Given a realistic,
nonideally entangled resource, it is important to know whether the channel
can be reversed and how to construct reversible protocols that are capable
of exact, albeit probabilistic teleportation of generic quantum states [A, B].
This is one of the questions addressed in the Dissertation.

Exact and deterministic teleportation of a generic qubit state requires
one pair of maximally entangled qubits (1 ebit) and classical communica-
tion of two bits, and these resources are necessary in the sense that neither
of them can be cut down [12]. However, resources can be traded off if
the qubit state (the two real angles) is known to the sender. This case is
called remote state preparation, since quantum communication is combined
with quantum state engineering. For a trivial example, suppose that the
sender directly tells the two real angles to the receiver who then prepares
a physical instance of the quantum information locally at his place. This
method uses no prior entanglement but needs classical communication of
infinitely many bits to convey the two real numbers. Less than 1 ebit of
entanglement is needed if the sender provides finite amount of classical
information about the target state [13]. On the other hand, the classical
communication cost can be arbitrarily close to 1 bit per qubit, but at the
cost of using up entangled resources [14].

Resources can also be cut down if the input is restricted to an ensemble
of special qubit states. For example, if the contributing parties agree in
advance that they are going to prepare only states lying on the equator of
the Bloch sphere (that is, the spin of a spin—% particle is aligned perpen-
dicular to the z axis), then 1 ebit of entanglement and 1 bit of classical
communication suffice [15]. The method is based on the special property
of the singlet state that if the first particle’s spin component in spatial
direction 7 is measured, then the spin of the second one gets aligned in
the same direction as well: it is parallel or antiparallel to 77 depending on
the measurement outcome. So if the sender wants to remotely prepare the
state |7)p (the state in which the spin is aligned with the unit direction
vector 77), the only thing she needs to do is to measure the spin component
of her part of the entangled pair in direction 7. If the outcome is —% (and
this happens with probability 1), then the receiver’s state becomes |7)p
correctly, while a result of —I—% shows that his state is just the antipodal
state |—1)p. Then the sender sends to the receiver 1 bit of classical infor-
mation: the measurement result. There is nothing to do for the receiver in

4



the first case, but in the second case, he has to flip his spin in order to ob-
tain the right output. This spin flip operation—that maps any pure state
to its orthogonal complement, a|0) + 3|1) — (*|0) — a*|1)—is the antiuni-
tary time reversal operation and, thus, it cannot be carried out physically.
However, restricted to states on the equator of the Bloch sphere, namely,
to states of the form |@) = (]0) + €'?|1))/v/2, the unitary 7-rotation along
the z axis can substitute the required antiunitary recovery transformation,
and it can be realized physically. This equatorial method can also be gen-
eralized from qubits to higher dimensional quantum systems [16]. Then
equally weighted superpositions of all the computational basis states can
be prepared. These states form a D — 1 dimensional real submanifold in
the D dimensional complex Hilbert space, and their remote preparation re-
quires log, D ebits of entanglement and the same number of bits of classical
communication as resources [C]. The method can be extended to systems
with infinite dimensional state spaces as well [E].

An important question regarding quantum communication is whether
any additional information about the transmitted state can be gained from
the classical message or from the output quantum systems, compared to
what can be learned from the single instance of the transmitted state that
arrives at the receiver. If, for example, the probability distribution of the
classical message depends on the target state in case of a nonideal teleporta-
tion or remote state preparation scheme, then the message does contain ac-
cessible information about the input. Since the input state can be unknown
in teleportation and unknown states cannot be cloned, such a leakage of
information would inevitably introduce losses and noise in the transmission
process [11]. Therefore, it is necessary for noiseless teleportation that the
classical message does not correlate with the transmitted quantum informa-
tion [A]. On the other hand, if the quantum communication protocol does
not leak information, it can be securely incorporated into cryptographic
protocols and distributed quantum computation tasks [17]. Such quantum
communication schemes are called oblivious. It can be shown [18] that
oblivious remote state preparation of generic pure states requires at least
1 ebit of entanglement and 2 bits of classical communication per qubit.
Oblivious schemes, thus, play an important role in quantum information
theory. The question then naturally arises: what makes an entanglement
assisted quantum communication scheme oblivious, and how to construct
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remote state preparation schemes that are such. One of the main results
of the Dissertation answers this question [F].

