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Chapter 1
Introduction

One of the most studied nonlinear maps is the logistic map [0,1] > z — ax(1 —z) € R
with parameter a > 0. It is well known (see e.g., [1]) that x = 0 is the unique fixed point
in [0,1] for 0 < a < 1, and it is globally stable in [0, 1]. For 1 < a < 3 the nontrivial fixed
point A =1— % is stable and attracts all points of (0,1). At a = 3 a period doubling
bifurcation takes place, and the fixed point A becomes unstable for a > 3. As a increases,
there is a sequence of bifurcations, and for some larger value of a, chaotic behavior can
be shown.

In 1968 Maynard Smith [2] and in 1971 Levin and May [3]| considered the delayed
logistic difference equation

Tpg1 = aTp(l — x5 _4q) (1.1)

with a > 0 and d € N. This is natural in the context of population models. The size of
the subsequent generation of the population depends not only on the size in the previous
year but also on the size of the d-year-earlier population. The difference equation (1.1) is

equivalent to the (d + 1)-dimensional map

Uy Uz
Uz Uus
Fy=F,: R su=| 7 | = , € R, (1.2)
Ud+1 aud+1(1 - Ul)

In Chapter 2, based on the article [4] we study the global stability of the logistic
equation for d = 1. Bartha, Garab and Krisztin in [5, 6] proved analogous results for
other second-order difference equations, or equivalently, for other two-dimensional maps.
The novelty of [4, 5, 6] is the development of a new method to show sharp results for global
stability of fixed points for some two-dimensional maps with a parameter a. It is common

in [4, 5, 6] that a supercritical Neimark—Sacker bifurcation takes place at some a = -

1
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The Neimark-Sacker bifurcational normal form not only guarantees the existence of an
invariant curve around the fixed point for a > a4, but also gives a neighborhood M
around the fixed point for a < a..; so that M belongs to the region of attraction of the
fixed point. The main achievement of [4, 5, 6| is an explicitly constructed M which is large
enough in the sense that, by using a rigorous computer-assisted technique, it is possible
to prove that the iterates of all points outside M eventually enter M. A relatively large
M can guarantee the success of the computer-assisted part within a reasonable computer
time. It is a highly nontrivial result of [4, 5, 6] that starting from the classical Neimark—
Sacker bifurcational normal form technique, which was used earlier only for local results,
a relatively large attractivity region can be explicitly constructed for a < a.p. In [4, 5, 6]
it was essential that the studied systems were two-dimensional.

In Chapter 3, based on the article |7] we extend the method of |4, 5, 6] from two-
dimensional to higher-dimensional maps. As the delayed logistic difference equation is
interesting in its own right for d = 2, we demonstrate on the three-dimensional nonlinear
map (1.2) with d = 2 how the extension goes to higher dimension. We believe that
the main steps of our case study for this specific equation can be followed with natural
modifications to handle several other problems, in particular the delayed logistic map for
d> 2.

For a € (0,1], similar to the nondelayed logistic equation, the origin is the unique
fixed point of (1.2) in [0, 1]%"L. Tt is elementary to show that the origin is locally stable

d+1 For a > 1 a nontrivial fixed point uy =

and lim,, o FJ(u) = 0 for every u € [0, 1]
(A, A,...,A) with A =1 — 1 appears in [0,1]*"!. There is an ao > 1, depending on d
such that this fixed point is locally asymptotically stable for a € (1, ag), and unstable for
a > ag. A Neimark—Sacker bifurcation takes place at a = ag (for d = 1 see e.g. Example
4.3 in [8]), and there is a stable invariant curve for a > ay sufficiently close to ay.

Note that we do not consider the case a > ay. However, near u 4, local information
is available from the Neimark—Sacker bifurcation for a > aq close to ag. Profound (non-
rigorous) numerical studies can be found in [9, 10] for @ > ay and d = 1 . According
to these articles the invariant curve is globally stable for parameter a > ag close to the
critical value ag. Furthermore, one can see that as a increases, the size of the invariant
curve is getting larger. The curve touches the x-axis at about a = 2.27, and complicated
dynamics occurs. Analogously to the cases d = 0 and d = 1, it is expected that the
dynamics becomes more complex with larger a for d > 2, too.

d+1 ig ot invariant

For a € (1, ag), unlike the nondelayed logistic equation, the set [0, 1]
under (1.2). Therefore, we consider the map Fy for those u € [0,00)%! for which all
iterates of (1.2) remain in RT™, i.e., F7(u) € [0,00)% for every n € N. Here, I} denotes

the n-fold iteration of Fy, i.e., F§ =id and F} = F; (F;~") for n € N. As we will see for
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a € (0, ag) the set

k
St = {u € [0, 1]4 : aFugyy H(l —u;) <1 for ke{l,2... ,d}} (1.3)

j=1

is the largest set, whose points remain in [0, 00)¢™ for all iterates F? with n € N. Note
that S¢ depends on the parameter a.
Some points of the boundary of S¢ belong to the attractivity set of the origin, so we

define an a-dependent subset of Sg.

5= {u €10, 1) x (0,1): aPug [[(1—wj) <1 for ke{1,2,... ,d}} (1.4)

j=1

In the thesis we study the global stability of the nontrivial fixed point u 4 for a € (1, ag).

More precisely, we show that the following conjecture is true for d € {1,2}.

Conjecture 1. The fized point ua is locally stable and lim FJ}(u) = ua for a € (1,ao),

n—oo
u e Se.

First, note that, here and in the rest of the thesis when we refer to global stability of
the logistic map, it needs to be understood as it was stated in Conjecture 1, i.e., it means
local stability and attractivity within the set S¢. We emphasize that Conjecture 1 is
sharp, that is, global stability holds at the critical parameter value ag as well. Conjecture
1 can be formulated so that local stability implies global stability for the fixed point w4.
This is satisfied for several problems, see e.g., [11, 12, 13, 5, 6], but it is not true in general

see e.g., [14].

In Chapter 2 we prove Conjecture 1 for d = 1. In this case Fy(u) in (1.2) is a
two-dimensional map and ay = 2. The proof of the global stability is a combination of
analytical and computer-aided tools. It is based on the method in [5, 6]. We elaborate
the analytical part such that it can be easily applied to similar models. Furthermore, a
quite important aim is to have a clear picture of the method so that we can prove similar
results for higher dimensional models, for example the map (1.2) for d = 2, where further
difficulties arise.

