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CHAPTER 1

Introduction

Models play a key role in how we analyze and predict the behavior of our environment. They
create a space in which we can simulate what would happen to the real system if we changed its
parameters. Such systems can be the Internet, where we need to route traffic so that it reaches the
destination in the fewest hops; transportation networks, where we can tweak the programs of traffic
lights to reduce congestions; or social networks, where we can identify people who are capable
of influencing large groups. Models that represent various types of interactions between entities
in systems, like the previous examples, use the toolkit of network science. Network science has
proven itself in a wide variety of fields, including social sciences [1], economics [2], scientometrics
[3],and ecology [4]. It has been successfully applied to gain a better understanding of neurological
diseases [5], to show that community structures in social networks help slow the spread of diseases
[6], or to identify communities in criminal networks [7], among many others.

Brandes et al. describe network science as the “study of the collection, management, analy-
sis, interpretation, and presentation of data” [§]. Its strength lies in the ability to represent data
and systems as networks, making it easier to understand a complex system by describing it as
a collection of nodes and links. This simple concept allows us to characterize a wide variety of
systems. To highlight a few examples, links can have directionality (as in road networks), they can
run only between nodes of different classes (e.g., buyers and shops), or we can attach numerical
information to the links to represent, for example, capacity. Note that the term network is often used
interchangeably with graph, with the latter often seen as the abstract, mathematical representation
of the former. As such, they will be used interchangeably in this thesis, too.

In the 21st century, with the popularity of Internet of Things (IoT) devices, an increased supply
of Internet-connected devices, a huge increase in computing power and the new dawn of large
neural networks, the amount of data that needs to be processed has increased enormously. As a
result, the graphs modeling these data sets have also become much larger, requiring a change in
how we process them. One feature that requires processing the entire graph (sometimes multiple
times) is its community structure: groups of vertices with a high amount of edges among members
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6 Introduction

of the group relative to the number of edges between members of the group and outside vertices.
These groups typically share common properties or play similar roles within the network. One
of the most commonly used terms for methods that detect these structural patterns is community
detection. The use of the expression is often confusing, as we sometimes see overlapping community
detection and partitioning (or clustering, or even graph coloring) used to refer to the same concept.

The definition of a community is also far from being precise, and the term is often used in-
terchangeably with the word cluster. Since I will work a lot with both terms, I will make a clear
distinction between (overlapping) community detection and (non-overlapping) clustering in this work.
Namely, I will talk about communities when an entity can belong to multiple groups — just as we,
humans, are part of groups of friends, family, or workplace acquaintances, — and I will use the
term clusters when each entity belongs to exactly one group. The latter is perhaps a less realistic
representation to think in, but it is much simpler to work with,and in some cases, even preferable.
For example, the karate club studied by Zachary [9] split into two clubs, where nobody remained a
member of both clubs. In this case, we face a clustering problem when trying to find the new clubs
within the interaction network.

Locating groups is only one dimension of the problem of community detection, though. While
we frequently work with the karate club as an example of finding the two new clubs in the interaction
network, these groups often have another driving force: hierarchies. Typically, not everyone in
a community or cluster is equal. In the simplest example, the two new karate clubs had leaders:
one part of the old club stayed with the club administrator “John A” and a new club formed
around the instructor “Mr. Hi”. This leads us to the notion that these groups not only have (in
some representations, common) members, but also hierarchical relationships within or among
themselves.

In a general sense, hierarchies form an important extension of communities and are a defining
factor of our lives. In economics, one area of focus is how hierarchies help firms scale to today’s
employment numbers. Radner argues that hierarchies in firms can represent organizations of tasks
and work, and that they are “remarkably effective in decentralizing the activities of information
processing” [10]. In the social sciences, there is extensive research on how we, humans, are part of
formal (e.g., corporate, military, government) and other, difficult-to-observe informal hierarchies,
such as a central person of a group of friends [11]]. These can be studied as macro-, meso-,and micro-
level processes, where macro-level hierarchies, for example, help us in our collective coordination
and to take actions together. As Redhead and Power mention, however, not all hierarchies are
explicit [11]. Expanding beyond the scope of human structures and interactions, we can also
discover hierarchies in nature, e.g., in food webs [12]. This naturally opens up the question of
whether we can identify them, even if they have never been formalized. Hierarchical clustering
[13] presents an attempt at solving this task, which I will discuss in more detail later.

We can combine the notion of hierarchies with other types of graph structures, too, since the
definition of a community lets us interpret it broadly. Some bipartite networks, such as pollination
networks of plant species and their pollinators, or trade networks of countries and their exports
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Figure 1.1: Two possible community structures of the chapters of this thesis. The red structure marks
the clustering based on the problem, while the orange one shows the grouping based on the approach (the
actual structure of the thesis).

and imports, show the presence of nestedness |14, 15,16, 17]. Its definition is strict, compared to
that of a community, as it is an arguably more well-defined concept. As we will see in Section|1.1]
nestedness implies a highly constrained structure, and so-called fully nested graphs are quite
scarce among all the possible graph configurations. Nevertheless, some degree of nestedness is
still widely observed in real-world networks [16]. Its discovery originates from biogeography
[18], from the spatial distribution of various species. Since then, it has been identified in a wide
range of systems, including trade networks [19], ecological interaction networks [20] and interbank
payment networks [21]], among others. Its detection, however, contrary to traditional (overlapping)
community detection, has mostly been limited to quantification, and not to localization.

In this thesis, I will present methods for detecting overlapping and hierarchical relationships
between the vertices of a graph. The chapters of the work I will present here can be grouped
based on either the approaches taken to solve the problems, or the problems themselves. This is
illustrated in Figure[1.1] The first grouping (marked in orange) is based on approaches, which is
what the actual thesis structure follows: the following two chapters cover overlapping community
detection and the last two cover hierarchical clustering. The other grouping (marked in red) is
based on the problem under study: the following three chapters will cover nestedness, a special
graph structure that can be treated as an overlapping community structure, and the last chapter
covers portfolio selection, a problem in which an investor wants to find an optimal portfolio for
their investment. These groupings also illustrate the differences between overlapping community
detection (the possible thesis structures for these four chapters) versus clustering (the one grouping
I had to pick in the end), on a tiny scale.

This thesis is structured as follows. In the first part, I am going to introduce overlapping com-
munity detection methods for nestedness. Chapter[2|describes a heuristic, edge-based approach
for finding overlapping nested communities. Chapter [3|introduces an algorithm that reveals all
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local nestedness relationships of a network using a deterministic, node-based approach. In the
second part, I will apply hierarchical clustering to solve two problems where a cluster structure
directly or indirectly helps us reach a solution. In Chapter[4] I continue the notion of detecting
nestedness by introducing multiple approaches using hierarchical clustering, aiming for a simpler
representation this time. Finally, Chapter[5|sees the application of general purpose hierarchical
clustering for portfolio optimization, showing that portfolio selection models can be improved by
utilizing a layered approach to clustering.

1.1 Core definitions

Throughout this thesis, when working with graphs, I will denote them by G = (V, E'),where V' is
the set of vertices,and ' = {(1, ) | 7, j € V'} is the set of edges. When referring to the vertices or
edges of a specific graph, I will also use the notation V' () to refer to the set of vertices of the graph
G,and E(G) to refer to its set of edges. In most cases I will be working with graphs where there are
no loops, ie., (i,7) ¢ E (Vi € V), unless noted. I will denote the number of vertices by |V| = n
and the number of edges by | | = m. In the case of undirected graphs, the order of the vertices of
an edge does not matter,and as such, (i, j) € £ < (j,i) € E.When an additionalw : £ — R
function is given, we call the graph weighted. Weights can represent various concepts that can be
expressed in numeric form through the links present in a graph: the distance (or closeness) of two
vertices, the strength of a relationship, the amount of throughput on the road between two vertices,
and much more. I will denote the neighborhood of a node i by N (i), which is the set of nodes i is
connected to: N (i) = {j : (i,j) € Eor (j,i) € E}.Inthe case of directed graphs, I will denote
the incoming neighbors of a node i within(i) = {j : (j, ) € E'} and its outgoing neighbors with
out(i) ={j: (i,4) € E}.

To reiterate, in this thesis, I will make a clear difference between the problems of (overlapping)
community detection and (non-overlapping) clustering — or partitioning, coloring. In the case of
community detection, we are interested in finding groups of vertices that are connected by some
property, where one vertex may be part of one or more groups. When performing clustering, though,
each vertex will be part of exactly one group.

The formal definitions and specific notations will be introduced in the relevant chapters.

Nestedness

The community detection and hierarchical clustering results I will discuss in Chapters[2|to[4]
revolve around one special network structure: nestedness. A graph G is fully nested if, for any pair
of vertices i, j € V(G) such that j has a higher or equal degree than ¢, N (i) C N(j) holds [16].
In other words, the vertices of G can be ordered such that the respective neighborhoods (as sets)
form a chain: N(i;) € N(iz) C --- C N(iy). In the case of bipartite graphs, ¢ and j must be
in the same (color) class. Also in bipartite graphs, if perfect or full nestedness holds for one class,
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Figure 1.2: Examples of (a) fully nested, (b) partially nested and (c) entirely non-nested graphs

then it holds for the other as well. Having such strict requirements, the graphs we construct of
real-world networks are seldom fully nested, but they might still contain fully nested subgraphs.
For that reason, it is crucial to not only be able to decide whether a graph is fully nested, but also
to measure how nested (i.e., how close to being fully nested) a graph is. Figure[1.2]illustrates our
motivation to investigate. In Figure[1.2a] the definition applies to the entire graph, or more precisely,
to both classes: N(1) € N(2) C N(3), and similarly to nodes 4, 5, and 6, as the property is
symmetric. Figure[1.2b|shows a partially nested graph, where N (1) C N(2)and N(1) C N(3),
but N(2) Z N(3). Lastly, the graph in Figure[1.2d displays no nestedness at all.

For a long time, nestedness has been a structure that was quantified, but not detected as a cluster
or community structure, i.e., there was no way to identify the overlapping fully nested subgraphs
of Figure([1.2b] The metrics that compute nestedness (for example, NODF [22], the binmatnest
temperature [23] or discrepancy [24]) also operate on bipartite graphs, exclusively. However, while
nestedness was largely observed in bipartite networks, it is not unique to them. In fact, it was
shown that nestedness and its detection can be extended to non-bipartite graphs, too [25].

In order to identify local nestedness relationships, we need to define a nestedness value for a
pair of vertices ¢ and 7. For that, I am going to use the following metric:

IN(i) N N(j)|
min {|N (@), [N (5)|}

When nest(i, j) = 1, N(i) € N(j) or N(j) € N() holds, otherwise both vertices have at least
one neighbor to which the other is not connected. This is also called an induced 2 K5, which is two

nest(i,j) = (1.1)

parallel edges in a graph of four Verticeﬂ In the edge case of either vertex having no neighbors (i.e.,
N(i) = Qor N(j) = 0),we can skip calculating nest (i, j) altogether and assume its value is zero.

When nest (i, j) = 0,it means that vertices ¢ and j have no common neighbors. If the value
is greater than O, but smaller than 1, then they have common neighbors, but there is also at least

!'Simple examples of multiple induced 2K structures can be seen on Figure by picking any two nodes from
a class, and their neighbors, e.g., nodes 1 and 2,and their neighbors 4 and 5.
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one 2/, that blocks the pair of vertices from being fully nested. The metric allows us to build
algorithms that can discover the local nested structure of a network, and I am going to heavily rely
on it in the following chapters.

Nestedness in non-bipartite graphs

Since we are focusing on general — not just bipartite — graphs, we need to take into account the
connection between a vertex pair when measuring their nestedness. This was not an issue in
bipartite graphs, since, by definition, there are no edges between vertices of the same class.

If we use Equation to measure nestedness between vertices ¢ and 7, and there exists an
edge (i, j) € E(G),the two vertices will never be considered fully nested, because i € N(j) and
j € N(i),buti ¢ N(i)and j ¢ N(j). Thus,nest(i,j) < 1when (i,j) € E(G). This would
also mean that K, (n > 3), the complete graph of n vertices, is not fully nested.

The approach we are going to follow when comparing two vertices is to ignore the edge between
them, if there exists one. Thus, we may use the following equation instead of Equation (1.1)):

(V@ N D) N (NG {D)]
min {[N (i) \ {5}, [N () \ {i}}

Note that considering the existence of edges between nodes when searching for fully nested

nest(i,j) =

(12)

parts depends on the application. If we are looking for fully nested bipartite subgraphs in graphs
that are not necessarily bipartite themselves (e.g., as in [25,26]), the fact that two nodes can be
connected should not be ignored.

Hierarchical clustering

In Part[II} I am going to take on similar problems — which are, at their core, community detection
tasks, — but instead of overlapping communities, I will concentrate on finding hierarchical cluster
structures. I have previously argued about the potential advantages and disadvantages of finding
(disjoint) clusters as opposed to (overlapping) communities. Among these methods, hierarchical
clustering lies in between the two tasks, encoding some overlap between the groups. It builds n
levels of clustering (with the i-th level denoted by ¢;), where each level consists of n — ¢ 4 1 clusters
and is a valid clustering of the vertices on its own. The method becomes hierarchical with the
connection between the adjacent levels: the level /; is mostly the same as /; 1, with the exception
that two clusters from ¢; have been merged into one in ¢; ; (or the other way around: a cluster in
?; 11 has been split into two in ¢;). The two main approaches to building this hierarchy are called
bottom-up (also known as agglomerative) and top-down (or divisive). Bottom-up algorithms start
with all vertices in their own clusters (at level /), and iteratively merge two clusters in each step,
until reaching ¢,,, where all vertices are in the same cluster. Top-down algorithms, on the other
hand, start at /,,, with all vertices in the same cluster, and split one of the clusters into two at each
step, until they reach /;, where all vertices are in different clusters.
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The two approaches require different algorithmic concepts. For the bottom-up approach, I will
use the algorithm implemented in R [27]. It uses a pairwise distance matrix D of the nodes and a
function (often called a linkage method) that calculates the distance between two clusters. The most
common linkage methods calculate the minimum (single-linkage), maximum (complete-linkage)
and average (average-linkage) of the pairwise distances between two clusters as their distance:

dSL(C1, CQ) = ieCr’?,ijIéC’g Dij (1.3)
dCL(C1, CQ) = ieglli)e{cz Dij (14)
D.:
daL(Cy, Cy) = S - (1.5)
= 2

For a top-down (divisive) method we need a different approach, though, as these distance
metrics are only effective because the clusters whose distances are being calculated are known
from the previous step. One possible way to do it is using the algorithm of Newman and Girvan
[28]), which uses a graph-based approach and removes edges from a network until the number of
components in it increases. This is repeated until each node is in its own component. I discuss
both algorithms in detail (and adapt them to a specific use) in Chapter[4|

1.2 Contributions

Theideas, figures, tables and results included in this thesis were published in scientific papers (listed
at the end of the thesis). In a nutshell, the author is responsible for the following contributions:

Chapter|[2]: Introduction of an edge-based community detection heuristic for nestedness. The
introduced algorithm is adjustable, as it allows changing the minimum number of times an edge
is re-evaluated, allowing the user to optimize the trade-off between runtime efficiency and the
precision of detected communities. The heuristic is evaluated on a range of random and real-world
bipartite networks. The algorithm detects a larger fraction of nested communities in its early steps.
The community sizes detected by the algorithm show a high correlation with the discrepancy
nestedness metric.

Chapter [3]: Introduction of an algorithm that can detect the overlapping nested community
structure of networks, alongside an algorithm that can generate a bipartite network with a given
nestedness structure. Analysis of the performance of the detection algorithm on various bipartite
and non-bipartite networks, along with how the community structure revealed by the algorithm
compares to other overlapping community detection methods. New metrics derived from the
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results of the presented algorithm to measure the global nestedness of a network.

Chapter|[4}: Extension of two hierarchical clustering algorithms (one agglomerative and one di-
visive) specifically to reveal nested clusters of networks. Analysis of the resulting hierarchical
clustering structures on a wide variety of bipartite and non-bipartite networks. Comparison of vari-
ous linkage methods, showing that average-linkage and complete-linkage agglomerative clustering
can produce the largest fully nested clusters. Introduction of metrics to compare clustering results
across algorithms.

Chapter|[5]: Application of hierarchical clustering to improve the performance of the Markowitz
portfolio selection model and comparison with hierarchical clustering-based portfolio selection
methods. Extensive analysis of the results using real-world stock market data, using various metrics
to measure portfolio performance. Our results show that the filtering methods were effective in
reducing errors in the risk estimation, while the hierarchical clustering-based models offered higher
returns, but also higher risks.



Part I

Nestedness as an overlapping community
structure






CHAPTER 2

Heuristic for edge-based nested
community detection

As seen in Chapter|[f] nestedness has mostly been considered a global property, not a local one. In
this and the following two chapters, I will present methods for discovering local nested relationships
between groups of nodes. Various approaches have been developed in the literature to find local
community structures, but they identify communities in the traditional sense: groups of nodes
that have more connections inside the group than outside the group. In this part, I will show
that nestedness, too, can be interpreted as an overlapping community structure, by providing
algorithms that find these overlapping subgraphs.

First, in this chapter, I will introduce a heuristic algorithm for finding overlapping nested
communities using the edges of the graph. While heuristic algorithms often guarantee only approx-
imations rather than full solutions, they have the benefit of being performant, and the trade-off
between performance and accuracy is often adjustable. The algorithm presented in this chapter is
also adjustable, allowing to trade the size of the nested communities for the number of iterations
performed.

2.1 Introduction

Although nestedness in networks has been quantified by several metrics [|16,24}29,(30,31], the
problem of finding special clusters or communities having the property of nestedness has not been
investigated yet from an algorithmic perspective. In the literature one can only find a few papers
dealing with related problems. For instance, Junttila and Kaski [26] call a binary matrix — that is a
matrix whose entries are either zero or one — fully nested if its rows and columns can be reordered
such that the ones are in an echelon form. They call a binary matrix A fully £-nested if its columns
can be partitioned into & pairwise disjoint submatrices, called blocks, each of which is fully-nested.
Given a matrix A an obvious optimization problem is to find the smallest % such that A is fully

15



16 Heuristic for edge-based nested community detection

k-nested by also providing a partitioning into £ fully-nested parts. They provided several heuristic
algorithms for discovering k-nestedness. Since general m X n binary matrices can be considered
as bipartite graphs, such methods provide nested clustering in this case.

For a graph G and a fixed bipartite graph H, London, Pluhdr and Martin [25] defined the
concept of induced H-avoiding coloring — meaning that the union of any two color classes spans
an induced H-free graph —and defined y 5 (&) as the minimum number of colors in an induced
H-avoiding coloring of GG In case of H = 2K, this coloring realizes a partitioning to bipartite,
fully-nested clusters. Their approach and the one we present in this chapter are both applicable to
general graphs as well.

