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Chapter 1

Introduction

1.1 The coupon collector’s problem

The coupon collector’s problem is one of the classical problems of probability theory. The
simplest and probably original version of the problem is the following: Suppose that there are
n coupons, from which coupons are being collected with replacement. What is the probability
that more than ¢ sample trials are needed to collect all n coupons? One of the first discussions
of the problem is due to Polya [25]. It is brought up 7 times in Feller [13]. The problem has
numerous variants and generalizations. It is related to urn problems and the study of waiting
times of various random phenomena (e.g. [17], [16], [1]), etc.

We shall be interested in the following version of the problem. A coupon collector
samples with replacement a set of n > 2 distinct coupons so that at each time any one of the
n coupons is drawn with the same probability 1/n. For a fixed integer m € {0,1,...,n— 1},
this is repeated until n —m distinct coupons are collected for the first time. Let W, ,,, denote
the number of necessary repetitions to achieve this. Thus the random variable W), ,,, called
the coupon collector’s waiting time, can take on the valuesn —m,n—m+1,n—m-+2,.. .,
and gives the number of draws necessary to have a collection, for the first time, with only
m coupons missing. In particular, W, is the waiting time to acquire, for the first time, a
complete collection.

The starting point in the study of the behavior of the distribution of the coupon
collector’s waiting time is the well-known equality in distribution ([13], p. 225)

D
Wn,m = Xn/n"'X(nfl)/n_{' +X(m+1)/na (11)
where X, /n, X(n—1)/n» - - - s X(m+1)/n are independent random variables with geometric distri-
butions pertaining to the success probabilities n/n, (n — 1)/n, ..., (m + 1)/n, respectively,

so that P{Xy,, = j} = (1 — %)jflf, jeN:={1,2,...}, forevery k € {m+1,...,n}.
Since the mean and variance of a geometric random variable with parameter p are 1/p
and (1 — p)/p? respectively, the mean and variance of the waiting time are

"1
n = tUn(m) =EW,..) =n -, 1.2
= o) = B(Wo) =0 3 3 (12)
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and

n—k n—k
02 =o2(m) = Var(W,,,) =n Z 2 =N Z R (1.3)

k=m+1 k=m+1

1.2 Limit theorems in the coupon collector’s problem

Different limit theorems have been proved for the asymptotic distribution of W,, ,,,, depending
on how m behaves as n — oo. From now on all asymptotic relations throughout are meant
as n — oo unless otherwise specified.

The first result was proved by Erdds and Rényi [12] for complete collections when
m = 0 for all n € N, obtaining a limiting Gumbel extreme value distribution:

Wn70 — Hn

2, Gumbel(0),
n

where the probability measure Gumbel(0) is defined to be the Gumbel distribution shifted
by Euler’s constant:

Gumbel(0){(—oo, 2]} =e ", 2 €R,

where v = lim,, o (3>_5_;  — logn) = 0,577215.. ..

This result was extended by Baum and Billingsley [8], who examined all relevant se-
quences of m. They determined four different limiting distributions:

1. Degenerate distribution at 0

NG

that is the limiting probability measure is concentrated on 0.

If — 0, then W, ,,, — (n —m) )

2. Poisson distribution

n—m
NLD

where Po(\) is the Poisson distribution with parameter A defined by Po(A\){k} = ’\k—Te_A,
k=0,1,2,.. ..

If — V2, then W,,,, — (n —m) 2, Po()),

3. Normal distribution

- an_ n
n m—>ooandm—>oo, then’—uLN(O,l),

NZD On

where N(0,1) denotes the standard normal distribution, whose probability density
function with respect to the Lebesgue measure is \/%e_ﬁ/ 2 xeR.

If

4. Gumbel-like distribution

Wn,m — Hn

2, Gumbel(m),
n

If m = m, then



where we call Gumbel(m) the Gumbel-like distribution with parameter m, and define
it to be the probability measure with probability density function with respect to the
Lebesgue measure

1 —(m+1) (z+y=1 1)
—e k=1 &k e
m!

7z+7zm:l
(e klk), r e R.

1.3 Aims of the thesis

One of the aims of this thesis is to refine the limit theorems of the previous section. Our basic
goal is to approximate the distribution of the coupon collector’s appropriately centered and
normalized waiting time with well-known measures with high accuracy, and in many cases
prove asymptotic expansions for the related probability distribution functions and mass
functions. The approximating measures shall be chosen from five different measure families.
Three of them — the Poisson distributions, the normal distributions and the Gumbel-like
distributions — shall be probability measure families whose members occur as limiting laws
in the limit theorems of Baum and Billingsley.

The fourth set of measures considered shall be a certain {m, , : ¢ > 0,a > 0} family of
compound Poisson measures which we now define. For each 1 > 0 and a > 0 let 7, , denote
the probability distribution of Z; + 275, where Z; and Z, are independent random variables
defined on a common probability space, Z; ~ Po(u) and Zy ~ Po(a/2). Since Po(\), A > 0,
has probability generating function exp {A(z — 1)}, the probability generating function of
Z1+ 275 18

g(z) == E (:772%) = E (%) E ((:7)%) = e De3 )

a 3 0 H
= exp (u—i——)( QQZ—}- az—l)}.
{ 2/ \p+35 B+ 5

By the basic properties of probability generating functions, we see that Z; + 275 does have
a compound Poisson distribution, that is, it equals in distribution a random variable of the
form chvzl Xk, where N, X, X5, ... are independent random variables given on a common
probability space such that N has Poisson distribution and X, Xy, ... are identically dis-
tributed, namely N ~ Po (,u + %) and each X, k =1,2,..., takes on the values 1 and 2 in
the proportion p : 5.

The fifth set of approximating measures we consider shall be the family of Poisson—
Charlier signed measures. For any positive real numbers X, aV,...,a®® and S € N, the
Poisson-Charlier signed measure v = v(A, @V, ...,a"®) is a signed measure concentrated
on the nonnegative integers defined by

S
v{j} = Po{j}(\) (Z(—l)ra““)a(j, A)) . JEN, (1.4)

r=1

where .
: T\ (J —2k
Cr(J, ) == kI 1.5
=3 () (15)
is the r-th Charlier polynomial ([9] p. 170).



The results of Chapter 3 were published in [30], those of Chapter 4 were published in
[29]. The results of the first three sections of Chapter 5 can be found in [28], some details
are contained in [27]. The results of Chapter 6 were published in [26].

In the next chapter we explain the basic underlying ideas of the methods used in the
proofs of the thesis, and list some of the important results we shall use. Then, each of the
following five chapters is dedicated to the approximation of the coupon collector’s waiting
time with members of one of the five chosen measure families.



Chapter 2

Methods to measure the closeness of
probability distributions

2.1 Probability metrics

There are several ways of defining the distance of two probability distributions. (See e.g. [14]
and [31].) Throughout this section let 1 and v be two probability measures on the measurable
space (R, B), where B denotes the o-algebra of the Borel sets of the real line. Let X be a
real random variable with distribution p and distribution function F'; and let Y be a real
random variable with distribution v and distribution function G. For an arbitrary family H
of bounded real measurable functions on the real line we define

/hd,u—/ hdv

which we call the probability metric associated with the family of test functions H, if H is
coarse enough to assure dy(p,v) =0= p=v.

= sup [E(h(X)) —E(RM)], (2.1)

d’H(M? V) = sup
heH

In this thesis we shall be interested in the probability metrics resulting from H =
{indicator functions of (—oo,z],z € R} and H = {indicator functions of all Borel sets},
which are known as Kolmogorov distance and total variation distance respectively.

Kolmogorov distance

The Kolmogorov distance between p and v is defined to be

dic(j1,v) = sup (=00, 2]) — v((~o0,a])|. (2.2)

zeR

Clearly, this is exactly the supremum distance of the corresponding distribution functions:
dic(p, v) = sup,eg |[F(2) — G(2)].

Obviously, 0 < dk(u,v) <1, dgx(p,v) = 0 iff p = v, and dg(u,v) = 1 iff sup{z € R :
F(z) <1} <inf{xr e R: G(z) > 0} or sup{z € R: G(z) < 1} < inf{z € R: F(z) > 0}.
Since dk(-,-) as a function of two variables is also symmetric and satisfies the triangle
inequality, dk(+,-) is indeed a metric on the space of probability distributions on (R, B).

9



Convergence in Kolmogorov metric is stronger than convergence in distribution, that is
if 1, n € N, is a sequence of probability measures on (R, B) with corresponding distribution
functions F),, n € N, such that dk (g, ) — 0, then p, converges weakly to u, meaning that
F,(x) — F(z) for each x € R continuity point of F'. The converse is not true in general. (See
[14] p. 14 Theorem 6) One possible metric that metrizes weak convergence of probability
measures on (R, B) is the Levy metric defined by

dp(p,v) =inf{e >0: F(z —¢) —e < G(z) < F(x +¢) +¢,Vx € R}.

We have
%mmswwws(uﬁMFwQ@mw,

zeR
where the first inequality is true for any choices of 1 and v (see [18] p. 34), while the second
one holds true only if 4 is absolutely continuous with respect to the Lebesgue measure (see
[23] p. 43). This implies that the weak convergence u, = u is equivalent to dg (g, ) — 0
in the case when the limiting probability distribution p is absolutely continuous and has a
bounded density function.

Total variation distance

The total variation distance between p and v is defined to be

drv(p,v) = sup|u(B) —v(B)]. (2:3)

The definition above may be given in other equivalent forms. By [5] p. 253, if p and v are
both absolutely continuous with respect to a o-finite measure A (for example A\ = p + v),
and f and g are the densities of u and v with respect to A, then

dry(p,v) = |u(By) — v(By)|, where By ={x € R: f(z) > g(z)}

1 e¢]
=5 [ Ir-glax
=1- /oomin{f,g}d)\.

Later we shall be interested in the case when p and v are the distributions of certain
integer valued random variables X and Y defined on a common probability space (2, A, P).
If we choose A to be the o-finite measure that puts unit mass on each of the integers, the
formulas above yield

dry(p,v) = |P(X € By) —P(Y € By)|, where By={ke€Z:P(X=Fk)>PY =k)}

=5 [P(X =k —P(Y = k)
=1-> min{P(X = k),P(Y =k)}.

As in the case of the Kolmogorov metric, it is easy to see that 0 < dpy(p,v) < 1,
drv(p,v) =0iff p = v, and dry(u,v) = 1 iff g and v are mutually singular. Since drv (-, -)

10



as a function of two variables is obviously symmetric and satisfies the triangle inequality,
drv(-,-) is indeed another metric on the space of probability distributions on (R, B).

We note that dk(u,v) < dpv(p,v). It follows by our remarks concerning convergence
in Kolmogorov distance that convergence in total variation distance is stronger than conver-
gence in distribution, that is if u,, n € N, is a sequence of probability measures on (R, )
such that dry(pn, ) — 0, then p, converges weakly to p. It is easy to give an example
showing that the converse of this statement is not true in general. We may take any se-
quence of discrete real valued random variables for which the central limit theorem holds
true. In this case although the induced probability measures converge weakly to the standard
normal distribution, the corresponding total variation distances all equal 1, simply because
an absolutely continuous and a discrete probability measure are always mutually singular.
However, if the probability distributions u,, n € N, and p are concentrated on a countable
subset of R, then p, = u implies dpv (i, 1) — 0 (see [14] p. 14 Theorem 6).

2.2 The method of characteristic functions

Let X be a real random variable defined on a probability space (€2, .4, P) with distribution
p = P o X! and distribution function F(z) = p((—oo,z]), * € R. The characteristic
function of X is the complex valued function

o0

¢x(t) == E (") :/ e p(da) = / cos(tx)p(dx) +i/ sin(tz)p(dx),
well-defined for all ¢ € R. The characteristic function of any real random variable completely

defines its probability distribution, that is there is a one-to-one correspondence between
probability measures on (R, B) and characteristic functions ([13], Volume II. p. 508).

One of the most important applications of characteristic functions is the study of
convergence in distribution. The Continuity Theorem ([13], Volume II. p. 508) states that in
order that a sequence { i, }nen of probability distributions converges weakly to a probability
distribution p it is necessary and sufficient that the sequence {@, }nen of their characteristic
functions converges pointwise to a limit ¢, and that ¢ is continuous at the origin. In this
case @ is the characteristic function of u. It follows that if X, is a real random variable
with distribution u,, distribution function F, and characteristic function ¢,, n € N, and
the same goes for X with u, F' and ¢, then

Xp—=X © pmpm=p © Fir)—>F),reCr < @ut) — p(t),t eR,

where C'r denotes the set of continuity points of F'.

From this it is clear that characteristic functions are an important tool for proving limit
theorems. There are also classical results on characteristic functions which provide methods
to refine limit theorems. One of these is Esseen’s smoothing inequality (|24] p. 109), which
applied on two probability distribution functions, gives an upper bound on their Kolmogorov
distance with the help of the difference of the corresponding characteristic functions.

Esseen’s smoothing inequality. If F' is a nondecreasing function, G is a differentiable
function of bounded variation and bounded derivative ¢, lim,_,_ F(z) = lim,_,_ G(x)

11



and lim, ., F(z) = lim,_,., G(z), and ¢ and 1 are the Fourier-Stieltjes transforms of F' and
G respectively, that is

o(t) = / "dF(x) and (t) = / e"dG(z), teR,
then for any 7" > 0 we have

p(t) — (1)
t

SUPe [9(2)]

b T
sup F () - G| < - | 2

z€R T 27 -T

‘dt—FCb

where b > 1 is arbitrary and ¢, > 0 is a constant depending only on b.

An analogous result for comparing discrete distributions with the help of their charac-
teristic functions is given in a recent paper of Barbour, Kowalski and Nikeghbali. We gather
the results of Proposition 2.2., Corollary 2.3. and the formulas (3.15)—(3.17) on p. 11 in [6]
in the following theorem.

Theorem 2.2.1 (Barbour, Kowalski and Nikeghbali) Let p and v be finite signed
measures on Z, with Fourier-Stieltjes transforms ¢ and 1) respectively, that is

o(t) =D e ufk} and (t)=> e"v{k}, teR.

keZ keZ

Suppose that ¢ = 5)( and Y = {/;X for some functions gg, {bv, X : R — C, and that for some
constants to, vo,7v, p,n >0 and ~v,,0, >0, r=1,2,...,5, S €N,

S
6() =) <Y wlt” +70 and |x(®)] < e, 0|t <t (2.4)

r=1
6(t) =) <n, to<[t] < (2.5)

Then
S Or+1
sup {k} — vk} <) ap (e V1) T2+ aryye + e, (2.6)
(S

r=1

furthermore, if i 1s a probability measure, then also

dg(p,v) < lllrg) (Q\V\{(—oo, a) U (b,00)} + 2£ab> (2.7)
and

2dry(p, v) < inf ((b —a+1) sup [u{k} — v{k}| + 6|v[{(—00,a) U (b,0)} + 45&17)7 (2.8)

where ay, are positive constants depending on 0., r =1,2,... R, oy = t;o A 2\/1@, ay=1— t;o
and
s
o
Eab = Z ag, 7y (pV 1)~ 2 + (b—a+ 1)1y + az2n). (2.9)
r=1

12



2.3 Stein’s method

Stein’s method is a way of deriving explicit estimates for the closeness of two probability
distribution. It was introduced by Charles Stein for normal approximation in [32] in 1972. We
shall now review the basic idea of the method (see [3]). Let o be a fixed probability measure
on (R, B), which we shall approximate with another probability measure p on (R, B). The
error of the approximation will be measured in the probability metric dy(+,-) defined in
(2.1), where H is a well-chosen fixed family of test functions. Stein’s method consists of the
following three steps:

1. The Stein characterization of py

One needs to find a set of functions Fy C F := {f : R — R measurable} and a
mapping T : Fy — F called the Stein operator for uy such that

o0

= o if and only if / Tfdu=0 forall fe F, (2.10)

o0

or equivalently for any real random variable X

X ~pp ifand only if E(Tf(X))=0 forall f e F.

2. Solving the Stein equation

For each test function h € 'H one needs to find a solution f = f;, € Fy of the

[e.e]

W) — / hdge = Tf(x), =€R, (2.11)
—0o0

Stein equation. If such an f, exists for each test function h € H, then writing the

solution in the above Stein equation, integrating both sides of the equation with respect

to p and taking the supremum of the absolute values of both sides over all test functions

yields
i) =sup [ = [ gl =su| [ a0,
heH —00 —00 heH —00
that is for any random variable X ~ p we obtain
dyy (e, pro) = iug |E(T fr(X))]. (2.12)
€

3. Bounding supj,cy |E(T fr(X))|

We have obtained a formula in (2.12) that expresses dy(p, 110) as a supremum of certain
expectations. In the formula the distribution pg is only present implicitly through
the choices of the functions Tf,. To bound dy(u, 1) we need to give estimates for
the expectations E(T'f,(X)), which are surprisingly easier to bound than the original
defining formula of the distance, if the Stein operator T" was chosen in a clever way.
We note that being able to give good approximations to the expectations E(T f; (X))
depends heavily on the properties of the solutions f.

13



We conclude that the key point in the procedure proposed above is to chose a good
Stein operator for pg: not only does T' need to characterize i as given in (2.10), it also has
to yield a Stein equation (2.11) that has a solution fj, for each test function h € H, moreover
these solutions need to have nice properties.

In this thesis we shall apply results proved by Stein’s method to approximate the
appropriate function of the coupon collector’s waiting time with a compound Poisson random
variable, and we shall apply the method directly to obtain a Poisson approximation error
estimate for the same waiting time. For later use, we now collect the basic results on Poisson
approximation in total variation distance with Stein’s method.

Poisson approximation with Stein’s method

Stein’s method was first extended to Poisson approximation by Chen in [10]. The
theory was further developed by Barbour, Holst, Janson and others (see [3] and [5]).

The Stein operator for Po()) is
T:Fo:={f:Zy — Rbounded} — F:={f:Z, - R}, (Tf)k)=A(k+1)—kf(k).

It can be proved (|3] p. 65) that this operator 7' characterizes Po(\) in the required way,
that is for any probability measure p on Z

p="Po()) < Tfdu =0 for all f e Fy.

Z+

It can also be proved ([3| p. 66) that for each h, indicator function of A C Z, the Stein
equation

Mk +1) = kf(k) = h(k) / T fdPo()) (2.13)
has a solution f, = f4, and
) 2
kseuzg | fr(k)] < min {1, a} (2.14)

and

1—e?
sup | fa(k +1) — fu(k)] < S
k€Z+

The method yields the formula

drv(D(X),Po(})) = sup [E{Afa(X) — X fa(X)}]. (2.15)

ACZ4+

2.4 Couplings

Let X and Y be random variables defined on the probability spaces (€2;,.4;,P;) and
(Q9, Az, Ps) respectively. A coupling of X and Y is a pair of random variables X’ and Y’ that
are defined on the same probability space (€2, A, P), and such that X 2X and Y2y Clearly
the coupling of X and Y only depends on the distribution of these random variables. It will

14



be useful for us to think of a coupling the following way: given two probability distributions
w1 and pe on (R, B), a coupling of these probability measures means the construction of a
probability space (€2, A, P) and a random vector (X', Y”) on this probability space whose p
distribution on (R?, B?) has marginals p; and ps.

Couplings are used in a vast variety of proofs (see e.g. [20] and [33]). In each of them
the basic underlying idea is to construct a suitable coupling (X’,Y”) such that X’ and Y’
have the dependence structure most adequate for handling the problem considered. In this
thesis we shall use the coupling method to give estimates for the total variation distance
of certain distributions. We now present the basic relation between couplings and total
variation distance.

The coupling inequality
If (X',Y’) defined on (2, .4, P) is a coupling of the random variables X and Y, then
dry(X,Y) < P(X' #Y"). (2.16)
Since the proof of the coupling inequality is quite simple and short, we include it here:
drv(X,Y) = sup IP(X' € B) —P(Y' € B)|

<swp|P(X' e B, X' =Y)-PY' eB X' =Y')+

BeB
+sup |P(X' € B, X' £Y)—P(Y' € B, X' £Y")|
BeB
<P(X' £Y).

It can be proved that there always exists a coupling for which there is equality in (2.16)
([20] p. 19).

Couplings to bound dryv(W, W + 1), where W is a sum of independent integer
valued random variables

Let X1, X5, ... be independent integer valued random variables, and let W,, = Z?Zl X,
n =1,2,.... We are interested in estimating the total variation distance dpyv(W,, W, + 1),
and there is a technique involving couplings for this purpose (|20] Chapter 3).

Assume there is a probability space (2,4, P) on which random variables X7, X}, ...
and X7, X/, ... are defined in such a way that both of the sequences consist of independent
random variables and X 2x i 2x 7,7 =1,2,.... We identify each of these sequences with

!/ /

a random walk on the integers: let W' = (W, W7, ...) be a random walk that starts form 0
at the initial moment and has consecutive step sizes X{, X3, ..., that is

Wo=0and W, => X/, n=12...,
j=1

and let W = (W[, W/, ...) be a random walk that starts form 1 at the initial moment and
has consecutive step sizes X{, X7, ..., that is

Wy =land W) =1+ X/ n=12,....

=1

15



Consider the random time
T =inf{k: W, =W}

when the random walks W' and W” first meet. (We use the convention that the infimum of
the empty set is infinity.) Put W” = (W[, W/, ...), where

Ty W;g, k‘ST,
Wk{ W/, k>T

for each k € N. It is evident that W” 2 W”, particularly W/ 2 W, Since (W, W") is a
coupling of (W,,, W,, + 1), by the coupling inequality we have

dpy (Wi, W, + 1) < P(W, £ W) = P(T > n). (2.17)

We see that if P(T < oo) = 1, then dpy(W,,,W,, +1) — 0 as n — oo, and calculating
P(T > n) yields a bound for the rate of convergence.

It is very important to note that we did not impose any condition on the relation
between the random walks W/ and W”. They can be independent, but they can also have any
kind of dependence structure, we only required them to have the same step size distributions.
Usually the goal is to define for each j = 1,2, ... the joint distribution of the step sizes X
and X7 in a way that ensures the finiteness and possibly the minimality of 7'. In other words,
one would like to construct couplings of the pairs (X}, X7), j = 1,2,..., which guarantee
that the random walks W’ and W” should meet soon, and therefore that P(7" > n) is small.
One of the ways to do this is given by the so-called Mineka coupling (|20] p. 44), which we
now define.