In Section 2.1 we study the dynamics of (1.2) with purely analytical tools. First, in
Subsection 2.1.1 we consider F¢ for an arbitrary d € N. After that, in Subsection 2.1.2
we can prove global stability for d =1 and a € (1, %}

In the subsequent subsections we construct with analytical tools an attracting neigh-
borhood M around the nontrivial fixed point u4. Then with reliable numerical methods

we show that every u € S?\ M will eventually step into M, that is, there exist an
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n € N such that " € M, where u” = FJ(u). So these points are also in the region of
attraction of the fixed point u4. Here, reliable means that all possible numerical errors
are controlled by using interval arithmetic techniques. Therefore, the computer-assisted

part also provides mathematically rigorous statements, see e.g. [15].

In Section 2.2, for smaller parameter values a, i.e., for a € (1.5,1.95] we use the
linearized map to construct the attracting neighborhood M. However, as we will see it
later, this neighborhood shrinks to the fixed point as a tends to the critical value ay = 2.
Therefore, for parameter values a close to ag this neighborhood is not big enough for
computer use in the second part of the method. Thus, we need another approach too to
construct an attracting neighborhood M. In Section 2.3, for parameter values a close to ag
we use the normal form of the Neimark—Sacker bifurcation. More precisely, with smooth
and invertible maps we transform map F5(u) into its normal form, hereby we obtain an
attracting neighborhood M around the fixed point u,, whose size is independent of the

parameter a € [1.95,2].

Since we need the size of the constructed neighborhood M for computer use, it is not
enough to determine only the lower-order terms during the normal form transformation,
like we would do in a regular bifurcation analysis. These lower-order terms only assure the
existence of such a sufficiently small neighborhood, whose size is not explicitly determined
by them. Therefore, it is essential during the transformation to trace the higher-order
terms and to estimate them as well as possible, in order to obtain a sufficiently big
neighborhood M, since the computational part is more and more compute-intensive and

time-consuming, as we get closer to the fixed point.

Sections 2.4 to 2.6 are devoted to the computer-assisted part of our method. We cover
S with finitely many small squares. Considering these squares as vertices of a graph,
we introduce a directed graph, which, to a certain extent, describes the behavior of map
F>(u) on these squares. Therefore, we convert the issue of examining infinitely many
points into a finite graph problem, which can be handled by computer. To construct the
edges of this graph we use reliable numerical methods in order to handle the rounding
errors of the computer. We show with the help of this graph that the iterates of every
point from S¢ enter the neighborhood M constructed with analytical tools, completing
the proof of Conjecture 1 for d = 1.

In Chapter 3 we prove Conjecture 1 for d = 2. In this case F3(u) in (1.2) is a three-

= @, which can be found also in Table 4.1, where we collected

dimensional map and ag
the most frequently used constants from the thesis. With the structure of this section and
with the notations we follow Chapter 2 as much as possible, however, there are essential
differences since F3 is a three-dimensional map, so some of the adaptations are highly

nontrivial. The novelty of this section is an explicit construction of a relatively large
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attracting neighborhood of the nontrivial fixed point of the three-dimensional logistic
map by using center manifold techniques and the Neimark—Sacker bifurcational normal
form.

In Section 3.1 we describe the behavior of F3(u) in the positive octant. Then, for
a € (1, %] we give a purely analytical proof of the global stability of u4. Although this
analytical proof is straightforward, it is an important part of the proof of Conjecture 1,
since for a > 1 and close to 1 the fixed point u, can not be distinguished from the origin
by a computer-assisted technique.

The rest of the section is devoted to the case a € (%, ao]. The basic idea is the same as
for the two-dimensional case. First, we analytically construct an attracting neighborhood
M of the fixed point us. Then, by applying reliable numerical tools, it is shown that
for every u € S? the iterates F7'(u) eventually enter M. Consequently, all points of S¢
belong to the region of attraction of u4.

In Section 3.2 the map Fj3 is transformed to the form

Hﬁ@XRB(ﬁF&(M@%MM%w>ECXR (1.5)
Y

v(a)y + Ha(z,y)

for a € (3,a0]. Here, v(a) € R and A(a) € C with A(a) € C are the eigenvalues of the
Jacobian matrix of F3(u) at uy. The inequality |v(a)| < |[A(a)| < 1 holds and |\(ag)| = 1.
The nonlinear functions G,(z,y) and H,(z,y) are smooth functions of a, z, Z and y, and
furthermore, they are O (|(z,y)|?) for each fixed a € (3, ao).

In Subsection 3.2.1 a standard linearization technique for (1.5) gives an attracting
neighborhood of u4 for a € (%, ao). When a — a, the attracting neighborhood obtained
via linearization shrinks to the fixed point. Therefore, a different approach is necessary for
parameter values close to ag. In the subsequent subsections, for a € Zy = [ag— 1072, ao] we
adapt the technique from [4, 5| based on the Neimark—Sacker bifurcational normal form.
However, we need new ideas, since F3(u) is three-dimensional, and thus the adaptation of
the method from [4] is not that straightforward.

The classical way to study the dynamics of the three-dimensional map F3 near uy4, or
equivalently, the dynamics of H, near (0,0) € C x R, for a close to aq is as follows. First,
a center manifold reduction is carried out, then the map is transformed to its normal
form on the center manifold, and finally the attraction property of the center manifold
is used. These steps together give local information on the dynamics of (1.5) for a is
close to ag and (z,y) is close to (0,0). In particular, for a < ag and a close to ag, local
stability is obtained for the fixed point of (1.5). The major achievement of this subsection
is the elaboration of a quantitative version of the above local bifurcation result so that an

attracting neighborhood of the fixed point (0,0) can be explicitly constructed. Sections
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3.3-3.5 are devoted to this issue. In Sections 3.6 and 3.7 it turns out that the constructed
attracting neighborhood is large enough, and we can handle the remaining points by a

rigorous numerical technique.