Moving forward in this direction, here we present a heuristic algorithm that identifies nested
communities of a network using a special edge labeling approach. In contrast to existing approaches,
our method can handle general graphs, not only bipartite ones, and is able to find overlapping
subgraphs with nested neighborhood structures as well. We also present multiple case studies
to investigate the performance of the algorithm on synthetic and real networks. The chapter is
organized as follows. In Section[2.2] we provide the most important definitions and concepts we are
dealing with. In Section[2.3] we present and discuss in detail our heuristic algorithm. In Section[2.4]
we present our case studies, and finally, in Section 2.5 we draw some conclusions and mention
some potential research questions for the future.

2.2 Preliminaries

2.2.1 Nestedness in networks

The definition of nestedness can be extended to general graphs in various ways. In this chapter, we
define a fully nested subgraph of a graph G as an induced 2 K-free graph [25] and try to identify
these subgraphs as communities of G. Note, that in the case of bipartite (sub)graphs the 2 K-free
property immediately guarantees nestedness. However, directly enumerating nested bipartite
subgraphs (as communities) may prove too restrictive in real applications, moreover it leads to a
counting problem that may not even be feasible. We handle this using the following formalism.

To test whether two vertices v;, v; € V are nested, i.e., one’s neighborhood contains the other’s,
even in a unipartite graph, we use the nest(, j) value from Equation :

IN; N ;|
min {|Ni[, [ N[}

nest(v;, vj) =

In order to identify nested subgraphs, we group together those v; and v; nodes that have
nest(v;, v;) = 1,as seen on Figure|2.1, where nest(1,2) = nest(1,3) = 1,butnest(2,3) < 1.
We should emphasize that in this work we look at a subgraph as a vertex set spanned by certain
edges. A fully nested subgraph needs to satisfy the nested condition among all of its node pairs. If
we restrict Equation to the case when (v;,v;) ¢ E,or use Equation , we obtain nested
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Figure 2.1: Example bipartite graph with an induced 2 K, highlighted in red. The top half is colored
based on one possible clustering of the nodes.

4 5 6

Figure 2.2: Example graph where the placement of the edge (2, 5) is ambiguous during nested clustering.

subgraphs (as communities). On the other hand, if we do not apply this restriction, the 2 /»-free
property still holds for the edge structure of the identified communities, that are not necessarily
bipartite.

2.2.2 Community detection

Our goal is to identify the maximal nested subgraphs of a network. This can be done both through
clustering and community detection — the key difference being here that we allow overlapping
groups (communities) in the latter. Figure 2.1|demonstrates this concept at node level. We can
see that node 1 has only common neighbors with nodes 2 and 3, but nodes 2 and 3 have a 2K,
between themselves, thus they cannot be in the same group.

In contrast, Figure[2.2|demonstrates the concept at the level of edges. Looking at the nodes of
the top row, if we perform clustering based on nestedness, we get clusters {{1}, {2, 3} }. If we take
a closer look at the graph’s edges instead of nodes, though, we can see that the subgraphs induced
by edges {(1,4), (1,5),(2,5)} and {(3,6), (2,6), (2,5)} are both nested. Notice how edge (2, 5)
is part of two nested subgraphs at the same time. When performing clustering, we would have to



18 Heuristic for edge-based nested community detection

put (2, 5) either into the first or the second nested subgraph, when in reality it is equally part of
both.

To perform the aforementioned grouping, labels are assigned to nodes throughout the process.
Alabelingisafunction C' : V' — P(N) where C'(v) is the set of labels assigned to node v, referring
to the groups (communities) v belongs to. In the case of clustering, only a single label is assigned to
each node (in this case C' : V' — N), meaning that one node can belong to only one group, which
creates a non-overlapping cluster structure. In contrast to clustering, when performing community
detection we allow one node to be assigned to multiple groups.

Traditionally, these methods assign labels to vertices, but we can also do that for edges. To do
so, we define the function C' : £ — P(N) to denote the set of labels assigned to an edge. The set
of communities that a vertex v belongs to is defined as the union of the communities of v’s incident
edges:

cw)= J Cle), (2.1)
)

e€E(v

where F/(v) denotes the set of edges incident to v.

2.3 Edge-based nested community detection

First, we note again that we refer to subgraphs as graphs induced by certain edges. Our algorithm
labels edges, with one or more label, in a way that each subgraph induced by the edges having the
same label (i.e., belonging to the same community) is fully nested. The key idea is that we use
Equation to check whether two vertices are nested and we assign all of their incident edges to
the same community or to two different communities (one for one vertex’s edges and an other one
for the another’s edges) based on the result.

Naively we may compare all (;) ~ n? possible vertex pairs, but we can safely avoid many
unnecessary comparisons. For instance, most obviously, there is no reason to compare two vertices
u,v € V not having a common neighbor (i.e., where nest(u, v) = 0),since they are always part
of an induced 2K, (if none of them is an isolated vertex).

Instead of excluding these pairs, though, we focus on collecting pairs of candidates that have at
least one common neighbor. For each vertex v we take the set of vertices that are exactly at distance
two from v, that is:

N (v) = {v; : v (v, vp), (v, v)) € E, (v,v;) ¢ E}. (2.2)

To keep track of which vertices we need to examine, we use two lists 72; and ns. For each vertex
n, contains the number of unlabeled incident edges (or unseen neighbors) and n; contains the
unseen 2-neighbors. During the process we denote the two nodes in comparison with @ and b. We
use ¢, and ¢, to denote the new communities that will be assigned to nodes a and b (based on
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Listing 2.1: The algorithm’s main routine. Lines 8-9 filter the indicated sets twice, e.g. we get a
by first selecting nodes with appropriate n; and ns values, then choosing one with a maximal 7
value.

chk « 0

maxcomm <— @

for vevV:
ni(v) < [N(v)|
na(v) < N7 (v)]

while Jv:ny(v) > T Ang(v) > 1:
a< VIng>1 & ny >T1[ny = max(nsy)]
b+ Nt (a)[(a,b) ¢ chk][n; = max(n;)]
if b = null:
// see [2.3.1]

¢, +— { maxcomm + 1 }
else if nest(a,b) =1:

// see [2.3.72

Ca, Cp < comm_same (a, b)
else:

// see [2.3.3

Ca, Cpb — comm_diff (a, b)

(E(a)) U ¢,
(E(®) U o

maxcomm < max (maxcomm U ¢, U ¢)
chk = chk U {(a,b)}

the new labels of the incident edges), respectively. The pseudocode of the algorithm is given in

Listing[2.1]

In the following subsections we take a look at the key parts of the algorithm in more detail.

G B~ W N =
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Figure 2.3: Example of a disjoint graph where node “1” does not have a 2-neighbor.

2.3.1 Choosing a suitable b

There is one case where we cannot select a suitable b. That is when a does not have any 2-neighbors,
ie, NT*(a) = (). In this case, we assign a yet unused community index to the edges incident to a.
Such an example is demonstrated in Figure[2.3]

2.3.2 Assigning edges to the same communities

Listing 2.2: The comm_same function

comms « C**(a,b)
for ¢ in comms:
for v in {v:ceC(v)}:
if nest(a, v) = nest(b, v) = 1:
continue
else:
comms < comms \ c

if comms = (:
comms < { maxcomm + 13}

Ca, Cp < COMMS

In this case we have to find suitable communities that both a’s and b’s edges can belong to.
Note that the addition of these edges to communities must not create a 2K, so we add the edges
of a and 0 to all communities in which they do not create a 2 K. If there is no such community, we
create a new one and assign the edges to that.

N O oW N -

10

12
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/

5 6 7

Figure 2.4: Graph with three nested communities, the third one not yet found. The algorithm needs to
decide what communities can be assigned to the edge labeled “?”.

In order to determine the common communities of a and b, first we find all already used
communities on the edges of the 2-neighbors of @ and b, that is:

C**(a,b) = U C(v). (2.3)

vENTT(a)UNTT(b)

Then for all communities ¢ € C**(a, b) we check whether a and b are nested with all of
the vertices in community c. If there is a 2K, on a or b,and a vertex of a community c, then c is
removed from the set of considered communities.

If the set of the remaining communities becomes empty, we assign a new community to the
edges of a and b, otherwise we assign all the remaining communities to their edges. This procedure
is shown in Listing[2.2]

Figure[2.4|demonstrates this procedure as follows. We need to find what communities we can
assign to the bold edge labeled with “?”. We use @ = 2 and b = 3 (and this is the only possible setup
where node 3 is present, since node 3’s only 2-neighbor is node 2). We take the communities they or
their 2-neighbors are part of and iterate through them, thatis C**(2,3) = {1, 2}. Community 1
cannot be assigned to the unlabeled edge because it would create a 2K, with node 1 (nest(1,3) =
0). Likewise, community 2 also cannot be assigned to the edge because it would create a 2K with
node 4 (nest(4, 3) = 0). Since all communities were excluded, our only possible action is to assign
a new community to both node 2 and 3’s edges, and that will be community 3. This means that
node 2’s edges will be assigned to the communities {1, 2, 3} and node 3’s edge will get the label

{3}.

2.3.3 Assigning edges to different communities

This case is much simpler. We need to ensure that at least one of C'(a) \ C'(b) or C'(b) \ C(a) is
non-empty, meaning that at least one of the edges of a or b is assigned to a community that contains
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no edge of the other node. This can be done by assigning a new community to a’s edges and another
new community to b’s edges. If all the edges of a node are assigned to a community, we can skip
creating a new community. The procedure, repeated for both v = a and v = b, is the following. If
v has an edge that is not assigned to a community, then assign all of v’s edges to a new community.

We do not need to check if @ and b have common communities only, because a and b have not
yet been compared. Because of this, their edges were either not assigned to communities yet or
were assigned to different communities. The only case where they could have been assigned to the
same community is when they have been compared and nest(a, b) = 1 was true.

2.3.4 Removing excessive communities

Due to the previous case (Section|2.3.3)) the algorithm sometimes introduces communities that are
subsets of other communities. After the algorithm finishes, the procedure for removing them is to
examine all pairs of communities, and if one community is a subset of the other, then it is removed.

2.3.5 Remarks

Although we used bipartite graphs to demonstrate how the algorithm works, we should emphasize
that it does not exploit any properties exclusive to bipartite graphs, which means it can be used on
general graphs as well, without any modifications.

The algorithm’s computation time is strongly influenced by the iteration’s adjustable stop
condition,whichisny > 1" A ny > 1,where 7' is the adjustable threshold parameter. There are
three noteworthy cases for the threshold value:

a) 17" = 1.In this case the algorithm labels all edges at least once. Nodes are compared at most

once.
b) 7" = 0. All nodes are checked again if their edges were labeled only once.

) T = —oco. All 1> |, no(v) combinations of (a, b) pairs are checked (a € V,b €
N (a)).

Further fine-tuning can be achieved by setting 7' to a negative value. Lower numbers will
result in more iterations but also more complete nested communities. We discuss the effects of the
threshold parameter in more detail in Section[2.4.3]

An R [27] implementation of the algorithm is also open-sourceﬂ

'The implementation is available athttps: //github.com/Hanziness/r-nested-comms/tree/ve. 1


https://github.com/Hanziness/r-nested-comms/tree/v0.1
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2.4 Case studies

In the following subsections, we examine the output of the algorithm in more detail on real-world
networks and then also compare the results with multiple stop conditions.

2.4.1 Host-parasite networks

We compare the community structures found in 50 host-parasite interaction networks from Web
of Life [32}|33]] and highlight the differences between the least and most nested networks. To be
able to compare networks with different degrees of nestedness and measure how nested a network
is, we use the discrepancy measure [24], which returns the number of 1s in the incidence matrix
that must be shifted to get a fully nested matrix. We also separated the networks into components
and then removed components with less than 5 nodes, so only the larger, connected networks were
considered.

First,we can identify a highly nested and a less nested network in the data set: the discrepancy
of A_HP_017 is 1, while for A_HP_031 we get 62 — here a lower number means higher nestedness.
In the first case, our algorithm found two communities, each spanning 96% of the edges, while in
the second case, it identified 79 communities, each containing 16.3% of the edges on average. In
the first network, there was only one 2 K5 that resulted in the algorithm creating two communities.
Consistently the discrepancy value of this network is 1.

We then calculated the number of communities, and the size of the communities both edge-wise
and node-wise. Looking at Figure[2.5|we can see that there is a non-linear relationship between
the discrepancy and the average number of edges in the communities. The Spearman correlation
coefficient of the two variables was -0.9374, the Pearson correlation of the community size and the
logarithmic discrepancy was -0.8794.

2.4.2 Random networks

We generated 200 samples of random bipartite graphs using the G(n, p) Erdés-Rényi model
[34]), with vertex counts ranging from 6 to 30 on each side of the bipartite graph and p = 0.6.
We observed a similar relationship between discrepancy and the average number of edges in
communities as seen in Section 2.4.1] Figure 2.6|depicts the community sizes in the function of
discrepancy. We can see that highly nested networks, in the sense of discrepancy, show denser
nested communities. The Spearman correlation coefficient of the two variables was -0.9876.

In this case, the node and edge count showed a 0.9979 and 0.9954 correlation coefficient
with the discrepancy, higher than the values of 0.9485 and 0.8614 in the case of the host-parasite
networks.

One, much more glaring difference was the number of star communities. In the random graphs,
the average ratio of star communities — where a node is in its own community with its neighbors —
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Figure 2.5: Average number of edges in a community as the function of logarithmic discrepancy on
the host-parasite network data set, with ' = —oo. The regression line is drawn along with the 95%
confidence interval.
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Figure 2.6: Average community sizes in the function of discrepancy on random Erdés-Rényi bipartite
graphs. The fit line is using the function log(log(x)).
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was 67.89%, while in the host-parasite networks it was only 12.78%. Such communities are direct
results of the case described in Section Here, that means that most of the compared nodes
were not nested.

2.4.3 Comparison of parameters

Since the algorithm’s stop condition can be adjusted, it is worth examining its effect on run time
and the communities the algorithm detects. We compared the algorithm with n; thresholds
T =1,0,—-1,...,—7and 7" = —o0. Again, setting the threshold to 7" = —oo results in that all
2-neighbor pairs being examined. We performed these comparisons on the previously introduced
host-parasite networks.

As Figure[2.7)shows, by decreasing the n; threshold value (which results in more iterations)
the average number of edges in a community increases. This means that the algorithm tends to
grow existing communities more (i.e., making them denser) than create new ones. We can also see
that while the number of iterations steadily increases, the growth of the community size starts to
slow, requiring a lot more iterations in the end (at n; = —00) to reach the remaining 7% growth.

The threshold parameter on 7, can still be useful, though. On some smaller graphs, the com-
munity sizes were very close to each other when using a finite threshold or the infinite one, but
the algorithm performed much fewer iterations in the finite case. This means that the parameter
can be used to strike a balance between a quick result of smaller and a slower result of denser

communities.

2.5 Conclusions

We described an algorithm that is capable of unveiling the nested community structure on the
edges of a graph using an iterative approach. The approach allows us to assign edges and nodes
to multiple communities. The algorithm is highly adjustable: its main parameter allows one to
reduce the number of performed iterations in exchange for a smaller, sparser community structure.
While nestedness is mostly relevant in bipartite networks, the algorithm does not exploit properties
exclusive to bipartite networks, and it can be applied to general networks as well.

We performed a case study on a set of bipartite host-parasite networks and found that the
algorithm detects a larger fraction of nested structures in its early iterations. In our experiments,
the average community size (the number of edges in a community) showed correlation with the
discrepancy nestedness metric. We also examined the effect of the n; threshold parameter and
found that it allows finer control over the speed of the algorithm and the detected community
structure.

In the future, we would like to optimize the speed of the algorithm, possibly by introducing
a better ordering of the examined nodes to reduce the need for post-processing. We also plan to
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Figure 2.7: Average community size and number of iterations performed for each n threshold value on
the host-parasite networks.

further investigate the completeness of the algorithm to see whether it finds all maximal 2 K-free
communities.



CHAPTER 3

Detecting nested communities

In this chapter, I will present an algorithm that addresses the drawbacks of using a heuristic for
detecting overlapping nested communities. As we have seen in the previous chapter, heuristics
have their own set of advantages, such as parameters that allow us to fine-tune their focus on
performance versus accuracy. However, we sometimes want to see solutions that are guaranteed to
contain all communities. The algorithm introduced in Chapter[2]does not have such a guarantee,
so in this chapter, I will look for a different approach. The key idea here is to build an auxiliary
nestedness graph, remove the redundancy and extract the communities from it. This auxiliary
graph allows us not only to extract the nested community structure, but also to identify the role of
each node in the network in terms of nestedness. The motivation for developing such a method
was to overcome the potential inaccuracy of the previous heuristic approach, and to return to
vertex-based community detection, since graphs usually have much fewer vertices than edges.

3.1 Introduction

The standard community detection methods found in the literature try to achieve lots of edges
within clusters (or communities) and only a few between distinct clusters [35], imitating concepts
of data clustering in statistics and machine learning [36]. In general, this approach works well and
provides meaningful clusters for social networks due to some of their widely observed common
properties. For instance, the number of triangles in a social network is much larger than in a random
graph with similar edge density, they often show heterogeneous degree distribution and have small
diameters [37]. Taking these properties into account helps to find the dense parts of the network.
Many algorithms rely on maximizing the modularity function, which measures the quality of
a given clustering [28], but there are lots of different approaches. While for clustering, where
each node is assigned to exactly one cluster, both bottom-up and top-down type algorithms have
been proposed, for community detection, where a node can be a member of several communities,
mostly bottom-up algorithms are used, i.e., smaller initial communities are expanded with new

27
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nodes during the community detection process [38]. On the other hand, some social networks and
especially technological or transaction networks generally contain fewer triangles and often have
tree-like structures [39]. Therefore, trying to find disjoint dense parts is inadequate in principle.

Bipartite interaction networks in ecology often display a nested structure in which specialist
species interact with generalists, while generalists interact with each other and with specialists,
too [40]. Networks that show the presence of nestedness are not necessarily bipartite, however,
and the definition of nestedness can be extended to non-bipartite networks, as we have seen in
Section[1.1|and Chapter[2]of the thesis. It is also an overlapping structure, so it is desirable to find all
fully nested subgraphs in a network. Here, we present a novel method that identifies overlapping
nested subgraphs and represents them as paths of a directed graph we call community graph.
We also introduce a method that generates bipartite graphs with (any) ground-truth overlapping
nested structure, making it possible to generate example nested graphs and test nested community
detection algorithms. Since our algorithm detects nestedness in non-bipartite graphs, too, in order
to be able to quantify nestedness in any graph, we derive a new metric from the output of our
algorithm called vertex presence. To measure the “generalist-ness” of a vertex, we derive another
metric called vertex position.

