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Chapter 1

Introduction

Pertussis is a communicable disease caused by the bacterium Bordetella pertussis. The
bacterium attacks the cilia which are located in the upper respiratory system. The disease
is characterized by the release of toxins causing inflammation in the airways of the infected
individual. Excessive coughing and breathing difficulties are the critical symptoms associated
with pertussis [1]. The typical mode of transmission includes coughing, sneezing, or sharing
indoor air [2|. The severity of the disease is considerably higher in children compared to
adults, hence, vaccination is recommended at an early age. One in five babies receiving
treatment in a hospital after contracting pertussis may get pneumonia, and one in a hundred
may die [3]. Other severe outcomes include brain damage, breathing irregularities, and
erratic and uncontrolled shaking [4]. As immunity wanes [5], adults and adolescents become
at risk of infection, and upon contracting the disease, they may infect children they interact
with. A WHO report in 2008 by [6] revealed that one hundred and ninety-five thousand
(195000) children died from pertussis. Out of an estimated five million cases, reported by
[1], eighty-five thousand nine hundred (85900) deaths occurred in infants younger than a
year. In 2018, the European Centre for Disease Control and Prevention (ECDC) reported

that kids below the age of one year had an incidence rate of approximately 44.4 per 100000



population [7]. Annual cases of pertussis reported by [8] in 2009 were forty-eight million,
five hundred thousand (48.5 million), with two hundred and ninety-five thousand (295000)
fatalities. From the above-mentioned facts about pertussis, it is apparent that the infection

is a global health issue that deserves a great deal of attention.

We aim to mathematically model and study the transmission dynamics of pertussis with a
special focus on the waning of immunity and we do so by leveraging compartmental modeling
techniques for infectious diseases. The origins of such methods date back to the formulation
of the Susceptible-Infectious-Recovered (SIR) model in 1927 by Kermack and McKendrick
[9]. Ever since its conception it has been used, together with its variants, to investigate the
dynamics of numerous infections e.g. measles [10], tuberculosis [11], HIV [12], ebola [13],
influenza [14], and the recent coronavirus disease (COVID-19) [15]. Typically, the models
confer life-long immunity upon recovery, so in order to investigate scenarios where immunity
is temporary, some changes are needed. Common examples are the SIRS and SIS models
that may be applied to study the dynamics of infections where immunity wanes over time
or the individual gains no immunity at all upon recovery, respectively. From the vast family
of compartmental models, we focus on those that account for both waning and boosting of
immunity. Principal among these is the SIRWS model, an extension of the aforementioned
SIRS model, that includes an intermediate state for individuals with waned immunity that
may be boosted upon re-exposure. This model has been readily applied to investigate the
dynamics of pertussis. Earlier investigations [16-20] assumed identical expected duration
for the transitions from the state of full immunity to waned (R — W) and thereon to none
(W — S). This is the so-called symmetric partitioning of the immune period. Introducing
an extra compartment to the SIRWS model for individuals undergoing secondary infections
resulted in the SIRWJS model and, again, the partitioning of the immunity period was
assumed to be symmetric in [18]. As a summary, both of these models examine the dynamics
of infections in which immunity upon recovery is temporal (e.g. pertussis) and immune

boosting upon re-exposure may occur either directly (W — R) or via secondary infections



(W —=J—=R).

The novelty of the research presented in this thesis is proposing a new, potentially asym-
metric partitioning of the total immune period and investigating its effect on the dynamics
of the SIRWS and SIRWJS models. We will see that the disease dynamics can change con-
siderably leading to scenarios with complex bifurcations. As these models are actively used
in studying pertussis, we believe that our results will contribute to a better understanding

of the transmission dynamics of the disease.

1.1 Structure of the dissertation

The dissertation comprises four chapters. In Chapter 2, we briefly introduce transmission
models based on compartmental ordinary differential equations (ODE) followed by the ba-
sics of stability and bifurcation analysis of equilibria. The chapter is concluded with an
overview of MatCont [21-23], a Matlab package for numerical bifurcation analysis based on
continuation techniques. Chapter 3 describes the SIRWS system with our proposed asym-
metric partitioning of the immunity period and presents in-depth analytical and numerical
investigations of the model. Finally, Chapter 4 focuses on the analysis of an SIRWJS-type

system, again, with our proposed asymmetric partitioning of the immunity period.



Chapter 2

Mathematical background

This chapter introduces compartmental ODE models of infectious diseases and discusses rele-
vant mathematical theorems. First, the Susceptible-Infectious-Recovered (SIR), Susceptible-
Infectious-Susceptible (SIS), and Susceptible-Infectious-Recovered-Susceptible (SIRS) com-
partmental models will be presented. Next, we demonstrate the analytical computation of
equilibria, after which we perform their stability analysis. Furthermore, we discuss three bi-
furcations, namely, the transcritical, saddle-node, and Hopf bifurcations. Finally, we provide

an overview of MatCont, a numerical continuation package used for bifurcation analysis.

2.1 Compartmental ODE models of infectious diseases

Compartmental ODE transmission models categorize the population into subgroups (com-
partments) defined by a selected set of properties/attributes relevant to disease transmission,
progression, or outcome. Typically, as the property matching an individual changes, that
person transitions to the appropriate compartment, or if no such category exists that indi-
vidual may be removed from the system entirely (new individuals may appear as well e.g.
due to migration or birth). In this dissertation, we model these transitions by ordinary

differential equations (ODE), i.e. by flows, hence, a model description results in a system



of ODEs capturing the transmission dynamics of an infectious disease. In the following, we
introduce the basic concepts of this technique by presenting the SIR, SIS, and SIRS models

in detail.

2.1.1 Classical SIR model without vital dynamics

The long-established SIR model was developed by Kermack and McKendrick [9]. The model
was first applied to study the transmission of measles and influenza in a population. Down
the line, the SIR model has been used to study the spread of many infectious diseases, e.g.
[24-27]. The description of the various compartments is as follows. The individuals in the S
compartment are susceptible that is they are prone to the disease. Those who are infected
and infectious reside in the I compartment. Disease transmission, i.e. a transition from
S to I, is modeled by a fraction of the possible encounters between members of these two
compartments characterized by the transmission rate 5. An infected individual recovers at
the rate v and subsequently transitions into the R compartment representing individuals
who have recovered, or more precisely, who has quit the infectious chain i.e. neither can
they infect anyone nor can they get infected again. As members of R stay there for all time,
the model confers lifelong immunity to the recovered individuals. A typical assumption, that

we adapt as well, is considering the total population to be constant.

G (e

Figure 2.1: SIR: Susceptible (S), Infectious (I), and Recovered (R) without vital dynamics.

The transition diagram of the SIR model is depicted in Figure 2.1 and the aforementioned



dynamics are described by the following system of ordinary differential equations

% = —pIS, (2.1a)
dI
i BIS — I, (2.1b)
dR
i I, (2.1c)

with initial conditions S(0), I(0) and R(0). It is apparent from (2.1) that for all ¢ > 0, the
sum of (2.1a)-to-(2.1c) is zero i.e. % + % + % = 0, therefore, S(t)+1(t)+ R(t) = N, where
N is a constant. The population is considered to be normalized to 1 that is N =1 and the
compartments represent the respective fractions of it. This formulation does not consider

vital dynamics comprising natural birth and death.

There is no closed-form solution of (2.1), various analytical and numerical techniques are

applied to study the behavior of the solutions. Beginning from (2.1a), % < 0 means that

S(t) decreases and, likewise, % > 0 from (2.1c) means that R(¢) > 0 for all time. Now

concerning (2.1b), it is straightforward to observe that the monotonicity of I(¢) cannot
be guaranteed. Assuming % < 0, leads to BI(t)S(t) — vI(t) < 0 and, then %(t) < 1.

Now, if %(0) < 1, then I(t) decreases for all time and, on the other hand, if %(m > 1,

then I(t) increases until it attains its maximum value at the time when %(t) = 1. The

BS(0)
v

quantity , or specifically g with the standard assumption S(0) =~ 1, is the so-called
basic reproduction number of (2.1), which will be discussed in detail in a later section.
The solutions of (2.1a) and (2.1b) by integration are S(t) = S(0)e=#Jo!/(9)ds and I(¢) =

1 (O)ef 665(5)_7d5, respectively. Considering non-negative initial conditions, the solutions

remain non-negative for all time.

Now, we discuss two key characteristics of the model, namely, the final size and the peak size.
During an epidemic, some individuals may remain unaffected, giving rise to the notion of the

so-called final epidemic size which describes what portion of the population got infected in



total. As every infected individual eventually transitions to R, the final size may be described
by the limit lim; o R(¢) (if it exists). As S(t) decreases for all time and remains non-
negative, this indicates that lim;_, S(t) = S exists. On the other hand, lim; o I(t) =0
has to hold, hence, we get the existence of the aforementioned limit and a formula for the
final size as 1 —S.. Now, dividing (2.1a) by (2.1b) gives % = _H’,BLS' Then, by integration,
we obtain I(t) = —S(t) + 5 InS(t) + C, where C' = I(0) + 5(0) — 4 In.S(0). Substituting C

into the formula then yields

I(t) = —S(t) + %lnS(t) + I(0) + S(0) — %1115(0). (2.2)

Finding the limit of (2.2) as t — 0o gives oo = —So0 + 5 InSeo + 1(0) + S(0) — 5 In.5(0).
Using that limy o I(t) = Ioc = 0 and assuming that I(0) is very small, we obtain the

so-called final size relation as

S0 \ o, _Bigroy
1n<S(O))N (S(0) — Sa). (2.3)

The other key characteristic, the peak size, is based on the fact that the number of infections

I(t) reaches its peak when S(t) = Let us denote by I,cq; the proportion of infected

U w2

individuals at this time and replace S(t) in (2.2) with % to obtain

+1(0) + S(0) — %m S(0), (2.4)

Ipeak =—-—=+ In

™[
™[
™[

the so-called peak size relation.

So far, we have gained some analytical insight into the solutions of (2.1). Next, we consider
numerical simulations using parameters from [16] (mimicking characteristics of pertussis).
Figure 2.2 presents a plot demonstrating the monotonic behavior of S(¢) and R(t) represented
by the blue and green curves, respectively. The infectious population I(¢), plotted in red,

behaves differently. We observe an increase in I(¢) until it reaches the peak that is where



S(t) = ~/B. Beyond this critical point, the infectious population becomes decreasing.

Susceptible (S)
Infectious (I)
Recovered (R)

0 0.1 0.2 0.3 0.4 0.5
Time(years)

Figure 2.2: SIR (2.1): Simulation with 8 = 260 and v = 17.

Finally, we mention here that an analogous model to (2.1) is used frequently in epidemiology
where the total population is not normalized to 1. That approach results in the following

system of ordinary equations

% = —BIS/N, (2.5a)
I

% = BIS/N —~I, (2.5b)

dR

with the total population being constant S +1+ R = N.



2.1.2 SIR model with vital dynamics

This section presents the SIR model augmented with vital dynamics that is we account for
birth and natural death whilst considering a constant population. The flow chart of the

augmented model is depicted in Figure 2.3.

e

Figure 2.3: SIR: Susceptible (S), Infectious (I), and Recovered (R) with vital dynamics.

The system of ordinary differential equations describing the dynamics are

d
B w1 —s) - pis, (2.6a)
% = BIS —~I — ul, (2.6b)
dR

— ~] — 2.
o = 1 uk (2.6¢)

where p represents the death rate. All other parameters have the same interpretation as in

the previous section.

Now, let us look for equilibria of (2.6). In epidemiological scenarios, it is common to en-
counter two kinds of equilibria namely the disease-free (DFE) and the endemic equilibrium
(EE) referring to the steady states when there are no infected and the point where the

disease is prevalent in the population, respectively. An equilibrium of (2.6) is denoted by



(S*, I*, R*) and solves the steady state equations

pu(l—S8*) —pr-s*=o, (2.7a)
BI*S* — 4I* — ul* = 0, (2.7b)
~I* — uR* = 0. (2.7¢)

From (2.7b), we get that either I* = 0 or 5S* —~v — = 0. Considering I* = 0 readily yields
R* = 0 from (2.7c¢) and S* = 1 from (2.7a). Thus, DFEgmr = (1,0,0). Now, assuming

I* # 0 means 55* — v — = 0 that, in turn, gives

+p

« _
St =-—. 2.8
3 (2.8)
Substituting S* into (2.7a) and solving for I* results in
e _ (B )
r'=-{——-1). 2.9
B (’Y +u 29)
Finally, putting I'* into (2.7¢) yields
«_0(_ B >
RR=—-(—-1]. 2.10
B (7 +u (210)
By introducing the notation
g
Ro= ——, 2.11
v+ h #19)
the formulae (2.8), (2.9), and (2.10) transform into
EEgr = (5%, I", R*) = (1, B(Ro—1), 2 (Ro — 1)) . (2.12)
Ro B p

We note that Ry is referred to as the basic reproduction number of (2.6), a concept that we

will discuss in a later part of this chapter.

10



We conclude our overview of the model by considering parameters, again, from [16] for the
purposes of a numerical simulation. Figure 2.4 displays oscillatory convergence of solutions

towards the endemic equilibrium.

Susceptible(S)
081 Infectious(I)
% ]0-3 Recovered(R)
8
0.6
@ 6
&
s
75 4
0.4r
2
0
02+ 0 20 40 60
O .. . L L L L J
0 10 20 30 40 50 60

Time (years)

Figure 2.4: SIR (2.6): Simulation with 8 = 260, v = 17, and p = 0.0125.

2.1.3 SIS model with vital dynamics

Another epidemiological model of interest is the SIS model which captures the transmission
dynamics of a disease with no immunity upon recovery. That is the individuals may transition

from the susceptible class to the infecteds and, then, back to being susceptible.

11



Figure 2.5: SIS: Susceptible (S) and Infectious (I).

Figure 2.5 depicts the transition diagram of the SIS model and the system of ordinary

differential equations describing the dynamics are given as

d

ch — u(1—8) — BIS + 1, (2.13a)
dl

T BIS — (v + ), (2.13b)

with the initial conditions S(0) > 0, I(0) > 0 such that S(0) + 1(0) = 1.

We find the equilibria by solving the steady-state equations

(1 — §*) — BI*S* +~I* = 0, (2.14a)

BI*S* — (y+ u)I* = 0. (2.14b)

From (2.14b), I* = 0 or 8S* — (v + p) = 0. If I* = 0, then S* = 1 from (2.14a), thus
DFEgis = (1,0). On the other hand, if I* # 0, then 55* — (7 + ) = 0 that results in

. _tn
St =—. 2.15
5 (2.15)
Substituting S* into (2.14a) and solving for I* then gives
re1-g—1-21F (2.16)

B

12



leading to EEgig = (%, 1— 7%‘) Finally, using the notation in (2.11), we obtain

1 1
EEgis = (5%, I") = (730’ 1- Ro) : (2.17)

Here we note that albeit we are considering a different model, the quantity denoted by Rg
plays an identical role to that before.

Again, we utilized the parameters from [16] for the numerical simulation displayed in Figure

2.6 showing convergence to the endemic equilibrium.

Susceptible(S)
Infectious(I)

0 0.01 0.02 0.03 0.04 0.05 0.06
Time (years)

Figure 2.6: SIS (2.13): Simulation with g = 260, v = 17, and p = 0.0125.

2.1.4 SIRS model with vital dynamics

Now, we alter the SIR model to include short-term resistance to re-infection upon recovery.
This modification leads to the so-called SIRS model. Immunity is temporal and losing it

results in an onward transition into the susceptible compartment.

13



Figure 2.7: SIRS: Susceptible (S), Infectious (I) and Recovered (R).

Figure 2.7 depicts the transition diagram of the SIRS model. & is the immune decay rate,
all other parameters and compartments are as discussed earlier. The model dynamics are

described by the following system of ordinary differential equations

d

d—f = pu(l—-29)—pBIS+ kR, (2.18a)
dI

pri BIS —~I — pul, (2.18b)
% =~y — kR — pR. (2.18c)

Again, let (S*,I*, R*) represent an equilibrium solution of (2.18), which is obtained by

solving the steady-state equations

u(1— 8%) — BI*S* + kR* = 0, (2.19a)
BI*S* — yI* — pulI* = 0, (2.19b)
yI* —kR* — uR* = 0. (2.19¢)

From (2.19b), either I* =0 or 8S* — (y+ p) = 0. If I* = 0, then R* = 0 from (2.19¢) and
S* =1 from (2.19b), thus, DFEgirs = (1,0,0). Otherwise, if I* # 0, then 8S* —(y+pu) =0
yielding

gr=2Tr_ (2.20)



From (2.19c), I* = R*(k + )/ follows. Then, substituting into (2.19a) gives

By+p+r)  Ro(y+p+r)

B Y(B = (v +n) Y(Ro — 1)

Finally, from (2.19¢) we get

p_ BB = +p) (5t p)(Ro—1)

By +p+ k) Ro(y+ p+ k)

leading to the endemic equilibrium

EE =(S*I" R") = —
srs = (5%, I, B') (7307 Ro(y+p+k) "Ro(y+p+ k)

1 (k+p)(Ro—1)) 7(Ro—1) >

(2.21)

(2.22)

(2.23)

Once again, we use the parameters from [16] in our numerical simulation showing convergence

to the endemic equilibrium, see Figure 2.8.