In Section 3.3 we consider an approximate version of the center manifold reduction.
It is well known that for each fixed a there is a local invariant manifold W¢ of map (1.5)

at (0,0) given by the graph
W, ={(z,y) eCxR: y=(z2), [2] <5}

of a smooth map @, : {z € C: |z| < 0} — R with some 6 = d(a) > 0 and ®,(0) = 0,
®,(2) = O(]2]?). Note that ®,(-) is not complex differentiable, but it is a smooth function
of z and z. The set W¢ is a so called generalized center (or center-unstable) manifold of
(1.5) at (0, 0) corresponding to the leading eigenvalues A(a), A(a) (see [16]). The invariance
property of W¢ means that H,(z, ®,(z)) € W¢ for z € C with small |z|. Or equivalently,

N (®,(z)) = 0, where N is given by
N(F(2)) = F(M@)z + Gal2 F(2)) ) = (@) F(2) = Hal2 F(2),

for all maps F : C — R.

The map ®,(z) is problematic concerning its use in quantitative estimations for several
reasons. First, it is obtained from a global manifold via modification of the nonlinearity,
and its domain can be too small for computational purposes. Furthermore, it is not
unique, and there is no explicit formula for it, either. In addition, we need a three-
dimensional attracting set around the fixed point for the computer-aided part, and thus a
two-dimensional set on the manifold is not sufficient. Therefore, we consider a polynomial
approximation of ®,(z), instead. Namely, for each a € Z; there is a unique fourth-order

(in z, z) real valued polynomial

with

The advantage of ¢(z) comparing to ®,(z) is that it is defined on the whole complex
plane, it is unique, and the coefficients w;;(a) can be easily determined and estimated.
The disadvantage is that the graph of ¢(z) is not locally invariant under H, any more.

However, a particular three-dimensional set T' containing the graph of y = ¢(z) behaves
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¢(2) + Cz]°

5 a

¢(2) = Clz

z
_r r 2-dimensional

Figure 1.1: The set T'(r,C) around the approximation of the center manifold

similarly to a center manifold, and in our work it takes over the role of W¢. It will turn

out that T is inside the region of attraction of the fixed point.

Define the set
T(r,C)={(z,y) eCxR: |z| <7, ly—o(2)] < C]z|5}

around y = ¢(z) (see Figure 1.1), where r and C' are some positive constants. Note that
T(r,C) has a relatively simple form for computational purposes. The term C|z|* in the
definition of T'(r, C') guarantees that T'(r, C') contains the invariant manifold W¢ for small
|z|. The reason for this special shape of T'(r,C), more precisely the term C|z|°, is that

the normal form technique needs to be applicable for every (z,y) € T(r,C).

In Subsections 3.3.1 and 3.3.2 we investigate the y-directional dynamics. We use
the property that solutions close to the fixed point decay exponentially to T'(r, C') since
lv(a)] < |A(a)] < 1. From this it can be shown that T'(r, C') is conditionally invariant in
direction y for a fixed r, provided that C' is sufficiently large. More precisely, for a fixed
r and C' we show that H,(T(r,C)) C T(7,C) with some 7 > r. This means that for
(z0,%0) € T(r,C) and (z1,y1) = Ha(z0,%) ¢ T'(r,C) we must have |z1| > r, that is, the

image under H, can leave T'(r,C') only in direction z.

In Section 3.4 the z-directional dynamics is investigated by using the Neimark—Sacker
bifurcational normal form technique from [4]. For every (zo,yo) € T(r, C) the y-coordinate
can be written in the form yy = ¢(z) + c|z0|® for some ¢ € R with |c¢|] < C. Thus, for

(z1,91) = Hu(20,y0) the z-coordinate is determined by z; = G(zg), where

G(2) = Goe(2,2) = Az + Gal(z,0(2) + c|2]). (1.6)
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For a fixed a € Zy and ¢ € R with |¢] < C' we can transform (1.6) into a normal form.

Namely, a nonlinear invertible map h : C — C can be given such that
w — b (G(h(w))) = A + cyw?w + Ry(w,w, a, c),

where ¢; = ¢;(a,c) is the Lyapunov-coefficient and Ry(w,w,a,c) = O (Jw[*). Tt is im-
portant (see [4]) that the transformation h is completely determined by the lower-order
terms of (1.6). Because of the special shape of T'(r, C'), parameter ¢ appears only in the
higher-order terms of G, i.e., only in Ry(w,w, a,c). Consequently, h is independent of ¢,
and w = h(z) can be considered as a coordinate transformation of the whole set T'(r, C).

Applying the normal form method from [4], we obtain
|Aw + 1w + R| < |w]

for every sufficiently small w # 0. This means that in the transformed w—y-coordinate
system, the w-coordinate is getting strictly closer and closer to the origin during the
iteration, provided that the iterates of (z,y) stay in T'(r,C). Combining this fact with
the y-directional dynamics we show in Subsection 3.4.7 that T'(7, C'), with some 7 < r, is
in the region of attraction of the fixed point (0,0) of (1.5).

However, T'(7, C') is clearly not a proper neighborhood of the origin in CxR. Therefore,

in Section 3.5 we define the set

T(r,K) ={(zy) e CxR: 2] <7 [6(2) —y| < K}

for some r > 0 and K > 0. By using the exponential y-directional attractivity of T'(r, C')
we show that T(r, K) is in the region of attraction of the fixed point. The neighborhood
T of the fixed point is suitable for the computer-assisted part of the proof.

Finally, in Sections 3.6 and 3.7 we describe the computer-assisted part of our method,

similar to the two-dimensional case.

Despite the fact that we demonstrate our method only on a specific equation, we
believe that it can be applied or extended to other similar maps. For instance the Ricker
map (see [5]) and the Pielou map (see [13]) with delay d = 2 essentially differ only in
that they are not polynomial maps. Hence, only a slight modification would be necessary
in the estimations. However, the main question is whether the obtained neighborhood
is large enough for the computer-aided part of the method. These two maps along with
the logistic map would also be interesting for larger delay, i.e., d > 2. We believe that
the analytical part could be extended using only natural modifications. However, the

computer-aided part can be critical in these cases, since the increasing dimension causes
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an exponentially growing graph.

We note that the adaptation of the method to continuous models such as ordinary or
delayed differential equations is also an open question. We could mention for example the
famous Wright problem (see [17]) where local stability implies global stability and a Hopf
bifurcation takes place. The proof in [17] is also a combination of purely analytical and
reliable numerical tools, however a different approach was used for the analytical part.