Fix an arbitrary j € {1,2,...}. Set p;; = P(X; = i), i € Z. We define the distribution
of the steps (X7, X7) in Z* by

, . 1 .
P((X},X])=(i—1,i) = 5 min{pji-1, pja},

. 1 .
(1,1 — 1)) = —min{p;,—1,0j.i}

P (X, X! .

. 1 . 1 .
(% Z)) =Dji — 3 mln{Pj,z‘—hpj,z'} -3 mln{pj,i7pj,i+1}

P((X}, X7) 5 5

Thus the couplings force the two random walks to run at most distance 1 apart, in fact,
{Sk := W] — W/} ren defines a symmetric random walk, that starts from —1 at time 0, and
at each step either stays in place or increases or decreases by 1.

We only calculate the bound for P(T" > n) resulting form the Mineka coupling in the
case when the X;, j = 1,2,.. ., are iid random variables with discrete uniform distribution
on {1,2,..., L} for some integer L > 2, that is p,,; = %, 1=1,2,...,L,j=1,2,.... In this
case

I L-1
PX; = X = 1) = PO, = X = =1) = 5 S min{pse-1mich = =57
and 1
P(X) = XJ = 0) =1- min{pj;1,pi} = 7

1EL
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Using the properties of {S}ren, namely that it evolves by unit steps, that the reflection
principle can be applied to it, and that S, has symmetric distribution around —1, we obtain

P(T > n) =P(max S, > 0)

0<k<n

=P(max S, > 0,5, —0)+P(m]?XSk>OS <0)+P(m’?XSk>OS > 0)

0<k<n

(
(
(max Sy > 0,5, —0)+2P(maXSk>OS > 0)
(
(
(

0<k<n

S, =0)+2P(S, > 0)
Sp,=0)+P(S,>0)+P(S, < -2)
Sp = —1).

|
O 9w O

Thus P(T > n) < max;ez P(S, = i), and by Lemma 4.7 of Barbour and Xia [7], we have

1 L—-11 2 1
P(T>n) < = nmind == — _ L
( >n)_2 (nmln{ 7 ,2}) N

It follows by (2.17) that if W, is a sum of n independent uniformly distributed random
variables on {1,2,..., L}, then

Jun

1
dry(Wo, W, +1) < —. 2.18
TV( ) V@ZZ ( )

We shall see in Section 6.1 that this inequality can be improved.
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Chapter 3

Gumbel-like approximation

3.1 Preliminaries and results

In this chapter we are interested in the case of the coupon collector’s problem when n >
m + 1 is large compared to m, so we fix a non-negative integer m, and we shall look at the
asymptotic behavior of the distribution function

n

Fyo(z) =P (l Wom— 3 % < x) TER, (3.1)

n
k=m+1

as n — 0o.

As mentioned in the introduction, in 1961 Erdds and Rényi [12]| proved for the case m =
0, a full collection, that the limiting distribution is the Gumbel extreme value distribution,
shifted by Euler’s constant v = lim,, (Zzzl % — log n) =0,577215. .., so that

lim F,o(z) = Fo(z) = ez eR.

n—oo

For an arbitrary non-negative integer m, this beautiful result was extended by Baum and
Billingsley [8] shortly thereafter, who proved that

1 [* i
lim F, . (z) = F,(z) == _/ o~ (M) (y+Cm) g—e (w+C )dy

1 _-'E+Cm —y
— [ Tetmmeeray ser
m! J_

where Cy, ==~ — >_;"; 7. Much later Csorg6 [11] refined this general result, proving
that the rate of convergence in it is surprisingly fast, namely

logn

Sup | Fym(z) — Fro(2)| < Diy (3.2)

z€eR n

for some constant D,, > 0 depending only on m.

In this thesis, for every m we give a one-term asymptotic expansion F,(-) + Gy m(+)
that approximates F,, ,,(-) with the uniform order of 1/n such that the explicit sequence of
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functions G, ,,,(+) has the uniform order of (logn)/n. In particular, it follows that the rate
of convergence in (3.2) can not be improved.

To introduce G, ,(-), consider the density function of the limiting distribution:

1 —@tom) -
fm(x) — FT/,L(JI) — %e—e (z+C )e (m+1)(z+Cm) _ %e e,n(m)e%—l—l(x)7 = R,

~(@+Cm) whose second derivative by simple calculation is

where e,,(z) :=e
fn(@) = fin(@) [ (@) — (2m + B)em (@) + (m + 1)7]
e—em(x)

=~ [en (@) — @m+ 3)en (@) + (m+ 1) ()] (3.3)

for all z € R. For every k € N, consider also the density function

ke k= if £ > 0;
() 1= { 0, if 7 < 0 (3-4)

of the exponential distribution with mean 1/k, and the convolution

2 / F1 (e — y)ha(y) dy = / bl — )Ly dy, TER. (3.5)

Then, for n > m + 2, our basic sequence of functions will be

Gm(x) = Z /_ [F" 5 hye] (u zeR. (3.6)

[ —
It is natural to consider the following version of the Baum-Billingsley theorem:

1
F(x):= lim F; (x) where F) (2):= P<ﬁ Wom — logn < :L'>,

n—oo

so that, clearly,

| =
| =

F;Lkm(x) = Fn7m<x — [ —logn
k=1

+zm: ), z € R,
k=1

for all n > m + 2, and hence

1
Fr(x) = Fm<x - v+ Z %> =[x —Cp), z€R.
k=1

For every n > m + 2, the corresponding version of the function in (3.6) is

Grom(T) = Gn7m<x - [ % —logn| +

k=1

k=

With all asymptotic relations meant throughout as n — oo unless otherwise specified, our
main result is the following
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Theorem 3.1.1 For every fized m € {0,1,2,...},

SUp | Fn (%) = [Fin(2) + Gpm(2)]| = O<l>, (3.7)

zeR n

for the functions Gy, m(-) given in (3.6), for which there exist a constant K,, > 0, a point
Tm € R, a positive function ¢, (-) and a threshold function n,,(-) € N, all depending only on
m, such that

1
SUp |Grn(2)] < K20, > m+2, (3.8)
zeR
but |
|G ()] > cm(2) oen for all z € (—o0, ), (3.9)

whenever n > ny,(x). Furthermore,

sup | ;. (x) — [Fri(2) + Gy (2)]| = () (3.10)

z€R

where the sequence {G, () }0l,,+1 of functions has the same properties as the sequence
{Grnm ()}, 41 in the first statement.

We finish this section by examining the optimality of the results of Theorem 3.1.1.

It is easy to give an argument showing that any sequence of discrete probability laws
corresponding to some random variables X,, with finite second moments, can not be approxi-
mated with an absolutely continuous distribution in Kolmogorov distance with an error order
that is smaller than 1/d,,, where d,, = #{z € [-2y/VarX,,, 2y/VarX, ] : P(X,, = z) > 0}. In
order to prove this, we may assume without loss of generality that E(X,,) = 0 for each n € N.
For a fixed n € N, by Chebisev’s inequality, P(|X,,| > 2v/VarX,,) < 1/4, which implies that
X,, maps into the interval [—2v/VarX,,, 2¢/VarX,| with probability at least 3/4, and thus
there exists a point z, € [-2y/VarX,, 2y/VarX,] for which P(X,, = z,) > 3/(4d,,). This
means that the distribution function of X, has a jump at least 3/(4d,) big at z,, and hence
can not be approximated at that point with a continuous function any better than 3/(8d,).

Now, the distribution function F,, ,, defined in (3.1) corresponds to the discrete random
variable (W, ., — u,,)/n for which d,, is of order n, because one can calculate that o,, ~ ¢;,,n
with some ¢,, constant depending only on our fixed m. It follows that the supremum distance
of F,  to any continuous function, in particular F,, + G, can not decrease in a faster
order than 1/n, as n — oo. This not only proves that the error order in (3.7) is sharp, but
also that no longer asymptotic expansion of F},,, than the one given by (3.7) can improve
the current error order 1/n.

3.2 Proofs

We shall now verify the theorem above. Before embarking on the proof of (3.7), we analyze
the function G,,,,(-) defined in (3.6), to show in particular that this formula makes sense,
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and prove its properties stated in (3.8) and (3.9). We begin with claiming that for every
leN,

T 00 7
/ e em@e! (u)du —/ e !t dy = e7em@(1 — 1)! em.(x)’ z €R. (3.11)

—00 m () =0 j'

for the functions e, (z) = e~@*+%) in (3.3). Indeed, this is true for [ = 1, and since

/ e vk dv = e m@ek (1) 4 k/ e UvR 1 du,

m (ﬂc) em (:E)

it follows for I = k + 1 if it holds for k£ € N. So, (3.11) follows by induction. Also,

m

/ e=m@el ()dz =T(1) = (1—1)! forall €N, (3.12)
and we see from (3.3) that f/(-) is integrable on R; in fact, [*_f/(z)dz = 0.

As is well known, the convolution of two integrable functions is integrable. Since for
our convolution, from (3.5),

xT

faeal(e) = ke [ opr)dy, s e R .13
we have ‘ [f)xhi](x } <k/[" ‘fﬁl(y)| dy, its integrability follows directly by (3.3) and (3.11).
The last inequality also 1mphes that lim, . [f)*hi|(z) = 0; in fact, since lim, oo fr(2) =
0 directly from (3.3), using the dominated convergence theorem in the first formula in (3.5)
we also see that lim, ... [f” * hg](x) = 0. The first two of the last three properties already
make (3.6) meaningful, so that, substituting (3.13) into that formula, for the derivative at
each z € R we get

n—1 n—1
1 1 1 r
Gom(@) === 3 T mxhl(@) == > {e‘“ / ) dv] SN CAT)
k=m+1 k=m+1

Next we note that the derivative of the function in (3.11),

(e_em(m)efn(x)), = ¢~om(@) [efj{l(l‘) — lein(x)}, (3.15)
is zero at xg := —logl — C,,, is positive for x < zy and negative for x > xy. Thus
!
em(z) 1 _ —em/(x0) Ll N

rggﬁc{e e (x)} =e e (o) (e) , leN. (3.16)

We also see from (3.15) and (3.12) that in fact the j-th derivative fﬁf)(-) of fn() is
integrable on R and limjg|—. fé{)(:v) = 0 for every j € {0} UN, not just for j =0, 1,2, and
hence, as an extension of (3.13), the convolutions

xT

el = ke [ 0@, reR

—00
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make sense as integrable functions for all j € {0} UN and k € N.

Proof of (3.8). To this end, with (3.6) in mind, by (3.13) we have

’/ [ % hy] (u) du / "/u e £ (v) dv

= [ ke g - [ e aa

—00

<[ e {’w\f;; ol+ [ elselata
< [Cirlas [ ofa] a

for all z € R, regardless of what k € N is. Starting from (3.3) and using (3.15), it is clear
that |f”(v)| in the inner integral of the second term is bounded by a linear combination
of functions of the form e=*»(el (v), in which all the exponents I and all the coefficients
depend only on m. Hence, after an application of (3.11), that inner integral itself is bounded
by a similar linear combination, in the variable u, that has the same property. Thus, by
another application of (3.11), the sum of the two terms is bounded by a linear combination
of functions of the form e~*(®)eJ (z), in which both the coefficients and all the exponents
j depend only on m. But all these functions are bounded by (3.16), and hence | ffoo [f) %
hi)(u) du| < 2K,,/3 for all z € R and k € N, for some constant K,, > 0 depending only on
m. Therefore, substituting this into the obvious term-wise bound for (3.6),

K, K "1 1
sup}Gnm(:c)| < < _m{1+/1 ;dx} < K,, ogn (3.17)

1
zeR ’ 3n - k n n

du

u

n—1

for all n > m + 2 > 2, which is (3.8).

Before attending to the proof of (3.9), we note that replacing f/ and f by fr(r{) and

,(nj“), respectively, the argument in the proof of (3.8) above gives
/ [f9% ] ()| du < K9 forall z€R and keN, (3.18)

for every j € {0} UN, where the constant K9 >0 depends only on m and j.

Proof of (3.9). Examining the behavior of f () given in (3.3), we see that it first increases
from 0 = f/" (—o0) on a half-line and eventually reaches 0 = f (c0). Thus the smallest value
Ty, € R where f”(-) has a local maximum is well defined. Consider any z in the half-line
(—00, ). Then the convolution [f/ * hy](z), given in (3.13) is positive since the integrand
is positive on (—oo, z). Thus the fist two displayed lines in the proof of (3.8) above become

/_ ;[f;;* ] (1) dus = / ) du — /_ Ooe'w{ /_ ;ek” 0 dv] du

/ £ / [f20e () du
/ 7 “f),
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where the inequality is by (3.18) and the first term of the lower bound is positive. Hence,
still for the same = € (—o0, x|,

[Gonl@)] = 5 Z 1 el

k m—41
1 T n—1 1 n—1 1
_ " — _ KB il
o [ 8 e §
k=m+1 k=m+1
1 v S| 1
> — " (u)d —dzp - K®Y —
>l [ smwad{ [ Tt -kpY 4
L k=1
_ logn | 1 z 7wy du b {1 - log(m + 1) B 2K
n 2 ) o logn 12logn
logn
=— Cnm ()
Since lim, oo ¢y m(2) = 2¢,(2), where ¢, (z) = if_ I (u)du > 0, there exists a thresh-
old n,,(z) € N such that |G, ,(x)] > cn(x)(logn)/n whenever n > ngy(x), which is the

statement in (3.9).

We need one more preliminary remark for later use. Noticing that

L "
2L,,/3 = Iilgnidfm(vﬂ < 00

by (3.16), it is that

L, <4 e — 1 logn
/ m —kx kv o m -

k=m+1

for all n > m + 2 > 2, which is obtained from (3.14) as in (3.17).

Proof of (3.7). The proof being Fourier-analytic, the functions G, ,,(-) are first identified
in terms of Fourier transforms. We approximate the characteristic function ¢, (-) = @nm(:)
of F, () by the sum of the characteristic function ¢,,(-) of the limiting distribution £, ()
and a “correcting" function. We achieve this in four steps. Starting from ¢,,(-), we define
the functions ¥pm1(+), Yrm2(); Ynms(-) and Yum (), where each of these functions is an
estimate of the preceding one — each time obtained by keeping only some leading terms
from the series expansion of an ingredient —, and @pnm(+) & Yoma(-) = ©m () + Yum(+) holds
for some function ©,,,(-). For ¢t € R, the approximations yield the error functions

Prm1 () = Pnm(t) — Yum1 (1),

Prm, 2(t) Ynm 1 (t — Upm,2

Prm,3(E) = Ynm,2( :

Prma(t) = Vnma(t) = Yuma(t) = Yams(t) = [om(t) + Yum(t)], (3.20)

and G, ,(-) will be the function whose Fourier—Stieltjes transform is 1, (+).
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First, since the characteristic function of the geometric distribution with success prob-
ability p € (0,1) is (1+ % {7 —1} )_1, t € R, where i is the imaginary unit,

rm(t) = Prm(t) = / Tt dF, (1) = E(GXp{it HUAGED'S %] })
k=m+1

—00

n—1 i
e it/k

= - , teR,
H 1_|_%(eflt/n_1)

k=m+1

by (1.1). Also, for all ¢ € R the limiting characteristic function is

om(t) == /Z e dFy (1) = E(exp{it Lg; (Y’f - %)] })

I ol e O | S

k=m+1 k k=m+1

which follows from the observation of Baum and Billingsley [8] that

- 1
F,(x) :P( > (Yk—E) §x>, z €R,
k=m+1
itself suggested by (1.1), where the Y, 11, Yiui2, ... are independent random variables such

that Y}, has the exponential distribution with mean 1/k, and hence the characteristic function
E(e™) =1/(1— 1), ¢t € R. Setting

it =oo{ & [f (1= )]} rem 522

k=m+1

and noticing that for every t € R,

G (t) = exp{ nz_l [—% — log<1 + %{e*it/n _ 1})1 }

k=m+1
n—1 —j
1+ %(e7i/m —1)
= Apn(t) exp{— Z log ’“1 7
k=m-+1 ok

n—1 1+@[—_it+1 ity? 4 yoe —Titll}
:Anm(t)exp _ Z log k 2(1)_E l3( ) I 7
k
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for |t| < n we introduce the first sequence of intermediate approximative functions

n-l 14 nf=it 4 1(it)?
wnmJ(t) = Anm(t) expy{ — Z lOg k [ n 2 (n) ]

1— 1

o e Gl

where the expansion of the logarithm is justified because the inequality

(it)? 1
2n k —it

2 1
=<1
2n k2 + t2

holds whenever |¢t| < n. For all such ¢, the second intermediate sequence is

(3.23)

2 L1
=A —
wnm,Q (t) nm <t> exXp 2n ]C _ lt

while the third and the fourth are

Unm.3(t) = Anm(t){l D 5! . }

and

e £ [ o2

{Z[k%k)}}

and we notice from (3.21) that ¥,,4(t) = @m(t) + Ynm(t) for all t € (—n,n), where

1 <« (it)? &k
1 — — S
2n Z k k—it}’

k=m-+1

Y (t) == ——

(it)%*om(t), tE€R. (3.24)

¥~
]
T =

El

k—it

Here k/(k —it) is the characteristic function of the exponential distribution with mean
1/k, so that

k ) y
- itz R
P /_ e“hi(x)de, teR,

o0
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where hy(-) is the density function in (3.4). Also, since by (3.50) below the function ¢ +—
9o, (t) is integrable on R for every j € N, we can differentiate the density inversion formula
twice to obtain f) () of (3.3) as the inverse Fourier transform

fon() ! / ooe_im(it)ngm(t)dt, z €R.

:% .

Since /() is also integrable, as established at (2.2), this can be inverted to get

(it)2om(t) = /00 " f (z)dw, teR.

e}

The two Fourier transforms then combine to give

0pn(t) = [ Tt [ hi(z)de, tER,

o0

k—it

for the integrable convolution in (3.13). Therefore, by (3.14) we recognize (3.24) as

wnm(t)—/_wei%_% i %[f;;*hk](w)>dx

o0 k=m+1

= / @) (r)de = / e dG m(7), tER,
for the integrable function G, (-) for which lim, . G, ,,(z) = 0, so that the function
Gpnm(-) is of bounded variation on the whole line R.
Then the deviation A, = sup,ep |Fm (@) —[Fn(2)+Grm(2)]| in (3.7) may be estimated
through Esseen’s inequality (see Section 2.2.), which we use in the form
b cn

A, < -
a 27T —CNn

SUP,eg | fn () + G (@)

Lpnm(t) — [me(t) + ¢nm(t)] ' dt + Cp ) 7

t

cn

where b > 1 is arbitrary and ¢, > 0 is a constant depending only on b and, due to the
restriction of the arguments ¢ of the intermediate functions ¢, ;(t), j = 1,2,3, to (—n,n),
the constant c is taken from the interval (0, 1). Since max,cg frn(z) = ((m+1)/e)™ ™ /m! by
(3.16), we see by (3.19) that the second term here is O(1/n). Thus the proof of (3.7) reduces
to demonstrating that the same holds for the first term as well. This will be split in four
parts according to (3.20): we have

and, introducing the set H,. = [—cn, —1) U (1, en], it suffices to show that

cn (t 1 (
an,j:/ —p”m;( )‘dt:/ —p"m;( )‘dtJr/
—cn -1

. . 1
= I 42 = O(—> for each j=1,2,3, 4. (3.25)

n

Orm(t) = [Pm(t) + Ynm(t)]
t

Prm,j (t) ‘ dt

nc
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We fix ¢ € (0,1), let n > 1/c and, unless otherwise stated, assume in all formulae containing
the variable ¢ throughout that ¢ € [—cn, cn).