0.9
Susceptible(S)
0.8 Infectious(I)
Recovered(R)
0.7
067 0.02
O
=057 0.015
n
0.4F 0.01
0.3+ 0.005
02+ 0
0 5 10
0.1 ’\/\N
0
0 2 4 6 8 10

Time (years)

Figure 2.8: SIRS (2.5): Simulation with 5 = 260, v = 17, k = 0.1, and p = 0.0125.
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2.1.5 Models with additional compartments

A plethora of compartmental ODE models have been investigated in epidemiological studies
featuring many compartments and transitions. As a current example, COVID-19 was ex-
tensively studied via larger models considering compartments e.g. for individuals that are
hospitalized, quarantined, waned immunity, vaccinated, furthermore, they are often inflated
to account for age- and location specific features and rates [28-30]. Here, we just briefly
present two additional systems that introduce solely the exposed compartment (E) in com-
parison to the first part of this section for modeling the latency period of an infection. The
inclusion of the exposed class makes it possible to capture the dynamics of diseases where an

infected individual does not become infectious immediately e.g. as in [31, 32| investigating

COVID-19.

The most basic of such formulation is the SEIR model that, without vital dynamics, is given

by
ds
dE
— = BIS - oE, (2.24b)
dt
dI
dR
—— =~ 2.24d
o =L ( )

with S(0), £(0),1(0),R(0) > 0, and S(0) + E(0) + I(0) + R(0) = 1. The exposed class
contains individuals who are infected but are not yet able to transmit the infection further.
As time progresses, the exposed individuals eventually become infectious and consequently
transition into the I compartment at the rate o. The time interval between becoming infected

and developing symptoms is the so-called latent period [33]. Adding vital dynamics to the

16



model alters the system of equations as expected, namely,

% = u(l—8)—pISs, (2.25a)
dE

v BIS — (n+0)E, (2.25Db)
% =oFE - (y+p), (2.25¢)
dR

— =l - . 2.25d
o = —uR (2.25d)

Finally, we present the SE1EsIR system featuring two kinds of latent periods with possibly

different lengths

% = u(1—S) - pIS, (2.26a)
dE
Tltl = pBIS — (o1 + p) En, (2.26b)
dE
dTQ = (1 —p)BSI — (0 + p)Es, (2.26¢)
dl
a = o1F1 +09Fy — (’y + [,L)I, (226d)
dR
o AT — uR. 2.2
7 = —uR (2.26¢)

The model was considered in [34] and consists of two latent states F and Es, with transition
rates o1 and o9 to I, respectively. It is capturing the scenario where an infection results in

the latent period of the first type with probability p and of the second type with 1 — p.

2.2 Basic reproduction number

One of the concerns of epidemiology is developing intervention strategies to eradicate or
prevent disease spread in a population. The so-called basic reproduction number, denoted
by Ry, is defined as the expected number of secondary infections that one infected person

would produce in an entirely susceptible population [35]. This is a critical numeric indicator

17



as its magnitude determines whether the outbreak of the epidemics is possible. If Rg < 1, the
infections get eradicated, and if Ry > 1, the outbreak is expected when the infectious disease

appears in the population. Recall the important role of the quantity %(t) . for the SIR

t=
model without vital dynamics in Section 2.1.1 and the notation (2.11) repeatedly appearing
in the models discussed thereafter. As we will shortly see, these are actually the basic
reproduction numbers for the respective systems. Ry may depend on numerous parameters
characterizing the infectious chain e.g. transmission rate (denoted by ), rate of natural
death (denoted by u), and recovery rate (denoted by ) in our examples. Furthermore, the
basic reproduction number is proportional to the susceptible ratio of the population that is
to S(0) which is often absent from the formula due to the common assumption S(0) ~ 1.
The value of Ry is specific not just to the disease but also to the target population. For
example, it was estimated to be around Ry = 2.2 in Western Europe for COVID-19 and
Ro = 3.32 in China [36]. After the start of an epidemic the effective reproduction number
R:, an analogous quantity, serves as an indicator of its progresses. Roughly speaking it
may be computed using the same way as Ry by considering the possible time-dependence
of parameters and the changing ratio of susceptibles S(¢). A possible intervention goal is to
drive R; below 1 or at least decrease it as much as possible for example by decreasing 8 with

reducing contacts within the society and mandating protective measures like face masks or

by decreasing S(t) i.e. via vaccination or controlled spread to achieve herd immunity.

We now turn to overview the steps involved in computing Ry (with the ratio of susceptibles
factored out) following the generic method presented in [34]. First, we identify the infected
subsystem or the disease states from the system of ODEs that are the sub-equations respon-
sible for the creation of new infections. Second, we linearize the subsystem by computing
the Jacobian at the disease-free equilibrium. Then, we decompose the Jacobian into T + 33,
where T is the transmission part, describing the creation of new infections, and ¥ is the
transition part showing changes in state. Finally, the next-generation matrix is obtained as

G = —TX! the spectral radius of which is Rg.

18



To demonstrate the computation, we start with (2.26). The infected subsystem is

dE
—dtl = pBIS — (o1 + p) En, (2.27a)
dE
de = (1—p)BSI — (o9 + ) Es, (2.27b)
dI
E = o1F1 +09F9 — ("y + [,L)I (2270)

and the corresponding Jacobian evaluated at the DFE is then

—(o1+ ) 0 pB
JprE = 0 —(o24+pn) 1-=—p)p |- (2.28)
o1 o2 —(v+mp)

The decomposition into T and ¥ yields

0 0 0
and ~ .
—(o1+ 1) 0 0
Y= 0 —(o2 4 ) 0
o1 02 —(v+p)
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Thus, the next-generation matrix is obtained as

1
0 0 pBs GEM) 0 0
— 7! = _ 1
G=-TX 00 (1-p)s | X 0 o) 0
o g 1
00 0 || e G e
pBo pBo2 pB_
(o1+p)(y+u)  (o2+p)(v+p)  yt+p
— (1=p)Boi (1—p)Boa (1-p)B
(1) (v+r)  (o2+tw)(y+u)  v+u
0 0 0

the spectral radius of which is

1—
R0:< 1 | p)02> . (2.29)
o1+ p orx+p ) y+p

For the basic systems we discussed early in the chapter the above computation is much
more straightforward as the infected subsystem is one dimensional in each of those settings.
The SIR (2.18), SIS (2.6), and SIRS (2.13) models with vital dynamics share the infected

subsystem I' = BI — I(y + p), the Jacobian (simply the derivative) J = 8 — (v + p), the

decomposition T = 8 and ¥ = —(v + p), the next-generation “matrix” G = —TX "1 =
B X ﬁ = %, and the basic reproduction number Ry = % For the SIR without vital

dynamics (2.1), we get I’ = ST — I and, consequently, Rg = %

2.3 Local asymptotic stability (LAS) of equilibria

After determining an equilibrium of the transmission model, the next step is to perform
local stability analysis by studying the linearized system at the steady-state following the
Hartman-Grobman theorem [37, 38|. In practice, we analyze the eigenvalues of the Jacobian.
An equilibrium is hyperbolic if none of the eigenvalues have a real part equal to zero. Con-

sidering the hyperbolic case, if the real part of every eigenvalue is negative, then locally all

20



solutions converge to said equilibrium, and hence it is locally asymptotically stable (LAS).
On the other hand, if there is at least one eigenvalue with a positive real part, then the

equilibrium is unstable.

2.3.1 Stability analysis of equilibria

We now perform the aforementioned analysis for both the disease-free and endemic equilibria

of the SIR (2.6), SIS (2.13), and SIRS (2.18) models with vital dynamics. We recall that the

B

basic reproduction number for all these systems is Rg = g

Stability of equilibria of the SIR model The Jacobian matrix of (2.6) is

—(u+ BI) —-pS 0
J= Bl —(y+p—-8S) 0 |. (2:30)
0 g —p

Evaluating at the DFEgr yields

—p —B 0
JorE=| 0 —(y+p—p8) 0
0 Y —p

Then, the corresponding eigenvalues are

M=B—-(+mp), X=A=-—pu,

two of which (A2 = A\3) are always negative, whilst \y < 0 iff 8 < v+ p < Ry < 1. Hence,

the DFEgrr is LAS when Ry < 1 and unstable for Rg > 1.
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For the endemic equilibrium, we evaluate (2.30) at EEgir (2.12) leading to

—n=B-5 (Ro—1) 87 0
JeE=| f-§5-(Ro—-1) —~(y+p-FB-%) 0 |- (2.31)
0 gl —H

Then, consider the characteristic polynomial det(Jgg — A\I) =

—uRop— A —7% 0 —uURo—A —y—p 0
det | p(Ro—1) -\ 0 =det | u(Ro—1) -\ 0 =
0 Yoo mH—A 0 v —p—A
=X —y—p—=A 0 =X == —p—A
det | p(Rg—1) Y 0 =det | u(Rg—1) —A 0
0 Y i 0 Y !

yielding the characteristic equation

A+ p) (ao)\2 +ai A+ a2> =0, (2.32)
with
apg = 1,
a; = MROa (233)
az = p(y + p)(Ro — 1).
Clearly, Ay = —p is an eigenvalue and the other two are given by

_ —uRo %/ (1Ro)? — 4u(y + p)(Ro — 1)
A2, A3 = 5
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implying that all three eigenvalues have negative real parts when R¢g > 1 and, hence, the

EEgir is LAS.

Stability of equilibria of the SIS model Next, the Jacobian matrix of (2.13) is

5 —(p+ BI7) v —BS ' (2.34)

BI* —(y+p—BS¥)

Evaluate the Jacobian at DFEg1s to get

—H v—p5
0 —(y+u-—2p)

JpFE =

which has the eigenvalues

M=B—(y+p), A=-—p

Ao is negative always and A\; < 0 iff 8 < v+ p < Rg < 1. Hence, the DFEgg is LAS when

Ro < 1 and unstable for Ry > 1.

Turning to the other equilibrium, we evaluate the Jacobian (2.34) at EEgrs and get (2.17)

g — —(p+B(MRo—1)/Ro) v—B/Ro ' (2.35)

B(Ro —1)/Ro 0
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Thus,

—(n+BRo—1)/Ro) =X 7= B/Ro

det(JEE — /\I) = det

B(Ro—1)/Rao

—BRo—1)/Ro—p—A —p

det
B(Ro —1)/Ro

—-A

Then, the characteristic equation is

with

A+ ) (apA +a1) =0,

—u=A
B(Ro—1)/Ro

= det

-2

(2.36)

(2.37)

The eigenvalues of (2.36) are \y = —p and Ao = —3(Ro — 1), therefore, EEgrg is LAS for

Ro > 1.

Stability of equilibria of the SIRS model

—(p+ BI*)
pI*
0

—38*

—(v+n—BS7)

24

Lastly, consider the Jacobian of (2.18)

(2.38)



and evaluate at DFEgrs as

—H —p
JorE=| 0 —(v+u-p)
0

that has the eigenvalues

AL =B~ (v+p),

AZ =K,

and A3 = —(pu+ k).

Again, all but Ay are always negative and \; < 0 iff § < v+ pu < Rp < 1. Thus, the

DFEgirs is LAS when Ry < 1 and unstable for Ry > 1.

The Jacobian (2.38) evaluated at the EEgrs is (2.23)

JEE =

Then,

det(JEE — )\I) = det

_“_

_ () (E+p)(Ro—1)

—H YHutw

(y+u)(k+p)(Ro—1)

YHu+R
0

() (r+p)(Ro—1)
YHu+R

(y+u)(k+p)(Ro=1)

Y+ptr
0
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—B/Ro
0

—B/Ro
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that we simplify by adding the second and subtracting the third row from the first and get

—— A — = A — = A
(v ) (s+p) (Ro—1))
det — V-i-llj—&-ff : —A 0
0 ¥ —K— = A

Hence, the characteristic equation is

A+ ) <a0)\2 +a A+ a2> =0, (2.40)

with

apg — 1,

+u)(k+p)(Ro—1
a1:/<+u+(7 DICRIDIG ), (2.41)
(v + 1+ k)

az = (v + p)(k + p)(Ro — 1).

One eigenvalue is negative A\; = —u and the two others are given by

(y+utr)
2

_ (m Yo+ (w+u)<n+u>(no—1>>
A2, A = +

N2
(ot Y 454yt p(Rg 1)
2 Y

thus, all three have negative real parts when Ry > 1 and, hence, EEgirs is LAS.

Stability of equilibria of models with many compartments Performing the stabil-
ity analysis for these “simple” models is rather straightforward due to the low degree of
the characteristic polynomial. For models with more compartments we typically encounter
polynomials of higher degree, hence, no explicit formulae for their roots may be derived. To

tackle this challenge, we turn to an alternative technique and, instead of trying to solve the
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characteristic equation, the next section presents how tractable conditions for stability may

be derived from the coefficients of the characteristic polynomial.

2.3.2 Routh-Hurtwitz stability criterion

Historically, the need to establish a stability criterion for high degree polynomials comes
from the middle of the nineteenth century [39, 40]. E.J. Routh was the first to solve the
problem [41], then, independently, similar results were obtained by A. Hurwitz [42|, where
he found that, in order for all the roots to have negative real parts i.e lie in the left-half
plane, some conditions must be imposed on the coefficients. Their results are referred to as
the so-called Routh-Hurtwitz stability criterion that is, given a polynomial, derived from the

Routh array built as follows.

Let us consider the n'® order characteristic polynomial

PA) = aoN" + ar N+ aN" 24 api A+ ap A, (2.42)

where

a; >0, fori=0,1,2,3,...,n.
Then, the corresponding Routh array depicted in Table 2.1 with elements by, j, where by, ; is

the element in the k" row and j** column, is obtained by performing the operations

1. The first row of the Routh-array is filled with the coefficients of (2.42) with even indices

and the second row is filled with coeflicients with odd indices padded with zeroes.

2. The remaining rows are filled using the formula

— det(My ;) br—11 br—1,+1

br—21 br—2j+41
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Table 2.1: Routh array

A" b11 = ag b1 = as bi3 = ay b4 = ag
—1 _ _ _ _
A" ba1 = ay bao = a3 ba3 = as boy = ar
An—2 b371 _ alagt;laoag b3,2 _ a1a4;1a5a0 b373 _ a1a6;1a7a0
A3 | by = b3,1a3—b3 2a1 buo — b3, 1a5—b3,3a1 b
41 = g bag = T 1,3
1
A bkfl,l bk,LQ bk*l,S ce .
A0 i = an 0 0 0 0

Consequently, in the first two rows at most the first [§] + 1 entries are non-zero. Then, at
most the first | 5] entries are non-zero in rows three and four and every two rows one may
establish that the number of non-zero elements is decreasing by one. Thus, in the final row,
at most one element is non-zero i.e. a,. After the Routh array is completed, the stability

criterion is derived from its first column as stated in the following Lemma.

Lemma 2.1. Consider the n'" order characteristic polynomial

P(\) = agA™ + a; A\ L+ a2 4 b ap A+ an )0,

where all the coefficients are positive. Then all roots of P(\) have negative real parts iff all

elements in the first column of Table 2.1 are positive.

We remark that the number of sign changes in the first column of Table 2.1 corresponds to

the number of roots with positive real parts.

We illustrate these conditions by starting with a simple polynomial of degree one

P(\) = ag\' + Xay. (2.43)

The corresponding Routh array is
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)\1 agn 0
)\0 al 0

We can infer that the root of (2.43) has negative real part provided the conditions

a; >0 fori=0,1 (2.44)

are satisfied by Lemma 2.1.

For a polynomial of degree two

P()\) = ag)? + a1\ + Xay, (2.45)

we obtain the Routh array

MNla, 0 0

By applying Lemma 2.1, we find that both roots of (2.45) have negative real parts iff

a; >0 fori=0,1. (2.46)

For a polynomial of degree three

P(/\) = a())\3 + al)\Q + az)\l + )\Oag, (2_47)

we get the Routh array
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)\3 agn a9

)\2 ai as

)\1 ajas—apas 0
al

)\0 as 0

o o o o

Then, Lemma 2.1 leads to the following set of inequalities

a; > 0,

aia > apas.

Lastly, for polynomial of degree four

fort=20,1,2,3, and

P(\) = apA* + a1 X3 + a2 + asA! + Nay,

we have the Routh array
24
23
22
AL
20

ao a2
aj as
aiaz—apas a4
ai
alagag—aoag—a%M 0
aiaz—aopas
aq 0

yielding the following inequalities by Lemma 2.1

a; >0, fori=0,1,2,3,4,

ai1az > apas,

o o o o

and ajagag > aoag + a%a4.

(2.48)

(2.49)

(2.50)

Recall the characteristic polynomials (2.36), (2.32), and (2.40) computed earlier in this

chapter for the EE of various compartmental models. For each of these polynomials, (A+ p)

has been factorized separating the eigenvalue —pu, hence, for stability analysis it is sufficient

to apply the Routh-Hurwitz criterion to the remaining term that is of at most degree two.
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Thus, we only need to investigate the positivity of the coefficients that is clearly equivalent

with Rg > 1, just as we have concluded before.