It also would be interesting to prove the existence of the unique invariant closed curve
for (1.2) around the nontrivial fixed point for parameter values larger than the critical

value. However, this question is substantially different from the one studied in this thesis.
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Chapter 2

(GGlobal stability for the two-dimensional

logistic map

2.1 Preliminaries

Throughout the thesis N, Ny and R denote the positive integers, the nonnegative integers
and the nonnegative real numbers, respectively. We use also the big O notation in the
sense that f(z) = O(g(z)) means that there exist positive numbers 6 and M such that
(@) < Mg(a) for || < 5.

For symbolic computation we use Wolfram Mathematica v. 11, and for reliable nu-

merical estimation we use interval arithmetic tools of IntLab v. 9 in Matlab 2018.

2.1.1 Dynamics of F; — general properties

In this subsection we study the dynamics of map (1.2) in [0, c0)4*! for d € N and a > 0.
Recall the definition of S¢ and S¢ from (1.4) and (1.3). We collect some properties of
S?. First, for a € (0, ag] it can be shown that S? is positively invariant under F,, that
is Fy(S?) C S Secondly, F¥(u) = 0 for u € S¢\ S¢ and k € N large enough, i.e., the
set S¢\ S¢ is in the region of attraction of the trivial fixed point. Thirdly, for every
u € [0,00)%1\ S there is a k € N such that F§(u) ¢ [0,00)4", ie., S¢ is the largest
set for which F7'(u) € [0,00)%"! for every n € Ny. These statements are proven only for
d = 1 and d = 2 in Propositions 5 and 13, respectively. However, the method can be
easily generalized for any d > 2.

Now, we can turn our attention to dynamics in S¢. For small a the situation is quite
simple. Tt is easy to see that S = S¢ = [0,1]9" for 0 < a < 1, and the only fixed
point in [0,00)%*! is the origin. The next proposition easily follows from the fact that

Tpi1 = axp(l — x,_g) < x,, provided that x,,_4,x, € (0,1] and 0 < a < 1.

11
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Proposition 2. For every 0 < a <1 and u € [0,1]4" the following holds

lim Fj(u) =0 € R

n—oo

For a € (1, ap] we introduce the sets

Sﬁz{uESd: Ugr1 < A, up < A, for ke{l,?,...,d}},
Sﬁlr:{ueSd: Ugr1 > A, up > A, for ke{l,Q,...,d}}.

For given zg,xy,...,x4 the sequence (x,)%,, where z, is defined by (1.1) for n > d,

corresponds to the (d + 1)-dimensional sequence (u")>°, with
u = (zo,1,...,7q), u"=Fyu’) = (p,Tns1,.rTnya), nEN.

Proposition 3. Let u € S be given. If there is an ny € Ny such that F7(u) € ST (or

F(u) € ST) for every n > ng, then lim F}(u) = wa.
n—oo

Proof. Notice that u" € S implies Tp1q < Tpias1, since x, < A. Consequently, we get
a monotone, bounded sequence (z,);2,, ,4 Which converges to some B < A. Taking the
limit of both sides in (1.1), we obtain B = A. Consequently, the point u° is in the region
of attraction of u, in this case. Similarly, if (u™)2% gets stuck in S%, it also converges to
the fixed point uy4. O

d+2
d+1’

converges to the nontrivial fixed point u 4.

[e.o]

Now, we assume 1 < a < and show that for every u° € S¢ the sequence (u™)>,

Proposition 4. Ifa € (1 M} and u € S, then lim F7(u) = ua.

’ d+1 n—oo

Proof.  First, note that z, < A implies 2,14 < Zpiq41, S0 the sequence (z,)2, is
nondecreasing for small n > d. Using Proposition 3 we can assume that there is an ny > d
such that z, < A for k € {d,...,n; — 1} and x,, > A. It can be checked that (z,)"1" is
nondecreasing and u,, € Sﬁ‘ﬁ. On the other hand z, > A implies z,,q > %1411, SO the
sequence (,);2,, 4 is nonincreasing for small n > n; +d. Again, using Proposition 3 we

can assume that there is an ny > ny + d such that z;, > A for k € {ny +d,...,ny — 1}

no+d

. . . d
ey +d 18 MoONincreasing and u,, € S°.

and z,, < A. So we obtain (z,)
Repeating the argument we get a strictly increasing subsequence (n;)i°, of Ny such
that ng = 0, u™ € S¢ and u"+ € S¢ with

Uj ¢ Si for j S {ngk, ey N2k — 1},

Uj ¢ Si for ] € {nng, N 1) ) 1}



CHAPTER 2. TWO-DIMENSIONAL LOGISTIC MAP 13

Furthermore,

nokt2+d

+d
()20 J=nogp1+d

it is nonincreasing, (2.1)

is nondecreasing and  (z;)

and we also have

r; <A for je{ng,...,nop — 1}, (2.2)
v; > A for j € {nogs1,...,nops2 — 1}

Note that n;; —n; > d holds.

For the function ¢ : [0,1] 3 z — a%(a — 1)(1 — 2)™™ € R with a € (1, %} we have
t(A) = A, t(x) € [0,1] and

d%t(x) = —(d+1a(a—1)(1-2)' <0,
dd—;t(x) =d(d+ 1)a*(a —1)(1 — )™ >0,
%t(t(:p)) — (d+1)%a*(a — 1)*(1 — 2)*(1 — t(x))* >0,
dd—;t(t(w)) = d(d+1)’a*(a = 1)’(1 —2)" (1= t(2)) " ((d +2)t(x) - 1).

For = € (A, 1] we obtain (d + 2)t(z) — 1 < (d+2)A — 1 < 0, provided that a € [1, Z—ﬁ].
Hence, -L,t(t(z)) < 0 for all 2 € (A4,1). Furthermore, Li(t(x)] _, = (d+1)*(a—1)* <1
for a € [1, j—iﬂ. Thus, -L¢(t(z)) < 1 for all z € (A, 1). Therefore, the only fixed point of
[A,1] >z — t(t(x)) € Ris A.

