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Chapter 1

Literature Review and Contributions

1.1 Literature Review

Around 1920 Jan Lukasiewcz and his colleagues developed a three-valued logic [74].
This development was mainly driven for philosophical reasons and the interpretation
of the intermediate values was not clear. H. Reichenbach [101] proposed a proba-
bility logic that was based on a continuous scale of truth values. Later on Carnap
[18] pointed out that there is a significant difference between a probability value
and truth value. Lotfi Zadeh proposed fuzzy sets while trying to solve problem in
information processing and pattern classification. In contrast to classical sets, the
fuzzy sets are characterized by membership values. Each element in the fuzzy set is
assigned a membership values in the interval [0, 1]. This value tell us the degree of
belonging of a particular element to the fuzzy set.
In the sense of Zadeh, fuzzy theory can be viewed as a framework for reasoning
with incomplete information or the vagueness in knowledge. Bellman and Zadeh
emphasized that the truth/falseness of a statement should be evaluated based on
the available vague knowledge-base [12, 13]. Vagueness in knowledge was called
fuzziness by Zadeh. Fuzziness is not regarded as a limitation in fuzzy theory but
rather it is a way of expressing the grades. Fuzzy theory deals with the classes which
have continuous properties and unsharp (blurred) boundaries. It does not handle
the uncertainty associated with the knowledge. To handle this, Zadeh introduced a
separate framework called the possibility theory [145].
Since then, several sub-fields of fuzzy theory have emerged and evolved over the
time. Now, we will briefly describe some of these fields:

1.1.1 Fuzzy classification

The notion of fuzzy classification was initiated by Zadeh, Bellman and Kalaba [11].
The idea was to extract the membership function of various classes from the data.

9
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The data points which are closer to each other have the high membership value for
a particular class. The partition between the classes was later defined by Ruspini
[104].

1.1.2 Fuzzy events

The idea of replacing sets by fuzzy sets was quickly applied by Zadeh to the notion
of an event in probability theory [139]. The probability of a fuzzy event is just the
expectation of its membership function. Mundici [87] generalized De Finetti’s theory
of subjective probability to fuzzy events. Since then, it has become as alternative
probability theory on algebras of fuzzy events.

1.1.3 Fuzzy systems

The idea of fuzzy systems was initially viewed as systems whose state equations in-
volve fuzzy variables or parameters, and this give birth to fuzzy classes of systems
[136]. Later it was suggested that fuzziness lies in the description of the approxi-
mate rules needed to make the system work. That view was the result of a conver-
gence between the idea of system with those of fuzzy algorithms introduced earlier
[138, 142], and this increased the focus of attention on the representation of natural
language statements via linguistic variables. In this paper, systems of fuzzy if-then
rules were first described, which paved the way to fuzzy controllers, built on human
information, and they achieved great success in the early 1980’s.

1.1.4 Type2 Fuzzy Sets and Interval Valued Type2 Fuzzy Sets

Type2 Fuzzy Sets (T2FSs) are an important extension of fuzzy sets which don’t have
crisp membership values. Instead, the membership values are fuzzy and are defined
by a secondary membership function in the [0, 1] interval. T2FSs were introduced
by Zadeh [144]. The mathematical foundations were then laid down by Mizumoto
and Tanaka [85]. The concepts were further developed by Dobios and Prade [44].
Due to the computational complexity associated with generalized T2FSs , Interval
Valued Type2 Fuzzy Sets (IT2FS) were introduced and promoted by Klir [64], Turk-
sen [115] and Schwartz [105]. Gorzalczany introduced the concept of Foot Print
of Uncertainty (FOU) without naming it at that time. Karnik and Mendel proposed
the Type Reduction (TR) technique for defuzzification of T2FSs [61]. They also pre-
sented the complete inference process using the T2FSs [62]. The Representation
Theorem for T2FSs was provided by Mendel and John [82]. This allowed then to
extend the type1 fuzzy mathematics for T2FSs . Later on the TR techniques were
made more efficient and fast [127]. T2FSs have lots of applications in the fields of
Machine Control and Medicine [79, 91].
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1.1.5 Intuitionistic Fuzzy Sets

Intuitionistic Fuzzy Set (IFS) is a generalization of fuzzy sets proposed by Atanassov
[7] which incorporates a hesitation margin, membership degree and non-membership
degree. The hesitation margin is defined as 1 minus the sum of membership degree
and non-membership degree. Kacprzyk and Szmidt showed that IFS can be success-
fully applied to problems where the degree of belongingness alone doesn’t completely
describe the situation [109]. IFS is an appropriate tool for utilizing the roughly stated
facts [110]. De et al demonstrated the application of IFS in medical diagnosis [24].
Later Atanassov extended the theory and applications of IFS [8]. Various distance
measures have been incorporated with IFS to extend its the scope of applicability
[123]. IFS are frequently used in decision making, pattern recognition and machine
learning.

1.1.6 Fuzzy Hesitant Sets

There are some situations where uncertainty arises due to expert hesitation in assign-
ing proper membership values to the elements of fuzzy set. Torra introduced a novel
extension of fuzzy set to model these uncertainties, called Hesitant Fuzzy Set (HFS)
[113]. Since then several extensions of HFS have been proposed to model hesitation
uncertainty arising from various sources. Zhu et al proposed the Dual Hesitant Fuzzy
Set (DHFS) to model hesitation in both membership and non-membership degrees
[153]. Chen et al proposed an Interval Valued Hesitant Fuzzy Set (IVHFS) in which
a few possible interval values are assigned as a membership value to each element of
the fuzzy set [21]. Qian et al presented he Generalized Hesitant Fuzzy Set (GHFS)
by incorporating the concepts of IFS in HFS [98]. With this extension the member-
ship function is a union of a few IFSs. Yu presented the Triangular Hesitant Fuzzy
Set (THFS) by exploiting the fact that sometimes the experts are hesitant about giv-
ing the membership degree of the element of fuzzy set between 0 and 1 [133]. In
this framework, triangular fuzzy numbers are used to express the degree of mem-
bership. Rodriguez proposed Hesitant Fuzzy Linguistic Term Set (HFLTS) to handle
the hesitation that expert encounter when the already defined linguistic terms are
not adequate to describe the situation [102]. This extension addresses the problem
which is qualitative in nature.

1.1.7 Fuzzy Rough Sets

Rough sets were introduced by Pawlak to handle the uncertainty arising due to in-
complete information [94]. Rough sets have numerous applications in data analysis,
classification and feature selection [72, 108]. However the rough sets cannot process
the gradual indiscernibility and quantitative data directly. To handle this shortcom-
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ing, a hybridization of fuzzy theory and rough sets was proposed resulting the devel-
opment of Fuzzy rough Sets (FRS). The seminal contributions to FRS came from the
work of Dubios and Prade [43]. Axiomatic approach to FRS theory was developed by
Morsi et al. [86] and Radzikowska et al. [99]. Variable Precision rough Sets (VPRS)
were introduced to handle the noisy data [154]. In the last decade several important
directions such as classification-Oriented FRS [60] and axiomatic approach to FRS
[73] have been studied extensively.

1.1.8 Fuzzy Graphs

A graph is a mathematical tool that is used to represent a network. It consists of
nodes (vertices) which are connected using edges. Graphs are used to describe vari-
ous real world phenomena. Kauffman introduced the concept of Fuzzy Graphs (FGs)
to model the uncertainty in various graph attributes [63]. FGs are based on Zadeh’s
fuzzy relation [141]. The theoretical notions of FGs were developed by Rosenfeld
and Bhattacharya [14, 103]. Nagoor Gani and Radha defined important operations
and properties such as conjunction of FGs, sequences in FGs and degree of vertex
[48, 49]. Later, Akram et al. [2, 3, 4] introduced various extensions such as hyper
FGs, bipolar FGs abd soft FGs. FGs is a rapidly growing field and it has numerous
applications in computer networks, communication, image processing, social net-
working and scheduling [93].

1.1.9 Fuzzy Modeling and Control

Fuzzy theory has been an area of extensive research since its inception, nearly half
a century ago, by Lotfi A. Zadeh [135, 140] and it provides applications in various
areas of daily life [9, 80, 128, 152]. To design control systems for complex ill-defined
non-linear processes (for which adequate analytical models are not available), is a
challenging task. Novel control techniques have been proposed to solve such prob-
lems [117, 118, 119, 120]. However, if a knowledge base is available for these
systems, fuzzy theory provides an adequate solution for controller design [39]. For
some non-linear processes, the model parameters vary with time or they may have
uncertain initial conditions. The control of such non-linear dynamic processes is
called adaptive control, where the control law adapts itself to the changing dynamics
in order to meet the control objectives [70, 121, 122]. An adaptive fuzzy controller
organizes the rule base (type and number of rules) and it tunes the parameters of the
membership functions if the process dynamics changes over time [39, 70].
The design of fuzzy logic control (FLC) is based on the set of ’If then’ rules forming
a rule base. The multi-input single output (MISO) fuzzy rule base has the following
form:
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If x1 is Ai
1 and ...... and xn is Ai

n then y is Bi , (1.1)

where x1, x2, ..., xn, y are the linguistic variables that take the linguistic values from
the fuzzy sets A1, A2, ..., An, B and i = 1, ..., l is the number of fuzzy rules. The part of
the rule after ’If ’ is a logical expression, called the antecedent (related to the input)
and the part after ’then’ is called the consequent (related to the output). The Fuzzy
Rule Inference (FRI) applies a fuzzy relation to map the input and output space.
Based on the FRI, various types of control techniques have been developed. The two
best known are the Mamdani [117] and model-based Takagi Sugeno (TS) [17, 112]
type fuzzy control systems.
In the Mamdani inference system (also called the Type-I TS system), the output of a
rule is a fuzzy set. The operation of the Mamdani inference system consists of five
steps. These are: 1) The fuzzification of crisp inputs in order to get fuzzy inputs; 2)
The antecedent parts of the rules are based on fuzzy logic operators. These fuzzy
logical expressions are evaluated to determine the applicability of the fuzzy rules; 3)
Implication is carried out to get fuzzy outputs; 4) Aggregating the fuzzy outputs of
all the rules; 5) Defuzzification of the aggregated output is carried out to get the final
crisp output. The Mamdani fuzzy controller directly transforms the operator implicit
knowledge or expert explicit views into fuzzy rules and generates a control law. The
Mamdani approach is intuitive, works well with direct human input and various
control tasks can be performed [1, 100]. The stability of a closed loop control system
is one of the main objectives that should be met. Frequency domain methods are
mostly used for the stability analysis of Mamdani fuzzy controllers, such as Popov’s
method, the circle stability criterion and hyperstability theory [120].
In the case of the TS (Type-II / Type-III) fuzzy controller, the consequent part of the
rule (Eq. 1.1) is a function (mostly linear) of the inputs or (as a special case) a crisp
value i.e. it is not a fuzzy set as in the Mamdani case. The TS fuzzy model consists of
a membership function and a set of linear models to form a global nonlinear model.
The TS fuzzy controller also has a nonlinear function approximation property [50].
In most of the cases, expert knowledge is not available or it is poorly described. So
the exact description of fuzzy rules is not an easy task. If the working data of the
process is available then a data-driven based design is an attractive option. In this
case, the problem reduces to identifying a suitable fuzzy model which fits the given
data [5, 68, 114].
Data-driven fuzzy modeling is quite similar to statistical non-parametric regression
methods, especially when we are using TS systems. The technique can be extended
to classification problems where we have to identify the fuzzy rules for each possible
class [22]. The data-based identification of a fuzzy model can be divided into two
parts namely, qualitative and quantitative identification. Qualitative identification
focuses on the number and description of fuzzy rules. Quantitative identification is
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concerned with the identification of parameter values. These parameters belong to
membership functions and operators. In the case of qualitative identification, soft
computing methodologies are used like evolutionary algorithms, genetic algorithms
and swarm optimization [38, 59, 150]. Neural networks are mostly used for learning
parameters (the quantitative part). Combining these two leads to the development
of a Neuro-Fuzzy Inference systems [96, 116].

1.1.10 Neuro-fuzzy systems and soft computing

Due to the increase in computational power and efficient training algorithms, Deep
Neural Networks (DNNs) are being used to solve complex tasks. DNNs have a lot
of applications in the fields of computer vision, natural language processing, speech
recognition and bio-informatics. However, DNNs are extremely sensitive to input
feature noise and the accuracy decreases very rapidly with the increase in attribute
noise [27, 53, 88]. In [106] Jiawei et al. showed that a change in one pixel value can
significantly affect the accuracy of the DNN. Training using DNNs results in a black
box model and this means that the results have no interpretation. To overcome these
shortcomings, several efforts have been made. One of these involves the incorpora-
tion of fuzzy logic with a DNN. This has led to the development of (DFNNs). A lot
of structures for DFNN have been proposed in the past decade. Das et al. suggested
that these structures can be categorized into two main types [23]: 1) Ensemble DFNN
and 2) Integrated DFNN. In ensemble DFNN, fuzzy logics is used in a parallel or se-
quential manner [69]. Xiaowei Gu introduced multi-layer ensemble learning model
to tackle high dimension complex problems [54]. First order evolving Fuzzy Infer-
ence Systems (FISs) are used as building blocks and the overall ensemble system has
demonstrated state of art performance with high transparency. In integrated DFNN,
the fuzzy logic is the integral part of the training process. A single hybrid architecture
is obtained by fusing a DNN with fuzzy logic. For example, when Pythagorean fuzzy
numbers are used as weights [151], this leads to the development of a Pythagorean
Fuzzy Deep Boltzmann machine. In [26], Deng et al. presented multi-model learn-
ing by using the membership values of the data in parallel with deep representation
extraction. In [45], fuzzy logic is used to adjust the learning rate and parameters.
Tabrizi et al. designed a deep Convolutional Neural Network (CNN) by feeding the
fuzzified data and it has the noise reduction effect [111].
In the last twenty years, while researchers have been developing formal many-valued
logics and uncertainty logics based on fuzzy sets, Zadeh rather emphasized com-
putational and engineering issues by advocating the importance of soft computing
(a range of numerically oriented techniques including fuzzy rules-based control sys-
tems, neural nets, and genetic algorithms [146]) and then introduced new paradigms
about computational intelligence like granular computing [147], computing with
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words [148] and perception-based reasoning [149], attempting to enlarge his origi-
nal motivation for a computational approach to the way humans handle information.

1.2 Existing Problems and Proposed Solutions

Here, we briefly present some of the existing problems and our research contributions
in the following areas:

1.2.1 Arithmetic-based type1 fuzzy system

The Fuzzy Rule Inference (FRI) uses a fuzzy relation to map the input and output
space. Based on the FRI, various types of FISs have been developed. The two best
known are the Mamdani [77] and model-based TS [17, 112] type inference systems.
There are however some drawbacks with these two inference techniques. These are:

1. The input space is not completely covered by the triangular (or trapezoidal)
membership functions i.e. they cover only a limited subspace. For example
if we have two inputs, each with 7 categories, then 49 rules are required to
cover the whole input space. Usually a few rules are applied to decrease the
computation load, so a large area of the input space is not covered. If the
input value falls in the area which is not covered by any rule, then no action is
generated. If the number of input variables increases from two (working in a
higher dimensional space), then the problem grows exponentially. Some efforts
to overcome this problem have been made by L. Kóczy and K. Hirota [65], but
all these procedures increase the computational cost.

2. Most of the membership functions are not analytical i.e. the derivative is not
defined at every point and higher derivatives do not exist. This is a drawback
because the gradient-based optimization techniques cannot be used to tune
the parameters of these membership functions as they work only on analytical
functions. However in this case, the gradient-free optimization techniques can
still be used but these are not very fast, accurate and computationally efficient
compared to gradient-based methods.

3. It is not clear how to choose a fuzzy operator system for the antecedent part
of a rule. Various fuzzy operators can be chosen. Using different fuzzy opera-
tors produces different results. Hence the choice of membership function and
operator system is completely arbitrary and we cannot get a proper efficient
design.
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4. Different implication operators are introduced. Surprisingly, the product oper-
ator is mainly used. The product operator is a strict t-norm and it is not an
implication operator.

5. The result of an evaluation of the consequent part of the rule is not a member-
ship function (it is an α-cut of the membership function). For every input value,
each rule is evaluated to get the aggregated output. The aggregation of conse-
quent parts of all the rules is a membership function which does not belong to
the same class of the antecedent and consequent membership functions.

6. Centre of Gravity (COG) defuzzification usually involves the integral evaluation
of the aggregated function and it is computationally expensive. Although there
are various defuzzification methods that do not require integral calculations, in
general these are less accurate than COG-based methods.

Using these techniques, designing an adaptive fuzzy controller is a challenging task.
As we mentioned above, both of these techniques have some advantages and disad-
vantages. There is a need to combine these advantages into a single design approach.
We attempted to solve these issues using a new approach, which has the following
good features:

1. A new type of parametric membership function called the Distending Function
(DF) is introduced. With a few rules, it can cover the whole input space. It
has three parameters and each has a semantic meaning. The values of the
two parameters are usually fixed and one parameter value is tuned during the
design process. It has two types, namely the symmetric and asymmetric DF and
both can be utilized for developing FIS.

2. The DF is analytical i.e. higher derivatives exist at each point. This property is
used in optimization procedures to tune the parameters of the DF.

3. The general parametric fuzzy operator system is used for evaluating the an-
tecedent part of the rule. The operator system and the DF are based on the
Dombi operator. Hence, both are consistent with each other.

4. Our approach does not involve the implication step. Instead the activation
strength of each rule is multiplied by the consequent DF to get the fuzzy output
of each rule.

5. The consequent of each rule is a DF. Aggregation is carried out using the
weighted arithmetic mean of these consequent DFs of all the rules. A linear
combination is closed for DFs and so the result of aggregation is also a DF.
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6. Defuzzification in this case is only a single-step calculation (finding the point
that has the highest value of the aggregated DF). This is why it is simple and
computationally efficient.

7. Using our proposed approach, we designed an adaptive FIS. It consists of tuning
the DF parameters using gradient descent optimization. The adaptive FIS can
handle the changing process dynamics with increased computational efficiency.

We combined the advantages of Mamdani and TS methods and developed the arithmetic-
based FIS. Here, the antecedent and consequent parts of the rule base are fuzzy sets,
so it is very close to direct human linguistic inputs. Related work for designing an
adaptive fuzzy controller for a nonlinear system with unknown dynamics was carried
out by Ning Wang et al. [121, 122]. However, there are two main differences with
our approach: 1) Product inference (operator and implication) is used for evaluating
the fuzzy rules and designing controller in [122]; 2) Adaptivity is achieved using Re-
tractable Membership Function (RMF) in [121], which is a symmetric membership
function. In our approach, we used a more general operator system which can uti-
lize various available fuzzy operators ( e.g. min/max, product, Einstein, Hamacher,
Dombi, drastic). Fuzzy arithmetic is used instead of implication i.e. we used a
regression-like approach. In our study, the symmetric and asymmetric DFs are used.
The asymmetric DF provides more flexibility in adaptive controller design. The effi-
ciency of this new approach is shown by designing an adaptive control system for a
water tank level and vehicle lateral dynamics.

1.2.2 Arithmetic-based type2 fuzzy system

Compared to type-1, the type-2 fuzzy systems are better at handling uncertainties,
produce smoother control response and are more adaptive and use a smaller rule
base [71]. For practical and computational reasons, interval type-2 fuzzy systems
were introduced [81]. These systems have been successfully used in control systems,
data mining, cost and risk assessment, time series predictions, urban planning and
human resource management [19, 51, 55, 89, 125, 126]. The design of interval
type-2 fuzzy system consists of five steps: 1) Fuzzification of the inputs using type-2
MFs; 2) Calculation of rules firing strengths. The firing strength is now an interval;
3) Implication and aggregation is used to produce the outputs. These operations
also produce also a type-2 fuzzy set; 4) Type reduction is applied to convert type-2
fuzzy set into type-I fuzzy sets; 5) Defuzzification is performed to get the crisp output
value. This process is similar to design of type-I fuzzy system but here we have type
reduction as an additional step. This step converts type-2 fuzzy sets to type-I fuzzy
sets. The type reduction is achieved using the so called Karnik Mendel (KM) iterative
algorithm [83]. This algorithm defines the switching points of the lower and upper
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firing strengths. Using these points, the KM algorithms generates two type-I fuzzy
sets. These sets are defuzzified to get a crisp output.
There are some drawbacks in the above-mentioned approach. These are:

1. The choice of type-2 membership function and its systematic connection with
the uncertainty are not clear. Different type-I membership functions can be
combined to generate type-2 membership function. And it is not clear which
type of membership functions should be used for particular uncertainty case.

2. The type reduction step is based on the KM algorithm, which is computational
expensive [132]. Due to its iterative nature, it is not suited for on-line appli-
cations. There are some alternative solutions which reduce the computation
burden but these are all approximations [134].

3. Although type-2 Fuzzy Logic System (FLS) require fewer rules compared to
type-I fuzzy systems, but the number of parameters is comparatively large. So
optimization is not easy in this case.

4. The implication and aggregation steps also increases the computation complex-
ity of the type-2 FLS.

Here, we solve some of these issues by proposing a new type of interval type-2 FLS.
It overcomes these issues using the following unique features:

1. A type2 extension of the DF called the Type2 Distending Function (T2DF) is
proposed. Different types of uncertainties can be expressed by associating it
with the parameters of T2DF. It can effectively represent most of the forms of
uncertainties used in type-2 fuzzy systems.

2. Fuzzy arithmetic approach is utilized here for designing type-2 fuzzy logic con-
troller. So it has no type reduction step and it does not require the iterative
algorithms. It is simple, computationally fast and suitable for on-line imple-
mentations.

3. Most of the parameters of the T2DF are fixed. Usually just the parameter asso-
ciated with the uncertainty is varied. We can say that the number of parameters
are the same as in type-I FLS. The optimization process is easy to perform and
fast.

4. There are no implication and aggregation steps. Therefore it is computationally
fast.

Because of these features, the proposed approach provides a complete framework for
handling the uncertainty using type-2 fuzzy systems.
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1.2.3 Data-driven arithmetic-based fuzzy type1 system

A rule base system represents the human expertise in the form of linguistic rules.
These rules describe the dependencies between the input and output variables in the
form of IF-THEN statements. As the number of input variables increases, the required
number of rules and the system complexity increases exponentially. In most cases,
expert knowledge is not available or it is poorly described. So the exact description
of fuzzy rules is not an easy task. If the working data of the process is available then
a data-driven based design is an attractive option. In this case, the problem reduces
to identifying a suitable fuzzy model which fits the given data [5, 68, 114].
Data-driven fuzzy modeling is quite similar to statistical non-parametric regression
methods, especially when we use TS systems. The technique can be extended to
classification problems where we have to identify the fuzzy rules for each possible
class [22]. The data-based identification of a fuzzy model can be divided into two
parts namely; qualitative and quantitative identification. Qualitative identification
focuses on the number and description of fuzzy rules. Quantitative identification is
concerned with the identification of parameter values. These parameters belong to
membership functions and operators. In the case of qualitative identification, soft
computing methodologies are used like evolutionary algorithms, genetic algorithms
and swarm optimization etc. [38, 59, 97, 150]. Neural networks are mostly used
for learning parameters (the quantitative part). Combining these two leads to the
development of a Neuro-Fuzzy Inference Systems [6, 96].
The above mentioned approaches however have some drawbacks:

1. Qualitative identification:
The identified rule base has a so-called flat structure (curse of dimensionality)
problem [78]. In most of the cases, triangular membership functions are used
and the support of these functions covers a limited area of the input space (the
grade of membership is zero outside this area). To cover the input space com-
pletely, a huge number of rules are required. If we have 2 input variables, each
with 5 categories, then the number of rules required to cover the whole input
space will be 25. If the number of input variables increases, then an exponen-
tially large number of rules are required. Each rule is applicable only within
a specific area and its strength is zero outside. If the training data of the sys-
tem does not fully span the input and output space, then this will cause serious
problems when modeling the system. If the input falls in these uncovered ar-
eas then the identified rule bases do not generate any action. Even if some
sort of interpolation technique is applied, computation complexity will increase
[96]. In summary, a global fuzzy model requires a large number of rules and
the number of these rules depends exponentially on number of the input vari-
ables and this will lead to a huge complexity demand of the data-driven fuzzy
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models.

2. Quantitative identification:
The computation complexity of the quantitative part of the identified fuzzy
model also increases with the number of rules. As the number of rules in-
creases, the number of parameters of the membership function and operators
also grow exponentially. The calculation of these parameters will increase the
computational cost of the quantitative model.

3. Interpretability:
In most cases, the interpretability of the identified fuzzy rule base is not clear.
It is easier to interpret a few rules and get an insight into the working model.
However, if the number of rules grows exponentially, then for a given set of
input values, it is not possible to predict the response of the model and analyze
its performance. The model tends to be more like a black box in these situations
and the beauty of a fuzzy-based design fades.

4. Complexity of control design:
The identified rule base is used to generate a fuzzy controller using the Mam-
dani or TSinference engines. Both of these are computationally expensive due
to implication, aggregation requirements and defuzzification step. These con-
ventional fuzzy inference procedures add complexity to the overall design of a
data-driven fuzzy controller.

In this study, we propose a new methodology for a data-driven fuzzy control design.
This new method has the following unique features:

1. DFs have been used to cover the input space entirely. A DF has a long tail and it
is defined on [-∞, ∞]. The grade of membership always has a non-zero value
and the whole input space can be covered. If we apply the Dombi operator
on the DFs in the input space, the results is also a DF in the output (higher
dimensional) space. So the whole area of the output is also covered by the
DF. A few key points from the training data have to be selected to generate the
fuzzy rule base. This fuzzy rule base, in combination with the DF and Dombi
operator, spans the whole input-output space just using a few rules.

2. The DF has three parameters. Usually two parameters can be kept constant and
one parameter is used for tuning. The latter increases/decreases the influence
area of the DF function. Also, a single step calculation is required to calculate
this parameter. Because of this, due to the smaller number of identified rules
and the deterministic nature of single parameter, the computation complexity
of the quantitative part is negligible.
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3. The interpretability of the model increases due to the significant decrease in
the number of fuzzy rules.

4. We used an arithmetic-based type1 FIS to generate the output signal. There
is no implication operator involved and aggregation is based on arithmetic op-
erations. The aggregation of fuzzy rules results in a single value that is used
as a output signal. This single value arises from the defuzzification of conse-
quent DFs, which is a single step calculation. So the overall complexity of the
data-driven fuzzy controller design decreases significantly.

1.2.4 Data-driven arithmetic-based fuzzy type2 system

We presented a novel technique for fuzzy type2 modeling and control. The proposed
fuzzy model called Distending Function based Inference System (DFIS) consists of
rules and type2 membership functions. The rules are based on the Dombi conjunctive
operator. A procedure for designing a type2 FIS using the rules is also presented.
This FIS can handle various types of uncertainties (e.g., sensor noise). The whole
procedure has the following unique features:

1. We used the Type2 Distending Function (T2DF) [35]. It has symmetric and
asymmetric forms. With a few rules, it can completely cover the whole input
space, and this helps overcome the flat structure issue.

2. T2DF has only a few parameters. Most of these parameters are kept fixed and a
few are varied during the training process. It reduces the computational burden
of quantitative identification.