The Routh-Hurwitz stability criterion will be used in Chapters 3 and 4 to investigate a third

and fourth-order characteristic polynomial where direct computation of roots is not feasible.

2.4 Bifurcations of equilibria

In our discussions in Section 2.3 on the stability of equilibria for various models, we concluded
that the DFE exists for all parameters and it is LAS when Ry < 1 and unstable when
Ro > 1. It is apparent that the dynamics changes significantly when Rg = 1, resulting in
a bifurcation of this equilibrium. Moreover, we also found that when Rg > 1 there exists
a LAS positive EE. Later, we will see that this phenomenon corresponds to a transcritical
bifurcation. In this section, we give a brief overview of all bifurcations that we observed in
our models, namely, the transcritical, saddle-node, and Hopf bifurcations. For a detailed

analysis we refer to [43, 44].

2.4.1 Transcritical bifurcation

In a transcritical bifurcation two curves of equilibria intersect at a critical bifurcation param-
eter value. Both curves existed on either side of the bifurcation value, however, the stability

of the fixed point along each curve change on passing through the critical point.

The general conditions for the transcritical bifurcation to occur lead to the normal form

equation

dy
o = 9= =py¥y?, yeR, (2.51)

where p € R is the bifurcation parameter.

A sketch of the function g_ and g4 for representative p values, and the corresponding phase

diagrams for equation (2.51) are plotted in Figures 2.9, 2.10, respectively. On the phase
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diagram the stationary points are marked as circles (empty when unstable and filled when

stable) and the arrows indicate whether the solution is increasing or decreasing.

g g g

(a) p<O (b)p=0 (c)p>0

Figure 2.9: Graph of g_ and phase diagrams for representative values of the parameter p.

(a)p>0 (b)p=0 (c)p<0

Figure 2.10: Graph of g4 and phase diagrams for representative values of the parameter p.

The bifurcation diagrams for these two cases are shown in Figure 2.11, where we also indicate

stabilities of the different branches of fixed points.
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stable T . unstable
> 0 - > 0 e
L7 stable
s ’ unstable
5k : ‘ -5
-5 0 5 -5 0 5
p p
(a) Forward transcritical bifurcation (b) Backward transcritical bifurcation

Figure 2.11: Transcritical bifurcation at p = 0. Continuous lines denote stable, whilst dashed
lines unstable equilibrium.

Thus, an exchange of stability has occurred at p = 0. This type of bifurcation is called a
transcritical bifurcation and they can be of forward or backward type corresponding to g_

or g, respectively.

In our later sections, we will be able to establish transcritical bifurcations of both types in
higher dimensional nonlinear systems. The analysis used here is based on the general center

manifold theory and for detailed analysis we refer to [45-47].

2.4.2 Saddle-node bifurcation

The bifurcation of an equilibrium point where one goes from zero to two fixed points as a
parameter is varied is called saddle-node. This bifurcation is also referred to as a tangent or

fold bifurcation.

Consider again the normal forms for this bifurcation

dy

= = 9=(up) =p+y?, yeR, (2.52)

where p € R is the bifurcation parameter. In Figures 2.12, 2.13 we plotted the graphs

of g+ and g_, respectively, and the corresponding phase diagrams for three representative
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parameter values.

L/

g j g f
y y > y

(b)p=0

(a) p<0 (c)p>0

Figure 2.12: Graph of g4 and phase diagram for various values of bifurcation parameter p.

g g g
~ y ﬁy 74 y
(a) p<O (b)p=0 (c)p>0

Figure 2.13: Graph of g_ and phase diagram for various values of the parameter p.

The bifurcation diagrams for these two cases are shown in Figure 2.14, where we also indicate

stabilities of the different branches of fixed points.

>0

Stable

>0

P

Stable

Figure 2.14: Saddle-node bifurcation at p = 0. Continuous curves denote stable, whilst
dashed curves unstable equilibrium.

34



It is important to note here that in the investigation of our nonlinear model, apart from the
bifurcations of equilibria, we found saddle-node (or fold) bifurcations on limit cycles, which
are important in the study of oscillatory behavior in dynamical systems. In a saddle-node
bifurcation of cycles, there are two limit cycles in the system, one stable and one unstable,
that collide at a critical value of a parameter. At the bifurcation point, the two limit cycles
coalesce and disappear, [43]. The presence of such bifurcations was investigated only in our

numerical study of the pertussis model in Sections 3.4, 4.4.3.

2.4.3 Hopf bifurcation

Hopf bifurcation of a fixed point of a vector field is where the linearization has a pair of
(nonzero) purely imaginary eigenvalues. Provided a nondegeneracy condition (involving the
quadratic and cubic nonlinear terms) holds, this bifurcation gives rise to a unique periodic

orbit.

Consider the following normal forms

d

d—:: = pz —y + ax(x? + %), (2.53a)
dy _ 2 2

e x4+ py +ay(z® +y°), (2.53b)

with a = £1, where p € R is the bifurcation parameter. The number a tells us whether the
bifurcating periodic orbit is stable (a < 0) or unstable (a > 0). The case a < 0 is referred to
as a supercritical bifurcation, and the case a > 0 is referred to as a subcritical bifurcation.

The bifurcation diagrams are plotted in Figure 2.15.

The equilibrium of this system is (0,0) and the Jacobian evaluated at this equilibrium is
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with corresponding eigenvalues A1 2 = p & 4, thus the equilibrium is stable when p < 0 and
unstable when p > 0. At the bifurcation point p = 0, there is a pair of purely imaginary

eigenvalues and the system undergoes a Hopf bifurcation.

-0.1

-0.2

-0.3

0.02

8]
=)
S}
I
[=)
=)
=]
o
3]
o
St
=)
=]
=]
E
=]
=]
=1
<o

Figure 2.15: Supercritical (left) and subcritical (right) Hopf bifurcation diagram. Stable and
unstable equilibrium are shown by the black continuous and dashed lines, respectively. The
red and blue curves represent the maximum and minimum values of the periodic solutions,
respectively.

2.5 MatCont

MatCont is a Matlab numerical continuation package for bifurcation analysis [48] and was

used to construct all bifurcation diagrams throughout this dissertation.

The software package is accompanied by a Graphical User Interface (GUI) for the hands-on
numerical study of parametrized nonlinear ODEs and computes curves of equilibria, Hopf
points, limit cycles, limits points, branch points of equilibria, bifurcation points of limit cy-
cles, and homoclinic orbits |21, 23, 48|. It implements a prediction-correction method based
on the Moore-Penrose matrix pseudoinverse (also known as the generalized inverse) to con-
struct the curves. In addition to this, time integration makes use of standard Matlab ODE
solvers. Despite the fact that this program is primarily designed for parametrized dynam-

ical systems, the numerical continuation techniques can be applied to analyze discretized
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solutions of partial differential equations [23].

We now discuss some features of the GUI and how they function. One of these features is the
system window, see Figure 2.16, where we input the system of differential equations (2.53)

with ¢ = —1 as an illustration.

4 System - a X

Name supercritical Hopf
Coordinates xy
Parameters p

Time t

Derivatives 1stord 2ndord 3rdord 4thord  5thord
- numerically @] @] @] ® ®
-fromwindow O O
-symbolicaly @® ® ® @) O
X'=p X-y-X*(x"2+y*2) .

Y=X+pTy-y (x"2+y"2)

Figure 2.16: MatCont system window displaying the system of ODEs in (2.53).

The origin is an equilibrium of the system for all p € R. Continuation w.r.t. parameter p
leads to the bifurcation diagram in Figure 2.17. Throughout this thesis we will construct
such bifurcation diagrams but showing the branching of only one component of the variables
in the system, such as in Figure 2.15. There is a Hopf bifurcation at p = 0 along the
equilibrium branch, labeled by H and the bifurcation is supercritical because the computed
first Lyapunov coefficient is —2. Thus stable periodic oscillations emerge. The computation
process can be paused, continued, or terminated when a bifurcation point is detected and

the coordinates of such points are computed.
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4 Plot3D - px,y - O X

File Edit View Inset Tools Desktop

Ddde @0 | RE

Window Help MatCont

02 ~ o -.-.—--;v,'v"o‘!’
AT,
i i
> 0+ ‘ft{ ! "”/" l”ﬁ

Figure 2.17: Graphic window of MatCont displaying the supercritical Hopf bifurcation.

Parametrization of the system under investigation is done in the starter window and the

adjustment of these parameters is done in the integrator window. There is also the main

window from which all other windows are launched.

2.6 Summary

The compartmental ODE models of infectious diseases were introduced in this chapter.
Then, stability analysis of the SIR, SIS, and SIRS models as well as the computation of the
disease-free and endemic equilibria was discussed. The chapter also gave an overview of the

well-known Routh-Hurwitz stability criteria and their application. Finally, the transcritical,
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saddle-node, and Hopf bifurcations were discussed together with MatCont, a software de-
signed for numerical bifurcation analysis. In the next chapter, these methods will be applied

to investigate the dynamics of the SIRWS system.
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Chapter 3

Dynamics of an SIRWS model with
waning of immunity and varying

immune boosting period

Published in the Journal of Biological Dynamics
Authors: Richmond Opoku-Sarkodie, Ferenc A. Bartha, Moénika Polner, Gergely Rost [61].

3.1 Introduction

The susceptible-infectious-recovered (SIR) approach has been widely applied in diverse forms
to understand the transmission dynamics of communicable diseases. For many infections,
immunity is not lifelong, and after some time, recovered individuals may become susceptible
again. Prior to that, repeated exposure to the pathogen might boost the immune system,
thus prolonging the length of immune period. A very general framework of waning-boosting
dynamics has been introduced in [49]. Special cases of that are the SIRWS compartmental
models, where W is the collection of individuals whose immunity is waning but can be

boosted upon repeated exposure without experiencing the disease again.

SIRWS models formulated as systems of ordinary differential equations were studied in [16,
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19, 50-52]. In these models, the immunity period is divided into two parts: upon recovery,
previously infected individuals move to R, and from there they may transit to W as time
elapses. If they are exposed again while being in W, their immunity can be boosted and they
move back R. Otherwise, they eventually lose their immunity, become susceptible again, and
move back to S. The aforementioned studies model these two phases of the immune period
by a symmetric partitioning, by assuming identical rates of transition from R to W and from

W to S.

Figure 3.1: Flow diagram of the SIRWS system (3.1).

In contrast, our work removes this symmetry constraint, and we analyze how the different
partitioning of the immune period into R and W, and varying boosting rates affect the
dynamics of the model. First, the existence of equilibria and analytic conditions for their
local stability are established. Then, using numerical tools and methods, we observe the
emergence of complex phenomena through various bifurcations, such as endemic double

bubbles, and multiple regions of bistability.

3.2 Modified SIRWS model

This section describes the SIRWS compartmental model in which the population is divided
as follows. The individuals susceptible to infection are placed in S, those currently infectious
in I, and those recovered from infection are divided into two compartments based on their

immunity level. The fully immune are found in R and those with waned immunity are in
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W. Figure 3.1 shows the model’s flow diagram, which is governed by the system of ordinary

differential equations

% = —BIS +weW + pu(1 —9), (3.1a)
% = BIS — I — ul, (3.1b)
% = I — akR+ vBIW — R, (3.1¢c)
dcz/ = akR — weW —vBIW — uW, (3.1d)

where 3, 7, and u are referred to as the infection rate, recovery rate, and birth and death
rate, respectively. Recovered individuals may lose immunity by the chain of transitions
R — W — S. The average duration of immune protection, that is the average time required
to complete both of these transitions is k~1 and, hence, k is the immunity waning rate.
Members of W are still immune to infection and are subject to immune boosting upon
re-exposure. The frequency of that re-exposure is modulated by the boosting force v. In
our analysis, hosts going through boosting are not infectious, such as in [16, 19, 49, 52], as

opposed to [18].

The population is normalized to 1 that is N(¢) = S(¢) + I(t) + R(t) + W(t) = 1 for all
t > 0. Vital dynamics is modeled with the rate p for birth and death, and disease-induced
fatality is not considered. In earlier SIRWS model studies, e.g. [16, 19, 50, 52|, the immune
waning rates are the same for individuals who move from the recovered compartment to the
waning compartment and for those who transition onward to the susceptible compartment.

In contrast, we consider an asymmetric partition of the immunity period by introducing the

parameters a > 1 and w > 1 setting the average time spent in R and W to (ax)~! and
(wrk) ™, respectively. Hence,
1 1 o
—+—=- that is w= (3.2)
oKk WK K a—1
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Note that the special case @« = w = 2, representing the symmetric partition of the immunity

period is what was considered in the aforementioned studies.

By considering various limiting scenarios of boosting for (3.1), it is apparent that the system
exhibits SIRS-like dynamics as v — 0+ and SIR-like dynamics as v — oco. In addition, we
observe SIR-like dynamics as SIR-like dynamics as & — 14 (w — 00) and SIS-like dynamics

as o — 00 (o — 00).

3.3 Equilibria and stability

This section first investigates system (3.1) in order to establish the formulae for the equilibria
of our SIRWS model. Then, we analyze the transcritical bifurcation where these equilibria
exchange stability in Section 3.3.1. Finally, we derive the Routh-Hurwitz stability criterion

in Section 3.3.2.

We begin by utilizing the relation

to obtain the reduced system

d
ch — BIS+wr(l—S—T—R)+ul—S5), (3.3a)
% = BIS —~I — pl, (3.3b)
dR

E:yI—a%R—I—uﬁI(l—S—I—R)—uR- (3.3¢)

Note that the region relevant to our epidemiological setting

(S(t),I(t),R(t)) € D := {(s,z‘,r) €ER[0<s+itr< 1}
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is forward invariant.

Now, let us turn our attention to equilibria of (3.3) and seek solutions to the steady-state

equations

—BI'S* +wk(1—S*—TI"—R*)+ p(1-S5") =0, (3.4a)
BI*S* — 4I* — uI* = 0, (3.4D)
yI* —akR* +vpI*(1—-S*—I"— R*) — uR* = 0. (3.4¢)

From (3.4b), we obtain that either I* = 0 or S* = % In the first case, R* = 0 follows from
(3.4¢) and, finally, S* =1 from (3.4a). Hence we obtain (1,0,0) the disease free equilibrium

(DFE) of (3.3). In the latter case when

S* = %, (3.5)
equation (3.4a) yields
I (u+ wk)(1 — S*) — wkR* _ ot WK pe
BS* + wk 64 Y+ pu+ws
with
00:-<1+M> and
Y+ u+wkK W

c1 = p(B — (v +u).

Then, using the formulae for S* and I*, (3.4c) results in a quadratic equation for R*. It is

straightforward to verify that the leading term coeflicient is positive, hence, the graph of it
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is an open-up parabola with the y-intercept

yeoer <1+ veper >
B p+ WK

Moreover, the solutions are obtained as follows. Substituting the formulae for S* and I* into

(3.4c), we obtain the quadratic equation

A(R*)>+ BR* +C =0,

with coefficients

whvB( + 1)
C (y At ws)?
g Wy +uteocr) = [(v + p)(p + ak + wk + veger) + wr(ak + )]
B Y+ p+ wk ’
coC1
C= 5 [Bv + v — v — uv — cperv].

The y-intercept C may be simplified as

coc
C:%(ﬁu—l—y—w/—wj—c{)cly),

CoC17Y B coC1V

=coc1V + Y+ p+cocr),
3 3 ( )
cpc1y  copcrV coC17Y
= coC1V + - — — cpC1 + ¢oc1),
0C1 3 3 (B ont ATt 1)
_ coc1y c%c%'yu
B Blwk+p)
_ a7y (4 n cocrv )
B8 WK + [
Then, the solution formula gives
—-B  VB?%-4AC
2A 2A
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We split (3.6) into two parts and evaluate them separately.

-B
5i = m (v + p) (g + ak + wk + veger) + wr(ak + Br) — wkv(y + 1+ cpcr))

Yt ptwk 2 Ycocl
=V~ + p)(ak +wk + ) + (v + p)reger + wak® + wkfrv — wky -
2w By + 1) ((’y 1) ) + (v + pveoer B B Py
vt ptws [ (v p) ek +ws 4 p) +was® | (7 + p)vega WKVYCCl
2wrf3 v(y+ p) viv+p) vyt p)(ws + p)
v+ u+ wk ( € Ly wWkYCHCL )
= 0C1
2wk v(v+p) (wk + p) (v + 1)
+ u+ wk C -y —
Yt ( 2 oo 4 By — ) )
2w \v(v+u) (Wi +p+7)(y + 1)
v+ p 4wk ( Cco c1 >
= + cpc1 + cpc1 —
2wk v(y+p) Y+ p
v+ p+ wk ( ca c1 )
— 20 — —2 ).
2wk v(y+p) v+ u
where

co = (v + p)(ak + wk) + p(y + p) + aws?