Let (s1)52, be given by so = 0 and s, = t*(sq) for k € N. Clearly, (sox)52, is strictly
increasing with so, < A for k € Ny and (s2x+1)%2, is strictly decreasing with sori1 > A

for k € Nyg. Now, by induction we show that

sop <y for j € {no,...,nopp1 — 1}, (2.3)
Sopy1 > x5 for  j € {nogy1,. .., nopye — 1} (2.4)
for all k € Ny. Clearly, (2.3) is true for k = 0, since sy = 0.
Suppose that (2.3) holds for a given k € Ny. Then using (2.2) we obtain

d+1

_d+1 d+1 d+1 _
Tngpp1+2 = @ Tngpyq—1 H(l - x”2k+1_l> <a A(l - S2k> = S2k+1-
=1

Combining this inequality with (2.1), we get that (2.4) holds for the given k € Nj.
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Similarly, (2.4) implies

d+1

_d+l d+1 d+1 _
Trgpya+2 = @ Tngyyo—1 H(l - xn2k+2*l) >a A(l - 52k+1> = S2k+2-
=1

Using (2.1) again, we get
Sokre < @y for  j € {ngpqe, ..., norgs — 1},
which completes the inductive step.

Combining (2.3) and (2.4) with (2.2), it follows that

r; € [sor, A]  for j € {nop,... , nopy1 — 1},

r; € [A, sopq1]  for j € {nopy1,. .., nopgo — 1}
for all £ € Ny. Clearly, s, — A implies z, — A.

AS (Sokt1)72, 18 a decreasing sequence in [A, 1], sopys = t(t(s2k+1)), and A is the
only fixed point of #(¢(z)) in [A, 1], we obtain sg,1 — A. The continuity of ¢ and

Sokro = t(Sops1) gives so — A. O

2.1.2 Dynamics of F,; for d =1

In this subsection we study the equations (1.1) and (1.2) for d = 1, so we consider

Tpt1 = axn(l - xn—l)u

which is equivalent to the two-dimensional map

FRsu=|") 2 € R2. (2.5)
Us aus (1l — uy)

Now, we describe the dynamics of map (2.5) in the positive quadrant for a > 0.
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Figure 2.1: The subdivision of the positive quadrant. The union of the
blue lines is the set Sy forming the boundaries of the sets S, S, S, and Ss.

Introduce the following disjoint sets (see Figure 2.1).

S={(u,ux) eR*: z€[0,1), up €(0,1), aus(l —wy) <1}

So={(u1,0) € R*: uy >0} U{(Lius) €R?: up >0} U{(us,1) €R?: wy €[0,1)}
U{(ur,u2) €R*: g €10,1) up € (0,1), aus(l —uy) =1}

S, = {(ul,u2) ER*: u; >0, up€(0,1), auy(l —up) > 1}

Sy = {(ul,u2) cR*: u; €0,1), up> 1}

33 = {(ul,u2) eER?: u; > 1, uy> 0}

Clearly, R? = SU SoUS; U S, U Ss, moreover S and S U S, correspond to S and Sg,
respectively, see (1.4) and (1.3). Furthermore, S = [0,1) x (0,1) and S; = § for a € (0, 1].
Recall that ag = 2 for d = 1.

Proposition 5. For all a > 0 we have
FY(So) ={(0,0)}, Fa(S1) €Sy, Fa(S) C S5, Fo(S3) NRE =0
Furthermore, F5(S) C S for a € (0,2].

Proof.  From the definition of Fy(u) it is obvious that F3(Sy) = {(0,0)}. It is also
straightforward to check the relations FQ(S’l) C S,, FQ(S’Q) C S5 and F2(5'3) NR: =0.
For a € (0,2] and u € S we have

a®ug(1 —uy)(1 —ug) <4 max ug(l —ug) <1,
u2€(0,1)
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Figure 2.2: The dynamics in S\ ua.

which implies the invariance of S. O

Because of Propositions 5 and 2 we can assume u € S and a € (1, 2] in the rest of the
section. We divide the positive quadrant into four subsets with lines z = A, y = A, and

introduce the following sets.

Si={uesS: z<A y<A}
So={uesS: z<A A<y}
S3={uesS: A<z A<y}
Sy={uesS: A<z, y<A}

Clearly, S = Jr_, S; U {ua}.

Proposition 6. Let a € (1,ao] and the sequence (u™)2, in S be given by u® # us and

u" = F3(u), n € N.
(i) The sequence (u™)>2, follows the transition graph given in Figure 2.2.

(i) If (u™)22, does not converge to us then there exists an ng € N such that u™ € S,

and (u");2,, does not eventually stay in Sy or Ss.

Proof. 'The transitions between the aforementioned subsets are the following, see Figure
2.2.

e For u € S; we obtain u = Fy(u) with 4y < A, therefore S; — {51, 5 }. That is,
e S orueS,.
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e For u € Sy we have 1y > A and Uy = aus(1 —uy) > aA(l — A) = A, so Sy — Ss.
e For u € S3 we get 41 > A, so S3 — {S3,5,}.
e For u € S, we obtain 4; < A and Uy = aug(l — uy) > aA(l — A) = A, so Sy — 5.

We obtain there is a cycle S; — Sy — S3 — 54 — S;. Possibly, the sequence can
get stuck and stay forever in S; or S3, however, in that case Proposition 3 provides the
convergence. O

Now we assume 1 < a < 3 and show that for every u € S the sequence (u")

converges to the nontrivial fixed point u4. Combining this fact with the local asymptotic

0
n=0

stability of the fixed point (see Section 2.2), Conjecture 1 is proven for a € (1, %] and
d=1.

Proposition 7. Ifa € (1,3] and u € S, then nhjEO FJ (u) = uaq.

Proof. 1t is clear from Proposition 6, that we only need to consider the case when the
sequence (u") , where ug = v and u" = Fj'(u), goes around the fixed point, not getting
stuck in S; or S3. Without loss of generality we can assume that uy € 51, and Proposition

4 completes the proof, since S; = S*. O

In the rest of the section we assume a € (%, 2}. For these parameter values, the above
argument does not guarantee convergence for every u € .S, but we show, it is enough to

consider a subset of S later on.

Proposition 8. For every a € (g, 2} the set
S={uecS: uy,uy € [0.072,0.8]}

18 tnvariant, i.e., F(g) C S. Furthermore, for every uw € S, there exists ng such that

Fy(u) € S for every n > ny.

Proof. We can assume u’ € S; and the sequence (u")°2, goes around the fixed point.
Since u € S implies Uy = aus(1l — uy) < aus = atiy, we can also assume that uy < auy for
every u € S.

For the upper bound we have to find the maximum of a?uy(1 — ug)(1 — u;) assuming
u € Sy and uy < auy. Since x — z(1 — x) is increasing on [0, A] we are looking for the
maximum of f(z) = a®z(1 — az)(1 — z) on [0,42] and g(z) = (a — 1)(1 — z) on [2, A].
The maxima of g(z) and f(z) are % and ﬁgv respectively, so % is an appropriate choice
for the upper bound.