The case of R,,.1. By (3.20) and the definitions between (3.22) and (3.24),

|onm 1 ()] = @nm (t) = P, (1))

n—1 . . n—1 —i
it it 1+ 2(e7it/m — 1)
exp{ g {—E—log(l—%)] — g log .

n—1 . it (1t)
1t — + an
_exp{ Z [—E—log<1——)] Z log }‘
k=m+1 k=m+1
The inequality
1
\ez—e“’]§§{]ez|+|ewl}|z—w\, z,w € C, (3.26)

where C denotes the complex plane, yields

| Prim,1 ()] {|90nm )|+ [, 1 (E)]} 5, (8), (3.27)
where
n—1 i n—1
1+ n ( it/m _ 1)
[1] E _. § :
log 1— it + (it)2 log Znk (t)
k=m-+1 2nk k=m+1

We give upper bounds for each of the functions on the right-hand side of (3.27).
As usual, let R z denote the real part of z € C. Clearly,

n—1 n—1

ol (t) < Z | log 2 (t)| = Z

k=m+1 k=m+1

(3.28)

log

1
Zni(t) ‘

First we show that R z,,(t) > 1/2, so that 1/z,,(t) is an inner point of the circle of center
(1,0) and radius 1 in C, and hence its logarithm can be expanded about the point (1,0).
We have

1 (1—|—ﬁcosi—ﬂ)—iﬂsm3 1
%nt__:% k n k k n -
S (AR

[zt p)(- S szt 1
(1-L&)+5 2

_(2%_2_22)003—+2t sin £ — 2% — ﬁ—kl
2[(1- ;zkfm—J

tn .t t? t t
(f2sin; — fzcos 1) + (g si

n% — ﬁ) + (%2 sin = +2"cos— — 2% —I—l)
[( an ]
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This is an even function of ¢, so we can assume that ¢ > 0. The denominator is obviously
positive, and we are going to show that each of the three terms in the numerator is non-

negative. Beginning with the first term, we see that
1>l t 21
()

ot 2t ot (D VT R (=
_SlnE—PCOSﬁ_E{n;m<E) _t; (21
. - 1 1 t2l+1
= N (~1)
12 Z::( ) ((2l+ 1! (25)!> n

t ) 1 12041 1 1 (2043
K Z K(?l ! 2l+ 1)! ) n2 ((2l+2)! a (2z+3)!) n21+2]

lisodd, =1
3 1 1 1 f20+1

=" +

o llsoddl 1 2l+1) @2+ 2)! T (2043)) ¥

ot i 2l+3)(4l2+4l—1)+1t2”1>0
k2 (20 + 3)! n2 =

lisodd, =1

where the inequality is by f—l < ¢ < 1. Concerning the second term, we note that sinx > %
if 0 < < 1. Therefore, since £ < 1, we have

tn  t 4 tn 12 4 2 [t £\?
—Ssin—— —— > = — ——— = —— | — — [ — > 0.
2k2 n  4n2k? 2k292n2  4n2k?2  4k?2 \ n n

(E3

Finally, the third term can be settled using ¢ < n and the inequalities sinz > = — % and
cosx > 1— %2, both valid if 0 < z < 1. Indeed,

tn t tn [t 3 n 12 n
N on L 4o ——2 1> - — 2—-(1—— ) —-2=—+1
sm + cos 2 +12 BY%] ( 6n3) + 2 < 2n2> 3 +

2k2 k
t2 t t2
L
2% 12k?  km T
t? t? t 5t2 — 12kt + 12k
> — ————+1= i > 0.
2k2  12k2 kK 12k2
Returning now to (3.28), we can expand the logarithm:
ICED Db plcU e . DI SLIETUE
Oy (£) < . [ } - ‘ . (3.29)
k=m+1| j=1 J an k=m-+1 j= 1 an
The inequalities
2 ul? 4 -
Z ‘ S—', ueR, and 1—cosx>—x2 O§x§§, (3.30)
2
7=0
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give the bound

() — 1‘ nletitm 148G, b
Znk (1) T k| 1+ P (e” ‘t/n—l) _k‘{(l—%%—ﬂcosé) i7sin L
_ P 1 o ItP 1
_6kn2\/l+2% (%_1) (1 COSItl Gan\/l %% 2_ );_22
N
L T N N s
which, for any k € {m +1,m +2,...,n — 1} and [t| < n, is not greater than
1t 1 - 1t 1 _ 2w 1

6n? 8¢2 n—1 6n? [se21 n212 3
\//{32+t 1-— ) Lg

Substituting these bounds into (3.29), we easily obtain

a 1] ”i 1 i \thz o

6n® k=m+1 \/k‘2 +52(1-5) \/k2 + 58 (1-£)
L1 1S <1>j‘1] 5P s 1
S N O EEL T
— 2 2 )
gl Vk? 2 j=2 3 L k

so that by (3.17), )
11
st (p) < 8™, (3.31)

Next we consider |pp., ()| in (3.27). Since R log z = log |z|, z € C \ {0},

[ ()] = exp{kn;_:l [—% —log(l Z( —it/n _ 1))]}‘
:exp{—kz:;llog 1+%(e“/”—1>‘}

1 < —k t
:exp{—§ Z log{1+2nnk2 <1—cosu>]}.
n

As 0 < |t|/n < c <1< m/2, it follows from the second inequality in (3.30) that

| oum(t)] < exp{—% 3 log(l + %”ﬂ;f) } . (3.32)

k=m+1

The terms in the sum are positive, so for n > 2(m + 1) the exponent is bounded by

[n/2] n n/2 2
8t2n — 4 1 4t

—= E log {1—}— — 2} ——/ log [1 + — Q}d )
k m+1 nk? 2 m—+1 ™Yy
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where |-| denotes integer part, because the terms in the last sum decrease as k increases.

Substituting in the integral x = 4t%/(7%y?), so that y = 2t/(7/7),

2t 2
it [(@m7) log(1 + 2)

2 (g)Q x3/2 de

[1,0 - _
2 2
[t [—2log(1 + ) o= () It (=) 1
27 N3 p=( )’ T J(aLy? Vo (l+x)

nm

m+11 1+ 412 " 1+1&2
= 0 — 0
2 & (m+1)2r2) 4 & 272

2]t]

(m+ D)7

20 ||
— |arctan ——— arctan
s

Summarizing, at this stage we have

|90nm | < |t|m+1 312

(1+75%)

Using |t| < n and assuming [t| > 1, we can further simplify this to obtain

| (t)] < ‘t|m+1 8lt|

(m+1)72

(14 8 )% 1+

1 4 mtl 20t (1 2

+ —5= 21t T

( (m+1) 7r22 exp{ ‘ ’ arctan -~ (m+1 n
4

)

(m+1)nm2

dx

14 4 T2 A1 2
( (m+1)27r2) < {_% arctan -~ (m+1 n) } )
™

If n > 2(m+1), then the arctan expression in the exponent is a monotone increasing function
of |t| because the numerator of the derivative d{as/(1 + bs)}/ds is equal to a for any real
constants a and b. Hence for n > 2(m+ 1), which was already assumed above anyway to get

to the previous bound,

where
4 (m+1)/2 m
(1+ (m+1)27r2) 4 (mt+1)/2
i = n/4 1+ 2.2 =: dm
(1+ =) (m+1)*m
and
2 G — ) 27
Tnm = — arctan —————— — — arctan 5 5 — "m-
T e T (m+1)m2+8
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Finally, for (3.27), simplifying the second line of the definition of ¢, 1(t),

|1 (B)] = exp{k:z;:il {—% log (1 - % + %)] H
— eXp{—k:;;lOg 1—- % + % }
:eXp{_kgllog\/l_:L_;—F#;@—i_%}
< exp{—;;llog@}
< exp{—— kérllog (1 + 822 ? ;f) }

The artificial factor 8/7? < 1 was sneaked in just to get the exact same upper bound as in
(3.32) for |¢um.1(t)], and hence to conclude without any extra work that

|1 ()| < iy [t e L < t] <, (3.34)

for n > 2(m + 1), as in (3.33), with the same d,,, — d,, and 7, — 1, > 0.

Now, recalling the definition of R,,,; = IL. + I'2 in (3.25), suppose that n >
max{2(m + 1),1/c}. Since |ppm(t)] < 1 and [Ypm1(t)] < 1, the inequalities (3.27) and
(3.31) yield IL < 2(logn)/(3n?). For the other term (3.27), (3.31), (3.33), (3.34), and the

nm —

fact that the functions involved are even, imply that

2 < 2logn

TL’H’L—

dom / s g remt 4t
1

n2

so that the case j = 1 in (3.25) holds true; in fact, R, 1 = O((logn)/n?).
The case of R,2. By (3.20) and the formulae between (3.22) and (3.24),
|pnm,2(t)| = |wnm,l<t) o wnm,Q(tﬂ

exp{ nz_l {—%—log(l—%ﬂ - "Z_l log(l (122 1 1 )}

k=m+1 k=m+1
n—1 . n—1
it it 12 1
— —— =1 1—— — )
eXp{ 2 { k: Og( l{:)}—'—Qn k—it}‘

The inequality (3.26) now gives
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as an analogue of (3.27), where

n—1 S \2 .ng n—1
2 (1 (it)* 1  (ip) 1
(1) = | D 10g<1+ i) 2 i

k=m+1 k=m+1

S &yt @ V| @)1
_k:mHLl{ j <2n(k—it)>}_%k—it]

|2 fl(‘?“ (i)

=m+1 j=2

x>

o] 1 j n—1 oo 1 t2 j
- 1;; 2n(k —1t) :k% z;_<2n\/k2—i—t?)

3

IN

1y

e}

> 3 (o) S are)
B Sy (LN ST
. 12 onv k2 + t2 = o2nvV k2 + t2

Since [¢| < n, we find that t*/(2nvVk? +12) < n?/(2nVk? + n?) < 1/2, and so

1 n—1 2 2 oo 1 j—2 t4 n—1 1 t4 00 1
03 Y (Gvrre) 23) “ie X precie i
2 2 42 = 4,2 2
2 W Invk2 + t2 = 2 4n k:m—‘rlk +t 4n p k
Therefore,
2 e 3.36
W) — — :
<l (3.36)
Next, recalling the notation for A,,,(t) from (3.22), we write
—1
[ Vnm2 ()| = [Apm ()| | Bum ()| with  Bpp,(t) eXp{ } (3.37)

and estimate the two factors separately. First,

| A (1) :exp{— i log 1—% } —exp{—— Z log(1+ ;)}

k=m+1

1 t?
Sexp{—é/ 10g<1+;) dy},
m+1

where the inequality holds again because the terms of the last sum decrease as k increases.
Substituting = = ¢*/y?, so that y = |¢|/\/z, we obtain

t 1) log(1+ =
| A (2)] <exp{ H/ T)dx}

= expd -1 {Mr(”w oG
p v (1) 2J)y Va(lta)

t
n
+1

(1 - %)T (2 1
- (mt+D) a exp{—|t|arctan—| |(m+1 ") ,
3 1+

t2
(m+1)n
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whence

(m+1)/2
(& + i)

| A ()] < [t exp{—|t| arctan

|t|(n—m—1)}'

(1+5)"" t2+ (m+1)n
If |t| > 1, then
m+1 |t|(n_m_ 1)
| A ()] < apm [t] exp{—|t! arctan Pt (mtDn’ (3.38)
where (m+1)/2
m m+1
(1 + Goe) s
Apm = n/2 - |1+ 12 =: G,
(1+:2) (m +1)

and the arctan expression in the exponent, as a function of |¢|, is monotone increasing on
(0, 4/(m + 1)n) and monotone decreasing on (y/(m + 1)n,n) because

d (s(n—m—l)) _(n—nz—l)(n(mﬂ)—s?)

ds\s2+ (m+1)n s2 4+ (m + 1)n)?

Then it follows that

m+1 _ n—m-—1 : .
| A (1) < || exp{ |t| arctan 1+(m+1)n} , ifte[l,y/(m+1)n); (3.39)
Anm, |t exp{—[|t|arctan 2222k if ¢ € [\/(m+ 1)n,n).
Next we deal with the other factor in (3.37), for which
t2 n—1 1 n—
Bum®)] =expd [ = S ) L=
[ B ()] eXp{ (2n k—uﬁ)} eXp{ Z k:2+t2}
k=m+1 ]g, +1
3 51
< exp{§ t? ﬂ} ,  whenever |t| <mn, (3.40)
n

by (3.17). This will be good enough for small |t|, and for moderate |t| it may be written as

\Bnm(t)\gexp{?’vm+ ||105_”} it [t} </(m+ Dn. (3.41)

To obtain yet a third bound, useful for large |¢|, note that d{y/(y*+t*)}/dy = (t* —y*/(y* +
t?)2. The behavior of this derivative shows that for |t| < m + 1 the terms of the sum in the
formula of |B,,,(t)| decrease as k increases, while for m 4+ 1 < [t| < n the terms increase
until k reaches |t| and decrease afterward. Hence

"y t [ n? + t2 t
Z 2 2—/ Wt H2H ; = log s U2|J 2
k2 +t m Yt [|t]]2 4+t m2 4+t ||t]]2+t

k=m+1
2n? It] V2n 2 3y2n+2
+ = < + =,
- U T T

< log
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where, by elementary considerations concerning integer parts, the second inequality holds
provided v/2/(v/2 — 1) < [t| < n. Thus, substituting this bound into (3.40),

3\/§n+2} if V2

< |t| < n. (3.42)

‘Bnm(t)‘ < exp{|t| o 1

Introduce now the sets S,,, = [ — /(m+1)n,=1) U (1,/(m+ 1)n] and T, =
[— en, —y/ (m + 1)n) U ( (m + 1)n,cn}, so that Hy,. = [—cn,—1) U (1,¢en] = Spm U Tom
in the second term of R,,,2 = IZL + I%2 in (3.25). Since [¢ym1(t)] < 1 and |A,,,(t)] < 1,
(3.35), (3.36) and (3.37), combined with (3.40), give

21 3 ,logn 72 1+ exp{3 18} 1
121 < s / t3 1 tQ— dt< o 2 n :O .
M= A8 n [#7| 1+ exp 2 n — 96 n2 n2)’

while by (3.35) and (3.36) only, dropping the factor 72/48 < 1 for simplicity,

B2 [ i@l o [ a@ldes [ ()l

an
_ . 712,21 2,22 2,23
= Inm +Inm +Inm .

Here 123! = O(1/n?) by (3.34). Also, by (3.37), (3.39) and (3.41),

A Y =i
L < —/ [ nma(t)] dt < - / it embemt qg,
n? Jq n?
where a,,, — a,, and
n—m—1 vm+1 logn 1
b, := arctan — — arctan —— > 0,
1+ (m+1)n 2 NG m+1

so that 1222 = O(1/n?) as well. Finally, by (3.37), (3.39) and (3.42),

2 nm " —
]223 _/ t3|¢nm2( )| dt < ¢ / gt g—camt 4y
m+1)n (m+1)

with the same a,,,, where

V2

n—m-—1 3V2n+2
2

s
— > (0.078.
n+m-+1 61 _>4

Cnm = arctan

Thus 1233 = o(1/n?). So, the case j = 2 of (3.25) holds; in fact Ry, = O(1/n?).

The case of R, 3. Recalling (3.20) and the formulae after (3.22), we have |p,m 3(t)| =
[Vnm2(t) — Yum 3(O)| = [Apm (t)| |Crm(t)|, where Ay, (t) is given in (3.22), and already occurs
also in (3.37), and

=m-+

o=l 5 ]

35



Clearly, C,,,,,(0) = 0, and for ¢ # 0,

o< B ) e 8
mmATl = I 2n k—it|| Il 2n k2 + 12
=2 k =2 k=m+1

r l l
=1 ™1 I L |
L i|mh e Zzﬁ[%/o Ve

[

(V]
o~

I
[\
S

Mg

1 [¢2 n\ 1 2 n\12K 1 [¢2 n\1’
Z|—u1sh( — )| = |=—rsh — — | = rsh{ —
<1 20" <|t|)] Ln“ (M ;ﬂ Ln“ M !

where, for momentary gain of space, rsh(z) := arcsinh(z) = log (z + V22 + 1) is the reverse
(inverse) to the hyperbolic function sinh(z) = (e* —e™*)/2, x € R. Thus,

t4 of M t2 n
}pnmvg(t)’ < ’Anm(t)‘ e rsh (H) exp{% rsh(m> } ) (3.43)
Now we can estimate R, 3 = I + 32 in (3.25).

Concerning the first term, notice first that for the derivatives of the functions v, (s) =

s>rsh?(n/s) and w,(s) = s1sh(n/s)/(2n), for s € (0, 1], we have

v (s) = s rsh(%) [3 rsh(%) - \/%} > 5° rsh(%) [3rsh(1) — 2]

which is positive since 3rsh(1) — 2 > 0.64, and

l

/|
<

n S s 76
/ 215h > Zomh() — 1] > >
wn(s) = 2n[ e (s) \/52—1—712] > 5 [21h(1) = 1] > o0 755>

so both v, () and exp{w,(-)} are monotone increasing on the interval (0, 1). Hence, using
(3.18), the fact that |A,,,(t)| < 1 and the evenness of the functions involved, we can bound
the integrand by its value at 1 to obtain

arcsinh(n)/(2n) arcsinhQ(n)

2 n

1 ! e
[3 1 / N wn(s) ds <
nm_—2n2 i vn(s)e s <

The asymptotic equality arcsinh(n) ~ logn then shows that I3} = O((log n)?/n?).
For 132 using (3.43), (3.38) with the a,,, — a,, given there, the evenness of the

nm?

integrand and the fact that the function ¢ — arcsinh(n/t) is decreasing, we get
: 2 n
132 < om arcsinh(n) / g4 gtonm(®) gt (3.44)
2 n? 1

where, with ¢ € [1,n) everywhere in what remains of the present case j = 3 of (3.25),

t(n —m —1) t . (n
—-— arcsmh(—) :
2+n(m+1) 2n t
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Here

/
t) = 9 Y/
Grim () [n(m + 1) _'_t2]2 +t2(n —m — 1)2 2 n t2 +n?

The first term of this expression is positive if t < y/n(m + 1) and negative if ¢ > \/n(m + 1),

while the second term is negative for all ¢t € (0,n), since this term takes on a negative value
at t = n and is an increasing function of ¢ on this interval:

(n—m—1)[n(m+1) — 2] 1 (arcsinh(n/t) 1 > |

1 farcsinh(n/?) 1

/ 2
n .
() a0 0

In particular, g,,(-) is a decreasing function on the interval (y/n(m + 1),n), and hence
Gnm(t) > gnm(n) for all t € (y/n(m + 1),n), where this value is

n—m—1 arcsinh(1) arcsinh(1)
nm (1) = arct - tan(l) — ———= 34.
Gnm (1) arctan ————— 5 — arctan(1) 5 > 0.3
Therefore, for all n sufficiently large,
/ it e~tonm(t) qp < / e O3t 4 = o(1). (3.45)
(m+1) (m+1)

For t € [1,/n(m + 1)) we replace the leading ¢ of the second term in g, (t) by \/n(m + 1),

and then notice that the resulting lower bound is an increasing function of ¢ on the interval
[1,y/n(m + 1)). This way we obtain

t(n —m—1) vm+1 arcsinh(%)

Gnm(t) > arctan -

2+ n(m+1) 2 vn
n—m—1 vm + 1 arcsinh(n)
> arctan — ,
1+n(m+1) 2 vn

and this converges to arctan(1/(m + 1)) > 0. Hence for all n large enough,

(m+1) n(m+1) N 1
/ it etonm(®) 4t < / g4 o= (3 arctan Ty )t gy (3.46)
1 1

Now (3.46), (3.45) and (3.44) together give I32 = O((logn)?/n?) again. Thus R,z =
O((logn)?/n?) as well, and so the case j = 3 in (3.25) is amply satisfied.

The case of R,m4. Using (3.20)—(3.22) and the formulae above (3.24), we see that
|Pnm a(8)] = [Unm.s(t) = Ynm a(t)] = [ Do ()| [om () = Apm(1)], where

t2 n—1 1 t2 n—1 1
D, ()] = |1+ — <14 — -
Dun®] = 1452 2. =<4 5 2 T
k=m+1 k=m+1
21 2, if |t <1,
<14+ — g — =1 t < ' ) - 3.47
=y, — |t] 1t = { 21t|, if [t] > 1. (3.47)

37



With this factor done, inequality (3.26) gives another analogue of (3.27), namely

puna®] < Lm0 0] 1 o)1) 88,0 (3.48)

where, since the assumption |t| < cn for some ¢ € (0,1) ensures that the logarithms can be

expanded for all k =n,n+1,..., as noted at (3.23),

S -p) ]l R L L

k=n k=n j=2

= o1 it 2 n |1 itl n V7
< — S - .
- 24—6j;3 nn—1

<jG -t (n=1)"1"" nn-1

Oy () =

j=
Let n be large enough to make n/(n — 1) < (1 + ¢)/(2¢), where c is as above. Then

lt| n l+c¢c 1+c
< - <1,

— c
nn—1 2c 2
and so -
= - 1 1
S s
NN L 1—-= —c
Hence, for all n large enough,
t21+c[l 11+c¢ t?2 (1+c)?
o (1) < — S 4= < — . 3.49
m"()_n 2c |2 61—c] " ncl—-c (349)

Next, by classical results on the I' function ([22], §8, for example) we see that

e vl

i 2nlt] x| t2
1—lt U( )—mGQ H 1+k‘2

lom (t)

k=1

starting from (3.21), which implies

V2T
o (t)| < ————= V/|t|(1 + t2)me ™2 whenever |t| € [1, 00).
V1—e2w
Also, since (m + 1)n +1 > n+ m+ 1, combining the two cases in (3.39) we have

—m—1
|Anm(t)|§anm|t|m+1exp{—|t|arctan%}, if [t € [1,en), (3.51)

(3.50)

and we are ready to deal with R, 4 = [:1 + 12 in (3.25).
The inequalities |@,,(t)] < 1 and |A,,,(f)] < 1 and (3.47)—(3.49) imply

2(1+ ¢)? /1 ]t = 2(1+¢)* 1

[4,1 <l
"= n el —c) c(l—c) n
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for all n large enough. Also, collecting the five bounds from (3.47)—(3.51), for all sufficiently
large n we obtain

nm 2(1 2 o — —1
12 < S ﬂ/ ™3 exp —|t| arctan —— "~ = L gy
n cl—-c) )y 1+ (m+1)n

N 1 21+ )\ 2m
ne(l—c)v1—e2m Jy
Since @y, — an, and arctan(n —m — 1]/[1 + (m + 1)n]) — arctan(1l/(m + 1)) > 0, we

conclude that I*? = O(1/n). Therefore, R, 4 = O(1/n), establishing the case j = 4 of
(3.25) and thus completing the proof of (3.7) in the theorem.

e (1+2)™% e ™2 gt

Proof of (3.10). Let E,, = >, _, %—log n—-y, for which, by a classical asymptotic expansion

due to Euler,
By =~ L On_ 0, € (0,1)
n = — — or some 6, 1),
2n  12n2  120n4
Using the forms of the three ingredients given before the statement of the theorem, for the

deviation A := sup,cg | Fjy, () — [ (2) + G . (2)]] in question we obtain

Ay = sup !an(x —Cpn—E,) — Fp(x—Cp) — Gupm(x — Cy — En)‘

z€eR

= sup |Fn,m(y) - Fm(y + En) - Gn,m(y)‘
yeR

< sup |Fn,m(y) — [En(y) + Gn,m(@/)” + sup ‘Fm@) — Fol(y + En)‘

yER yeR
Hence (3.7) and the inequality, obtained by the mean value theorem,

sup £ (4) = Fly-+ )| < 1] ma fuls) = O 3

yeR n

yield the desired statement in (3.10). Also, the functions Gy, (7) := Gpm(z — Cy,) clearly
inherit the stated order properties of G, (), © € R, since the shift C,, is constant. Then
so do the functions G, , . (v) = G ,.(x — E,), v € R, because

sup ‘sz(x) — G;m(a:)| < |E,| suﬂlg ‘G,’Lm(x” _ O<logn>7
xe

zeR 7’L2

where the last bound is due to the inequality in (3.19). B
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Chapter 4

Normal approximation

In this chapter we prove an error bound for normal approximation to the coupon collector’s
standardized waiting time. We introduce the distribution functions

an - Mn
Fom(z) = P(—'u < x), r € R.

On

As mentioned in the Introduction, Baum and Billingsley [8] showed that if the m goes to
infinity along with n, but slowly enough to let the sequence (n — m)/+y/n tend to infinity
as-well, then the standardized W, ,, is asymptotically normal:

lim F,,,(x) = ®(z), where &(z): —24s, zeR.

)i L /
= — e
A N

The following theorem gives a bound for the rate of convergence in this central limit theorem.

Theorem 4.0.1 For alln >3 and 1 <m <n — 2, we have

sup | Fym(z) — ()| < C——, (4.1)

z€R moy

where C' = 9.257.