The rest of the chapter is organized as follows. First, we introduce the core definitions we
are going to use. In Section [3.2 we introduce an algorithm for detecting overlapping fully nested
subgraphs of an arbitrary input graph. We represent the resulting nested community structure with
a community graph that encodes additional information about the hierarchy and relationship of the
nested subgraphs in the network. Then, in Section [3.3] we introduce an algorithm that can generate
a class of bipartite graphs that exhibits the nested community structure of the input community
graph. This algorithm may also be suitable for testing nestedness metrics. In Section [3.4] we
introduce two new metrics to measure nestedness on both node and graph level, and test our
nested community detection algorithm on typical nested and non-nested artificial and real-world
graphs. The artificial graphs are either generated using the algorithm introduced in Section[3.3]
or bipartite nestedness benchmark networks and non-bipartite community detection benchmark
networks are utilized. Finally, in Section 3.5 we summarize.

3.1.1 Nestedness

Rephrasing the definition in Section[1.1] a graph G is fully nested if, for any pair of vertices i, j €
V' (G) such that j has a higher or equal degree than i, N (i) C N (j) holds [16]. In other words, the
vertices of GG can be ordered such that the respective neighborhoods (as sets) form a chain. In case
of bipartite graphs, the two compared vertices must be in the same (color) class. If perfect or full
nestedness holds for one class, then it holds for the other. Figure[3.TaJshows a fully nested graph,
while Figure[3.1b]depicts one that is not fully nested. Observe that the presence of an induced 2K,
that is two independent edges (formed by the edges (2, 5), (3, 6) in Figure[3.1b} colored in red), is
responsible for breaking full nestedness. We want to emphasize the use of not fully nested instead
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Figure 3.1: Examples of (a) fully nested and (b) partially nested bipartite graphs. The 2K breaking
nestedness is highlighted in red.

of not nested as graphs may not be fully nested themselves, but may have fully nested subgraphs.
In other words, the definition of nestedness may not hold for the entire graph, but it might be true
for one or more subsets of vertices.

It is important to distinguish between the notions of nested vertices and nested graphs. As a
building block to define nestedness of graphs, we first define nestedness of a pair of vertices. The
amount (or strength) of nestedness between two vertices can be defined as

[N (i) N N(j)|
min {|N(¢)],|N(5)|}

While Equation ((1.1)) is not ideal for measuring the nestedness of the whole graph (it would
require ~ n? calculations to get an average nestedness value, for example), we can use it to find

nest (i, j) =

groups of vertices that form perfectly nested subgraphs — which is our ultimate goal.

3.1.2 Existing methods
Clustering to nested parts

One way to find fully nested subgraphs is to use the incidence matrix to identify submatrices of
echelon form [26] — this, however, works for bipartite graphs only. Another possibility is to use
Equation and assign vertices to a group where the pairwise nestedness values are equal to 1.
This can be done by, for example, performing a 2 K»-free coloring on the graph [25].

All of these methods exhibit the same problem, though. The graph in Figure [3.1b|contains
two nested subgraphs: one with the vertices {1, 2} and another with {1, 3}. Notice that vertex 1
is present in both fully nested subgraphs, but we can only assign that vertex to a single group in
the clustering task. This would create two ambiguous cluster structures: both {{1, 2}, {3} } and
{{1,3}, {2} } are valid clusterings of the same graph. Although this is not necessarily a problem as
one will often search for a single clustering, the resulting structure does not encode such overlaps,
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potentially losing valuable information. We further explore the concept of (hierarchical) clustering
in Chapter[4]

3.2 Nestedness and community detection

In this section, we will present an algorithm that retrieves the nested community structure of the
input (bipartite or general) graph. First, we will talk about how the order of nodes inside nested
community structures allows us to store more information compared to traditional communities.
We use this additional information to construct a so-called community graph. Then, we introduce
an algorithm that reconstructs not only the nested communities, but the entire community graph
from an arbitrary input graph.

While in this work we frequently mention community detection, we refer to it as a framework for
detecting overlapping groups (communities) of vertices that are, in some sense, similar to vertices
within the group, while, in the same sense, different to vertices in other groups. Traditionally, this
similarity meant vertices being densely connected within a group, while vertices across different
groups were less connected. Here, we are looking for overlapping groups (communities) of vertices
that form fully nested subgraphs instead of being densely connected. We will call these nested
communities.

3.2.1 Nested hierarchy from directed graphs

Using Equation we are able to decide whether two vertices are nested, but the direction of
nestedness, i.e., which vertex’s neighborhood is a subset of the other, is not considered. This is
important because we will use this information to determine the hierarchy of vertices. Knowing
the direction of pairwise nestedness, we can use it to create a graph representation that encodes the
nested relationships of the entire graph.

To do this, we construct a directed graph, where a directed edge i — j means N (i) C N (j).
We will refer to this graph as the community graph. Before we proceed, we first verify some basic
scenarios from Figure[3.2]

1. If we have edges i — j and j — k (as in Figure[3.2a), we get N(i) C N(j)and N(j) C
N (k). Nestedness is transitive, so this also means N (i) € N (k). For simplicity, we omit
these edges from our community graphs, or equivalently, we work with the transitive reduction
of the community graph (see Section[3.2.2|for more details).

2. A node can have multiple out-neighbors (Figure[3.2b)). If we have edges i — jandi — F,
then we get N (i) C N(j)and N(i) C N (k). This can be solved by letting both j and &
have all the neighbors of 7, but also making sure j and k each have at least one other neighbor
the other does not.
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Figure 3.2: Cases of nested relations in a community graph. From left to right: a fully nested graph (a),
a node nested with different nodes (b), multiple nodes nested with the same node (c), and nodes having
equal neighborhoods (d).

@ @

3. A node can also have multiple in-neighbors (Figure|3.2d). Here we have edges 7 — k and
j — kand get N(i) C N(k)and N(j) € N(k). This case can be solved by taking the
union of the neighbors of i and j to create the neighborhood of k (N (k) 2 N (i) U N())).

4. Finally,nodes may have the exact same neighbors as other nodes (Figure|3.2d)). This results
in edges i <> j,and thusin both N (i) € N(j)and N(j) € N(i) (N(i) = N(y)). To
reduce complexity, we will draw a path with bidirectional edges instead of a clique.

It is important to note that a maximal (non-expandable) path of the community graph will
represent a nested community or, in other words, a nested subgraph. For example, if the community
graph of G is a single P, (a path of n vertices, as in Figure [3.2a)), the original graph G is fully
nested, whereas if G is fully not nested (i.e., G does not have a single pair of vertices (7, j) where
N(7) € N()),its community graph will be a graph with no edges.

3.2.2 Community detection algorithm

Now we introduce an algorithm to find overlapping nested communities, that is, fully nested
subgraphs of G. The core parts of the detection algorithm reconstruct the community graph
from the input graph and then find the community graph’s maximal (non-expandable) paths to
enumerate the communities. The main steps are the following.

Reconstructing the community graph

To reconstruct the community graph, we first enumerate all nested vertex pairs. Here, instead
of greedily performing ~ n? comparisons, we can use the same trick used in Chapter and [41].
That is, we do not compare vertices that have no common neighbors, since they are certainly not
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nested. Instead, we calculate nest (7, k) by first going through j € N (7),and pick k € N (j),where
k <iis trueﬂ This way, 7 and k have at least one common neighbor (7), so they are potentially
nested. In practice, this can save us a lot of computational time (especially in sparse graphs),and
the number of discarded comparisons can be large, according to our experience. Since we do not
exclude potentially nested vertex pairs, we do not lose any information in this step.

When comparing vertices, we also need to know the direction of nestedness between the
vertices, for example, by calculating sgn(|N ()| — |N(j)|) when nest(i, j) = 1. Once we have
done all the comparisons, we build the directed edge list of the nested pairs, where © — 7 is an
edge ifnest (i, j) = Land sgn(|N(7)| — |N(j)|) < 0(orequally, N(i) C N(5)).

However, the list will contain a lot more edges than we need. Let’s revisit the fully nested
graph from Figure [3.12|for an example. Here N(3) C N(2) and N(2) C N(1), butas such,
N(3) € N(1) will also hold. Since we need to find maximal paths in the resulting graph, the
transitive N (3) C N (1) relationship and its corresponding edge are redundant and certainly not
part of the maximal path 3 — 2 — 1. To remove them, we perform a transitive reduction on the
graph built from the nested edge list. As a result, for all triples i — 7 — k the edge ¢ — &k will be
deleted. This significantly reduces the number of edges to consider in the next step, which greatly
improves the performance of the algorithm. This completes the community graph discovery.

Finding nested communities

Now that we have a community graph, we need to retrieve the list of nested communities. To
do this, we enumerate the maximal (non-extendable) directed paths in the graph. Listing these
paths can be done using any traversal method, such as a depth-first search. Due to the transitive
reduction performed in the previous step, this can be accomplished quite quickly.

Here, each directed path represents a fully nested community, with the order of the vertices also
encoding hierarchy. For example, if /{,, (a clique of n vertices) is the input graph, the community
graph will be P, (a path of n vertices), which will have a single community with all n vertices in it.

Vertex compacting based on neighborhood

There is one edge case that complicates the search for maximal paths, where cycles are created
due to bidirectional edges between vertices. To solve this problem, and also improve search
performance, we first find vertices with equal neighborhoods and merge them into a single vertex
before building the community graph. Isolated vertices are not compacted, and edges between
vertices are ignored when checking for neighborhood equality. This means that an isolated K5
(two nodes with an edge between them), for example, is not compacted. This change has multiple
positive effects. First,the community graph is now guaranteed to be a directed acyclic graph (DAG)
as there are no other factors that can introduce cycles, making maximal path finding much easier.

!This condition enables us to skip the calculation of nest (k, ), which would have the same result as the previously
calculated nest(i, k)
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Figure 3.3: Steps of the community detection algorithm. Starting from the input graph (a), we first
compact vertices with equal neighborhoods (b), then build the community graph (c), and finally reverse
the vertex compaction, adding the bidirectional edges.

It also makes the resulting community graph smaller by having it be built from fewer vertices,
improving performance. For example, a star graph with any number of nodes will have a compacted
community graph of just two nodes and a single edge.

We then find the maximal paths as normal, treating the merged vertices as a single vertex.
Finally, we recover the original vertices by expanding the merged vertices and inserting edges in
both directions between them.

Figure[3.3|shows all the steps of the algorithm on an example graph. When enumerating the
communities, we traverse the compacted graph (Figure|3.3d) and then insert the removed vertices
into the paths.
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Listing 3.1: Pseudocode of the nested community detection algorithm. Despite having three nested
for loops, the algorithm only iterates over (7, k) pairs of vertices that have at least one common
neighbor.

nested_pairs <+ ()

for

(v in V) {

for (j in N(i)) {

b
3

for (k in N(j)) {
if (i > k) continue
if (nest(i,j) =1) {
if (seu(ING)| -~ INGI) =1) {
nested_pairs < nested_pairs U (j, 1)
} else {
nested_pairs < nested_pairs U (i, j)

nested_pairs < transitive_reduction(nested_pairs)
comms < longest_paths(nested_pairs)

3.2.3 Remarks

Here we pinpoint some key areas in the behavior of the algorithm. The algorithm’s pseudocode is
available on Listing[3.1]

1. Non-bipartite graphs. A major advantage of the algorithm is that it does not exploit any

property specific to bipartite graphs. In theory, this could make it directly applicable to any
(unweighted) non-bipartite graph. In practice, we need to solve the problem of connected
vertices described in Section[1.1] As with Equation we ignore the connection between
two vertices when comparing them. This, combined with vertex compacting, results in the
algorithm correctly finding nestedness in non-bipartite graphs too (as later demonstrated in

Section|3.4.1)).

On constrained community detection. We also need to make some comments about the
community structure detected by the algorithm. The algorithm is designed to detect certain
types of overlapping communities (specifically communities that satisfy the constraint
of being fully nested), essentially performing a “constrained” community detection. The
algorithm is also not a heuristic to detect nestedness. This is due to the fact that we start
by enumerating all possible ~ n? comparisons and then exclude only those pairs that are
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guaranteed not to be nested. As a result, all remaining, potentially nested, vertex pairs are
compared, and no stochastic elements are included in the process.

3. Permissive nestedness. As a possible future direction, we would also like to mention
the potential of relaxing the requirements of nestedness for communities. So far, we have
talked about how the algorithm detects communities that satisfy a certain “constraint”. This
constraint can be quite strict, as two nodes that share largely the same neighborhood (with a
few deviations) are considered to be non-nested. There are many metrics that quantify the
degree of nestedness of a graph. They allow us to see not only whether a graph is fully nested
or not, but also how much nested it is. To increase the flexibility of our algorithm, we can
similarly allow pairs of vertices that are not fully nested to belong to the same community,
above a certain nestedness threshold, for example. The algorithm currently does not support
this, but it is easy to implement.

3.3 Generation of overlapping communities

Previously, we have shown an algorithm that can reconstruct the community graph from an arbi-
trary input graph. Now, we present an algorithm that is capable of generating bipartite graphs with
multiple overlapping fully nested groups of vertices, based on an input community graph. The
method also returns the ground truth nested structure, making it suitable for use when benchmark-
ing algorithms that find overlapping nested communities.

The generated structure is more general than in-block nestedness [42], where the graph is
partitioned into disjoint, fully nested “blocks”. Our method is capable of generating not only this
structure, but making it a more versatile approach.

We believe that the proposed algorithm is useful not only for testing our nested community
detection algorithm, but also for creating benchmark data sets for future methods that detect
overlapping nested structures.

3.3.1 Benchmark generator algorithm

Now that we have a method for describing nestedness using a directed graph, we will present
an algorithm that generates a bipartite graph that satisfies the nested structure described by the
community graph. That is, if there is an edge 7 — j in the community graph, the resulting graph
will have N (i) C N(j). We will show that the algorithm is capable of generating not only fully
nested graphs, but also graphs with overlapping nested communities.

To generate a bipartite graph from a community graph, denoted by G, we first perform a
topological sorting on G, since we need to generate neighbors for each vertex v such that its
predecessors (denoted by in(v)) already have their neighbors. To do this, we must assume that
the community graph is acyclic, as there must be at least one vertex with no predecessors, which
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will be the starting vertex. When visiting a vertex, we add all the neighbors of its predecessors to
the neighbors of the current vertex and generate a new neighbor for it (if we visit the i-th vertex,
we can label the new vertex n + 7). The first part guarantees nestedness, while the new neighbor
makes sure that the two vertices do not have the same neighborhood (in which case there should
bebothani — janda j — 7 edge in G.). Formally, we have the subroutine visible in Listing[3.2]

Listing 3.2: Pseudocode of the nested graph generator algorithm.
1«1
order < topological_sort(G,.)
while (i < n) {
v < order (i)
N(v) « {n+ i} U Ujem(v) N(F)
1«1+ 1

3.3.2 Remarks

1. Generating random nested community structures. The algorithm we have described
so far is used to generate a graph with a given nested structure from an input community
graph. To generate random graphs with overlapping nested structures, we can use random
input graphs. However, the input graph must be a DAG. This can be achieved, for example,
by sampling a random spanning tree of the complete graph K, and randomly orienting its
edges.

2. Cycles in the community graph. Because the algorithm performs topological sorting and
requires the input graph to have a vertex with no predecessors (i.e., one that is not part of a
cycle), it is much simpler to work with an acyclic community graph. This prevents us from
generating vertices with equal neighborhoods, however, the vertex compacting approach
described in Section[3.2.2]could be adapted to the generator algorithm to make this possible.

3. Generated graph sizes. Since the algorithm takes a community graph of size n and generates
a neighbor for each vertex, the resulting graph will have exactly 2n nodes. This also makes
the algorithm incapable of generating bipartite graphs with classes of different sizes — a
trivial example is the star graph.

4. Multiple blocks. We have not touched on whether the input G. DAG has to be weakly
or strongly connected yet. The algorithm can handle community graphs with multiple
components and will render a component of the community graph as a component in the
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generated bipartite graph. For example, a graph with multiple disjoint F; components (that
is,a directed path of £ nodes) results in an in-block nested bipartite graph [42].

5. Nested structure of the other class. As mentioned in the description of the algorithm and
in remark 2, the input to the algorithm is a DAG that describes the community structure of
one class of the graph. The other class of the generated bipartite graph is not part of the input
community graph (and thus the ground-truth). However, generating the bipartite graph
from the community graph of the other class, we get a final bipartite graph that is isomorphic
to the one generated using the original input.

3.4 Experiments

In this section, we will examine the performance of the nested community detection algorithm from
several perspectives. First, we verify that the algorithm is able to detect the nested structures in a
few basic examples, then whether it can find all ground-truth communities of the benchmark graphs
generated by the algorithm described in Section [3.3] fully reconstructing the input community
graph. We then examine the community structure of graphs commonly used when benchmarking
nestedness metrics. Then, in a separate section, we compare the results of our method with other
community detection algorithms to identify key differences in the discovered community struc-
tures. Finally, we measure the execution time of our algorithm in the function of node and edge
counts in various graphs.

To evaluate our results and quantify nestedness, we use the NODF [22], discrepancy [24]
and temperature (using the Binmatnest algorithm) [23] nestedness metrics on bipartite graphs.
To make it easier to compare these metrics with our community structure, we derive our own
nestedness metric from the community graph: the average fraction of communities a vertex is part
of, called vertex presence. For normalization purposes, this number is multiplied by 2 in bipartite
graphs, since perfectly nested bipartite graphs have 2 perfectly nested communities, one for each
class. Vertex presence ranges from O to 1, where 1 means every vertex is part of every community,
i.e.,there is only a single community with all vertices in it. When vertex presence is low, it means
that vertices are part of few communities while the total number of communities is high. When
vertex presence is calculated specifically on the nested community structure,a maximal presence
means there is one nested community (path), so the graph is fully nested, and a minimal presence
means that every vertex is in its own nested community, having no nestedness in the network at all.
Intuitively,a larger value means a vertex is part of a larger portion of the nested communities, which
increases the overall nestedness of the network. We also note that since our community detection
algorithm works on non-bipartite graphs, unlike the previously mentioned metrics, vertex presence
is not restricted to bipartite graphs. Formally, we can obtain vertex presence for a vertex v by
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calculating

C:CecC C
pres(v) = 1t E|C|’U€ }’, (3.1)

where C is the set of nested communities (maximal paths in the community graph). Since the
domain of pres(v) will depend on 7 (its lowest value is + ), we can normalize it into the [0, 1] range,
so that 0 means entirely not nested in all cases and 1 still means fully nested. This can be achieved
using

pres(v) = - n . (pres(v) - %) : (32)

For compactness, we will use average vertex presence as a metric of the entire graph by averaging
the normalized vertex presence across all vertices.

As opposed to regular communities, an interesting property of nested communities is that
the position of a vertex inside a community is informative, too. If a vertex is at the beginning of a
community (path), then its neighborhood is a subset of the other vertices of the community. If, on
the other hand, a vertex is at the end of a community, its neighborhood is a superset of the other
vertices in the same community. We call the quantification of this vertex position, and it can be
calculated using

it (33)

max {1,|C| — 1}

where 3i : C; = v (v is the i-th vertex of '), thus pos(v, C') is only valid if v € C'. We perform

pos(v,C) =

normalization in the denominator that makes the position of vertices at the beginning of a com-
munity 0, even if they are the sole vertex in a community, assuming indexing starts at 1. With this,
we can calculate the position of a vertex on all nested communities it is present in, then take its
average to get the mean vertex position of said vertex.