Similarly, for every a € (2,2] we are looking for the minimum of a?us(1 — us)(1 — uy)

on S3, assuming uy, ug < %. It is easy to see that this is 0.072. [
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We apply this proposition in the computer assisted part of the proof, since it is useful
to exclude a small neighborhood of the trivial fixed point (0,0), as we see it later. For

more general results on absorbing sets like S, the reader is referred to [18].

2.2 Attracting neighborhood with linearization

In this subsection using the linearization of map (2.5) for a fixed parameter a € (%, 2), we
give a neighborhood M around w4, which is inside the region of attraction of this fixed
point, i.e., lim, o, F3'(u) = uy for every u € M.

For each fixed a, translating u, into 0 € R?, i.e., introducing the new variable v =

u — u 4, the shifted version
R? 3> v Fy(v +uy) —uy € R?

of (2.5) can be written as
R? > v Jou+ fu(v) € R? (2.6)

0 1 0
o = <1 —a 1)  al0) = (—avlv2> '

For a € (2,2] the eigenvalues of J(a) are A = A\j(a) = A(a) = 2292 and the
corresponding eigenvectors are ¢;(a) = (1, \;(a)) for ¢ € {1,2}. Tt is easy to see, that
|Ai(a)] < 1forae (1,2), |N(2)] =1 and |\(a)| > 1 for a > 2 where i € {1,2}. Introduce

the notation ¢ = g(a) = ¢1(a) and denote by p = p(a) the eigenvector of the transposed

where

matrix J!(a) corresponding to A, normalized to (p,q) = 1, where {(a,as), (b1, b2)) =
S22 @b for (a1, as), (by,by) € C2. We obtain j = d(A—1, 1), where d = d(a) = (2A—1)"".

Introduce the complex variable z = (p,v). The variable v can also be expressed by z,

- 24z
vV=qz+qz = _ .
Az + Az

Moreover, map (2.6) can be written in the form

namely,

2= (p, Jav + fo(v)) = Az +d g(2),

where g : C — R is the following
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First we use the map
2+ G(z) = z+dg(z) (2.7)

without further transformation to construct M.

Proposition 9. For every a € (%,2) define £(a) by

\ﬂgjgﬂ—yh—l)ﬂﬂa—5
a(2va—1+1) Va+1'

e(a) =

Then the set
M(a)={uesS: |ug— Al |uys — Al <e(a)}

is in the region of attraction of the fized point ua of Fy(u).

Proof. At first we show, there exists a £ = {(a) > 0 such that |G(2)| < |z| for every z € C
with 0 < |2] < €. If such a § exists, it is clear that the open ball B¢ around the origin is
invariant and we show that every point of By tends to the origin. Let zo be an arbitrary
point from Bg and consider the nonnegative, strictly decreasing sequence (|2,]);2,, where
Znt1 = G(z,). This sequence can converge only to a fixed point of the continuous map
7+ max—, |G (z)|, which is, inside B¢, solely r = 0.

Estimate the right hand side of the map (2.7). Using |\ = va — 1, |d| = (11_ and
19(2)] <a @A+ 1) 2> =a(2va—1+1) |2|?, we obtain

a(2/a=T+1)

Az +dg(2)] < |7 (x/a— 1+

for every z # 0, provided that |z| < &, where

Vida =51 - Va—1)

Y ENCES Y

To obtain an estimate of v = (vy,vs), we use the expression z = (p,v) = d((A —1)vy +

ve). For |v], |vg| < § we obtain

da — 5 2 Vi 1
|z|=|d|\/a v%+(v2—ﬂ) <ol
4 Via —5

2
therefore, if § < 5\’4“ , then |z| < &. Set e(a) = /=T Ja—5 then points, whose coordinates
satisfy |v1], |ve| < 5( ), are in the region of attractlon of the fixed point of (2.6), so the

proof is complete. O

It is easy to see the set M shrinks to the fixed point us as a tends to 2, since
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lim, 5 e(a) = 0. Consequently, close to the critical parameter value, the neighborhood,
obtained by linearization is not suitable for reliable numerical methods. In fact, the
smaller the neighborhood, the less efficient and more time consuming the numerical part
of the proof. Furthermore, the linearization does not provide an attracting neighborhood
at the critical parameter value a = 2, therefore, we need another approach to construct a
neighborhood M for parameter values close to 2.

In the subsequent subsection we use the normal form of the Neimark—Sacker bifurcation
and create a neighborhood whose size is independent of a. Actually, the first method
with the linearization become rather compute-intensive at about the parameter range
(1.99, 2), but we will use the second technique with the normal form in a bigger parameter
range, namely for a € (1.95,2]. The normal form technique provides a significantly larger
neighborhood than the first method can do for parameters close to the critical value, so

the second method is more efficient even for a € (1.95,1.99], too.

2.3 Transforming to normal form

In this subsection, first we give a general method to construct an attracting neighborhood
around a fixed point, which undergoes a supercritical Neimark—Sacker bifurcation at ay.
This neighborhood is suitable for parameters close to the critical value ag, i.e., for a €
[ag — B, ag] with some fixed Sy > 0. We follow the steps of finding the normal form of
the Neimark—Sacker bifurcation, according to Kuznetsov [8].

Suppose that we have a map
R? > u s F(u) € R? (2.8)

where F' = F, smoothly depends on the parameter a € R. Furthermore, we have a fixed
point u* = u*(a) which undergoes a supercritical Neimark—Sacker bifurcation at ag. Fix
some fy > 0. According to Kuznetsov, if |A(a)| < 1 for all a € [ag — o, ag), then the map

(2.8) can be transformed into the form
2 G(2) = Ma)z + Ga(z,a), (2.9)

where A = \(a), 2 € C and G5 = O(|z|?) is smooth. (Compare to (2.7).)
We can write the smooth G(z) as a formal Taylor series of complex variables z and Z,

ie.,
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where G;; = Gyj(a) and Ry = Ri(z,2z,a) = O(|z|*). Then, with smooth and invertible

functions we transform the map (2.9) into its normal form
W \w + cyw?W + Ry, (2.10)

where Ry = Ro(w,w,a) = O (Jw|?) and ¢; = ¢;(a) is the Lyapunov-coefficient. If we show

that there exists pyp > 0 such that for every w € C with 0 < |w| < pg and a € [ag — By, ao]
|Aw + W + R| < |w] (2.11)

holds, then we obtain that B,, = {w € C: |w| < po} is in the region of attraction of the

fixed point 0 of the map (2.10) for every a € [ag — By, ap]. Since |A| < 1 for a < ag, and
c1(ao)
/\(a(?)
holds for all sufficiently small pg and 5.

the bifurcation is supercritical, i.e., Re < 0, it is easy to see, that inequality (2.11)

Our aim is to obtain an explicit value of p, for a given ;. Furthermore, py needs to be
as big as possible because of the computer assisted part of the proof. Consequently, the
estimation of the higher-order terms, i.e., Ry is the most essential part of the method, just
like in the linearized case. Note that, in the end we need to derive a {z € C : |z| < e}-type
neighborhood related to the original map (2.9).