One can check that the bound given by Theorem 4.0.1 goes to 0 iff m goes to infinity
along with n, but slowly enough to let the sequence (n — m)/y/n tend to infinity as-well,
which is in accord with the central limit theorem stated above. Indeed, this follows easily
from the asymptotic formulae for o2, given by Baum and Billingsley [8]:

If  — d for some d € (0,1), so that =" — 1 — d, then o2 ~ nl=ttHead

If  — 1, so that 2=™ — 0, and ("_nm)2 — 00, then 02 ~ %W

If = — 0, so that »~™ — 1, and m — oo, then o2 ~ %2

These asymptotic relations then give the following typical examples:
If m ~ dn for some 0 < d < 1, then ™o, ~ constant - \/n.
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If m ~n —n® for some % < a <1, then 0, ~ constant - ne-s .
If m ~ n? for some 0 < 3 < 1, then M, ~ constant - nbB/2.

If m ~logn, then 0, ~ constant - y/logn.

Proof. We estimate the supremum distance between the distribution function F,, ,, and the
limiting distribution function ® in terms of their characteristic functions, using Esseen’s
smoothing inequality. Since the characteristic function of the geometric distribution with
success probability p € (0,1) is pe®/(1 — ge'*), where i is the imaginary unit and ¢ = 1 — p,
by (1.1) we have

e )

n—1 i —i
%elt/”"e itn/kon

_ n=kit/o, ’
k=m+1 1 n ©

while the limiting characteristic function is ffooo etdd(z) = e t/2 t e R. Choosing the
main parameter in Esseen’s inequality (see Section 2.2.) to be ¢,0,, where, with any fixed
c € (0,1), the sequence ¢,(m) = ¢, is given by

cp(m) = min{l, clm + 1) } ) (4.2)

n(n —m—1)
the inequality in the case of our distribution functions takes on the following form:

42
t2/2 e

1
vV 2T CnOn 7

Spn,m(t) — €

b CnOn
sup | Fym(z) — ()| < —/ dt + (4.3)

zeR - 27

where b > 1 is arbitrary and ¢, is a positive constant depending only on b.

Since we restricted the domain of the characteristic functions to (—c,0,, c,0,), from
now on we assume that this interval is the domain of all formulae containing the variable .
We emphasize that by the definition of ¢, in (4.2) this means that, on the one hand, [¢t| < oy,
and, on the other hand, for any ¢ € (0,1) chosen in ¢, and k € {m+1,...,n— 1},

cm+1) o < Lan < Lan. (4.4)
n(n—m—1) n(n —k) n(n —k)
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We estimate the deviation |y, . (t) — e~*/2| in the integrand on the right-hand side of

the inequality in (4.3) through the following heuristic steps:

n—1 .
n—k—it k n—=k .
= — +log— —1 1 — — Yeit/om
On.m (1) exp{ g { T + ogn og( " e >]}
n—1 r . - . : 2
n—=k lt—i—logﬁ—log 1_n k 1+£_ t
.k o, n n on 202

— [n—k—it n—Fk (it 12
— —log(1-— - =l (¢
k o, og( k (an 202))}} Spn’m()

At each approximation a certain function was replaced with the first few terms of its series
expansion. At the second one this was done with a logarithmic expression, whose expansion
about 1 exists, because for an arbitrary term of the sum in gog,]m(-), that is, for an arbitrary
ke{m+1,...,n—1},

n—k|it ¢ n—k|t| 2 n—k ck k2
— | = —4/1+ < 1+ —
k|o, 202 k o, 402 ko y/n(n—k) dn(n — k)
by (4.4), which gives
n—k|it t2 2n — k
—_— < 1. 4.5
ko, 202 RS (4:5)

Now, the errors resulting from the first two of our three approximations can be esti-
mated applying the following inequality

1
[ — e[ < §{|€'Zl\ + e[}z — 2o

for arbitrary complex numbers z; and zy. This yields

1
[nn(®) = )] < 5 {lonm()] + [l )] 51000, (4.6)
where
n—1 .
—k . n—=k it 2
sl =] Y |log(1- = Feton ) ~log(1 - 1+
am(?) e [ Og< n ¢ 8 n + On 202 7

43



and
ol (6) = 92, 0] < S {101 + |2, 0]}, ), (4.7)

where

) G

k=m+1 j=3

Summarizing, for the estimation of the integral

Cnon
In,m = /
—Cnon
(1]

n (4.3), we use the intermediate approximative functions ¢nm(-) and np[f,]m(-), and the in-
equalities above concerning their differences, obtaining have
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o—t2/2

Pn,m (t) -
t

dt

Cnon Cnon (1]
Lo < 5/ e t() On, ()dt+§/ el ’t() Onim (D)t
CnOn (1] Cnon (2]
1 onm(t) 1 / onm(t)
= o (H)dt + - o (t)dt
+ 2 /cnan t ( ) + 2 —enom t ( )
Cnon (2] —t2/2
n,m t -
+/ Pl >t ¢ at. (4.8)

Now we give upper bounds for each of the functions occurring in the integrals above.
First we consider |y, ., (t)|. By simple computation

n—1
n—k—it k —k
exp E [ — + log - — log(l — —elt/"">] H
{k:m+1 k Tn n

k
= exp Z {log o log

n—1 [ 2
k —k —k t
= exp log——log\/l—i-(n ) ~ o cos —
W n n n On

|‘Pn,m(t)} =

n=k e,

1—

n

n—1 2
k k —k t
log — —log\/(—) —i—2n <1 — cos —)
n n n on
k=m-+1




Since t/o, < 1 < 7/2, we can continue with applying the inequality 1 — cosz > %ﬁ, true
for x € (0,7/2), and obtain

n—1
1 8 n(n —k) t?

|onm(t)] < eXp{
k=m+1

Now we see from (4.4) that we can use the inequality
22
log(l+z) >z — 5 if ze(0,1),

(4.9)

which yields
n—1
nn—k)t* (8 32n(n—k)t?
|Pnm (t)] < exp{—§ Z [Ta_% (F — FTO’_T% .

k=m+1

Using once again the bound in (4.4), on the second ¢ in the expression above, and recalling

(1.3), we easily get
(4.10)

20
’(pn,m(t)‘ < exp{_ﬁﬁ} :

Next, in a completely analogous way,

n—k —it 1_n—k i_i
o8 k o, 202

n—1

ol (1)) =
k=m+1

n(
:exp{—— Z log(l—i— 2 2 ERr
k=m+1 n n
n—1
— k) t?
< exp{—— Z log (1 + n(nkz )F) }
k=m+1 n

Again, (4.4) allows us to use the inequality in (4.9) to obtain

o] <oof -3 § [H0HE (1ot B AN,

k=m+1

and now, another application of (4.4), and recognizing (1.3), yields

o] < e - }.
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Also, by elementary considerations and (1.3) again

2 o (n—k)? it ¢
— exp{——}exp{ Z 572 <U3 +404>

(2] —
k=m+1
£ — (n—k)? t4
:exp{—g}exp{ Z T@
k=m+1
£2 < nn—k) t* 2 #
SeXp{‘E}eXp{k%—kQ i =5 ool

t? t2
<erl-geo(s)

where the last inequality follows from the assumption that |t| < o,,. Therefore
3t
(0] < e -}

n (4.6) that

(4.12)

Next, we see for 0} ]m(t)

_ n=k_it/on
I —"=e

n—1
o () = 1
ML) Zogl_n_ : ii_i)
k=m-+1 n on 202
= Z log| 1+ .
k=m+1 1_nk<1+__21?7>
n—1 1+£ % _elt/an n—1
On 202
= 2 10g<1 i )' = 3 log(1 + zax(1))] .
— nF " on T 202 —"
Since |e* — (1 4+ iu — )| < [ for all w € R and |t < oy,
2 6
- el ¢
‘Zn’k(t)’ S 60' S 60' S 320—71, _ < 17
B2t n f? o 3
m—k)?2 T 402 n—k o2 402 402
the logarithmic expression can be expanded, so that
51 ( - i ) nii i |20k (2)]
‘] a k=m+1 j=1 J




Using the upper bounds just given for |z, x(t)|, we obtain

n—1 ‘t|3 00 j

3 1 1\’
W<y 00 I
n,m( ) - n_ 12 * 2 3

4
k=m+1 (n— k)2 + 102 + n—k o2

5 e ”Zl 1 _ Bt — n—k
24 o3 14 n_ 2 = 2403 k
k=m+1 (n k)2 + 40_4 -+ e k02 k=m+1

~ 2403 Rt k2
so that recalling (1.3) again
5 |t
ol (1) < ﬂ%. (4.13)
We now turn to 5,[?]m(t) in (4.7). Clearly,
—it  1?

o, 202

| N

5 Z”[( k)

1 & (n — k)3
3 ALY

|
—it i?’{g (n;k>ﬂ

o, 202

—it 2

_J}]_

IA

o, 202

k?)

k=m+1

By (4.5), the infinite sum here is not greater than Y2 ¢/ = 1/(1—c), for any fixed ¢ € (0,1)
chosen in the definition of ¢,, and this, together with the inequality

3_ E - 2 3/2< It (5 3/2
o3 402 ~ o3 \4 ’

which is true because |t| < 0, was assumed, gives

—it N t2
o, 202

-1
t k3 575 |t
3 Z _.

T 24(1—c) 03

n,m:-

- 24
For the remaining sum r,, ,, here, by (1.3) we obtain

& -k an—k) _ (n—m—1)? & n(n—k)
= 2 g 2 ama D) >~

2

k=m-+1 o P
—m—=1)2 —m — — o — 2
_(n—=m—1) g2 m 102§ n(n —m 1)02§—",
(m+1) " m+1 " m+ 1 "o,

and we conclude
3
V5 (4.14)

= 24(1 —¢) cpon
47

O (t) <




It remains to deal with the deviation |g0L2 ]m(t) — e /2|, We have

£ — (n—k)? it ¢
2 —t2 /2| _ o
{90[] { exp{ 2} exp{ Z 2 <203 +80'4> 1
k=m+1 n n
T W e R e A 5 B Y
:exp{—g} ZF [ Z k? (20?Z i 80;11)
j=1 k=m+1
Py [ k2|t (]
< _ il
- exp{ 2 } Z J! [ k2 203 8o
j=1 k=m+1
t? o Shlt)
S eXp{_E}Snm(t)Z ]' )
j=0
where
n—1 . n—1
(n—k)? =it (n—k)? | 6 t8
nmt = = .
sall) = D S 53 T 01| T 2 408 ' 4ot

k=m+1

We give two different bounds for s, ,,(t). First, since |t| < o, by (1.3) we can write

Sn,m(t)

1P Z (n— k) _ VIT|t]? ”zf n(n—k) _ VIT|t}
203 1607% - 83 k2 8 o,
k=m+1 k=m+1

For the second bound, we first estimate (n — k)|t|/(no,). Applying (4.4), and the fact that
the maximum of the function /x(1 — z) is 1/2 on the interval [0,1], we get

n—k\t|<n In—k In—k k 1
n oo, n nnh—k n o n n 2'

This inequality, along with |t| < o, and (1.3), gives

t2 kyn—k|t V17
Snam(t) = 1602 Z [ Iq V1T

2 n o, 16

Continuing, we apply the first bound of s, ,,(¢) to the function before the sum and the
second one to each term of the sum, to get

17 [t 1 1
' 8 o, 2 16

VAT |t { 3 }
ST—exp .

>

= (4.15)

On

Now, collecting the bounds, we can return to the estimation of the integrals in (4.8).

We obtain
2012 1 /532
5£L1m ___/ ep{ }tZdt:—\/_ﬂ- ,
gn

l/cngn Spnm()
2) o o, 3840

t




by (4.10) and (4.13);

CnOn [1] o0 2
1 n,m 15 15
—/ prm(t) M (ydt< —— [ expd——tdt = — ﬁ,
2) o t 0,48 J_ on 12
by (4.11) and (4.13);
CnOn [1] e8] 2
1 Pnm(t) 1 55 t
= o2 (t)dt < —/ —— tt?dt
2 /Cnan t nan (1) At < oy 48(1 — ¢) Ooexp 4
1 5Vhm
o, 12(1—¢)’
by (4.11) and (4.14);
cno 2] 0o 2
1 [ onm(t 1 5Vd 3t
—/ prim() o2 (t)dt < V5 / expd —— b2 dt
2) ¢l 1 ’ Cnon 48(1 —¢) J_o 8

1 5V30m
Cn0y 54(1 = ¢)’

by (4.12) and (4.14); and finally
by (4.15). Since 1/0, < 1/(c,0,) by the definition of ¢, in (4.2), substitution of all these
bounds into (4.8) yields I,,,, < C'/(c,0,), where

NG N 57 N 557 N 5307 N 44/517 _ 2.5503
3840 12 12(1—¢)  54(1—¢) 9 1—c

Prom (1) — e~/
:

2 1 44/51
dt<—£/ exp{ St }t2dt:— (:;)W

On

C = + 7.3566

Writing this back in (4.3), we obtain the inequality

C
Fn m - CI) S
o Fnle) =0l < 2
with the constant 5 5503 b
C = ( O L 7 3566) @
—C 21 \ 27

According to Csorgs [11], the minimum of ¢, is 4.439 occurring at b = 1.868 , and with these
values C' > 0.7583/(1 — ¢) + 3.9581. Also, it is easy to see from the definition of ¢, in (4.2)
that ¢, > c%, thus

1- 11n 1
up | Fu )_®(w)‘_07583/( ¢) +3.95811 n

zeR c m Un

0.7583/(1— C)+3A95811

Now minimizing over ¢ € (0,1), we finally obtain the inequality of the

theorem with C = 9.257. l
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Chapter 5

Poisson approximation

In the first section of this chapter, we leave the coupon collector’s problem and concern
Poisson approximation to the distribution of sums of independent nonnegative integer valued
random variables in general. We complement the classical Poisson convergence theorem of
Gnedenko and Kolmogorov [15], in the setting of triangular arrays, with error bounds that
are expressed in terms of total variation distance, which was defined in Section 2.1. as

drv(X,Y) = sup |[P(X € A) —P(Y € A)|, (5.1)

ACZ+

for any two random variables X and Y that map into Z, := {0, 1,...}.

For each n, we approximate the distribution of the n-th row sum with a Poisson
distribution whose mean A, is defined only in terms of the distributions of the random
variables in the n-th row, namely A, equals the sum of the probabilities P(X # 0), where X
runs over the random variables of the n-th row. We do not assume the existence of moments,
as is the case in analogous results proved by Barbour and Hall [4], and our lower bounds are
much simpler in form to theirs, being of precisely the same form, up to a constant, as our
upper bound, provided that the means A, are bounded away from infinity.

We then continue in the second section of the chapter with an application of these re-
sults to the coupon collector’s problem. We recall from Section 1.2. that Baum and Billingsley
proved in [8] (using the method of characteristic functions) that if

m—oo and " \BX  for some A >0 constant, as n — oo, (5.2)

NG

then W, ,,, — (n —m) converges in distribution to the Poisson law with mean A. We express
this problem as a special case of the Poisson limit theorem above, and immediately obtain
the corresponding Poisson approximation results. An even stronger result can be proved
in this special case: due to the combinatorial structure of the problem, one can determine
explicitly the first order term in the error of the approximation, and this is what we shall
do in Section 5.3.

Finally, in Section 5.4. we give another Poisson approximation result to the coupon
collector’s waiting time. This time the mean )/, of the approximating Poisson law is chosen
to match the mean of the waiting time. The result is proven with the help of Stein’s method.

o1



5.1 Poisson approximation in a general Poisson limit the-
orem
In [15] (p. 132) Gnedenko and Kolmogorov give necessary and sufficient conditions for sums

of independent infinitesimal random variables to converge to the Poisson law. In case of
nonnegative integer valued random variables their limit theorem can be stated as follows.

Theorem 5.1.1 (Gnedenko, Kolmogorov) Let {Y,1,Yn2,..., Yo, tnen be a triangular
array of row-wise independent nonnegative integer valued random variables such that

min P(Y,x=0)—1, n— oo, (5.3)
ZP(Ynk >1) — A, A >0 constant, n — o (5.4)
k=1
Y P(Yu22)—0, n— oo (5.5)
k=1
Then .
Yoi= > Yu = N,
k=1

as n — 0o, where Ny is a Poisson random variable with parameter .

We shall refine the obvious approximation of the Y,,-s that the limit theorem suggests
by approximating the distribution of each of the Y,, random variables not with the limiting
Poisson distribution, but with a Poisson distribution that has a suitably chosen parameter
that depends on n, namely by the distribution of Ny ~ Po()\,), where

A=Y PV > 1).
k=1

Theorem 5.1.2 (The upper bound.) For any triangular array {Yn1, Yno, - - ., Yor, tnen of
row-wise independent nonnegative integer valued random variables

Tn

drv(D(Y), Po(A,)) <D [P(Yoe > 2) + P(Yoe > 1)7] .

k=1

Proof. The proof follows the argument in [5] p. 181. For each k = 1,2,...,7,, n € N, we
define the random variable

;o { 0, if Y = 0;

nk +—

1, if Y, > 1.
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Thus for each n € N, I,, := > )", I is a sum of independent Bernoulli random variables
with success probabilities G =PV, > 1), k=1,2,... r,. By Le Cam’s inequality [19]

drv(D(L,), Po(\,)) < iqgk - iP(Ynk > 1),
k=1 k=1

Also, for any two random variables X and Y defined on the same probability space the
coupling inequality (2.16) says that

dry(D(X),D(Y)) < P(X #Y),

hence we have

dry (D(Y,). D(I,)) < P ( NIED m) — P (U (Vi # L))

k‘

Putting these two bounds together in
dryv(D(Yn), Po(An)) < drv (D(Ya), D(1n)) + drv(D(In), Po(An)),

the assertion of the theorem follows. l

Theorem 5.1.3 (The lower bound.) If {Y,1, Yo, .., Yo, tnen is a triangular array of
row-wise tndependent nonnegative integer valued random variables such that
mini <<, P(Yyr = 0) > 3 for all n € N, then

drv(D(Y,), Po(An)) 2 (H P(V = o>) S [PV 2 2+ PV 2 1]

k=1

Before turning to the proof of Theorem 5.1.3 we prove a simple result we are going to
need later on.

Proposition 5.1.1 If0 <y, <x; <1 foralli=1,2,...,n, n €N, then

(H%) D (i —yi) < H%—Hyz < Z(fﬁ -

i=1 =1

Proof. Defining 1, := 1, we can write the difference of the two products in the form of a
telescopic sum, thus

H Hyzfz U Yk—1Tk T — Y1 YTkl T
i=1

k=1

= Z(fﬁk —Ui) (Y1 Yk1Ther1 - Tnr).
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Due to our assumption on the y;-s the last expression can be bounded form above and from
below by

n

Y- '%Z(ﬂﬁk —Yk) < Z(% = Y)W Y1 Thgr c Tn) S Z(xk — Yr),
k=1

k=1 k=1

and the assertion follows. B

Proof of Theorem 5.1.3. We introduce the notations P(Y,x = 0) = pnx and P(Y,x =
1) = (1 = pur)Pnk, k =1,2,..., 1y, thus A\, = > 0" (1 — pug), n € N. We are going to prove
the theorem by approximating the following elementary lower bound for the total variation
distance of the distributions considered:

drv(D(Yn), Po(An)) = %IP(Yn =0) =P(N,, =0)[ + %lP(Yn =1)—P(Vy, =1, (5.6)

n

which can be justified by taking A = {0} and A = {1} in (5.1).
We start by bounding the difference of the point probabilities at 0. Since

P(N)m = O) = e_)\" = He_(l_pnk),

k=1

P(Y, =0) = [ [ pos:
k=1

and e=(1=Pn) > 1 for all k = 1,2,...,7,, n € N, applying the Proposition above yields

IP(N,, =0)— P(Y, =0)| > (H pnk) Z [e=(pme) — o]

Since 1 — ppr < 1, we have

- 1 1
e~ (17Pni) Z1—(1—Pnk)+§(1—pnk)2—6(1—pnk)3ank+—(1—Pnk)2

for k=1,2,...,n, n € N, which yields

[P(Ny, =0) = P(Y, =0)| > é <ﬁpnk> (1= par)” (5.7)

This inequality implies the assertion of Theorem 5.1.3 in the case when 3 ;" | (1 — pnk)2

> 230" (1= pag) (1 — Puk), because we can bound 3/5th of the sum in the display above
using this assumption. In fact in this case we obtain a better bound than the one we aimed
at. Otherwise, if 2> " (1 — pui) (1 — Prg) > 3>, (1 — par)?, we need to examine the
point probabilities at 1 too to improve our current bound.

We have

P(Ny, =1) = \e ™ = (1= poi) exp {— y (1 —pnk)} :



and since for an arbitrary n € NY, = 1 iff for k =1,2,..., 7, exactly one of the Y,,;-s takes
on 1 and the rest take on 0,

_ )= (Hpnk> ZLW

k=1 Pnk

Some elementary algebra gives

k=1 k=1 k=1 Prk
+ (exp {— Z(l — Puk) ¢ — Hpnk> Z(l — Pnk),
k=1 k=1 k=1
1
where in the second term we recognize the point probabilities at 0. Using Dne < —-

and the fact that the difference of the 0 probabilities in the formula above is always positive
we obtain

Tn Tn ) 1 Tn )
k=1 k=1 1<k<rn k=1

(Hpnk> Zn: (1 _pnk> (1 _ﬁnk) + % - m i:(l _pnk)2

k=1 1<k<ry k=1

é mln1 Dn
k
1<k<ry,

the Theorem holds, thus

> —1 in the range of n for which the assumption minj<i<,, Pnr > 5 of

P(N,, =0) = P(Y, =0) + P(N,, = 1) - P(Yn =1)>
k=1 k=1
and it can be seen that the latter bound is at most
k=1 k=1

for all n such that 237" (1 — pui) (1 — Hur) > 3357, (1 — par)”. This together with (5.6)
proves the Theorem. B
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Theorems 5.1.3 and 5.1.2 together state that the order of the error of our Poisson
approximation for the random variables in Theorem 5.1.1 is

Tn

> [PV ¢ {0,1}) + P(Yoi > 1)

k=1

Barbour and Hall have proved similar results in [4] using Stein’s method: they approximate
a sum Z _, Y; of independent nonnegative integer valued random variables with a Poisson
variable that has mean > P(Y; = 1) or 37 | E(Y;). (Note that the parameter of our
approximating Poisson random variable is between these two values.) Their bounds are
expressed differently, and involve second moments of the random variables Y. Moreover,
their lower bounds would yield no useful information at all in the application to be considered
in the next section.