3. Different types of uncertainties can be modeled using various parameters of
T2DF. Therefore, most forms of the uncertainties in fuzzy systems can be rep-
resented using T2DF.

4. Our approach identifies a few important fuzzy rules. And we have also de-
veloped a rule reduction algorithm which can further reduce the number of
identified rules and it results in an interpretable model.

5. Because only a few parameters are varied during the design process, the opti-
mization is simple and fast.

6. We presented an arithmetic-based interval type-2 FIS. The type reduction, im-
plication and aggregation steps are not involved in the design procedure. There-
fore the type2 FIS is computationally efficient and can be implemented online.
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1.2.5 Rule-Based Neural Network

DNNs and FISs seem to complement each other. It is the natural to expect that a
combination of these two approaches might have the advantages of both. On the
one hand, FISs can benefit from the computational learning procedures of the DNN.
The parameters of the rule (sometimes the whole rule) can be learnt directly from
the data. Because of this the need for the expert knowledge is no longer essential.
On the other hand, the ANN can take advantages of benefits offered by an FIS. The
incorporation of fuzzy logic with a DNN leads to the development of Deep Fuzzy
Neural Networks (DFNN). In our research, we generalized the concept of DFNNs
by presenting a Rule-Based Neural Network (RBNN). It has the following special
features:

1. RBNN can be trained to solve various real world regression and classification
tasks. RBNN has a similar architecture to a DNN but it has relatively few train-
able parameters.

2. The input layer in RBNN has the normalization functionality. We have proposed
a new type of normalization technique and it is called the Ordered Normaliza-
tion (ON). ON is specially useful when the training data has an asymmetric
distribution.

3. The training of RBNN is similar to that of DNN. Stochastic gradient (SG), batch
gradient descent (BGD) and Levenberg-Marquadt (LM) optimization methods
are used in the parameter update of back propagation. Other different variants
of gradient-based optimization can also be used to train an RBNN. The output
of each RBN is calculated by evaluating the rules using arithmetic operations.

4. The results of RBNN are interpretable and hence it is not a black box model.
Hidden and output layers in RBNN contain (Rule-Based Neuron (RBN)). Each
RBNN has a built-in FIS. After the training phase, the prediction results of the
RBNN can be interpreted using simple if-else rules.

5. It is robust to (input) feature noise and compared to DNN, it produce a higher
prediction accuracy even in the presence of large feature noise.

6. The performance of the RBNN on a skewed dataset is comparatively better than
that of the DNN and it produces higher F1 scores for the minority (smaller)
classes.



Chapter 2

Fuzzy Operators and Membership
Functions

Membership Function (MF) is a key part of a fuzzy inference system. The fuzziness of
a fuzzy set is represented by a MF. The MF can be of any shape and the only essential
condition is that it must be between 0 and 1. The shape of the MF has effects on
the performance of the inference system. Unfortunately there is no proper criteria to
choose the shape of the MF. Therefore intuition and experience are the key factors in
deciding the shape of the MF for a particular problem. In our research we solved this
problem by proposing a new parametric MF called the Distending Function (DF). It
can take various shapes depending on the values of its parameters. The parameters
can be learned directly from the data of the system. Therefore the DF takes an ap-
propriate shape depending on the nature of the problem.
Classical set theoretical operations (intersection, union, complement) have extension
in fuzzy set theory and these are called t-norm, t-conorm and negation operations.
Various operators have been proposed for these operations and this led to develop-
ment of various operator systems (min/max, drastic, Nilpotent, parametric). In our
research, we used the Dombi parametric operators to implement these fuzzy opera-
tions. The DF is based on Dombi operators. Therefore using the Dombi operators for
fuzzy set operations in our research led to the development consist system.
Now we briefly describe the important fuzzy operators and T2FSs.

2.1 Fuzzy Operators

After the introduction of fuzzy set theory by the seminal paper of Zadeh [137], exten-
sive research was carried out to extend the the set theoretic operations to fuzzy sets.
Soon the important set operations such as union, intersection, complementation, set
difference, quantifier and inclusion were extended to fuzzy sets. This resulted in
fuzzy operators defined on unit interval such as t-norm, t-conorm, negation, sym-

23
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metric difference, implication and ordered weighted average operators. Now we will
briefly describe some of the important families of these operators.

2.1.1 Negation

Negation is an extension of the set complementation operation. Bellman and Giertz
[10] defined negation N as

N(0) = 1, N(1) = 0 (2.1)

N(N(z)) = z, z ∈ [0, 1] (2.2)

and y < z =⇒ N(y) > N(z), y, z ∈ [0, 1] (2.3)

If the negation is continuous and strictly decreasing then it is called a strict negation.
If the strict negation is involutive (i.e. (2.2) holds), then it is called a strong negation.
Some of the negations worth mentioning are:

Intuitionistic Negation

Yager [129, 131] introduced the following type of negation function called the intu-
tionistic negation

Ni(z) =

{
0 z > 0

1 z = 0 .
(2.4)

This negation is neither strict nor involutive.

Dual Intuionistic Negation

Ovchinnikov [90] defined a dual intuitionistic negation function of the form

Nd(z) =

{
0 z = 1

1 z < 1 .
(2.5)

This negation is also neither strict nor involutive.

Standard Negation

Zadeh proposed a strong negation in his seminal paper [137]. It is defined as

N(z) = 1− z, z ∈ [0, 1] . (2.6)

This negation is strict as well as involutive.
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Sugeno Negation

Sugeno [107] proposed the parametric family of negation given by

Nλ(z) =
1− z

1 + λz
, z ∈ [0, 1] . (2.7)

If λ→ 0, then this negation converges to the standard negation operator.

2.1.2 Dombi Negation

Dombi introduced the parametric negation in pliant systems [34] and it is given by

Nν(x) =
1

1 +
(
1−ν
ν

)2 (1−x
x
.
) , ν ∈ [0, 1] . (2.8)

Where ν is the fixed point of the negation. There exists a ν value (ν∗), such that

N(ν∗) = ν∗. (2.9)

It is called the neutral value of negation. The neutral value divides the interval in to
two parts. The negation values less than ν∗ are treated as negative evaluation range
and those negation values greater that ν∗ are treated as acceptable negation range.

2.1.3 Triangular norm and Triangular conorm

A function t ([0, 1]2 −→ [0, 1]) is called a triangular norm (t-norm), if it satisfies the
following four conditions:

1.

t(z,1) = z (Identity) (2.10)

2.

t(y, z) = t(z, y) (Commutative) (2.11)

3.

t(z, t(x, y)) = t(t(z, x), y) (Associate) (2.12)
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4.

for y ≤ u, z ≤ v

t(y, z) ≤ t(u, v) (2.13)

Similarly a function s([0, 1]2 −→ [0, 1]) is called a triangular conorm (t-conorm) if it
satisfies the following four conditions:

1.

s(z,0) = z (Identity) (2.14)

2.

s(y, z) = s(z, y) (Commutative) (2.15)

3.

s(z, s(x, y)) = s(s(z, x), y) (Associate) (2.16)

4.

for y ≤ u, z ≤ v

s(y, z) ≤ s(u, v) (2.17)

The major difference between the t-norm and t-conorm is the identity property. From
2.10 and 2.13, it can be proved that

t(y, z) ≤ min(y, z). (2.18)

Also, from 2.14 and 2.17, it can be shown that

s(y, z) ≥ max(y, z) (2.19)

Together with the negation operator N, the t-norm t and t-conorms form a De Morgan
triplet if it satisfies the condition

s(y, z) = N(t(N(y), N(z))), y, z ∈ [0, 1] (2.20)

Now, we will briefly introduce some of the important types of t-norms and t-conorms.
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Min t-norm and Max t-conorm

Zadeh proposed the min function for the t-norm and max function for the t-conorm
operator [137].

t(y, z) = min(y, z)

s(y, z) = max(y, z).

It is worth mentioning that the min is the largest possible t-norm, while max is the
smallest possible t-conorm.

Product and probabilistic sum

Goguen [52] proposed the product function (Π) for the t-norm and probabilistic sum
(Π′) for the t-conorm.

p(y, z) = yz

p
′
(y, z) = y + z − yz.

The Lukasiewicz t-norm and t-conorm

Lukasiewicz [75] defined the t-norm w and t-conorm w
′ using the min and max

operators.

w(y, z) = max{y + z − 1,0}
w

′
(y, z) = min{y + z,1}

The nilpotent t-norm and t-conorm

Perny [95] and Fodor [46] independently discovered the nilpotent minimum and
maximum norms. These are also called the bounded norms.

min0(y, z) =

{
min(y, z) y + z > 1

0 otherwise.
max1(y, z) =

{
max(y, z) y + z < 1

1 otherwise.

Drastic t-norm and t-conorm

The drastic t-norm (D) and t-conorm (D′) are defined using the min and max oper-
ators.

D(y, z) =

{
min(y, z) max(y, z) = 1

0 otherwise.
D

′
(y, z) =

{
max(y, z) min(y, z) = 0

1 otherwise.
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D is the weakest among all the t-norms and D
′ is the strongest among all the t-

conorms.

2.1.4 Parametric t-norms and t-conorms

The parametric families of t-norm and t-conorm operator include at least one pa-
rameter whose value determines the nature and intensity of the operation. It was
shown by Dombi [28] that when this parameter tends to extreme values then the t-
norm operator approaches either the min or drastic product operator D. Similarly for
the extreme values of the parameter, the t-conorm operator approaches either max
or drastic sum operator D′. Now we will briefly describe some of these parametric
families.

Frank parametric family

Frank introduced the fundamental family of t-norms [47] and it is defined by

tp(y, z) = logp

(
1 +

(py − 1)(pz)− 1

p− 1

)
, (2.21)

where p is a real number such that p > 0 and p ̸= 1. It was shown by Klement et
al. that the members of the Frank family are decreasing functions of p. Using the De
Morgan law, the Frank t-conorm can be defined as

sp(y, z) = 1− tp(1− y,1− z) (2.22)

Hamacher parametric family

Hamacher proposed the negation, t-norm and t-conorm operators [56]. These be-
longs to rational class of fuzzy operators.

Nγ(z) =
1− z

1 + γz
γ > −1 (2.23)

talpha(y, z) =
yz

α + (1− α)(y + z − yz)
α ≥ 0 (2.24)

sβ(y, z) =
y + z + (β − 1)yz

1 + βyz
β ≥ −1 (2.25)

The generator function for these operators is

fα(z) =

log
(

α+(1−α)z
z

)
α = 0

1−z
z

α > 0
(2.26)



2.1 Fuzzy Operators 29

Sugeno-Weber parametric family

Sugeno and Weber introduced the following parametric t-norm and t-conorm [124].

tλ(y, z) = max

(
0,
y + z − 1 + λyz

1 + λ

)
, (2.27)

sλ(y, z) = min(1, y + z + λyz). (2.28)

Here λ > −1 and y, z ∈ [0, 1]. The additive generator function for these operators is

fλ(z) =

{
1− log(1+λz)

log(1+λ)
λ ̸= 0

1− z λ = 0
(2.29)

The Yager parametric family

Yager introduced one of the important parametric families which is significantly used
in the nilpotent logic [130]. The t-norm and t-conorm of this family are strictly
increasing functions of the parameter p.

tp(y, z) = max
(
0, 1− ((1− y)p + (1− z)p)

1
p

)
, (2.30)

sp(y, z) = min
(
1, ((y)p + (z)p)

1
p

)
. (2.31)

Here y, z ∈ [0, 1] and p ∈]0,∞[.

The Dubios-Prade parametric family

Dubios and Prade introduced a non-Archimedean family of t-norm and t-conorm [41]
operators defined by

tγ(y, z) =
yz

max(y, z, γ)
y, z, γ ∈ [0, 1]. (2.32)

Perny-Fodor parametric family

Perny and Fodor proposed the following family of t-norm and t-conorm operators
[46, 95]

tN(y, z) =

{
min(y, z) ify > N(z)

0 else,
sN(y, z) =

{
1 ify ≥ N(z)

max(y, z) else,
(2.33)

where N is any strong negation.
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The Dombi parametric family

Dombi introduced the following strict t-norm and t-conorm operators [28]

tλ(y, z) =
1

1 +

((
1−x
x

)λ
+
(

1−y
y

)λ) 1
λ

, (2.34)

sλ = 1− tλ(1− y, 1− z). (2.35)

This parametric family has only one parameter λ. Changing its value generates the
Dombi t-norms and t-conorms. These t-norms and t-conorms have the following
additive generator functions:

fλ(z) =

(
1− z

z

)λ

, (2.36)

gλ(z) =

(
z

1− z

)λ

, (2.37)

(2.38)

where λ > 0 and y, z ∈]0,∞[. Dombi parametric family has infinity many nega-
tions. The Dombi conjunctive, disjunctive and negation operators form the De Mor-
gan class.

The Generalized Dombi operator (GDO)

Dombi combined three important classes of the fuzzy operator into a single para-
metric operator [31]. These operator classes includes the min/max operators, strict
operators (Einstein, Hamacher, Frank, Product and Dombi) and drastic operators.
The Generalized Dombi operator (GDO) has the following form

DG(α)
γ (x) =

1

1 +
(

1
γ

(∏n
i=1

(
1 + γ

(
1−xi

xi

)α)
− 1
)) 1

α

. (2.39)

With the right set of α and γ values, the DG(α)
γ (x) approaches the operators of these

three classes, as shown in the Table 2.1.

2.2 Membership Functions

The Membership Function (MF) assigns the degree of belongingness to each element
of the fuzzy set. The value of this degree is always between 0 and 1. The input region
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S.No. Operator γ value α value for t-norm α value for t-conorm
1 Min/Max 0 ∞ −∞
2 Drastic ∞ α > 0 α < 0

3 Hamacher γ ∈ (0,∞) 1 -1
4 Einstein 2 1 -1
5 Product 1 1 -1
6 Dombi - α > 0 α < 0

Table 2.1: Various combination of α and γ parameter values in DG(α)
γ (x)

where the MF has a non-zero degree is called the support of the MF. The region
where the MF has a degree of one is called the core of the MF. The elements in
the fuzzy set that have the membership grade of 0.5 are called the crossover points.
THe α-cut of a fuzzy set is a crisp set which contains those elements which have
a membership grade greater than the α value. Some of the popular MF s include
piece-wise linear functions (triangular and trapezoidal), Gaussian, Bell-shaped and
Sigmoid MFs. In general, a MF is denoted by µ(x), where x is the input space and it
is called the universe of discourse.
A MF is called normal if at least one of its elements has a membership grade of 1. If
all the α-cuts of a MF are convex then the MF is also convex. The distance between
the cross-over points of the normal and convex is called the bandwidth of the MF.
Now, we briefly describe some of the most commonly used MFs.

2.2.1 Triangular MF

A triangular MF of a fuzzy set F is defined as

µtri(x) =


0 x ≤ a1
x−a1
a2−a3

a1 ≤ x ≤ a2
a3−x
a3−a2

a2 ≤ x ≤ a3

0 x ≥ a3.

(2.40)

Here, x is the input space, a1, a3 are the coordinates of the boundary points of the
triangular MF and a2 is the peak value coordinate of the triangular MF (Fig. 2.1).
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Figure 2.1: Triangular Membership Function

2.2.2 Trapezoidal MF

A trapezoidal MF of a fuzzy set is defined as

µtrap(x) =



0 x ≤ a1
x−a1
a2−a1

a1 ≤ x ≤ a2

1 a2 ≤ x ≤ a3
a4−x
a4−a3

a2 ≤ x ≤ a3

0 x ≥ a4.

(2.41)

A trapezoidal MF with boundary points a1 and a4 is shown in Fig. 2.2.

Figure 2.2: Trapezoidal Membership Function
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Figure 2.3: Gaussian Membership Function

2.2.3 Gaussian MF

Let c and σ denote the mean and standard deviation of a Gaussian function. A
Gaussian MF (Fig. 2.3) of a fuzzy set is defined as

µGauss(x) = e(−
1
2 |x−c

σ |) (2.42)

2.2.4 Generalized Bell-shaped MF

A Generalized bell-shaped MF is defined as

µBell(x) =
1

1 +
∣∣∣x−c

a1

∣∣∣2a2 , (2.43)

where the parameter c controls the central point, a1 alters the width and a2 alters the
sharpness of the bell-shaped MF, as shown in Fig. 2.4.

2.2.5 Sigmoid MF

A sigmoid MF is defined as

µSig(x) =
1

1 + e(−λ(x−c))
, (2.44)

where c is the coordinate of the crossover point and λ controls the slope of the MF as
the crossover point (Fig. 2.5).
In our study, we developed and employed a new type of parametric MF called the
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Figure 2.4: Generalized Bell-shaped Membership Function

Figure 2.5: Sigmoid Membership Function

Distending Function. Now, we will briefly introduce this MF and discuss its unique
features.

2.3 The Distending Function

The Distending Function (DF) is a continuous function which is monotonically in-
creasing in the interval (−∞, 0) and monotonically decreasing in the interval (0, +∞)

and it takes values in [0, 1]. The DF
(
δ
(λ)
ε,ν (x)

)
is a parametric membership function.

The parameters used are the threshold (ν), tolerance/error (ε) and sharpness (λ).
Now we will introduce two types of DF namely, symmetric and asymmetric.
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2.3.1 The symmetric Distending Function

The symmetric DF is symmetric around x− c and it is defined as:

Definition 1. The symmetric DF (shown in Fig. 2.6) is given by

δ(λ)ε,ν (x− c) =
1

1 + 1−ν
ν

∣∣x−c
ε

∣∣λ , (2.45)

where ν ∈ (0,1), ε > 0, λ ∈ (1,+∞) and c ∈ R. δ(λ)ε,ν (x− c) will be denoted by δs(x).

Figure 2.6: Various shapes of symmetric Distending Functions depending on the param-
eter values

The parameters of the DF have the following meanings. The DF has a peak value of
1 at x = c. If the input is in the interval [−ϵ, ϵ], the value of the DF is greater than
ν and also δs(x = ±ε) = ν. When the input is in the interval [−ϵ, ϵ], it is treated as
a truth value. The threshold (ν) divides the [0, 1] interval into truth and falseness
regions. And the parameter λ controls the sharpness of the DF. If λ → ∞, then the
DF approaches the characteristic function. With the appropriate values of ν, ε and λ,
all the existing T2FSs s (Trapezoidal, Gaussian, sigmoid, etc ) can be approximated
using the DF. The T2FSs can be shifted by a parameter c and we shall use the notation(
δ
(λ)
ε,ν (x− c)

)
. We can interpret it when x approaches c, i.e. when x is equal to c (soft

equality). Here c is the center point of the DF (δ
(λ)
ε,ν (c) = 1).

2.3.2 The asymmetric Distending Function

The asymmetric type of the DF can be defined in the following way:
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Definition 2. The asymmetric DF (shown in Fig. 2.7) is given by

δA(x) =

1

1 + 1−νR
νR

∣∣∣x−c
εR

∣∣∣λR
1

1+e−λ∗(x−c) +
1−νL
νL

∣∣∣x−c
εL

∣∣∣λL
1

1+eλ
∗(x−c)

, (2.46)

where νR, νL ∈ (0,1), εR, εL > 0, λL, λR ∈ (1,+∞), c ∈ R and λ∗ ∈ (1,+∞). λ∗ is a

Figure 2.7: The asymmetric Distending Function (νL = 0.5, εL = 0.5 , λL = 5, νR = 0.8,
εR = 0.7 , λR = 5, λ = 5, c = 0)

technical parameter and its value is very large compared to λR and λL. νL, εL and λL
are the parameters of the left hand side whereas νR, εR and λR are the parameters of the
right hand side of the asymmetric DF. Here, c is the centre point i.e. δA(c) = 1.

The asymmetric DF provides more flexibility in control design. Here, the right
and left hand sides of the asymmetric DF can be controlled independently.
Next, we will give a formula to calculate the coordinate of the Centre of Gravity
(COG) of the asymmetric DF. First, we calculate the area under the DF. We will
consider only one (right hand) side of the DF. Using this area, we will derive an
expression for the coordinate of the COG.

2.3.3 Area Under the Distending Function

The integral of the DF can be written in the form

I =

+∞∫
0

1

1 + 1−ν
ν

∣∣x
ε

∣∣λdx, (2.47)
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where

I 1
2
=

∞∫
0

1

1 + 1−ν
ν

(
x
ε

)λdx. (2.48)

By applying the

t =

(
1− ν

ν

) 1
λ x

ε
(2.49)

substitution, the integral I can be written as

I = ε

(
ν

1− ν

) 1
λ

+∞∫
−∞

1

1 + tλ
dt (2.50)

The result is

I = ε

(
ν

1− ν

) 1
λ π

λ

sin π
λ

. (2.51)

2.3.4 Center of Gravity (COG) Defuzzification

Let the function δ(λ)ε,ν,+(x) (”+” means the right hand side) be defined as follows:

δ
(λ)
ε,ν,+(x) =

0, if x < 0
1

1+ 1−ν
ν |xε |

λ , if x ≥ 0,
(2.52)

where ν ∈ (0,1), ε > 0 and λ ∈ R, λ > 1. Let x∗ denote the horizontal coordinate of
the COG, as shown in Fig. 2.8. It is well known that

x∗ =

+∞∫
−∞

xδ
(λ)
ε,ν,+(x)dx

+∞∫
−∞

δ
(λ)
ε,ν,+(x)dx

. (2.53)

Then the coordinate x∗ of the COG of the area under the curve for δ(λ)ε,ν,+(x) is

x∗ =
1

2
ε

(
ν

1− ν

) 1
λ 1

cos π
λ

. (2.54)

Proof. Since δ(λ)ε,ν,+(x) = 0 if x < 0, then using Section. 2.3.3, it is trivial to prove that
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Eq. (2.53) reduces to Eq. (2.54).

x∗ =

+∞∫
0

xδ
(λ)
ε,ν,+(x)dx

+∞∫
0

δ
(λ)
ε,ν,+(x)dx

=

+∞∫
0

xδ
(λ)
ε,ν,+(x)dx

ε
(

ν
1−ν

) 1
λ

π
λ

sin π
λ

. (2.55)

Now, applying the

t =

(
1− ν

ν

) 1
λ x

ε
(2.56)

substitution leads to

x∗ = ε

(
ν

1− ν

) 1
λ sin π

λ
π
λ

∞∫
0

t

1 + tλ
dt, (2.57)

and utilizing Eq.(2.50), we get

x∗ = ε

(
ν

1− ν

) 1
λ sin π

λ

sin 2π
λ

=
1

2

ε
(

ν
1−ν

) 1
λ

cos π
λ

. (2.58)

Using this, the coordinate x∗ of the COG for both sides of the asymmetric DF is

x∗ =
∆2

LS1 −∆2
RS2

∆L +∆R

, (2.59)

where

∆L = εL(
νL

1− νL
)

1
λL

π
λL

sin π
λL

; ∆R = εR(
νR

1− νR
)

1
λR

π
λR

sin π
λR

S1 =
sin π

λL

2π
λL

cos π
λL

; S2 =
sin π

λR

2π
λR

cos π
λR

.

Remark. Some special cases:

1. If νL = νR = ν and λL = λR = λ, then

x∗ =
ε2L
(

ν
1−ν

) 1
λ − ε2R

(
ν

1−ν

) 1
λ

εL + εR

1

cos π
λ

.
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Figure 2.8: The COG of the DF (RHS)

2. If ν = 0.5, then

x∗ =
1

2
(εL − εR)

1

cos π
λ

and if c ̸= 0, then

x∗ − c =
1

2
(εL − εR)

1

cos π
λ

. (2.60)

3. For symmetric DFs, εR = εL, so
x∗ = c, (2.61)

which gives an expression for the coordinate of the COG of the symmetric DFs.

Now, we will evaluate the derivatives of DF. These will be used in the optimization
process.

2.3.5 Derivatives of the Distending Function

Let
δ(x) = δ(λ)ε,ν (x) =

1

1 + 1−ν
ν

∣∣x
ε

∣∣λ . (2.62)

Then the first derivative of Eq. (2.62) is:

∂

∂x
δ(x) = −λ

x
δ(x) (1− δ(x)) .
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The partial derivatives of the DF with respect to ε is

∂

∂ε
δ(x) = −λ

ε
δ(x)(1− δ(x)).

It is worth mentioning that the derivatives of DF are similar to the derivatives of the
sigmoid function and these derivatives can readily be calculated just using the DF.
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Arithmetic-based Type1 Fuzzy System

In this chapter we present the design of type1 Fuzzy Inference System (FIS) using
fuzzy arithmetic and Distending Function (DF). The proposed new FIS is simple, fast
and computationally efficient, compared to the classical techniques (Mamdani, Tak-
agi Sugeno) and it can also adapt itself to the process dynamics. The unique features
are: 1) DF is used as membership function; 2) A general parametric operator system
is used. It utilizes most of the fuzzy operator systems for evaluating the knowledge
base; 3) Inference is based on fuzzy arithmetic operations; 4) This leads to a com-
putationally efficient single-step defuzzification. With these concepts, the paradigm
of fuzzy control design changes radically. Using this technique with an optimization
method, an adaptive fuzzy FIS is designed. This adaptive FIS adjusts itself to the
changing dynamics of the non-linear processes by tuning the DF. The effectiveness
of the proposed methodology is demonstrated on two industrial processes, namely a
water tank system and continuously stirred tank reactor system.

3.1 Fuzzy Arithmetic

It was suggested by Zadeh [143] that fuzzy quantities can be combined arithmeti-
cally using the laws of fuzzy theory. This direction was then explored independently
by many researchers [40, 52, 107]. Later it was established that fuzzy theory is an
extension of the algebra of many-valued logic and interval analysis [42, 135]. Thus
interest in the fuzzy interval domain has increased [84]. Fuzzy arithmetic can be
viewed as the arithmetic of α cuts. It handles the fuzzy quantities which are obtained
by mapping a real number to the real interval [0, 1]. We create a α cuts (α ∈ [0, 1]) for
each fuzzy quantity and then perform the required operation by applying the princi-
ples of interval arithmetic. Here, instead of intervals, we will use the left and right
hand sides of DFs, which are defined on these intervals. This is possible in the case
where two sides of the given functions are monotonously increasing or decreasing
functions. The details and advantages of using fuzzy arithmetic operations in control

41
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design are given in [37].
Next, we will show that DFs are closed under a linear combination i.e. a linear
combination of DFs is also a DF.

3.1.1 Linear Combination of Distending Functions

Let

δ
(λ)
i(ν,εi,ci)

(x) =
1

1 +
(
1−ν
ν

) ∣∣∣x−ci
εi

∣∣∣λ ,
where i = 1, . . . , n are the DFs that have the same ν and λ values. These n DFs can
be combined using fuzzy arithmetic operations and the result is

δR(x) =
1

1 + 1−ν
ν

∣∣∣x−cR
εR

∣∣∣λ . (3.1)

δR is the resultant DF obtained from the linear combination of n DFs.

Proposition 1. Consider n DFs δ(λ)1(ν,ε1,c1)
(x), δ

(λ)
2(ν,ε2,c2)

(x), . . . , δ
(λ)
n(ν,εn,cn)

(x). The weighted

linear combination of these DFs will also be a DF δ(λ)R(ν,εR,cR)(x), where

εR =
n∑

i=1

wiεi, cR =
n∑

i=1

wici (3.2)

Proof. Consider two DFs δ(λ)1(ν,ε1,c1)
(x), δ(λ)2(ν,ε2,c2)

(x) and two inputs x1 and x2. Let α be
the values of δ1 and δ2 at the inputs x1 and x2 respectively, as shown in Fig. 3.1.