These two metrics allow us to measure nestedness both on a graph level (by calculating average
vertex presence) and on a vertex level (through vertex position).

3.4.1 Results on typical examples

Before testing the algorithm on generated benchmark examples, we first demonstrate that the
algorithm finds basic nested structures. Figures[3.4aland 3.4¢|show that the algorithm correctly
identified the full bipartite graph that has two fully nested parts: nodes in one class belong to the
same community. Figures[3.4bland [3.4f|show the same concept, but in a special case: the star graph
is also considered fully nested, and the algorithm correctly identifies the upper class as fully nested
and the single node of the bottom class as another. Figures[3.4dand 3.4g/show that the nodes of the
fully non-nested bipartite graph are all correctly put into different communities.

Finally, to demonstrate that the algorithm works with non-bipartite graphs, through Fig-
ures [3.4d| and [3.4h| we show that all five nodes of the complete graph are correctly classified
as a single community.
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Figure 3.4: Graphs showing typical nested configurations (a—d) and their community graphs (e-h).

3.4.2 Results on benchmarks

In this section, we will compare the ground-truth community structure of the generated benchmark
graphs with the one found by our algorithm. In order to create a benchmark graph, we use one
or more random spanning trees (creating a spanning forest) sampled from complete graphs and
orient their edges randomly. These oriented spanning trees will be the community graphs of the
benchmark graphs.

The benchmark is set up as follows. We generated 2000 random graphs with ground-truth
communities with 1 to 4 blocks (components) and 1 to 60 nodes per block. Let n;, denote the
sum of the number of nodes in the input to the generator across all blocks. Note that we know the
ground truth for the first 15, nodes as these are the nodes of the input community graph, the rest n;,
nodes are generated; this was discussed in more detail in Section@

After generating the benchmark graphs, we run the algorithm on them and compare the first
np nodes of the result with the known ground truth. Again, we cannot compare the rest due to the
limitations of the generator algorithm, however, we do not need to, since nestedness is a symmetric
property for bipartite graphs. Furthermore, correctly recovering the ground-truth community
structure for the first n, nodes means that the algorithm is capable of reconstructing the entire
community graph on the input.

Our tests show that all community graphs in the benchmark set were correctly recovered and
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Figure 3.5: A generated bipartite graph (a) and its detected community graph (b). The ground truth is
known for the green (bottom) class.

that the resulting community structures were exactly consistent with the ground truths. Figure[3.5]
shows a generated benchmark graph and its detected nested community structure. Looking at this
figure, we can presume that there are many communities, even on smaller graphs, with many of
them overlapping over a large part of the vertices.

3.4.3 Results on real-world networks
Bipartite networks

After validating that the algorithm is capable of reconstructing the community graph, we take a
look at real-world networks used to test nestedness metrics. First, we examine the nested structure
of ecological networks from Web of Life [32]. We examine the algorithm’s output on pollinator
(mutualistic) and host-parasite networks. These are two sets of small bipartite networks of species
interactions.

The first network we examine isM_PL_069_03 [43] (Figure[3.6)), a tiny pollination network of
seven plant and four hummingbird species created from observations in eastern South America.
Vertices 1-7 represent plants, while vertices 8—11 represent hummingbirds. For legibility reasons,
we show the vertex IDs instead of species names on the plot and clarify where needed. The
NODEF value of the network is 75.926 (in the range [0, 100], where 100 means fully nested),and
its discrepancy value is 2 (where O means fully nested), suggesting that it is indeed a highly nested
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Figure 3.6: The original M\_PL_069_03 graph (a) and its nested community graph (b).

network. The average vertex presence of the community graph is 0.606.

We can see that the graph is clearly not fully nested, as there are multiple communities (paths)
on its community graph in both classes. However, it does have large nested communities that cover
most of the vertices in each class with high overlap. In both classes, we have three communities
that cover all vertices of that class. In the upper class (plant species, purple), the communities
cover a larger part of the class with 5 (71%) and 4 (57%) vertices. Three plant species (vertices
3,5,and 1) also play a key role in these communities, as they are part of all three communities.
They represent generalist entities in the network, connected to most vertices of the other class,
i.e., most hummingbirds visit them. Vertex 7 is also part of two communities, only vertices 2, 4,
and 6 are part of a single community. We can see that they are all visited by only one species of
hummingbird.

Looking at the class of hummingbirds, the community structure is simpler because the class
has four entities only. Interestingly, we can see that vertex 8 (amazilia versicolor) is part of the three
communities but visits only a single plant (vertex 1,aechmea cylindrata), a plant that all other
hummingbird species visit, too. This connection alone makes the amazilia versicolor nested with
all other species. This is an important aspect of nested networks, where specialist species tend to
pick the generalists in the other class.

M_PL_069_01 (Figure is a slightly bigger pollination network of 18 plants (vertices 1—-

18) and 6 hummingbirds (vertices 19-24), with a lower connectance. Interestingly, the community
structure shows less symmetry in terms of the classes, with eight overlapping plant communities
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Figure 3.7: The original M_PL_069_01 graph (a) and its nested community graph (b).

and the six hummingbird species all in their own class. On closer inspection, we can see that some
hummingbird species visit largely the same plants as others, but there are always plants that one
visits, but the other one does not, and vice versa. For example, vertex 21 (Clytolaema rubricauda)
is connected to most of the neighbors of vertex 24 (Thalurania glaucopis), but vertex 16 (Vriesea
erythrodactylon) is only connected to 21, creating a 2 K5.

This graph also highlights the asymmetric nature of nested communities: while we can observe
some degree of nestedness (with some paths covering half the vertices) in the class of plants, the
class of birds is fully non-nested.

Moving on to larger networks, such asM_PL_058 (community graph visible in Figure[3.8)),
untangling the community structure becomes increasingly more difficult, with many communities
(277 over two classes) overlapping each other. However, we can make some important observations
on the community graph. For example, the community graph has few zero-degree vertices, which
means that most vertices contribute to the overall nestedness of the graph, but they are nested
only with some other vertices. We can also see that in both large components, there are only a few
vertices with high total degrees. In the largest component of the community graph (colored in
green, containing bees), there is a bee (of the Andrena genus) with a high in-degree, connecting lots
of nested communities, by interacting with 22 plants out of 32. In the second-largest component,
which consists of plants, there is a vertex with a high out-degree (a Vicea lutea), being part of a lot
of communities at once by having only a single connection to the aforementioned Andrena bee.

Such large networks also show that partially nested networks can have a huge amount of
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Figure 3.8: Community graph of the slightly larger M_PL_@58 graph. Larger vertex sizes correspond to
higher in-degrees (including transitive edges).
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Figure 3.9: The A_HP_015 host-parasite network (a) and its nested community graph (b).

nested communities. We expect a fully nested bipartite network to have two communities (one
for each class), a fully nested non-bipartite network to have a single community, and a fully non-
nested network to have n communities, each vertex belonging to its own community. Partly nested
networks, on the other hand, may have more than n communities: M_PL_@57 has n = 997 vertices
and m = 1920 edges but at the same time 2000 > m > n communities, with an NODF value of
7.23 and a vertex presence of 0.045. Thus, the number of communities is not a linear function of
nestedness. This also means that, unfortunately, the number of communities does not perfectly
reflect the network’s nestedness.

Host-parasite networks

The host-parasite networks scored an average vertex presence of 0.28 versus 0.188 and an average
NODF score of 52.033 versus 30.857 in the pollination set, suggesting that the host-parasite
networks are on average more nested.

This set contains a fully nested network: A_HP_015 (Figure[3.9),a network of three rodents
(vertices 1-3) and seven parasites (vertices 4—10). We can see that a specialist entity (Microtus
oeconomus, vertex 3) interacts only with a generalist species (Amphipsylla marikovskii, vertex 5)
and vice versa. The network has a vertex presence score of 1 and a discrepancy of 0, but its NODF
value is 75 (where 100 would mean fully nested). Similarly, its temperature score isn’t showing
perfect nestedness, either, at a value of 1.05 instead of 0.
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Table 3.1: Computed properties on a subset of the full dataset. Notations: D: graph density; C":
mean local vertex transitivity (clustering coefficient); (): Newman-modularity (based on the multi-
level modularity optimization algorithm for finding community structure [45]); |C|: number of nested
communities; C_s average nested community size, I},: Binmatnest temperature (0—100, lower = more
nested); T,0ar: NODF value (0-100, higher = more nested). Graphs marked with an asterisk (*) were
directly mentioned and analyzed in the chapter. NA nestedness values mean the graph is not bipartite,
and thus the metric could not be calculated.

‘ n m D C¥ Q IC| Cs pres Ty  Thoar

M_PL_001 185 361 002 000 050 284 386 004 283 1446
*M_PL_057 997 1920 000 0.00 053 2000 2292 005 079 723
*M_PL_058 113 319 005 000 030 277 407 006 1013 28.02
*M_PL_069_01 24 29 011 000 043 14 293 021 3429 3107
*M_PL_069_03 11 15 027 0.00 0.1 6 333 057 1209 7593
*A_HP_015 10 12 027 0.00 0.21 2 500 100 105 7500
A_HP_016 27 52 015 000 024 11 518 036 2182 5625
A_HP_017 14 19 021 000 026 4 600 085 497 7826
A_HP_025 58 107 006 0.00 0.39 56 388 012 2156 2522
A_HP_026 33 142 027 0.00 0.11 36 694 040 646 8778
adjnoun 112 425 007 019 028 166 257 001 NA NA
celegansneural 297 2359 003 031 039 238 166 0.0 NA NA
dolphins 62 159 008 030 0.52 65 208 002 NA NA
*karate 34 78 014 059 044 33 364 008 NA NA
netscience 1589 2742 000 088 09 895 338 000 NA NA
power 4941 6594 000 0.11 093 4256 196 000 NA NA
dswomen 32 89 0.18 0.00 031 27 237 0412 36.19 4858
*families 15 20 019 022 040 13 192 007 NA NA
les_miserables 77 254 009 0.74 0.57 77 578 0.06 NA NA

Nestedness metrics

Examining the relationship between vertex presence and some nestedness metrics, we can see that

while vertex presence and NODF behave similarly with few exceptions (Figures|3.10a/and (3.10d),

Binmatnest gave small scores (meaning high nestedness) to some graphs with low vertex presence
(Figure|3.10b)). These graphs had low NODF and high discrepancy scores, both suggesting low
nestedness. Similarly, NODF gave a score of 75 to a fully nested network in the host-parasite

network set, where the discrepancy was 0 and vertex presence was 1 (Figures|3.10dand|3.10d)).
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Figure 3.10: Comparison of vertex presence with the NODF and Binmatnest nestedness metrics on the
pollination (a-b) and host-parasite (c-d) network set.

Non-bipartite graphs

Now we are going to examine the algorithm’s output in some common non-bipartite, mostly social
networks. Nestedness in a social network can be interesting in the sense of information exchange
and domination. If some ¢ is connected to all acquaintances of j and more, and they get into a
conflict, 7 can spread their position to everyone j knows, potentially dominating j.

A common example used when testing community detection algorithms is Zachary’s karate
club network [9], visible in Figure[3.11a] This is a social network of 34 members of a karate club
who interacted outside the club. The club split into two, creating two communities, marked with
two colors.

Although this is notan ecological network, we can see that there are only three weakly connected
components in the community graph (Figure[3.11b]), two of them being isolated vertices and the
third formed by the rest of the graph. Most nested relationships are between vertices of the same
color (karate community), except for three nodes. Node 1 (the instructor) is in a nested relationship
with 9 other members out of 16 in its karate community, while node 34 (the administrator) is with
7 out of 16. The graph contains 33 nested communities with an average size of 3.67 vertices per
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Figure 3.11: Zachary’s karate club network and its community graph. Vertex colors represent the
ground-truth clusters.

community and the mean vertex presence is 0.107. These observations lead us to believe that
nestedness does not play a key role in the formation of the network.

The Florentine families network (Figure[3.124) contains marriage links between families
during the Italian Renaissance. While this network ta to demonstrate centrality, the presence of
nestedness may be interesting in the sense that families can be in a dominating position if they
have connections to all neighbors of another family.

Looking at the community graph in Figure[3.12b|we can see that there are few cases for this,
most of them due to having a single neighbor that is common with one of the central families. For
example, the Acciaiuoli family is nested with five others because they have a connection only with
the Medici family. This means that if someone could influence the Medici family, they might also
be able to influence the Acciaiuoli. Another interesting observation is that the Castellani family is
not nested with anyone, so while they have their connections, they are not dominated by any other
family. With a low mean vertex presence of 0.128 and a maximum community size of 2, nestedness
does not appear to play a key role in this network, either.

3.4.4 Comparison with general community detection algorithms

Now, we compare the nested community structure found by our algorithm with the output of
traditional community detection algorithms Linkcomm [47], MOSES [48] and CFinder [49]. These
algorithms use different approaches for community detection, Linkcomm being a link partitioning
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Figure 3.12: The Florentine families network and its community graph.

method, MOSES a fuzzy algorithm, and CFinder a clique search algorithm. Note that while
Linkcomm, MOSES and CFinder propose to find communities where vertices within communities
are more densely connected, our algorithm defines communities as fully nested subgraphs. While
the community definitions are different, we perform these comparisons to highlight the differences
between nested and traditional community structures.

Since our algorithm assigns each vertex to a community — vertices that don’t belong anywhere
else are put into their own communities — we modify the outputs of the community detection
algorithms mentioned above so that omitted vertices are also assigned a community. This helps
us to level the comparisons and also to avoid making false conclusions based on the number of
communities, since a single community is only possible if all vertices are included in it.

Looking at the number of communities and their average sizes (Figures|3.13aland (3.13b)), we

can see that MOSES tends to identify fewer but occasionally larger communities, while CFinder
created many — sometimes as many as 4n communities —, although its average community size
was not the smallest in these cases either, meaning that there had to be greater overlap between
them. This is confirmed by the vertex presence in Figure[3.13k. Vertex presence was low across all
graphs and algorithms, which means that overall there is little overlap between the communities.
The different community structures detected on Zachary’s karate club network are shown in
Figure[3.14

Finally, we also calculate the Generalized Conventional Normalized Mutual Information |50
(GenConvNMI) index to measure Mutual Information between the community structure of our
algorithm and the compared other algorithms. The NMI indices shown in Table [3.2] are high,
especially in the case of CFinder.
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(c) Linkcomm (d) Our algorithm

Figure 3.14: Community structures detected by different algorithms on Zachary’s karate club network.
Communities with a single vertex are not plotted.
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Table 3.2: Generalized Conventional Normalized Mutual Information |50] between the communities
of our algorithm and the compared traditional community detection algorithms (higher = more similar).
The subscripts M, C and L correspond to the algorithms MOSES, CFinder and Linkcomm, respectively.
Graphs marked with an asterisk (*) were directly mentioned and analyzed in this chapter.

| NMIy  NMIc  NMI,

adjnoun 0686 0911 0.538
celegansneural | 0.567 0.678 0.657
dolphins 0.655 0821 0.676
*Kkarate 0645 0699 0.533
netscience 0941 0953 0.949
power 0963 0974 0927
dswomen 0.842 0836 0.530
*families 0879 0894 0.724
les miserables | 0.576 0.698 0.617

3.4.5 Implementation and performance benchmarks

Finally, we show that our algorithm is scalable enough to be used on large networks. It was
implemented in R [27] and C++ and its reference implementation, together with the example
generator code, is open sourceﬂ Here, we measure the runtime of our algorithm across all analyzed
non-synthetic graphs.

Figure[3.15|shows average runtimes of 100 executions on each of the analyzed bipartite and
non-bipartite networks. The figure shows that while it is not perfectly linear, the algorithm’s runtime
doesn’t scale steeply with the increase of the vertices or edges. We can see that it is capable of
achieving runtimes of under a second on graphs with much more than 1000 vertices, or more than
10000 edges. For the details of the test environment, please refer to Section[3.5

3.5 Conclusions

We introduced a novel constrained community detection algorithm that finds overlapping nested
subgraphs of a given input graph and constructs a directed graph, called the community graph,
representing this community structure in a compact form. In reverse, we also introduced an
algorithm that generates bipartite graphs with any given nested community structure from the
input community graph. Derived from the resulting community graph, we also introduced two
metrics to measure nestedness in networks on both graph- and vertex levels. We have shown that
our community detection method can uncover detailed nested relationships within the input graph.
We demonstrated its capabilities through several benchmark networks and real-world networks

Zhttps://github.com/Hanziness/r-nested-comms/tree/ve.2


https://github.com/Hanziness/r-nested-comms/tree/v0.2

52 Detecting nested communities

1000 . - 1000 o ®
.. ° L]
= m .
£ 100 — E 100 .
> ° ° ® o
g g [J 3"
= g $
2 10 2 10 ° °
= < .| ?
1]
4] L )
2 £ v

Q \} Q Q
o S S N S S S
N Q \) N QS \)
S O N KN
number of vertices number of edges

Figure 3.15: Average execution times of the nested community detection algorithm’s implementation
over 100 runs, in the function of the number of (a) vertices and (b) edges.

as well. Finally, we compared our method with multiple commonly used community detection
algorithms that are able to find overlapping communities. We showed that our method can reveal
a different type of community structure in both bipartite and non-bipartite graphs.

Appendix

Test environment

The performance tests were carried out on an ASUS ExpertCenter computer with an Intel Core
i7-10700 CPU @ 2.90GHz (16 cores) CPU and 16 GB of RAM. The system was running Manjaro
Linux (kernel version 6.3.5-2-MANJARO (64-bit)) with R 4.3.1 (latest packages as of 2023-07-01),
compiled with the Intel Math Kernel Library (MKL). Execution time was measured using the
microbenchmark package.
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Applications of hierarchical clustering






CHAPTER 4

Hierarchical clustering for nestedness

Up to this point, I have described methods that detect overlapping communities, specifically fully
nested structures. In this chapter, the center of attention on nestedness will not change, but instead
of community detection, I will focus on clustering, albeit its extended variant. While clustering
(or partitioning) itself may not provide information about the overlap between communities like
the previous methods, disjoint partitions are sometimes preferable to overlapping groups as they
are much easier to work with. Namely, we can assume that each entity belongs to exactly one
cluster. This not only makes it easier to handle the clusters, but also to compare them. We can
represent a clustering as a vector of length n (the number of nodes in the network), also called a
membership vector,and there are several indices that compute the differences between two clustering
membership vectors, such as the widely used Adjusted Rand Index [51].

Hierarchical clustering is a general tool that is able to create multiple levels of clustering of the
same graph. This allows us not only to choose a clustering we deem optimal (based on some metric,
for example), but also to extract information from the hierarchical relationship between the clusters.
As we will see later, it also overcomes some limitations of traditional clustering approaches, such
as the need to perform multiple independent clustering runs to obtain an ideal clustering. This
chapter focuses on adapting hierarchical clustering to detect fully nested clusters in networks.