We also obtain the following result.

Corollary 5.1.1 For the rate of convergence in Theorem 5.1.1 we have the upper bound

drv(D(Y,, Z (Yo > 2) + P(Yor > 1)7] ZPYnk>1 — A, neN.

Proof. Since
drv(D(Yn), Po(A)) < drv(D(Yn), Po(An)) + drv(Po(A,), Po(N)),

the assertion follows from Theorem 5.1.2 and because for any N,, ~ Poisson(v;) and N,, ~
Poisson(vs), where 0 < vy < vy, we have

drv(D(N,,), D(N,,)) < min {1 vy 1/2} (s — ).

For reference see for example Remark 1.1.4. in [5]. B

5.2 Coupon collecting with an approximately Poisson
distributed waiting time — application of the general
results

We begin this section by examining how the coupon collector’s problem defined in the
introduction fits in the framework of the previous section. The equality in distribution in
(1.1) can be reformulated for W, ., := Wy, ,, — (n —m) as

n

/_W/n,mg Z )’Zn,ia (58)

i=m-+1
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where the )?m, 1 =m+1,...,n,random variables are independent, and )Z'm—i—l has geometric
distributions with success probability i/n, i € {m + 1,...,n}, n € N. The triangular array
{)Afn,mﬂ, . ,)Afn,n}neN satisfies the conditions of Theorem 5.1.1: the variables of the array
are infinitesimal, i.e. they satisfy condition (5.3): for any 0 < e < 1

m+1<i<n m+1<i<n m+1<i<n N, n

- B . B 1
max P(X,;>¢)=|1— min P(X,; :O)} = [1 — min i] — n—m+l -0,

by (5.2); and according to (5.9) and (5.10) in the proposition below, they also satisfy con-
ditions (5.4) and (5.5).

Proposition 5.2.1 If {m = m(n)}.en is a sequence of integers that satisfies (5.2), then

A= ug = > (1 - %) — A, and (5.9)

i=m+1

" 1\’ 20\ 7
e (1—3> <A, (—) . and My — 0, j=2.3,... (5.10)

. n n
i=m-+1

Proof. (5.9) is true, because

A — Z”: (1_1'):n_m_l{n(nle)_m(m—l—l) _(-mn—m-1)

‘ n n 2 2 2n
i=m-+1

by (5.2). By taking the square root of both sides of the equality above it can be deduced
that

n—m—1
—— <2\, 5.11
< (5.11)
Now we prove the first assertion of (5.10) by induction. For an arbitrary j = 2,3,... we

bound A, ; as follows:

- iV o n—m-1 & i\ n—m—1
Mg = D (17) < X (1‘;) = A

i=m-+1 i=m-+1

Since for j = 2 this gives A, 2 < A\,y/22 by (5.11), we have the first part of (5.10) in this
case. If we have the same result for some j > 2, then it holds true for j + 1 as well by the

argument above, (5.11) and the inductional hypothesis. Since A, — A by (5.9), the second
part of (5.10) follows from the first. B

Thus we see that the limit theorem proved by Baum and Billingsley [8] concerning
the coupon collector’s problem is a special case of the Gnedeno-Kolmogorov theorem. If we
apply the results of the previous section to W, ,,,, we obtain the following.
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Corollary 5.2.1 If {m = m(n)}nen s a sequence of integers that satisfies (5.2), then the
error of the approzimation of the coupon collector’s W, ,, waiting time with the Poisson

random variable Ny,, that has mean A, = ET.L (1—21), is of order > (1 — %)2 In

i=m+1
fact, for all n such that ming, ;1<i<y = > 3 L

: ( 11 %) S (1 - %)2 < dry (D(Wan), D(Ny,)) < 2 _Z (1 - %)2

i=m+1 i=m-+1

Corollary 5.2.2 For the rate of convergence in the Poisson limit theorem concerning the
coupon collector’s problem we have the upper bound

dpy (D(Wm), D(Ny)) <2Z (1——)2

i=m+1

5 (1-2)

i=m+1

5.3 Coupon collecting with an approximately Poisson
distributed waiting time — combinatorial approach

Now we undertake a combinatorial approach to the coupon collector’s problem, which will
yield us a stronger result than the one of Corollary 5.2.1. Namely, we shall derive the first
asymptotic correction of the P(W,,,, = k), k = 0,1,..., probabilities to the corresponding
Poisson point probabilities. We state the result in the following theorem. We note that in
principal the method presented in the proof can be extended to determine higher order terms
in the asymptotic expansion.

Theorem 5.3.1 If {m = m(n)}.en is a sequence of nonnegative integers that satisfies (5.2)
and N\, and A\, 2 are defined as in (5.9) and (5.10), then

n
. AR A2 AR A 1
P(Wy,m=k)=e it e n____Zn) Zn2 - k>2
(W, )= ((k:—Q)! k!) 2 O(n)’



We note that A\, o = (2;)\’\1/);/2 + O(%) Indeed,

2 [n(n—i— 1) m(m+ 1)] N 1 {n(n—i— 1)2(2n+ 1)  m(m+ 1;(2m+ 1)}

2 2 n2

—<2§%/z+(<n‘m><"—m‘” nem g - Vi) ),
_ (n=m)(n=m=1)

where we used the fact that \, = , which we calculated in the proof of Propo-
sition 5.2.1, and the second term in the formula above is O (1) by (5.2).

Proof of Theorem 5.3.1. We are going to represent each possible outcome of the collector’s
sampling with a sequence of integers the following way: let us suppose that while sampling
(with replacement), the collector labels the distinct coupons he draws form 1 to n—m in the
order he obtains them in the course of time, and after each draw he writes down the label
of the coupon just drawn. So he begins the enumeration of labels with a 1 after the first
draw, and each number that he writes to the end of his list after a draw is either the label
already on the coupon he just got (if he had drawn the same one before), or it is the label he
gives the coupon at that moment, which would be the smallest positive integer he has not
yet used in the process of sampling and labeling. In the first case we call the new member
of the sequence "superfluous", while in the second case we call it a "first appearance".

We fix an arbitrary k& € N, and we suppose that n so big that n —m > k holds.
Now W, ,, = k means that the collector had k "superfluous" draws, thus the corresponding
representing sequence contains n — m "first appearances" and k "superfluous" members.
We categorize all such outcomes according to how the k "superfluous" draws are split into
blocks by the n — m "first appearances" in the representing sequences to each vector k =
(km+1, kmaoy -« kno1), where k; € Z, i =m+1,.. —1, and El 41 ki = k, correspond
the sequences where there are k,_; "superfluous" members between the 1st and 2nd "first
appearances", k, s "superfluous" members between the 2nd and 3rd "first appearances",
and so on, k.1 "superfluous" members between the (n — m — 1)th and (n — m)th "first
appearances". (This is the same as saying that X, = ki, for all i = m +1,...,n.) The
probability of getting such a sequence is

n(y n—1\""n-1 ] n—2\"? ] m+ 1\ m 41
n n n n n n

n Z n—1 < Z)kl
= - 1——) .

P(Wym = k) = ( 11 )Z H <1——>k (5.12)

i=m-+1 kel i=m+1

It follows that
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where

n—1
I, = {EEZT’"_I: Z k:z-:k:}.

i=m-+1

Now we are going to examine the sum in (5.12) above, which we denote by S, ;1 = Sk.
For k = 0 it is an empty sum, and thus it equals 1 by definition. Now let us suppose that
k > 2, we are going to return to the cases k = 0 and 1 later on. For an arbitrary such £ we
see that

I, = Ulelkyl, where I, = {k € I; : k has exactly [ nonzero components},/ =1,... k,

and we correspondingly define Sy; to be the part of S; that contains the summands over
k € I, thus we have

n—1 N T n—1 N T k
S, = (1 _ 1) — (1 _ 1) =3 S 5.13
Igl:kizlnll " lzzl:e ol izln_l[+1 n lzzl: | )

To determine the limit of S, we examine the asymptotic behavior of the Sy ; expressions
separately. We fix an arbitrary [ = 1,...,k, and with |A| denoting the cardinality of an
arbitrary set A, we now calculate |I;|. We can think of the vectors in I as the results of
distributing k£ 1-s in n — m — 1 spaces in all possible ways: to each of these distributions
correspond a vector in I, whose ith component is the number of 1-s put in the ith space,
t=m+1,...,n. To produce a vector in I;; we first choose [ different spaces, and we put
a 1 in each of them, then we distribute the remaining & — [ 1-s in these previously chosen [
spaces that already have a 1, but this time any such space can be chosen more than once.

This gives
n—m-—1\/k—1
= (Y (),

We obviously bound Sy ; from above if we replace each of the factors in its products by the
largest one of them, namely by 1 — mTH This together with the just calculated formula gives

e (T ) s () ()

Hence by (5.11) we have

< BoDE et (LN is < Klmin {1, (20,)"} ( — . (5.14)
=gV U Lok = RIS AT\ Un '
for any I’ € {1,..., k}. We see from the first inequality that Si; goestoOfor i =1,... k—1,
but it gives a constant upper bound for [ = k. We are going to examine the latter case more
carefully. Notice that the components of a vector in I; are all 0-s and 1-s, thus for any

kel km+1!kmi2!...kn_1! = 1. Using this and the decomposition of the index set [, = Ulelm
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we obtain

n—1 -\ ki
)
1— = —

Ok = k'zkm+1'km+z T .H1< n)
k—1 n—1 N ks
1 7\
- Zk: | knl;H(l—g)'

= Iy,

m+1!km+2. DR —1- Z:m_l’_l

The first term of Sy, is equal to % [Z" (1 — %)] g by the polynomial theorem, thus we

1=m+1
have
n—1 i ki
Z Z 1—— . (5.15)
o . I (1-3)
I=1 kely, Fims1! km” - Fnal i=m+1 n
It follows that lim,, .o Sk = k, , because we have (5.9), and the sum above can be bounded

by Z;:ll Sk.i, which goes to 0 by (5.14). Thus putting together our results for the expressions
Sk, in (5.13), we conclude that the part of S, that counts — in the sense that it asymptotically
contributes a positive constant to Sy —, is Sk, which is the part of the sum in the defining
formula of S} that corresponds to the 0 - 1 vectors of the I, index set.

If we write (5.15) into (5.13), we obtain the following formula for S:

Ak k—1
Se=7+ > R, (5.16)
) =1

where

3 1 N
Ry, < kmat1'kmao! ... kn_1!> H < n>

EEI}CJ i=m-+1

Our aim is to determine the first order term of the error when we approximate S, by ’\k—%‘
Since Ry; < Sk foreach ! =1,...,k—1, and for the latter expressions we have the bounds
of (5.14), we see that Zé:ll Ry, =0 <\/Lﬁ>’ and the same, but more detailed argument also

gives
k—2 k—2 1
Ri, <Y S < Eklmin{1,(2),)F} =. 5.17
; k,z_; ke < klmin {1, ( )}n (5.17)

k

Thus the leading term of the error ‘Sk — ),‘C—’,L
Ry p—1.

Before examining Ry, ;1 we introduce some notations for further use. As an analogue of
the set I, ; we define I;,_o; to be the set of vectors k € Z,™™" ! such that ZZ i ki =k —2
and k has exactly [ nonzero components, [ = 1,. k: — 2. Also, as an analogue of the
expressions Sy ; and Sy we define Si_o; and Si_o by the formulas in (5.13) with k replaced
by k£ — 2. Finally we introduce

is of order \/Lﬁ, and it comes from the term

]Ing,k—2 ={k€ 9k 2:k=0}, j=m+1,....n
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We now return to Ry, ;. The corresponding index set I, ,_; contains vectors that have
exactly one component equal to 2, £ — 2 components equal to 1, and the rest 0. Thus we

have
po 1 n ) i\
wa=y X I (1-7)

kel g1 i=m+1

We can write Ry ,_q in another form, if we first sum according to the component of the
vectors in [ ;1 which equals 2:

SO ()

j=m+1 kel k o z m+1
n . 2 n—1 . k;
1 ¥ 1\
=5 1- < > || 1—— - > [T (1--
j=m+1 kel _o 2 i=m+1 Eelk72,k72\li,2k,2 i=m+1

We recognize Sj_2 2 in the first sum in the brackets, thus we can replace it by the formula
in (5.15) with £ — 2 in the place of k. As for the second sum in the brackets, we see that
k; = 1, so there is a 1 — % factor in each of the products, which we can bring before the
brackets. These considerations lead to

_1 n ] 2 /\k72
i = <1 =T

j=m+1 (
1 j 2 k-3 . i .
_ J o
> ' II( )
2 j=m+1 < n> I=1 kel,_ Eppi! k:m+2 k! AL -
1 j n—1 Z ks
_ J i
2, 00) ()
j=m+1 n kel o5 z\Ik 2. k2 i=m+1,i#] n
1 " ] 2 /\ku
B ') G - B 5.18
2 j=m+1 ( n) (k—2)! kk—1 kek—1 (5.18)

Now we bound the last two expressions. First,

1 & 2k A2 (k — 2)'min {1, (2)\,)F2) 1
0< Rilv,kﬂ < 3 E (1 - —) E Sk—2; < ( ) \/5{ (2X.) }E (5.19)
j=m+1

by (5.10) and the second inequality in (5.14) with k replaced by k — 2. Next,

n—-m-1 <« i\’ ok=2)\k |
<R, <" 1—< Cohn < n 5.2
0 Fyjr < 2n j:Xm;-I ( n> Sk2k-2 < (k—2)!n (5:20)

by (5.11), (5.10) and the first inequality in (5.14) with k replaced by k — 2 and [ = k — 2.
We conclude that if we write (5.18) into (5.16), we obtain

)\k 1 <& i\2 \k-2 , ) k-2
Sk - k' + (1 - E) m + Rk,k—l + Rk,k—l + ; RkJ,

i=m+1
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where Ry, + R}, YV R =0 (1) by (5.19), (5.20), (5.17) and the fact that A, — A

by (5.9). Thus
Ak 1 & AP 1
Sp = 1—— L . - 21
w2 (100) a o) 521
i=m-+1

Now we return to (5.12), and approximate the product [ .., * in it by e *». Using
the definition of A, in (5.9) and the expansion formula of the logarlthm function the error
of the approximation can be written in the form

e —ili[H% :exp{—iiﬂ (1 i)} — exp {iiﬂlog {1 — (1 — %)H
—e M (1 — exp {_Z%A’”})
ol Einegi)

where the expressions A, ; are defined as in (5.10). Thus we have

— ¢ (% > (1——) +Zj)\m

i=m+1

n . n . 2
-\ 1 —\ ]. 1
n_ Toemo N (12 R, 5.22
’ il;J-;-l n ’ 2 ( n) ! ( )

i=m-+1

where

R, =e (Z lAM
=3 7

exp{ i }—1+Z AMD,

:2

and we are going to show that R, = O (%)

We are going to bound the sum in the exponent in R,. Since A\, — A by (5.9), there

exists a threshold number ng such that for all n > ny we have 4/ % < % This with inequality
(5.10) yields

Simen (3) 7B 3) TR0 ()

J ]O J=Jo J=Jo
(5.23)

for all n > ng. Let us suppose that n satisfies this condition from now on.

NOW we bound |R,|. First we apply the triangle inequality, then the inequality |e™* —
l+z| <% Vahd for all positive real z with x = Z;iz %)‘w’ , and finally use inequality (5.23)
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with jo = 2 and 3. Thus we obtain

|R,| < e

)

exp{ i }—1+Z “ A

:2

:3

3

4)\2 1 2\, 1
<e M <2)\ y— ) =e AN (N, + 1)~
n 2 n n

Recalling (5.22) we see that we proved

n . n N 2
Y i a1 i 1
n o __ — — n__ 1 — = O — . 524
) H n e 2i:zrn;A( n) ! (n) | )

i=m+1

Finally, recalling (5.12) we have
for k=0,

for k=1, and

n

~ i =i
P = = — = —An —_ —An — —
(Whm = k) ( 11 n) Sy = e S}, (e | 11 — | St
i=m-+1 i=m+1
for k > 2. We obtain the first assertion of Theorem 5.3.1 if we write (5.21) and (5.24) into
these expressions. The second assertion follows from the first and (5.9). B

5.4 Poisson approximation — matching the means

As mentioned at the beginning of this chapter, we shall now approximate the coupon col-
lector’s shifted waiting time W,, ,,, with another Poisson law, namely with the one that has
the same mean as Wn’m. One can easily calculate that in the range of parameters n and m
for which the Poisson limit theorem of Section 1.2. holds true, the error order of this new
approximation, given in the theorem below, is 1/n, which is clearly better than the error
order 1/y/n given by Corollary 5.2.1 or Theorem 5.3.1 for the same case. As we shall see,
the proof of Theorem 5.4.1 is based on Stein’s method, and heavily uses the fact that the
means of the compared probability measures coincide. We note that the argument presented
in the proof of Theorem 5.1.2 would not work here.
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Theorem 5.4.1 For the coupon collector’s shifted waiting time an with A, = Ean =
50 s (2= 1), we have

dTV(ID(Wn,m)aPO(A%)) <8 (1 A \/ ei/ ) zn: (n Z_ 7;)3‘ (5.25)

Proof. Recalling Section 2.3, we apply the Stein-Chen method for Poisson approximation.
By (2.15), we get the following formula:

—~

drv (D(Wim), Po(N) = sup [BIN, fa(Wom + 1) = Wi fa(Wam) H, (5.26)

ACZ+

where f4 is the solution to the Stein equation (2.13), and by (2.14), we know that

2
sup | fa(k)] < 1A

sup e (5.27)

Recalling the distributional equalities in (1.1) and (5.8), we introduce
Wy =Wom—X,;, i€{m+1,...,n}
and
Wy =Wam—X,;, i€{m+1,... ,n}

Taking an arbitrary A C Z., the two terms on the right hand side of (5.26) can be written
in the form

B {X.fa (W + 1)} = EWo) B { fa (W + 1)}

n

= Y BB {fa(Won+1)}

1=m+1
n

= Y SRS = HE {4+ 1))

i=m+1 k=1

by (5.8), and

n

E{WonfaWor)} = 32 BL{Z (W)}

1=m+1

_ i iE {ka('W;m FR)X = k} P(X, = k)

im+1k 1

= YRR = MBI, 1),

i=m-+1 k=1
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where we used (5.8) again and the independence of X; and Wflm Putting these together,
we get

E{)‘/fA( nm+1) NnmfA( nm)}:

S S PR = DB fa(Ta + 1) = £, 4 )}

i=m+1 k=1

=Y SRR = DB { £+ X) — (T 0
i=m+1 k=1

= > Y kP(Xi=k) (ZE {FAOVE 0+ 1) = FalWi + R)IX: = 1) P(X: = z>)
i=m+1 k=1 =1

= Y Y AP = ko DP(X = DE{ £ D)~ T+ 1))

zm—l—lkl;l

where at the last step we used the independence again. Thus by (5.27)

|E{X\, fa( nm—|—1) nmfA( nm)}‘<

<3 SR =k PO = DB +1) — £a(T 4 b))}

zm+1k1§1
<2< 1/ ) Z ZZkP +1DP(X; =1).
” zm+1k111

Since this inequality holds for each A C Z., it yields the same upper bound for the supremum
of the expectations on left hand side taken over the set of functions f4, A C Z,, so by (5.26),
we have

dpv (D(Wom), Po(X))) <2< ‘/ex) Z ZZkP i=k+1D)P(X; =1). (5.28)

zm—&-lklfl

Keeping in mind the infinite series’ sums 3777, 2/7'(1 —z) = 1, 372, j2’! = %5

and » 77, ja¥ ! = for any 0 < & < 1, we start the calculation of the expression

EEmE e
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i (2n—i)2
_ (n—19)(4n® — dni 4 7* — na)
i(2n — i)

C(n—i?Mdn—d)  (n—i\’ @@n—1i)

o di@2n -0\ i (2n —14)2(n — i)’
Now for an arbitrary ¢ € [m+1,...,n] the sequence (2;2_(14)% can be bounded from above
by 4. If we use this bound for the triple sum in (5.28), we obtain the theorem. H
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Chapter 6

Compound Poisson approximation

According to our goals set out in the introduction, in this chapter we approximate the
distribution of the appropriately centered coupon collector’s waiting time with a compound
Poisson measure 7, , defined at the end of Section 1.3. Based on the distributional equality in
(5.8), we shall apply general results of translated compound Poisson approximation of sums
of independent integer valued random variables, which has been studied in a series of papers.
Using Stein’s method, [7] and [2] give bounds for the errors of such approximations in total
variation distance. Their upper bounds are expressed with the help of the first three moments
of the summands X7, X, ..., X, and the critical ingredient drv (D (W,,),D (W,, + 1)), where
W, = Z?:l X;.

The expression dry (D (W,,),D (W,, + 1)) is usually bounded by the Mineka coupling
introduced in Section 2.4, which typically yields a bound of order 1/y/n. If the X;’s are
roughly similar in magnitude, this is comparable with the order O(1/y/VarW,,) expected
for the error in the central limit theorem. However, if the distributions of the X, become
progressively more spread out as j increases, then VarW,, may grow faster than n, and then
1/4/n is bigger than the ideal order O(1/v/VarW,,). In fact, this is the situation in the case
when we chose W,, to be the coupon collector’s waiting time.

In the first part of this chapter we shall introduce a new coupling which allows us to im-
prove the bounds obtained by the Mineka coupling in such cases. Then, in the second part of
the chapter, with the help of this new coupling, we shall prove dry (D (W), D (Wym + 1))
=0 (1 /\/ Vaerm), and therefore that a translated compound Poisson approximation to
the collector’s waiting time W), ,,, with ideal error rate, can be obtained in all ranges of n
and m in which a central or Poisson limit theorem can be proved.

6.1 An extension of Mineka’s coupling inequality

We saw in (2.18) that if V, is a sum of iid discrete uniform random variables on the finite
interval {1,2,...,2l — 1,2} for some [ > 1 integer, then

drv(D(V;), D(V: +1)) <

_Ey

where 1/y/r > 1/(I\/r) = 1/y/VarV,. However, in the following lemma we show that
drv(D(V,),D(V, + 1)) = 1/+/VarV, can be established, if we use a new coupling instead of
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Mineka’s coupling.