Then, the other term in (3.6) is

VBT—1AC
oA T
::F(’y—i-u—i-om)Q (u(ﬁ—fy—u))QV2+ Ty - ((v + p)(ak + wk + p) + awk?)?
2wrrB(y+ )\ (v + 1+ wk)? (v + p + wk)? (v + p + wk)? ’
with

To =2(8 — (v + w) (v + 1° + wrp® + akp® + aykp + wykp + 20wyk? + awpk?)
= dyawr?(B = (v + 1) + 208 — (v + w)[(v + 1) (wk + ar + p) + aws?]

=c3+ 2c109.
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where

c3 = 4y(8 — (v + p)) awr’

Hence,

VBZ —4AC
T4 T
(v + p + wk)? i 5 (2c1c2+c3) c
=7 Tl 2V 2
2wevB(y+p) | (v + 1+ wk) (v + 1+ wk) (v + b+ wk)

 y+ptws
= 2wy + )
. Y+ u+wkK
= 2wy + )

\/C%I/Q + cg + 2vcico + c3v

V(e + e2)? + cav.

Recombining the two terms yields the formula

« YFptwk < 1 > 1
R, =—r—— 20— ——|er +——— ((32 F v+ c9)? + 031/) 3.7
T 2Bwe v+ H v(y + ) v ) a1
Finally, substituting (3.7) into the formula for I* results in
I = :i:\/(Cll/—FCQ)Q-f—CgV—F(ClV—CQ). (3.8)

268v(y + p)

Hence, we obtained the two remaining equilibria of (3.3), namely the endemic equilibrium

EE, = (S°, 1%, R,
and

EE_ = (S*,I*,R*).

Clearly, I* < 0 whenever the square root is real as the inequality is readily satisfied for
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B <+ p (then ¢1,c3 < 0) and directly follows from

\/(cly +e)2 4 v > | —c| & dejea+e3 >0, (3.9)

when 8 > v + p (then ¢1,c3 > 0). Moreover, the condition 5 > ~ + pu is sufficient (but not
necessary) for It € R. Obviously, in the epidemiological setting of this chapter, solely EE

may be admissible.

Another important implication of (3.9) is that
I'>0&p>y+p and I7 =0for B=v+pu.

Observe that, in the case of equality, (1,0,0) = EE, holds. Furthermore, again for 8 > v+p,
the parabola for R* has a positive y-intercept, thus, both solutions are either positive or
1

negative. Moreover, we have R* > 0 as 2¢y) — —— > 0 is satisfied and ¢; > 0. These impl
YF+u y

the positivity of the other root which is R} > 0.

Now, summing (3.4a), (3.4b), and (3.4c) results in
(wk+p+vBI*)(1—-8S"—I"—R") —arkR* =0,

hence, $*+I*+ R* < 1 must hold for non-negative S*, I*, R* implying {4 € D < 8 > v+ p.

Finally, note that the basic reproduction number, see e.g. [49], of the system (3.3) — and of

(3.1) —is
g

7?/0:77
Yt

thus, we may rewrite the condition 5 > v+ u as Rg > 1.

Before continuing the analysis, let us summarize our findings so far.
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e There is a unique DFE (1,0,0) € D, which exists for all parameter values in the system.
o If Ry <1, then there is no other equilibrium in D.

e If Ry > 1, then there is a unique, positive EE; € D.

3.3.1 Transcritical bifurcation at Ry =1

For the stability analysis of the disease-free equilibrium (1,0, 0), consider the Jacobian matrix

for our SIRWS system (3.3)

—(wk+p+ BI) —BS —wk —WK
J= BI —(y+p—B9) 0 (3.10)
—vpI vy=2wBl+vB(1—-S—R) —(ak+p+vpI)

and evaluate at the DFE (1,0,0)

—(wk+p)  —B-wk —WkK
J100) = 0 —(v+u—p) 0
0 v (e

Then, the corresponding eigenvalues are

M=pF—-(v+pn), A=—-(p+ak), and I3 =—(u+wk).

The two eigenvalues A9, A3 are negative and A1 < 0 iff 8 < v+ u. Hence, the DFE is locally

asymptotically stable when Rg < 1 and unstable for Ry > 1.

The following Theorem describes the bifurcation associated with this stability change at

Ro = 1 that is also demonstrated in Figure 3.2.
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Figure 3.2: Transcritical bifurcation of forward type and the appearance of the LAS endemic
equilibrium EE_ at Ry = 1.

The proof relies on Theorem 4.1 of [45] based on center manifold theory [46, 47|. For the

sake of completeness, we present the relevant version of the original theorem.

Theorem 3.1. Let f € C?(R" x R,R") and consider the system of ordinary differential
equations

dx
b b
dt f(x7 )7
with b as a parameter. Assume that 0 is an equilibrium point, i.e., f(0,b) =0 for all b € R.

In addition, assume the following:

(i) The linearization of the system at (0,0)

A := Dy f(0,0) = (af" (0, 0))

8Xj

ij=1
has zero as a simple eigenvalue and all other eigenvalues of A have negative real parts.

(ii) The matriz A has a non-negative right eigenvector w and a left eigenvector v corre-

sponding to the zero eigenvalue.
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Let fi. be the k-th component of f and define

- 0* fx
Zy = E VW W (0,0) and
k=1 0xi0x,

If Z1 <0 and Z5 > 0, then as b changes from negative to positive, the equilibrium 0 changes
its stability from stable to unstable. At the same time, a negative unstable equilibrium becomes

positive and locally asymptotically stable. Hence, a forward bifurcation occurs at b = 0.

Theorem 3.2. A transcritical bifurcation of forward-type occurs at Rg = 1.

Proof. Fix all parameters but § that will serve as the bifurcation parameter with * = v+ p

corresponding to the critical case Ry = 1.

We show that the conditions of Theorem 3.1 proposed by [45] are satisfied for the system
x = f(x,b), where
f = (f17f27f3) = (fS7f17fR)

is obtained by applying the substitutions § — b+ * and (S,I,R) — (xzg,z1,2R) + & to

equations (3.3a), (3.3b), and (3.3¢c), with

X = (x17x27x3) = ($Sax17mR)'

The matrix A = Dxf(0,0) (= J|(1,0,0) with § = §*) has one simple zero eigenvalue and

two eigenvalues with negative real part

AM=0, M=—-(u+ar), A3=—(p+wk).
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Now, let us calculate

3 2

0
7 = Z vkwiwjﬁgz(ﬂ,@ and
kij=1 Lt

where w, v are the right and left eigenvectors of A corresponding to the zero eigenvalues.

Note that we may fix wy = 1 as Aw = 0 is underdetermined. Then,

aky v
+ +
(wrk+p)(ak+p)  ak+p
_ i
ak+ [

and

follow. Analogously, we find a left eigenvector v = (0, 1,0).

As v1 = v3 = 0, the sums get reduced to the terms containing

fo=fr=0+Fzr(xs+1) — (v + p)xr.

Clearly, the nonzero second-order partial derivatives of f; at (0,0) are

O fr O fr
92,00 (0,0) and 02015 (0,0)=p"=v+pu
Hence,
O fr
Zl = 2U2w1w2m(0, 0)
Ky gl

=921 d
+ (wk + p)(ak + ) * ak + (rp) an
O f1

9 = VaWs &U]@b( ,0)
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As Z1 < 0 and Zs > 0 for all parameters, we can apply Theorem 3.1 noting that even though

wy < 0, as the first component of (1,0,0) is positive, wy > 0 is not required actually.

Translating the statement of the aforementioned Theorem to our original system (3.3), we
obtain that when R increases through 1, a transcritical bifurcation of forward type occurs
with the disease-free equilibrium losing and EE_ gaining local asymptotic stability (LAS),

respectively. O

3.3.2 The Routh-Hurwitz criterion for EE

This section analyzes the stability of the endemic equilibrium EE, for fixed 3,7, x, and p,

given that Rg > 1 holds.

Local asymptotic stability (LAS) is characterized by all eigenvalues of the Jacobian (3.10)

at EE, having negative real part. Therefore, we consider the matrix

—(wk 4+ p+ BIY) —(v+ p+ wk) —WkK
JlEE, = BI% 0 0
—vpI% v—=2wBIT +vp(1 -5 —RY) —(ax+p+vpIy)

and, in turn, its characteristic polynomial

CL())\3 + al)\2 + as A+ a3z =0,
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with

apg =1,

a1 = BIT(1+v)+ (ak +wk + 2u),

ag = I [(ak + wk + 2p) + v + BT 4 pv) + (wk + p)(ak + p), (3.11)
az = BIY[(wk + p)(akr + p) + (v + p) BV + y(ak + wk + p) +

wrPr(l = S* —I7 — RY)),

and S*, I}, R’ as given in (3.5), (3.7), and (3.8).

Utilizing the Routh-Hurwitz (RH) criterion [41, 53|, which is discussed in Section 2.3.2,

yields that EE, is LAS iff the following inequalities are satisfied

a; >0, fori=0,1,2,3, and

aijas > as.
As the positivity of ag, . . ., as is trivial, we are led to analyze the sign changes in the function
yu(a) = araz — as, (3.12)

for a > 1 and v > 0.

Transformation of y, («)

The formulae in (3.8) and (3.11) appear to be (mostly) symmetric with respect to o and w.

Recall that these two parameters are closely related as
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directly follows from (3.2). These considerations suggest to introduce the substitution

(3.13)

n:m(a+w):/€(aw):ma_1,

with 7 € [4k,00) and the a = w = 2 case corresponding to n = 4k. Nevertheless, in order
to apply (3.13), we need to establish that a3 in (3.11) may be considered as a function of 7.

This holds due to the equality

wrPr(l = S*—I7 —RY) =

Y+ V(e +e2)? +esv+ (v — eo)

v+ p+ wk ( 1 ) 1
— WKy ———— 20— —— e+ ——— (cz — c1V + ¢y 24 c;;v)
2wk v+ p v(y+ ) v )
_ 2
:wmuc—l%—ﬁcz View +e) Ty wn av —Z(7+M+w/€)20061
W 2 Y+ 2 y+p 2
v(y+p) |: 1 1 2 ]
— — c1+ (02— c1V + co +031/)
2 Y+po v(y+p) Vi )
V-wKk C %CQ—J(01V+02)2+C3V
2 v+up 2 Y+ u

c v v 1
:wmui — 5(7 + pu+ wk)2cpcl + 5615 (02 — \/(011/ +c2)? + 031/)

1
:umy% -V (1 + u;j) cl + %cl 3 (02 — \/(cly—i— c2)? —|—031/>

civ+c)? +c3v— (v + e .
T ) i

Then, one obtains that

Yy (@) =y (n) = araz2 — as,
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with

iy =I(1+v)+ (n+2p),
ag = I[(n+p) + (v + p) + pv + vI] + p(n + 1) + ki,
ag = I2v1(y + p) — vp(B — (v + w) + (v + p) (u +n) + K,

where [ = BI*.

Substitution (3.13) reveals an important feature of y, («), namely, there is a bijection (1,2) >
a — o € (2,00) such that y,(a) = y, (). In particular, local extrema at o # 2 appear in

pairs.

Furthermore, using the chain rule, we obtain that

Oyy _ Oyy dn _ Oy, kKoo —2)
oo dn da  On (a—1)2°

Clearly, o = 2 (that is n = 4k) is a critical point of y, for all immune boosting parameters

V.

We now present two Lemmas on derivatives of function compositions. The first is a version

of the classical result by Faa di Bruno generalizing the chain rule.

Lemma 3.1 (Faa di Bruno). Let f: I — U and g: U — V be analytic functions, where
I,U,V C R are connected subsets. Consider the Taylor expansions f(t) = > o (f)i (t—t0)F
centered at to € I with t € I and g(x) = Y e (9);, (x — 20)* centered at xo = f(to) for
x € U. Then, the composite function (g o f) attains the Taylor expansion (g o f)(t) =

S o (go £, (t—to)* centered at ty with the coefficients
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m! k b;
o= 3 @n L)

by +262+...+kbk =k
m2:b1+b2+...+bk

where k > 1 and by,...,bg are nonnegative integers.

Using the results of Lemma 3.1 and assuming that the inner function has a vanishing first
derivative and the outer function has a cascade of vanishing derivatives, the following Lemma

establishes a similar property for the composite function.

Lemma 3.2. Assume that f and g are as in Lemma 3.1 and that (f); = 0. Then,
(a) (9o f)y=0<+= (9); =0,
(b) if (9);, =0 fori=1,....,k—1, then (go f)y, =0 <> (g9),, =0,

(c) if (9); =0 fori=1,....k, then (go f)y = 0.

Proof. The claims directly follow from Lemma 3.1 by noting that in the formula of (g o f),,
for terms with m > k/2, the inequality b; > 0 must hold, hence, any such term must evaluate

to zero. O

By Lemma 3.2, either all derivatives of y, are zero at a = 2 or the first non-vanishing
derivative is of even order. As y, is analytic and not identically zero for any Rg > 1, the

former is not possible, hence, o = 2 is a local extremum for all boosting rates v.

3.4 Numerical analysis

This section summarizes the results of our numerical stability and bifurcation analysis of

system (3.3) with respect to varying waning and boosting dynamics. In the remaining
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part of the chapter, all other parameters are considered to be fixed following [16] to model

pertussis as

v =17,
Kk =1/10,
(3.14)
p=1/80,
B = 260,

corresponding to an average infectious period of 21 days, an average life expectancy of 80

years and a basic reproduction number Ry = 15.28.

First, Section 3.4.1 discusses how the local stability of EE changes given (3.14) with vary-
ing « and v. Then, Section 3.4.2 analyzes these stability changes and the corresponding
bifurcations. In addition, using numerical continuation methods, we observe the bistable

regions in the («, v)-plane.

3.4.1 Analysis of the Routh-Hurwitz criterion for EE

Before carrying out any numerical computations, let us analyze the asymptotic behaviour of
(3.12) as v — 07, v = o0, @ = 17, and a — oo. First, we find the limits of I and R as

v— 0%, and v — 00

el ta

2B(v + p)

v—07+ Bco R

and that of R* as v — 0, and v — oo are

. « Y+ U+ wK 1 2cic0 4¢3
ImR, = ——— |(2c0——— | c1 — ——
v—0 2wk v+ p 2¢o(y + 1)

)
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B Il <2C 1 )c __lal
v—oo T 28wk o) |
The limit of It as o — o0
]_ —_
lim 1% — LGl SN
=00 By +m) YHpt R

and the limit of R% as o — 1T

I Y+ pu+k

lim R =

1 cry | ye(B — (v + 1))
aslt MV+M[ " ]'

As a remark, the limit as o — oo and as o — 17 are the same.

lim R =0,

a—00

The results are summarized in Table 3.1. They are valid for all parametrizations of (3.3)

and do not rely on (3.14).

lim I R yv(a)
v— 0t 4%0126(2;::3) 7(6—(74%;2)(%%) >0
v B(wciru) Bu((:}ylu) >0
T D= Y
@ — 00 ('i+ﬁﬂ()7(£;_(i_’7:)ll)) 0 >0

Table 3.1: Limits of I}, R* , and the sign of y, ()

As a consequence of these limits, there exists a compact region K in the («,v)-plane such

that the endemic equilibrium EE, is LAS for (a,v) € (1,00) x (0,00) \ K.
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Double bubbles of instability

Section 3.4.1 has readily established that it is sufficient to consider a compact subset in the
(a, v)-plane for the stability analysis of EE. Based on our experiments, we have restricted
our attention to (a,v) € [1.01,18] x [0.01, 18] and obtained the heatmap in Figure 3.3 when

studying the positivity of y, ().

0.8
0.6
3 0.4 S {04
~ -’
=) ] < |
5 0.2 - g O'ZA
—_ 3 = 3
=T)] 0 v; =) 0 v;
£ - £ -
= 0.2 S 1-02
2 2
==} 2 -0.4
-0.6
0.8
-1
2 4 6 8 10 12 14 16 18 11 12 13
Partition of immunity () Partition of immunity ()
(a) (b)

Figure 3.3: Heatmap of the Routh-Hurwitz criterion y, («) capped at [—1, 1] with highlighted
zero contour. Figure 3.3b zooms in on the region close to a = 1.

It is apparent that, for an interval of « values, vy, («) is initially positive for small v, then,
as the boosting rate increases the RH criterion becomes negative for an interval of v values,
after which, it turns positive again. Now, let us look at the heatmap from the other direction.
Note that for most interesting boosting rates v, a similar stability switch may be observed

over an a-interval.

However, the dynamics are clearly more involved close to boosting rates around 14 as Fig-

ure 3.3 suggests the presence of multiple stability switches.

It is straightforward to localize such phenomena by finding local extrema of y,(a) (as a
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function of o)) whose value is zero. Hence, we looked for intersections of the curves

y(a) =0 and 2 o) = ) = 0

as shown in Figure 3.4 together with the positivity analysis of the derivative. Our findings
confirm the presence of multiple switches close to v ~ 13.7, moreover, they highlight the
existence of similar dynamics close to v ~ 2.06362 as well. Note that Figure 3.3 gives no

hint of the latter.

y (@)

Boosting level (v)
Boosting level (v)

2 4 6 8 10 12 14 16 18 ) 01.1 12 13
Partition of immunity («) Partition of immunity («)

(a) (b)

Figure 3.4: Heatmap of y,,(«) capped at [—1, 1] with highlighted zero contours of y, («) and
y.,(«). Figure 3.4b zooms in on the region close to a = 1.