4.1 Introduction

The core of network science lies in the analysis of the structural and functional properties of
networks, and one fundamental challenge is the partitioning of network nodes into groups, i.e.,
subnetworks or subgraphs. This is often done based on certain criteria. This process is essential in
uncovering underlying structures within the network, facilitating the identification of communities,
modules or special substructures that play specific roles in the overall system [16,52,53,54,55].

As we have seen in Chapters[2]and[3] nestedness in one such special substructure. The prob-
lem of identifying perfectly nested groups within a network has been recently addressed from

55
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theoretical, algorithmic and data mining perspectives, considered as a graph coloring problem [25]
and a graph clustering task [41,/56], respectively.

In the quest to enhance the precision of network analysis techniques, hierarchical clustering
has emerged as a powerful tool for discerning hierarchical structures within networks [57,/58,/59].
By iteratively grouping nodes into clusters at varying levels of granularity, hierarchical clustering
provides a multi-resolution perspective on network organization. This approach not only helps
find cohesive communities or groups, but also captures the hierarchical relationships that exist
among them, offering a much deeper understanding of network structure.

In this chapter, we address the problem of partitioning the nodes of the network into groups
that are nested inside. To the best of our current knowledge, therefore, the novelty of this work is
twofold. On the one hand, we are utilizing various hierarchical clustering techniques for finding
nested subgraphs. On the other hand, we approach the problem from a data mining perspective,
that is, we are interested in fast and robust solutions allowing to find not only perfectly nested
groups, but subgraphs having large overall nestedness.

The structure of the chapter is the following. In the next section, we introduce the main defini-
tions regarding nestedness and hierarchical clustering. In Section[4.3] we introduce a benchmark
generating algorithm and various evaluation metrics in order to be able to systematically test our
algorithms. Then, we apply our methods on different real-life bipartite and non-bipartite networks.
Finally, in Section[4.4] we draw some conclusions and propose some potential research directions
in the topic for the future.

4.2 Nested subgraphs from hierarchical clustering

As in the earlier chapters, we make a clear distinction between the definitions of nested vertices and
nested graphs. As a building block to define the nestedness of graphs, we first define nestedness
for a pair of vertices. The amount (or strength) of nestedness between two vertices can be defined
using Equation ((.1)):

[N () NN ()]
min {|N (@)[, [N ()]}
If nest(i,7) = 1,then N(i) € N(j)or N(j) € N(i),ie., the nestedness criterion holds
for the given vertices 7 and j. In the special case of either of the vertices being isolated (where
min {|N (i), |N ()|} = 0),we consider the vertices non-nested and define nest(i, j) = 0.

nest(i,j) =

Since real-world networks are rarely fully nested (hence the numerous metrics that have been
introduced to measure nestedness, e.g.,[22},23,24]), one might be interested in finding the fully
nested subgraphs in them. This is interesting from a theoretical and algorithmic perspective,
however, finding only fully nested clusters might result in too many small chunks of the network
[56], potentially losing valuable information about its structure. Thus, especially from a data mining
perspective, it might be desirable to group together nodes that are almost fully nested. One way to
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achieve this is by setting a nestedness threshold level: a nestedness value from which we consider
two nodes or clusters nested, even if they are not fully nested. This approach suffers from the
same problems as with any threshold-based method: the arbitrary threshold level has to be set
manually beforehand. Even if a threshold does not need to be set, some clustering algorithms rely
on a predetermined number of & clusters to find a solution [60], possibly forcing a trial-and-error
scenario where multiple £ cluster counts need to be evaluated separately in order to find the best
one.

Hierarchical clustering provides a more flexible approach: we can view the same clustering at
different resolutions — from coarse clustering results of only a few large clusters to detailed ones
with more, smaller clusters. This not only allows us to choose an optimal clustering, and cluster
count, later (e.g.,based on a derived metric), but also to view the clustering process as a timeline:
nodes that were merged earlier (or divided later, in a top-down scenario) in the process might be
more closely related (in our case, more nested) to each other than those that were merged at the
end (divided at the beginning). It also removes the limitation of having to choose an arbitrary
threshold value in order to get a clustering.

There are multiple ways to perform hierarchical clustering [13,61]. Most hierarchical clustering
algorithms are agglomerative (also called bottom-up) or divisive (top-down), with some exceptions
like [62]], which relies on optimization. In the case of agglomerative (bottom-up) methods, each
node starts in its own cluster, and in each step, two clusters are merged, until all nodes belong to
the same cluster. Divisive (top-down) methods, on the other hand, start with all nodes being in the
same cluster, dividing a cluster into two in each step, until every node is in its own, separate cluster.

In order to distinguish between the different concepts we are going to use, we need to define
them. First, we define a cluster (partition) as a nonempty set of vertices, denoted by ¢;; (j =
1,2,...). An agglomerative clustering (partitioning) level ¢; consists of n — ¢ + 1 (or ¢ in case of
divisive clustering) mutually exclusive clusters: ; = {¢;; | j = 1,2,...,n — i + 1}, where for
allm #n : ¢y Ney, = Pand | ; cij = V(G). A hierarchical clustering C consists of n levels of
clustering (partitioning): C = {¢; | = 1,2,...,n}. Figure[4.1]illustrates how hierarchies build
up to form a clustering.

Since each step (or level) of the algorithm results in a valid clustering, with n — £ clusters
making up the k-th level ¢;, we can choose any one of them as the final clustering structure or draw
conclusions from the timeline of the process.

4.2.1 Bottom-up methods

Bottom-up (or agglomerative) hierarchical clustering methods begin with assigning all nodes to
their own clusters: /1 = {{1},{2},...,{n}}. These algorithms merge two clusters in each step,
until there is only one cluster left. Here, we will work with algorithms that use the pairwise distance
of elements (often encoded in a distance matrix), merging the two clusters with the smallest distance
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C41
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Figure 4.1: Example dendrogram of hierarchical clustering C with notations. Agglomerative methods
build the tree from the bottom up, while divisive methods start at the top and move downwards.
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in each step. The algorithm takes a distance matrix D as its input, where, in our case
Dij =1- nestl-j. (41)

The choice of distance definition is important here, as we want to group together highly nested
pairs of nodes, and the algorithm will merge clusters with the smallest distance (in this case, with
highest nestedness).

Another crucial parameter of the agglomerative method is the linkage method. Common
linkage methods include single-linkage (which is closely related to minimal spanning trees of
graphs [63]), where the distance of two clusters is the minimal pairwise distance between their
items (see Equation ((1.3)),and complete-linkage, where it is the maximal pairwise distance between
cluster items (Equation ([1.4))). We can also use average-linkage (Equation ((1.5)), where the distance
is the average pairwise distance. Additional distance metrics include centroid, median,and Ward
clustering [13]. For easier reading, we repeat the definitions of the distances between two clusters,
previously defined in Section[{.1] They are calculated as

dSL(CI;C2>: min D

1€Cq,j€C2
dCL(Cla 02) = iegll%}e{@ Dij
D,
M= 2 Erar
1€C1,j€Cq 1 2

in the case of single-linkage, complete-linkage, and average-linkage, respectively. Since each inter-
mediate step provides a valid clustering, we get nn cluster levels with |/;| = n — i + 1 clusters at
the end of the process.

For further reading on the different metrics one can use with hierarchical clustering, we refer to
[13].
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4.2.2 Top-down methods

In the case of top-down hierarchical clustering, the algorithm starts by assigning all nodes to the
same cluster, and then splits a cluster into two at each step, stopping when all nodes are in different
clusters. Utilizing the top-down procedure for our purpose, we use a modified version of the
algorithm proposed by Girvan and Newman [64]. The algorithm was originally designed for graph
clustering. It does this by deleting edges with the highest betweenness (a metric also defined by
Girvan and Newman) until the number of components in the graph increases. It repeats this step
until each vertex is in its own component. To adapt the algorithm to nestedness clustering, we
make two changes:

1. Instead of the original graph (G, we use an auxiliary one (denoted G yest). In Gpest, there is
an edge between each pair of nodes 7 and j with weight nest;;, but it only exists if this value

is non-zero.

2. Instead of simply calculating edge betweenness on G,es¢, we divide edge betweenness by
the edge weight (nest;;), increasing the likelihood for deleting edges with low nestedness
values.

Figure[4.2|shows a fully nested and a randomized bipartite graph (panels aand d), their auxiliary
nestedness graphs (panels d and f) and the clustering dendrograms (panels b and e). We can see
that the fully nested graph’s auxiliary graph forms cliques with all edge weights being 1, while, in
the case of the randomized graph, some (i, j) edges are not shown when nest;; = 0.

Since recalculating edge betweenness for all remaining edges in the auxiliary graph in each
step is computationally expensive, we have implemented an alternative version of the algorithm
(we will refer to it as version “full”). In this version, we first pick the edges with minimal nestedness
values, and if more than one edge has the same minimal value, we delete those with maximal edge
betweenness. Thus, we only calculate edge betweenness when we need to decide between multiple
edges having the same minimal nestedness value, and even then, only for the edges we need to
decide between.

We should note here that the Girvan-Newman algorithm also has a faster method to recalculate
edge betweenness, but its implementation is out of scope for this thesis.

4.2.3 Pre-filtering using statistical validation

For community detection, several studies have recently chosen a subset of links of the network
by applying a statistical test that evaluates a precisely defined null hypothesis [65,66,/67]. These
subsets are commonly referred to as statistically validated networks. A null model is created based
on the expected distribution of a specific quantity. The model allows comparison with empirical
data, facilitating a statistical test to determine whether the empirical value aligns with the null
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(a) Original graph - fully nested
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(d) Original graph — randomized
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(f) Nestedness graph — randomized

Figure 4.2: Examples of fully nested (a—c) and randomized (d—f) graphs and their nestedness graphs,
along with their clustering dendrogram created using the bottom-up method and average-linkage distance
metric. We note that the nestedness graphs are full graphs in all cases, but we don’t show edges with zero
weights (where nest (i, j) = 0), which is why nodes 1, 2 and 4, for example, are not merged into a single
cluster at the distance of 0 on panel (e).
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hypothesis or warrants rejection. Rejection of the null hypothesis suggests that the empirical data
incorporates aspects not considered in the null model.

Aswe have seen, the auxiliary nestedness graph contains an edge for every non-zero nestedness
relationship between two nodes. To improve the performance of hierarchical clustering algorithms,
we can try to filter out some “unnecessary” edges from the nestedness graph. Removing these
edges can not only improve performance, as there are fewer of them to consider, but also potentially
improve the quality of the clustering by preventing the grouping of non-nested node pairs.

To find edges with low significance, we calculate the probability that the two ends of an edge (%
and 7) have at least £ common neighbors in a null model, where ? is the actual number of common
neighbors in the network. In other words, we calculate the probability that the number of common
neighbors would be as high as it currently is if the graph were a random graph of the same degree
sequence. The probability of observing ¢ common neighbors between nodes ¢ and 7 is given by the
hypergeometric distribution

(1) G2
(5)

Ifit is unlikely that nodes 7 and j have at least £ common neighbors (its probability is less than,

or equal to o), we keep their connection in the auxiliary nestedness graph, otherwise we delete
them, as they might as well be random edges. The probability of this can be calculated using the

following equation:
min{k;,k;}—1
P(ky>t)=1—Plky<t)=1— > H(t|n kk). (4.3)
t=0

Choosing an appropriate o value may prove difficult, as corrections might be needed instead
of simply using o = 0.05 or = 0.01 [68].

Since we perform the statistical test on all pairs of nodes, we perform a multiple hypothesis test
comparison. We should note that multiple hypothesis test comparisons often require a multiple
hypothesis test correction to control the amount of false positives (i.e., validated edges that should
have been rejected). Such corrections are, for example, the Bonferroni correction or the false
discovery rate. In our experiments, we did not see major differences when applying such methods,
but a detailed investigation of this is beyond the scope of this chapter.

4.3 Experiments

In this section, we assess both bottom-up and top-down methods in various scenarios. Initially,
we use synthetic, randomized bipartite graphs with a known cluster structure. In Section[4.3.1]
we introduce an algorithm for generating such graphs while controlling the randomness of the
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edges’ density within and between clusters. After analyzing the results for synthetic networks, we
examine commonly used real-world bipartite networks from the Web of Life database [32]. Finally,
we evaluate our algorithms on non-bipartite networks as well. To assess algorithm performance,
we introduce several metrics in Section[4.3.2]to characterize each level of hierarchical clustering
and use them to select the best clustering level.

4.3.1 Data

In order to test our algorithms, we utilize data from multiple sources for evaluation. Bipartite
graphs are obtained from (1) our own generator algorithm (as described in Section[4.3.1]), and
(2) the host-parasite and pollination datasets from the Web of Life database [32]. Additionally,
we evaluate the proposed algorithms on various non-bipartite graphs commonly employed as
traditional clustering and community detection benchmarks collected from [69(70].

Generating benchmark graphs

To gain a deeper understanding of the clustering algorithm’s stability, we create random bipartite
graphs with a known ground truth cluster structure. When generating these random graphs, we
initially generate £ disjoint, fully nested components, followed by executing two transformations
within each component. With a probability of p;, we rewire edges within the component. Subse-
quently, with a probability of ps, we select an edge of a component and relocate one of its ends to
another component. Figure[4.3|depicts three benchmark graphs generated using distinct perturba-
tion probabilities. To assess the performance of the algorithms on the generated benchmarks, we
compute the mean of the Adjusted Rand index (ARI) for each combination of p; and p; values.

Real-life data

We utilized two sets of networks from the Web of Life repository for our experiments: the pollinator
and the host-parasite networks, both comprising small bipartite networks. The pollinator dataset’s
graphs contain an average of 89.84 vertices and 175.09 edges, while the host-parasite dataset is
even smaller, with an average vertex count of 32.71 and an average edge count of 78.12.

The graphs included in the dataset are not fully nested, with some exceptions. The average
NODF score of the pollination networks is 31, while for the host-parasite networks, it is 52. To con-
firm the low average nestedness, we also measured the networks’ nestedness using our nestedness
measure, vertex presence, combined with our overlapping community detection algorithm [56].
The mean vertex presence on the pollinator set was 0.19,and on the host-parasite set, it was 0.28.

An overview of some key properties of the two datasets is included in Table[4.1]
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Figure 4.3: Example benchmark graphs at different perturbation probabilities.

‘ Pollinator Host-parasite

Vertices

Edges

Density

NODF
Binmatnest
Vertex presence

89.84 3271
175.09 78.12
0.08 0.16
31 52
17.7 209
0.19 0.28

Table 4.1: Summary of the used bipartite network data sets. The NODF and Binmatnest values range
from O (non-nested) to 100 (fully nested), while vertex presence ranges from O (non-nested) to 1 (fully

nested).
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4.3.2 Evaluation methodology

Hierarchical clustering provides us with up to n distinct clustering levels for the same graph.
However, we can only use a single level from the hierarchy when we want to evaluate clustering
performance. To avoid relying on arbitrary threshold values, we can employ a metric to evaluate
the clustering quality across different levels and subsequently choose the optimal level based on
this metric’s value. In this context, we introduce several metrics tailored for this purpose.

In order to standardize how we interpret the amount of clusters and the number of steps across
bottom-up and top-down algorithms, we normalize the step count k by the number of vertices, so
that we get a value between 0 and 1 (1/n being all vertices being in one cluster,and 1 being k = n,
or all vertices being in different clusters).

We compute most of the following values from the mean of pairwise nestedness values in each
cluster ¢; at £. As such, this is a vector of means (of length |/|):

_ nest
pi= o

j.kec;

NZ{M

(4.4)

i=1,2,....]¢}.

One such metric is the average nestedness in clusters. We take the mean of all pairwise nested-
ness values among the nodes of each cluster, then calculate the average of the averages:

i (4.5)

7=
Alternatively, we can create a weighted version, weighting each average with the cluster size:

o Zciee (Zj,keci neStjk)

n

(4.6)

We can also measure the ratio of fully nested clusters in the clustering:

Ci | pi =
R= % (4.7)

Similar to 11, the weighted version R* can be defined.
When a hierarchical clustering algorithm returns n cluster structures, we calculate these metrics
on each of them, and then pick the clustering with the best value of the chosen metric g:

* = arg m%lxg(&). (4.8)

The chosen clustering can then be compared to traditional nestedness metrics, outputs of other
clustering algorithms or, in the case of benchmark graphs, the ground truth (e.g., by using the Rand
index [71]).
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4.3.3 Results

In this section, we evaluate the proposed hierarchical clustering algorithms using the previously
introduced metrics. First, we measure how well the algorithms can reconstruct the original nested
clusters on perturbed synthetic bipartite networks, then we turn to real-world bipartite and non-
bipartite networks to evaluate their nested clustering.

Benchmark graphs

On the synthetic graphs, our main metric of comparison was the Adjusted Rand Index (ARI),
since we had ground truth clusters available. Our main goal was to combine this with different
perturbations to see how much noise the algorithm can handle and how far we can push the noise
so that the algorithm is still able to reconstruct most of the original clusters.

When evaluated across different hierarchical clustering algorithms, and across all p; and ps
perturbation probabilities, no single algorithm produced the best ARI value uniformly across all
the cases. The same was true for the metrics, too, but in some cases, such as the Girvan-Newman

“nested”) algorithm, /7 was better in most perturbation cases, shown in Figure[4.4] In the case of
the algorithms, as shown in Figure[4.5] the top-down approach produced the best ARI in 48.8% of
the cases, of which 48.4% were the full (“full”) version. Of the remaining 51.2% for the bottom-up
approach, the best performer was the single-linkage clustering in 50.8% of the total cases. It is worth
noting that single-linkage clustering performed the best in most cases when p (outer perturbation)
was zero and when p; (inner perturbation) was large. In the intermediate ranges, the top-down
algorithm almost exclusively provided the best ARI index.

Comparing the two top-down algorithms, the one that is closer to the original Girvan-Newman
method (labeled version “full”) performs better in most cases, as expected, and significantly better
in some regions. Note, however, that this increased accuracy comes at the significant performance
cost of re-evaluating the edge betweenness for all edges in the graph at every step. Figure[4.6|shows
that the biggest advantage in accuracy can be achieved at smaller perturbation levels, mainly in
the region p; < 0.4 (inner perturbation) and 0.05 < py < 0.6 (outer perturbation). This is
seemingly due to the higher sensitivity of version “nested” to outer perturbations. At higher levels
of randomness, the version “nested” performed similarly, sometimes slightly better, although in
the overall comparison, the bottom-up method (using single-linkage) was better.

Across all algorithms, the bottom-up approach seemed to find a fully nested clustering first,
meaning that it also found the largest fully nested clusters, as shown in Figure There was
no difference between different linkage methods: median, complete-linkage, average-linkage and
Ward clustering all found the same size fully nested clustering first. The next best was the “full”
version of the top-down algorithm, followed by the “nested” version. The single-linkage bottom-up
clustering found a fully nested clustering latest, resulting in lots of small clusters (almost every
node being in its own cluster).