Lemma 6.1.1 Let Uy, Us,,...,U., r > 2, be independent identically distributed random vari-
ables with discrete uniform distribution on {1,2,...,2l — 1,2l} for some integer | > 1. If
V=251 Uj, then

1
drv(D(V,),D(V,+1)) < —.
v(D(V;), D(V: + 1)) NG
Proof. We construct a coupling of (V,,V,. + 1). Let U; be an arbitrary random variable of
uniform distribution on {1,2,...,2(}. f U; € {1,2,...,2] — 1}, then define

U =U;+1 and U]’-:Uj,2§j§r,
where Uy, ..., U, are independent; while if U; = 2[, then put
Uy=1 and U;j=U;+1l;, U=U+Il(1-1), 2<j<nr,

where ﬁj has uniform distribution on {1,...,l}, I; takes on the values 0 and 1, each with
probability 1/2, and Uj;, I;, 2 < j < r, are independent, also of U;.
Introducing Vi := 37, U;j and V] := 77 U}, s € {1,...,7}, we see that

B , [ o, if U, € {1,2,...,20 — 1}
Sy = Vet 1) =V = { 2+ 50, (U; ~ UY), iUy = 2,
where U U — [,  with probability 1/2,
J 37| —I, with probability 1/2.

Thus if Uy = 21, (S,),_; can be regarded as a symmetric random walk that starts from 2/ in
time step one, and then at each subsequent time step increases or decreases by [. Define T'
to be the first time the random walk hits 0, that is

T::inf{s22:Sszo}:inf{sz2:Z(Uj—UJ’-):—21}.
j=2
By the reflection principle and symmetry,

P(T>rlU;=20)=1—-P(T <r|U; =2l)

—1-P(S, = 0|U; = 21) — 2P (S, < 0|U; = 21)
—1-P (S, =0|U;, = 21) — P (S, < 0|U; = 21) — P (S, > 4I|U; = 21)

4
=> P(S, =kl|U; =2I) < 2max P (S, = Kl|Uy = 21),
S

k=1

and by Lemma 4.7 of Barbour and Xia [7], we have

1 1
= = < —
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thus

P(T > r|U, = 20) < . (6.1)

|8

Now for j,s € {1,...,r} put

U, if1<j<T >
U// - VK = = 4 V” L E :U//
j'_{Uj,j>T, and 5'_'1 i
]:

Of course (V)i
coupling of (V;., V,. 4+ 1), therefore

1 (V)r_y and (V/)._, all have the same distribution, thus (V", V. +1) is a

s=1

drv(V, Vi + 1) <PV, +1#£ V") =P(T > r)

by the coupling inequality. Since

‘ .

<

by (6.1), the proof is complete. B

Now we show how the result of Lemma 6.1.1 concerning sums of iid uniform random
variables can be used to obtain similar results for sums of arbitrary integer valued random
variables. The idea is to embed the uniform random variables in the ones we want to prove
the result for.

Proposition 6.1.1 If X1, Xy, ..., X,,, n > 2, are independent integer valued random vari-
ables and W = 37| X, then

L s,
Iv/nlp — nlp’

where | € {2,4,6,...} and p < min{P(X; = k) : k=1,...,1,7 =1,...,n} are arbitrary
and d,, = drv(D(X,),D(X,, + 1)).

dry(D(W), D(W +1)) <

Proof. We write each of the variables X,..., X, in the form
Xj:]jUj+(1—Ij>Rj jzl,...,n, (62)

where I;, U; and R;, j = 1,...,n, are all independent random variables defined on a com-
mon probability space, and for each j = 1,...,n: U; has discrete uniform distribution on

{1,2,...,1} for some even integer [; I; is a Bernoulli random variable with parameter Ip,
where p <min{P(X; =k) : k=1,...,l,7=1,...,n} is fixed; and

PR 1 <k<l
T otherwise,



Since D(X;|I; = 1) = D(U;) and D(X;|I; = 0) = D(R;), for any dy,...,0,-1 € {0,1}
and pi1,...,pn_1 € Z we have

n—1
D (ij\fj =06, Rj =pj,j = 1,...,n—1) =D(V, + p),
j=1

where r = Z?;l 0;, Vi = Z;Zl U;, where the U} are independent copies of Uj, and are

independent of everything else, and p = Z;:ll (1—6)p;.

Now we apply the inequality
drv(D(21), D(%,)) < E{drv(D(Z1]Z5), D(Z2]23)) } (6.3)

true for any random elements Z;, Z5 and Z3 defined on the same probability space. We
obtain

drv(D(W),D(W +1)) <

SE{dTV(D<ZXj|Ij,Rj,j: 1,...,n—1>,D<2Xj+1|fj,3j,j: 1,...,n—1)>}
j=1

j=1

=E{dw(DVr+ X, + R|T,R),D(Vr + X,, + R+ 1|T, R))},

where T = 27;11 I; and R = Z?;ll(l — I;)R; are independent of (U7, j > 1) and of X,.
Hence

drv(D(W),D(W +1)) < E{drv(D(Vr + X,|T),D(Vr + X,, + 1|T))}, (6.4)

since total variation distance is invariant under translation.

Now, since T', X,, and (U}, j > 1) are independent, we have

doy(D(Vi + X, |T = 1), D(Vp + X, + 1|T = 1))
< min{drv(D(V;), D(V; + 1)), drv(D(X,), D(X, + 1))},

and Lemma 6.1.1 provides the bound

Wt

5 .
drv(D(Ve), D(Vi +1)) < f(1) == { 1 ii i z 8’

Writing d,, = dry(D(X,,), D(X,, + 1)) we thus obtain from (6.4) that

drv (D(W), D(W + 1)) < E{drv(D (Vi + X,|T), D(Vir + X, + 1|T))}
< E{min [f(T); dn]}

<E i‘TzE p(r>20) Lap(r<EL
INT 2 2 2

SﬂernP <T<E).
IVET 2
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Since T has distribution Bin(n—1,1p), ET = (n—1)Ip > 3nlp, and by Chebishev’s inequality

ET ET\ _ 4VarT 4
P(T<7>§P(|T—ET|>—>< ar’ _ <8

2 )7 (ET)? — (n—1)lp ~— nlp
thus
Aoy (DOW), DV + 1)) < — 4 5 (6.5)
w ’ ~ Inlp nlp’ '
|

Remark 6.1.1 Since total variation distance is invariant under translation, there is no loss
of generality in supposing that the l-intervals begin at 1.

Remark 6.1.2 The choice of (p,l) depends very much on the problem.

The constants in the upper bound of Proposition 6.1.1 can be improved by refining
the method proposed in the proof. One could embed not one, but many uniform random
variables in the Xj-s by splitting the whole line into the I-blocks ({(m — 1),...,ml})mez
and defining a uniform variable corresponding to each block. Thus one could use potential

overlaps from the whole distribution and not just the interval {1,...,l}, when bounding
dpy(D(W), D(W +1)).
More precisely, each X;, j =1,...,n, can be given in the form

Xj = LoR; + Y Li(Usi + (i = 1)1),
=1

where all random variables in the decompositions are defined on a common probability space,
and for each j = 1,...,n the following hold true: Uj; has discrete uniform distribution
on {1,...,l}, i = 1,2,..., for some fixed even integer I; I ~ Bernoulli(1— ">, Ip;),
I;; ~ Bernoulli(lp;), where p; < min{P(X; = k) : k = (i — 1)l,...,il,j = 1,...,n} is
fixed, i = 1,2,..., and these Bernoulli variables depend on each other in a way that for
each outcome exactly one of them is 1 and the rest are 0; all the other variables in the
decompositions are independent of each other and of the I;;-s; and R; is defined to make
the distribution of the decomposition equal the distribution of Xj;.

Then, to bound drv(D(W),D(W + 1)) we would use (6.3), conditioning on all the
I;;-s and Rj-s, which would give us (6.4) with 7' = Z;:ll o1 L. In this case ET =
(n—=1)1>"7  piand VarT = (n — 1)l (3.2, pi) (1 — 1> .2, pi), hence we would obtain (6.5)
with p replaced by >"°, p;.

73



6.2 Compound Poisson approximation in the range of
the central and Poisson limit theorems

We return to the coupon collector’s problem. Taking advantage of the decomposition in
(5.8), we apply a theorem of Barbour and Xia [7] on translated compound Poisson ap-
proximation in total variation distance to the distributions of sums of independent inte-
ger valued random variables. One of the elements in their approximation error is (almost)
drv(DWym), D(Wym + 1)), to bound which we invoke our proposition of the previous
section. Recalling that in Section 1.3, for p,a > 0, we defined the compound Poisson dis-
tribution 7, , to be the distribution of Z; 4+ 2Z,, where Z; ~ Po(u) and Zy ~ Po(a/2) are
independent, we have the following result:

Theorem 6.2.1 For any fited n > 2 and 2 < m <n — 4, if

H= UT2L - 2<O-'I?L - ,Um>7
a= (02— pu,) and (6.6)
c= L 721 MHL

where (x) and |x]| denote the fractional and integer part of x respectively, then there exists
a positive constant C' such that

dry (D (Wm + ) ,Wﬂ’a) < ¢ < 00— 0_2 (n—m)] + (n ;WT)Q) : (6.7)

On

Remark 6.2.1 We recall one of the Baum—DBillingsley theorems from Section 1.2: if m =
m € {0,1,...,n— 1} is an integer that depends on n in such a way that

n—m
vn

then Wn,m = Wam—EW, ) /\/VarW,, ,, has asymptotically standard normal distribution.
This limit theorem was refined in Chapter j by showing that

m— oo and

_ n 1
dgx (D (Wm),N C——,
< (D (W) NOD) <2 L
where C' = 9.257. One can deduce that the same or better order of approximation is obtained
i the discrete approrimation given in our theorem, than with normal approximation, and
now with the error measured with respect to the much stronger total variation distance.

Remark 6.2.2 Note that, with these parameters, m,, has mean pu+ a = 02 — (02 — fi,) =

n + ¢ and variance p + 2a = o>.
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Remark 6.2.3 We can express the bound of Theorem 6.2.1 more intuitively with the help of
the asymptotic formulae given by Baum and Billingsley in [8] for the variance of the waiting
time: if n — oo, then

2
%—>O, = UTQLNH—
m 2
2 —cce(0,1) = o, ~nn, ]
m_)17 :> O‘%Nl@,

n

where v = (1 — ¢+ clogc)/c. In the latter case we distinguish two subcases: the case when
liminf,, ;oo (02 — pin — (R —m)] > 1 and when limsup,, ,, . 02 — pn — (n —m)| < 1.
We shall refer to the four categories above as "small", "medium”, "large" and "very large”

m. By these formulae, (6.7) is equivalent to

(
(@) ﬁ) ,in the "small” m case;
1 ; " ; " .
doy (D <Wn,m +C>77Tu,a> _ O Tn)s the "medium”" m case, (6.8)
@) \/Lﬁ , in the "large" m case;
\ O(ZQ/ZL) , in the "very large” m case.

Proof of Theorem 6.2.1. We apply Theorem 4.3 in |7|, which states that if Z;, j = 1,...,r,
are independent integer valued random variables with E|Z;|* < oo, W = 25:1 Zj, and we

define
1, if W 4 ¢ > 0 almost surely;

ee(W) = { 0, otherwise;
vy = E|Z;(Z; = 1)(Z; = 2)| + [EZ;|E|Z;(Z; — 1)| + 2E| Z||Var Z; — EZj],
= e

then with p = VarWW — 2(VarWW — EW), a = (VarW — EW) and ¢ = |VarW — EW |,

{dTV(D(m),D(m + 1))}, where W, := W — Z,,

2e, (W) + 2 (\ [VarlV — EW||+ 7, zpj) d,
VarW ’

drv (D (W +¢) ,%) < (6.9)
We apply this theorem with Z; = X; — 1, j € {m +1,...,n}, for the X; given in (5.8), in
order to approximate the coupon collector’s shifted waiting time W, ,, := z;l:m X =1,
and then show that the upper bound in (6.9) is not greater than the right hand side of
(6.7). Then, since the two measures compared in (6.9) are the same for W = W, ,,, and
W = Wym = Wy +n —m, the theorem for W, ,,, follows immediately.

To do so, for given n > 2,2<m <n-—4and j € {m+1,...,n}, we bound ¢; and
dy as defined above.

For X, a random variable that has geometric distribution with parameter p, we have

1 2— >—6p+6 1—
EX =-, EX?’= —ZP, EX3 = %, and VarX = 2p‘
p p p p
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Thus for Z = X — 1, one can easily calculate

v :=E|Z(Z - 1)(Z - 2)| + |[EZ|E|Z(Z — 1)| + 2E|Z||VarZ — EZ|

—B{X?—6X%+ 11X — 6} + E{X — 1}E{X? — 3X + 2} + 2E{X — 1}[VarX — EX + 1|
_ 10(1 —p)?
==

Y

3
so 1; = 10 (% — 1) . If we add the 1; together, we obtain

3 2

i ;= i Mgm(”_—m) i nn=J) _qpm=mP e g4

J nm

j=m+1 j=m-+1 (n)g j=m+1 J

Next, we notice that ec(/vam) = 0 almost surely. Indeed, 0 < Ui—Eanm < 02, because
for each X; geometric random variable of parameter j/n we have VarX; — E(X; — 1) =

2
1—j/n 1-j5/n )
(55) < G = Varx;,

Now combining the bound in (6.10) with inequality (6.9) applied to the Wnym waiting
time, we obtain

v (D( Wi + ), 77 ) < 20 (LU’% “m—n=m)] | (0= m)2> dy, (6.11)

2
oz nm

where ¢, fi and @ are defined by the formulae in (6.6) with W, ,, replaced with an
Before turning to the approximation of d, we bound 2. We see that

n

9 " on—j n , n(n—m)(n—m—1
2=n Y jQJS( . S () = ( )( ).

2
j=m+1 m+ 1 Jj=m+1 2(m + 1)
also,
5 " on—j "1 nin —m—1)
- D) cntn—m—1) | —de<™TTT
o nZ 7 <n(n—m )/mex_ - ,
Jj=m+1
thus .
2 <p(n—m—1)mind — = 6.12
o. <n(n—m )m1n{2<m+1)2>m (6.12)

Now for d,, by an inequality of Mattner and Roos [21] we have

dry(D(W;), D(Wi +1)) < \/g < i [1 = drv(D(X;), D(X; + 1))]) ,

j=mALj#

N|=

and since dpy(D(X;), D(X; + 1)) is equal to

N | —

S P(X, = k)~ P(X, =k~ 1)| =

DO | —

G E0D) 4 o
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we obtain

d+§\/§< i <1_%> _mf%‘%%n(l_%))_:\/g\/(n_m_\f(n_m_z)'

j=m+1
It follows from this and (6.12) that for any K > 0
2K 1 L. N

Putting this bound into (6.11) gives a result which, when compared to (6.7), has an extra
factor K > n/m. Thus it is of inferior order if m < n. To prove the theorem for such values
of m, we need to use our proposition to bound d, .

Let us assume that 2 < m < 7. If we apply the Proposition to the random variables
{Xj,j=m+1,....2m,j #i}, i€ {m+1,...,2m} fixed, with

l
e if [2] is even, [y _2m\ m
l‘{ )1t [l odd, M P!

Y

n/) n
we obtain
S - 2 8d
dTV{D< > )@),D( > Xj+1>}S + . (6.15)
J=mA1,5#4 j=m41,5%0 ! (m - 1)lp (m - 1)lp
where
g drv{D(Xop), D(Xom + 1)} = 22, if i # 2m,
~ | dov {D(Xom-1), D(Xom—1 + 1)} = 221, if i = 2m
by (6.13). For any i € {m + 1,...,2m} we have
2
A< and 1> 2
n 2m

since |z] — 1> Z,if z > 2, and

because (1 —z)7 decreases as z increases in (0,1), and its limit at 0 is ¢ 2. Now putting the
bounds above together in (6.15) yields

2m 2m
dy = d D X;|.,D X, +1
+ z‘e{mrflé}.}.{@m} v { < Z J) ’ ( Z it > }

g=m+1,j#i J=m+1,j#i

m m vm 1 vm
< 8V2e—— 4+ 3282 ———— < 16e~— + 64e® = < (16e + 64e?)¥Y—,
< 8v/2e —m—1n+ e(m—l)n_ en+ en_(e—I— e)n

where the last two inequalities hold for m > 2. By (6.12), \/Tm < Ul thus we have

1
d, < (16e + 64e?)—, if2<m< g
On
This and (6.14) with K = 2 substituted into (6.11) yield the theorem. W
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Chapter 7

Poisson—Charlier expansions

In the final chapter of the thesis we approximate the coupon collector’s shifted waiting time
Wim = Wam — (n —m) with Poisson—Charlier signed measures in total variation distance.
To do so, we shall apply a characteristic function technique proposed in [6]. Throughout
the chapter C' and C'r denote positive constants, not necessarily the same ones at different
occurrences, the first one is always a universal constant, while the latter one depends on R.

Let pp = D(Wy,m + ¢), where

¢ = [Vari T, — By ) = [02 — [ — (n - m))]| = { 3 (”;k)J .

k=m+1

Recalling the distributional equality (5.8), we see that since the characteristic function of
the geometric distribution with success probability p € (0,1) is e®/(1 — 1%D(eilt — 1)), the
Fourier—Stieltjes transform of y is

o(t): = / e du(x) = H (1 =y 1)e—it> oite

- k=m+1

— exp {— zn: log (1 - ”T_k(e“ - 1)) } exp {it L;l (n - k)QJ } . (7.)

k=m+1

Introducing the new variable w = w; = e — 1 and the sequences

- n—k\’ ,
A j o= Z ( - ), j=1,2 ..., (7.2)

k=m+1

we write ¢(t) in the form

é(t) = exp {—k:i?;llog (1 - "T_k(eit - 1)) } exp {it Lil (” - k)QJ }
~ exp {— S log (1 - ”%%) 4 Lans] log(1 +w)}.
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Assuming [t| < m/n, for any k =m+1,...,n — 1 we have

—k —k . —m—=1 . —m—1
B By = D et g < B T e g < BT T Ty <
k m-+1

k m+ 1
which together with |w| = |e* — 1] < |t| < 1 allows us to expand the logarithmic expressions
in ¢(t), therefore

o(t) = exp {i <am~ + (—1)"* Lan,2J>wTr} .t < %

r=1

We note that a,1 = p, — (n —m) and a,2 = 02 — [, — (n — m)], hence the line above can
be rewritten as

6(t) = x(t) exp{h(w)}, [t] < =, (7.3)

n
where

x(t) = exp {oa(e" — 1)} (7.4)
is the characteristic function of the Poisson distribution with parameter o2, and

T

pw) = ~(anz = Lana) Jw + (anz = Lanz J) 24 Z (0 + (=1 ana) ) = (75)

Now we fix an integer R > 3, and modify the function exp{h(w)} in (7.3) in two steps,
each time replacing a certain expression of the previous function with the first R terms of
its series expansion around 0:

exp{h(w)} =~ exp{hr(w)} ~ Hr(w), (7.6)

Hp(w) =Y ) (7.8)

We approximate the distribution u = D(Wn m + ¢) with vg, which we define to be the
finite signed measure on the nonnegative integers whose characteristic function is

Y(t) = x(t)Hg(e" — 1), te€R. (7.9)
Since Hg(e' — 1) is a polynomial of ¢ — 1 of the form Z anrm( —1)", where the ar,
coefficients all depend on n and m, it follows that v = vg(o2, a,(;zn, .. 5%Rm)) is a Poisson—

Charlier signed measure, which, according to (1.4), is defined by

vri{j} = Po(c?){j} (1—}—2 )yl C(, n)), JjEN, (7.10)

where C,.(j,02) denotes the r-th Charlier polynomial given in (1.5).
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Theorem 7.0.1 We assume a, 2 > 1. For an arbitrary integer R > 3 there exist threshold
numbers mg and ng depending on R such that if m > mpg and n > ng, then

1\" n
B — gk < Cr(——) . ifm<Z_1,
sup ufk) ~ ve(KH < Cr (=), i<

and

(Vi)
(n —m)fR-1’

if m >

SIE

sup [u{k} — vr{k}| < Cr
keZ

Before embarking on the proof of the theorem, we prove a sequence of propositions,
which we shall need later.

Proposition 7.0.1 Assumel <m<n—1andn—m > 2.

n 1 n? n?
Ifm<—=-1, th —— <oi<—. 7.11
<1 then o <oi<” (711)
IFm>2 Ln—m)® _ o _p—m) (7.12)
m > — en ——— <o )
— 2’ 24 n - - n
Proof. First we prove the upper bounds. Since the terms in the sum o2 Zk 1 L 22 k)

decrease as k increases, we have the bound

ang/ (n_xdx—n/—dx—n/ —dx:n<£—1—log£>.
x m m

Thus we see that %2 is always an upper bound for 2. However, if - < 2, one can apply the

(2-1)?
2

2
o2 <ni (”_m> <oln=mf
m n

inequality logz > o — 1 — with x = - to obtain

where at the last inequality we used the assumption m > 2.

The proof of the lower bounds is similar. Again, we use the fact that the terms in the

2y n(n—k)
sum o, =Y k2 ) decrease as k increases to obtain

032/ n(n—zx)dx:nQ/ —2dx—n/ —dx:n( n —1—logL).
m+1 m+1 L m+1 L m+1 m+1

Now if —%= > 2, then by the inequality 1 + logz < 1+1°g2x x> 2, with x =

_n
Mt

2 2 2
or>n L—1—logL > 1_1+10g2 n Zi i Zin_7
m 2 m+1 10m+1 7~ 20m
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where we also used m + 1 < 2m. If < 2, we can apply the inequality logz < (x — 1) —

mn 1
(z—1)2 (z—1)3 0< n ) . .
=+ 5=, 0<2r <2, and § — 1 <m <n— 1, which yield

9 n n n /5 1 n
op,>n|———-1-log—— ] >n -1 -~ — -
m+ 1 m+1 m+ 1 6 3m+1
1 (n—m—1\>_1(n-m—-12 1n-m)?/n-—m—-1\"_ 1 (n—m)?
> n(——M=) >= S >
6 m+ 1 6 n—m — 24 n

n 6 n

where at the last inequality we used the fact that the function (z — 1)/ is increasing in x
withz=n-m>2 1

Proposition 7.0.2 We fix an arbitrary integer R > 3, and define
1
to := —y/mRlog\/m. (7.13)
On

There exists a threshold number mg depending on R such that if m > mpg, then

1 2/3
togzﬂAm , ifmgg—l. (7.14)
n n

There exists a threshold number ng depending on R such that if n > ng and m is such that

1 1
VarmRYHoe v o (7.15)

then

. ifm> g (7.16)

Proof. First, if m < § — 1, then by (7.11) in Proposition 7.0.1,

Jml
ty < \/QOWRM. (7.17)

Thus we see that (7.14) holds true if m is greater than some threshold number depending
on R.
Next, if m > %, then by (7.12) of Proposition 7.0.1, we have

ty < \/24WR—W, (7.18)

where the bounding sequence is less than both n%/2/(n—m) for all large enough n, depending
on R, and since m > %, assumption (7.15) implies ¢y < }L% Therefore we also have (7.16).1
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Proposition 7.0.3 For a,» defined in (7.2) we have

(n—m—1)3 (n—m)3
s S < (7.19)
For a, ;, with j =2,3,..., also defined in (7.2) we have
ool n (n—m)i Tt n
Any; <2 o if m < 5 1, and a,; <2 oy , ifm > 5 1. (7.20)

Proof. Since a,=>",_ 41 (";—5)2, the first assertion follows from

1

(n—m)(n—m-131)(n—m-—1) _ i (n — k)?