To obtain the normal form, we look for a smooth invertible function h : C — C
in a neighborhood of 0 € C which transforms the map (2.9) with the new coordinate

w = h~1(2) into the form
w = h (G (h(w))) = Ma)w + ¢ (a)w*W + Ry. (2.12)
According to Kuznetsov [8] such a function can be found in the form

h h h h h
h(w) = w + %uﬂ + hjyww + %EQ + %w?’ + %wEQ + %@3, (2.13)

where h;; = h;;(a). To this transformation we need the nonresonance condition

<|§EZ§§|)]€% b

for k € {1,2,3,4} and a € [ag — [y, ao).

Clearly, h has an inverse in a small neighborhood of 0 € C, and h~! can be written in
the form
h™'(z) = hy*(2) + Rs, (2.14)
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Figure 2.3: The size of the domains of h, G and h~! provided, that |w| < po

where
LI
ho'(z) = 2 + E L2,
151
— qlyl
i4j=2
i:jeNO

Ry = Ry(z,7,a) = O(|2]?) and h;; = hij(a). The coefficient h;; can be obtained by
substituting w = h~(2) into z = h(w) and equating the coefficients of the same type up
to fourth-order. The h;; was obtained in a similar manner, namely, we need to choose the
coefficients so that the second and third-order terms (apart from w?w) of h=*(G(h(w)))
are eliminated. The formulas can be found in the Appendix, see Section 4.1. Notice that

hi; and consequently INzZ-j depend only on the at most third-order terms of G.

First we will give a finite-order polynomial estimates on the functions G, h and h™!

|h(w)| < |w| + ho|w|? + hs|w|?,
G(2)| < || + Ga|z]” + Gs]2|* 4+ Gulz|* + Riol2|’,
|h71(2)| < |2] + halz]® + Rs|2|* + ha|2[* + Raolz|?,

where the coefficients are independent of a. With them we can give an estimate on R,
i.e., the higher-order terms of the composition h=*(G(h(w))). Clearly, h(w) is a finite-
order polynomial, but generally the Taylor expansions of G(z) and h~!(z) have infinitely
many terms. So the at least fifth-order terms are estimated in Ryg|z|> and Rso|z|°. For
the lower-order terms we have explicit formulas and they could be estimated by interval
arithmetic. As for the higher-order terms it is essential to be able to say how large can be
the moduli of h(w), G(h(w)) and A~ (G(h(w))) in (2.12) if |w| < pg is assumed, since the
estimate of the remaining terms of a Taylor expansion highly depends on the size of the
neighborhood on which it needs to be valid. The radii p;, p2 and p3 must be chosen so that
h(B,,) C B,,, G(B,,) C B,, and h™'(B,,) C B,, (see Figure 2.3), consequently during
the study of G and h™' we can assume that the domains are in B, and B,, respectively.

After gaining an estimate on Ry we show that inequality (2.11) holds for 0 < |w| < py.
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From this result a neighborhood in the z-plane can easily be obtained. The set B, = {z €
C : |z|] < e} is inside the attracting neighborhood of the fixed point of the map (2.9) if
h'(B.)C B

Here, we emphasize that for our calculations the only thing we need to know is the at

os 1-€., B. is mapped inside the region of attraction of the map (2.10).

most fourth-order terms of the function G(z) and an Ryo|z|°~type estimate of the at least
fifth-order terms of G(z).

Until this point in the subsection we described the method for a general F(u). Now,
we turn our attention to the specific F5(u) from (2.5).

The main results of this section are the following two propositions. We prove only
Proposition 11 as the whole argument can be repeated to get an attracting neighborhood
when only a € [1.95,2] is assumed. The differences appear only in concrete values in the

given estimates. Details of Proposition 10 can be found on our website [19].

Proposition 10. For all fized a € [1.95,2], the set {z € C: |z| < 0.013} belongs to the
basin of attraction of the fized point 0 of G(2).

Proposition 11. For all fizred a € [1.995,2], the set {z € C: |z| <0.014} belongs to the
basin of attraction of the fized point 0 of G(z).

Proof. Throughout the proof we suppose a € Zy = [ag — So, ag|, where Gy = 0.005 and
ao = 2. In our calculations we use symbolic computation and built-in interval arithmetic
tools of Wolfram Mathematica v. 11.

2.3.1 Estimation of the lower-order terms in G, h and h™!

For polynomial estimations we need the following notion in order to handle together the

terms of the same order. Let a complex polynomial

N
P(z,z) = E pij 27’
i+j=0
4,j€No
and a real polynomial

Pmax(r) _ anrn

be given. If for the coefficients the inequality

Z pij| < pn

i+j=n
iJGNo
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holds for every n € {0, ..., N} then we say that P (r) is an estimate by order of P(z, z).
Clearly, if P™**(r) is an estimate by order of P(z, z) then

P(z,2)] < P™*(|2]) (2.15)

for all z € C. The example |2%| < 1+ |z|* shows that (2.15) may hold without being an

estimate by order.

We remark that the estimate by order is essentially the same as the method of
majorization for analytic functions, and it appears, e.g., in the proof of the Cauchy—

Kovalevskaya Theorem (see Section 2.2.2 in |20]).

Throughout this subsection we need to estimate the coefficients of the lower-order
terms in G, h and h™! such that these estimates are independent of a € Z,. We use

interval arithmetic tools to compute them for a € Z,.