66 Hierarchical clustering for nestedness

0.8
ARI
1.00
C0'6 0.75
i)
_g 0.50
5
=t 0.25
L 0.4
aQ
() 0.00
S
2]
3 Metric
0.2 )
mean_weighted_zero
A mean_simple_zero
0.0 A A A A A A A A A A A A A A A a2

0.0 0.2 0.4 0.6 0.8
Inside perturbation

Figure 4.4: Metrics that gave the best ARI values for each perturbation probability using the Girvan-
Newman (“nested”) algorithm.

We have also compared the point at which the various algorithms found the first (and largest)
fully nested clustering to the graphs’ vertex presence and other nestedness metrics, including
NODF [22], the Binmatnest temperature and discrepancy [24]. As shown in Figure[4.8] out
of all metrics, vertex presence showed the highest correlation with the first point at which the
algorithms reached a fully nested clustering. In this comparison, the highest correlation was
between “full” version of the top-down algorithm, with a correlation of -0.9018. The next highest
correlation was produced by the bottom-up algorithm using the average-linkage (and complete-
linkage, median linkage and Ward clustering) with a correlation coefficient of -0.8817. While the
correlations are not high enough to be considered significant, a link between the stop point and a
nestedness metric indicates that the stop point might also be useful for measuring nestedness.

Bipartite graphs

Now we turn to the bipartite Web of Life dataset, which contains fully nested and nearly fully
nested graphs. Figure[4.9]shows that, in our experiments, the bottom-up approach usually reached
a fully nested clustering in fewer steps (with higher cluster counts) than the top-down algorithms.
Here, the “nested” version of the top-down algorithm found larger clusters this time, compared to
the results on the synthetic networks, where it found smaller fully nested clusters on average. This
also means that different algorithms reach a fully nested clustering first in different steps, cluster
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Figure 4.6: Difference in ARI between top-down algorithms “full” and “nested”. The scoreis ARI(full) —
ARI(nested).
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nested clustering. The “nested” version of the top-down algorithm performed much fewer iterations to
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Pearson correlation coefficient is -0.9018. The Pearson correlation coefficient is -0.5863.

Figure 4.8: Relationship between the largest fully nested cluster’s point (normalized step count) and the
mean vertex presence of the synthetic networks. Point colors show the cumulative permutation (p; + p3).
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Figure 4.9: First steps to reach a fully nested clustering with different algorithms on the Web of Life
dataset.

counts, and ultimately, configurations.

Figure[4.10|shows this by comparing the first fully nested clustering level of different algo-
rithms with the overlapping fully nested communities detected by our previous algorithm, on the
M_PL_070 pollination graph. This example also highlights one disadvantage of clustering over
overlapping community detection, as multiple fully nested cluster structures could be realized
over the highlighted graph.

Interestingly, there does not seem to be a strong relationship between the point of the first fully
nested clustering and the various nestedness metrics on this dataset. The strongest correlation
coefficient of -0.6043 was with the “nested” version of the top-down algorithm. This is due to graphs
like M_PL_021,where there are numerous vertices with the same neighborhood — for example, 136
nodes out of 768 have the same single neighbor. This causes the clustering algorithm to reach a
fully nested clustering early (at 22% cluster size), but the graph has a larger number of overlapping
nested communities, driving vertex presence down. Despite this, the stopping point may still be
useful as another nestedness metric.

Generally, we have seen that the average-linkage method was ahead of the others in average
nestedness, especially when we weigh the means with cluster size. An example of this can be seen
on Figure[4.11] while the general trends are visible on Figure[4.12] This also shows that the “nested”
version of the top-down clustering algorithm generally increased nestedness in a slower pace from
step to step, compared to the “full” one.

Non-bipartite graphs

Our results on non-bipartite graphs mirror those on bipartite graphs. Figure[4.13a)shows the time
it took each algorithm to reach a fully nested clustering first on each network analyzed, revealing
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Figure 4.10: First step to reach fully nested clusters with different algorithms on the M_PL_@70 pol-

lination graph. The outlines show the overlapping fully nested communities detected by our previous
algorithm.
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Figure 4.11: Mean cluster nestedness values on the M_PL_001 pollination graph for the various clus-
tering algorithms.
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graph V| |E] p d  pres cl.coeff.
families 15 20 0.1905 2.6667 0.2033 0.1915
ia-southernwomen 18 75 0.2451 8.3333 0.3804 0.6302

mammalia-proximity 24 305 0.5525 25.4167 0.4750 0.8574
mammalia-association 25 368 0.6133 29.4400 0.7992 0.8909

johnson8-2-4 28 210 0.2778 15.0000 0.0370 0.4286
karate 34 78 0.1390 4.5882 0.1901 0.2557
dolphins 62 159 0.0841 5.1290 0.0517 0.3088
eco-everglades 69 911 0.1942 26.4058 0.0385 0.4612
les_miserables 77 254 00868 6.5974 0.1389 0.4989
adjnoun 112 425 0.0684 75893 0.0373 0.1569
ia-infect-hyper 113 2196 0.1735 38.8673 0.0282 0.4952
email-enron-only 143 623 0.0307 8.7133 0.0218 0.3591
internet-partnerships 219 630 0.0132 5.7534 0.0351 0.1070
celegansneural 297 2345 0.0267 15.7912 0.0364 0.1941
USAIr97 332 2126 0.0193 12.8072 0.0422 0.3964
662_bus 662 906 0.0021 2.7372 0.0030 0.0769
ia-crime-moreno 829 1474 0.0021 3.5561 0.0043 0.0076
DD199 841 1902 0.0027 4.5232 0.0023 0.4677
gene 1103 1672 0.0014 3.0317 0.0041 03172
inf-euroroad 1174 1417 0.0010 2.4140 0.0014 0.0339
netscience 1589 2742 0.0022 3.4512 0.0036 0.6934

Table 4.2: Overview of the non-bipartite dataset. p denotes the edge density, and d denotes the mean
degree, and pres denotes the vertex presence.

that the bottom-up method combined with complete-linkage or average-linkage found a fully
nested clustering first in all cases. The top-down algorithms performed very similarly, with one
method overtaking the other in some cases. The averages are shown in Figure[4.13b] Single-linkage
bottom-up clustering found fully nested clusters last, as expected. Figure[4.13d highlights that
while the two top-down algorithms retrieved clusters of similar size, the “full” version achieved
that in much fewer steps.

Figure[4.14]shows an example of fully nested clustering of Zachary’s karate club network using
the average-linking bottom-up method in step 16. The overlapping groups encode the overlapping
fully nested communities, while the vertex colors indicate the fully nested clustering. However, the
nestedness of the graph is low, as indicated by the many small overlapping groups and the large
number of clusters.

Another, although more nested, example is the primate association network shown on Fig-
ure[4.15] The vertex presence of the network is 0.799, indicating a high level of nestedness, and
this can be seen from the large, overlapping groups (as highlighted using the overlapping nested
community detection algorithm). The clustering, where the average-linkage bottom-up method
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found one large cluster in the network, and more tiny clusters. We can see that the clustering picks
the vertices of one of the overlapping groups and assigns the rest to separate clusters.

The graphs examined show little nestedness overall (as seen in Table[4.2)), which may make
nested clustering less meaningful than overlapping nested communities.

This is reinforced by the average of the mean nestedness values in each step on Figure[4.16] We
can see that the increase of nestedness is less steep than on the Web of Life networks (Figure[4.12)),
but the trends were similar, except for the “nested” version of the top-down algorithm increasing
nestedness slower than the single-linkage bottom-up clustering method. We note that the values
on this figure show a stark difference compared to Figure[4.9 since a value of 1 here means the
step by which all clusterings were fully nested, as opposed to the average point of the first fully
nested clustering.

Choice of linkage method in bottom-up algorithms

The linkage method is a key parameter of the bottom-up clustering algorithm, as it determines the
distance (and therefore the order) of the clusters that are merged. Using the linkage method, we
can control the type of clusters the algorithm prioritizes. Since we use 1 — nest,; as our distance
metric, the algorithm will generally merge clusters with higher nestedness (low distance). We will
now take a look at how each linkage method affects the created clusters.

If we aim to merge fully nested clusters first (where each pair of vertices is fully nested), then we
may pick complete linkage. In this case, the distance of two clusters is the maximum pairwise distance
between the two clusters, i.e., the lowest pairwise nestedness value among clusters determines the
distance. This makes it a relatively strict merging strategy, focusing on merging clusters with the
highest minimum nestedness value.

In the case of single-linkage, the distance of two clusters is equal to the minimum pairwise
distance of their elements (highest pairwise nestedness value). Thus, in this case, the algorithm
will try to merge clusters that have at least one highly nested vertex pair among each other.

As a less extreme solution, we can also use average-linkage, where the distance of two clusters
is their average pairwise distance. This will make the algorithm aim to merge clusters with the
highest average pairwise nestedness among them.

The different linkage methods we compared (except single-linkage) always found the same
fully nested clustering first. This is because single-linkage clustering uses the pairwise minimum
distance between two clusters, which can cause two non-nested clusters to merge at a distance
of 0 if they had a single pair of fully nested vertices between them (e.g., because of overlapping
nestedness).
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Figure 4.13: First time to reach a fully nested clustering on the non-bipartite networks, across various

algorithms. One key highlight is that the “nested” top-down algorithm achieves a similar performance in
much fewer steps.
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Figure 4.14: First fully nested clustering on Zachary’s karate club network using the bottom-up approach
with average-linkage. Vertex labels encode the nested clusters the algorithm found, vertex colors encode the
two groups the club split into, and the colored overlapping groups mark overlapping nested communities.

4.4 Conclusions

In this chapter, we have presented several approaches for performing hierarchical clustering for
nestedness on both bipartite and non-bipartite graphs. Across our methods, we have demonstrated
a customizable framework for adapting bottom-up and top-down clustering methods for nestedness.
We have also introduced a streamlined way to select optimal clustering levels from a clustering
hierarchy. To this end, we have also introduced different metrics to measure the performance
of each hierarchical level. We have found that the size-weighted mean nestedness (71,,) is more
suitable for evaluating clustering in progress, as it is more stable and close to monotonic (with at
most a small deviation) on all graphs we tested.

We have evaluated our algorithms across synthetic bipartite and real bipartite and non-bipartite
networks. In our experiments, the bottom-up algorithms using the average-linkage and complete-
linkage distance methods found the largest fully nested clusters across all datasets.

Both algorithm families can be further enhanced: the bottom-up methods have a replaceable
distance metric (for which we used nest(7, j) — Equation ) and linkage method, while the
top-down algorithm’s split condition can be swapped to change what the algorithm prioritizes. We
have also made a reference implementation of our algorithms available as open-source codeﬂ

!The implementation (in R) is available at ht tps: //github. com/Hanziness/r-nested-comms/tree/ve. 3


https://github.com/Hanziness/r-nested-comms/tree/v0.3
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Figure 4.15: First fully nested clustering on the primate association network using the bottom-up
approach with average-linkage. Vertex labels and colors encode the nested clusters the algorithm found,
and the colored overlapping groups mark all the overlapping nested communities.
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Figure 4.16: Average of mean nestedness values across all non-bipartite graphs in the function of
normalized cluster counts, for all clustering algorithms.






CHAPTER 5

Hierarchical clustering in portfolio
optimization

In this chapter, I am going to demonstrate applications for hierarchical clustering in a different
field. Portfolio selection is a widely researched topic that has drawn on the knowledge of several
other fields, including network science [72]. It is also not just a complex problem in itself, but a
game played by many people, usually with the goal of making high profits and avoiding losses. As
such, we do not have a perfect solution, but the problem provides ample opportunity to create new
methods that are better in one or more aspects than the others, for example, by creating less risky
portfolios. There is a vast amount of historical data on past stock prices, which allows researchers
to run large-scale simulations using their own methods. The methods developed for portfolio
selection are interesting not only because they use a large set of tools to solve the same problem,
but also because existing methods can be improved. Our primary idea here was also to improve
upon the existing Markowitz model [73], one of the earliest portfolio selection models that uses a
covariance matrix as its key element for optimization. It has since been shown that the model is
not perfect [[74], but we still wanted to demonstrate that older (and simpler) methods have room
for improvement.

The motivation for working with the Markowitz model is that covariance matrices can be
treated as adjacency matrices of graphs, where the nodes are the stocks and the weighted edges
among them are the covariances. Once we work with graphs, we can apply the tools of network
science. Community structures are meaningful in these networks as well, since investing in a set of
highly correlated stocks (or, in other words, stocks in the same community) can lead to increased
risk. Imagine that two stocks are highly correlated. If the price of one stock falls, then due to high
correlations, the price of the other stock is likely to fall as well. The technique that reduces such
risks by investing in stocks whose prices correlate the least is called diversification, but in order to
apply it properly, we need to identify groups of stocks that are highly correlated. This is the idea
that was applied in the algorithms presented by Raffinot [75].

77
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Another approach is to transform (filter) the covariance matrix used by the Markowitz model
to improve its estimations. One way to do this is to construct a minimal spanning tree, a concept
closely related to single-linkage hierarchical clustering, and use the cluster distances in the tree to
transform the covariance matrix. I followed this idea and employed hierarchical clustering to filter
the covariance matrix used by the Markowitz model, and also compared the results to methods
that rely on hierarchical clustering itself to construct the portfolio, such as the aforementioned
model by Raffinot. The key ideas are the same as before (to find closely related items), but our
goals here are the opposite: to avoid investing in items that are in the same cluster.

5.1 Introduction

Traditional portfolio selection approaches measure the risk of a portfolio by the standard deviation
of its expected returns, which we would like to minimize. In practice, these methods perform well
only when the covariance (or correlation) matrix constructed from the asset returns is properly
cleaned. The statistical uncertainty (or noise) introduced by the covariance estimation is due to
the fact that the number of observations () is not large enough relative to the number of assets
(n). This is a common case of the curse of dimensionality, as 7" usually needs to be small due to the
non-stationary nature of the correlation between returns [76]]. A small 7" is also often preferred
when we only want to consider the recent past of the market. There have existed solutions to this
problem for some time, such as [72,,77]], and a review has also been published in the topic [7§].
These methods can be used to improve the performance of the original Markowitz portfolio model
[79]. A good filtering method should preserve the structural part of the covariance matrix that is
stable and contains actual information. Therefore, the filtering method that works best depends on
the given stock market, and the characteristics of the assets under study.

According to a variety of observations, most complex systems, including the stock market,
follow a hierarchical structure [80]. A plausible approach is to define this structure using a hier-
archical clustering procedure. In this case, we can assume that the (hierarchical) dependencies
between the returns can be described using a dendrogram [81]. In this chapter, we present possible
applications of hierarchical clustering to the portfolio selection problem: on the one hand, we use
it as a covariance matrix filtering procedure, and on the other hand, we use it directly to compose a
portfolio, bypassing the need to solve the optimization problem. We perform our experiments on
real data and compare the performance of the different methods using several metrics.

5.1.1 The portfolio selection problem

In the portfolio selection problem, an investor wants to allocate their capital among the stocks
available in the market. The primary objective is to minimize the risk of the investment while
achieving at least an expected level of return, or the highest possible return for a given level of risk.
Typically, the solution is based on historical data for a given set of stocks (e.g., the Budapest Stock
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Figure 5.1: Daily closing prices (a) and logarithmic returns (b) of OTP and Richter on the Budapest
Stock Exchange (BSE) in 2018.

Exchange), which contains the prices of individual stocks over any period of time. Here, we work
with daily closing prices, but it is not uncommon to work with smaller (e.g., weekly) and larger
(e.g., hourly) resolutions. Logarithmic returns are often used instead of the raw daily closing prices.
The logarithmic return of the ¢-th stock at time ? is

Bi(t)

oo =log =1
Tit OgR(t—l)

= log P;(t) — log P;(t — 1), (5.1)
where P;(t) denotes the closing price of the i-th stock on the ¢-th day. The main reason for using
logarithmic returns is that these returns are time-additive (i.e., x;; + Tj441 + -+ - + Xy =
log P;(t + j) — log P;(t)) and if the 1-period logarithmic returns are normally distributed (a
common assumption that holds for our data), then the j-period returns will be as well. A comparison
of daily closing prices and logarithmic returns is shown on Figure[5.1] We will therefore use these
instead of the closing prices in our analysis. To obtain the average returns of the i-th stock in a time
series of length 7", we calculate

1 T

The covariance between stocks ¢ and j can be defined using the following equation:

T

oy = 71 > (ilt) — T (x5(t) — 7). (5.3)

t=1

By ordering these elements into a matrix, we obtain the 3 = (O‘ZQJ)Z ;j covariance matrix, which
contains the pairwise covariance of the time series of returns of all stocks, as well as the variance of
the returns of each stock in the diagonal. The correlation matrix C is obtained from the covariance
matrix through the normalization Cj; := 0;/,/0;;0;;. It is important to note that the value of the
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Figure 5.2: Timeline of an investment in our experiments.

correlation is not invariant to the logarithmic transformation of the returns, so normal returns are
usually assumed for portfolio selection models [82]. However, in the case of real daily returns, the
difference between normal and logarithmic returns is negligible,and we preferred to use logarithmic
returns because of their previously mentioned advantages.

We assume the following situation for the rest of this chapter. An investor always decides on
their portfolio on a given day, taking into account the prices of the previous 7" days. Risk analysis
and diversification take place at this point,and so does the investment. The investor then waits
another 7" days to evaluate their actual (“realized”) returns and risks. The investment timeline of
our simulations is visible in Figure[5.2]

5.2 Hierarchical clustering in the Markowitz model

A primary tool for risk reduction is diversification, or risk-sharing, which means investing in more
than one security at a time. This method is intuitively motivated by the fact that if the returns of the
securities we hold are not correlated, then when the price of one security falls, it is not inevitable
that the price of the others will also fall, thus reducing the risk of an overall loss. The first portfolio
optimization model to incorporate diversification was formulated by Harry Markowitz [[73]. Since
the definitions, and hence the measurement, of expected returns and risks are not clear, these two
measures are determined either by the model’s methodology (e.g.,in the case of the Markowitz
model) or by the investor (as in the case of the Hierarchical Equal Risk Contribution (HERC) model
(83]).

The original Markowitz model defines the expected return of a portfolio as the weighted average
of the mean returns of the assets, and the risk is defined as the variance of the portfolio’s return.
Markowitz showed that, given an upper bound on the risk or a lower bound the return, the optimal
portfolio can be obtained by solving a convex quadratic programming problem. Here, we give a
lower bound on the return, i.e., the minimum return acceptable to the investor (denoted by R) is
the parameter. The quadratic programming problem to be solved is as follows:
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min pXp’
P
n
such that Z =1
L Pi (54)
i=1
n
Z piTi > R,
i=1
whereT; is the estimated return of stock ¢ (¢ = 1, . . . , n)according to some statistical estimate, such

as the average return (7; = T;) (see Equation (5.2))),and R is the minimum expected return. The
technical condition ) _, p; = 1 ensures that exactly 100% of the capital is invested. The solution
to this problem is a weight vector p, which contains the proportions of capital to be invested in
each stock. Note that negative weights are allowed, i.e., short selling is also possible. When solving,
we further constrain the problem with —1 < p; < 1. This helps to avoid less realistic situations
where in the optimal solution we would have to invest a multiple of our capital in one stock (e.g.,
through loans).