3n? n?

(n—m—1)2

< Gpp < (n—m) L

k=m+1
For any j =2,3,...,

oz [ =) o= [ () () = () [ (Yo

m

The approximation applied at the second inequality in the display above is quite gross in
the case when m is close to n. In this case, with the help of Proposition 7.0.1, one is able to
prove the following better upper bound for a, ;: if m > 5 — 1, then

n

n—k\ _ (n—m-—1)y7"1 (n —m)it! (n—m)itt
= < , <2 , <2 . . i
n,j Z ( L ) = (m+1)i2n Tn = (m+1)2p2 = ni

k=m+1

Proof of Theorem 7.0.1. First of all we note that by (7.19), the assumption a,, > 1
implies (7.15) for all n that is greater than some threshold number depending on R. Let mp
and ngr be positive integers at least as big as the threshold numbers given by Proposition
7.0.2, and such that (7.15) holds true for all m > mpg and n > ng. We fix an integer R > 3,
as well as integers m > mpgr and n > ng.

We shall apply Theorem 2.2.1 with the measures i and vg and the constant ¢y given
above. Recalling the decompositions of the characteristic functions corresponding to p and vg
in (7.3) and (7.9), we now give upper bounds for the differences | exp{h(e®—1)} — Hg (e —1)|,
[t| < to, and |p(t) — (t)|, to < |t| < 7, that have the form required by the theorem.

We begin by bounding |exp{h(el’ — 1)} — Hg(e!* — 1)| when || < to. For an arbitrary
such t,

lexp{h(e — 1)} — Hp(e" — 1)| < Ay + Ay, (7.21)
where the As are the errors resulting from the approximations in (7.6).
Starting with A, the inequality

1
le*t —e?| < 5 (e'zl‘ +e|z2‘) |21 — 23|, 21,20 € C,
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yields

= Jexp{A(w)} — exp{ha(w)}] < 5 (4 o) (w) ~ ha(w).  (7.22)

From the definitions of h(w) in (7.5) and that of hr(w) in (7.7),

|w["

[w]? w
hr(w)| V [h(w)] < fw] + == +22 Qnr V n,2) —

If m < 4 — 1, then by (7.20) in Proposition 7.0.3, (@, V ap2) < QTm’i—r,l, r=2,3,..., which
implies

jw]?

nd |l w = /. n =3 9 32nd
16 (20 w]) < e+ Sl (7.23)

<
[hr(w)| V [h(w)] < fw] + = 3 2

At the last inequality we used |w| = [e — 1| < |¢f] <ty < 1™ guaranteed by (7.14). If
however m > 2, then == ”111 < 1, thus each term in the defining sum of a,, decreases as
r increases, Which means that a,» > a,3 > .... Therefore by (7.20), for any r = 2,3,.. .,

. \3
(Any Van2) < aps < 4%, and hence

()| VI(w)] < fuf+ 45 5O DL O+ 2O i (7.00

At the last inequality we used |w| = |e!f — 1| < [t| <ty < 1, true because of (7.16). Note
that by (7.23) and (7.24), (7.14) and (7.16) also imply

|hr(w)| V [W(w)] < C (7.25)

in both cases (that is for all m).
If we write (7.25) back into (7.22), we obtain

i (amJF(_l)TH ian,zi>w7r

r=R+1

Ay < Clh(w) — hg(w)| = C

<(C Z 2<am \/an,2> ] )
T

r=R+1

We proceed by bounding the sum in the last expression. Once again we distinguish two cases,
according to the values of m. If m < 5 — 1, then we use (Qpy V apg) <27 1, T =2,3,.
thus

oR+2 ) R+1 R & n r—R—1
[h(w) = he(w)] < 7= ol ™Y (2 fw))
r=R+1
While if m > §, then for any r = 2,3,..., (@n, V ap2) < Gn < 4(”;—2”)3 as noticed before,

thus

hw) — )] < =S I re §2 e

R + 1 n r=R+1

The last two sums can be bounded with the help of |w| < ¢y and (7.14) or (7.16) as seen
before, therefore we conclude

pR+1
Al < CR mR 5 iR+17 m S
— | Rt Jw|fH, m >

n

|
—_

(7.26)

IS WIS
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We now deal with A,. Recalling the definitions in (7.7) and (7.8), by the series expan-
sion of the exponential function, we have

i hip(w)
l!

I=R+1

‘hR ‘R—&—l e ’l R-1 |hR( )‘R+1

= (R+1)! Z ’1_ R (Rujrl)! exp{|hr(w)|}. (7.27)

= |exp{hp(w)} — Hr(w)| =

If m < 2 —1, we use (7.25) and (7.23), and then the inequality (a + b)* < 2¥(a* 4 %),
a,b € RY, k €N, which yield

c 3 R+1 nfitl 2(R+1)
e 9 32 n n
2 < m { [w| + ——|w|3} < Crlw|® + CR |w|RJrl [ iy |w|2(R+1)] ,
where
2(R+1) 2(R+1) 2(R+1) 2(R+1) Rl
n 2R+1) 1 2(R+1) n mlog(y/m) _ (log(v/m))
|w] < — 5 [l <C ==Y 7
R+2 = mBt2 0 = R R n R m

by (7.17), and we see that there exists a constant depending on R, which bounds the last
expression from above for all values of m.

If m > %, we use (7.25) and (7.24) to continue the approximation of A, in (7.27). Also

applying the inequality (a + b)* < 28(a* + %), a,b € R*, k € N, we obtain

Ay <

T R
— 3 _ 3R
< CR|U)|R+1 —i—CR(n m) |w|R+1 [<n m) |w|2(R+1):|

R+1
e“ 19 32 (n—m)?’lwlg} *

n2 n2R )
where
(n — m)SR
n2R

3R
et < BTy ey
n

o (nmm) ( nlog wﬁ)) R

n—m

~ ol (o (i) ™
< ¢, tog (vm) ™"

n

by (7.18), and again we see that there exists a constant depending on R, which bounds the
last expression from above for all of n. We also note that in the latest bound for A,, the
second term is the bigger one due to our assumption a,» > 1 and (7.19).

These considerations lead to

nB+1
NP o [w*, m <
= Rl A, m >

Y

IS N3

Y
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which, up to a constant factor, is exactly the same upper bound we obtained for A; in (7.26).
Hence by (7.21) and |w| < |¢],

- | Croer [t
exp{h(e® — 1)} — Hp(e® — 1)| < mt ’
| p{ ( )} R( )| = { CR (n;;n)3 |t‘R+1

B <t (28

Y

WIS I3

m <
, m2

Next, from (7.4), by the application of the inequality 1 — cost > %t{ 0<t<m, we
see that

2 2
IX(t)] = exp{—02(1 — cost)} <exp {—&tQ} , 0<t<m (7.29)

The next step in our proof is to bound |¢(¢)|. We recall the decomposition ¢ (t) =
x(t)Hg(e" —1) in (7.9), and start by examining |Hg(w)| (where w = €i* — 1) defined in (7.8)
and (7.7). If we look at (7.7), we see that with the application of the triangle inequality
and |w| < |t|, |hr(w)| can be bounded from above by a polynomial of |t| of degree R. The
coefficients in this polynomial are less than 1 for |¢|° and |¢], and their order is given by (7.20)
for |t|", 7 =3,...,R. If m < % —1, these orders are n"/m"~', r = 3,..., R, respectively, and

hence

TLR

()] < €+ Cn (251t 590+ - 10

where for any A C R, I4(t) is 1if [t| € A and 0 otherwise. If m > § the coefficient orders in
the polynomial are (n —m)3/n? for all r = 3,..., R, so

n—m)? n—m)3
)] < €+ O (P g0+ C ).

By (7.8), these bounds imply

Ha(w)| < Cn+ Cp | 221 R e
|Hp(w)| < Cr+ Cg mtl [0,22/%] (t) + WM (222 m] (t) + Wlﬂ (%,W](t) ,
iftm< 5 — 1, and
(n —m)? (n —m)3E
[Hr(w)] < Cr+Cr (—2|t|31[0’ﬂ/\1] () + THPR[(%AM) (t)+
(n—m)3 (n—m)3% o
el U APTIAUR Sl F TR (OB B

if m> 3.

We introduce a new variable z,; := o2t*>. With this, for m < 2 — 1, by %%—Qtz < o2t?
from (7.11), we get

|HR(U))| S CR + CR <(L‘72Lt][07m2/3]<t> +$,§I(ﬂ m} (t) —|—Igf(%’ﬂ_] (t)>

n

n ’n

=:p(zn), ifm< g —1; (7.30)
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and for m > %, with the help of i%tz < 02¢? from (7.11), we obtain

24
[ Hp(w)]
3 3R 3 3R
<Cr+Ckr <$5J[07 2205 53] (t) + I( w205 714) (t) + xﬁtf(Lni/Bvl) (t) + [[ni/BVLW] (t)>
= p(xy), ifm> g (7.31)

Thus in either case, by (7.29), we have

(0] < exp { = b (x0 { = S ple) )

The second term in the product above is clearly bounded from above by a constant depending
on R for all z,,;, and thus for all 0 < [t| < 7 and all values of o,,. The first term exp { — 02t}
is a decreasing function of ¢. Putting these together, and then using the definition of ¢, from
(7.13) yields

1 1\"
[4(t)] < Crexp {—Faitg} =Cp (ﬁ) , to <t <. (7.32)

We proceed by bounding |¢(t)|. It is easy to calculate

exp{— Xn: log(l—n;k(eit—1)>}'= ﬁ 1

k=m+1 k=m-+1 \/1 + 2%(1 — cost)

(1) =

We note here that |¢(t)] is obviously a decreasing function on the whole interval [0, 7|, hence
[6()] < |o(to)] for all to < Jt] < .
Now for any £k = {m +1,...,n — 1}, by the right hand side of the inequality
2t 2t
—— —<1- t< —— — <t<l1 .
T cost < 5 — o5, 0<t<I, (7.33)

and (7.14) or (7.16), we get

n(n —k)

12 (1 — costp)

Thto = 2

IN

Therefore we can apply the inequality

—1 < — —xQ 0<x<1
ex T+ x
14+2 — P 217 -
with x = Tt 1O obtain

|o(to)] < exp {—02(1 —costy) + b, (1 — Cost0)2} ,
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where b, =n*Y ;| (n k4) Next, applying (7.33) gives

2t 2\’ 11 byt
to)| < —o2 (2 — by [ 2 — 2 < —olt2 (= — — - 20 L.
9 O)l—eXp{ O"(z 24)+ (2 30) (=P 2 T 24 402

(7.34)
Now we shall prove b,t§ < o2. Since the terms in b, =n*>",_ ., (”%)2 decrease as k
increases, with our usual technique we obtain

n _ 2 n n n
bn§n2/ Mdrzn‘l/ —4dx—2n / —3dx+n / —2dx
1,1 1 (L 1N, (L _I\_1 (n-m ’
—3" T T\m T e "\mTn) 3" \Um '
By (7.14), (7.16) and the bound above for b,
1 n—m\>/m\2 1 (n—m)?
e (1) (2 = S
"o 48n( m > n 43  mn

and the latter expression is at most o2 by (7.11) and n —m < n if m < % — 1, and (7.12)
and (n—m)/m < 1ifm > % Therefore we have b,t2 < 02, and substltutlng thrs into (7.34)
yields

R
6(8)] < Cexp {—%aﬁtﬁ} e (%) << (7.35)

Now with the help of (7.35) and (7.32), it is easy to bound the difference |¢(t) — 1 (t)|
at the points ¢y < |t| < 7, which is necessary for the application of the Theorem 2.2.1:

16(6) — 0(0)] < 16(5)] + [(8)] < Ca (%) Cte<p <

If m > %, then

LN (VR L e (V2 L (VR
() S(ﬁ) o <> =

Therefore we have

R
Cr [+ <n_ 1.
|6(t) — ()] < F‘(f) ’ m—i Lot <t < (7.36)
Can)R17 m257

Now we apply Theorem 2.2.1. Condition (2.4) is given by (7.28) and (7.29), thus

S—l’)/o 1fm>%,91:R+1,

%—1and’yl—C’R
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R
=1 and p = %02. Condition (2.5) is given by (7.36), so n = Cg (#) if m <% —1and

n= CR% if m > 5. We also use Proposition 7.0.1 to bound o,. It follows that

R
Cr(4)  m<i-1
sup ufh} —vathy < § Crlom) s (7.7
kez R{pomyi=Ts M2 5

which is exactly what we wanted to prove. B

We would like to prove an analogous result of Theorem 7.0.2 in the case when a, 2 < 1,
hence from now on we assume that this inequality holds true. In this case |a, 2] = 0, so the
characteristic function in (7.1) has the form

P(t) = exp {— i log (1 — ”T_k(eit - 1)) } :

k=m+1
Now we also assume (n —m)/n < 1/(47), which implies

n—k n—k

| | n—m-—1, . n—m
w:
k

. -1
e = 1] < ————e" = 1] < 1] <1,
k m—+1 +1

for all 0 < ¢t < 7. This allows us to expand the logarithmic expression in ¢(t), therefore with
w = e — 1 and the notation introduced in (7.2),

o
wT
t) = — t| < m.
(1) exp{§ s } <
r=1
We note that a,,; = 02 — a, 2, hence the line above can be rewritten as

¢(t) = x(t) exp{h(w)}, [t] <, (7.38)

where x(t) is the characteristic function of the Poisson distribution with parameter o2 given
in (7.4), and
w? - w"
h(w) = —Qp2W -+ an727 + Z an’TT. (739)

r=3

Now we fix an integer R > 3, and following the argument in (7.6), we modify the
function exp{h(w)}:

exp{h(w)} =~ exp{hr(w)} ~ Hr(w), (7.40)
where
w & w”
hi(w) = —an 2w + a2+ z; i r— (7.41)
and

Hp(w) =" Pi(w) (7.42)



We approximate the distribution u = D(Wn m + ¢) with vg, which we define to be the
finite signed measure on the nonnegative integers whose characteristic function is

Y(t) = x(t)Hg(e" — 1), tER, (7.43)

repeating (7.9). But now Hp(e!* — 1) is a polynomial of e — 1 of degree 3R? — R, and the

corresponding Poisson—Charlier signed measure v = vg(o2, Eig}n, ceey a,(fﬁ - ) is defined by

3R2—

vr{j} = Po(op){j} (1 + Z 1)al) C(j, n)> , JEN, (7.44)

where @, is the coefficient of (e — 1)™ in Hg(e'* — 1), and C,(j, 02) is the r-th Charlier
polynomial defined in (1.5).

Theorem 7.0.2 We assume a, 2 < 1. For an arbitrary integer R > 3 there exist a threshold
number ng depending on R such that if n > ng, then

1
(V)"

sup [u{k} — vp{k}| < Cr
ke

Proof. By (7.19), 1= for all n greater than some threshold
number ng depending on R. We fix integers R > 3 and n > ng.

As it was the case for Theorem 7.0.1, the key of the proof is Theorem 2.2.1. We apply
it with the measures p and vr defined above and t, = w. Recalling the decompositions of
the characteristic functions corresponding to p and vg in (7.38) and (7.43), we now give an
upper bound for the difference | exp{h(e'* — 1)} — Hr(e®* —1)|, |t| < 7. For an arbitrary such
t,

lexp{h(e" — 1)} — Hr(e" —1)| < Ay + Ay, (7.45)

where the As are the errors resulting from the approximations in (7.40).

Regarding A;, we apply the inequality

1
le*t —e?| < 5 (e‘“' —i—e‘””l) |21 — 22|, 21,20 € C,
and obtain
Ay = lexp{h(w)} — exp{hn(u)}] < 5 (" + O 1) ~hp(uw).  (746)

From the new definitions of A(w) in (7.39) and that of hg(w) in (7.41),

T’

|hr(w)| V [h(w)] < anzlw!+an2—+z
=3
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By (7.20),

R I L L
) v ()] < gy O g m eE g (on oy,
7\ (n—m)? 32 (n —m)?
= <1+§) ( n? ol +?( n3 [l

7 327%\ (n—m)?
< — . .
< <1 +o ) — |w| (7.47)

At the second inequality we used (n —m)/n < 1/(4w) and |w| = |e!* — 1] < |¢] < 7. Note
that the latter inequality and a, s < 1 together with (7.19) imply

n—m)3 n—m\®>
Ol = (55 ) i<,

n2 3

thus we also have
|hr(w)| V [h(w)| < C. (7.48)

If we write (7.48) back into (7.46), we obtain

A< Clh(w) ~ he() =C| Y a4, <03 a1
r=R+1 r r=R+1 r
2R+1 (n _ m)R+2 & n—m r—R—1
< ol 3 (2l )
R+1 n Nyt n

Again, we see from |w| < 7 and (n —m)/n < 1/(4m) that the last sum above is finite for all

|t| < 7. We conclude
R+2

(0= m)™ e (7.49)

nk+1

We now deal with A,. Recalling the definitions in (7.41) and (7.42), by the series
expansion of the exponential function, we have

Ay < Cgr

= hh(w
5 o
l=3R-1

|hR(w)|3R—1 © |hR(w>|l—3R+1 B |hR(w)|3R*1
S GR-10 2 (-3R+11 - (R-1)

Ay = [exp{hr(w)} — Hap—2(w)| =

exp{[hr(w)|}.

Now exp{|hr(w)|} < C by (7.48), and

)3 3R—1 . \3R _ 3(2R—1)
)" < 0 (P ) < e e ()

n2 n2R n2/3

where the last fraction is less than some constant depending on R by a,2 < 1 and (7.19).

Therefore we conclude -

n—m
A2 S OR( nQR) |w|3R—1'
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We substitute the inequality above and (7.49) into (7.45), thus with |w| < |¢|, we obtain

(n— m)R+2

n —m)3E
nR+1 |t|R+1 + OR( ) |t|3R_1.

|exp{h(eit - 1)} - HR<eit - 1)’ < OR n2R

Now we apply Theorem 2.2.1. Condition (2.4) with ¢y = 7 is given by the last inequality
_m)R+2

and (7.29), which is also true in this case, thus S = 2, 79 = 0, 71 = CR(”nR—H, Yo =

Cr (n;ZQSR, 0=R+1,0b=3R—1,y=1and p= %ai. We also use Proposition 7.0.1 to
bound o,,. It follows that

1
(V)R

sup [u{k} — vr{k}| < Cr
keZ
and the proof of Theorem 7.0.2 is complete. B

As outlined at the beginning of the chapter, our goal is to estimate the total variation
distance of 1 and vg. Formula (2.8) in Theorem 2.2.1 also provides us a way to derive total
variation error bounds form the local error bounds given by Theorems 7.0.1 and 7.0.2.

But first, we would like to determine the difference in total variation between the
approximating measures for successive values of R. By Lemma 6. in [2|, we know that the

total variation norm of C,(-,02)Po(c?) is less than ((2r)/(ec?))’*. With the help of this
and Propositions 7.0.3 and 7.0.1, one can derive that the term that has the greatest total
variation norm in the sum that defines vz, —vg by (7.10), is the one belonging to r = R+1,

thus

N 1\ B
l[vr+1 — Vrllrv < Cray, R+1 (U—> :

n

From Proposition 7.0.3, one can also deduce that the order of @it is n*'/m*, (n—m)?/n?
and (n —m)®2 /nB*1 respectively, in the three cases indicated in the display below. Hence,
by Proposition 7.0.1, we have

CRW’ in the case of Theorem 7.0.1 when m <
C (vn)fi—3
R(n m)R 2

Cpr—=R~ o) —=%—. in the case of Theorem 7.0.2.

in the case of Theorem 7.0.1 when m >

ISTSER ST

||VR+1 — Vr||rv <

Corollary 7.0.1 For all n and m for which Theorem 7.0.1 is valid we have

1 R
drv(p,vr) < Cronlogoy (ﬁ) L fms S

and

(Vn)"*?
(n —m)R=2’
with vg defined in (7.10). For all n and m for which Theorem 7.0.2 is valid we have

drv(p, vr) < Cr if m > g;

n—m

drv(p, vr) < Cr

with vg defined in (7.44).
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Proof. First we assume that n and m satisfy the conditions of Theorem 7.0.1. It follows
from (2.9) and the end of the proof of Theorem 7.0.1 that

R
< CR \/») —i—CR(b—a—i—Q)(%) s 1fm§

Cab = ’ (7.51)
Crtlidimms + Cr(b—a+ 2)hmr, it m >

IS NS

In order to obtain a total variation bound by (2.8), we need to be able to control the
tails of the approximating measure vgz. As in [6] p. 9, it can be deduced from the Chernoff
inequalities for Po(co?) that

lvg|{[0,a)} < R* max {anm}exp{ M}, 0<a<o? (7.52)

1<r<R? 302 -

and

_ 2 2)\2
pal{(0,00)) < R max @y esp { OB g <o<a0t 1y

1<r<R? 302

If m < % — 1, then by (7.20),

max {a() }<CR< nt >R

1<r<R?

and we choose

and

mb-1

R \R
b=o2+ R*+ ,|302log ((n_) (\/E)R—1> .