δ
(λ)
1(ν,ε1,c1)

(x1) =
1

1 +
(
1−ν
ν

) ∣∣∣x1−c1
ε1

∣∣∣λ = α,

δ
(λ)
2(ν,ε2,c2)

(x2) =
1

1 +
(
1−ν
ν

) ∣∣∣x2−c2
ε1

∣∣∣λ = α.

Then x1 and x2 can be expressed as

w1x1 = w1

((
ν

1− ν

1− α

α

) 1
λ

ε1 + c1

)
(3.3)

w2x2 = w2

((
ν

1− ν

1− α

α

) 1
λ

ε2 + c2

)
, (3.4)
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where w1 and w2 are the weights of the fuzzy rules applicable to the input x1 and x2.
Let x = w1x1 + w2x2. Then by adding Eq. (3.3) and Eq. (3.4), we get

x =

(
ν

1− ν

1− α

α

) 1
α

((w1ε1 + w2ε2) + (w1c1 + w2c2))

From this, we get

δR(x) =
1

1 +
(
1−ν
ν

) ∣∣∣x−(w1c1+w2c2)
(w1ε1+w2ε2)

∣∣∣λ (3.5)

For n inputs x1, x2, ..., xn and n DFs δ(λ)1(ν,ε1,c1)
(x), δ

(λ)
2(ν,ε2,c2)

(x), . . . , δ
(λ)
n(ν,εn,cn)

(x), the re-
sult can be generalized to

δR(x) =
1

1 + 1−ν
ν

∣∣∣x−cR
εR

∣∣∣λ , (3.6)

where δR is the resultant DF obtained from the linear combination of n DFs with cR
and εR given by Eq. (3.2).

Figure 3.1: A linear combination of two DFs δ1 and δ2 using fuzzy arithmetic operations
on α cuts

3.2 Arithmetic Type1 FIS

Our design methodology was motivated by a previous study where a fuzzy system
was designed using fuzzy arithmetic operations [37]. It has all the desired properties,
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such as:

– Range independence,

– The effect of fuzziness is fully incorporated,

– The computation speed is very high compared to conventional COG defuzzification-
based FIS.

Using expert knowledge or process data, the multi-input multi-output system (MIMO)
is described by:

If x1 is Ai
1 and ... and xn is Ai

n

then y1 is Bi
1 ; ... ; ym is Bi

m , (3.7)

where x1, x2, ..., xn are the input linguistic variables which take the values from the
input fuzzy subsets A1, A2, ..., An. The variables y1, y2, ..., ym are the output linguistic
variables which take the values from the output fuzzy subsets B1, B2, ..., Bm. i =

1, ..., l is the number of fuzzy rules. If the output variables are independent of each
other, then each rule of the rule base given by Eq. (3.7) can be written as m multi-
input single output (MISO) rules

If x1 is Ai
1 and ... and xn is Ai

n then y is Bi . (3.8)

We will try to find the fuzzy inference mechanism to map the input-output space
and generate a crisp output signal. In our approach, we handle the antecedent and
consequent parts of the rule separately.

3.2.1 The antecedent part

The antecedent part of the ith fuzzy rule is

L(δ1(x1)i, δ2(x2)i, . . . , δn(xn)i) = ŵi(x), (3.9)

where ŵi(x) is the rule applicability function. L is the fuzzy logical expression and it
may include and (x1 ∈ A1 and x2 ∈ A2), or (x1 ∈ A1 or x2 ∈ A2) and not (x1 ̸∈ A1)
operators. Here, we use the Generalized Dombi operator (GDO)

Dγ(x) =
1

1 +
(

1
γ

(∏n
i=1

(
1 + γ

(
1−δ(xi)
δ(xi)

)α)
− 1
)) 1

α

. (3.10)

Most of the conjunctive or disjunctive operators used (e.g min/max, product, Ein-
stein, Hamacher, Dombi, drastic) are covered by Eq. (3.10).
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For specific input values of x∗, Eq. (3.9) can be evaluated and this results in a single
numeric value ŵi(x

∗)

L(δi1(x∗
1)
, δi2(x∗

2)
, . . . , δin(x∗

n)
) = ŵi(x

∗), (3.11)

where ŵi(x
∗) is called the strength of the ith rule. We normalize these strengths (to

compare the rules) to get the firing strengths wi(x
∗). The firing strength gives the

probability of the rule. The firing strength of the ith rule is

wi(x
∗) =

ŵi(x
∗)∑l

i=1 ŵi(x∗)
, (3.12)

where

l∑
i=1

wi(x
∗) = 1. (3.13)

3.2.2 The consequent part

This part of the rule is a fuzzy set represented by a single DF. The firing strength
of each rule (calculated from the antecedent part) is multiplied by the consequent
part. Also the fuzzy output of each rule is a DF. By combining all the rules, we can
generate an aggregated output. If w1(x

∗), w2(x
∗), . . . , wl(x

∗) are the firing strengths
and δ1o(x), δ2o(x), . . . , δlo(x) are the l consequents, then the aggregated output of the
l fuzzy rule is given by:

δa(x) =
l∑

i=1

wi(x
∗)δio(x). (3.14)

Of course, δa(x) is also a DF. We calculate the parameters of the DF using Eq. 3.2.
The aggregated output DF δa(x) has the following form

δa(x) =
1

1 + 1−ν
ν

∣∣∣x−ca
εa

∣∣∣λ , (3.15)

where

ca =
l∑

i=1

wi(x
∗)ci, εa =

l∑
i=1

wi(x
∗)εi, (3.16)

where ci and εi are the parameters of the ith consequent. The crisp output will be
the COG of the aggregated DF δa(x).



46 Arithmetic-based Type1 Fuzzy System

Our design approach has the following unique features:

– A general parametric operator is used to calculate the firing strength of rules.
This single operator can be employed to calculate the Zadeh, product, Einstein,
drastic and Dombi t-norm and t-conorms with appropriate values of the param-
eters.

– The inputs are fuzzified using DFs. These DFs can approximate most types of
bell-shaped membership functions. Also, the input member functions might
have different shapes (Gaussian, Trapezoidal, Sigmoidal) at the same time for
different categories.

– The aggregate functions is also a DF. This is due to the fact that a linear combi-
nation of DFs is a also a DF.

– The design procedure is simplified because it does not include implication. The
aggregation is carried out using fuzzy arithmetic operations.

– Defuzzification is a single-step calculation.

Hence, the proposed approach is computationally efficient.

3.2.3 Algorithm

The whole procedure is summarized in Algorithm 1.

Algorithm 1 Algorithm for the synthesis of arithmetic-based FIS using a DF

Step 1: Define the DFs for the input and output linguistic variables.
Step 2: Fuzzify the crisp inputs using Eq. (2.45) or Eq. (2.46).
Step 3: Construct the rule base from the expert knowledge using Eq. (3.8).
Step 4: Calculate the strength of each rule using Eq. (3.10) by choosing the
appropriate fuzzy conjunctive/disjunctive operators.
Step 5: Calculate the l firing strengths using Eq. (3.12).
Step 6: Calculate the parameters (ca, εa) of the aggregated output DF via Eq.
(3.16).
Step 7: Generate the aggregated output DF using Eq. (3.15).
Step 8: Get the crisp output signal u by calculating the COG of the aggregated
output DF using Eq. (2.59) or Eq. (2.61).

3.3 Adaptive FIS Design

If the process parameters vary with time, then the adaptive FIS changes the output
signal in accordance with the change in process dynamics. Therefore, the adaptive
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FIS works even when the values of the parameters are outside the desired range.
Here, we shall present a hybrid scheme for adaptive FIS. We call it a hybrid because
it utilizes the knowledge base and an optimization method. The hybrid scheme se-
lects one fuzzy rule from the knowledge base and it tunes the parameters of the
antecedent part. This rule will be selected based on the firing strength. The opti-
mization technique is used to tune the parameters of the antecedent part.
Here we have three tunable parameters, namely ν, λ and ε. We shall fix the values of
ν and λ and we will tune the ε parameter. The knowledge base of a FIS consists of
”If then” rules that have the following form:

If x1 is A11 and , . . . , xn is A1n then y is B1

...
If x1 is Ai1 and , . . . , xn is Ain then y is Bi

...
If x1 is Al1 and , . . . , xn is Aln then y is Bl

 , (3.17)

where i = 1, 2, . . . , l is the number of rules. Ai1, Ai2, . . . , Ain are the input linguistic
terms and Bi are the output linguistic terms. All the input and outputs are associated
with corresponding DFs. Here, y is the fuzzy output. Now let ŵ1, ŵ2, . . . , ŵl be the
strengths of the l fuzzy rules and c1, c2, . . . , cl be the COG values of l corresponding
DFs. The crisp value Y (3.17) is

Y =
c1ŵ1 + c2ŵ2 + · · ·+ clŵl

ŵ1 + ŵ2 + · · ·+ ŵl

. (3.18)

Let the squared error function has the form

E =
1

2
(Yref − Y )2 , (3.19)

where YRef is the known reference output signal and Y is the output signal (crisp
output) generated by the FIS. Now the adaptive FIS problem reduces to the following
optimization task;

Minimise
ε>0

(E) . (3.20)

Using the gradient descent method,

εt+1 = εt − ηs
∂

∂ε
(E) . (3.21)
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From Eq. (3.19), we have

εt+1 = εt + 2ηsE
∂

∂ε

(
c1ŵ1 + c2ŵ2 + · · ·+ clŵl

ŵ1 + ŵ2 + · · ·+ ŵl

)
, (3.22)

where ηs is the step size of the optimization. To reduce the complexity and compu-
tational cost, we will select one rule and tune the antecedent part at the same time.
The rule will be selected on the basis of the rule strengths (ŵ1, ŵ2, . . . , ŵl). Now we
will explain this selection and the tuning procedure.
Let the ith rule has the highest firing strength. The remaining (l − 1) strengths will
be constant. Eq. (3.22) can be written as

εt+1 = εt + 2ηsE
∂

∂εi

(
ciŵi + k1
ŵi + k2

)
, (3.23)

where

k1 = c1ŵ1 + · · ·+ ci−1ŵi−1 + ci+1ŵi+1 + · · ·+ clŵl

k2 = ŵ1 + · · ·+ ŵi−1 + ŵi+1 + · · ·+ ŵl.

From Eq. (3.23), we get

∂

∂εi

(
ciŵi + k1
ŵi + k2

)
=

(ŵi + k2)(ciŵ
′
i) + (ciŵi + k1)ŵi

′

(ŵi + k2)2
, (3.24)

where

ŵ
′

i =
∂

∂εi
(ŵi).

By using Eq. (3.10),

ŵ
′

i =
∂

∂εi

 1

1 +
(∑n

i=1

(
1−δi(xi)
δi(xi)

)α) 1
α

 . (3.25)

Here δ1(x1), . . . , δn(xn) are the n antecedent DFs in the ith rule. To reduce the com-
putation cost, the ε parameter of only one antecedent DF will be tuned at a time. The
DF to be tuned is selected by comparing the grade of membership of these n DFs. The
DF with the highest grade is selected for tuning. The remaining (n − 1) antecedent
DFs in the ith rule will be treated as constants. Let εi be the parameter of the ith
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antecedent DF having the highest grade value. Then Eq. (3.25) can be written as

ŵ
′

i =
∂

∂εi

 1

1 +
((

1−δi(xi)
δi(xi)

)α
+ k3

) 1
α

 , (3.26)

where

k3 =
i−1∑
k=1

(
1− δk(xk)

δk(xk)

)α

+
n∑

k=i+1

(
1− δk(xk)

δk(xk)

)α

.

For the Dombi conjunctive operator, α = 1. Since k3 is independent of εi,

ŵ
′

i =
∂

∂εi
δi(xi)

= − λ

εi
δi(xi) (1− δi(xi)) . (3.27)

Eq. (3.23) can be written as

εt+1 = εt −
2ληsEδi(xi) (1− δi(xi)) (2ciŵi + cik2 + k1)

εi(wi + k2)2
, (3.28)

which is the update for ε of the ith antecedent DF of the ith rule.

3.3.1 Algorithm

The procedure for designing the adaptive FIS is summarized in Algorithm 2.

Algorithm 2 Algorithm for the synthesis of the adaptive FIS using DF

Step 1: Define a tolerance τ as an acceptable upper bound on error E.
Step 2: Calculate the error E between the fuzzy output Y and reference output
YRef .
Step 3: If E ≥ τ , then perform the following steps (steps 4 to 9) else exit.
Step 4: Calculate the rule strengths ŵ1, . . . , ŵl of l fuzzy rules.
Step 5: Select the rule with the highest rule strength.
Step 6: Calculate the grade of membership of n antecedent DFs within in the
selected rule using Eq. (2.45) or Eq. (2.46).
Step 7: Select the antecedent DF with the highest grade of membership.
Step 8: Update the parameter ε of the selected antecedent DF using Eq. (3.28).
Step 9: Go to Step 2.
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3.4 Experiments, Results and Discussion

The effectiveness of the proposed technique is demonstrated using the simulation
case studies of two practical systems.

3.4.1 Water Tank Level Control

Water Tank Model

Consider a water tank system, as shown in Fig. 3.2. Water continuously flows in and
out of the tank. There is also a valve at the inlet pipe to control the inflow to the
tank. The rate of change of the water volume V inside the tank is

dV

dt
= qin − qo, (3.29)

where qin and qo are the inflow and outflow rates. If At is the area of the tank base
and l is the height of the liquid in the tank, then

At
dl

dt
= qin − Ao

√
2gl, (3.30)

where Ao is the cross sectional area of the outlet and g is the acceleration due to
gravity. A control signal u is sent to the valve located on the inlet pipe and the height
of water column inside the tank is controlled by the change in the ratio of inlet and
outlet flow rates. The level l of the water in the tank is measured using a level sensor.

Control Scenario (Changing the water level)

A fuzzy controller is designed using our approach to control the water level of the
tank at the specified height (reference) by opening/closing the inlet valve. The dif-
ference in the measured level l and the reference height (called the Level Error) is
fed to the fuzzy controller as an input. To control the level efficiently, the rate of
change of the level in the tank is also fed to the controller as a second input. The
controller then generates the control signal for opening and closing the valve. The
controller rule base is shown in Table 3.1. The multiple inputs are fuzzified using the
DF (Eq. (2.45) or Eq. (2.46)). DFs are also defined for the output control i.e. the
valve opening/closing signal. The DFs for the antecedent and consequent parts are
shown in Fig. 3.3. The control action is generated using Algorithm 1. Here, Fig. 3.5
shows the control surface of the fuzzy controller. A reference signal for changing the
level of water in the tank between 5m and 15m is fed to the system. Fig. 3.6 and Fig.
3.7 show the response comparison of the proposed and the conventional Mamdani
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Figure 3.2: Water Tank level system

controllers. The conventional controller is based on Gaussian membership functions,
product conjunction and implication operators, max aggregation and COG defuzzi-
fication. Fig. 3.8 shows the performance of the proposed fuzzy controllers using
symmetric and asymmetric DFs. The consequent DFs for the asymmetric DF-based
controller are shown in Fig. 3.4.

Level Error
Rate of Level Positive Negative Don’t Care

High - - Close Fast
Low - - Open Fast
OK Close Slow Open Slow No Change

Table 3.1: The rule base for the Water Tank level fuzzy controller

3.4.2 Temperature Control of the Continuously Stirred Tank Re-
actor (CSTR)

CSTR Dynamical Model

CSTR is a chemical reactor (shown in Fig. 3.9) which converts a hazardous chemical
A into an acceptable product B, which is then disposed of in the natural environment.
The reactor consists of a tank, a cooling jacket and a continuous stirring mechanism.
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Figure 3.3: Antecedent and Consequent DFs for the Water Tank level controller (Sym-
metric)
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Figure 3.4: Consequent DFs for the Water Tank level controller (Asymmetric)

Figure 3.5: The control surface for the Water Tank level controllers
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Figure 3.6: The response comparison of our proposed controller with a conventional
fuzzy controller

Figure 3.7: The difference in response between the proposed controller and the conven-
tional controller (proposed - conventional)

The volume of the chemical inside the tank is usually kept constant. The tank tem-
perature (TR) and concentration CA of the chemical A in the outlet stream are the
important variables. The reaction is exothermic and irreversible. The tank is con-
tinuously stirred for proper mixing to get uniform temperature and concentration
profiles. By changing the jacket temperature (TJ), the tank temperature TR and
concentration CA can be controlled. If TR reaches the high threshold limit then tem-
perature runaway can occur in the reactor and result in an unsafe operation. The
dynamical model of CSTR was derived using mole balance and energy balance equa-
tions. It leads to the following state equations:
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Figure 3.8: The response comparison of the symmetric and asymmetric DF-based fuzzy
controllers

ẋ1 = TF − x1 + x2
∆Hrk0e

−E
RT

ρCp

+ UA(TJ − x1);

ẋ2 =
q

V
(CAF − x2)− x2k0e

−E
RT , (3.31)

Here, x1 and x2 are the states of the process and they represent TR and CA, respec-
tively. TJ is the control variable. The relevant parameters of this model are given
in Table 3.2. An open source Matlab package was used for the simulations of CSTR
[58].

Figure 3.9: Continuously Stirred Tank Reactor
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S.No Paramter Description
1 TJ Temperature of cooling jacket (K)
2 q Volumetric Flowrate (m3/sec)
3 V Volume of liquid in CSTR (m3)
4 ρ Density of A→B Mixture (kg/m3)
6 Cp Heat capacity of A-B Mixture (J/kg −K)
7 ∆Hr Heat of reaction for A-¿B (J/mol)
8 k0 Pre-exponential factor (1/sec)
9 UA Overall heat transfer coefficient (U = W/m2 −K)
10 CAF Feed Concentration (mol/m3)
11 TF Feed Temperature (K)
12 CA Concentration of A in CSTR (mol/m3)
13 TR Temperature in CSTR (K)
14 RT Residence Time (Sec)

Table 3.2: CSTR model parameters

Control Scenario (Tracking the Reactor Temperature TR)

A fuzzy controller based on DFs is designed to track TR at a set point of 365◦k and CA

ratio in the outlet stream below 0.3. The high threshold for the reactor temperature
is 400◦K. TR must remain below this threshold to avoid temperature runaway. The
controller generates the change in TJ to achieve the desired TR. The rule base of the
controller consists of seven rules, as shown in Table 3.3. Inputs are fuzzified using
the DF (Eq. (2.46)) and rules are evaluated using Dombi operators (see Eq. 3.10).
The reference signal governing the reactor temperature is subtracted from the actual
reactor temperature TR of the CSTR to generate an error signal E. The error in the
reactor temperature E, rate of change of the error signal dE and feed temperature
TF form the input to the fuzzy controller. The antecedents and consequent DFs are
shown in Fig. 3.13. The control surface (for two inputs; E and TF ) of the fuzzy con-
troller is shown in Fig. 3.12. A reference signal commands the controller to achieve
the desired value of the temperature TR by changing TJ . The response of the tuned
PID controller (P =4, I = .8, D= 0.5, N=100) has also been plotted for comparison
purposes. Fig. 3.10 shows the reactor temperature during the simulation scenario.
The top figure shows the response of the PID and DF-based controllers when the feed
temperature is 350◦K. The bottom figure shows the responses when the feed tem-
perature is increased to 370◦K. The parameters of the PID and DF-based controller
were kept the same. It is evident from the responses that the PID response exceeds
the high temperature threshold (400◦K) when the feed temperature is increased.
However the DF-based controller keeps the reactor temperature within the threshold
limits, but with a slightly slow response. The concentration CA has been plotted in
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Figure 3.10: A comparison of tracking responses generated using the PID (P =4, I
= .8, D= 0.5, N=100) and DF-based controller for different feed temperatures. Both
controllers track the reactor temperature when TF = 350◦K and they are within the
safe operating temperature limits (Top). Only the DF-based controller tracks and keeps
the reactor temperature below the high threshold when TF = 370◦K (Bottom)

Fig. 3.11 (the TF = 350◦K case).

3.4.3 Adaptive FIS

The effectiveness of the proposed adaptive fuzzy FIS is examined in a reactor temper-
ature tracking situation where the process dynamics change. The volume V of liquid
in the reactor is an important parameter and it must remain constant. This is usually
ensured by a separate level control system which keeps the liquid in the reactor at
a constant level and hence the volume remains unchanged. However it may happen
that the reactor liquid volume increases or decreases due to a fault in the liquid level
controller or a sudden increase/decrease in the chemical A inventory. In such cases,
the reactor temperature will not follow the desired set point and it may lead to a run-
away situation. Now, consider the case in which the reactor liquid volume increases
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Figure 3.11: The concentration of chemical A in the outlet (TF = 350◦K)

Figure 3.12: The control surface of the CSTR fuzzy controller. Two inputs (temperature
error and negative rate of temperature error) are used here.
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Figure 3.13: The antecedent and consequent DFs of the CSTR controller
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Rule No.
Temperature
Error

Negative
Rate of Tem-
perature
Error

Feed
Temper-
ature

Change in
Jacket Tem-
perature

1 PL - - PL
2 NL - - NL
3 M - - NC
4 M PL - NM
5 M NL - PM
6 PL - PL NS
7 PL - NL PS

Table 3.3: Rule base of CSTR fuzzy controller. PL- Positive Large, NL- Negative Large,
PM- Positive Medium, NM- Negative Medium, PS- Positive Small, NS- Negative Small,
M- Minor, NC- No Change

by 10%. Without adaptive control, the reactor temperature is shown in Fig. 3.14. It is
clear that reactor temperature exceeds the higher threshold limit (resulting in unsafe
operating conditions) when there is a slight change in the liquid volume. We apply
Algorithm 2 to tune the parameters of DFs. The response of the adaptive controller is
shown in Fig. 3.15. The adaptive algorithm is able to tune the parameters of DFs to
such a degree that the reactor temperature does not reach the higher threshold and
the reactor temperature follows the desired set point even when there is a change in
the reactor liquid volume.

3.4.4 Discussion

From the simulation results, it can be seen that the proposed fuzzy controller fol-
lows the reference command signal very efficiently. The control surfaces indicate
that the fuzzy controller has very smooth transitions for these nonlinear processes
(Fig. 3.5 and Fig. 3.12). The performance is much better than the conventional
fuzzy controller and PID. Compared to the conventional fuzzy controller, the pro-
posed controller has a short rise time, peak time and percentage overshoot (Fig. 3.6
and Fig. 3.7). The symmetric and asymmetric DF-based controllers converge to a
zero steady state error, but the response of the asymmetric DF-based controller is
better due to its short rise and peak times (Fig. 3.8). The left and right hand sides of
the asymmetric DF can be shaped independently, resulting in a more flexible control.
Computation efficiency is the major advantage of the proposed method and the rea-
sons are: 1) The grade of membership can be calculated very quickly using the DF. 2)
There is no implication, aggregation is based on fuzzy arithmetic operations and de-
fuzzification is a single step calculation. Table 3.4 shows the computation cost of the
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Figure 3.14: The reactor temperature exceeded the high temperature threshold when
the liquid volume increased.

Figure 3.15: Adaptive controller performance. The dashed lines show the results of
various iterations. The solid blue line shows the final response of the adaptive controller.
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classical fuzzy controller based on the Mamdani inference model and the proposed
arithmetic-based controller. The conventional controller used Gaussian membership
functions, product conjunction and implication operators, max aggregation and COG
defuzzification. Different cases based on the number of fuzzy rules and the numer-
ical resolution (n) of the output control surface were considered. Each entry is the
average result of 100 simulations. It was shown that when we have 8 fuzzy rules
and a very high numerical resolution (i.e. n = 1001 x 1001), the DF-based fuzzy
arithmetic control technique is at least 21 times faster than the conventional Mam-
dani controller. As shown in Fig. 3.15, the adaptive algorithm converges in only
8 iterations. The proposed adaptive controller needs less computation time and it
has a rapid convergence. For adaptation convergence, an upper bound on ϵ can be
defined using the range of the input signal (i.e. Input range

4
). In our simulations, the ϵ

parameter always converged within a few iterations. New rules can be added in the
knowledge base if the adaptation procedure fails to find the value of ϵ between the
upper and lower bounds. This would mean that the process dynamics has changed
significantly and existing rules cannot control the system even after adaptation.

n = 11 x 11 n = 101 x 101 n = 1001 x 1001

3
Rules

5
Rules

8
Rules

3
Rules

5
Rules

8
Rules

3
Rules

5
Rules

8
Rules

Conventional
Mamdani
Inference

.0712 .0748 .0932 5.235 5.735 6.8722 20.68 22.34 27.30

Arithmetic
Symmetric DF

.00078 .0013 .0014 .0950 0.111 .1150 1.184 1.256 1.278

Arithmetic
Asymmetric
DF

.00079 .0013 .0015 .0954 0.113 .1161 1.189 1.263 1.314

Speed ratio
(Mamdani /
Symmetric DF)

90 55 65 55 50 60 17 17 21

Table 3.4: A speed comparison of a conventional Mamdani controller and Arithmetic-
based controllers (for both symmetric and asymmetric types)

3.5 Summary

A novel technique for the design of a arithmetic-based FIS is proposed. It is based on
a new type of parametric membership function called the DF. The DF is a continuous
and differentiable function (it is analytical). It has a few parameters and it covers the
input space with a few rules. A general parametric fuzzy operator is used to calculate
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the firing strengths. Also, the operator system and the DF are consistent with each
other. The design process is simplified by handling the antecedent and consequent
parts separately. Here, the proposed approach does not include any type of impli-
cation. Aggregation is performed using fuzzy arithmetic operations, more precisely
using a linear combination of the DFs. The result of aggregation is also a DF. Also,
defuzzification is just a single step calculation. The technique is simple, computa-
tionally efficient and overcomes some of the drawbacks with the existing established
techniques.
Based on this new arithmetic-based FIS and the gradient-based optimization method,
a hybrid adaptive FIS is presented. It tunes the parameters of the DF using the gradi-
ent descent technique. The calculation is fast and the adaptation process converges
within a few iterations. The adaptive FIS can satisfactorily achieve the objectives
even when the process dynamics change. Computation efficiency is one of the main
advantages of the DF-based FIS. It is 20 to 50 times faster than the conventional FISs.
Lastly, the effectiveness of the proposed approach is demonstrated using by control-
ling the level of a water tank system and tank temperature of a continuously stirred
reactor system.
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Chapter 4

Data-Driven Arithmetic-Based Type1
Fuzzy System

Defining a proper rule system for a Fuzzy Inference System (FIS) is a difficult task.
This is due to the unavailability of experts or incomplete knowledge of the process.
Fortunately, rules can be extracted from the training data of the system. This allow us
to design a data-driven FIS. Data-driven FIS techniques suffer from the flat structure
problem i.e. the number of fuzzy rules grows exponentially as the input dimension
increases. The consequence of this is the greater complexity and poorer interpretabil-
ity of the fuzzy rules. In this chapter, we presents a solution to the above-mentioned
problem by proposing a novel data-driven type1 FIS. Its unique features are: 1) DF
is used as a membership function. 2) It helps us to identify very few and important
fuzzy rules. 3) These rules cover the whole input space. 4) Dombi operators (usually
the conjunctive) are employed to generate a control surface in a higher dimension. 5)
Using the identified rules, a FIS based on fuzzy arithmetic operations is designed. 6)
Defuzzification is a single step calculation. These features make it possible for us to
design a computationally efficient data-driven FIS. Due to the small number of fuzzy
rules, the complexity of the fuzzy model decreases and it becomes interpretable. The
effectiveness of the proposed scheme is demonstrated using the data-driven based
control of a water tank system and vehicle lateral dynamics control.