Recall from Section 3.3.2 that local extrema of y, () — other than o = 2 — appear in pairs.

Hence, zooming in on these two regions, shown in Figure 3.5, reveals double bubbles of

instability for certain boosting rates.
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2.06364 01
— ()
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- A 1355
2.0636 - 13.5 -0.1
18 19 2 21 22 2 4 6
Partition of immunity («) Partition of immunity (@)
(a) v ~ 2.06362. (b) v~ 13.7.

Figure 3.5: Zoomed-in heatmaps of the Routh-Hurwitz criterion y, (o) with highlighted zero
contour over regions of interest in the («,v)-plane. Critical points p; = (o, v]) on the
contour are marked.

Note that the width of the v-range where this phenomenon occurs in Figure 3.5a is less
than 2 - 1075, thus, it should come as no surprise that it was not observable based on the
original heatmap in Figure 3.3. The coordinates of the highlighted critical points are given

in Table 3.2.

o v
1.864273655292  2.063612920385
2.0 2.063623848262
2.157040937065 2

2.0 13.61692960743
3.731549995264 vy

)
)
)
) 1366092512212 13.80272643151
)
)

Table 3.2: Critical points on the contour ¥, (a) = 0 as marked in Figure 3.5.

3.4.2 Numerical bifurcation analysis

In the following, we present a numerical analysis of one parameter (o) and two parameter

(a, v) bifurcations of the endemic equilibria branch carried out using MatCont [22]. Here, we
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also refer to Section 2.5 for an overview of the MatCont package. For theoretical background

on bifurcation analysis, we refer to |43, 44].

Motivated by the results of Section 3.4.1, in particular the region depicted in Figure 3.3a,
we computed the two-parameter (o, v) bifurcation diagram of system (3.3), see Figure 3.6.
To fully understand the bifurcation diagram, let us denote by K the open domain enclosed
by the purple-colored Hopf curve, which is continuous when supercritical (called H_) and
dashed when subcritical (called Hy). A stable limit cycle bifurcates from the equilibrium
if we cross H_ from outside to inside K, while an unstable cycle appears if we cross H, in
the opposite direction. In other words, points on the dashed purple curve are Hopf points
and the bifurcation is subcritical, thus generating unstable cycles, whereas the bifurcation
of equilibria on the continuous purple curve is supercritical, thus generating stable cycles.

We refer to Section 2.4.3 for an overview of this phenomenon.

It is apparent that for larger boosting rates (v between 12 — 15), the local stability analysis

of EE, is not sufficient to capture all interesting dynamics.

167

Boosting level (v)

0 | | | | | |
2 4 6 8 10 12 14 16
Partition of immunity («)

Figure 3.6: Two-parameter (a, v) bifurcation diagram.
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The two new critical points identified are GHy = (agy,, gy, ) and GHa = (agy,, Vn, =
IJEHI). The approximate coordinates of these generalized Hopf points are captured in Ta-
ble 3.3 and they mark the parameter values where the Hopf bifurcation changes from super-

critical to subcritical.

[0 1%
GH; = (afy,, véy,) 1.1430260422  12.469198884
GHy = (afyy, . Véy,) 7-9917337529  12.469198884

Table 3.3: Critical GH points as marked in Figure 3.6.

The branch of the limit points of periodic cycles appears in green, which together with the
dashed purple curve H, enclose a bistability region BB, where there exists a stable periodic

solution alongside the LAS endemic equilibrium.

Let us now examine the bifurcation diagram in more detail over regions, characterized by

various levels of boosting rate v, where the dynamics are similar.

In all bifurcation plots that follow, the endemic equilibria branch (particularly the I com-
ponent) is marked with a black curve, solid when LAS and dashed when unstable. Red and
blue curves represent branches of stable and unstable limit cycles, respectively, and Hopf

bifurcation points are marked with purple dots.

Region: 0 <v <v] =v;. The system has a stable point attractor for all o > 1.

Region: v] = v; < v < v3. There are four supercritical Hopf bifurcation points on
the endemic equilibria branch, see Figure 3.7 for a typical setting. Continuation of (the
I-component of) limit cycles with respect to «a starting from two Hopf bifurcation points,
H; and Ha, forms an endemic bubble (the two branches of stable limit cycles coincide), see

[54] for the origin of this concept. The same happens for the Hs, Hy pair.
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Figure 3.7: Bifurcation diagram w.r.t. «, when v = 2.06362.

Recall that these double bubbles of instability (endemic bubbles) were readily observed in
Figure 3.5a. Such double bubbles have been conjectured in a delay differential model for

waning and boosting [55]. For an overview of similar phenomena, the reader is referred to

[56-58].

Region: vj <v <viy, =iy, As the boosting rate increases, the middle supercritical
Hopf points Hy and H3 (observed in the previous region) get closer to each other, and finally

collide and we obtain a single endemic bubble, Figure 3.8.
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Figure 3.8: (a) Bifurcation diagram w.r.t. «, when v = 5.8; (b) Zoom of (a) close to the
vertical line oo = 1.

Region: vy, = v&y, < v < vj. As v continues to grow in the two-parameter plane in
Figure 3.6, two generalized Hopf points, GH; and GH,, appear. They separate branches
of sub- and supercritical Hopf bifurcations in the parameter plane. The stable limit cycles
survive when we enter region B. Crossing the subcritical Hopf boundary H creates an extra
unstable cycle inside the first one, while the equilibrium regains its stability. Two cycles of

opposite stability exist inside the bistable region B and disappear at the green curve.

When we pass the generalized Hopf points and fix a v in this region, then Figure 3.9 shows
a typical bifurcation w.r.t. a. Observe here the two small a-parameter ranges of bistability
where the EE, and the larger amplitude periodic solution are both stable. The points
marked with a green circle are limit points of periodic orbits. The stable and unstable cycles
collide and disappear on the green curve in Figure 3.6, corresponding to a fold bifurcation

of cycles.
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Figure 3.9: Bifurcation diagram w.r.t «, with v = 13.5 (left) and zoom into the bistable
region around H; (right).

Region: 17 <v <v; =v§. As we increase the boosting value, the dynamics are changing,
as observed in the shape of the subcritical Hopf curve H; in Figure 3.10 and the heat map

in Figure 3.5b.
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Figure 3.10: Two-parameter (o, v) bifurcation diagram, bistability region.

In Figure 3.11, the bifurcation diagram confirms the existence of four subcritical Hopf bi-

furcation points. Here a small bubble appears inside the region of stable oscillations, which
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leads to an additional bistable region compared to the previous case.
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Figure 3.11: Bifurcation diagram w.r.t a, with v = 13.7 (left) and zoomed into the bubble
(right).

When we increase the boosting in this region, i.e., still intersecting the subcritical Hopf
curve, the Hopf points H; and Hs as well as Hy and H4 move closer to each other, resulting

in larger bistability regions, see also the heatmap Figure 3.5b.

Region: v; = 1§ < v. As we enter this region we leave H; and do not intersect any
Hopf branches, hence, the continuation method utilized so far leaves us with a single stable

equilibrium, Figure 3.12.
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Figure 3.12: There are no bifurcations of equilibria when v = 14.5.

There is, however, a range of v values in this region that belong to B, as observed in

Figure 3.6. For a better demonstration of the shape of the limit cycle branch, see Figure 3.13.
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Figure 3.13: Branch of the limit points of periodic solutions.
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The coordinates of the critical points are summarized in Table 3.4.

o v
pr = (o, v3) 1.5987662507 14.9610290034
pg = (ag,v§) 2 14.936830813
po = (a5, v3) 2.670631735 v

Table 3.4: Critical points on the limit cycles branch as marked in Figure 3.13.

Considering the heatmaps in Figure 3.5, it was natural to investigate regions in the two-
parameter plane («,v) where v is constant and look at bifurcations with respect to a. To
capture the extension of the bistability region in the v direction we can investigate the
dynamics for « fixed and consider the boosting rate v as the bifurcation parameter. For a
typical setting see Figure 3.14.
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Figure 3.14: Bifurcation diagram w.r.t. v, when a = 4.
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3.5 Summary

In this chapter, we generalized previous compartmental STIRWS models of waning and boost-
ing of immunity by allowing different expected durations for individuals being in the fully
immune compartment R and being in the waning immunity compartment W, from where
their immunity can still be restored upon re-exposure. We proposed an asymmetric division
of the immunity period in the SIRWS model to these two phases, characterized by a newly
introduced bifurcation parameter. Other parameters were chosen to mimic pertussis. We
observed and established a new symmetry in these divisions around the critical case of equal
partitioning when analyzing the stability criterion of the endemic equilibrium. This, com-
bined with numerical bifurcation methods, enabled us to characterize the model dynamics
for a relevant range of parameter values. We composed global bifurcation diagrams and
found complex and rich dynamics where stability switches, Hopf bifurcations, folds of peri-
odic branches appeared, forming interesting structures in the parameter space. We found
double endemic bubbles as well as regions of bistability. We note that in our model (similar
to most previous waning-boosting models [19, 58]), the interesting dynamics occur in the
case v > 1, which corresponds to the assumption that the probability of a partially immune

person getting boosted is larger than that of a susceptible person contracting the infection.

In the next chapter, we will investigate the dynamics of the SIRWJS model where boosting
of immunity occurs via secondary infections, again, with asymmetric partitioning of the total

immune period.
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Chapter 4

Bifurcation analysis of
waning-boosting epidemiological
models with repeat infections and

varying immunity periods

Published in the Journal of Mathematics and Computers in Simulation
Authors: Richmond Opoku-Sarkodie, F. A. Bartha, Monika Polner, Gergely Rost [64].

4.1 Introduction

Compartmental models based on the Susceptible-Infectious-Recovered (SIR) framework,
have been used to study the transmission dynamics of infectious diseases in a population.
The classical STR model assumes lifelong and perfect immunity upon recovery from the
infection. An extension of the STR model, known as the Susceptible-Infectious-Recovered-
Susceptible (STRS) model, accounts for the loss of immunity and can capture the long
term persistence of diseases in a population. However, it is unable to reproduce oscillatory

dynamics, which has been frequently experienced in real life.
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Through the addition of a W compartment, the Susceptible-Infectious-Recovered-Waned-
Susceptible (STRWS) model can incorporate both the waning and boosting of immunity.
Individuals from the R compartment, after the some time, move to the W compartment
where they have less immunity than the recovered class R, but still more immunity than
the fully susceptible class S. Moreover, when an individual is in the W compartment, and
exposed to the pathogen again, then their immunity can be boosted which can be modeled
by moving back to the highly immune R compartment from W, without experiencing the
infected state. The STRW S model already exhibits a surprisingly rich dynamics with three
distinct features depending on the degree of boosting — fixed points, limit cycles, and
bistability between the two. For a comprehensive study of this phenomenon in a very general

setting, we refer to Barbarossa et al. [49].

Several authors have extended the SIRWS model to explore additional questions, such as
the role of age structure, vaccination, seasonal forcing, and strain dynamics. Carlsson et al.
[59] and Lavine et al. [16] examined the resurgence of pertussis by extending the SIRWS
model to include age-structure and vaccination. The impact of waning and boosting of
immunity on COVID-19 dynamics was studied using an age structured model in [60]. Leung
et al. [52| showed that the relative duration of vaccine-induced immunity and infection-
induced immunity plays a significant role in determining epidemiological dynamics. Dafilis
et al. [19] considered seasonal forcing of disease transmission and found highly unpredictable
behavior. Further work considered the interaction of similar pathogens and demonstrated
the interesting behavior when two phenomena that can cause oscillations — strain dynamics

with cross-immunity and waning/boosting of immunity — are coupled.

As earlier mentioned, a common feature of the previous SIRWS-models is the assumption of
identical expected transition times from R to W and thereon from W to S. In Chapter 3,
see also [61], we have investigated the effects of breaking this symmetry, i.e. we considered

arbitrary partitioning of the total immune period (the overall expected transition time from
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R to S) between the R and the W states. We found that the modified model exhibits rich

dynamics and displays additional complexity with respect to the symmetric partitioning.

This chapter presents an extension of the SIRWS model where boosting of immunity occurs
strictly via undergoing a secondary infection period, by inserting an additional compartment
J from W to R. Such an extended system was already studied by Strube et al. [1§]
permitting, in addition, immune boosting directly from W to R for a fraction of the cases. We
do not consider the latter possibility here, only the boosting via J. However, [18], similarly to
[19, 52|, assumed identical transition times from R to W and W to S, which is not biologically
feasible. To address this gap in the literature, in contrast, here we investigate how the more
realistic asymmetric partitioning of the total immune period affects the dynamics. We find
that this natural extension of the model enables additional complexities in the long term

disease dynamics.

We determine the stability of the endemic equilibria and analyze the parameter regimes
in which fixed points, limit cycles, and bistability occur. We establish the possibility of
a backward transcritical bifurcation at Rg = 1. Our analysis leads to very complicated

dynamics and convoluted bifurcation diagrams.

4.2 Description of the SIRWJS model: a compartmental model
with waning and boosting, where secondary exposure can

make the host infective

In this section, we describe the SIRWJS model, which incorporates a secondary infectious
state, labelled J, via which boosting of immunity occurs. Primarily, the SIRWJS model
consists of the following compartments: those who are susceptible (S) to the infection may
become infected (I) upon adequate contact with an infectious individual. The recovered

population is further divided into two compartments based on their level of immunity. Upon
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recovery from I, individuals move to R having full immunity. Later, their immunity may
weaken and they progress to the W compartment representing waning immunity. Upon
re-exposure to the pathogen, members of W move into the J compartment representing
secondary infections. These individuals eventually recover from the secondary infection and
transition back to R where hosts are fully immune. The path from W to R results in
a boosting of the individual’s immunity level. On the other hand, in the absence of re-
exposure to the disease causing pathogen, hosts eventually lose their immunity modelled as
a transition from W back to the S compartment where they are fully susceptible again to

the infection.

Figure 4.1 shows the flow chart of the SIRWJS system, where boosting occurs via J. The
primary force of infection is S(I + £J), where £ is the infectivity of secondary infection
relative to primary infection and  is the transmission rate. Thus, both I and J are infectious
compartments, and individuals in these compartments can infect susceptibles and also boost
a waning immunity. The death rate, p, is assumed to be the same as the birth rate, v and p
are the recovery rates from the primary and secondary infections respectively, while x is the
immune decay rate. Boosting of immunity occurs via the J compartment using the boosting

coefficient v.

Many previous waning-boosting models assumed that the average time spent in R and W
compartments are the same. Here, following [61], we relax this restrictive assumption of
symmetric partition of the immunity period, by introducing two additional parameters oo > 1
and w > 1, such that the time spent in R is 1/(ax) and the time spent in W is 1/(wk).

Then, the total period of immune protection is

—— = (4.1)

under the assumption of o +w = aw. Note that the formulation of similar models in earlier

works such as [19] is equivalent with the restriction of parameters o« = w = 2.
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The descriptions and assumptions on the system parameters are summarized in Table 4.1.

I5; >0 transmission rate
¢ >0 relative infectivity of secondary infections
- w.r.t. primary
W >0 birth and death rate
~y >0 recovery rate from primary infection
p >0 recovery rate from secondary infection
K >0 immune decay rate
o-1 € (0,1) relative size of the first immune

protection period from R — W
relative size of the second immune
protection period from W — §

v >0 boosting coefficient

wltl1-at)e(0,1)

Table 4.1: Parameters of the SIRWJS system.

We consider all parameters to be positive, but £ is allowed to take value zero as well. The

case £ = ( represents the scenario when people in secondary infection are not infectious,
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whilst £ = 1 describes the scenario when the secondary infection is equally infectious to the

primary infection. We may allow £ > 1 modeling reinfections that are more severe than the

primary.

We now formulate the governing system of ordinary differential equations describing the

dynamics presented in Figure 4.1 as

s
< =
ar
= =
dR
dt
aw
dt
dJ
==

—B(I 4+ &J)S +wkW + u(1 - S)

BI+EJ)S —~I — ul

=yl —axkR+pJ — puRR

vB(I + &)W — ud — pJ

= akR —wkW —vp(I + )W — uW

(4.2a)
(4.2b)
(4.2¢)
(4.2d)

(4.2¢)

System (4.2) models a constant size population normalized to 1 as summing all equations

yields

dS+IT+R+W+J)

dt

—pu(l—S—T—R-W —J).

Also, non-negativity is preserved as assuming S(t*), I(t*), R(t*), W (t*), J(t*) > 0 for some

t* > 0, we readily have that

S'(t*) =wkW(t*)+p >0, if St*) =0,

I'(t"y =pB&Jt")S(t*) >0, ifI(t*) =0,

R(t*) =~I(t") + pJ(t") >0, if R(t*) =0,

W' (t") = akR(t") >0, if W(t*) =0,

J(t) =vBIEYWE) >0, if J(*) =0.