By (7.11), the argument of the logarithmic expressions in a and b are less than 02R2 hence
for all large enough ¢, 0 < a < ¢2 and 62 + R? < b < 202. In the case when m > 5, we

have
max {a),} < Cr <M>R

1<r<R2 m?

by (7.20), and we put

and




Again, we see form (7.11) that the argument of the logarithmic expressions in a and b are
less than 027~ hence for all large enough o,,, 0 < a < 02 and 0% + R? < b < 202. Therefore,
in both cases one can apply the inequalities (7.52) and (7.53), which yield

R-1

Cr (L if m <
wgl{[0,a) U (b, 00)} < RW_S =
CpWmhe e

(nfm)R_Q 9

IS N3

Combining this with (7.37) and (7.51) in (2.8), with the choices of a and b given above, one
can deduce

R—

! R
L 1 . <n_1.
dTV(,LL, VR) S CR <\/m) + CRUn log On <\/77L> s if m < 1,

Crd B 4 Cr og o S, itm >

|3

0|3

Together with Proposition 7.0.1 this gives

R
Cgroplogao, (#) , ifm <2 —1;

dTv(,u, VR) S (754)

C’Rlogan%, iftm >

NS N3

We see that in the case when m < 3 — 1, we already have the inequality we aimed for.
In the latter case, when m > 2, one can omit the log o, factor in the bound above with the
help of the following argument. Note that

drv(p,vr) < ||vrs1 — vrl|lrv + drv (i, vRe1).

The first term on the right hand side of the inequality above can be bounded by (7.50) and
the second can be estimated by (7.54) with R replaced by R+ 1. Then, by Proposition 7.0.1,
the second inequality of Corollary 7.0.1 follows.

Now we assume that n and m satisfy the conditions of Theorem 7.0.2. In this case we
can apply Theorem 3.2. from [6] to obtain

n—m
dTv(,u, I/R) S CR lOgO‘n W

We can apply the same argument as above to omit the log o,, from the bound above. Indeed,

we obtain
n—m n—m

W + Cgrloga, W

Since log o, < 0, < v/2(n —m)/\/n by Proposition 7.0.1, and (n —m)/n < 1, we finished
the proof of the third inequality of Corollary 7.0.1. H

drv(p, vr) < Cr

Comparing the results of Corollary 7.0.1 with (7.50), we see that in the small m case,
when m < n/2 — 1, our results are not optimal in the sense that the error order of the
approximation with vz does not coincide with the order of the total variation norm ||vgy; —
vr||lrv of the (R + 1)-th correction term. We see from the proof of Corollary 7.0.1, that the
technique used in the other cases to omit the log o, from the total variation bounds does
not work for small m, because for such m, o, is of order n/y/m, which is not comparable
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with the 1/(y/m)f*! factor of the error order. It is an interesting open problem whether
drv (i, vg) < Cr/(y/m)®! can be achieved for m < n/2 — 1.

We finish the chapter by comparing its results with the ones obtained in Chapter
6 for compound Poisson approximation. First, we note that with some extra, but trivial
considerations, the proofs of the chapter could be modified to hold true for R = 2 also. Now,
if the hypothesis formulated in the previous paragraph is true, than the bounds we obtain
for drvy(u,vs) would exactly match the total variation bounds in (6.8) for the compound
Poisson approximation of . We guess that if one defines x in (7.4) to be the characteristic
function of the compound Poisson distribution given in Theorem 6.2.1, then the technique
used in this chapter with this more sensitive choice of approximating measure would lead to
an improvement in terms of the error bounds.
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Summary

The coupon collector’s problem is one of the classical problems of probability theory. In
this thesis, we are interested in the version of the problem, when a collector samples with
replacement a set of n > 2 distinct coupons so that at each time any one of the n coupons
is drawn with the same probability 1/n. For a fixed integer m € {0,1,...,n — 1}, this is
repeated until n — m distinct coupons are collected for the first time. Let W), ,,, denote the
number of necessary repetitions to achieve this. Thus the random variable W, ,,,, called the
coupon collector’s waiting time, can take on the values n —m,n —m+1,n —m+2,..
and gives the number of draws necessary to have a collection, for the first time, with only
m coupons missing. In particular, W, is the waiting time to acquire, for the first time, a
complete collection.

Different limit theorems have been proved for the asymptotic distribution of W, ,,
depending on how m = m(n) behaves as n — co. (All asymptotic relations throughout are
meant as n — 00.) The first result was proved by Erdds and Rényi for complete collections
when m = 0 for all n € N obtaining a limiting shifted Gumbel extreme value distribution.
This result was extended by Baum and Billingsley, who examined all relevant sequences of
m = m(n). They determined four different limiting distributions: the degenerate distribution
at 0, the Poisson distribution, the normal distribution and a Gumbel-like distribution.

One of the aims of this thesis is to refine the limit theorems of Baum and Billingsley.
Our basic goal is to approximate the distribution of the coupon collector’s appropriately
centered and normalized waiting time with well-known measures with high accuracy, and in
many cases prove asymptotic expansions for the related probability distribution functions
and mass functions. The approximating measures are chosen from five different measure
families. Three of them — the Poisson distributions, the normal distributions and the Gumbel-
like distributions — are probability measure families whose members occur as limiting laws
in the limit theorems of Baum and Billingsley.

The fourth set of measures considered is a certain {m,, : 4 > 0,a > 0} family of
compound Poisson measures. For each > 0 and a > 0, we define 7, , to be the probability
distribution of Z; + 275, where Z; and Z, are independent random variables defined on a
common probability space, Z; ~ Po(u) and Zs ~ Po(a/2).

The fifth set of approximating measures we consider is the family of Poisson—Charlier
signed measures. For any positive real numbers X, a®,...,a® and S € N, the Poisson—
Charlier signed measure v = v(A, al, ..., a®) is a signed measure concentrated on the non-

negative integers defined by v{j} = Po()) (Zle(—l)Tﬁ(T)Cr(j, )\)), j € N, where C,.(j, \)
is the r-th Charlier polynomial.
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Our results are the following:

e Chapter 3

In this chapter, we are interested in the the asymptotic behavior of the distribution
function of the appropriately standardized waiting time F), ,,, if m is a fixed constant
for all n and n — oo. With F,, denoting the limiting distribution function, for every
m, we give a one-term asymptotic expansion F, + G, ,, that approximates F,, ,, with
the uniform order of 1/n such that the explicit sequence of functions G,,,, has the
uniform order of (logn)/n. We use characteristic functions in our proof.

We also give an argument, that not only proves that the error order of this approx-
imation is sharp, but also that no longer asymptotic expansion of F},,, can improve
the error order of 1/n.

e Chapter 4

In this chapter, with a classical characteristic function method, we prove that the error
order for normal approximation to the coupon collector’s standardized waiting time is
at most n/(mao,,) in Kolmogorov distance, where o,, denotes the standard deviation of
the waiting time. One can check that this bound is ideal in the sense that it tends to 0,
iff n and m satisfy the conditions of the central limit theorem concerning the coupon
collector’s problem.

e Chapter 5

In the first section of Chapter 5, we consider Poisson approximation to the distribution
of sums of asymptotically negligible integer valued random variables in general. We
complement a classical Poisson convergence theorem of Gnedenko and Kolmogorov.
Considering an arbitrary triangular array {Y,1, a2, - . ., Yar, fnen of row-wise indepen-
dent nonnegative integer valued random variables, for each n, we approximate the
distribution of the n-th row sum with a Poisson distribution whose mean A\, is de-
fined only in terms of the distributions of the random variables in the n-th row, but
we do not assume the existence of moments. We give both lower and upper bounds,
which have precisely the same form, up to a constant, provided that the means A, are
bounded away from infinity. We thus refine the obvious approximation of the Y,,-s that
the Gnedenko-Kolmogorov limit theorem suggests.

In the next section we examine how the coupon collector’s problem fits in the frame-
work of the previous section. We show that the Poisson limit theorem concerning the
coupon collector’s waiting time is a special case of the Gnedeno—Kolmogorov theorem.
Applying the general results of the previous section to the waiting time, we obtain a
Poisson approximation of error order 1/4/n.

In the third section of the chapter we take advantage of the combinatorial structure
of the coupon collector’s problem. This combinatorial approach yields us a stronger
result than the one of the previous section: we derive the first asymptotic correction
of the P(W,,,,, — (n—m) = k), k=0, 1,..., probabilities to the corresponding Poisson
point probabilities.
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In the final section of Chapter 5, we approximate the coupon collector’s shifted waiting
time W, ,, = Wym — (n — m) with another Poisson law, namely with the one that

—~

has the same mean as W, ,,. One can easily calculate that in the range of parameters
n and m for which the Poisson limit theorem holds true, the error order of this new
approximation is 1/n, which is clearly better than the error order 1/4/n given in the
preceding two sections for the same case. The proof here is based on Stein’s method,
and heavily uses the fact that the means of the compared probability measures coincide.

Chapter 6

In the first section of Chapter 6 we consider translated compound Poisson approx-
imation of sums of independent integer valued random variables in general. Using
Stein’s method, Barbour and others gave bounds for the errors of such approxima-
tions in total variation distance. Their upper bounds are expressed with the help of
the first three moments of the summands X, X5,..., X,, and the critical ingredient
dry (D (W,), D (W, + 1)), where W,, = > Xj.

The expression dry (D (W,,), D (W,, + 1)) is usually bounded by the Mineka coupling,
which typically yields a bound of order 1/4/n. If the X,’s are roughly similar in mag-
nitude, this is comparable with the order O(1//VarW,,) expected for the error in the
central limit theorem. However, if the distributions of the X; become progressively
more spread out as j increases, then VarW,, may grow faster than n, and then 1/y/n
is bigger than the ideal order O(1/y/VarW,,). In fact, this is the situation in the case
when we chose W,, to be the coupon collector’s waiting time. We introduce a new
coupling which allows us to improve the Mineka bounds in such settings.

In the next section, we approximate the distribution of the appropriately centered
coupon collector’s waiting time with a compound Poisson measure 7, , defined above.
We apply general results of translated compound Poisson approximation of sums of
independent integer valued random variables and our new coupling. We prove that
a translated compound Poisson approximation to the collector’s waiting time, with
ideal error rate, can be obtained in all ranges of n and m in which a central or Poisson
limit theorem holds true. Comparing this result with the ones we obtained for normal
approximation, we see that the same or better order of approximation is obtained
with this discrete approximation, and now with the error measured with respect to
the much stronger total variation distance.

Chapter 7

In the final chapter of the thesis we approximate the coupon collector’s shifted waiting
time W, ., = Wy,.m — (n —m) with Poisson—Charlier signed measures in total variation
distance. To do so, we apply a characteristic function technique. For an arbitrary 2 > 3,
we choose a Poisson—-Charlier signed measure vy depending on R. Approximating W, ,,
with v, we obtain error bounds of order o, log o,,(1//m)%, (v/n)%3/(n—m)%=2 and
(n —m)/(y/n)®! depending on how the sequences m/n and o2 — u_(n — m) behave
as n tends to infinity, where p,, is the mean and o2 is the variance of Wm.
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Osszefoglalas

A kupongytijts probléma a valoszintiségszamitas egyik klasszikus probléméja. A dolgozatban
a probléma kovetkezs valtozataval foglalkozunk: adva van n > 2 kiilonb6z6 kupon, melyekbdl
egy gyijts véletlenszerd visszatevéses mintat vesz gy, hogy minden egyes alkalommal az
n kupon barmelyikét azonos, tehat 1/n valoszintiséggel szerzi meg. Valamely rogzitett m €
{0,1,...,n—1} esetén a mintavételt addig folytatja, amig elgszorre pontosan n—m kiilonbozé
kupont nem gydjtott. Jelolje W, ,,, az ehhez szlikséges ismétlések szamét. Tehat a W), ,,
véletlen valtozo, amelyet a kupongytijté varakozasi idejének neveziink, az n — m,n — m +
1,n —m+ 2,... értékeket veheti fel, és megadja, hogy a gytijtének hanyszor kell hiznia
ahhoz, hogy m darab kupon kivételével minden kupon a birtokaban legyen. Speciélisan,
W0 a teljes gytjtemény megszerzéséhez sziikséges varakozasi idé.

Kiilonboz6 hatareloszlas tételeket bizonyitottak W), ,, aszimptotikus eloszlasara attol
fiiggen, hogy az m = m(n) sorozat hogyan viselkedik, amint n — oo. (A tovabbiakban min-
den konvergencia és aszimptotikus relacié n — oo mellett értends.) Az els6 eredmény Erdds
és Rényi nevéhez flizédik, akik a teljes gytjtemény esetére, amikor minden n € N esetén
m = 0, eltolt Gumbel-eloszlast kaptak hatareloszlasként. Ezt az eredményt altalanositotta
Baum és Billingsley, akik minden m = m(n) sorozat tipust vizsgaltak. Neégy kiilonb6zs
hatareloszlast hataroztak meg: a O-ra koncentrélt eloszlast, a Poisson eloszlast, a normalis
eloszlast, és egy a Gumbel-eloszlasbol szarmaztathato eloszlast.

A dolgozatban finomitjuk a fenti, Baum és Billingsley nevéhez fiiz6d6 hatéareloszlas
tételeket. Célunk a megfelelGen centralizélt és normalizalt varakozési id6 eloszlasanak jol
ismert mértékekkel torténd minél pontosabb kozelitése, és sok esetben a kapcsolodo eloszlas-
fiiggvények és valoszintiségi pontfiiggvények aszimptotikus sorfejtése. A kozelité mértékeket
ot kiilonb6z6 mértékesaladbol vélasztjuk. Ezek koziil harom — a Poisson eloszlasok, a nor-
malis eloszlasok és a Gumbel-tipusu eloszlasok — olyan mértékesalddok, melyeknek tagjai
hatareloszlasaként szerepelnek Baum és Billingsley tételeiben.

A negyedik approximalé mértékcsalad az Osszetett Poisson eloszlasoknak bizonyos
{Tya : 1t > 0,a > 0} osztéalya. Tetszbleges p > 0 és a > 0 esetén 7,, a Z; + 275 véletlen
valtozo eloszlasat jeloli, ahol Z; és Z, valamely kozos valoszintiségi mezdén definidlt fiiggetlen
véletlen valtozok, Z; ~ Po(u) és Zy ~ Po(a/2). Az 6t6dik kozelité mértékesalad a Poisson—
Charlier elGjeles mértékek osztélya. Tetsz6leges pozitiv valos A, aV), ..., @) és S € N esetén
av=v(\a, ..., a®) Poisson-Charlier el§jeles mérték az az eljeles mérték, amely a nem-

negativ egészekre van koncentralva, és v{j} = Po()\) (ZS (-1 a"C, (5, )x)), j € N, ahol

r=1

C.(j,\) az r-edik Charlier polinom.
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Eredményeink a kovetkezGek:

o 3. fejezet

A 3. fejezetben a megfelelGen standardizalt varakozasi id6 F,, ,, eloszlasfiiggvényének
aszimptotikus viselkedését vizsgaljuk abban az esetben, amikor m minden n-re rogzitett
konstans és n — oo. Jelolje F), a hatareloszlas fiiggvényt. Minden m esetén olyan
F,, + G egytagi aszimptotikus sorfejtést adunk, amely egyenletesen 1/n rend-
ben kozeliti az F),,, eloszlasfliggvényt, tovabba az explicit médon megadott G,
fiiggvények sorozata egyenletesen (logn)/n rendd. A bizonyitdsban karakterisztikus
fiiggvényeket hasznalunk.

Azt is belatjuk, hogy a kozelités hibarendja éles, és hogy F,, ,,-nek semmilyen hosszabb
aszimptotikus sorfejtése esetén nem kaphatunk az 1/n rendnél kisebb hibarendet.

o 4. fejezet

A dolgozat ezen fejezetében klasszikus, karakterisztikus fiiggvényeket hasznélé mod-
szerrel belatjuk, hogy a kupongytijté varakozasi idejének normalis eloszlassal valod
kozelitésének Kolmogorov téavolsagban mért hibaja legfeljebb n/(mao,,) rendd, ahol o,
a varakozasi id6 szorasat jeloli. Ellendérizhets, hogy ez az approximacié jo abban az
értelemben, hogy 0-hoz tarta, ha n és m teljesitik a kupongytijté problémara vonatkozé
centrélis hatareloszlas tétel feltételeit.

e 5. fejezet

Az 5. fejezet elsG részében altalanos fiiggetlen nemnegativ egészértékd véletlen val-
tozok Osszegeinek eloszlasat kozelitjiik Poisson eloszléssal. A Gnedenko és Kolmogorov
nevéhez fiiz6d6 klasszikus Poisson hatéreloszlas tételt finomitjuk. Tetsz6leges, soron-
ként fliggetlen, nemnegativ egészértékid véletlen valtozokbol all6 { Y1, Yo, - - ., Yar, bnen
szériasorozatot tekintve minden n esetén az n-edik sordsszeg eloszlasat olyan Poisson
eloszlassal kozelitjiik, melynek A, varhato értéke csak az adott sorban szerepld val-
tozok eloszlasatol fiigg, de nem koveteljiik meg momentumok létezését. A kozelités
hibajara also és fels§ korlatot is adunk, melyek rendje konstans szorzotol eltekintve
megegyezik, feltéve, hogy a A, paraméterek korlatosak. Ezaltal jobb kozelitését ad-
juk az Y, valtozoknak, mint amit a kézenfekvs, hatareloszlassal torténé approximéacio
jelent.

A fejezet mésodik alfejezetében megmutatjuk, hogy a varakozasi idére vonatkozo6 Pois-
son hatareloszlas tétel specialis esete a Gnedeno—Kolmogorov tételnek. Megmutatjuk,
hogy ha az el6z6 alfejezet eredményeit alkalmazzuk a varakozasi idére, 1/+/n hibarendd
Poisson kozelitését kapjuk.

A harmadik alfejezetben a kupongytijté probléma kombinatorikai strukturajara épitiink.
A kombinatorikai megfontolasokra tamaszkoddé modszer segitségével erésebb ered-
ményt tudunk igazolni, mint az el6z6 alfejezetben: a P(W,,,,, — (n — m) = k), k =
0,1,..., valoszintiségek megfelel§ Poisson valoszintiségekkel torténd kozelitését pon-
tositjuk az els6 korrekcios tag meghatarozasa révén.

Az 5. fejezet utolsé alfejezetében a kupongytjts an = Wpm — (n — m) eltolt
varakozasi idejét egy tijabb Poisson eloszlasu véletlen valtozoval kozelitjiik, méghozza
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olyannal, amelynek varhato értéke megegyezik an varhato értékével. Kiszamolhato,
hogy azon n és m paraméter értékek esetén, melyekre érvényes a Poisson hatareloszlas
tétel, az approximécié hibajanak rendje 1/n, ami vilagos, hogy kisebb, mint az el6z6
két alfejezetben ugyanezen esetre bizonyitott 1//n-es hibarend. A bizonyitas a Stein-
modszeren alapszik, és kihasznalja azt a tényt, hogy az Osszehasonlitott eloszlasok
varhato értékei egyenlGek.

6. fejezet

A hatodik fejezet els alfejezetében fiiggetlen egészértékii véletlen valtozok Gsszegeinek
Osszetett Poisson eloszlasu valtozokkal torténd kozelitését vizsgaljuk altalanosan. A
Stein-modszer segitségével Barbour és masok fels6 korlatokat adtak az ilyen tipusi ap-
proximaciok teljes variacios tavolsagban mért hibaira. Ezek a korlatok az X1, X, .., X,
osszeadandok elsé harom momentumanak és a dry (D (W,,), D (W, + 1)) kifejezésnek
fiiggvényei, ahol W, = 3°7 | X;.

A dpy (D (W,,),D (W, + 1)) kifejezést altalaban a Mineka-csatolas segitségével lehet
becsiilni, ami tipikusan 1/1/n rendi eredményt ad. Ha az X; véletlen valtozok nagyjabol
azonos szorasuak, akkor ez az eredmény kozel van a centralis hatareloszlas tétel esetén
elvart O(1/+/VarW,,) hibarendhez. Azonban ha az X véletlen valtozok eloszlasai egyre
laposabbak, amint j ng, akkor VarW,, nShet gyorsabban, mint n, és ekkor 1/4/n joval
nagyobb lesz, mint az elvarhato 1/+/VarW,,-es rend. Pontosan ez a helyzet, ha W,,-nek
a kupongytijté varakozési idejét valasztjuk. Bevezetiink egy 1j csatolast, mely segit-
ségével ilyen esetekben jobb eredményeket tudunk bizonyitani, mint a Mineka-csatolas
segitségével.

A kovetkez§ alfejezetben a kupongyiijté megfelelGen centralizalt varakozasi idejének
eloszlasat a korabban definidlt 7, , Osszetett Poisson eloszlassal kozelitjiik. Fiiggetlen
egészérteki véletlen valtozok Osszegeire vonatkozo altalanos Gsszetett Poisson approx-
imacioés eredményeket és az 10j csatolasunkat alkalmazzuk. Belatjuk, hogy a W, .,
varakozasi id6 jol kozelithets osszetett Poisson eloszléssal abban az esetben, amikor az
n és m paraméterek teljesitik a kupongytijté problémara vonatkozo centralis vagy
Poisson hatareloszlas tétel feltételeit. Ezeket és a normélis approximaciora kapott
eredményeket Osszehasonlitva latjuk, hogy az itt bevezetett diszkrét approximéciod
ugyanolyan, vagy jobb kozelitését jelenti a varakozasi idének, mint a normalis ap-
proximaci6o. Raadasul a kozelités hibajat itt a Kolmogorov tavolsagnal sokkal erGsebb
teljes variacios tavolsagban mérjiik.

7. fejezet

Az utolso fejezetben a kupongytjts an = Whm — (n —m) eltolt varakozasi idejét
Poisson—Charlier elGjeles mértékekkel kozelitjiik teljes variacios tavolsdgban. Ehhez
egy karakterisztikus fliggvényeket hasznaldé modszert alkalmazzuk. TetszGleges R > 3
esetén definidlunk egy R-t6l fiiged vg Poisson—Charlier elGjeles mértéket. Az eltolt
varakozasi id6t ezzel kozelitve o, loga,(1/v/m)%, (/n)%3/(n — m)E=2, illetve (n —
m)/(y/n)®! hibarendeket kapunk aszerint, hogy az m/n, illetve a 02 — p,, — (n —m)
sorozatok hogyan viselkednek, amint n — oo, ahol pu,, a varakozasi id§ varhato értékét,
o2 pedig a szorasnégyzetét jeloli.
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