The protocol of quantum teleportation can be extended to states of
dynamical variables with continuous spectra [19]. Such systems are, for
example, modes of the electromagnetic field or spinless massive particles
moving in one dimension. In the latter case, the dynamical variables can
be the standard position and momentum, but they can be the canonical
action-angle coordinates as well. Since the spectra of these variables are not
the same, there are essentially different continuous variable teleportation
protocols. Good examples are the quantum optical protocol based on
quadrature variables of the electromagnetic field [20] and another one based
on photon number and phase [21]. Quantum information processing on
continuous variables provides an interesting alternative to the “traditional”
qubit-based approach [22, 23]. There are also probabilistic quantum state
engineering schemes based on conditional measurements performed on one
of two entangled light beams. However, they are different from remote state
preparation, as an essential feature of the latter is that it is deterministic.
A comprehensive study of continuous variable remote state preparation has
been missing so far. The other main result of the Dissertation intends to
fill this gap.

Aims and objectives

One of the main objectives of the research was to investigate whether par-
tially entangled states can be directly utilized in exact quantum commu-
nication protocols with no need of entanglement distillation in advance,
and how to construct teleportation protocols to a given partially entangled
state. Since quantum information is transmitted via a purely classical and
a nonclassical (entangled) channel, the question naturally arises what are
the roles of these two kinds of channels in the information transfer, whether
it is possible to draw a balance between the amounts of transferred and
leaked information. Oblivious remote state preparation schemes play an
important role in this aspect. One of the tasks was, therefore, to give a
condition for schemes to be oblivious.

Remote state preparation of equatorial states is exact and deterministic,
but the set of preparable states is restricted. It was also the object of
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the research to determine what other kinds of ensembles can be prepared,
and to design various schemes for them. An interesting question was
whether the set of preparable states can be extended if the receiver is
allowed to apply not only realizable unitary but nonphysical antiunitary
transformations as well. Finally, how to generalize the equatorial method
to continuous variable quantum systems.

Research methods

Bipartite quantum communication schemes studied in the Dissertation ex-
ploit nonclassical correlation present in entangled states in order to trans-
mit quantum information as follows. First, assume that an entangled pair
of quantum systems is distributed between the sender and the receiver in
advance. In the first step of a quantum communication protocol, the sender
performs a measurement on her half of the entangled pair (system A). In
the case of quantum teleportation, this is a Bell-type measurement that
projects the unknown state of the input system and the state of system A
onto an entangled state. In the case of the equatorial method, there is
no input system, the target state is completely known to the sender. The
measurement is a projective von-Neumann measurement performed on sys-
tem A alone, and the eigenstates of the measurement depends explicitly
on the state to be remotely prepared. After the measurement, systems A
and B are no longer entangled, but there is still a significant classical cor-
relation between the measurement result and the state of system B. In the
second step, the sender sends a classical message to the receiver. The mes-
sage depends on the measurement result, but it can be an explicit function
of the target state as well. In the third step of the protocol, the receiver
performs a local quantum operation on his system that he chose from a
prearranged set of operations according to the message he received. In the
above two examples, this is a unitary operation. At the end of the process,
the state of system B no longer depends on the random measurement out-
come, it contains the original quantum information only. It is important
that this information stays hidden as long as the classical message is ob-
scure to the receiver. Therefore, quantum communication cannot be faster
than its classical counterpart, and it does not violate causality.
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Many of the results of the Dissertation is based on antilinear opera-
tor representation of bipartite entangled states. Although antilinear (also
known as conjugate linear) operators in quantum mechanics usually appear
in the context of time reversal symmetries, quantum information theory
also provides some interesting application. Suppose that systems A and B
are in the pure entangled state |W)4p. If a complete measurement per-
formed on system A yields the eigenstate |¢) 4, then the state of system B
becomes determinate: |¢)p = A 4(¢|¥) ap. Since this partial inner product
is conjugate linear in its first argument, the map