5.2.1 Filtering covariance matrices

The Markowitz model has multiple limitations. For example, it can be shown that the resulting
solution (the optimal portfolio) is highly sensitive to changes in the task’s parameters. The quadratic
optimization problem also requires the inversion of the covariance matrix 3. of the returns, which
can lead to unstable solutions for a near-singular matrix. Furthermore, since we estimate covariance
from a finite (7 *-long) time series, the non-stationary nature of the covariance between the returns
means that the covariance matrix often carries statistical uncertainty (or simply put, noise), which
can lead to poor risk estimation [84]. The latter is addressed by various filtering techniques such
as random matrix theory (RMT) [78] or hierarchical clustering [|[72]. These methods result in a
cleaned (or “filtered”) covariance matrix 3. ¢, that can be used in the Markowitz model’s objective
function instead of the original 3.

5.2.2 Hierarchical clustering as a filtering technique

A covariance matrix 3 created from n stocks can be interpreted as an adjacency matrix of a complete
graph of nn vertices. The same is true for the correlation matrix C = (Cij)i,j’ which contains the
normalized covariance. We will use the latter for the filtering procedure. In the first step, we
construct a distance matrix from the correlation matrix. We do this following [72,81], with the help

of the
D;; = 2(1— C’ij) (5.5)
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Figure 5.3: Merge tree of a hierarchical clustering represented as a dendrogram, colored using k = 3
colors.

ultrametric distance definition (in which the D;; < max{D;i, Dy;}(¥i, j, k) condition is true),
converting large correlations into small distances. We then perform hierarchical clustering on
D = (Dy)

45"

For clustering, we use an agglomerative method, which initially assigns each vertex to a separate
cluster, then merges the two clusters with the smallest distance into a new cluster, repeating this
process until there is only a single cluster containing all the stocks [85]. A crucial question is
defining the distance between two clusters, on the bases of which the merging is performed. As we
have seen in Section[1.1] popular distance metrics include single-linkage, which is closely related to
minimal spanning trees, complete-linkage and average-linkage, which define the distance between a
cluster C; and C, as follows:
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dSL(Cl,Cg) = min Dij7

1€C1,j€C2

dCL(Cl,CQ): max DU?

ieCq ,] j€Co

dar(C1,Cs) = AR Z > Dy

zECQ j€ECa

The algorithm produces a binary merge tree that stores which vertices or clusters were merged
and at what distance. The leaves of the tree are the individual vertices (stocks) and the root is the
cluster containing all vertices. This tree can be displayed as a dendrogram (see Figure[5.3)), or it
can be cut at a chosen hierarchy level to obtain exactly £ clusters (K = 3 in the example shown in
the figure).

We can take advantage of an important property of the clustering result: we have built a tree
from our stocks using n — 1 merges. We can then replace our previous distance matrix D with
the matrix Dyt containing the clustering distances with a total of n — 1 different values, and
then use Equation to transform it into a correlation matrix Cy,cjyst, and finally convert it back
into a 3,15 COVariance matrix. 3y, 1,5 can then be used in the quadratic programming problem
defined in Equation ((5.4).

5.2.3 Anull model and a greedy algorithm

The result of the hierarchical clustering can be used in an alternative way for the Markowitz model.
The method we use consists of creating a correlation matrix C° of size n x n, where C?j is the
average correlation between stocks 7 and j according to some null model. There are several possible
null models. One trivial possibility is to assume that all stocks are uncorrelated, which would result
in C° being the identity matrix of size n X n. Here, we use a configuration matrix that generates
C°, which can be created using the iterative procedure described in [86]. The assumption is that
for each 7 stock in C?, the so-called correlation “strength” C? = > ; Cij is constant, but each
Ci;j (j =1,...,n) correlation is randomly generated.

The two matrices (C® and C) are used to form a difference matrix and then rescaled:

c'=|Cc-C",

, Y , (5.6)

D¢ = —C'+ |min C'| 4+ |max C'|.

The resulting matrix D can be interpreted as a weighted graph that can be linked to the

correlation matrix. We perform rescaling because hierarchical clustering merges clusters with the

minimum distance, which is precisely the largest difference between the correlation matrix and
the null model.
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The hierarchical clustering procedure on the matrix D. is equivalent to optimization of the
following, modularity-like function using a greedy algorithm [87]:

M=) "|Cy—CH| ;. (5.7)
iJ

d;; is a binary variable that indicates whether 7 and j are in the same cluster,i.e., d;; = 1if7and j
are in the same cluster, otherwise d,; = 0.

With this interpretation, we can not only define a clustering, but we can also describe the
“goodness” of the clustering using a single number. We consider the clustering for which M is
maximal, and then construct the covariance matrix for the Markowitz model by choosing only
one stock from a cluster at random (which is how we chose to solve this task) or along some other
consideration.

5.3 Hierarchical clustering for direct portfolio selection

If we want to overcome some of the limitations of the Markowitz model, we need to use different di-
versification techniques. Multiple recently published methods are based on hierarchical clustering,
see [ 75183, 84], just like the previously described filtering techniques. Their main goals are to avoid
inverting the covariance matrix and to directly exploit the hierarchical structure of the system
under study when building the portfolio. However, this comes at a cost. The disadvantage of these
methods is that they are less parameterizable than the Markowitz model: we cannot specify a
minimum expected return ([?) for these methods.

It is also important to point out that the direct application of graph clustering methods, re-
gardless of the procedure, may lead to biased results for covariance or correlation matrices, since
highly correlated pairs of vertices may not necessarily end up being clustered. This problem can
be addressed in several ways [88]. We first present a possible approach following our previous
work [89].

5.3.1 Hierarchical Risk Parity

The Hierarchical Risk Parity (HRP) algorithm [84], introduced in 2016, computes the optimal port-
folio weights in three steps. First, it performs a hierarchical clustering, then a quasi-diagonalization
on the covariance matrix. Finally, it recursively cuts the clustering dendrogram, assigning each
stock a weight based on its contribution to the total risk and that of its parent clusters.

In the first step, we apply the procedure described in Section|[5.2.2] but we do not perform the
filtering of the covariance matrix, i.e., we only produce the merge tree from the distance matrix
obtained from the correlation matrix.

In the second step, we rearrange the rows and columns of the 32 covariance matrix so that the
largest values are along the diagonal. This can be achieved by using the order of the leaves of the
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Figure 5.4: Correlation matrix before (a) and after (b) reordering.

dendrogram to reorder the covariance matrix based on the result of the clustering applied in the
first step. The exact algorithm is described in [84]. Figure 5.4illustrates the result of this operation
on a correlation matrix.

In the third step, the merge tree is iteratively split in two, starting at the root. At each split, the
weight of the parent is distributed between the two new clusters according to their contribution to
the variance of the parent. We repeat this until each stock falls into its own cluster. At the end of
the procedure, we have the weight of each stock in the portfolio.

5.3.2 Hierarchical Equal Risk Contribution Portfolio

Hierarchical Equal Risk Contribution Portfolio (HERC) [83] is a modification of the HRP algorithm
presented previously.

This algorithm also performs hierarchical clustering as its first step, but then determines the
optimal number of clusters to cut the binary merge tree into. This number is based on a statistical
index — in |83, the so-called Gap index is calculated for each possible £ cluster count, and the
algorithm chooses the value k£ where the index is at its maximum.

Once the optimal number of clusters has been determined, we first allocate the capital between
clusters (using the variance distribution technique familiar from HRP),and then within the clusters.
To do this, we can apply the recursive cutting used in HRP, by cutting and dividing the weights by
some risk metric (e.g., variance) only until we reach £ clusters. Once this is done, we divide the
weight of each cluster equally among its stocks.
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5.4 Comparison of methods

5.4.1 Data and methodology

Our experiments were conducted on real data using daily closing prices of 31 stocks from the
Budapest Stock Exchange (BSE) from November 29,2011 to October 18,2019 and 454 stocks that
were part of the Standard and Poor’s (S&P) 500 index between September 18,2008 and September
25,2018. Both data sets consisted of daily closing prices, with a total of 1962 records for the BSE
and 2523 records for the S&P 500 dataset.

To model the investment process, we set up a simulation environment that performs both the
construction and evaluation of different portfolios at a given starting time of ¢,. We then increase
the value of ¢, by 10 and repeat the experiment. Following a sliding window approach, we repeat the
evaluations until we reach the end of the dataset. At each start time t(, we evaluate the investment
model with an observation length of 7" = 500, observing prices for 500 days after ¢(, and then
make the purchase based on the closing prices of the past 500 days. After the purchase, we wait
another 500 days, sell the portfolio, and evaluate its performance.

5.4.2 Evaluation criteria

For a resulting portfolio p, we calculated indicators in three main categories: portfolio returns,
risks, and size. In the case of returns and risks, we can talk about estimated and realized values.
Estimated values are calculated based on past observations at the time of constructing the portfolio,
while realized values are calculated when the portfolio is sold (7' days after the investment). The
relationship of these values can help us reveal how well each method estimates risk and return.

Returns

For a portfolio p, we calculate two types of returns. The estimated return shows the return that
could have been obtained at the moment of investment with the given portfolio weights, had the
investor made the investment 7' days ago. This can be defined as the weighted average of past

returns:

Tpre = sz " X, (58)
=1

where 7; is the return obtained over 7' days before the investment.
At the time of sale (7" days after the investment), the ex-post (or realized) return of the portfolio
can be determined, which tells us how the selling price of the stock compared to its purchase price:
- Pi(to+T) — Pi(to
S, Blto+T) = Pity) 59
Pi(to)

T'post =
=1
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This value will be O if the selling price is equal to the purchase price, positive if the investment is
profitable and negative if the investment made a loss.

Risks

Another important characteristic of portfolios is their risk and the accuracy of the methods used
to estimate the risk. The estimated and realized risk of a portfolio can be determined using the
following equations:

Opre = pzprepTa (510)
Opost = pzpostpTa (511)

where 3,,,. is the covariance matrix computed over [ty — 7', o] and used in the portfolio selection,
and X, is the covariance matrix computed over [to, to + 7).

From these two metrics, we can determine the relationship between the realized and the
estimated risks for a portfolio. The risk ratio

Opost
o, = | 2Rt

(5.12)

Opre
measures the ratio of the two metrics, which is better the closer it is to 1. If the risk ratio is greater
than 1, the risk was underestimated, if smaller, the risk was overestimated.

We can define the change in risk similarly:

Upost - Opre

: (5.13)

O'g:

Opre

which is better, the closer it is to O.

Portfolio size

In an investment, one may not only have to pay the price of the shares, but also transaction costs,
for example. In this case, it may help to have a portfolio with fewer stocks, but this may also increase
the risk by reducing the degree of diversification. The size of a portfolio p can be defined as the
reciprocal of the sum of squared portfolio weights, but this can lead to distorted results in situations
where negative weights are allowed. To compensate for this, the weights are first divided by the
absolute norm of the portfolio vector (the sum of the absolute values of its elements):

1

s ()

The portfolio size will be 1 if our capital is concentrated in a single stock in the portfolio,and n

Nog = (5.14)

if we have invested equally in all stocks. We introduce a normalization of the portfolio size to make
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it comparable across datasets of different size,and not dependent on 7n:

. Neg — 1
Nog = ————. 5.15
i n—1 (5:15)
This value will then range between O and 1, where O represents a portfolio of 1 stock,and 1 represents
a uniform weighting of n stocks.

5.4.3 Results

Below, we compare the performance of the methods tested, broken down by metrics. In the
calculations, we consider the means and variances of the indicators (for all the portfolios assembled),
with the expected return parameter of the Markowitz model ([?) fixed at the average return of past
observations. Tables|5.1{and [5.2|give an overview of the calculated metrics, highlighting methods
that were stronger than the others in one area.

Returns

In terms of estimated returns, the hierarchical clustering-based portfolio selection methods per-
formed worse on average (often with negative expected returns), but their realized returns were
much better. We observed that the price of two stocks (OPUS and KONZUM) increased by several
orders of magnitude between 2016 and 2018 — for example, the price of OPUS increased from
4.4 Ft to 708 Ft on the same day two years later. The HRP and HERC algorithms predicted this
increase well and invested heavily in these stocks (with weights up to 30-40%), which resulted in a
huge increase in the realized return ratio (up to 2000% for HERC and 365% for HRP).

In comparison, the Markowitz model and its extensions performed worse: the original method
produced an average realized return of 40.9%, the hierarchical clustering filtering methods were
slightly better at 41%, and the configuration model-based method produced an average realized
return of 1.1% in the case of average-linkage and -35% in the case of single-linkage.

The odd average realized return of 2000% can be explained by the fact that the prices of the two
assets OPUS and KONZUM rose by unrealistically large amounts,and HERC invested heavily (in
some cases with weights of over 50%) in these stocks. Figure[5.6|shows how the prices of these two
stocks have changed over time, along with the 7" = 500 long investments and the weights assigned
to each of the stocks by the HERC algorithm. This also explains why the risks were high for the
HERC algorithm: these two stocks moved very close together, but they had combined weights of
upwards 60-70%. While such a situation is highly unrealistic in the market (and could be the result
of legislative changes, the disruption of the free market or unseen mergers), this example shows
that the HERC method predicted the price increases very well in this particular case. We also note
that the delay of 7' = 500 market days seemed to be a very fortunate length of time to hold these
stocks for, as their prices increased tremendously during these periods.
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Figure 5.5: Realized returns for all methods on the (a) BSE and (b) S&P 500 datasets.
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Figure 5.6: Price changes of the assets KONZUM and OPUS. The black line marks the price of the
stocks, while bars represent the portfolio weights assigned to these stocks at the time of buying. Arrows
show the price increase from the time of buying to selling.

Risks

On both datasets, the original Markowitz model and its extensions had low estimated risks, while
the HERC model’s predictions were two to three orders of magnitude higher —as seen on Figure[5.7a
The realized risks showed a different pattern: since most methods provided much better risk
estimation, they usually produced higher estimated or lower realized risks. The exception was the
HERC model, which produced much higher estimated and realized risks, but it also overestimated
the risk instead of underestimating it. The original Markowitz model produced the lowest estimate
on both datasets, but had a high magnitude of increase in realized risk, further demonstrating that
the filtering methods improved overall risk estimation.

To get a clearer picture of the risk assessment of the methods, we can also look at the risk ratio
(0,), plotted as the arrow length in Figure[5.7] For the BSE dataset, the original Markowitz model
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Figure 5.7: Changes between estimated and realized risks on the (a) BSE and (b) S&P 500 datasets.
The arrows point towards the realized risk and their lengths correspond to the magnitude of over- or
underestimation - if red, the method underestimated the risk, if green, it overestimated it.

underestimated the risk the most (3.98), while the average-linkage hierarchical clustering (3.47) and
the HRP model (3.34) slightly improved on it. The configuration models were significantly better
in this area (2.27 for average-linkage and 1.87 for single-linkage). The HRP and HERC algorithms
behaved very differently, with the HRP underestimating the risk (along with the Markowitz model),
and the HERC significantly overestimating it (o, = 0.19).

On the S&P 500 dataset (Figure[5.7b)), the filtering methods significantly improved risk esti-
mation, bringing the risk ratios down to between 1.79 (configuration model with average-linkage
clustering) and 4.51 (hierarchical clustering with single-linkage clustering), while the original
Markowitz model had a risk ratio of 167.35. Here, both the HRP and HERC models overestimated
the risk, although much less than the HERC did on the BSE dataset: the algorithms had a risk ratio
of 0.88 and 0.81, respectively, or overestimation factors of 1.14 and 1.23.

Portfolio size

On the BSE dataset (Figure[5.8a)), the different methods produced portfolios of similar size, with the
normalized index of several methods being close to 0.4. The exception was the HERC algorithm,
which produced much more concentrated portfolios (./\A/’Cﬂ‘ = (.14), with the smallest portfolio size
of all methods. This is comparable to the finding that this method was able to achieve higher returns
than the other algorithms by concentrating capital even more in stocks that were experiencing
high price appreciation.

Portfolio sizes showed a completely different trend on the S&P 500 dataset (Figure[5.8b)). The
HERC algorithm, which previously produced concentrated portfolios, mostly allocated capital
almost evenly across stocks when executed on the larger dataset. Likewise, the HRP algorithm also
assembled more evenly allocated portfolios, but still much less so than HERC. The hierarchical
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Figure 5.8: Normalized portfolio sizes on the (a) BSE and (b) S&P 500 datasets.

clustering filtering methods made the resulting portfolios more concentrated, while the configura-
tion model-based approaches made them more balanced. The base Markowitz model produced a
consistent 41% normalized portfolio size.

5.5 Conclusions

In this chapter,we compared portfolio selection methods based on hierarchical clustering,including
methods that complement other portfolio selection models (through filtering) and new portfolio
selection methods based entirely on hierarchical clustering. Our experiments on two real-world
datasets show that the new portfolio selection methods were able to produce higher returns than the
original Markowitz model, while also providing good, and sometimes much better, risk estimation.
The HERC method also predicted two exceptional price spikes on the smaller Hungarian dataset,
investing heavily in stocks whose prices rose steeply, thereby also increasing risk in the process.
This model also tended to overestimate the risk rather than underestimate it,a behavior an investor
might find preferable.

Aside from returns and risks, we also examined portfolio sizes and found that the filtering-
based methods didn’t show any particular tendency to increase or decrease portfolio sizes. The
hierarchical clustering based filtering methods assembled more concentrated portfolios on the
larger dataset, while the HERC algorithm produced highly concentrated portfolios on the small
BSE dataset and very evenly distributed portfolios on the larger S&P 500 dataset.

In conclusion, based on our experiments, the filtering methods seem to be the preferred way
to reduce risk estimation errors of the Markowitz model, while the hierarchical clustering based
portfolio selection methods HRP and HERC have the ability to produce higher returns in exchange
for higher risks. The reduction in risk estimation errors was much stronger when the days of past
performance taken into account (77) was closer to the number of stocks.
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Table 5.1: Summary of the results of the analysis on the Budapest Stock Exchange data: averages are
shown in cells, standard deviations in brackets. In the case of the Markowitz model, the target expected
returns were the average returns.