4.1 Distending Function in Higher Dimensions

Proposition 2. Consider n different DFs in different dimensions given by ∆
(λ1)
1(ϵ1,ν1)

(x1 −
a1), ∆

(λ2)
2(ϵ2,ν2)

(x2 − a2) . . . ,∆
(λn)
n(ϵn,νn)

(xn − an). If we apply Dombi conjunctive operator

on these n DFs, then the result will also be a DF ∆
(λn+1)
n+1(ϵn+1,νn+1)

(x1 − a1) in (n + 1)
dimensions.

65
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Proof. Consider two DFs ∆(λ1)
1(ϵ1,ν1)

(x1 − a1), ∆
(λ2)
2(ϵ2,ν2)

(x2 − a2) in x1 and x2 dimensions.

∆x1 = ∆
(λ1)
1(ϵ1,ν1)

(x1 − a1) =
1

1 + 1−ν1
ν1

|x1−a1
ϵ1

|λ1

∆x2 = ∆
(λ2)
2(ϵ2,ν2)

(x2 − a2)
1

1 + 1−ν2
ν2

|x2−a2
ϵ2

|λ2

Let us apply the Dombi conjunctive operator on these two DFs [29].

∆x3 = C(∆x1 ,∆x2) =
1

1 +
1−∆x1

∆x1
+

1−∆x2

∆x2

,

which results in
∆x3 =

1

1 + 1−ν1
ν1

|x1−a1
ϵ1

|λ1 + 1−ν2
ν2

|x2−a2
ϵ2

|λ2

where ∆x3 is also a DF in the x3 dimension, as shown in Fig. 4.1. Now for the case
for n DFs, the resultant DF ∆xn+1 in (n+ 1) dimensions is given as

∆xn+1 =
1

1 + 1−ν1
ν1

|x1−a1
ϵ1

|λ1 + · · ·+ 1−νn
νn

|xn−an
ϵn

|λn
,

which can be written in compact form as

∆xn+1 =
1

1 +
∑n

i=1
1−νi
νi

|xi−ai
ϵi

|λi
. (4.1)

4.2 Data-Driven arithmetic-based type1 FIS

The proposed algorithm was motivated by our previous study (presented in the Chap-
ter 3) where a FIS was designed using arithmetic operations. Here, we suppose that
the expert knowledge in the form of linguistic rules is not available. However the
training (working) data of the process is available. Using the training data, a rule
base for multi-input multi-output system (MIMO) system can be written as:

if x1 is U i
1 and ...... and xn is U i

n

then y1 is V i
1 ; ...... ; ym is V i

m ; (4.2)

where x1, x2, ..., xn are input and y1, y2, ..., ym are ’m’ output variables and the corre-
sponding fuzzy subsets are U1, U2, ..., Un and V1, V2, ..., Vm respectively. The index i
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Figure 4.1: A Distending Function in three dimensions.

represents the rule number and there are l fuzzy rules. A MIMO system given by Eq.
(4.2) with m independent outputs can always be replaced by m multi-input single
output (MISO) systems combined together. The MISO system has the following form

if x1 is U i
1 and ...... and xn is U i

n

then yt is V i
t (4.3)

where t = 1, ...,m are the output of the system. For simplicity, we will consider the
case where t = 1 and we propose a methodology to generate a crisp output signal
using the training data of inputs and output. The methodology can be generalized
for m independent outputs.
Let us assume that the input and output training data is given in the following form:

U =


a11 a12 . . . a1n
a21 a22 . . . a2n

...
...

...
...

al1 al2 . . . aln

 , V =


b11
b21
...
bl1

 ; (4.4)

where U contains the l data point of each input and V contains the corresponding
l output data points. The data points a1, a2, . . . , an correspond to the input fuzzy
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subsets U1, U2, . . . , Un and b1 corresponds to the fuzzy subset V . n different columns
of U exist in n different dimensions depending on the input variable. In a similar
way V is an (n + 1) dimensional output space. We can divide our proposed method
into the following three key steps:

4.2.1 Construction of estimated Control Surface and Rule base

From the given process data of Eq. (4.4), an estimated control surface G′ can be con-
structed in the (n+1) dimensional space. The columns of the training data matrix U
are transformed to the [0, 1] interval to get an n dimensional unit space. Next, we ex-
tract a few rows from U that contain the important values of the input variables. We
choose the boundary and average values of each input variable as key values. These
rows and the corresponding elements in V are then used to construct the rule base
Rb. It is the so-called boundary-value rule base Rb. It is called the boundary-value
because it mostly contains the extreme values of the inputs that define the boundary
of the control surface. Each fuzzy rule consists of an antecedent (which processes
the input data) and a consequent (which processes the output data) part. Here, the
antecedent part handles a row of U and the consequent part with an element of V .
The antecedent part of the ith fuzzy rule is represented by the following relation

L(∆1(x1)
i,∆2(x2)

i, . . . ,∆n(xn)
i), (4.5)

where L is the fuzzy logical expression and it may contain an AND (x1 ∈ A1 and
x2 ∈ A2), OR (x1 ∈ A1 or x2 ∈ A2) and NOT (x1 ̸∈ A1) operators. Here, we use a
special class of parametric fuzzy operators [32]

Dγ(x) =
1

1 +
(

1
γ

(∏n
i=1

(
1 + γ

(
1−∆(xi)
∆(xi)

)α)
− 1
)) 1

α

(4.6)

This operator describes a wide class of fuzzy operators e.g. min/max, Einstein,
Hamacher, product and drastic, but here we just use Dombi conjunctive (or disjunc-
tive) operators.

4.2.2 Generation of the Fuzzy Control Surface and Error Surface

Now we will generate the fuzzy control surface Ĝ using the DF given in Eq. (2.45).
We will construct DFs for all the input variables in the antecedent part of each rule.
The parameter a of DF will have the value of the corresponding input variable in the
rule. Here we let λ = 2 and ε = 0.3 for the input (antecedent) DFs. The common
value of ν is used for all the DFs that have the same rule. This ν value will be set so
as to minimize the influence of high dimensional DFs (which will be explained later).
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Each rule in the Rb is evaluated using the Dombi conjunctive/disjunctive operator.
Suppose that in the antecedent part of ith rule, there are n DFs corresponding to n
input variables. These are called input DFs. Each input variable and its corresponding
DF are in one of n different dimensions. By applying Dombi conjunctive/disjunctive
operators over these n input DFs, this will result in a DF in a higher dimension i.e.
(n+ 1) dimension given by

∆xn+1 =
1

1 + 1−ν
ν

(
|x1−a1

ϵ1
|λ + · · ·+ |xn−an

ϵn
|λ
) . (4.7)

It is called output DF. For all the l rules in the rule base Rb, l output DFs in (n + 1)

dimension will be generated. All these output DFs in n + 1 dimension form a fuzzy
control surface Ĝ in (n + 1) dimension. Now we choose a proper value of ν for all
these output DFs. The ν value of each output DFs will be calculated based on the
principle of minimum influence on all other DFs in the (n + 1) dimensional space.
As we know well, each DF has a long tail. Each of the l output DF in the n + 1

dimensional space should not influence other DF. This influence can never be zero
but can be decreased by k times. To decrease the influence of ith output DF k times
at the location of jth DF, we can derive the following equation from Eq. (4.1):

1

1 + 1−ν
ν

(
|xi1−xj1

ϵ
|λ + · · ·+ |xin−xjn

ϵ
|λ
) =

1

k
, (4.8)

where xi1, . . . , xin are the n coordinates of the ith output DF in (n+1) dimension and
xj1, . . . , xjn are the coordinates of the jth DF. The expression for required value of ν
can be calculated from Eq. (4.8) as

ν =
1

1 + k−1
d

, (4.9)

where d =
(
|xi1−xj1

ϵ
|λ + · · ·+ |xin−xjn

ϵ
|λ
)

and it is a distance-like measure.
Based on this, we can define an error surface E as the difference between the esti-
mated control surface G′ and the fuzzy control surface Ĝ

E(x1,...,xn) = G
′

(x1,...,xn) − Ĝ(x1,...,xn). (4.10)

We decrease the magnitude of E below a chosen threshold limit τ . This is achieved
by making Ĝ similar to G

′ by adding new rules in the rule base Rb. To add a new
fuzzy rule in Rb, the point of the maximum value in the error surface is located.
The coordinates of the maximum error point are looked for in the training database.
The corresponding row in the training database is then added to the rule base Rb

as a new fuzzy rule. This new rule is evaluated to generate a new output DF in
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(n+1) dimension. This ν value of this new output DF will be calculated based on the
principle of minimum influence to the other existing output DFs in (n+1) dimension
(using Eq. (4.9)). This new output DF is included in Ĝ. This will modify the surface
Ĝ in such a way that the magnitude of maximum error on the surface E at this
location will decrease. This process is repeated iteratively to add new rules to the
boundary value rule base Rb, until the error surface E is within the tolerance limit τ .

4.2.3 Designing the Arithmetic-based FIS using the Rule base Rb

The identified rule base Rb is used to generate the FIS. The fuzzy rules in Rb have two
parts (Antecedent and consequent parts). We will handle the these parts separately
when we design a FIS based on arithmetic operations.

Antecedent Part

The antecedent part of the ith fuzzy rule can be described by the expression

L(δ1(x1)i, δ2(x2)i, . . . , δn(xn)i) = ŵi(x), (4.11)

where ŵi(x) is the rule applicability function and L is the fuzzy logical expression
that contains the logical operators given by Eq. (4.6). For a specific set of input
values x∗, Eq. (4.11) can be evaluated and it results in a single numeric value ŵi(x

∗)

L(δi1(x∗
1)
, δi2(x∗

2)
, . . . , δin(x∗

n)
) = ŵi(x

∗), (4.12)

where ŵi(x
∗) is called the strength of the ith rule. To compare the strengths of

different rules, we normalize these strengths to get the firing strength (normalized
strength) wi(x

∗) of ith rule.The firing strength tell us the probability of the rule. Let

W (x∗) =
l∑

i=1

ŵi(x
∗). (4.13)

Then the firing strength of the ith rule is defined as

wi(x
∗) =

ŵi(x
∗)

W (x∗)
, (4.14)

where

l∑
i=1

wi(x
∗) = 1. (4.15)
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Consequent part

The consequent part of the ith fuzzy rule in Rb is a numeric value and it is an element
of matrix V given in Eq. (4.4). Let b1, . . . , bl be consequent values and w∗

1, . . . , w
∗
l be

the firing strengths (determined from the antecedent part of the rule ) of the l fuzzy
rules of Rb. Then the crisp output C of the FIS is given by

C =
l∑

i=1

wi(x
∗)bi.Ah (4.16)

4.2.4 Algorithm

The whole procedure is summarized in Algorithm 3.

Algorithm 3 Algorithm for Data-Diven Type1 FIS

Step 1: Get the training data of the process in the form of Eq. (4.4)
Step 2: From the training database, generate the estimated control surface G′.
Use interpolation to find missing data points.
Step 3: Transform each column of U to the [0, 1] interval to get a unit space in n
dimensions.
Step 4: Generate a boundary value rule base Rb by selecting extreme and aver-
age value rows of each inputs in the training database.
Step 5: Assign the DF to each input point in the antecedent part of the rule base
Rb. Fix the values of λ and ε.
Step 6: For each rule in Rb, calculate the output DF in (n + 1) dimension using
Eq. (4.7). The ν value is calculated using Eq. (4.8) and Eq. (4.9). A value of k
can be chosen between 10 to 100.
Step 7: Generate the fuzzy control surface Ĝ from the the output DF of all the
rules in Rb.
Step 8: Generate the error surface using Eq. (4.10). If the error surface is within
the tolerance limit τ , go to step 10.
Step 9: Find the maximum value point on the error surface. Add a new rule in
Rb corresponding to this training database point. Go to Step 6.
Step 10: Using the identified rule base Rb, generate the required output signal
using equations (4.11) to Eq. (4.16).

4.3 Experiments, Simulations and Results Discussion

The effectiveness of the proposed data-driven strategy will be presented using simu-
lation studies on an industrial system.
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Figure 4.2: The estimated control surface G′.

4.3.1 Benchmark: Liquid Tank Level Control

The simulations were performed on the Water Tank system model described in sec-
tion 3.4.1. In this scenario, we regulated the height of the liquid in the tank at the
specified level using a data-driven fuzzy controller. First, training data was generated
using a working tank-level controlled system. The data consisted of 2000 samples of
the control signal u, the height h and the rate of change of height dh

dt
. Using this

training data an estimated control surface G′ was constructed as shown in Fig. 4.2.
The training data was used as input for Algorithm 3 in the form compatible with Eq.
(4.4). The tolerance level τ was selected to be between .1 and .2 to minimize the
number of identified fuzzy rules. The proposed approach generated a control surface
Ĝ as shown in Fig. 4.3. The error surface E within the specified tolerance is shown
in Fig. 4.4. In addition to the initial number of the boundary value rules in Rb, only 3

new rules were identified by the proposed algorithm to generate the control surface
Ĝ. The algorithm converged within a few iterations to generate a reasonably good
control surface Ĝ. The identified fuzzy rule base was used to design a controller to
regulate the height of the liquid at reference point of the tank. The response of the
data-driven fuzzy controller for regulating the height of the liquid between 1.5m and
.5m is shown in Fig. 4.5.

4.3.2 Benchmark: Vehicle Lateral Dynamic Control

Vehicle and Tire Model

To simulate the vehicle lateral dynamics, we used an open access package [25] in the
Matlab environment. The non-linear bicycle vehicle model employed is shown in Fig.
4.6. The key parameters used in this model are described in Table 4.1. The whole
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Figure 4.3: The control surface Ĝ.

Figure 4.4: The error surface.

Figure 4.5: The control response.
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O
Figure 4.6: The vehicle model.

S.No Parameter Description
1 mF0 Mass on the front axle
2 mR0 Mass on the rear axle
3 mT Mass of the vehicle
4 IT Moment of inertia
5 T Center of gravity
6 αf , αr Front and Rear slip angles
7 Fyf , Fyr Lateral forces at F and R
8 δ Steering Angle
9 ψ Yaw angle
10 αT Side slip angle
11 Fxf , Fxr Longitudinal forces at F and R
12 F ,R Front and Rear axle
13 a ,b Distance from T to F and R

Table 4.1: The vehicle model parameters.

simulation model consists of a tire model and a vehicle model. The vehicle model in
the state space representation is given as:

Ẋ = F (x, u),
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where

x =



x1
x2
x3
x4
x5
x6


=



x

y

vT
αT

ψ

ψ̇


, u =


δ

FxR
FyR
Fxf
Fyf

 , (4.17)

where x is the longitudinal position, y is the lateral position, ψ is the yaw angle, ψ̇
the yaw rate, αT is the side slip angle and vT is the velocity of the centre of gravity
of the vehicle. u is the input to the dynamic model and δ is the steering angle. The
state equations of the dynamic model are:

ẋ1 = x3 cos(x4 + x5),

ẋ2 = x3 sin(x4 + x5),

ẋ5 = x6,

ẋ4 =
1

mT

(FyF sin(x4 − δ) + FyR sin(x4),

ẋ5 =
1

mTx3
(−FyF cos(x4 − δ),

+ Fyr cosαT −mTx3x6),

ẋ6 =
1

IT
(FyF cos δ − Fyrb) .

The non-linear tire model for the simulations is derived by modeling the relationship
between the vehicle lateral forces and the slip angle using the Pacejka empirical
formula [92].

Control Scenario (Lateral Position Control)

In this scenario, we seek to modify the traveling path of a vehicle by changing its
lateral position y using a data-driven fuzzy controller. First, a large training data set
is generated using a working vehicle lateral position control system. The training
data consists of samples points of steering control signal δ and the four inputs to
the lateral position controller i.e. error ’e’ in the lateral position y, the yaw angle
ψ, velocity vT and the side slip angle αT as a feedback signal. The training data set
is used to generate the estimated control surface G

′ in a higher dimension. Then
the training data set is used as input for Algorithm 3 to identify the actual control
surface Ĝ. The tolerance level τ is set to .07 to achieve a compromise between the
number of identified fuzzy rules and accuracy of control surface Ĝ. As there are four



76 Data-Driven Arithmetic-Based Type1 Fuzzy System

Figure 4.7: The control Surface Ĝ for two inputs (Y and ψ).

Figure 4.8: The error surface for two inputs (Y and ψ).

inputs in this case, the control surface Ĝ is identified in the fifth dimension using the
concepts outlined in Section 4.1. Although it is not possible to visualize the control
surface Ĝ in a higher (five) dimension, therefore the control surface Ĝ for only two
inputs (error in the lateral position and yaw angle) in three dimension is shown in
Fig. 4.7 (Similarly, the relation between the other two inputs and control surface can
be also be visualized). The error surface E for the same two inputs (i.e. error in
the lateral position and yaw angle) with the specified tolerance is shown in Fig. 4.8.
The fuzzy rules identified by Algorithm 3 are used as a fuzzy controller to change the
lateral position of the vehicle. The response of the data-driven fuzzy controller used
to modify the course of the vehicle by adjusting its lateral position is shown in Fig.
4.9.



4.4 Summary 77

Figure 4.9: The reference signal and actual lateral positions of the vehicle.

4.3.3 Results discussion

It is worth noting that the magnitude of error surface is not negligible in both sim-
ulation cases. This is due to the fact that the level chosen for tolerance of the error
surface is a bit higher (0.15 for water tank level controller and .07 for the vehicle
lateral dynamics controller). A higher value was chosen intentionally to reduce the
complexity of the fuzzy controller (a small number of fuzzy rules are identified). If
a lower value of tolerance is chosen, then the accuracy of the design fuzzy controller
increases but at the expense of a larger number of identified fuzzy rules and this re-
sults in a high complexity of the data-driven fuzzy controller. Fortunately, in most of
the control scenarios, an identified control surface Ĝ using a high value of tolerance
performs quite well, as shown in Fig. 4.5. So there is no need for a highly complex
fuzzy controller (designed using a large number of fuzzy rules) at the expense of a
negligible improvement in control performance.

4.4 Summary

A data-driven arithmetic-based FIS is designed. Distending functions are used instead
of the classical membership functions. The DFs cover most of the input space using a
few fuzzy rules. We calculate only one parameter of each DF. Then the complexity of
the qualitative and quantitative parts of the data-driven fuzzy model is reduced. DFs
in the input dimension are combined using the Dombi conjunctive operator to gener-
ate a control surface in higher dimension. Based on this, an algorithm is presented to
derive a fuzzy rule base from the training data of the process. The derived rule base
is then used to generate a FIS based on arithmetic operations. The effectiveness of
the proposed approach is demonstrated using a data-driven control of a water tank
system and vehicle lateral dynamics.
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Chapter 5

Arithmetic-Based Interval Type2
Fuzzy System

In this chapter, we present a novel interval type2 FIS. An interval Type2 Distend-
ing Function (T2DF) is used. It is shown that this T2DF can be generated using
various methods by adding uncertainty to its parameters. The T2DF can represent
and handle different types of uncertainties. Interval type2 FIS is designed using the
fuzzy arithmetic operations. The design process does not include the implication
and the type reduction steps, hence it is computationally efficient. The expressions
used are in closed form, and this makes it suitable for on-line implementation. The
proposed design is simple, intuitive, computationally fast and handles uncertainties.
The T2DF can also handle the uncertainties that are generated as a result of measure-
ment noise. The efficiency of the proposed type2 FIS is demonstrated by designing
an altitude controller for a quadcopter with a noisy feedback signal.

5.1 Introduction

The DF function consists of right hand side and left hand side functions (shown in
Fig. 5.1) given by

δL(x− c) =
1

1 + 1−ν
ν

∣∣x−c
ε

∣∣λ 1
1+e(λ∗(x−c))

, (5.1)

δR(x− c) =
1

1 + 1−ν
ν

∣∣x−c
ε

∣∣λ 1
1+e(−λ∗(x−c))

. (5.2)

Here, λ∗ is a free parameter and λ∗ >> λ. These LHS and RHS functions can be
combined using the Dombi conjunctive operator and it results in a DF like that shown
in Fig. 5.1 and defined by Eq. (2.45).
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Figure 5.1: LHS and RHS of DF (Left and Middle). Distending Function (Right).

5.2 Uncertainty and Type-2 Distending Function (T2DF)

DF has four parameters i.e. ν, ε, λ and c. Uncertainty can appear in any of these
parameters and as a result various DFs are produced. The DF with highest grade
values is called the Upper Membership Function (UMF) and the one with the lowest
values is called the Lower Membership Function (LMF)). The UMF, LMF and various
DFs in between, can be combined to form an interval T2DF. Here we consider only
the uncertainty in the c parameter. It will generate an interval T2DF with uncertain
peak values.

5.2.1 Uncertainty in the peak values

If the peak value of DF becomes uncertain, then it can be represented using an inter-
val T2DF having an uncertain ’c’ value. Consider the right and left hand sides of the
DF shown in Fig . 5.1. Now if the peak value becomes uncertain with a magnitude of
∆, then the this uncertainty can be added to the ’c’ value of the LHS and RHS of DF
as shown in Fig. 5.2. These LHS and RHS parts can be combined using the Dombi
conjunctive operator. It results in a T2DF with uncertain peak values as shown in Fig.
5.3.

5.2.2 Uncertainty in boundary values

Uncertainty in the boundary values can be produced by adding the uncertainty in the
ε parameter. It results in the generation of a set of various DFs. Among these DFs,
the one with the highest grade value is called the Upper Membership Function (UMF)
and the one with the lowest grade values is called the Lower Membership Function
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Figure 5.2: LHS and RHS of uncertain peak values T2DF (Left and Middle). The
Uncertain peak values T2DF (Right).

Figure 5.3: The uncertain peak values T2DF.
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(LMF). The LMF, UMF and all the DFs in between can be combined to form a T2DF.
Consider the LHS and RHS of the DF, as shown in Fig. 5.1. Adding uncertainty will
generate the LHS and RHS of T2DF (see Fig. 5.4). Applying the Dombi conjunctive
operator will result in a T2DF with uncertain boundary values, as shown in Fig. 5.5.

Figure 5.4: LHS and RHS of uncertain boundary values T2DF.

Figure 5.5: The uncertain boundary values T2DF.

5.2.3 Uncertainty in fuzziness measure

Uncertainty in the fuzziness measure can be obtained by adding the uncertainty in
the λ parameter. It results in the generation of a set of various DFs and consequently
the Upper Membership Function (UMF) and the Lower Membership Function (LMF)
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are created. The LMF, UMF and all the DFs in between can be combined to form a
T2DF. Consider the LHS and RHS of the DF, as shown in Fig. 5.1. Adding uncertainty
will generate the LHS and RHS of the T2DF (see Fig. 5.6). Applying the Dombi con-
junctive operator will result in a T2DF with uncertain fuzziness measure, as shown
in Fig. 5.7.
Next, we show that the T2DF is closed under linear combination.

Figure 5.6: LHS and RHS of uncertain fuzziness measure T2DF.

Figure 5.7: The uncertain fuzziness measure T2DF.
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Figure 5.8: Linear combination of LHS of the T2DFs.

5.3 Linear Combination of T2DFs

Using fuzzy arithmetic operations, we show here that T2DFs are closed under linear
combination (i.e. the linear combination of T2DFs is also a T2DF). Here, we examine
the case of T2DFs with uncertain peak values. Consider n T2DFs δ12, δ

2
2, . . . , δ

n
2 with

the coordinates of the peak values c1, c2, . . . , cn, the uncertainties in the coordinates
of peak values ∆1,∆2, . . . ,∆n and tolerance values ε1, ε2, . . . , εn, respectively.
Let us consider the LHS of two T2DFs i.e. δ12 and δ22 and two inputs x1 and x2 as
shown in Fig. 5.8. c1 and c2 are the coordinates of the peak values of the UMF of
T2DFs. Similarly c1 + ∆1 and c2 + ∆2 are the coordinates of peak value of LMFs.
∆1, ∆2 are the uncertainties in the coordinates of peak values of δ12 and δ22. Let α1

and α2 be the grades of UMFs and LMFs of LHS of δ12 and δ22 at the inputs x1 and x2,
respectively. Then

δ
1

2L(x1) =
1

1 + 1−ν
ν

∣∣∣x1−c1
ε1

∣∣∣λ = α1, (5.3)

δ12L(x1) =
1

1 + 1−ν
ν

∣∣∣x1−(c1+∆1)
ε1

∣∣∣λ = α2, (5.4)

δ
2

2L(x2) =
1

1 + 1−ν
ν

∣∣∣x2−c2
ε2

∣∣∣λ = α1, (5.5)

δ22L(x2) =
1

1 + 1−ν
ν

∣∣∣x2−(c2+∆2)
ε2

∣∣∣λ = α2. (5.6)
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Here we have neglected the term 1
1+e(λ∗(x−c))

in the LHS of the DF because we are only
considering the interval −∞ < x < c in which this term has a negligible influence.
From Eq. (5.3) and Eq. (5.5), x1 and x2 are given by

w1x1 = w1

((
ν

1− ν

1− α1

α1

) 1
λ

ε1 + c1

)
, (5.7)

w2x2 = w2

((
ν

1− ν

1− α1

α1

) 1
λ

ε2 + c2

)
. (5.8)

Here w1 and w2 are the weights. Now let w1x1 +w2x2 = x. Adding Eq. (5.7) and Eq.
(5.8), we get

x =

(
ν

1− ν

1− α1

α1

) 1
λ

((w1ε1 + w2ε2) + (w1c1 + w2c2)) . (5.9)

From this, we can write

δ
a

2L(x) =
1

1 + 1−ν
ν

∣∣∣x−(w1c1+w2c2)
w1ε1+w2ε2

∣∣∣λ = α1. (5.10)

Here δ
a

2L(x) is the UMF of the LHS of the aggregated T2DF i.e. δa2L(x). The result can
be generalized for n inputs x1, x2, . . . , xn and n T2DFs δ12, δ

2
2, . . . , δ

n
2

δ
a

2L(x) =
1

1 + 1−ν
ν

∣∣∣x−∑n
1 wici∑n

1 wiεi

∣∣∣λ . (5.11)

By following a similar procedure, the LMF of the LHS of the aggregated T2DF i.e.
δa2L(x) can be calculated and it is given as

δa2L(x) =
1

1 + 1−ν
ν

∣∣∣∣x−(∑n
1 wici+

∑n
1 wi∆i)∑n

1 wiεi

∣∣∣∣λ
, (5.12)

where wi is the weight and ∆i is the uncertainty in the c value of the LHS of the ith
DF.
In the same way, the following equations can be derived for the UMF and LMF of the
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RHS of the aggregated T2DF (i.e δa2R(x)):

δ
a

2R(x) =
1

1 + 1−ν
ν

∣∣∣x−∑n
1 wici∑n

1 wiεi

∣∣∣λ , (5.13)

δa2R(x) =
1

1 + 1−ν
ν

∣∣∣∣x−(∑n
1 wici−

∑n
1 wi∆i)∑n

1 wiεi

∣∣∣∣λ
. (5.14)

Let

ca =
n∑

i=1

wici, εa =
n∑

i=1

wiεi, ∆a =
n∑

i=1

wi∆i,

ca =
n∑

i=1

wici, εa =
n∑

i=1

wiεi. (5.15)

where wi and wi are the weights of the LMF and UMF of the ith T2DF, respectively.
It can be shown that the LHS and RHS of the aggregated T2DF (i.e. δa2L(x), δ

a
2R(x))

can be combined by applying the Dombi conjunctive operator. As a result, we get the
UMF and LMF of the aggregated T2DF.
Applying the Dombi conjunctive operator on Eq. (5.11) and Eq. (5.13) results in

δ
a

2(x) =
1

1 + 1−ν
ν

∣∣∣x−ca
εa

∣∣∣λ , (5.16)

δa2(x) =
1

1 + 1−ν
ν

∣∣∣x−(ca+∆a)

εa

∣∣∣λ + ∣∣∣x−(ca−∆a)

εa

∣∣∣λ . (5.17)

δ
a

2(x) =
1

1 +
(
1−ν
ν

) ∣∣∣x−(ca)
εa

∣∣∣λ , (5.18)

δa2(x) =
1

1 +
(
1−ν
ν

) ∣∣∣∣x−(ca+∑n
1 wi∆i)

(εa)

∣∣∣∣λ + ∣∣∣∣x−(ca−∑n
1 wi∆i)

(εa)

∣∣∣∣λ
. (5.19)

Here δ
a

2(x) is the UMF and δa2(x) is the LMF of the aggregated membership function.
As δ

a

2(x) and δa2(x) are T2DFs, the linear combination of n T2DFs is also a T2DF.