7
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Thus, our primary interest is in non-negative solutions satisfying S+1+ R+ W + J =1 for

all t. These solutions we refer to as epidemiologically feasible.

Using the substitution

R=1-S—-1-W-—-J (4.3)
we get the reduced system
ds
P —B(I +&J)S +weW + u(l —S) (4.4a)
dl
o = BUHENS — oI —pl (4.4b)
aw
W:om(l—S—[—W—J)—me—Vﬁ(I—F&J)W—,uW (4.4¢)
% =vB(I+ENW — ud — pJ (4.4d)

Note that the region relevant for our epidemiological setting
(S@), 1), W (), (1) € D= {(s,3,w,5) €R%y [0S s+itw+j<1)
is forward invariant based on the above observations.

4.3 Equilibria and stability analysis

Now we turn our attention to finding equilibria (S*, I*, R*, W*, J*) of (4.2). The following
lemma establishes that feasible ones arise from non-negative steady states of the reduced

system (4.4).

Lemma 4.1. Let (S*, I*,W*, J*) be a non-negative equilibrium of (4.4). Then

(S*7I*,W*7J*) GD
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and, hence, (S*, I*, R*, W*  J*) with R* := 1—S*—I* —W*—J* is epidemiologically feasible.

Proof. Equilibria of (4.4) are obtained as solutions of

—B(I* 4+ &J)S* + weW™ + pu(1—S5*) = 0,
BI*+ET)S* —~AI" — ul* = 0,
ar(l=8*—I" = W* = J*) —wsW* —vp(I" + £J)W* — uW* = 0,

VB(I* + EJYW* — pJ* — pJ* = 0.

Summing all equations yields

(p+ar)(1=S"—I"=—W*=J") —~I" — pJ* =0,

thus, S* + I*+ W*+ J* <1las0<~,p, (ax+ p) and 0 < I*, J*.

(4.5a)
(4.5b)
(4.5¢)

(4.5d)

O

The converse is readily satisfied, namely, given (S*,I*, R*,W* J*) an epidemiologically

feasible equilibrium of (4.2), we have (S*,I*,W*, J*) € D. Consequently, in the following

we concentrate on finding non-negative equilibria of (4.4) and, then, we study their local

stability.

Note that equation (4.5a) implies S* > 0 for non-negative equilibrium.

4.3.1 Disease free equilibrium

Assume I* = 0. Then, J* = 0 follows from (4.5b) and the above observation on S* being

positive. The non-negativity implies S* = 1 and, in turn, W* = 0 from (4.5a). The resulting

equilibrium (S*, I*, W*, J*) = (1,0,0,0) is referred to as the disease free equilibrium (DFE).

We note that even if we relax the non-negativity condition, no other equilibria exist with

I = 0. We refer to our computer algebra codes for further details [63].
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4.3.2 Existence of non-trivial equilibria

Let us now consider I* # 0 and assume £ > 0. We will return to the case & = 0 later.

Equation (4.5d) implies W* = 0 if and only if J* = 0 and then

« Y tu
S =1
B
1 1
F=ul—-—2,
M<7+u ﬁ)
<1_1>_
7 y+p B

Thus, in this case § = v + p and we, again, obtain the DFE. Hence, we may assume both
W* #£ 0 and J* # 0. Also, p+ u — vBEW™ # 0 as equality would imply I* = 0 by (4.5d).

After these preliminary observations, we begin by expressing (S*, I*,J*) in terms of W*.

From (4.5b) and (4.5d), we obtain

JU oy +p—pBST vBW*
I* BES™ p+p—vBEW™
yielding
gr VB (VM) (4.6)
B p+p

Then, adding (4.5a) and (4.5b) results in

 weW* 4 p(1 - S%)

I*
v+
that simplifies to
. 1 1 wk g .
F=pl—-2)+ + W, (4.7)
Y+u B YAu o optp
Finally, (4.5d) and (4.6) gives
rw
o VB . (4.8)
p+up—vBEW

We note that (4.8) could be expanded solely in terms of W* using (4.7). Nevertheless, the
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added complexity would serve no benefit and, thus, the expansion is omitted.

Using the above formulae and reducing (4.5), we obtain a quadratic equation for W* from
(4.5) as
fOV*) := A(W*)2 + BW* 4+ C =0, (4.9)

with

A=V3ﬂ7V5@+ﬂX%+£Qr%wdp+u%%fM7+u%ﬂm@+uDQﬂ,
B=B@+Mﬂ@ﬂv+m—0ﬂﬁ—v—uﬂ@r%h—VMB-V-MQJ, (4.10)

C=(B—v—wlp+ Qo

where

ni=oa+w=aw,

Qo = ar,
(4.11)

Qp=k7+mmﬁ+m+nﬁhp+m,

Q2 :=aKk+ p+ .

Therefore, based on the sign of the discriminant A = B? — 4AC, system (4.5) has 0, 1 or 2
additional real solutions besides the DFE. Note that equilibria originating from a real root

of the quadratic equation coincides with the DFE iff the root is zero.

Let us now investigate the non-negativity of these new equilibria. Based on our initial
considerations at the beginning of this section, we are looking for positive solutions and,

thus, we assume that (4.9) has a solution W* > 0. Then, the inequality

L _ PR =
w’<1¢§_wv (4.12)
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must hold in order to ensure S* > 0 based on (4.6). Similarly,

s HEBHy )t p) - (4.13)

Buvé€(y + p) + wk(p + 1))

follows from (4.7).

Finally, one can see from (4.8) that J* > 0 readily follows from (4.12), (4.13), and W* > 0.
Summarizing these findings and using Lemma 4.1 yield that a solution W* of (4.9) leads to
an epidemiologically feasible equilibrium other than the DFE by (4.3), (4.6), (4.7), and (4.8)
if and only if

max{0, W} < W* < W. (4.14)

Note that the above conditions guarantee the non-negativity of the equilibrium, hence, it
follows from Lemma 4.1 that (S*, I*, W*, J*) € D. In particular, W* < 1 must hold implying

that no such W* may exist if W > 1.

For the upper bound, straightforward calculation shows that the quadratic formula (4.9) is

negative at

) = et ) (prBE + (n — a)w(p + 1))

vE?

Q2 <0 (4.15)

given any parametrization conforming Table 4.1.

Let us now analyze the lower bound and the sign of f at that point. Clearly, 0 > W if and

only if 8 > v+ u. Note that the basic reproduction number Ry of the system (4.4) — and of
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(4.2) — is obtained as the spectral radius of

- 1 41
g 0 B¢ —(v+n) 0 0
-TS'=-|00 0 |x —ak  —(akt+wrk+p)  —ak
00 0 0 0 —(p+ 1)
= 0 0 O
0 0 O

via the next generation matrix method [34], where T and ¥ represent the transmission part
describing the production of new infections, and the transition part describing changes in
state, of the linearized infected subsytem composed of (I, W, J), respectively, where T + X

is the corresponding Jacobian. Therefore,

and the condition 8 > v + u translates to Rg > 1.

Consider now Ry > 1. The y-intercept of the parabola in (4.9) is positive, i.e., f(0) = C > 0.
Hence, f has exactly one root in the interval (0, W) and, as a consequence, (4.4) has one other
epidemiologically feasible equilibrium besides the DFE. This new equilibrium is referred to
as the endemic equilibrium (EE). Note that, independent of the parametrization, the formula

for EE is obtained by using the root

—B—+VB?2 - 44
W* = W* = I c (4.16)

The case Ry < 1 is more involved. The lower bound in (4.14) is now given by W and
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elementary calculations yield

(8=~ = m)p+ p)?*(welp + 1)Qo + pQ1) (L BE + wr(p + 1))
(uv€(y + p) + wr(p + p)°

fW) = <0. (4.17)

Thus, by (4.15) and (4.17), if f has a root in (W, W), then f is a downward parabola with
non-negative discriminant A. Moreover, if A > 0, then it has two roots of the sought quality
leading to two other epidemiologically feasible equilibria. A more thorough sign analysis of
A reveals that if such equilibria exist then they do so for an interval of 3 values in the left

neighbourhood of v + p distant from O.

Theorem 4.1. Let

O = v€(y + u)Qo — Q1, (4.18)

with Qo, Q1 defined in (4.11). If © > 0, then there is a 0 < B <~ 4 p such that, besides the
DFE, there are two other epidemiologically relevant equilibria for § € (B,'y + p) and only
the DFE for 8 < B. On the other hand, if © < 0, then the only epidemiologically relevant

equilibrium is the DFE for Ry < 1.

Remark We emphasize that the possibility of © > 0 is not a consequence of the asymmetric

partitioning we consider in this chapter as in the symmetric case it translates to

vE(y + p)2Ky — [(7+u)(4f€+u) +4r?| (p+p) >0

that is clearly satisfiable with an appropriate choice of e.g. v or £. Therefore, the associated

results are applicable to [18] as well.

Proof. We consider 8 € (0,v + p] that is Rg < 1. By the formulae (4.9), (4.10), (4.12),
and (4.13) we have that A, B, C, A, f, W, and W are continuous in 3. Recall that f
is guaranteed to take negative values at the endpoints of the interval [W, W] as seen in

(4.15) and (4.17). Hence, if for a By € (0,7 + p] the parabola f has two roots in (W, W)
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(and consequently the discriminant A(f5p) > 0), then, due to the continuity of all relevant

expressions, there exists a corresponding maximal sub-interval (3, B) with

0,7+ 1) 2 (8,8) > Bo
such that the two roots persist (and A(3) > 0) for 8 € (8, B). Clearly, if 0 < B, then
A(B) = 0 and, analogously, 3 < v + p implies A(3) = 0.

From (4.10), we see that the discriminant A, as a function of 3, takes the form

A(B) = (p+p)*- 52 9(B),

where g is an upward parabola with lead coefficient 12(£Qq + uQ2)? > 0. Hence, A(S) can

have at most two zeros in § € (0,7 + u).

These observations imply that the subset of (0, + u) where f has two roots in (W, W) must

have one of the forms;

- A has no zeros in (0,7 + p): 0 or (0, + u),
- A has one single zero 3 in (0, 4 p): (0,8) or (8,7 + p),
- A has two single zeros 31, 32 in (0,7 + p): (0, B1) U (B2,7 + p).

(or a double zero at By = 52)

We can rule out the options having 0 as a left endpoint by noting that

lim W = lim W = oo,
B5—0 B—0

thus, in a neighbourhood of 0, the inequality W > 1 holds guaranteeing that no suitable
root exists. Therefore, we are left with two possible forms () and (8*,v + u) with * > 0 in

the latter.
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In order to finish our proof, we now show that the sign of © determines if f has a root in the
left neighbourhood of 8 = v+ p. First, note that the sign of the y-intercept of f is given as
C(B) =0 when g =~+ pand C(B) <0 for § < v+ p and that W(3) = 0 when 8 = v+ p.

Next, the discriminant at the critical point is

AB)|,_ =00+ u o+ u)’.

Finally, the slope of the parabola f in (4.9) at W* = 0 is given by

B(B) =B(p+p) |0 — (8= —pr(Eo+ pQ2)

Clearly, for g = v+ p, the inequality © > 0 implies that the above slope is positive securing
the existence of another root of the parabola f in (0,W) as f(W) < 0 holds. Then, by
continuity and by A(8)|g=y+, > 0, we have that this root persists in an open neighbourhood
of 8 =~ + pu. On the other hand, when © < 0, the slope is non-positive in an open left
neighbourhood of 8 = v 4+ u, thus, no other root may exist there as the y-intercept is

negative. O

It is apparent that Rg = 1 marks a significant change in the dynamics. We analyze the
corresponding bifurcation in the following section. Not surprisingly, the key expression © of

Theorem 4.1 will appear there as well, broadening our understanding of its origin.
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4.3.3 Transcritical bifurcation at Ry =1

In this section, we analyze the local stability of the DFE and its connection with Rg. First,

let us consider the Jacobian matrix of our SIRWJS system (4.4)

—BI+&J) —n —pBS Wk —BEs
S| saren  ps-Gew 0 e
—akK —vBW —arx —vBI+E&J)— (ak+wk+p) —vBEW —ak
0 vpW vB(I+&J) vBEW — (p+ p)

and evaluate at the DFE

—t —B Wk —B¢
Tons — 0 B=0+mn 0 B¢
—akK —ak —(ak+wk+p)  —ak
0 0 0 —(p+ 1)

The corresponding eigenvalues are

M=B8-(+p), r=—(ant+p), Az=—-(w+p), A=-—(p+p). (4.19)

Then, as the eigenvalues A2, A3, and A4 are negative and A; < 0 if and only if 8 < v+ pu,
we can conclude that the DFE is locally asymptotically stable when R < 1 and unstable if
Ro > 1.

The following theorem establishes that a transcritical bifurcation happens at Ry = 1. We
show that the sign of ©, defined in (4.18), gives the direction of this bifurcation. The proof

relies on Theorem 4.1 of [45].

Theorem 4.2. If © > 0, then a transcritical bifurcation of backward type occurs at Ry = 1,

and when © < 0, then a transcritical bifurcation of forward type occurs at Ry = 1.
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Proof. We apply Theorem 4.1 of [45] to the system x = g(x,b), where the vector field

9=1(9s,91,9w,97)

is obtained by applying the substitutions for our bifurcation parameter 8 — b+ 8* with g* =
v + w, corresponding to the critical case Ry = 1, and for the state variables (S,I, W, J) —

(zs,zr,zw,xs) + (1,0,0,0) which are then written as

x = (zg, 21, 2w, 7).

Then, M := Dxg(0,0) equals to the Jacobian matrix of (4.4) at the DFE, namely to J|(1 ¢,0,0)
with 8 = #*. Hence, M has one simple zero eigenvalue and three eigenvalues with negative
real part as in (4.19). Now, we calculate the right and left eigenvectors w,v of M corre-

sponding to the zero eigenvalue. The system Mw = 0 is underdetermined, so we may fix

wr = 1. Then,
ws = — kA ;o wr=1, ww = el ;o wy=0.
(ak + p)(kw + p)(p + 1) (ak + p)(kw + 1)
Similarly, setting vy = 1 yields
vs =0, vr=1, vy =0, vJ:M.
P+
Now, we need to calculate the following quantities
Zy = Z v w‘w-%(O 0) and
! o R ]8.7)@'6$j ’
kﬂv]E{SyIva}
&g
Zy = i———(0,0).
2 Z Ukt 895,(%( ’ )

kic{S,I,W,J}

Since vg = vy = 0, the partial derivatives of gg and gy have no influence on the above
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expressions. Also, as wy = 0, partial derivatives with respect to x; can be omitted. Thus,

we are left with the following relevant nonzero second order partial derivatives

aj;g;f (0,0) = 87, (%aj(g;v(o,o) =B, 8221%15(0,0) =1
leading to the simplified expressions
71 = 2upwswr afzg; -(0,0) 420 Jw,wwafjggjw(o, 0)
QT e ] SUAT L]
BT e
Zy = vjw[;:fgﬁ(0,0) =vrwr = 1.

As Zs > 0 for all model parameters, only the sign of Z; decides upon the direction of the
bifurcation. Therefore, if © > 0 (< 0), then a transcritical bifurcation of backward (forward)

type occurs at Rg = 1. O

Let us summarize our epidemiological feasible findings. Depending on the parameters in
the system, there can be two types of bifurcations at Rg = 1, forward (supercritical) or
backward (subcritical), Figure 4.2. In a forward bifurcation, a small positive asymptotically
stable equilibrium appears and the disease free equilibrium losses its stability at Rg = 1. On
the other hand, in a backward bifurcation, a branch of unstable endemic equilibria emerges

from the DFE.

This phenomenon was also observed for example in [20, 62|, where the qualitative properties
of a simple two-stage contagion model was investigated. The backward bifurcation case is of
particular importance as it leads to a bistable situation and the potential persistence of the

disease in the population even for Ry < 1.
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Figure 4.2: Backward bifurcation (left) and forward bifurcation (right) at Ry = 1. Stable
branches are marked with continuous and unstable branches with dashed lines. Note that
the depicted stability may be lost for Rg > 1 as it will be discussed in later sections. The
parameters used for both cases are p = 17,k = 0.1,7 = 17, u = 0.0125, v = 150, « = 200.
The relative infectivity in the backward case is £ = 0.9 and in the forward case & = 0.001.

Moreover, when © > 0, i.e., the backward bifurcation case, the system undergoes a saddle-
node bifurcation at a certain B € (0,7 + u), the existence of which is established in The-
orem 4.1. The saddle-node bifurcation point is marked with LP on the equilibria branch.
The upper branch of LAS positive equilibria extends beyond Ry > 1 which corresponds to
the unique EE branch. In Section 4.3.5, we will analyze the local stability of the EE for
Ro > 1 and observe the possibility of both losing and regaining local stability depending on

the boosting coefficient, the partitioning of the period of immune protection, and the relative

infectivity.

4.3.4 Case £ =0

In the analysis so far, we assumed £ > 0. By considering a non-infectious J compartment,
i.e. £ =0, the derivation of the formulae is slightly different. We omit details of the entire

calculation here and only share the results.