Classic Conf_Average  Conf Single HClust_Average HClust_Single HERC HRP

Fore 00004 (000)  0.0005(0.00) 0.0006(0.00)  0.0005(0.00) 00007(0.00)  -0.0016(0.00) 0.0003 (0.00)
Toost  0.3802(0.56) 00277 (0.44) -04226(0.78)  -04191(096) -14944(1.79) 25.8978(31.04) 0.6969 (0.52)
Tpost 00001 (0.00)  0.0001(0.00) 0.0001(0.00)  0.0001(0.00) 0.0001(0.00)  0.0011(0.00) 0.0001 (0.00)
Nug  04178(004) 03896(004) 03537(004)  04453(003) 03645(004)  0.1432(0.10) 0.3985(0.07)
0. 39779(394) 22662(195) 18689(1.34)  34700(327) 1.7393(0.83)  0.1937(0.31) 3.3448(330)
o, 30611(388) 14853(179) 10708(1.18)  25071(324) 0.7766(0.79)  08172(0.28) 2.5196(3.17)

Table 5.2: Summary of the results of the analysis on the S&P 500 dataset.

Classic Conf Average  Conf Single HClust_Average HClust_Single HERC HRP
Tpre 0.0006 (0.00)  0.0007 (0.00)  0.0007 (0.00) 0.0007 (0.00)  0.0007 (0.00)  0.0006 (0.00) 0.0005 (0.00)
Tpost 0.3057(0.32) 0.1434(0.16) 0.1272(0.20) 0.1180(0.18)  0.1142(0.22) 0.3459(0.17) 0.3085(0.12)
Opost 0.0002 (0.00) 0.0000 (0.00) 0.0000 (0.00) 0.0000 (0.00) 0.0000 (0.00) 0.0001(0.00) 0.0001 (0.00)
Neg 04056 (0.11)  0.4725(0.05) 0.4715(0.06) 0.2278(0.23)  0.2318(0.24) 09755(0.03) 0.6484(0.10)

0. 1673468(5293) 1.7937(048) 21923(062)  29028(1.15)  4.5093(238) 08090(049) 0.8821(0.50)
o,  1663468(5293) 08024(047) 1.1985(061)  19028(1.15) 3.5093(238) 04783(021) 0.4712(0.19)
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Summary

This PhD thesis concludes the research of more than four years in the fields of network science and
data mining. My main goals were to widen the knowledge of community detection and clustering
methods, focusing on the detection of communities of special graph structures. A key part of the
thesis is to extend the set of available community detection algorithms for nestedness, a stiff but
important graph structure that has mostly only been quantified and was only detected in bipartite
graphs.

The dissertation consists of two major parts. In the first part, I introduced both a heuristic
and an exact algorithm for finding overlapping nested structures in graphs, along with metrics
that show how nested the entire graph is. Another key finding of this thesis is the adaptability of
hierarchical clustering to various problems, which is presented in the second part. Clustering can
provide an easier to understand picture of the community structure of a graph than overlapping
community detection, and the hierarchical relationships of nodes can be used to gain a deeper
understanding of the inner workings of a network. I applied these concepts to the problems of
local nestedness detection and portfolio selection, two problems that can both be solved using
clustering.

Nestedness as an overlapping community structure

In Part[I, I showed that nestedness can be interpreted as a well-defined, overlapping local com-
munity structure. Nestedness in graphs means adhering to stiff structural constrains, requiring
neighborhoods of vertices to be subsets of one another. Indices that quantify the level of nestedness
have existed in the literature, as well as algorithms that detect disjoint fully nested clusters, though
mostly for bipartite graphs only. The definition of nestedness can be extended to non-bipartite
networks as well. I presented two approaches for finding overlapping fully nested subgraphs in
general (non-bipartite) networks.

In Chapter[2] I introduced an adjustable heuristic algorithm for detecting nested structures in
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networks using an edge-based approach. The algorithm uses the local nestedness metric nest (4, j)
to iteratively assign edges to communities, while it allows adjusting the balance between perfor-
mance and accuracy using a single parameter. I evaluated the algorithm on random and real-world
bipartite graphs and showed that the algorithm detects a larger fraction of nested communities in
its early steps, and that node and edge counts of the detected communities correlate strongly with
the existing nestedness measure discrepancy.

Continuing on the work done in the previous chapter, in Chapter [3] I described an exact
algorithm for finding all maximal nested subgraphs of a network. By constructing a nestedness
graph and removing all redundancy from it, it allows not only to find the communities, but also
to identify the position of each node (whether they are generalists or specialists) in the nested
chains. I also introduced an algorithm to generate bipartite graphs with known nested structures,
allowing to test similar algorithms introduced in the future. To be able to measure the amount of
nestedness, I defined a metric that calculates the global nestedness index of the graph based on its
nestedness graph. In my experiments, the algorithm showed that real-world bipartite networks
often have a large amount of nested communities (in other words, low nestedness), partly due to
the strictness of the definition, but some ecological networks displayed high nestedness values.
Real-world non-bipartite networks, often used for benchmarking traditional community detection
algorithms, seemed to show little nestedness, although in some cases, this property was also better
to be avoided.

Both algorithms have the advantage of being able to work with general (non-bipartite) graphs,
too. I have also made the reference implementation of each algorithm available as open source
code.

Applications of hierarchical clustering

In Part(II} I introduced specific applications of hierarchical clustering to problems that can be
solved using clustering directly or indirectly. Hierarchical clustering not only creates multiple
clustering levels with different resolutions, but also establishes a hierarchical relationship between
the nodes that make up the clusters.

In Chapter[4] I adapted two hierarchical clustering approaches to detect disjoint fully nested
subgraphs in networks. I defined multiple metrics to quantify both cluster- and graph-level nest-
edness in the networks studied. I evaluated the algorithms on multiple real-world network sets
using different distance metrics, and found that using maximum (complete-linkage) and average
(average-linkage) pairwise distances and the bottom-up clustering approach resulted in the largest
fully nested clusters. This applied to both bipartite and non-bipartite networks.

In Chapter[5] I applied hierarchical clustering to the problem of portfolio selection in order to
improve the performance of the traditional Markowitz model. I implemented a purely hierarchical
clustering-based filtering, and a configuration model-based filtering algorithm for the covariance
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matrix used by the Markowitz model, and compared them against the Hierarchical Risk Parity
and Hierarchical Equal Risk Contribution algorithms. I compared the different algorithms on two
real-world data sets of prices from the Budapest Stock Exchange and from the Standard and Poor’s
500 index. My experiments showed that the implemented filtering techniques can significantly
reduce the risk estimation errors and the portfolio size. The risk estimation showed the greatest
improvements in situations where the sample size was close to the number of stocks. I also showed
that the two hierarchical clustering-based portfolio selection algorithms generally produced higher
realized returns, but also higher risks and less consistent portfolio sizes.
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Contributions of the thesis

In the first thesis group, the contributions are related to detecting overlapping nested community
structures. Detailed discussion can be found in Chapters[2jand[3]

I/1. Iproposed an edge-based, adjustable heuristic algorithm for detecting overlapping nested
communities.

I/2. Tintroduced an exact algorithm to derive a nestedness graph from networks. With this graph,
all overlapping communities can be detected.

I/3. Idefined metrics from the output of the overlapping nested community detection algorithms
to quantify graph-level nestedness.

I/4. I showed that the new algorithms (unlike most previously found in the literature) do not
require graphs to be bipartite.

I/5. I showed that common non-bipartite benchmark graphs show little, while some bipartite
ecological graphs show large amounts of nestedness.

In the second thesis group, the contributions are related to the applications of hierarchical cluster-
ing. Detailed discussion can be found in Chapters[4and|[5]

IT/1. Iadapted two hierarchical clustering approaches to detect disjoint fully nested subgraphs in
networks.

II/2. Icreated a unified approach to compare top-down and bottom-up algorithms.

II/3. I defined metrics based on the output of the nested hierarchical clustering algorithms to
quantify graph-level nestedness.

II/4. Iintroduced hierarchical clustering-based filtering methods to improve the performance
of the Markowitz portfolio selection model by reducing the estimation error (noise) in the

covariance matrix.

II/5. Icompared multiple hierarchical clustering-based solutions (including filtering algorithms
and models) on the portfolio selection problem using real-world datasets, showing that the
filtering algorithms are effective in reducing risk estimation errors, while the new methods
are capable of achieving higher returns in exchange for higher risks.



Osszefoglalas

Ezen disszertaci6 a halézattudomany és adatbanyaszat teriiletén végzett, tobb, mint négy év mun-
kajat foglalja 6ssze. F6 céljaim kozott szerepelt, hogy bévitsem a kzosségkeresé és klaszterezd
modszerekkel kapcsolatos ismeretek tarhazat, kiilonos tekintettel a specialis grafszerkezetek 4ltal al-
kotott kozosségekre. A munka egyik kulcspontja az egymasba dgyazottsag (nestedness) felderitésére
szolgald kozosségkeresd algoritmusok 1étrehozésa. Az egymasba agyazottsag egy szigoru kovetel-
ményeket tamaszto, de fontos grafszerkezet,amelyet korabban nagyrészt csak szamszerdsiteni,
detektalni pedig csak paros grafokban tudtunk.

A munka két {6 részbdl all. Az els6 részben bevezettem egy heurisztikus és egy egzakt al-
goritmust, amelyekkel atfed6 egymasba dgyazott kozosségeket lehet felderiteni grafokban. Az
algoritmusok mellett Gj metrikakat is definialtam, amelyekkel az algoritmusok kimenete alap-
jan szamszer(sithet6 a grafok egymasba agyazottsaga. A disszertacié egy masik fontos pontja a
hierarchikus klaszterezés kiilonboz6 problémakra valé adaptalhatdsaga, melyet a masodik rész-
ben mutattam be. A klaszterezés egy sokkal egyszertibben értelmezhet6 képet tud adni egy graf
kozosségszerkezetérdl, mint az atfedd kozosségkeresés, a csticsok kozotti viszonyok hierarchiaja
pedig mélyebb betekintést enged a hdlézat felépitésébe. Ezeket a koncepcidkat a lokélis egymasba
agyazottsag detektaldsara, valamint a portfélidkivalasztas problémajara alkalmaztam — mindkett6
olyan probléma, amelyet a klaszterezés segitségével meg lehet oldani.

Egymasba agyazottsag, mint atfed6 k6zosségszerkezet

Az|l részben megmutattam, hogy az egymasba agyazottsag egy jol definialt, atfed6 kozosségszer-
kezetként is értelmezhetS. Az egymasba agyazottsag szigoru strukturdlis feltételeket tamaszt a
grafokban, megkdvetelve, hogy a kiilonb6z6 csicsok szomszédsagai részhalmazi viszonyban éllja-
nak. A szakirodalomban szdmos olyan mutaté létezik, amely az egymasba agyazottsag mértékét
szamszerfsiti, ahogyan olyan algoritmusok is léteznek, amelyek diszjunkt, teljesen egymasba
agyazott részgrafok csucsait képesek felderiteni, ambar ezek a mddszerek leginkabb csak paros
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grafokban miikddnek. Az egymasba agyazottsag definiciéjat nem paros grafokra is kiterjeszthetjiik.
Két megkozelitést is bemutattam atfed6 egymasba dgyazott részgrafok felderitésére dltaldnos (nem
paros) halézatokban.

A[] fejezetben bemutattam egy paraméterezhetd heurisztikus algoritmust, amely atfeds egy-
masba dgyazott kozosségeket keres egy él-alapu megkozelitéssel. Az algoritmus a nest (i, j) lokdlis
egymasba dgyazottsagi mutatét felhaszndlva iterativan rendeli hozza az éleket kozosségekhez,
mikdzben egy paraméter allitasaval lehetévé teszi a pontossdg és a teljesitmény egyensulyanak
szabalyzasat. Az algoritmust véletlenszeriien generalt és valds paros grafokon is kiértékeltem, és
megmutattam, hogy az algoritmus a korai lépéseiben megtalalja az egymasba agyazott kozosségek
egy nagyobb részét, valamint hogy a kdzosségekben 1évé csucsok és élek szama erdsen korreldl a
meglévé diszkrepancia egymasba dgyazottsagi mutatéval.

Folytatva az el6z6 fejezetben elkezdett munkat, a[3] fejezetben egy egzakt algoritmust mutattam
be, amellyel az 6sszes (maximalis) egymadsba agyazott részgraf felderithetd egy hdlézatban. Az
algoritmus egy egymadsba agyazottsagi segédgrafot épit, és miutan eltavolitja bel6le a redundancit,
nem csak a kozosségek olvashatok le a segédgrafrol, hanem a csticsok lancokban elfoglalt pozicidja
alapjan azok szerepe is (pontosabban, hogy egy cstcs inkdbb generalista vagy specialista). Emellett
egy olyan algoritmust is bemutattam, amely képes elére ismert egymasba agyazottsagi szerkezettel
rendelkez6 paros grafokat generalni, lehetévé téve a hasonld, atfed6 egymasba agyazott részgrafokat
keresé algoritmusok tesztelését. A grafok globdlis egymasba dgyazottsaganak mérésére egy, az
egymasba agyazottsagi grafon alapul6 metrikat is bevezettem. Kisérleteim soran a kozosségkeresé
algoritmus azt mutatta, hogy a valés paros grafokban gyakran sok (kicsi) egymasba dgyazott k6zos-
ség fordul el6, azaz alacsony az egymasba dgyazottsag — ez részben a definici6 szigorisaganak is
koszonhetd, — habdr néhdny 6koldgiai hdlézat nagy mértéki egymasba agyazottsagot mutatott.
A val6s, gyakran kozosségkeresé algoritmusok 6sszehasonlitasdra is hasznalt nem paros grafok-
ban kicsinek bizonyult az egymasba agyazottsag mértéke, azonban ez a jelenség bizonyos grafok
esetében elkeriilendé is lehetett.

Mindkét algoritmusnak megvan az az elénye, hogy altalanos (nem paros) grafokban is miikodik.
Az algoritmusok referencia implementdaciéjat nyilt forrdsa kédként elérhet&vé tettem.

A hierarchikus klaszterezés alkalmazasai

Al részben a hierarchikus klaszterezés felhasznaldsat mutattam be olyan problémadkra, amelyeket
klaszterezéssel direkt vagy indirekt médon megoldhatunk. A hierarchikus klaszterezés nem csak
tobb szintd, kiilonboz6 felbontdsu klaszterezést készit, hanem a klaszterezésben szereplé csicsok
hierarchikus viszonyat is kédolja.

A[4] fejezetben két hierarchikus klaszterezési megkozelitést dolgoztam 4t diszjunkt, teljesen
egymasba agyazott részgrafok keresésére. Tobb metrikdt is definidltam az algoritmusok kime-
netei alapjan, amelyekkel klaszter és graf szinten is mérhet6 az egymadsba dgyazottsag mértéke a
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vizsgalt halézatokban. Az algoritmusokat tobb, valés halézatokbdl all6 adathalmazon, kiilénb6z6
tavolsagmetrikakkal is kiértékeltem, és megallapitottam, hogy a maximalis és atlagos kotés tavol-
sagmetrikak, valamint az alulrdl felfelé (bottom-up) épitkezé algoritmus pérositasa eredményezte a
legnagyobb teljesen egymasba agyazott klasztereket. Ez mind a paros, mind a nem péros grafokban
igy volt.

Az[5] fejezetben a portfoliokivalasztas problémajéban alkalmaztam hierarchikus klaszterezési
eljarasokat a Markowitz portféliémodell teljesitményének javitasara. Megvaldsitottam egy tisztan
hierarchikus klaszterezésen alapulé és egy konfiguraciés modell alapu kovarianciamatrix-szirési
eljarast a Markowitz-modellben, és 6sszehasonlitottam &ket a Hierarchical Risk Parity és Hierarchi-
cal Equal Risk Contribution algoritmusokkal. A kiilonb6zé médszereket két valés — a Budapesti
Ertékt6zsde és a Standard and Poor’s 500 részvényei alapjan késziilt — adathalmazon is 6sszehason-
litottam. A kisérleteim azt mutattak, hogy a sz{irési eljarasok nagy mértékben tudtak csokkenteni
az eredeti Markowitz-modell kockdzatbecslési hibdit és a portfélioméretet. A kockazatbecslés els6-
sorban olyan szituacikban mutatott jelentds javulast, ahol a mintaszam kozel volt a részvények
szamahoz. Azt is megmutattam, hogy a két 4j, hierarchikus klaszterezésen alapulé portfélidkiva-
lasztasi eljaras dltalanossagban nagyobb realizalt hozamokat tudott produkalni, viszont e mellé
magasabb kockazat és kevésbé konzisztens portfélioméretek is tarsultak.
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A disszertacio tézisei

Az elsé téziscsoportban a hozzéjarulasaim az([| részhez kapcsolédnak. Ezeket részletesen af2] és[3]

fejezetekben targyalom.

/1.

1/2.

1/3.

1/4.

1/5.

Bemutattam egy élalapt, testreszabhat6 heurisztikus algoritmust atfedd, egymasba agyazott
kozosségek keresésére.

Bemutattam egy teljes algoritmust, amellyel egy egymasba dgyazottsagi segédgraf készithet6
a hdlézatokbdl. Ezzel a graffal leolvashaté az 6sszes atfedé egymasba agyazott kozosség a
bemeneti grafban.

Olyan metrikakat definialtam az algoritmusok kimenete alapjan, amelyekkel graf szinten
mérhet6 az egymdsba agyazottsag.

Megmutattam, hogy az 1j algoritmusok (a szakirodalomban kordbban fellelhet6 algoritmu-
sokkal szemben) nem feltételezik, hogy a vizsgalt hél6zatok parosak.

Megmutattam, hogy a gyakran kozosségkeresési tesztgrafként hasznalt nem paros halézatok
alacsony, mikdzben tébb paros 6koldgiai graf nagy egymasba dgyazottsaggal rendelkezik.

A masodik téziscsoportban a hozzajarulasaim a[ll| részhez kapcsolédnak. Részletes targyalasuk a
és[3] fejezetekben talalhato.

II/1.

11)2.

11/3.

11/4.

11/5.

Két hierarchikus klaszterezé megkozelitést dolgoztam 4t diszjunkt, teljesen egymadsba agya-
zott részgrafok keresésére.

Létrehoztam egy egységesitett megkozelitést a feliilrdl lefelé (rop-down) és alulrdl felfelé
(bottom-up) épitkezé algoritmusok dsszehasonlitasdhoz.

Metrikakat definialtam az egymasba dgyazottsagot keresé hierarchikus klaszterezé algorit-
musok kimenete alapjan, amelyekkel graf szinten mérhet6 az egymasba dgyazottsag.

Hierarchikus klaszterezésen alapuld sz{irési eljarasokat mutattam be, amelyekkel a kovarian-
ciamatrixban felmeriilé mérési zaj csokkentésével javithaté a Markowitz portfélidkivalasztasi
modell teljesitménye.

Kiilénboz6 hierarchikus klaszterezésen alapul6 eljarasokat (koztiik sztirési eljarasokat és
6nallé modelleket) hasonlitottam 6ssze a portfélidkivalasztas problémajan, valés adathal-
mazokon, és megallapitottam, hogy a sztirési eljarasok javitanak a Markowitz-modell telje-
sitményén, mig az 4j modellek jobb atlagos hozamokat kindlnak, magasabb kockazatokért
cserébe.
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