Remark. 1. The UMF and LMF of the aggregated T2DF that has uncertain boundary
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values are

δ
a

2(x) =
1

1 +
(
1−ν
ν

) ∣∣∣x−(ca)
εa

∣∣∣λ . (5.20)

and

δa2(x) =
1

1 + 2
(
1−ν
ν

) ∣∣∣∣x−(ca+∆
∑n

1 wi)
(εa−

∑n
1 wi∆i)

∣∣∣∣λ
(5.21)

2. The UMF and LMF of the aggregated T2DF having an uncertain fuzziness measure
are

δ
a

2(x) =
1

1 +
(
1−ν
ν

) ∣∣∣x−(ca)
εa

∣∣∣λ (5.22)

and

δa2(x) =
1

1 +
(
1−ν
ν

)(∑n
1

∣∣∣∣x−(ca+∑n
1 wi∆i)

(εa)

∣∣∣∣λ−∆i

) . (5.23)

5.4 Interval Type2 Fuzzy Sytem

Our design methodology is build on our previous work (Chapter 3). A multi-input
single output (MISO) system is described by the following rules

If x1 is Ai
1 and ... and xn is Ai

n then y is Bi , (5.24)

where xi is the ith input linguistic variable, Ai is the ith input fuzzy subset, Bi is
the ith output fuzzy subset and y is the output of the system. Here, i = 1, ..., l

is the number of fuzzy rules. The part of the fuzzy rule before then is called the
antecedent part and the part after it is called the consequent part. Uncertainty in
the system is handled (modeled and minimized) by defining interval type-2 fuzzy
sets for A1, A2, ..., An and B. These type-2 sets will be represented using T2DFs. The
inference mechanism will minimize this uncertainty and map the input-output space
to generate a crisp output. In our approach, the fuzzy rules are evaluated by handling
the antecedent and consequent parts separately.
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5.4.1 The antecedent part

The antecedent part of the ith fuzzy rule is

L(δ1(x1)i, δ2(x2)i, . . . , δn(xn)i) = ŵi(x), (5.25)

where L is the fuzzy logical expression and ŵi(x) is the rule applicability interval.
ŵi(x) contains two values corresponding to the upper and lower membership grades
in T2DFs. For a specific input values x∗, Eq. (5.25) can be evaluated using GDO 2.39
and this results in an interval [ŵi(x

∗) ŵi(x
∗)]

L(δi1(x∗
1)
, δi2(x∗

2)
, . . . , δin(x∗

n)
) = ŵi(x

∗),

L(δi1(x∗
1)
, δ

i

2(x∗
2)
, . . . , δ

i

n(x∗
n)
) = ŵi(x

∗),

where δin(x) is the LMF of the nth T2DF and δ
i

n(xn) is the UMF of the nth T2DF. ŵi(x
∗)

is called the upper strength and ŵi(x
∗) is called the lower strength of the ith rule.

We normalize these strengths (to compare the rules) to get the upper firing strengths
wi(x

∗) and lower firing strengths wi(x
∗). The firing strengths give the probability of

the rule. The lower and upper firing strengths of the ith rule are

wi(x
∗) =

ŵi(x
∗)∑l

i=1 ŵi(x
∗)
, wi(x

∗) =
ŵi(x

∗)∑l
i=1 ŵi(x∗)

, (5.26)

where
l∑

i=1

wi(x
∗) = 1,

l∑
i=1

wi(x
∗) = 1.

5.4.2 The consequent part

This part of the rule is a type-2 fuzzy set represented by a single T2DF. The upper
and lower firing strengths of each rule (calculated from the antecedent part) are
multiplied by the UMF and LMF of the consequent T2DF. As a result the fuzzy output
obtained from each rule evaluation is also a T2DF. By combining all the rules, we
can generate an LMF and UMF of the aggregated T2DF.
If w1(x

∗), w2(x
∗), . . . , wl(x

∗) are the lower firing strengths and δ1o(x), δ2o(x), . . . , δlo(x)
are the l LMFs of the type-2 consequents, then the LMF of the aggregated output
(δa(x)) of the l fuzzy rule is given by Eq. (5.19), where

ca =
l∑

i=1

wi(x
∗)ci, εa =

l∑
i=1

wi(x
∗)εi. (5.27)

ci and εi are the parameters of the LMF of the ith consequent T2DF. Similarly, the
UMF of the aggregated output T2DF (δa(x)) has the following form given by Eq.
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(5.18), where

ca =
l∑

i=1

wi(x
∗)ci, εa =

l∑
i=1

wi(x
∗)εi. (5.28)

Here ci and εi are the parameters of the UMF of the ith T2DF consequent. Now a
crisp output can be generated as

ccrisp =
ca + ca

2
. (5.29)

5.4.3 Algorithm

The whole procedure is summarized in Algorithm 4.

Algorithm 4 Algorithm for Type-2 FIS using the T2DF

Step 1: Transform the inputs into the [0,1] interval.
Step 2: Define the T2DFs for the input and output linguistic variables.
Step 3: Fuzzify the crisp inputs using Eq. (2.45).
Step 4: Construct the rule base from the knowledge base using Eq. (5.24).
Step 5: Calculate the upper and lower strengths of each rule using Eq. (5.25) by
choosing the appropriate fuzzy conjunctive/disjunctive operators.
Step 6: Calculate the l upper and l lower firing strengths using Eq. (5.26).
Step 7: Calculate the parameters (ca, εa, ca, εa) of the aggregated output T2DF by
using Eq. (5.27) and Eq. (5.28).
Step 8: Generate the UMF of the aggregated output T2DF using Eq. (5.18) and
LMF of the aggregated output T2DF using Eq. (5.19).
Step 9: Get the crisp output signal u using Eq. (5.29).

5.5 Experiments, Results and Discussion

The effectiveness of the proposed type2 FIS will be shown by designing an altitude
control system for a quadcopter (Parrot mini-drone).

5.5.1 Parrot Mini-Drone Mambo

The flight simulation model of the Mambo quadcopter is available in Matlab Simulink
[57]. The model consists of: 1) An environment model; 2) An airframe model; 3)
Sensors; 4) A flight control system. The airframe model describes the six degree
of freedom (6DOF) dynamical model of the quadcopter structure (shown in Fig.
5.9) . It is characterised by the angular speed ω, motor torques τ , upward forces
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f , three translational components (x, y, z) and three rotational components (ϕ, θ, ψ).
The system model is described by

Ẋ = f(X,U) +W,

where

X =



x1
x2
x3
x4
x5
x6
x7
x8
x9
x10
x11
x12



=



ϕ

ϕ̇

θ

θ̇

ψ

ψ̇

x

ẋ

y

ẏ

z

ż



; U =


U1

U2

U3

U4

Ωr

 =


b (ω2

1 + ω2
2 + ω2

3 + ω2
4)

b (−ω2
2 + ω2

4)

b (ω2
1 − ω2

3)

d (−ω2
1 + ω2

2 − ω2
3 + ω2

4)

−ω1 + ω2 − ω3 + ω4

 ; W =



w1

w2

w3

w4

w5

w6


.

Here X is the state vector consisting of three translational and three rotational com-
ponents, W is the additive noise affecting all these states of the quadcopter and U

is the input to the system. U1 is the total thrust and it governs the altitude z of the
quadcopter. U2, U3, U4 control the roll, pitch and yaw rotations and ωr represents the
overall residual angular speed. The state equations of the system are:

Ẋ =



ϕ̇

ϕ̈

θ̇

θ̈

ψ̇

ψ̈

ẋ

ẍ

ẏ

ÿ

ż

z̈



=



ϕ

θ̇ψ̇ Iyy−Izz
Ixx

+ θ̇ Jr
Ixx

Ωr +
La

Ixx
U2

θ̇

ϕ̇ψ̇ Izz−Ixx
Iyy

− ϕ̇ Jr
Iyy

Ωr +
La

Iyy
U3

ψ̇

θ̇ϕ̇ Ixx−Iyy
Izz

+ 1
Izz
U4

ẋ

(cosϕ sin θ cosψ + sinϕ sinψ)U1

m

ẏ

(cosϕ sin θ sinψ + sinϕ cosψ)U1

m

ż

g − (cosϕ cos θ)U1

m



+



0

w1

0

w2

0

w3

0

w4

0

w5

0

w6



.

Here, we have designed a type2 fuzzy controller which regulates the altitude z of
the quadcopter by generating an appropriate total thrust U1.
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Figure 5.9: The body and inertial frames of the Quadcopter structure [76].

5.5.2 Control scenario: Altitude Control

A type2 fuzzy controller based on the proposed technique is designed to control the
altitude of the quadcopter in a situation where quadcopter initiates the takeoff oper-
ation and reaches an altitude of 1m. It then increases its altitude to 2m and maintains
this altitude for some time. The quadcopter then returns to an altitude of 1m. The
type2 controller generates the required total thrust U1 for all these events. The alti-
tude z and rate of change of altitude ż are the two inputs of the type2 controller. The
T2DFs of z input and control output U1 are shown in Fig. 5.13. The fuzzy rules of
the controller are shown in Table 5.1. The upper and lower control surfaces of the
controller are shown in Fig. 5.10. The controller output surface, used to control the
quadcopter, is shown in Fig. 5.11. The reference signal commands the quadcopter
to increase the altitude to 2m at 10th second and return to an altitude of 1m at 20th
second. The reference signal and the altitude of the quadcopter have been plotted in
Fig. 5.12. For comparison purposes, the altitude of the quadcopter is also controlled
using a tuned PD controller. The response of the PD controller is also shown in Fig.
5.12.

Altitude Error
Altitude Rate

PL NL Don’t Care

PL - - PL
NL - - NL
OK P N NC

Table 5.1: The rule base for the Quadcopter Altitude controller. PL (Positive Large), NL
(Negative Large), NC (No Change)
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Figure 5.10: The upper (red) and lower (blue) control surfaces.

Figure 5.11: The control surface used to generate controller output.

5.5.3 Altitude control in the presence of measurement noise

Now we will consider a situation where the altitude measured by the sonar is cor-
rupted by an additive white measurement noise. The quadcopter is ordered to take
off and reach an altitude of 1m, maintain this height for 20 seconds and then increase
its altitude to 2m. A fuzzy controller based on T2DFs was designed to generate the
required thrust signal u1 during this entire operation. The altitude error and rate of
change of altitude are the two inputs of the controller and u1 is the output. The con-
troller knowledge base is shown in Table 5.2, and the T2DFs of the antecedent and
consequent are shown in Fig. 5.17. The upper and lower control surfaces generated
using the T2DFs are shown in Fig. 5.14. The control surface used to generate the
thrust u1 is shown in Fig. 5.15. The altitude of the quadcopter and the command
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Figure 5.12: Altitude Response of the proposed Type2 controller and PD controller.

Figure 5.13: T2DFs for the Altitude Error and Total Thrust.

signal sent during the simulation have been plotted in Fig. 5.12. For comparison
purposes, the altitude response generated using a Mamdani (type-1) fuzzy controller
has also been plotted in Fig. 5.16. The top part of Fig. 5.16 shows the altitude
response of both controllers in the absence of external noise. The bottom part of Fig.
5.16 shows the response in the presence of a large measurement noise (15 dB SNR).
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Figure 5.14: The upper (blue) and lower (green) control surfaces.

Figure 5.15: The control surface used to generate the controller output.

Rule No. Altitude Error Rate of change of Altitude Thrust
1 Positive - Positive
2 Negative - Negative
3 Nominal - Minor

4 Nominal Positive
Negative
Small

5 Nominal Negative
Positive
Small

Table 5.2: The rule base for the T2DF-based controller.
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Figure 5.16: An altitude control comparison of the proposed Type2 and Mamdani con-
trollers. a) Without noise (top). b) With large measurement noise (bottom).

5.5.4 Discussion

T2DFs with uncertain peak values are used in these simulation studies to generate
a control signal for the altitude control. The appropriate values of λ, ε, ν, and ∆

have been selected and kept fixed for the T2DFs of the antecedents and consequents.
With a few rules, a very smooth control surface is generated. A few closed form
expressions are used (mentioned in Algorithm 4), and the computation cost is very
low compared to the conventional iterative procedures for interval type2 fuzzy con-
trollers. In addition to handling the uncertainty, the result is much better than the PD
controller, as shown in Fig. 5.12. So the proposed design is simple, computationally
fast, produces better results and it can handle uncertainties by using T2DFs.
In the absence of external noise, the response of the proposed controller is compa-
rable with the conventional Mamdani controller. However in the presence of large
measurement noise (15 dB SNR), the Mamdani controller produces small oscillations
in the quadcopter altitude. In contrast, the proposed controller is more robust to this
measurement noise and it produces a smooth altitude response compared to that for
the the Mamdani controller. Therefore the proposed T2DF-based controller is better
able to overcome the problem of external noise signals.
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Figure 5.17: T2DFs for Altitude Error and Thrust u1.

5.6 Conclusion

A new interval type-2 fuzzy FIS is proposed. This FIS is based on new type-2 member-
ship function i.e. T2DF. The T2DF can be generated in a variety of ways by adding
uncertainty to its parameters. Using T2DFs, uncertainties and noises can be han-
dled easily. The proposed inference mechanism is based on the fuzzy arithmetic and
uncertainty calculations. There are no type reduction, implication and aggregation
steps. Therefore, the computational complexity is low and the proposed FIS can be
implemented online. The limitation of the design is the assumption that the experts
knowledge is available in the form of if-else rules which is not true in some cases. In
such cases, the data-driven design of the proposed FIS will be presented in the next
chapter.



Chapter 6

Data-Driven Arithmetic-Based Interval
Type2 Fuzzy System

Fuzzy type2 modeling techniques are increasingly being used to model uncertain
dynamical systems. However, some challenges arise when applying the existing tech-
niques. A large number of rules are required to completely cover the whole input
space. A large of parameters associated with type2 membership functions have to be
determined and this leads to increased computation time and resources. The iden-
tified fuzzy model is usually difficult to interpret due to the large number of rules.
Designing a fuzzy type2 controller using these models is also a computationally ex-
pensive task. To overcome these limitations, here in this chapter we propose a pro-
cedure to identify the fuzzy type2 model directly from the data. This model is called
the Distending Function-based Fuzzy Inference System (DFIS). This model consists
of rules and Type2 Distending Function (T2DF). First, a few key rules are identified
from the data and later more rules are added until the error is less than the threshold.
The proposed procedure is used to model the altitude controller of a quadcopter. The
T2DF model performance is compared with various fuzzy models. Also, a simplified
procedure based on the rules is presented to design a computationally low-cost in-
terval type2 controller. The effectiveness of the controller is shown by regulating the
height of a quadcopter in the presence of noisy sensory data. The performance of this
controller is compared with type1 and type2 fuzzy controllers. Lastly, the proposed
type2 controller was implemented on a Parrot Mambo quadcopter to demonstrate its
real-time performance.
In the next couple of sections we will describe procedures for combining T2DFs and
constructing T2DF in higher dimension.

97
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6.1 Combining Interval T2DFs

Various T2DFs belonging to the same fuzzy variable can be combined to form a single
T2DF. The support of the resultant T2DF will be approximately the same as the
combined support of the individual T2DFs. The UMF of the T2DF consists of the LHS
and RHS (the same is true for the LMF). The LHS and RHS are given by [35]:

δ̄2L(x− c) =
1

1 + 1−ν
ν

∣∣x−c
ε

∣∣λ 1
1+e(λ∗(x−c))

, (6.1)

δ̄2R(x− c) =
1

1 + 1−ν
ν

∣∣x−c
ε

∣∣λ 1
1+e(−λ∗(x−c))

. (6.2)

The LHS and RHS of the UMF and LMF can be combined using the Dombi conjunctive
operator to get a single T2DF. Consider two T2DFs δ21 and δ22. The LHS of δ21 and RHS
of δ22 can be combined using the Dombi conjunctive operator [30]. This produces a
resultant T2DF δ2result, as shown in Fig. 6.1. Combining various T2DFs helps to reduce
the number of fuzzy rules. This leads to a decrease in the computational complexity
of the identified fuzzy model.

Figure 6.1: Combining two T2DF (δ21 and δ22) to get a single T2DF (δ2result)

6.1.1 The T2DF in a higher dimension

Consider n different T2DFs in n different dimensions given by δ2(λ1)
1(ϵ1,ν1)

(x1−c1), δ2(λ2)
2(ϵ2,ν2)

(x2−
c2) . . . , δ

2(λn)
n(ϵn,νn)

(xn − cn). If we apply the Dombi conjunctive operator on these n

T2DFs, then the result will also be a T2DF δ2(x1, x2, . . . , xn) in n dimensions (shown
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in Fig. 6.2). And

δ̄2(x1, x2, . . . , xn) =
1

1 +
∑n

i=1
1−νi
νi

∣∣∣xi−ci
ϵi

∣∣∣λi
, (6.3)

δ2(x1, x2, . . . , xn) =
1

1 +
∑n

i=1
1−νi
νi

(∣∣∣xi−(ci−∆)
ϵi

∣∣∣λi

σLi +
∣∣∣xi−(ci+∆)

ϵi

∣∣∣λi

σRi

) , (6.4)

where σLi =
1

1 + e−λi(xi−(ci−∆))
and σRi =

1

1 + eλi(xi−(ci+∆))
.

Here ∆ is the upper bound on the uncertainty in the c value, δ̄2(x1, x2, . . . , xn) is the
UMF and δ2(x1, x2, . . . , xn) is the LMF of δ2(x1, x2, . . . , xn).
Consider n T2DFs δ2(λ1)

1(ϵ1,ν1)
(x1 − c1), δ

2(λ2)
2(ϵ2,ν2)

(x2 − c2) . . . , δ
2(λn)
n(ϵn,νn)

(xn − cn) in n different
dimensions (x1, x2, . . . , xn). If we apply the Dombi conjunctive operator on these n
T2DFs, it will produce a single n dimensional T2DF δ2(x1, x2, . . . , xn).

Proof. Consider two T2DFs δ21(x1) and δ22(x2) in x1 and x2 (two) dimensions, respec-
tively. The UMF and LMF of δ21(x1) are

δ̄1
2
(x1) =

1

1 + 1−ν1
ν1

∣∣∣x1−c1
ϵ1

∣∣∣λ1
, (6.5)

δ1
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) , (6.6)

where σL1 =
1

1 + e−λ1(x1−(c1−∆))
and σR1 =

1

1 + eλ1(x1−(c1+∆))
.

Similarly, the UMF and LMF of δ22(x2) are given by:

δ̄2
2
(x2) =

1
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∣∣∣x2−c2
ϵ2

∣∣∣λ2
, (6.7)
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where σL2 =
1

1 + e−λ2(x2−(c2−∆))
and σR2 =

1

1 + eλ2(x2−(c2+∆))
.
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δ21(x1) and δ22(x2) can be combined using the Dombi conjunctive operator. It will give
a single 2-dimensional T2DF δ2(x1, x2).
Applying the Dombi conjunctive operator on UMFs of δ21(x1) and δ22(x2) ( see Eq.
(6.5) and Eq. (6.7)),

δ̄2(x1, x2) =
1

1 + 1−δ̄1
2

δ̄1
2 + 1−δ̄2

2

δ̄2
2

,

and this gives

δ̄2(x1, x2) =
1

1 + 1−ν1
ν1

∣∣∣x1−c1
ϵ1

∣∣∣λ1

+ 1−ν2
ν2

∣∣∣x2−c2
ϵ2

∣∣∣λ2
, (6.9)

where δ̄2(x1, x2) is the UMF of δ2(x1, x2). In the same way, the LMFs of δ21(x1) and
δ22(x2) can be combined using the Dombi conjunctive operator. It will generate the
LMF of δ2(x1, x2). Applying the Dombi conjunctive operator on Eq. (6.6) and Eq.
(6.8),

δ2(x1, x2) =
1

1 +
1−δ1

2

δ1
2 +

1−δ2
2

δ2
2

.

Upon simplification, we get
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The results can be generalized to n T2DFs in n dimensions. It will produce a single n
dimensional T2DF δ2(x1, x2, . . . , xn). The UMF and LMF of this n-dimensional T2DF
are given by:

δ̄2(x1, x2, . . . , xn) =
1

1 +
∑n

i=1
1−νi
νi

∣∣∣xi−ci
ϵi

∣∣∣λi
and (6.11)
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where

σLi =
1

1 + e−λi(xi−(ci−∆))
and σRi =

1

1 + eλi(xi−(ci+∆))
.
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Figure 6.2: The T2DF in third (x3) dimension

Fig. 6.3 shows a block diagram of the proposed design approach. The design
consists of four main steps. The first three steps extract the type2 fuzzy model (called
the T2DF model) from the process input and output data. The T2DF model consists
of rules and type2 Distending Functions (T2DFs). The fourth step is the construction
of the fuzzy type2 controller.
In the data preprocessing step, the inputs are normalized by transforming values to
the [0, 1] interval. This is needed to put all the inputs on the same scale and also the
T2DFs have a significant effect on this interval. In the second step, several key rules
are extracted from the data. T2DFs are defined for the each input in these rules.These
rules and T2DFs jointly form the T2DF model. In the third step, the computational
complexity of T2DF model is reduced by combining some of these rules. In the final
step, an arithmetic-based type2 controller is designed using the T2DF model. And
because T2DFs are used in this design, the type2 controller is robust in the presence
of noise. The proposed design approach is explained in the next section.

6.2 Data-driven Type2 Fuzzy Modeling

Here, we assume that expert knowledge in the form of linguistic rules is not available.
However the input and output data of the process are available. Using this data, we
will drive a T2DF model composed of rules and T2DFs. Let us now assume that the
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Figure 6.3: Block Diagram showing the proposed design approach

input and output databases have the following form:

U =


a11 a12 . . . a1n
a21 a22 . . . a2n

...
...

...
...

al1 al2 . . . aln

 , V =


b1

b2

...
bl

 , (6.13)

where U and V contains the l data points of each input and output variable. Here,
a1, a2, . . . , an are the data points belonging to the input fuzzy subsets U1, U2, . . . , Un,
respectively, and b1 is included in the output fuzzy subset V . Each column of the U
matrix corresponds to a unique feature (input variables) of the process. Therefore
the U matrix forms an n dimensional input feature space. Each column of the train-
ing matrix U is normalized by transforming it to the [0, 1] interval. As a result, the
feature values are comparable on the same scale.
In our approach the fuzzy rules will be based on sample values in the U and V ma-
trices. Therefore, a few rows from the data base matrix U are selected. These can be
selected randomly, but from a practical point of view it is beneficial to choose those
rows that contain the extremum (around 0 and 1) and average (around 0.5) values
of the input variables. These rows and the corresponding elements in the V matrix
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are used to construct the rule base. It is called the boundary-value rule base (Rb)
because it mostly contains those values of the inputs that lie on the boundary of the
input space.
In our procedure, two different surfaces are constructed. These are called the es-
timated and the fuzzy surfaces. The estimated surface is constructed directly from
the database (Eq. (6.13). For missing data values, linear interpolation is used. The
estimated surface is denoted by G. The fuzzy surface is generated from Rb and it is
denoted by G∗. These two surface are then used to create a third surface called the
error surface E. Next, we will describe the procedure used to construct the surfaces
G∗ and E using Rb .

6.2.1 Construction of Fuzzy Surface G∗ and Error Surface E

Each selected row from the database matrix U corresponds to a single rule. It is a
row vector and it consists of unique values of all the input variables (features). We
will construct T2DFs for all input variables. The parameter c (peak value coordinate)
of the T2DF is given and it is equal to the value of the corresponding input variable.
A value of λ can be chosen between 1 to ∞, but for practical applications λ = 3

serves as a good initial value. The value of ε depends upon the number of rules
in Rb (ε = 1

no. of rules in Rb
) and it ensures that the whole input space is covered.

The input variables are usually measured using the feedback sensors. The ∆ value
of each sensor depends on the tolerance intervals of the corresponding sensor. All
the ∆ values are transformed into the [0, 1] interval to make these compatible with
the values of the input variables. T2DFs have a long tail. Consequently each T2DF
influences the other existing T2DFs. The ν value of each T2DFs will be calculated
based on the principle of minimum influence on all the other T2DFs. This influence
can never be zero, but it can be decreased by a factor k. For less influence, a large
value of k should be chosen. However from a practical point of view, a value of 10 is
sufficient. It means that the influence will decrease 10 fold. The influence of the ith
T2DF at the peak value of the jth T2DF is given by

1

1 + 1−ν
ν

(
|xi1−xj1

ϵ
|λ + · · ·+ |xin−xjn

ϵ
|λ
) =

1

k
, (6.14)

where xi1, . . . , xin are the n coordinates of the peak value of the ith T2DF and
xj1, . . . , xjn are the coordinates of the peak value of the jth T2DF. This formula can
be used for single dimensional T2DFs as well as n dimensional T2DFs. Then the
required value of ν can be calculated using

ν =
1

1 + k−1
d

, (6.15)
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where d =
(
|xi1−xj1

ϵ
|λ + · · ·+ |xin−xjn

ϵ
|λ
)
. Obviously it is a distance measure if ε = 1

and λ = 2.
In the antecedent part of the ith rule, there are n T2DFs corresponding to n input
variables. Each rule is evaluated using the Dombi conjunctive/disjunctive operator.
By applying the Dombi conjunctive/disjunctive operator over the n input T2DFs, we
get a single T2DF. This is called the output T2DF. The UMF and LMF of this output
T2DF are given by Eq. (6.3) and Eq. (6.4), respectively. Here, l output T2DFs will
be generated from the l rules. All these output T2DFs are superimposed in the input
space to generate a fuzzy surface G∗.
An error surface E is defined as the difference between the estimated surface G and
the fuzzy surface G∗. That is,

E(x1, . . . , xn) = G(x1, . . . , xn)−G∗(x1, . . . , xn). (6.16)

6.2.2 Extending the rule base

We shall decrease the magnitude of E below a chosen threshold τE ( E < τE ). This
is achieved by an iterative procedure of adding new rules to Rb. To add a new fuzzy
rule, the coordinates of the maximum value on E are located. The corresponding
row in the database containing these coordinates is selected. This row is then added
to Rb as a new rule. This rule is evaluated to generate an output T2DF. The ν value
of this output T2DF is then calculated using Eq. (6.15). This T2DF is superimposed
in G∗. This will modify the surface G∗ in such a way that the magnitude of the
maximum error on the surface E at these coordinates will decrease. This process is
repeated in an iterative manner until the error surface E is within the tolerance limit
τE. For a very small value of τE, a large number of rules has to be extracted from
the training data and vice versa. Therefore a compromise has to be made between
the value of the threshold τE and the number of rules in Rb. It should be added that
extracting the type2 fuzzy model from the data is based on the DF. Therefore, we call
this type2 model the DF-based fuzzy inference system (T2DF). The whole procedure
for extracting the T2DF from the data is summarized in Algorithm 5.
If the number of rules in Rb is large, then some of the rules can be merged to reduce
the computational complexity. This is achieved using a reduction procedure.