The expressions (4.6), (4.7), (4.8), (4.9), and (4.10) for the equilibria (other than the DFE)

stay valid. The bound W becomes infinity indicating that any root of the quadratic equation
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that is conforming the lower bound in (4.14) leads to an epidemiologically feasible equilib-

rium. Moreover © < 0, so it is guaranteed that a transcritical bifurcation of forward-type

occurs at Rg = 1 and that no other equilibrium of interest exists for Rg < 1. For Ry > 1,

it is easy to see that the lead coefficient of (4.9) is negative

Alg—o = vp° [(om(p + p) — nr(p + u))QQ} = —vf2wk(p + 1)Q2 <0,

hence, the parabola f is downward with the positive y-intercept C. These ensure the exis-

tence and uniqueness of the endemic equilibrium.

For an in-depth analysis, the reader is referred to our computer algebra codes [63].

4.3.5 Stability of the endemic equilibrium for Ry > 1

The Jacobian evaluated at the endemic equilibrium is

- BT+ ET) S Wk ¢85
BU*+EJ%)  BS*—y—p 0 ¢8s*
J= —ak —ak —VBW*  —ak —p—wk  —ak — BUEW™
—vB(I* + £J%)
0 VW™ vB(I* +€T7)  BrEW* —p—p

yielding the characteristic equation

det(J — X)) = M + a1 X3 + a2 + ash +ag =0

with agq = det(J).

(4.20)

(4.21)

In order to analyze the stability of the EE, we shall use the Routh-Hurwitz criterion [41, 53]

that gives information on the sign of the real parts of the roots of (4.21) through inequalities

formulated in terms of a;.
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Theorem 4.3 (Routh-Hurwitz). Let Rg > 1, EE as given by (4.6), (4.7), (4.8), (4.16) and

J the Jacobian evaluated there as in (4.20).

Then, EE is locally asymptotically stable if and only if the coefficients of the characteristic

polynomial (4.21) satisfy
(i) a; >0 fori=1,2,34,
(ii) aras > as, and
(iii) ajasaz > aaq + a3.

First, note that (i) can be derived from the other two conditions. Then, let’s turn our

attention to the positivity of the coefficients that is to condition ().

Using that
I*(p+ )
I"+¢J" =
p+p— BrEW*
by (4.8) and the formula (4.6), we obtain
[ g IBletp) () (ptu—BreW) WK _ E(rt)(ptp—BrEW™) ]
K= o= prew= ptu ptu
I*Bp+p) BrEW™ (y+n) 0 E(v+p) (p+p—BrewW™)
p+p—pPrEW* ptHi P+
J= —QaK —ak — vBW* —QK — L — WK —ak — PrEW*
_ _I*vB(ptp)
ptu—pPrEW*
* I*v *
0 vBW Lo —p— i+ BUEW

When expanding det(J — AI), terms appear with positive and negative signs in each ex-
pression. We employed a series of operations grouping all negative ones with some of the
positive terms leading to simplified residual expressions. For the technical details, we refer

to the supplementary computer algebra codes [63]. As not all positive terms were used, these
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residuals may serve as lower bounds on a; and are listed below

Y+ . S L BT+ 1)(p+p)
= 1K + 2 w — BUEW*) + : 4.22
" Nk +2u *
> BI KA — BUEW™*), 4.22b
azg > BI"(p+p) +p P <p+u o129 ) ( )
] N ek 4 p) +
as > BI (p+ EK+y+2u)+ (p+up— BvEW" | p———F——, 4.22¢
3 (p u)(n ) (p [ ) p (4.22¢)
as > —BI*O. (4.22d)

Clearly, the positivity of a; for i = 1,2,3 is established by (4.22a), (4.22b), (4.22c) as
p+u— PrEW* > 0 must hold by (4.8) and by the positivity of the components of the EE.
In addition, we see that assuming © < 0 (i.e. the case of forward transcritical bifurcation)

readily implies the positivity of a4 in (4.22d).

To fully analyze this final coefficient, let us recall that ay = det(J). In order to obtain an
alternative bound, we carry out a series of transformations on J in (4.20), all of which are
preserving the sign of the determinant with the intermediate goal of obtaining a tractable

row-echelon form. These transformations fall into four categories:
1. multiplication from left or right by a matrix with positive determinant:
- scaling of a row/column by a positive number,
- multiple row and column changes given by permutation matrices with det = 1,
- carrying out row/column elimination towards the echelon form,
2. adding the zero matrix:
- use (4.5) to hop back-and-forth between transmissional and transitional terms,
3. substitution of (4.6), (4.7), and (4.8),

4. algebraic manipulation of expressions.
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Again, the exact steps of this procedure are documented in the supplementary computer
algebra codes [63]. Here, we just present the final form obtained from the reduction that is

the matrix J such that sign(as) = sign(det(J)) = sign(det(J)):

10 0 6u£<;§;Q1—%nﬁ2v)
s_|ot R ~ (B - M52 Qo |
00 1 F%ﬁﬁ@rwm%)

00 o0 Eﬁ%-&@ﬁ@ﬁmﬁﬂ

where

+ wkK and = ﬁLVg + wk.

ftp ptp

FH=<W+M%+W—7—M)p+M> s

prEw

Clearly Fy > F» > 0 by Rp > 1, (4.8) and I*, J*,WW* > 0, hence, it suffices to show that
FQo — (LQl + 77527)
P+ p

is positive. Note that

FQo = ——BreQo + nry
p+p
leads to analyzing the sign of
BréQo — Q1.

Then, as fréQg — Q1 > © when Ry > 1, we obtain the positivity of a4 for © > 0. Hence,
using the implications of (4.22d) when © < 0, we established that a4 > 0 is satisfied that is

condition (i) of Theorem 4.3 holds.

Therefore, by defining

yo(a,§) = arazaz — (afas + a3), (4.23)
all conditions of Theorem 4.3 are satisfied if and only if y,(«,&) > 0. When ¢ is fixed, we
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use the notation y, («). In the following, condition (4.23) is referred to as the RH criterion.

The sign of (4.23) will be studied using numerical techniques in the next section.

4.4 Exploring bifurcations using numerics

In this section, we investigate numerically how the asymmetric partition of the immunity
period, the boosting rate, and the relative infectivity influence the stability changes of the
EE. Of particular interest are the formation of bistability regions influenced by the relative

infectivity &.

For our numerical investigations, we set the parameters as

v =17,

k= 1/10,

w=1/80, (4.24)
B = 260,

p =17,

and ¢ € (0,1), taken from [16, 18|, where authors studied natural immune boosting in

pertussis dynamics.

In Chapter 3, a similar epidemic model (SIRWS) was investigated where the J compartment
was absent and boosting resulted in immediate immunity, namely, a return to R from W.
The current system reconstructs the same dynamics in the limit that is for £ = 0 and
p — 00. As a starting point, we briefly review the structure of the aforementioned scenario

via Figure 4.3.
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Figure 4.3: Baseline dynamics: & = 0, p — oco. Heatmap of the RH stability criterion and
bistability region. Purple curve represents y, (o) = 0.

First, we recall that at Rg = 1 the transcritical bifurcation was shown to be solely of
forward type. At the baseline parametrization Rg = 15.28 and the endemic equilibrium is
LAS but for the compact set I marked by blue. Note the symmetric presence of endemic
double bubbles around the baseline partitioning o = w = 2 at boosting v ~ 2.06362 and
the stability switches at v ~ 2.06362, as highlighted in the insets of Figure 4.3a. The
corresponding bifurcation diagrams are given in Figure 4.4. By an endemic bubble, we mean
the structure in the bifurcation diagram which is formed when an endemic equilibrium is
losing its stability via a Hopf bifurcation, but increasing further this parameter the stability
of the endemic equilibrium is regained and the limit cycle disappears. The figure shows that
such stability switches can occur twice with respect to the same parameter, hence the name

endemic double bubble.
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Figure 4.4: Baseline dynamics: £ = 0, p — oo. Bifurcation diagram w.r.t o, with v = 2.06362
(left) and v = 13.7 (right). The depicted two bubbles of instability appear and disappear
simultaneously. The latter phenomenon is referred to as symmetric presence of bubbles.

For slightly larger boosting v ~ 14, a bistable region B was observed where the EE is LAS
together with a stable periodic orbit. The appearance of this bistable region is characterized

by two generalized Hopf points GH; and G Hy with identical v coordinates.

Now, focusing on the current model and parametrization, first, we briefly study the direction
of the transcritical bifurcation that is determined by the sign of © in Section 4.4.1, second,
we analyze the stability of the EE through sign analysis of the RH criterion in Section 4.4.2.
Then, we carry out numerical analysis of the bifurcations of the equilibrium branch and

study how the bistable region is affected by the relative infectivity € in Section 4.4.3.

4.4.1 Direction of the transcritical bifurcation

Substituting the baseline parametrization (3.14) into (4.18), we have that © > 0 is equivalent

to
1.00662a¢  0.125092
+ e
a—1 o

v€ >

:b(«)

with the corresponding zero contour displayed in Figure 4.5.
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Figure 4.5: © = 0 contour on the (o, ¥§) plain using the parametrization (3.14).

Clearly lim,_,;+ b(a) = oo and limy—;o b(a) = 1.0062, moreover, b(«a) is decreasing func-
tion of . Consequently, the faster the transition from W to R, the smaller boosting co-
efficient v is sufficient to activate backward transcritical bifurcation at Ry = 1 that is at
B =+ p =17+ 1/80 while keeping the relative infectivity £ fixed, or vice versa, smaller £
is required with keeping v fixed. For example, assuming a moderate boosting coefficient, 7.e.
v < 3, and a relative infectivity £ ~ O(1) may very well result in a backward bifurcation for

o> 1.5.

4.4.2 Stability switches of the EE

We constructed similar heatmaps to study the sign of y, (v, &), given by (3.12), for various
values of relative infectivity € > 0. Recall that p = v = 17 in our setting, thus, for £ = 0 we
readily experience changes in the dynamics with respect to Figure 4.3. The instability set,
marked as K¢ to emphasize its dependence of £, is somewhat similar but the regular shape

resulting in simultaneous appearance of double-bubbles of instability is lost, see Figure 4.6.

Note that in all figures that follow, K¢ = K for fixed {. Now, the region around v ~ 2.06

displays much simpler behaviour. Additionally, for v ~ 13.5, we still see bubbles, though
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without the symmetry they possess in the limit p — oco.
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Figure 4.6: Heatmap of the RH criterion (4.23) for £ = 0. Purple curve represents y, () = 0.

By increasing £ € (0, 1), we observe the following two phenomena. First, the shape of the
Ya(v,§) = 0 curve that bounds the set K¢ changes, therefore it influences the number of
stability switches of the EE in the («,v) plane. Second, the region K¢ is shrinking and then

disappearing, hence it results in the increase of local asymptotic stability region of the EE.

Dynamics of stability switches For small £, the RH criterion changes sign multiple
times for boosting rates around 13.5 as « is varied, suggesting the continued presence of
multiple stability switches that is the aforementioned bubbles, see again Figures 4.6. As &
grows, the curve y,(a, &) = 0 is deforming so that these double-bubbles disappear, as in

Figure 4.7.
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Figure 4.7: Heatmap of the RH criterion (3.12) for ¢ = 10~*. Purple curve represents
yu(a) = 0.

We localize the threshold value £}, at which the relevant change in the qualitative behavior
of the curve y, («, &) = 0 occurs, as follows. In the region of interest (1 < a < 6 and 13 < v),
the level curve o — v : y,(a) = 0, originally (when & = 0), has two local maxima and
one local minimum. As & gets larger, the right maximum and the minimum collide, then

disappear. Thus, the threshold scenario may be found by looking for (v, «, §) such that

yU(a7£) 0
%y,j(a,ﬁ) =10
2 (@, €) 0

yielding &} ~ 4.0098 x 107°. Figure 4.8 visualizes the transition in the qualitative behavior

of the curve y, («, &) = 0 highlighting the one corresponding to the threshold value in black.

100



%107
3

136+ [ 2
= .
- N 1 oy
— [ ‘jg
Y134t z
2 z
= = 0z
g = i
21321 $© N 2

1
$ N £
==} \ &

13 = X ‘\ 2
N
) RN 3

2 3 4 5 6
Partition of immunity (a)

Figure 4.8: Level curves y,(a, &) = 0 for £ € [ —3 x 107%,&F 4+ 3 x 107°]. The black curve
corresponds to the threshold value ;.

Shrinking of K¢ The second phenomenon we analyze is how the compact region of insta-

bility K¢ shrinks and disappears as we increase &, see Figure 4.9.

2 4 6 8 10 12 14 02468101214
« « «
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4 @
2
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()§=4><10—3 (e) E=6x1073 (f) ¢=9x1073

Figure 4.9: Heatmap of the RH criterion (4.23)

At the critical value &3, the region K¢ has shrunk to a single point. Clearly, this is a zero of

the RH criterion, moreover, it is a local minimum both w.r.t. « and v. Hence, we look for
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(v, @, &) solving

Yo (a, &) 0
Ly (&) | =] 0
Ly (0,6 0

leading to &} &~ 9.19845 x 1073, For larger relative infectivity i.e. £ > &5, there is no region of
instability, K¢ = (), that is, the EE is LAS for all (o, ). The localized transition is visualized

in Figure 4.10.
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Figure 4.10: Level curves 4, (o, &) = 0 for € € [¢5 —8 x 1075, &5 +8 x 107]. The curves cease
to exist for £ > &5, hence, no red is drawn. The black dot corresponds to the shrinking of
K¢ to a single point at the threshold value &3.

Note that we did not investigate the dependence of these phenomena, and of the correspond-

ing threshold values, on the other parameters fixed in (3.14).

4.4.3 Numerical bifurcation examples

In this section, we present numerical examples of one parameter («) and two parameter (o, v/)
bifurcations of the endemic equilibria branch using MatCont [21|. An identical analysis we

carried out in [61] for an SIRWS system, therefore here we show some interesting examples
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to highlight the dynamics in the presence of the J compartment.

We briefly summarize the dynamics on the two parameter (o, v) bifurcation diagram when
€ =107° < &, see Figure 4.11. The instability region k(= K¢ for fixed ) is enclosed by the
purple-colored Hopf curve, which is continuous when supercritical (called H_) and dashed

when subcritical (called Hy).

16

1

Boosting level (v)

2 4 6 8 10 12 14 16
Partition of immunity (a)

Figure 4.11: Two-parameter bifurcation diagram in the (a, v)-plane, with & = 1075.

The two generalized Hopf points GH; and GHg, mark the parameter values where the Hopf
bifurcation changes from supercritical to subcritical. Note that these points now possess
different v coordinates as opposed to the limiting case in Figure 4.3. The branch of the limit
points of periodic cycles appears in green, which together with the dashed purple curve H

enclose a bistability region B, where there exists a stable periodic solution alongside the LAS

endemic equilibrium.

Let us now examine the bifurcation diagram in more detail over regions, characterized by
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various levels of boosting rate v, where the dynamics is similar, see Figure 4.12 for such

partition and Table 4.2 for the critical boosting values.
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Figure 4.12: Two-parameter bifurcation diagram in the («,v)-plane, with ¢ = 1075 and
critical v values.

* * * * * * *
vy Van, Vo, D) Vs vy Vg

2.0248 11.9494 12.3922 13.42 13.48 13.6785 14.7675

Table 4.2: Approximate critical boosting values (v}) using the parametrization (3.14) and
fixing £ = 107° as in Figure 4.12.

In all bifurcation plots that follow, the endemic equilibria branch (particularly the I and .J
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components) is marked with black curve, solid when LAS and dashed when unstable. Red
and blue curves represent branches of stable and unstable limit cycles, respectively, and Hopf

bifurcation points are marked with purple dots.
Boosting: v < vf The system has a stable point attractor for all o > 1.

Boosting: 17 < v < vy, There are two supercritical Hopf bifurcation points on the
endemic equilibria branch, see the lower inset in Figure 4.7a. Continuation of limit cycles
with respect to a starting from two Hopf bifurcation points, H; and Ho, forms an endemic

bubble, where the two branches of stable limit cycles coincide, see Figure 4.13.
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Figure 4.13: One-parameter bifurcation diagram with ¢ = 107° and v = 2.07, (a) primary
and (b) secondary infections.

Boosting: vgy, < v < v5y, As v continues to grow in the two-parameter plane in
Figure 4.12 the generalized Hopf point GHs appears, which separates branches of sub- and
supercritical Hopf bifurcations. The stable limit cycles survive when we enter the region B.
Crossing the subcritical Hopf boundary H, leads to an additional unstable cycle inside the
first one, while the equilibrium regains its stability. Two cycles of opposite stability exist

inside the bistable region B and disappear at the green curve.

Let us fix v in this boosting region. Then Figure 4.14 shows a typical bifurcation w.r.t.
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a. Observe here the small a-parameter range of bistability where the EE and the larger
amplitude periodic solution are both stable. The points marked with green circle are limit
points of periodic orbits. The stable and unstable cycles collide and disappear on the green
curve in Figure 4.12, corresponding to a fold bifurcation of cycles.