Ag: Ay — Hp,|0)a = a(0|¥) as

defines an antilinear operator. This operator completely and uniquely de-
scribes the bipartite pure state. In more general, taking mixed states into
account, bipartite states can be characterized by completely x-copositive
superoperators. Kraus decomposition of such superoperators comprises
antilinear operators Ay M — >, AiM AT This antilinear operator rep-
resentation is found to be of utmost convenience in describing quantum
information processing schemes, because state transformations can be eas-
ily obtained by combining the corresponding antilinear operators.

Thesis points

1. The antilinear (relative state) operator representation of entangled
states is applied in the description of nonideal teleportation on finite
dimensional Hilbert spaces. The two antilinear operators correspond-
ing to the shared entangled resource and to the joint measurement can
be simply combined to obtain the state transformation that describes
the teleportation channel. The probabilistic teleportation channel is
linearly reversible if and only if the probability of the successful mea-
surement outcome(s) does not depend on the input state, i.e., the
process is oblivious. In this case, the channel is unitarily reversible as
well, and it can be used in exact probabilistic teleportation. Given a
pure but partially entangled state, an entanglement matching condi-
tion is derived which the joint measurement has to fulfil in order for
the channel to be reversible. [A, B]
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2. The problem of oblivious quantum communication is analyzed. A
general criterion for exact remote state preparation schemes to be
oblivious is given: it is sufficient and necessary that the positive
operator elements of the sender’s generalized measurement (POVM),
which depend on the state to be prepared, are completely *-copositive.
For schemes based on pure states, this condition is equivalent to
that the measurement eigenstates depend antilinearly on the target
state. [F]

3. The antilinear operator formalism is applied to exact deterministic
remote state preparation schemes that utilize unitary recovery trans-
formations [C]. Alternative easy-to-use conditions for such schemes
to exist and to be oblivious are presented in terms of commutation
relations [F]. A method is shown how to construct schemes in higher
dimensional state spaces by combining lower dimensional protocols.

4. It is shown that a onepartite, positive operator valued measurement
(POVM), whose positive operator elements depend on an unknown
generic (unrestricted) quantum state and are completely x-copositive,
can always be traced back to a bipartite joint measurement that
is performed on the system under consideration and on an ancilla
prepared in the unknown state. It cannot be traced back, however,
if the unknown state is restricted; for example, it is a qubit state
chosen from the equator of the Bloch sphere. As a consequence,
equatorial remote state preparation does require from the sender to
have complete classical knowledge about the target state, and a single
instance of it at the sender’s hand (as in teleportation) is not enough.

5. It is pointed out that the equatorial method cannot be extended to
deterministic and exact remote preparation of an unrestricted state
using 1 ebit of entanglement and 1 bit of classical communication per
qubit. In three or more dimensional Hilbert space, the set of remotely
preparable states cannot be extended to the entire Hilbert space, not
even in the case when the receiver applies the recovering transfor-
mations on his future operations, that are known to him, instead of
recovering the target state, that is unknown to him. In this latter case,
all the measurement statistics could be correctly reproduced. [D]
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6. Remote state preparation of equatorial ensembles is generalized to
continuous variable quantum systems. Based on the spectra of the
dynamical variables, three cases are presented in momentum, parti-
cle number, and canonical phase representations. It is shown that
the ensemble of preparable states is parameterized by infinitely (ei-
ther continuous or countable) many real angles, while the classical
communication cost is only one real number or an unbounded integer
[E, G]. Possibility of quantum optical realizations and effects of finite
entanglement and detector inefficiencies are also considered.
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