6.2.3 Reducing the rule base

Here, we describe a heuristic approach used to decrease the number of rules in Rb.
Rules reduction will lead to a lower computational cost and better interpretability.
Various output T2DFs which are close to each other in the input space can be com-
bined to get a single T2DF (as shown in Fig. 6.1). The procedure is explained below.
One of the input variables is selected and we call it a principal feature. In a control
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system, the error measure of the control variable is usually chosen as the principle
feature. To ensure that the rule reduction procedure does not change the fuzzy sur-
face significantly, the input space is divided into two half spaces. The space where the
principle feature value is less than 0.5 lies in the first half and the rest of the space
lies in the second second half. Within each half, the output T2DFs are segregated
into different groups. If the Euclidean distance between the peak value coordinates
of various output T2DFs is less than a predefined distance D, then these T2DFs are
placed in the same group, where for each half:

D =
Sum of Euclidean distances b/w peak value coordinates of T2DFs

Total no. of T2DFs in the same half
. (6.17)

Each output T2DF is obtained by applying a unique rule in Rb. The output T2DFs in
the same group are combined together to produce a single T2DF. Consequently the
rules associated with all these output T2DFs are eliminated and replaced by a single
new rule. Therefore the number of rules in Rb decreases. Now it is called a reduced
rule base Rr. Using Rr, a new fuzzy surface is constructed and it is denoted by G∗

r.
Then a reduced error surface (Er) is obtained using

Er(x1, . . . , xn) = G(x1, . . . , xn)−G∗
r(x1, . . . , xn). (6.18)

This procedure is performed in an iterative way as long as Er(x1, . . . , xn) is within a
chosen threshold τR. If the threshold value τR is high then a large number of rules can
be eliminated to get a much simpler and interpretable model. However, the accuracy
of such an identified fuzzy model decreases. So the τR value should be chosen based
on a compromise between model accuracy and interpretablility. A high τR value leads
to better interpretability but less accuracy and vice versa.
For an accurate T2DF model, the magnitude of the error surface should be a mini-
mum. However an error surface with magnitude very close to zero is not desirable
as this will lead to poor generalization (overfitting) of the T2DF model. The value
of the threshold τR is application-dependent and its optimum value may be differ-
ent for different applications. However based on our experimental observations, the
optimum value of the threshold (τRop) can be determined using the heuristic

τRop =
Peak value of the output

10
(6.19)

A value of threshold τR less than τRop will lead to a large number of rules. This is
similar to overfitting in the learning paradigms. The T2DF model will accurately fit
the training data but it will have poor generalization. This type of T2DF model will
be less interpretable and it performs badly on unseen data. A value of τR greater than
τRop will produce a T2DF model with a smaller number of rules. This type of T2DF
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model will be more interpretable and have a low computational complexity. However
in this case, the accuracy of the T2DF model will be poor. Thus an optimum value
of the threshold τRop will lead to an optimum number of rules and it will produce
a T2DF model with higher accuracy, better interpretability and good generalization
capability.
The whole procedure for reducing the number of rules in the T2DF model is summa-
rized in Algorithm 6.

6.2.4 The arithmetic-based fuzzy type2 controller design using
the DFIS model

The extracted T2DF model (Rr plus T2DFs) can be used to design an arithmetic-
based interval type-2 fuzzy controller. The procedure outlined in section 5.4 can be
followed for this purpose.

6.2.5 Algorithms

The procedure for extracting the T2DF model is summarized in Algorithm 5. The

Algorithm 5 Algorithm for Extracting Type-2 Fuzzy Model (DFIS) from the Data

Step 1: Get the input and output databases of the process (Eq. (6.13)).
Step 2: Transform each column of U into the [0, 1] interval.
Step 3: Construct the estimated surface G.
Step 4: Generate a boundary value rule base Rb from the input and output
databases.
Step 5: Assign a T2DF to each input point in the antecedent part of the rule
base Rb. Choose k = 10 and calculate ν using Eq. (6.14) and Eq. (6.15).
Step 6: Calculate the output T2DF for each rule using Eq. (6.3) and Eq. (6.4).
Step 7: Generate fuzzy surfaces G∗ from all the output T2DFs.
Step 8: Construct the error surface E using Eq. (6.16). If E is within the
threshold τE, then stop.
Step 9: Find the maximum value coordinates on E. Add a new rule in Rb

corresponding to these coordinates in the databases. Go to Step 6.

number of rules in the rule base Rb can be reduced using Algorithm 6.

6.3 Benchmark System, Simulations Results, Hardware
implementation and discussion

The effectiveness of the proposed technique is demonstrated by modeling the alti-
tude control system of a quadcopter (Parrot mini-drone). We have assumed that the
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Algorithm 6 Algorithm for Reducing the Number of Rules in DFIS

Step 1: Divide the input space into two parts based on the values of the
principle feature.
Step 2: Segregate the output T2DFs in various groups based on the Euclidean
distance D (Eq. (6.17)).
Step 3: Combine the T2DFs in each group to generate a single T2DF.
Step 4: Replace the rules associated with the combined T2DFs with a single
rule.
Step 5: Construct the reduced error surface Er using Eq. (6.18).
Step 6: If Er is within the threshold τR, then go to step 1 else stop.

data of the (healthy) altitude controller is available. Using this training data, the
proposed T2DF model is identified. This model consists of fuzzy rules and interval
T2DFs. Additionally ANFIS type1 and ANFIS type2 fuzzy models are also identified
from the same data. The performance of T2DF model is compared with ANFIS-based
fuzzy models. Afterwards three fuzzy controllers are designed using these three fuzzy
models. The performance of these controllers is compared in a situation where the
altitude of the quadcopter is regulated in the presence of noisy sensor measurements.
Later on the designed type2 controller will also be deployed on the mini-drone hard-
ware to check the real-time performance.

6.3.1 The Quadcopter Model

A Parrot mini-drone Mambo was used in this study. The Matlab Simulink aerospace
block set provides the simulation model of this quadcopter [57]. Section 5.5.1 de-
scribes the model in detail.

6.3.2 Extracting the data-driven type2 fuzzy model

Here in these simulations, we seek to model the altitude controller of the quadcopter.
A training dataset which contains the samples of input and output of the altitude con-
troller is a requirement for Algorithm 5. The requirement was satisfied by controlling
the altitude of quadcopter using the PD controller in Matlab. The dataset containing
the inputs and output of the PD controller was created. Later Algorithm 5 was used
to generate the T2DF model of the altitude controller using this input and output
dataset. The threshold τE was set to 0.15. Algorithm 5 then extracted 26 rules from
dataset, and these formed the rule base Rb.
The number of rules in Rb was reduced using Algorithm 6. The algorithm reduced
the number of rule to 17 by merging a few rules. This is called the reduced rule base
Rr. A few T2DFs (3 out of 17) of each input are shown in Fig. 6.5. Rr and all the
T2DFs in it, collectively form a reduced (simplified) T2DF model. The surface of the
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T2DF model is shown in Fig. 6.4.
For comparison purposes, various fuzzy models were tested. ANFIS type1 model
was extracted from the same input and output dataset using MATLAB Fuzzy logic
toolbox. The dataset was then divided into train and test sets (2 : 1). The model
was trained for 100 epochs and 36 rules were generated. It is a Sugeno-based fuzzy
model. Fig. 6.6 shows the surface plot of the ANFIS type1 Sugeno model. The fuzzy
logic toolbox can be used to convert the type1 fuzzy model to a type2 fuzzy model.
Therefore an ANFIS type2 model was also generated. This type2 model uses the
type2 bell-shaped membership functions (see Fig. 6.7). Table 6.1 summarizes the
key differences among the T2DF and various other fuzzy models.

Figure 6.4: The surface plot of the DFIS model. The upper surface is in blue and the
lower surface is in red.

6.3.3 Designing the arithmetic based type2 altitude controller

The objective is to control the altitude z by generating an appropriate total thrust
u1. The thrust u1 depends on the height (sonar) measurements and rate of change of
the height of the quadcopter. Using Algorithm 4, an arithmetic-based controller was
designed using Rr. Fig. 6.8 shows the surface plot of the arithmetic based controller.
The ANFIS fuzzy models (type1 and type2) were converted to a fuzzy controller
using the Simulink fuzzy logic toolbox. These controllers were based on Sugeno
inference logic. The three controllers (arithmetic-based, ANFIS type1, ANFIS type2)
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Figure 6.5: Three T2DFs of each normalized input (DFIS model).

Figure 6.6: The surface plot of the ANFIS type1 model.

were used to regulate the altitude of the quadcopter in MATLAB Simulink. White
noise was added to the altitude measurements by the sonar sensor. The quadcopter
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Figure 6.7: The surface plot of the ANFIS type2 model.

S. No. Model Number of rules Number of tunable
parameters

Membership func-
tions used

1 ANFIS Type1 36 144 Bell shape
2 ANFIS Type2 36 168 Type2 Bell shape
3 IT2FNN [67] 72 336 T2GMF
4 MIT2FC [67] 36 168 T2GMF
5 Proposed T2DF

model
17 34 T2DF

Table 6.1: A performance comparison the proposed DFIS model with previously pro-
posed models.

was programmed to take off and reach an altitude of 0.7m, then rise to an altitude of
1m and finally descend to 0.7m. Fig. 6.9 shows the altitude response of the controlled
quadcopter during this simulation study.

6.3.4 Hardware Implementation

MATLAB provides a support package for parrot quadcopter drones (Mambo FPV and
Bebop2). It connects with the quadcopter hardware via Bluetooth/WiFi and it can
send control commands. Matlab Simulink includes the simulation model of the quad-
copter. The model contains the algorithm for the flight control system (FCS). This
algorithm implements roll, pitch, yaw and altitude controllers. The support package
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Figure 6.8: The control surface of the arithmetic-based controller.

Figure 6.9: The simulated altitude response of the quadcopter with various controllers
(in Matlab Simulink). The measurements got from the altitude sensor (sonar) were
corrupted with white noise.

generates the C code of FCS and deploys it in the quadcopter. This algorithm can ac-
cess the on-board sensors such as the accelerometer, gyroscopes, camera and sonar.
The flight data values (altitude, images, etc) are saved in on-board storage and they
can be retrieved from the quadcopter at the end of the flight. The altitude controller
in the FCS was replaced with the proposed arithmetic-based type2 controller. The
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C code of the FCS was generated and deployed in the quadcopter via Bluetooth. A
fixed flight trajectory corresponding to the simulation scenario was also hard coded.
The uncertainty in the controller input (altitude) data was created by adding white
noise to the sonar measurements. The noisy data was the input to the controller
in the FCS. The drone flight was tested in a protected (indoor) environment. The
data recorded during the flight was retrieved at the end. Fig. 6.10 shows the alti-
tude measurements recorded during this test flight. This tells us that the proposed
controller successfully followed the desired trajectory, even in the presence of noisy
sensor data.

Figure 6.10: The actual trajectory traversed by the Mambo quadcopter. (Flight data:
https://github.com/Abrarlaghari/Mambo-Quadcopter-Simulink.git)

6.3.5 Results and discussion

From the results obtained, it is evident that the T2DF model can be extracted directly
from the process data. The T2DF model is composed of T2DFs and rules based on
the Dombi operator. As shown in Fig. 6.4, the proposed model has a smooth surface
and it covers the whole input space. In these simulations the λ and ϵ parameters
were kept fixed, the c parameter was determined directly from the data and ν was
calculated using Eq. (6.15). This reduces the number of parameter calculations per
T2DF. In Fig. 6.6, it can be seen that ANFIS type1 model also has a smooth surface
except for the boundary areas. On the boundaries there are a few bumps. The ANFIS
type2 model (Fig. 6.7) has a less smooth surface compared to those for the T2DF and
ANFIS type1 models. Boundary bumps in ANFIS models are due to the fact that only
a few data points were available to accurately model these areas. However these
bumps are non-existent in the T2DF model because of the long tails of T2DFs. These
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tails tend to approximate a smooth transition in the areas where there are only a few
data points or even no data points.
The performance of the T2DF model was evaluated by comparing it with the output
of the ANFIS type1 and ANFIS type2 fuzzy models. These are two well-established
and widely accepted fuzzy modeling approaches. As shown in Table 6.1, the T2DF
model used a smaller number of rules and tunable parameters than the ANFIS type1
and ANFIS type2 models did. Fig. 6.4, Fig. 6.6 and Fig. 6.7 show the surface gen-
erated by these three models. It is evident that the T2DF model has much smoother
surface transitions. Furthermore the qualitative aspects of these models were com-
pared by designing the fuzzy controller. The controllers are based on the rules and
membership functions in these models. These controllers were then used to control
the altitude of the quadcopter in the presence of noisy sensor data. The altitude
control responses of these controllers are shown in Fig. 6.9 for comparison pur-
poses. The performance of the ANFIS type2 controller is worse than the ANFIS type1
and proposed arithmetic-based controllers. The proposed controller is better than
the ANFIS type1 controller as it is more robust to the variations in the noisy sen-
sor measurements. In addition to the simulations, the hardware implementations of
the proposed controller showed very promising results for the real-time control ap-
plications. The controller performed the altitude control function in the presence of
uncertain (noisy) measurement data (Fig. 6.10). This demonstrates the effectiveness
of the proposed arithmetic based type2 controller.
In ANFIS type1 and type2 controllers, the choice of membership functions and num-
ber of rules are hyper-parameters. One has to decide in advance on the type of
membership functions (triangular, Gaussian, trapezoidal etc.) and number of cate-
gories and rules. This hyper-parameter selection is usually based on experience or
data insights. However, in our proposed T2DF model, the number of rules and T2DF
are determined automatically by the algorithm based on the threshold τR. A high
value of τR results in a small number of rules, more interpretable but least accurate
T2DF model. A low value of τR produces a large number of rules and the resulting
T2DF model is less interpretable and it also has the worst generalization capability.
As mentioned in the introduction section, most of the developed methods extract the
fuzzy rule and tune the parameters using the meta-heuristics. However, these algo-
rithms can get stuck in a local optimum and there is no guarantee that these will
find the global optimum solution. Also the local optimum solution provided by these
algorithms depends on the initial values of the tunable parameter. These tunable
parameters are usually randomly initialized and then a heuristic is applied to get
the optimum value. The process is repeated with several random initial values and
the best values are chosen at the end via a comparison of the results achieved with
each random initialization. The algorithm proposed here uses a different approach
to tune the parameters of T2DF model. Values of a few parameters are fixed and they
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are never changed during the training phase. For the remaining tunable parameters,
there are closed-form expressions (Eq. 6.14 and Eq. 6.15) which can precisely deter-
mine the values of these parameters. Rules are added iteratively and the parameters
in these rules are determined using the expressions. The rule addition process contin-
ues until the error is within the bounds of threshold τR. As no heuristic is employed
here, the values determined for the tunable parameters are near-optimum.

6.4 Summary

In this chapter, we presented the solutions to some of the limitations associated with
the existing fuzzy type2 modeling and control techniques. A procedure was pro-
posed to identify the type2 model directly from the data, which we called the T2DF
model. This model consists of rules and Type2 Distending Functions (T2DFs). The
whole input space is covered using a few rules. T2DFs can model various types of
uncertainties using its parameters. A rule reduction procedure is also proposed. It
combines the T2DFs in the close vicinity and it significantly reduces the number of
rules. The T2DF model was compared with ANFIS type1 and ANFIS type2 fuzzy mod-
els. The T2DF model produced a smooth surface with comparatively fewer number
of rules and tunable parameters. Furthermore, a procedure was proposed to design
an arithmetic-based interval type2 fuzzy controller using the rules. As the controller
design does not include the implication and type reduction steps, This greatly reduces
the computational complexity and paves the way for the real-time implementation of
the proposed design. The effectiveness of the whole procedure was demonstrated by
designing an altitude controller for the Parrot Mambo quadcopter. Simulations were
carried out in Matlab Simulink to compare the proposed controller with ANFIS-based
controllers. The proposed controller performed better and regulated the altitude of
the quadcopter even in the presence of noisy (uncertain) sensor measurements. This
robustness to noisy data is due to the use of T2DFs. The designed controller was
then deployed and tested in the flight control system on the quadcopter hardware.
Real-time hardware implementations produced the same results as those obtained in
the simulations. Because of its low computational complexity and design simplicity,
the controller is suitable for real-time control applications.
The proposed T2DF model has a few limitations. It can produce an interpretable and
computationally less expensive model only if the number of features (inputs) is small.
For a large number of features, a fuzzy surface has to be constructed in a higher di-
mension and a large number of complex rules is required to correctly capture the
inter-feature correlations. In this case, the T2DF model will still be accurate but it
will be less interpretable. Therefore, the proposed methodology is only applicable to
application domains where the number of features is small such as control systems
design and financial modeling. For other domains, where the number of features is
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large ( computer vision, natural language processing), the T2DF will produce a very
complex model with low interpretability.



116 Data-Driven Arithmetic-Based Interval Type2 Fuzzy System



Chapter 7

Rule-based Neural Networks

Deep Neural Networks (DNNs) are currently one of the most important research
areas of Artificial Intelligence (AI). Various types of DNNs have been proposed to
solve practical problems in many fields. However all these different types of DNNs
have poor interpretations and are black box solutions. Expert systems are also a key
area of AI that are based on rules. They have a lot of applications and their results
are interpretable. In this chapter we seek to combine the advantages of these two
areas and it is a step towards interpretable neural networks. Here, we present a
new type of learning paradigm called Rule-Based Neural Network (RBNN). RBNNs
can be trained to learn various regression and classification tasks. It has relatively
few trainable parameters. It is robust to (input) feature noise and it provides a
good prediction accuracy even in the presence of large feature noise. The learning
capacity of the RBNN can be enhanced by increasing the number of neurons, number
of rules and number of hidden layers. It is interpretable and trained rules can be
extracted, which show the relationship between the input features and outputs. The
performance of the RBNN on a skewed dataset is comparatively better than that for
the DNN and it produces higher F1 scores for the minority (smaller) classes. The
effectiveness of RBNNs is also demonstrated by learning real world regression and
classification tasks.

7.1 Introduction

DNNs and FISs seem to complement each other. It is the natural to expect that a
combination of these two approaches might have the advantages of both. On the one
hand, FISs can benefit from the computational learning procedures of the DNNs. The
parameters of the rule (sometimes the whole rule) can be learnt directly from the
data. Because of this the need for the expert knowledge is no longer essential. On
the other hand, the DNN can take advantages of benefits offered by an FIS. The in-
corporation of fuzzy logic with a DNN leads to the development of deep fuzzy neural

117
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networks (DFNNs). Here we try to generalize the concept of DFNNs by presenting a
Rule-Based Neural Network (RBNN). The aim is to combine the advantages of a DNN
and FIS. Having a similar architecture to a DNN, it has an input layer, hidden lay-
ers and an output layer. The input layer has the normalization functionality. A new
type of normalization technique is used and it is called the Ordered Normalization
(ON). ON is useful when the training data has an asymmetric distribution. Hidden
and output layers contain Rule-Based Neuron (RBN). Each RBN has a built-in Fuzzy
Inference System (FIS). An arithmetic-based FIS is used because it has good interpre-
tation and low computational complexity [36]. This FIS is based on parametric rules.
The parameter values of these rules are tuned during the training phase. Stochastic
Gradient Descent (SGD), Batch Gradient Descent (BGD) and Levenberg-Marquadt
(LM) optimization methods are used in the parameter update of back propagation.
The output of each RBN is calculated by evaluating the rules using arithmetic op-
erations. Here, we propose the training algorithms of an RBNN for regression and
classification tasks. The number of neurons, number of hidden layers and number
of rules inside each neurons are hyper-parameters of the RBNN. Compared to the
DNN, the RBNN is robust to noise i.e. the prediction accuracy is not affected by noisy
features (inputs). After the training phase, the prediction results of the RBNN can be
interpreted using simple if-else rules, hence the RBNN is not a black box model. The
number of RBNN parameters is quite small (only several hundred). We have tried
to maintain a similarity between a DNN and an RBNN. Here, we trained the RBNN
using batch gradient descent, stochastic gradient descent and Levenberg-Marquardt
optimization methods. Other different variants of gradient-based optimization can
also be used to train an RBNN. The weighted Dombi operator (WDO) [33] is a con-
tinuously valued logical operator, defined as:

O
(α)
D (x) =

1

1 +
(∑n

i=1wi

(
1−xi

xi

)α) 1
α

, (7.1)

where wi is the weight of the input xi. Here, α determines the nature of the logical
operation. If α > 0, the operator is conjunctive and if α < 0 then the operator is
disjunctive. Hence we can perform conjunction and disjunction operations between
various inputs using a single operator. This is the main reason for using WDO in the
parametric rules.

7.2 Proposed Network Structure

The proposed network structures for regression and classification tasks are shown in
Fig. 7.1 and Fig. 7.2. The structures are similar to the multilayer perceptron model
(MLP), but there are no weights on the connections. There are no bias terms. Each
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node is a rule-based neuron (RBN) and it is fully connected. The feature values are
normalized by the input layer. The hidden layer RBNs perform the arithmetic-based
inferences and generate a single numerical output. In the case of regression tasks,
the output layer produces a single value. In classification, the values generated by the
output layer are passed through a softmax function to get the probability values of all
the classes. Next, we describe in detail the feed-forward and feedback calculations
for these RBNNs.

Figure 7.1: RBNN structure for regression tasks.

7.2.1 Feed-forward Calculations

The input layer performs the normalization function by transforming the feature
values into the [0,1] interval. Any existing normalization technique can be applied. If
the features values are not distributed uniformly then a special type of normalization
called Ordered Normalization (ON) can be used. Algorithm 7 describes the procedure
used to generate the ordered normalized values of the input features. Table 7.1 shows
a simple example of normalization using ON. Let x1, x2, . . . , xn be the normalized
feature values generated by the input layer. The number of rules in each RBN of the
hidden and output layer is fixed and it is a hyper-parameter. Let us now consider
the feed-forward calculations in a single RBN unit and it can be generalized to all
the RBNs in the network. Each RBN contains L rules and each rule has the following
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Figure 7.2: The RBNN structure for classification tasks.

S.No Values Normalized Values
1 10 .1
2 50 .2
3 70 .3
4 81 .4
5 85 .5
6 85 .5
7 85 .5
8 90 .8
9 95 .9
10 100 1

Table 7.1: Ordered Normalization (here N=10)

form:

if x1 is fj1 and ...... and xn is fjn
then yj is oj. (7.2)

The part between if and then is called the antecedent and the rest of it is called
the consequent. Here, x1, . . . , xn are the inputs and fj1, . . . , fjn are the n distending
functions in the jth rule. yj is the consequent of the jth rule and its value is oj. A
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Algorithm 7 Algorithm for Ordered Normalization

Step 1: Denote the non-normalized and normalized data columns by k and L,
respectively.
Step 2: Sort the values in column k and count the total number of rows (N).
Step 3: Initialize a temporarily variable incr = 1

N
.

Step 4: Assign incr to the first row in L.
Step 5: For row n (n = 2, . . . , N) in L:

if k(n+ 1) = k(n)
then

L(n+ 1) = L(n)
incr = incr + 1

N

else if k(n+ 1) ̸= k(n)
then

L(n+ 1) = L(n) + incr
incr = 1

N

Step 7: L contains the ordered normalized values.

unique fji is associated with the input xj in the jth rule. If there are L rules in an
RBN unit, then there are L DFs for each input (x1, . . . , xn). This implies that in a
single RBN unit there is a total of nL DFs. Each rule is evaluated and it results in a
single numerical value. This is the rule strength and it is given by

uj =
1

1 +
(∑n

i=1wji

(
1−fji(xi)

fji(xi)

)α) 1
α

, (7.3)

where i = 1, . . . , n is the number of inputs and j = 1, . . . , L is the number of the
rules. Here,

fji(xi) =
1

1 +
1−νji
νji

∣∣∣xi−cji
εji

∣∣∣λji
.

Putting this into Eq. (7.3) gives

uj =
1

1 +

(∑n
i=1wji

(
1−νji
νji

∣∣∣xi−cji
εji

∣∣∣λji

)α) 1
α

. (7.4)
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L rules are evaluated using Eq. (7.4) to get L rule strengths (u1, u2, . . . , uL). Then
the output of the RBN unit is a single numerical value calculated using

y =
u1o1 + · · ·+ uLoL
u1 + · · ·+ uL

,

y =

∑L
j=1 ujoj∑L
j=1 uj

, (7.5)

where oj is the consequent value in the jth rule.
Using Eq. (7.4) and Eq. (7.5), the outputs of all the RBN units in the specific layer
are calculated. Next, these values are propagated as input values to the next hidden
layer. These feed-forward calculations are performed for all the layers. In the case of
regression RBNN, the output value ŷ is the predicted value of the desired variable y.
In the case of classification RBNN, the k output values yo1, . . . , yok are passed through
a SOFTMAX layer and we get the probability values (ŷo1, . . . , ŷok) of the k classes
using the expression

ŷoi =
eyoi∑k
i=1 e

yoi
. (7.6)

7.2.2 Feedback calculations

Now we describe in detail the gradient-based method for tuning the parameters.
Here, we will concentrate only on the regression RBNNs. In the case of classification
networks, most of the calculations are the same with a few minor changes. These
changes are described at the end of this section.
The squared loss function is

J =
1

2n

n∑
k=1

(ŷk − yk)
2 , (7.7)

where ŷk is the predicted output and yk is the label in the database. Here n denotes
the number of the training samples. The gradient of J with respect to the predicted
output ŷ is calculated via

∂J

∂ŷ
=

∂

∂ŷ

(
1

2n

n∑
k=1

(ŷk − yk)
2

)
,

=
1

n

n∑
k=1

(ŷk − yk) . (7.8)
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The gradient J with respect to the consequent parameter oj in the jth rule can be
calculated via the chain rule

∂J

∂oj
=
∂J

∂ŷ

∂ŷ

∂oj
. (7.9)

Using Eq. (7.5),

∂ŷ

∂oj
=

uj∑L
j=1 uj

,

where j = 1, . . . , L is the rule number in RBN. From Eq. (7.9),

∂J

∂oj
=

(
1

n

n∑
k=1

(ŷk − yk)

)(
uj∑L
j=1 uj

)
. (7.10)

In a similar way, the gradient of J with respect to the jth rule strength uj can be
calculated via the chain rule

∂J

∂uj
=
∂J

∂ŷ

∂ŷ

∂uj
,

where

∂J

∂uj
=

(∑L
j=1 uj

)
oj −

(∑L
j=1 ujoj

)
(∑L

j=1 uj

)2 . (7.11)

For the ith distending function in the jth rule, the gradient of J is given by

∂J

∂fji
=
∂J

∂ŷ

∂ŷ

∂uj

∂uj
∂fji

,

and from Eq. (7.3)

∂uj
∂fji

=
γ

1
αj

−1

j wjiβ
αj

ji(
γ

1
αj

j + 1

)2

fji (1− fji)

, (7.12)

where

βji =
1− fji
fji

, γj =
n∑

i=1

wji (βji)
αj .
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In the same way, the gradient of J with respect to the weights of the Dombi operator
is given by

∂J

∂wji

=
∂J

∂ŷ

∂ŷ

∂uj

∂uj
∂wji

,

and using Eq. (7.3)

∂uj
∂wji

=
γ

1−αj
αj

j wjiβ
αj

ji
−1
αj(

γ
1
αj

j + 1

)2 . (7.13)

Lastly, the gradients of J with respect to parameters of the DF can also be calculated
via the chain rule

∂J

∂εji
=
∂J

∂ŷ

∂ŷ

∂uj

∂uj
∂fji

∂fji
∂εji

∂J

∂cji
=
∂J

∂ŷ

∂ŷ

∂uj

∂uj
∂fji

∂fji
∂cji

∂J

∂xji
=
∂J

∂ŷ

∂ŷ

∂uj

∂uj
∂fji

∂fji
∂xi

.