><10_3 25 x10

8r 0.07 1

~
e
>
>N

TN
e @
o o
5 O

w
I
S
fos}

g
=
e’

Primary infections (I )
[\ EE

Secondary infections ( J )

_
e
=

[«
[«

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

Partition of immunity («) Partition of immunity («)
(a) (b)

Figure 4.14: One-parameter bifurcation diagram with ¢ = 1075 and v = 12.05, (a) primary
and (b) secondary infections.

Boosting: vy, < v < v; In this boosting range, as we passed GHi, the Hopf curve
changed to subcritical. Figure 4.15 confirms the appearance of two subcritical Hopf bifurca-
tions on the equilibria branch, then again a fold bifurcation of cycles occurs (marked with

green circles), resulting in two small a-parameter intervals of bistability.
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Figure 4.15: One-parameter bifurcation diagram with ¢ = 107° and v = 13, (a) primary and
(b) secondary infections.

Boosting: v; < v <wv; In this region, we can observe how the shape of the Hopf curve H
that bounds the set K¢ influences the number of stability switches of the EE. In Figure 4.16,
the bifurcation diagram shows the existence of four subcritical Hopf bifurcation points. Here,
a small bubble appears inside the region of stable oscillations, which leads to an additional
bistable region compared to the previous case. When we increase the boosting but still in
this region, then the Hopf points H; and Hs as well as Hs and H4 move closer to each other,

resulting in larger bistability regions, see also Figure 4.12.
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Figure 4.16: One-parameter bifurcation diagram with ¢ = 1075 and v = 13.45, (a) primary
and (b) secondary infections.

Boosting: v; < v < vj Here, the two Hopf points H3 and Hy seen in the region before
collided and disappeared, see Figure 4.17. The dynamics is similar to Figure 4.15 but the
boosting values in this range lead to much larger bistability regions.
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Figure 4.17: One-parameter bifurcation diagram with ¢ = 107° and v = 13.6, (a) primary
and (b) secondary infections.
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Boosting: v; < v < v; Although, we are in the bistability region in the two-parameter
bifurcation plot, we do not cross any Hopf curve, hence the numerical continuation method

finds a stable equilibrium branch, see Fig 4.18.

0.014 ¢ 0.04 r
0.012 ¢ : 0.035
—~
~ ~ L
S 001f @ 0.03
s 20025+
S 0.008 g
g E 002}
; 0.006 >
£ 5 0.015 1
£ 0004 £ oo
=9 53
0.002 L % 0.005 |
S — 0 ‘ ‘ ‘ ‘
1 2 3 4 5 6 7 8 2 4 6 8
Partition of immunity («) Partition of immunity («)
(a) (b)

Figure 4.18: One-parameter bifurcation diagram with ¢ = 107° and v = 13.8, (a) primary
and (b) secondary infections.

Boosting: v; < v The system has a stable point attractor for all a > 1.

Shrinking of the bistability region In Section 4.4.2 we analyzed the shrinking of the
instability region K¢ as { increases. As a consequence, the bistability region B becomes
smaller, the generalized Hopf points move towards each other, then collide and disappear as
illustrated in Figure 4.19. We did not localize further the threshold value £ € (8.3,8.4) x

10~ at which this region disappears.
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Figure 4.19: Bistabilty region (B) on the two-parameter bifurcation diagram. The region is
shrinking as demonstrated by figures a) - g) and has completely disappeared in figure h).

4.5 Summary

In this chapter, we carried out combined analytical and numerical investigations of the
SIRWJS system with the presence of secondary infections and potentially asymmetric parti-
tioning of the immune boosting period. As the model population is assumed to be constant,
the system is inherently four dimensional resulting in rather complicated formulae describing
the equilibria and their stability. The analysis presented in this chapter is giving us novel
insights into this complexity and a better understanding of the dynamics. We concluded an

exact condition in the form of © determining the direction of the bifurcation at Ry = 1, and
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showed that backward bifurcation is possible. This means that the disease can still persist
despite the reproduction number being below one. This scenario makes the control of an

established disease more difficult.

For Rg > 1, we derived a numerically tractable Routh-Hurwitz stability criterion and carried
out its sign analysis together with numerical continuation techniques. We observed rich and
interesting dynamics in the (v, «,§)-space that is varying the immune boosting rate, the
partitioning of the boosting period, and the relative infectivity of secondary infections, where
other disease parameters were set according to pertussis parameter values taken from the
literature. Our numerical investigations show that, in these boosting regions, bifurcations
w.r.t. « lead to the emergence of (double) bubbles. This means that as « is varied, the
EE can lose its stability at a critical point through a Hopf bifurcation. Then, we observe
periodic oscillations only in an intermediate a-interval, and finally, the endemic equilibrium
always regains its stability through a second Hopf bifurcation. Naturally, converging to a
stable periodic oscillation or a stable endemic equilibrium poses different challenges and
burden in disease management. For example, one has to be very careful when evaluating the
impact of a mitigation measure when the epidemiological dynamics is inherently oscillatory.
Nevertheless, we note that most of the mathematically appealing phenomena occur for a
rather large boosting rate () and very small relative infectivity (£). But in this case, our
results show, that the parameter «, which was ignored in previous studies, in fact has a

crucial role in determining the dynamics of the disease in the population.

Our results highlight the challenges in the prediction of the long term dynamics of diseases
whenever waning and boosting of immunity is relevant, such as COVID-19 or pertussis, due
to the potential complexities generated by the combination of these factors, in particular
the asymmetry in partitioning the immune period into high level of immunity and waning
immunity that can be boosted. That, in contrast with the simplified modelling approach of

symmetric partitioning commonly used in the literature [18, 19, 52|, is more realistic. As the

111



disease dynamics can vastly differ in the asymmetric setup, devising mitigation efforts may

benefit from estimates of the relative lengths of these immune periods.
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Concluding remarks

Compartmental ODE models are a key tool in epidemics to better understand disease dy-
namics. The focus of this thesis is on a plausible model for waning of immunity where
recovered, i.e. fully immune, individuals demonstrate weakened resistance to the disease
pathogen after a certain time period whilst maintaining the potential for boosting of im-
munity upon re-exposure, in the absence of which, they eventually lose their immunity as a
whole. Our main goal was to investigate the effect on the disease dynamics of the relative

length of these two transitional periods.

In Chapter 2, we introduced the basics of compartmental ODE modeling of infectious dis-
eases. Then, we discussed the equilibria of these dynamical systems, in particular, we demon-
strated the calculation of the disease-free and the endemic equilibrium on elementary models.
We briefly reviewed the concept of the basic reproduction number R and the next-generation
matrix method that may be utilized for its computation. That was followed by a standard
analysis of the local asymptotic stability of the equilibria. We also introduced a computa-
tionally more practical method for assessing such stability via the so-called Routh-Hurwitz
criteria. Then, we discussed the transcritical, saddle-node, and Hopf bifurcations that all
appear later in our analysis of mathematical models of waning immunity. Finally, we briefly
presented MatCont a numerical Matlab package based on continuation techniques that we

used to study the aforementioned bifurcations.
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The main results of this thesis are coming from our analysis of SIRWS-type systems readily
used for studying pertussis dynamics where the boosting is governed by the boosting coef-
ficient v and the loss of immunity is modeled by two consecutive transitions between the
compartments R — W — S assuming identical expected duration for the two transitions
[18—20]. We have relaxed the later assumption and considered the possibility of asymmetric
partitioning of the total immune period that is we allowed varying rates for each of the rel-
evant transitions, modeled by introducing the parameters o and w, whilst keeping the total
expected time of losing immunity, i.e. the duration of R — ... — S, constant. In particular,
we studied the SIRWS and SIRWJS systems that primarily differ in the modeling of the

boosting of immunity that is the mechanics of the transition W to R.

Chapter 3 presents our work on the SIRWS model, where re-exposure results in a direct
transition from the waned status to the recovered compartment. We have established a
concise formula for the endemic equilibrium EE, and proved that at Rg = 1 the system
undergoes a transcritical bifurcation of forward type. Then, we analyzed the Routh-Hurwitz
criterion RH for the stability of EE, and discovered a certain symmetry of it that later
led to a better understanding of the intriguing dynamics that we observed by carefully
constructing heatmaps of the criterion on the («a,v)-plane and by utilizing the capabilities
of MatCont. Namely, we found a compact region of instability IC of the EE, and established
the symmetric appearance and disappearance of endemic double bubbles. We used MatCont

to study the associated Hopf bifurcations and found a region of bistability B adjacent to K.

In Chapter 4, we considered the SIRWJS model where during the process of immune boost-
ing the individual experiences a secondary infection before regaining full immunity. This
intermediate stage is represented by the J compartment and is allowed to exhibit a different
level of infectivity, described by the relative infectivity parameter &, compared to that of I.
An in-depth analysis similar to that described in the previous chapter was carried out. We

have shown that, upon large enough boosting and relative infectivity of secondary infections,
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the transcritical bifurcation at Ryp = 1 might be of backward type. We emphasize that this
phenomenon is present also when one considers the conventional partitioning of the total
immune period that is equal expected duration for the transitions R — W and W — S. The
previously observed symmetry in the RH criterion is now gone and the associated computa-
tion is much more involved, in particular, it is far from trivial to establish the positivity of
the coefficients of the characteristic polynomial. The («,v) heatmap analysis for various £
values reveals how K and B, i.e. the regions of instability and bistability, are becoming first

distorted, then shrink until disappearing completely.

The thesis has investigated the impact of the asymmetric partitioning of the total immune
period on the SIRWS and SIRWJS models. We found rich and interesting dynamics that
highlight the importance of considering this aspect in studies of waning immunity. In the
future, we plan to extend our results to a variant of the SIRWJS model allowing immune

boosting to happen both directly and via secondary infection.

Publications
The dissertation is based on the following two scientific papers:

e Richmond Opoku-Sarkodie, Ferenc A. Bartha, Moénika Polner, Gergely Rost, Dynamics
of an SIRWS model with waning of immunity and varying immune boosting period,

Journal of Biological Dynamics, 16 (1) (2022) 596-618, [61].

e Richmond Opoku-Sarkodie, Ferenc A. Bartha, Moénika Polner, Gergely Rost, Bifur-
cation analysis of waning-boosting epidemiological models with repeat infections and

varying immunity periods, Journal of Mathematics and Computers in Simulation, 218

(2024) 624-643, [64].
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Osszefoglalas

A kompartmentalis ODE-modellek a jarvanyok esetében kulcsfontossagu eszkéznek szami-
tanak a betegség dinamikijanak jobb megértéséhez. E dolgozat kozéppontjaban az im-
munités csOkkenésének egy plauzibilis modellje all, ahol a felépiilt, azaz teljes immunitasa
egyének, egy bizonyos id§ utan, gyengébb ellenallast mutatnak a betegség koérokozodjaval
szemben. Ekozben, ismételt expozicié esetén fenntartjak az immunitas erGssodésének lehetGségét
(boosting), melynek hianyaban viszont végiil teljes egészében elveszitik az immunitasukat.
F6 célunk annak vizsgalata volt, hogy e két atmeneti idGszak relativ hossza milyen hatassal
van a jarvany dinamikajara.

A 2. fejezetben bemutattuk a fert6z6 betegségek kompartmentalis ODE modellezésének alap-
jait. Ezutén e dinamikus rendszerek egyensulyi helyzeteit targyaltuk, specialisan a fertézés-
mentes és az endemikus egyensuly szadmitdsdt mutattuk be elemi modelleken. Réviden &t-
tekintettiik az R reprodukcids szam fogalmét és annak szdmitasara az tgynevezett “next-
generation matrix” modszert. Ezt kévetSen az egyensulyi helyzetek lokalis aszimptotikus
stabilitdsat taglaltuk. Bemutattunk egy gyakorlati eljarést, amely az tgynevezett Routh-
Hurwitz-kritériumok alkalmazasaval vizsgalja a stabilitast. Ezutan targyaltuk a transzkri-
tikus, a nyereg-csomé és a Hopf-bifurkaciokat, amelyek mind-mind megjelennek késébb a
gyengiil6 immunitas matematikai modelljeinek dinamikajaban. Végiil roviden bemutattuk a
MatCont numerikus technikidkon alapulé Matlab-csomagot, amelyet a fent emlitett bifurka-

ciok tanulményozasahoz hasznaltunk.
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A dolgozat f6 eredményei a szamarkohogés (pertussis) dinamikijanak tanulmanyozasara is
hasznalhaté SIRWS tipusii rendszerek elemzésébdl szarmaznak, ahol a boostingot a v egyiit-
thatd szabalyozza és az immunitas elvesztését két egymast kovets dtmenettel R — W —
S modellezziik, azonos varhato idGtartamot feltételezve ezen két atmenetre [18-20]. Az
utobbi megkotést elengedve kaptuk a teljes immunitési idGszak aszimmetrikus felosztasanak
lehet&ségét, azaz lehetévé tettiik, hogy az egyes relevins atmenetek kiilonboz6 sebességgel
torténjenek, amit az « és w paraméterek bevezetésével modelleztiink, mikézben a teljes
immunitésvesztés varhato idStartamét, azaz az R — ... — S-ig tart6 idStartamot val-
tozatlanul hagytuk. ElsGsorban az SIRWS és az SIRWJS rendszereket vizsgaltuk, amelyek
foként a védettség erdsodésének azaz a W — ... — R (esetlegesen t6bblépcsds) atmenetnek

modellezésében kiillonboznek.

A 3. fejezet az SIRWS modellel kapcsolatos munkankat mutatja be, ahol az ismételt expozicid
kozvetlen dtmenetet eredményez az atmeneti immunitas allapotabol a teljesen immunis kom-
partmentbe. Tomor formulédt adtunk az endemikus egyensilyra EE, , és bebizonyitottuk,
hogy Rg = 1 esetén a rendszer egy forward tipust transzkritikus bifurkacion megy keresztiil.
Ezutan elemeztiik a EE, stabilitasat leir6 Routh-Hurwitz-kritériumot és igazoltuk annak
egy bizonyos szimmetriajat. Ez a szimmetria késébb a kritériumnak az («a, v)-sikon képezett
hétérképével és a MatCont eredményeivel a megfigyelt dinamika nagyobb fokt megértéséhez
vezetett. Nevezetesen, megtalaltuk az EE, kompakt instabilitasi régiojat (K) és észleltiik
dupla endemikus buborékok szimmetrikus megjelenését és eltiinését. A MatCont segitségével
megvizsgaltuk a kapcsolodd Hopf-bifurkaciokat, és a K szomszédsagaban bistabilitési régiot

(B) talaltunk.

A 4. fejezetben az SIRWJS modellt vizsgaltuk, ahol az immunités visszanyerésének folyamata
sorén az egyén mésodlagos fert§zésen megy keresztiil. Ezt a koztes szakaszt a J kompartment
modellezi megengedve az I kompartmenthez képest mas szinti fertézGképességet, amelyet a

& relativ fert6zképességi paraméter ir le. Az el6z6 fejezetben leirtakhoz hasonlé mélyrehato
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elemzést végeztiink a rendszeren. Megmutattuk, hogy elég nagy boosting és relativ fer-
t6z8képesség esetén az Rg = 1-nél bekovetkezd transzkritikus bifurkacié backward tipust is
lehet. Hangsulyozzuk, hogy ez a jelenség akkor is megtapasztalhato, ha a teljes immunperio-
dus hagyomanyos felosztasat tekintjiik, azaz, ahol az R — W és W — S dtmenetek varhato
id6tartama egyenls. A kordbban megfigyelt szimmetria az RH-kritériumban méar nincs je-
len, a kapcsolddo szamitasok sokkal bonyolultabbak, kiillonosképpen a karakterisztikus poli-
nom egyiitthatoinak pozitivitasanak megallapitasa korantsem trivialis. Az («,v) hdtérkép-
elemzés kiilonbo6z§ € értékekre megmutatja, hogy a IC és B, azaz az instabilités és a bistabilitas

tertiiletei el6szor torzulnak, majd zsugorodnak, mig végiil teljesen eltiinnek.

......

SIRWS és SIRWJS modellekre. Gazdag és érdekes dinamikat taldltunk, amely ravilagit
annak fontossagéra, hogy az aszimmetrikus felosztast figyelembe vegyiik az immunitési vizs-
galatdban. A jov6ben tervezziik, hogy eredményeinket kiterjesztjiik az SIRWJS modell egy
olyan valtozatara is, amely lehetévé teszi, hogy az immunerdsodés kozvetleniil és masodlagos

fert6zésen keresztiil is megtorténjen.

A disszertacio a kovetkezs két, megjelent tudoményos dolgozaton alapul:

e Richmond Opoku-Sarkodie, Ferenc A. Bartha, Moénika Polner, Gergely Rost, Dynamics
of an SIRWS model with waning of immunity and varying immune boosting period,

Journal of Biological Dynamics, 16 (1) (2022) 596-618, [61].

e Richmond Opoku-Sarkodie, Ferenc A. Bartha, Moénika Polner, Gergely Rost, Bifur-
cation analysis of waning-boosting epidemiological models with repeat infections and

varying immunity periods, Journal of Mathematics and Computers in Simulation, 218

(2024) 624-643, [64].
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