These gradient calculations are required to update the DF parameters, where

∂fji
∂εji

=
λ

εji
(1− fji) fji, (7.14)

∂fji
∂xji

=
−λ

xi − cji
(1− fji) fji, (7.15)

∂fji
∂νji

=
1

νji (1− νji)
(1− fji) fji, (7.16)

∂fji
∂cji

=
λ

xi − cji
(1− fji) fji. (7.17)

Once the gradients of the output RBN are available, the gradients for the hidden
layers can be derived using the chain rule and back propagating the ∂J

∂x
term. This

term is the loss function for the hidden layer which are connected directly to the
output RBN. This method can be extended for the feedback calculations throughout
the network.
There are a few minor changes in the classification RBNN. The loss function is the
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categorical cross entropy loss J given by

J = −
no.ofclasses∑

k=1

yok log(ŷok), (7.18)

where yok is the label vector obtained from the database and ˆyok is the class proba-
bilities vector obtained from the softmax layer

ŷok =
eyok∑no.ofclasses

k=1 eyok
. (7.19)

Also for the classification network,

∂J

∂yok
= ŷok − yok. (7.20)

The rest of the calculations are same as in a regression network and equations (7.10)
to (7.17) can be used to calculate the gradients.

7.3 Training

The training process is similar to the training of the classical MLP, with some minor
differences. A few metaparameters have to be chosen before starting the training
process. These metaparameters are: 1) The number of hidden layers; 2) The number
of RBN units in each hidden layer; 3) The number of rules in each RBN unit; 4) The
learning rate; and 5) The values of some fixed parameters of the DF.
For interpretability and low computational complexity, it is recommended that one
start the training using a small number of hidden layers (preferably one), a small
number of RBN units in each layer (preferably two) and a few rules (preferably two)
in each RBN unit. If the desired accuracy is not achieved after training, then increase
the number of rules up to 6. In the next step increase the number of RBNs up to 10.
If this is still insufficient then increase the number of hidden layers. As the learning
capacity of an RBN is high, a large number of tasks can be learnt with good accuracy
using only a single hidden layer with 3 RBN units and each having 2 to 5 rules. There
are 4 parameters of the DF, namely ν, ε, λ and c. Usually λ and ε are fixed (λ = 2,
ε < 0.3). The other two parameters (ν and c) are tunable and they are varied during
the optimization process. The α parameter of the WDO determines the nature of the
rule (conjunctive/disjunctive), and it is either 1 or −1. If we set α = 1, then the
rules have a good interpretation. Stochastic Gradient Descent (SGD), Batch Gradient
Descent (BGD) and Levenberg-Marquadt (LM) optimization methods can be used
for gradient updates. For SGD, a good initial value for the learning rate (lr) is 0.01.
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A much smaller value initial value of lr can be chosen for BGD. In the case of LM
optimization, the parameters are updated using the expression

Pi+1 = Pi −

((
(
∂J

∂Pi

)2 + µ

)−1
∂J

∂Pi

)
. (7.21)

Here µ is the damping factor and its values are adaptive. Initially a large value of
µ is chosen. Later its value is gradually decreased, as the value of the loss function
decreases during the training phase. Pi is the updated value of tunable parameters at
the ith training iteration. The tunable parameters in RBN are: 1) The parameters of
the DF ( ν and c ); 2) The parameters of the WDO (weights); and 3) The consequent
parameter (o). The tunable parameters are randomly initialized after setting proper
values for the metaparameters.
Next the network is trained by passing a batch of training examples. Feed-forward
calculations are performed and finally the loss J is calculated. The tunable parame-
ters are updated by the optimization method. The process is repeated until we reach
the desired number of epochs.

7.4 Algorithm

The whole training procedure is summarized in Algorithm 8 below.

Algorithm 8 Algorithm for Training of the RBNN

Step 1: Choose proper starting values for the metaparameters.
Step 2: Initialize the tunable parameters with random initial values.
Step 3: Select an optimization method with an appropriate learning rate.
Step 4: Feed the training data to the network in batches.
Step 5: Normalize the input feature vectors using Algorithm 7.
Step 6: Perform the feed-forward calculation using equations (7.3) to (7.6).
Step 7: Calculate the network loss using Eq. (7.7) or Eq. (7.18).
Step 8: Back propagate the loss and calculate the gradients using equations
(7.8) to (7.20).
Step 9: Update the tunable parameters using the chosen optimization method
and the calculated gradients.
Step 10: Repeat steps 5 to 9 until the required number of epochs are reached.
Step 11: Test the trained model using testing data and evaluate its perfor-
mance.
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7.5 Experiments, Results and Discussions

Next, the learning capability and performance of the proposed RBNN are demon-
strated using various machine learning tasks. We will start with a simple XOR func-
tion and afterwards 3 regression and 4 classification tasks are presented.

7.5.1 Learning a XOR function

Approximating a XOR function is a classical learning problem. It is well known that
a single neuron alone cannot approximate a XOR function. However, a single RBN
unit can learn the XOR function. Here, the RBN unit is trained under two different
parameter settings. Both cases successfully learnt the XOR function with a very low
mean square error (MSE). The metaparameters in these configurations are shown
in Table. 7.2. The RBN with a smaller number of rules produced a relatively higher
value of the Mean Square Error (MSE). The loss curves for these two cases are shown
in Fig. 7.3.

Config. No Optimization Rules DF fixed Params MSE
1 SGD (lr=.01) 6 λ = 2, ε = 0.25 9.71× 10−15

2 SGD (lr=.05) 4 λ = 2, ε = 0.25,
ν = 0.3

1.251× 10−6

Table 7.2: Metaparameter values of the two configurations of a single RBN unit for
learning the XOR function.

Figure 7.3: Loss curves for learning the XOR function.



128 Rule-based Neural Networks

7.5.2 California housing dataset

California housing is a real-world open source dataset available on StatLib repository
[15]. It was compiled from the records of the U.S. census of 1990. Each row of the
data contains the information about a single block group. The block group usually
has a population between 6000 and 30000. The dataset consists of 9 features as
shown in Fig. 7.4. The median house value is the feature to be predicted. The
dataset is not clean so preprocessing was done to remove the missing values and
outliers. The total number of records in the cleaned dataset was 19369. The dataset
was divided into three subsets for cross validation i.e. a training set with 14000

records, validation set with 3000 and test set with the remaining 2369 records. Fig.
7.5 shows the heat map indicating the correlations between the features. Categorical
features were converted to numerical ones using the standard Python Pandas library.
Various RBNN regression models were trained using different optimization methods
to predict the housing values. Table 7.3 summarizes various configurations and the
results obtained. Mean square error (MSE) and the R2 coefficient were used as
metrics to compare the performance of the various configurations. The R2 coefficient
determines how well the trained model fits the test data. It is clear from Table 7.3 that
the RBNN (Configuration No. 2) trained using the SGD optimization and Ordered
Normalization achieved the highest R2 coefficeint. Fig. 7.6 shows the loss function
(Eq. 7.7) plots for the RBNNs trained using the SGD and LM optimization methods.
It is evident from these plots that if SGD is used for optimization, then the RBNNs can
be trained faster. In this case, the trainable parameters settle around their final values
within a few training epochs. Fig. 7.7 shows a comparison between the normalized
housing price predicted by a trained RBNN (Configuration No. 3) and the actual
housing price for the first 150 instances of the test dataset. It is clear that the RBNN
predictions followed the actual housing price very closely and captured the pricing
trend accurately.

Figure 7.4: The header of the California housing dataset.
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Figure 7.5: A heat map of the features correlation of the California housing dataset.

Config.
No.

Optimizer Normalization No. of
hid-
den
RBN
units

Rules
per
RBN

DF fixed
Params

MSE R2

Coef-
ficient

1 SGD
(lr=.01)

MinMax Standard 2 3 λ = 2 ε =
0.2

0.0153 0.626

2 SGD
(lr=.01)

Ordered Normaliza-
tion

2 3 λ = 2 ε =
0.25

0.0274 0.676

3 SGD
(lr=.01)

MinMax Standard 2 3 λ = 2 ε =
0.3 ν = 0.3

0.0166 0.596

4 LM (µ =
2000)

MinMax Standard 3 3 λ = 2 ε =
0.3

0.0185 0.5755

5 LM (µ =
2000)

Ordered Normaliza-
tion

3 3 λ = 2 ε =
0.25

0.0298 0.642

Table 7.3: Configurations and the performance of various RBNNs for the California
housing dataset.

7.5.3 Quadcopter Altitude Control

The model of an altitude controller of quadcopter can be learnt as a regression task.
The simulation model is available in Matlab Simulink [20]. The model contains a PID
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Figure 7.6: Training and Validation loss curves of various RBNN models for the Califor-
nia housing price prediction.

Figure 7.7: A comparison of normalized housing prices predicted by the RBNN model
(Configuration No. 3) and actual prices for 150 instances of the test dataset.

controller which generates the altitude commands for the rotors to reach the desired
altitude. The difference between the actual altitude of the quadcopter and the de-
sired altitude is called the error signal. The derivative of this error signal is calculated
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to produce an error rate signal. These two signals (error, error rate) are the inputs to
the controller and the output is the control signal. The inputs are treated as features
vectors and the control function is learnt using the RBNN. The dataset is generated
for a scenario in which the quadcopter takes off and maintains different altitudes
before landing. The dataset is biased as the transient (moving upward/downward)
data is much less compared to the steady state (constant altitude). The dataset was
augmented by adding more transient data. Table 7.4 shows the performance of vari-
ous trained RBNN models, while Fig. 7.8 shows the training loss and validation loss
curves for some of these models.

Figure 7.8: Loss curves of quadcopter altitutde control RBNN models.

Config.
No.

Optimizer Normalization No. of
hidden
RBN
units

Rules
per
RBN

DF fixed
Params

MSE R2

Coef-
ficient

1 SGD
(lr=.001)

MinMax Standard 2 3 λ = 2 ε =
0.15

4.81×10−5 0.9982

2 BGD
(lr=.0001)

MinMax Standard 4 6 λ = 2 ε =
0.15

0.0022 0.9139

3 SGD
(lr=.005)

MinMax Standard 2 2 λ = 2 ε =
0.15, ν = 0.3

7.89×10−5 0.9972

4 LM
(µ=2000)

Ordered Normal-
ization

3 3 λ = 2 ε =
0.25

0.0123 0.8491

Table 7.4: Configurations and the performance of various RBNN models for the quad-
copter altitude regression task.

Model interpretations

We can examine one of the trained RBNN models in Table 7.4 and interpret its results.
The structure of the RBNN in Configuration No. 3 is shown in Fig. 7.9. It has 1 hidden
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layer with 2 RBN units. Each unit has 2 rules. After training, the DFs in RBN N1 are
shown in Fig. 7.10. Using the values of trained parameters o, the two rules learnt

Figure 7.9: Structure of the RBNN in Configuration No.3 of Table 7.4.

Figure 7.10: Distending functions learnt by N1.

by N1 are

Rule 1: if x1 is f11 and x2 is f12 then y1 is 0.840.

Rule 2: if x1 is f21 and x2 is f22 then y1 is 0.187. (7.22)
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The output y1 is given by

y1 =
u1(0.84) + u2(.187)

u1 + u2

If the numerical values of input x1 and x2 are given, then u1 and u2 can be calculated
(Eq. (7.3)) and we get y1. In a similar way, the DFs of N2 can be plotted as shown in
Fig. 7.11. The rules learnt by N2 are

Figure 7.11: Distending functions learnt by N2.

Rule 1: if x1 is f11 and x2 is f12 then y2 is 0.999.

Rule 2: if x1 is f21 and x2 is f22 then y2 is 0.322. (7.23)

and the output y2 is

y2 =
u1(0.999) + u2(0.322)

u1 + u2

Now the outputs y1 and y2 are treated as metafeatures and are inputs to No. The DFs
of No are shown in Fig. 7.12 and the rules based on metafeatures are
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Figure 7.12: Distending functions learnt by No.

Rule 1: if y1 is f11 and y2 is f12 then yo is 0.999.

Rule 2: if y1 is f21 and y2 is f22 then yo is −.361, (7.24)

and the final output of the network is

yo =
u1(0.999) + u2(−.361)

u1 + u2

The rules in Eq. (7.22), Eq. (7.23) and Eq. (7.24) collectively provide an interpreta-
tion of the results. For various values of x1 and x2, the output yo is calculated and the
decision surface can be obtained as shown in Fig. 7.13. This gives a visual insight
into the trained RBNN model.

7.5.4 Census income classification dataset

The Census income dataset (also known as Adult dataset) was extracted from 1994

US State Census Bureau data. It is available on the UCI ML repository [66]. It
has 14 features which contain numerical, ordinal and and categorical data types.
The features are age, workclass, final weight, education, education number of years,
marital status, occupation, relationship, race, sex, capital gain, capital loss, hours per
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week and native country. Based on income per year, each sample belongs to one of
the two classes i.e. < 50k and > 50k. Most of the samples (approximately 75%)
belong to the < 50k class and it is called the majority class. > 50k is called the
minority class. It is a large dataset with 46443 samples. The dataset is divided into
three subsets for cross validation i.e. training set with 32000 samples, a validation
set with 7000 and test set with the remaining 7443 samples. An RBNN is trained
to correctly identify the classes from the feature vectors. As the dataset is skewed
toward the majority class, the classification accuracy is not an appropriate metrics
for judging the performance of a classifier. We will compare the performance of
various classifier based on the F1 score for the minority class. Table 7.5 summarizes
the performance and metaparameter values for various RBNN configurations. It can
be seen that the RBNN trained using SGD with a learning rate of .005 achieved the
highest accuracy and F1 scores among all the various configurations. It is worth
mentioning that the RBNN trained using BGD was not able to correctly classify even
a single sample from < 50k class and this is evident from the F1 score for < 50k class.
Although it showed an accuracy of 75% on test dataset, this is due to the fact that
the dataset was skewed towards the > 50k class (75% samples). A fully connected
DNN (layers detailed in Fig. 7.14) was trained for comparison purposes. It achieved
an accuracy of 83.63% on test dataset and an F1 score for the < 50k class. The
performance of the relatively small RBNN (Config. No. 2) is comparatively better

Figure 7.13: A surface plot that allows us to interpret the relationship between the
inputs and output of the RBNN for the quadcopter altitude control task.
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Config.
No.

Optimizer No. of
hid-
den
layers

No. of
hidden
RBN
units

Rules
per
RBN

DF fixed Params Accuracy
on test
dataset

F1 score
for > 50k
(minority)
class

1 SGD
(lr=.01)

1 3 5 λ = 2, ε = 0.25 84.33 % 61 %

2 SGD
(lr=.005)

1 3 2 λ = 2, ε = 0.25,
ν = 0.3

85% 66%

3 BGD
(lr=.005)

1 3 3 λ = 2, ε = 0.25 75 % 0 %

4 LM (µ =
300)

2 3 +3 = 6 3 λ = 2, ε = 0.15 83 % 58 %

Table 7.5: Configurations and performance of various RBNNs for the census income
classification dataset.

than the DNN. This RBNN has only a few trainable parameters (202) compared with
the DNN (4802). Fig. 7.16 shows the loss curves for various RBNN configurations
and the trained DNN. The loss curve of RBNN trained using the LM optimization
converges slowly to the final value. The loss curves of all other RBNN configurations
and DNN converges within a few epochs and therefore their training process is much
faster. Confusion matrices (an error matrix used to describe the performance of a
classification network) of the RBNN (Config. No. 1) and DNN are shown in Fig.
7.15.

Figure 7.14: Layers configuration of the DNN. The DNN achieved an accuracy of 83.63
% on the census income test dataset.
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Figure 7.15: Confusion matrices of Configuration No. 1 of a RBNN (left) and DNN
(right) for the census income classification dataset.

Figure 7.16: Loss curves of various RBNNs and DNN trained on the census income
classification dataset.

Impact of feature noise

To find the classification accuracy for noisy features, various amounts of Gaussian
noise were added to the test data. Table 7.6 shows the performance reduction of the
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RBNN and DNN in the presence of feature noise. It is evident that the classification
performance of the DNN has been degraded by noise. As a comparison, the RBNN
accuracy also decreases but it is still better than the DNN in the presence of feature
noise. Among various RBNNs, those which are trained using SGD are more robust
to noise. As the dataset is skewed towards the majority class, the F1 score of the
minority (< 50k) class is the crucial metric for judging the performance of various
classifiers. It is clear from Table 7.6 that when the noise magnitude increased by
two folds, the F1 score significantly fell (16% decreased) in the case of the DNN. In
comparison, the F1 score fell by 7% for the RBNN. Fig. 7.17 shows the confusion
matrices of the RBNN and DNN for a noisy feature test set.

S. No. Noise
Magni-
tude

DNN Test
Dataset Ac-
curacy

RBNN (Config. no.
1) Test Dataset Ac-
curacy

DNN F1
score for
> 50k (mi-
nority) class

RBNN F1 score
for > 50k (mi-
nority) class

1
[
−σ

2 ,
σ
2

]
80.79 % 82.57 % 52 % 59 %

2 [−σ, σ] 75.31 % 78.45 % 44 % 55 %

Table 7.6: Effect of a noisy test set on the prediction accuracy of the DNN and RBNN on
census income classification dataset. σ is the standard deviation of the feature vector.

Figure 7.17: Confusion Matrices of Configuration No. 1 of the RBNN (left) and DNN
(right) in the presence of feature noise in the interval [−σ, σ] (census income classifica-
tion dataset).

7.5.5 Occupancy detection dataset

The occupancy detection dataset is available on the UCI machine learning repository
[16]. The dataset provides accurate information regarding the occupancy of an of-
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fice room. It has 7 features and two output classes i.e. empty and occupied. It is an
unbalanced dataset with 71% empty and 29% occupied rooms. The features include
date-time, Temperature (Celsius), Humidity, Light (Lux), CO2 (ppm), Humidity Ratio
(Derived using the temperature and humidity) and Occupancy. The features correla-
tion heatmap is shown in Fig. 7.18. It shows that the occupancy is highly correlated
with the light intensity in the room. The database comprises 20560 records. It was
divided into three parts for cross validation i.e. a training set (13000), validation set
(2500) and test set (5060). Various configurations of RBNNs were trained to correctly
predict the room occupancy status. Table 7.7 summarizes the various configurations
along with their classification accuracy scores. It is clear that the RBNN Configura-
tion No. 2 achieved the highest accuracy on the test dataset and F1 score for the
occupied class. A fully connected DNN was also trained for this task. Its layers, struc-
ture and parameters are listed in Fig. 7.20. The accuracy and F1 scores achieved by
this DNN on the test set are 98.91% and 98% respectively. The DNN was trained for
100 epochs with a batch size of 500. Fig. 7.19 shows the confusion matrices of this
DNN and RBNN on the test dataset. Configuration No. 2 of RBNN achieved the same
accuracy as the DNN did but with far fewer parameters. This RBNN had only 262

trainable parameters compared with the DNN which had 7810. Fig. 7.21 shows the
training and validation loss curves of the DNN and various RBNNs. it is clear from
these curves that the DNN and RBNNs (using the SGD and the BGD) can be trained
with a few epochs. However, training the RBNN using the LM optimization is slow
and requires a comparatively large number of epochs.

Figure 7.18: Heat map of the occupancy detection dataset features.
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Figure 7.19: Confusion matrices of Configuration No. 1 of the RBNN (left) and the
DNN (right) for the occupancy detection dataset.

Figure 7.20: Layers configuration of the DNN trained on the occupancy detection
dataset.

Impact of feature noise

Random Gaussian noise was added to the test dataset with various maximum mag-
nitudes. The amount of the added noises was dependent on the standard deviation
of the feature vectors. The noise robustness of the trained DNN and RBNNs (in
Table 7.7) was investigated by making predictions on the noisy dataset. Table 7.8
shows the performance degradation in the classification accuracy for these trained
networks. The best robustness was obtained when the RBNN was trained using the
SGD. As the dataset is skewed, the F1 score for the minority (occupied) class is a more
significant metric than classification accuracy in determining the performance of the
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Config.
No.

Optimizer No. of
hidden
RBN
units

Rules
per
RBN

DF fixed Param-
eters

Total
train-
able
param-
eters

Accuracy
on test
dataset

F1
score for
occupied
class

1 SGD
(lr=.001)

3 5 λ = 2, ν = 0.3 430 98.95 % 98 %

2 SGD
(lr=.001)

3 5 λ = 2, ε = 0.2,
ν = 0.3

295 98.97 % 98 %

3 BGD
(lr=.0001)

3 3 λ = 2 339 98.65 % 97 %

4 LM (µ =
1000)

3 3 λ = 2 339 98.24 % 96 %

Table 7.7: Configurations and performance of various RBNNs for the occupancy detec-
tion classification task. All the configurations have one hidden layer.

Figure 7.21: Loss curves of the RBNNs and DNN for the occupancy detection classifica-
tion task.

training algorithm. In the case of a noisy test dataset, the DNN prediction accuracy
and F1 scores are less compared with the RBNN’s. Fig. 7.22 shows the confusion
matrices of the DNN and RBNN obtained using the noise-corrupted dataset. From
Table 7.8, it is clear that a three folds increase in the noise reduced the F1 score of
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the DNN by 18%. However, the F1 score for occupied decreased by 10% in the case
of RBNN. This shows that the RBNN is comparatively more robust to feature noise.

S.
No.

Noise
Magni-
tude

DNN Test
Dataset
Accuracy

RBNN (Config. no.
2) Test Dataset Ac-
curacy

DNN F1 score for
the occupied class

RBNN F1 score
for the occupied
class

1
[
−σ

3 ,
σ
3

]
98.69 % 98.79 % 97 % 97 %

2
[
−σ

2 ,
σ
2

]
97.35 % 98.03 % 94 % 96 %

3 [−σ, σ] 90.98 % 94.42 % 80 % 88 %

Table 7.8: The effect of the noisy features test dataset on the prediction accuracy and F1
scores of the DNN and RBNN (occupancy detection dataset). σ is the standard deviation
of the feature vector.

Figure 7.22: Confusion matrices for Configuration No. 1 of the RBNN (left) and DNN
(right) for a noise corrupted test dataset (occupancy detection dataset).

7.5.6 Discussion

From the findings, it is evident that RBNNs can solve various real-life regression and
classification problems. All these tasks were solved using a few hidden layers (usually
1 or 2), with a few neurons (from 3 to 6) and a minimum number of rules (2 to 5).
As shown in Table 7.7, the total number of trainable parameters in the RBNN is
small compared with the DNN. Most of the problems presented and solved in the
simulation section include real-world datasets. Therefore, in general the RBNN can
be used to solve real-world problems with high accuracy.
The experiments results indicate that most configurations of the RBNN achieve a
higher accuracy on the test dataset compared with that for the DNN. Similar to DNNs,
the parameters of RBNNs can be updated using back propagation in combination
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with SGD, BGD and LM optimization methods. In tables 7.3 to 7.7, it can be seen
that RBNNs give a higher accuracy on the test dataset when trained using SG. In
Fig. 7.16 and Fig. 7.21, it is clear that training using the LM optimization method is
much slower compared with SGD and BGD. From Table 7.4 and Table 7.6, it may be
inferred that better results are obtained if Ordered Normalization is used for input
normalization.
RBNN is more robust against feature noise and it gives a reasonably high accuracy
even when the input features are corrupted by noise. This can be observed from the
accuracy columns of Table 7.5 and Table 7.7. In comparison, the DNN performance
on the test dataset is adversely affected and its accuracy falls if the feature noise
increases. Those RBNN configurations that are trained using the SGD are more robust
to feature noise and give a higher prediction accuracy on noisy test sets.
For skewed datasets, RBNN produces a higher F1 score for the smaller classes as
shown in Table 7.5 and Table 7.7. Furthermore, if the test dataset is corrupted by
feature noise then RBNN still maintains these F1 scores for the smaller classes. This
is evident from the results shown in Table 7.6 and Table 7.8. In comparison, the DNN
has a lower F1 score if the feature noise increases. This shows that the RBNN is more
robust to noise if the dataset is skewed. This unique feature of the RBNN makes
it a better option for training on real-world sets, as most of those are unbalanced
(skewed).
It is interesting to note that the trained RBNN models are easy to interpret. DFs
and trained rules can be extracted from the neurons. Using these rules, it is easy to
interpret the function/behavior of each neuron and layer. A surface can be plotted
between the input features and output of the RBNN. Therefore we can understand
the relationship between the various features and the output. The number of the
trainable parameters can be further reduced by optimizing only the c parameter of
the DF (the other three parameters now remain fixed). Consequently, there is a
negligible decrease in the accuracy. And we can say that there is a compromise
between interpretablility and the learning capacity. By increasing the number of
neurons, layers and number of rules, the learning capacity of the RBNN increases.
However, the interpretability of a large RBNN becomes increasingly difficult.

7.6 Summary

In this chapter, we presented a new type of learning network called a rule-based
neural network (RBNN). It consists of rule-based neurons (RBNs), arranged in layers
and the layers are stacked together to form a fully connected network. The input
layer normalizes the input feature values. We introduced a new type of normaliza-
tion called Ordered Normalization (ON) and it is helpful in achieving higher training
accuracy. Each RBN consists of parametric rules and the parameters of these rules
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are updated using the Stochastic Gradient Descent (SGD), Batch Gradient Descent
(BGD) or Levenberg-Marquadt (LM) optimization method. The rules are evaluated
using arithmetic calculations (in the feed-forward step). We presented the algo-
rithm for the training of the RBNN for solving regression and classification problems.
The number of trainable parameters are few compared with a DNN. We got high
prediction accuracy scores for the regression and classification tasks. The RBNN is
robust to noisy feature and provides an excellent accuracy even in the case of a noise-
corrupted test dataset. The RBNN is a good choice for solving problems with skewed
datasets by producing high F1 scores for the smaller classes. In contrast to the DNN,
RBNN-trained models are more interpretable. The rules learnt by each RBN can be
extracted and the output of the RBN is then evaluated using simple arithmetic cal-
culations. The relationship between the input features and the RBNN output can be
determined and visualized. However, the RBNN can only be applied to learning tasks
with a small or moderate number of feature sets. Because if the number of inputs
increases then the rules become more complex. Although the accuracy remains high,
the interpretation of the trained RBNN model becomes increasingly difficult. The
work can be extended by incorporating continuous logic and more versatile rules to
develop various interpretable AI models.
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[56] Horst Hamacher. Über logische Aggregationen nicht-binär explizierter Entschei-
dungskriterien: Ein axiomat. Beitr. zur normativen Entscheidungstheorie. Fis-
cher, 1978.

[57] Mathworks Matlab hardware team. Parrot Drone Support from MAT-
LAB, howpublished = ”https://www.mathworks.com/hardware-support/
parrot-drone-matlab.html”, note = ”accessed: 2020-03-11”.

[58] John Hedengren. Simulink cstr simulation and control.
https://www.mathworks.com/matlabcentral/fileexchange/

48018-simulink-cstr-simulation-and-control. Accessed: 2019-09-
15.

[59] Hans Hellendoorn and Dimiter Driankov. Fuzzy model identification: selected
approaches. Springer Science & Business Media, 2012.

[60] Masahiro Inuiguchi. Two generalizations of rough sets and their fundamental
properties. In Proceedings of 6th Workshop on Uncertainty Processing, pages
24–27, 2003.

[61] Nilesh N Karnik and Jerry M Mendel. Type-2 fuzzy logic systems: type-
reduction. In SMC’98 Conference Proceedings. 1998 IEEE International Con-
ference on Systems, Man, and Cybernetics (Cat. No. 98CH36218), volume 2,
pages 2046–2051. Ieee, 1998.

[62] Nilesh N Karnik and Jerry M Mendel. Operations on type-2 fuzzy sets. Fuzzy
sets and systems, 122(2):327–348, 2001.
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Summary

In this dissertation, fuzzy membership functions and fuzzy operators are applied in
the domain of machine learning. It consists of five major parts. A brief description of
these parts along with the contents is described below:

Arithmetic-based Type1 Fuzzy Inference System

A novel technique for the design of an arithmetic-based type1 Fuzzy Inference System
(FIS) is proposed, which is based on a new type of parametric membership function
called the Distending Function (DF). The DF is a continuous and differentiable func-
tion (it is analytical). The Generalized Dombi operator (GDO)is used to calculate the
firing strengths of the rules. The operator system and the DF are consistent with each
other. The design process is simplified by handling the antecedent and consequent
parts separately. Aggregation is performed using fuzzy arithmetic operations, more
precisely using a linear combination of the DFs. Also, defuzzification is just a single
step calculation. The technique is simple, computationally efficient and overcomes
some of the drawbacks of the existing established techniques. Based on this new
arithmetic-based type1 FIS and the gradient-based optimization method, a hybrid
adaptive type2 FIS is also presented. An arithmetic-based type1 FIS is 20 to 50 times
faster than the conventional FISs.
In Chapter 3, the design process of arithmetic-based type1 FIS is elaborated upon.
Section 3.1 describes the fuzzy arithmetic and it is proved there that the DF is closed
under linear combination. Section 3.2 describes the step-by-step procedure for de-
veloping the FIS using the available expert rules. Algorithm 1 is developed for a
summarization and quick implementation. Section 3.3 presents an adaptive design
for the FIS and the procedure is summarized in Algorithm 2. Section 3.4 shows the
effectiveness of the proposed approach by controlling the level of a water tank sys-
tem and tank temperature of a continuously stirred reactor system. Lastly, Section
3.5 concludes with a short discussion.
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Data-Driven Arithmetic-Based Type1 Fuzzy System

Defining a proper rule system for a fuzzy inference system (FIS) is a difficult task.
This is due to the unavailability of experts or incomplete knowledge of the process.
Fortunately, rules can be extracted from the training data of the system. This al-
lows us to design a data-driven FIS. Data-driven FIS techniques suffer from the flat
structure problem i.e. the number of fuzzy rules grows exponentially as the input
dimension increases. The consequence of this is greater complexity and poorer in-
terpretability of the fuzzy rules. We presented a solution to the above-mentioned
problem by proposing a novel data-driven arithmetic-based type1 FIS.
In Chapter 4, the procedure for designing data-driven type1 FIS is presented. Sec-
tion 4.1 describes how DFs in various dimensions can be combined to get a single
resultant DF in a higher dimension. Section 4.3 presents the steps to develop a type1
FIS using the data of the system. Algorithm 3 summarizes the these steps. Section
4.3 also proves the efficiency of the proposed data-driven FIS using two benchmark
systems. Section 4.4 provides some concluding remarks.

Arithmetic-based Interval Type2 Fuzzy Inference Sys-
tem

To counter the effect of noise and uncertainties, a procedure was proposed to de-
sign an arithmetic-based interval type2 FIS. An interval Type2 Distending Function
(T2DF) was developed for this purpose. Various types of T2DFs can be generated
by adding uncertainty to its parameters. These T2DFs can represent and handle dif-
ferent types of uncertainties. A type2 FIS was designed using the fuzzy arithmetic
operations. The design process did not include the implication and the type reduction
steps, hence it was computationally efficient. The expressions used were in closed
form, and this made it suitable for the on-line implementation. The proposed design
is simple, intuitive and handles uncertainties. The T2DF can also handle the uncer-
tainties that are generated because of measurement noise.
In Chapter 5, the procedure for designing arithmetic-based interval type2 FIS is pre-
sented. Section 5.2 describes three types of T2DFs. Section 5.3 proves that the T2DF
is closed is under linear combination. Section 5.4 describes the step-by-step pro-
cedure for developing an arithmetic-based interval type2 FIS using the fuzzy rules.
Algorithm 4 is presented for a quick implementation. Section 5.5 demonstrates the
effectiveness of the proposed approach by designing an arithmetic-based interval
type2 fuzzy controller for regulating the altitude of a quadcopter in the presence of
a noisy feedback signal. Lastly, Section 5.6 concludes the discussion.
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Data-Driven Arithmetic-Based Interval Type2 Fuzzy Sys-
tem

Fuzzy type2 modeling techniques are increasingly being used to model uncertain
dynamical systems. However, some challenges arise when applying the existing tech-
niques. A large number of rules are required to completely cover the whole input
space. A large of parameters associated with type2 membership functions have to be
determined and this leads to increased computation time and resources. The iden-
tified fuzzy model is usually difficult to interpret due to the large number of rules.
Designing a fuzzy type2 controller using these models is also a computationally ex-
pensive task. To overcome these limitations, we proposed a procedure to identify
the fuzzy type2 model directly from the data. This model is called the Distend-
ing Function-based Fuzzy Inference System (DFIS). This model consists of rules and
T2DFs.
In Chapter 6, the design of data-driven type2 FIS is presented. Section 6.1 outlines
the procedure for combining various T2DFs to get a single T2DF. This concept helps
to reduce the number of rules. Section 6.1.1 provides a rigorous proof for extending
the concept of a T2DF in higher dimensions. Section 6.2 describes the data-driven
fuzzy type2 modeling in some detail. This section also outlines the procedure for
reducing the number of fuzzy rules. Algorithms 5 and 6 summarize the procedures.
Then Section 6.3 presents the benchmark simulations and online implementation
results. Section 6.4 summarizes the discussion.

Rule-based Neural Networks

Deep Neural Networks (DNNs) are currently one of the most important research ar-
eas of Artificial Intelligence (AI). Various types of DNNs have been proposed to solve
practical problems in many fields. However all these different types of DNNs have
poor interpretations and are black box solutions. Expert systems are also a key area
of AI that are based on rules. They have a lot of applications and their results are in-
terpretable. We sought to combine the advantages of these two areas and it is a step
towards having interpretable neural networks. We presented a new type of learning
paradigm called Rule-Based Neural Networks (RBNNs). RBNNs can be trained to
learn various regression and classification tasks.
In Chapter 7, RBNNs are elaborated upon. Section 7.2 describes the RBNN structures
for solving regression and classification tasks. Feed-forward and feedback calcula-
tions are also formulated. Section 7.3 explains the training procedure of the RBNN.
Algorithm 7 summarizes these training steps. Section 7.5 demonstrates the learning
capacity of the RBNN. Various regression and classification tasks are solved and the
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performance is compared with that for a DNN. Section 7.6 provides some concluding
remarks and recommendations for the future.

Contributions of the thesis

A detailed discussion of the Arithmetic-based Type1 Fuzzy Inference System can
be found in Chapter 3. The contributions are briefly summarized below:

I/1. A new type of parametric membership function called the Distending Function
(DF) is introduced. With a few rules, it can cover the whole input space. It has
three parameters and each has a semantic meaning. It has two types, namely
the symmetric and asymmetric DF and both can be utilized for developing an
FIS.

I/2. The DF is analytical i.e. higher derivatives exist at each point. This property is
used in optimization procedures to tune the parameters of the DF.

I/3. The Generalized Dombi Operator (GDO) is used for evaluating the antecedent
part of the rule. The GDO and the DF are consistent with each other.

I/4. Our approach does not involve the implication step. Instead the activation
strength of each rule is multiplied by the consequent DF to get the fuzzy output
of each rule.

I/5. The consequent of each rule is a DF. Aggregation is carried out using the
weighted arithmetic mean of these consequent DFs of all the rules. A linear
combination is closed for DFs and so the result of an aggregation is also a DF.

I/6. Defuzzification in this case is only a single-step calculation (finding the point
that has the highest value of the aggregated DF).

I/7. Using our proposed approach, we designed an adaptive FIS. It consists of tuning
the DF parameters using gradient descent optimization. The adaptive FIS can
handle the changing process dynamics.

A nice discussion of the Data-driven arithmetic-based fuzzy type1 system can be
found in Chapter 4. The contributions can be briefly summarized as follows:

II/1. DFs were used to cover the input space entirely. A DF has a long tail and it is
defined on [-∞, ∞]. The grade of membership always has a non-zero value
and the whole input space can be covered. If we apply the Dombi operator
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on the DFs in the input space, the result is also a DF in the output (higher
dimensional) space. So the whole area of the output is covered using a few
rules.

II/2. The DF has three parameters. Usually two parameters can be kept constant and
one parameter is used for tuning. The latter increases/decreases the influence
area of the DF function. Also, a single step calculation is required to calculate
this parameter. Because of this, due to the smaller number of identified rules
and the deterministic nature of single parameter, the computation complexity
of the quantitative part is negligible.

II/3. The interpretability of the model increases due to the significant decrease in
the number of fuzzy rules.

A technical discussion of the Arithmetic-based Interval Type2 Fuzzy Inference Sys-
tem can be found in Chapter 5. The contributions are briefly summarized below:

III/1. A type2 extension of the DF called the Type2 Distending Function (T2DF) is
proposed. Different types of uncertainties can be expressed by associating it
with the parameters of the T2DF. It can effectively represent most of the forms
of uncertainties used in type-2 fuzzy systems.

III/2. The fuzzy arithmetics approach is also utilized here for designing a type2
fuzzy logic controller. So it has no type reduction step and it does not require
any iterative algorithms. It is simple, computationally fast and suitable for
on-line implementations.

III/3. Most of the parameters of the T2DF are fixed. Usually just the parameter
associated with the uncertainty is varied. We can say that the number of
parameters is the same as that for a type1 FLS. Therefore the optimization
process is easy to perform.

A detailed discussion of the Data-Driven Arithmetic-Based Interval Type2 Fuzzy
System can be found in Chapter 6. The contributions are briefly summarized like so:

IV/1. We used the interval Type-2 Distending Function (T2DF). With a few rules, it
can overcome the flat structure issue associated with the existing fuzzy mod-
eling techniques.

IV/2. Our approach (called the DFIS) identifies a few important fuzzy rules from
the data. We have also developed a rule reduction algorithm that can further
reduce the number of identified rules. It results in an interpretable model.
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IV/3. The type reduction, implication and aggregation steps are not involved. Also
only a few parameters are varied during the design process. Therefore the
type2 FIS can be implemented online.

A detailed discussion of the Rule-based Neural Networks can be found in Chapter 7.
The contributions are briefly summarized below:

V/1. An RBNN can be trained to solve various real-world regression and classifica-
tion tasks. The RBNN has a similar architecture to a DNN, but it has relatively
few trainable parameters.

V/2. The input layer in an RBNN has normalization functionality. We proposed a
new type of normalization technique and it is called the Ordered Normaliza-
tion (ON). The ON is especially useful when the training data has an asym-
metric distribution.

V/3. The training of an RBNN is similar to that of a DNN. Stochastic gradient (SG),
batch gradient descent (BGD) and Levenberg-Marquadt (LM) optimization
methods are used in the parameter update of back propagation. Other vari-
ants of gradient-based optimization can also be used to train an RBNN.

V/4. The results of an RBNN are interpretable and hence it is not a black box model.
Hidden and output layers in the RBNN contain Rule-Based Neurons (RBNs).
Each RBN has a built-in fuzzy inference system. After the training phase, the
prediction results of the RBNN can be interpreted using simple if-then-else
rules.

V/5. RBNN is robust to (input) feature noise and compared to a DNN, it produces
a higher prediction accuracy even in the presence of large feature noise.

V/6. The performance of the RBNN on a skewed dataset is comparatively bet-
ter than that of the DNN and it produces higher F1 scores for the minority
(smaller) classes.



Összefoglalás

Az értekezés megmutatja hogyan lehet használni a halmazhoztartozási függvényt és
az operátorokat a gyakorlatban a fuzzy control területén. A dolgozat 5 fő részből áll,
új eljárásokat ismertet.

1. Egyes t́ıpusú (Type-1) aritmetikai alapú fuzzy követ-
keztetési rendszer

Egyes t́ıpusú aritmetikai fuzzy következtetési rendszer fejlesztésének megvalóśıtása
új módon történt. Az eljárás az ún. paraméteres felfújó (distending) halmaz-
hoztartozási függvény alkalmazásával került kifejlesztésre. A felfújó (distending)
függvények folytonosak és differenciálhatóak (anaĺıtikus függvény) csak néhány pa-
raméterrel rendelkeznek, seǵıtségükkel az input tér néhány szabállyal lefedhető.
Az eljárás során általánośıtott Dombi operátort használtuk a szabályok alkalmazási
erősségének meghatározására (firing strength). Megmutattuk, hogy az algoritmus
egyszerűśıthető, ha a feltételt (antecedent) és a következményt (consequent) külön
kezeljük. Az aggregációt aritmetikai műveletek alkalmazásával hajtottuk végre, pon-
tosabban meghatároztuk a felfújó (distending) függvények lineáris kombinációját.
Így a defuzzifikációs eljárás egy lépéses számı́tással megkapható. A kidolgozott tech-
nológia egyszerű, számı́tási szempontból hatékony és a jelenleg alkalmazott eljárások
hátrányait kiküszöböli. Megmutattuk, hogy az aritmetikai alapú egyes t́ıpusú (Type-
1) fuzzy következtetési rendszer (FIS) és a gradiens alapú optimalizálási módszer al-
kalmazásával egy kettes tipusú (Type-2) következtetési rendszert is kezelni tudunk.
Az aritmetikai alapú egyes tipusú (Type-1) következtetési rendszer 20-50-szer gyor-
sabb, mint a hagyományos eljárások.
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2. Adatvezérelt aritmetikai alapú egyes t́ıpusú (Type-1)
fuzzy rendszer

A fuzzy következtetési rendszer szabályait nem egyszerű megadni. Ennek oka, hogy
szakértők legtöbbször nem állnak rendelkezésre, illetve a folyamatok működéséről
nincs teljes, pontos információnk. A szabályokat meg lehet alkotni a rendszer tańıtó
adatainak seǵıtségével és ezek alapján lehet az adatvezérelt fuzzy következtetési
rendszert létrehozni. A klasszikus adatvezérelt technikák hátránya, hogy a fuzzy
szabályok száma exponenciálisan nő az input dimenzóinak számával, ı́gy a szabályok
nem interpretálhatók. Ezeket a hátrányokat a dolgozatban kiküszöböltük, megadtuk
a különböző dimenziókban konstruált felfújó (distending) függvények aggregációját,
aminek az eredménye egyetlen felfújó függvény. Az eljárásnak a hatékonyságát két
benchmark (viszonýıtási alap) felhasználásával bizonýıtottuk.

3. Aritmetikai alapú kettes t́ıpusú (Type-2) következ-
tetési rendszer

A zaj és a bizonytalanság kiküszöbölését a kettes t́ıpusú (Type-2) halmazhoztar-
tozási függvények alkalmazásával lehet kezelni. Ennek elérése céljából a dolgozatban
megalkottuk a kettes t́ıpusú (Type-2) felfújó (distending) függvényeket, amelyeket
úgy generáltunk, hogy a paraméterek értékei helyett intervallumokat választottunk.
Itt is a fuzzy aritmetikus műveleteket alkalmaztuk a létrejött felfújó (distending)
függvényekre. Az eljárás nem alkalmaz implikációt és nem tartalmaz egyszerűśıtést
(reduction), ı́gy számı́tási szempontból hatékony. Mivel a végeremény zárt for-
mulában adható meg, az eljárás online számı́tásokra is alkalmazható.
Összefoglalva az eljárás egyszerű, számı́tása gyors, kezeli a bizonytalanságot és zajos
környezetben is működőképes.

4. Adatvezérelt intervallum alapú kettes t́ıpusú (Type-
2) fuzzy rendszer aritmetikai alapú következtetéssel

Az utóbbi időben egyre fontosabbá vált a bizonytalan dinamikus rendszerek léırása.
Ennek egyik eszköze a fuzzy kettes t́ıpusú (Type-2) modellek alkalmazása. Sok al-
kalmazás esetében a jelenleg létező technikák nem megfelelőek, ugyanis a teljes in-
put tér szabályokkal való lefedésére volna szükség. A szabályok száma nagyon nagy,
és ezzel a kettes t́ıpusú halmazhoztartozási függvény paparmétereinek száma is je-
lentősen megnő. A felmerülő nehézségek leküzdéséhez egy új megoldást határoztunk
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meg, ahol a kettes t́ıpusú (Type-2) modell direkt módon származtatható az ada-
tokból. Ez a modell nem más, mint a felfújáson alapuló következtetési rendszer (dis-
tending function based on fuzzy inference system DFIS)

5. Szabály alapú neurális hálózatok

A mesterséges intelligencia legfontosabb kutatási területéhez tartoznak a mély
neurális hálózatok. Ezeknek nagyon sok fajtája létezik, amik mind fekete doboz jel-
legű megoldások, ezért az eredmények nem interpretálhatók. A mesterséges intel-
ligencia másik fontos kutatási területe a szakértői rendszerek. Itt is sok megoldás
létezik, melyek interpretálhatók, de a megoldásuk nem hatékony. A két terület össze-
kapcsolásának seǵıtségével létrehoztuk a szabályalapú neurális hálózatokat. Az ı́gy
kialakult struktúra tańıtható mind regressziós, mind osztályozás alapú feladatokra.

A disszertáció tézisei

Az első téziscsoportban részletes bemutatása a 3. fejezetben fejezetben található.
Egyes t́ıpusú (Type-1) aritmetikai alapú fuzzy következtetési rendszer.

I/1. Egy új t́ıpusú parametrikus halmazhoztartozási függvényt vezettünk be:
felfújó függvény (distending function). Néhány szabály alkalmazásával az
egész input tér lefedhető. A függvénynek csupán három paramétere van és
mindegyik szemantikus jelentéssel b́ır. A felfújó (distending) függvények két
lényeges csoportba foglalhatók: szimmetrikus, nem szimmetrikus. Mindkettő
a fuzzy következtetési rendszerben alkalmazható.

I/2. A bevezetett felfújó (distending) függvények anaĺıtikusak, azaz magasabb de-
riváltjai is léteznek. Ez a tulajdonság az optimalizálás során előnyös, azaz az
adott alkalmazásban az optimális paraméterek meghatározhatók.

I/3. A szabályrendszer feltétel része az általánośıtott Dombi operátorral megadott
és a felfújó (distending) függvény és az operátor konzisztensek.

I/4. A következtetési rendszer nem alkalmaz implikációt. A szabály alkal-
mazásának erősségét a feltételrendszer határozza meg. A következményt
szintén felfújó (distending) függvény adja meg.

I/5. A szabályok következményeinek aggregációját a következmények súlyozott
átlaga adja, ami a következményben szereplő felfújó függvények lineáris
kombinációja. Megmutattuk, hogy ez szintén egyetlen felfújó (distending)
függvényt eredményez.
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I/6. A defuzzifikáció ebben az esetben egy lépéses számı́tás, azaz az eredménnyel
kapott felfújó (distending) függvény maximuma.

I/7. Tanuló algoritmus seǵıtségével a felfújó (distending) függvények optimális
paramétereit gradiens módszerrel meg lehet határozni. Az ı́ly módon meg-
határozott algoritmus a változó dinamikájú folyamatokat is hatékonyan keze-
li.

A második téziscsoport részletes bemutatás a 4. fejezetben található.
Adatvezérelt aritmetikai alapú egyes t́ıpusú (Type-1) fuzzy rendszer.

II/1. Kihasználjuk a felfújó (distending) függvény azon tulajdonságát, hogy az
input teret teljesen lefedi, ugyanis hosszú farokkal rendelkezik (a mı́nusz
végtelentől plusz végtelenig definiált) Ha a felfújó (distending) függvényeket
a Dombi operátor változóiba helyetteśıtjük, akkor egy magasabb dimen-
ziójú felfújó (distending) függvényeket kaphatunk. Az ı́gy kapott függvények
a magasabb dimenziójú teret is teljesen lefedik. A tér néhány kulcsfon-
tosságú pontjában elhelyezett felfújó (distending) függvények megadják a
fuzzy szabályokat, amik a teljes magasabb dimenziójú teret kifesźıtik.

II/2. A felfújó (distending) függvény három paraméterének beálĺıtása helyett
csupán egyetlen lehet változó, azaz két paramétert rögźıtünk, a harmadik
pedig az adapt́ıv folyamat végrehajtásához szükséges. Ez a harmadik pa-
raméter felelős az adott felfújó (distending) függvény kiterjedéséért, illetve
befolyásolási területéért. Ez szintén egy egy dimenziós optimalizálás, aminek
következményeként az eljárás hatékonysága nő.

II/3. A modell interpretálhatósága jelentősen megnőtt, mivel az eljárás során a
szabályok száma is csökkent.

A harmadik téziscsoport részletes bemutatás a 5. fejezetben található.
Aritmetikai alapú kettes t́ıpusú (Type-2) következtetési rendszer.

III/1. A kettes t́ıpusú (Type-2) halmazhoztartozási függvény kiterjesztésének megfe-
lelően létrehoztuk a kettes t́ıpusú (Type-2) felfújó (distending) függvényeket
(T2DF)Az ı́gy létrehozott függvénnyel különböző t́ıpusú bizonytalanságokat
lehet modellezni, mégpedig a felfújó (distending) függvény paramétereinek
változtatásával. Így a klasszikus kettes t́ıpusú (Type-2) közeĺıtéseknél a bi-
zonytalanságokhoz több függvényt kell konstruálni. A felfújó (distending)
függvény esetében ez csupán a paraméter változtatással elérhető.

III/2. A fuzzy aritmetikai közeĺıtés alkalmazása a fuzzy logiikai szabályozást he-
lyetteśıti Itt sincs ún. “ reduction” lépés, ezért az algoritmus nem iterat́ıv. A
gyorsaság miatt online interpretációra is alkalmazható.
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III/3. Az eljárás során a legtöbb paraméter rögźıtett, egyedül a bizonytalansághoz
kapcsolódó változik. Ebben az esetben a parameterek száma ugyanaz, mint az
előző eljárásban, ezért az optimalizálás egyszerűen végrehajtható.

A negyedik téziscsoport részletes bemutatása az 6. fejezetben található.
Adatvezérelt intervallum alapú kettes t́ıpusú (Type-2) fuzzy rendszer aritmetikai
alapú következtetéssel.

IV/1. Kettes t́ıpusú (Type-2) intervallum felfújó (distending) függvényt határoztunk
meg (T2DF). Néhány szabály seǵıtségével ez jól alkalmazható a lapos (flat)
struktúrákra, ami a létező fuzzy technikák esetén előfordul.

IV/2. A megközeĺıtés során néhány fontos fuzzy szabály kinyerhető az adatbázisból.
Kifejlesztettük egy szabályszám redukáló algoritmust, ami jelentősen
csökkentheti a szabályok számát és növeli az interpretálhatóságot.

IV/3. Az eljárás nem tartalmaz implikációt, aggregációt és bizonyos redukciós
lépéseket. Ebben az eljárásban is csak néhány parameter változhat. Az eljárás
online alkalmazható.

Az ötödik téziscsoport részletes bemutatás a 7. fejezetben található.
Szabály alapú neurális hálózatok.

V/1. A szabály alapú neurális hálózatnak nagyon sok alkalmazása van a mind reg-
ressziós és az osztályozási feladatokra. Hasonló struktúrával rendelkeznek,
mint a mély neurális hálózatok, azonban sokkal kevesebb paraméterük van.

V/2. A szabály alapú neurális hálózatok input rétegén levő adatainak norma-
lizáltnak kell lenni. Bevezettünk egy új normalizálást, ami empirikus eloszlás
alapú (rendezés alapú) normalizálásnak neveztük el. Megmutattuk, hogy ez
a normalizálás különösen hatékony, ha az input adatok asszimetrikus el-
oszlásúak.

V/3. Az RBNN tanulása hasonló a mély neurális hálózatokéhoz. A tanulás során
stochasztikus gradiens módszert és Lebenberg-Marquadt optimalizálót alkal-
maztunk a paraméterek meghatározására. Az iteráció alapja a backpropagati-
on eljárás. Megjegyezzük, hogy a gradiens alapú optimalizálás más variensei
is használhatók. A kiértékelés során aritmetikus eljárást választottunk.

V/4. A szabály alapú neurális hálózatok interpretálhatók. Rejtett rétegek tartal-
mazzák a szabályokat. Minden szabály alapú neurális hálózat értelmezhető,
mint egy következtetési rendszer. A tanulási fázis után az előrejelzés megfe-
leltethető egy egyszerű “ha/akkor” szabálynak.



168 Összefoglalás

V/5. Az eljárás robosztus és zajtűrő. Megmutattuk, hogy a klasszikus mélytanulási
eljárásokhoz képest nagyobb pontosságot lehet elérni jelentős zaj esetén is. A
szabály alapú neurális hálózatok torźıtott (ferde) adatbázison sokkal jobban
teljeśıtenek, mint a mély neurális hálózatok és nagyobb pontszámmal rendel-
keznek, mint kis osztályok esetén.
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