In our particular case the function G(z) can be written in the form

Gij
— (¥
G(z) =Xz + g z'!j!z :
i+j=2
'L:jENO

since G has only at most second-order terms. Furthermore, we use (2.13) and (2.14).
The expressions of G;;, h;; and fLij can be determined explicitly (see previous subsection)
and can be found in the Appendix, see Section 4.1. We look for constants satisfying the

inequalities

il
i+j=2 i+j=2
1,7€Np 1,J€Ng
hij ~ h h h
S Bl o, ool | V] ool
A~ qly! 6 2 6
1+j=n
,7€No

for a € Zy and n € {2,3,4}. With interval arithmetic it can be shown that G, = 3.47,
ho = 2.9, hy = 4.7, hy = hy = 2.9, hy = 8.2 and hy = 30 satisfy the requirements. From

the definition of these constants we obtain the following estimates

G(2)] < G™(|2]), [h(w)] < A" ([wl),
|7yt (2)| < g (l2]), |71 (z)| < Bz,

IN
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where

G™M**(r r -+ G2r2,

h™e (r 7"+h7°2+h7"3,
’ ’ (2.16)

T+ i~127“2 + 537”3 + 547"4,

(r)
(r)
R (r)
s ()

7+ hor? + har® + har* + Rsor®,

r

provided that Rsy satisfies |R3| < Rsolz|® for z € B,,. We will determine Rj, later. We
emphasize that with the polynomials in (2.16) we estimate by order.

From the definition of hy and h3 we also get
[w] = halw]? = hs|w]® < [h(w)]. (2.17)

Consequently, assuming |w| < p, we can obtain

lw] < n(p)|h(w)] (2.18)
with
() = ——
= L —hap — h3p?

We choose py = 0.015, py = K™% (po), p2 = G™*(p1) and from (2.17) it is clear that
B,, can not be mapped outside of the circle with radius 0.018, consequently this value is

a suitable choice for ps.

2.3.2 The definition of A}

Set §; = é and 09 = %. We show that h is injective in E(;l C C, and h~! is defined on
Bs,. Let z € C, a € T be fixed, and denote hy . Co>wr w+2z— h(w) € C. With this

notation A} . = w if and only if h(w) = z.

|, (w1) = by (w2)| = |wy — h(w:) — wy + h(ws)]

< fwr = wsl (halun] + fwal) + o (sl + ] - fua] + faf?) ).
If |ws], |wa] < 61 and |z| < §s, then
|y o (wi) = Py (w2)] < wr — wo| (20172 + 367 ha)

and
| (w)] < 63 + 0Tho + 67 hs.
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It can be checked that 201 hy +307hs < 1 and 02+ 67y +07hs < 61, so the map R} is a
contraction on Bs,. Consequently for every z € Bs, there exists a unique w = w(z) € By,
such that h(w(z)) = z, i.e., h~! is defined on Bs,.

It is clear, that pg, p3 < 01 and py, po < 02, where pg, p1, p2, p3 were chosen at the end

of the previous subsection.

2.3.3 The estimation of R; — the higher-order terms in /!

Now, we turn our attention to the estimation of Rz in (2.14), which consists of the fifth
and higher-order terms of h~!. We need an estimate |R3(2)| < Rso|z|°, assuming |z| < pa.
But first, we give an estimate of type |Rs(h(w))| < Rsi|w|®, assuming |w| < ps (see figure
2.3).

Using the definition of hy' and h, we obatin

Rg(h(ﬂ))) =W — hal(h(w)) = Z b37ijwiwj,
i+j=5
1,7€ENp

where the coefficients bs ;; = b3;;(a) are complex. Consider the composition
Ra(r) = hg® (K" (r)) = > by pr*

of the real functions A", ilom“x. The coefficients b3, are independent from a, and are
obtained by sybolic computer calculation from the real polynomials A™** and izgm. Since

we estimated by order with 2% and h®*, it is clear that

Z |b,i5| < bs

itj=k
1,7€Np

holds for a € Zy and k € {5,6,...,12}. Consequently,

| R3(h(w))| < Z 3,15 [w]|™7 < Zb3k|w| < Zb:ucpa *fwl?,

i+75=5
z]GNo

provided that |w| < ps. Using (2.18) we obtain |w| < n(ps)|z| and

|Rs(2)] < Zbgkpg p3))°|z[° < 1070]z]%,
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therefore, R3y = 1070 is a suitable choice.

2.3.4 The estimation of Ry — the higher-order terms in h=(G(h))

Now we turn our attention to R, which estimates the at least fourth-order terms of
h=Y(G(h(w))). To obtain a better estimate, we handle the fourth-order terms (Ry,;) and
the higher-order ones (Rgs5) separately, i.e., set Ry = Roq + Ros.

As hY(G(h(w))) is in normal form, it can be written in the form

R (G (h(w))) = A + cw’T + Y
itj=4
1,7€Np

where coefficients ¢; = ¢1(a) and f;; = f§;j(a) are complex, and Rys = Ros(w, W, a,c) =
O(Jw|®). The fourth-order coefficients j3;; can be calculated explicitly and the formulas of
|8i;| can be found in the Appendix, see Section 4.1. With interval arithmetic it can be

shown, that

consequently |Ros| < 40[w|*.

As for the higher-order terms, we use h™* G™* and h™* from (2.16), similarly to

the estimation of R3. Consider the composition
RQ(?") — ﬁmam(Gmax(hmax(r))) _ Z bz}k?ﬂk.

Since we estimate by order with the polynomials in (2.16), it is clear, that for |w| < pg

we have

30
|[Ras(w)] <) bas(lw])pf ™ fw]* < 90[wl*.
k=5

Combining these two results, for |w| < py we obtain
|Ry < |Raa| + | Ras| < 130|w|*,

and consequently, Ry = 130.
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2.3.5 The attracting neighborhood

Now, with our previous estimate on Ry we can finish our proof. Since

Aw + cw’W + Ry| < wl (||A] + & lwl?| + Raolwl]?)

Al

where ¢; = ¢; 5, we only need to prove

Al + & w|*| + Roolw]® < 1 (2.19)

for every 0 < |w| < po and a € Zy.
To this end, we show that with a suitable R4 > 0 the inequality

[IAl+ 1wl < AL+ (Reéy)w]* + Ryfw]?,
holds, or equivalently (by squaring the last inequality and idviding it by |w|?)
0 < 2R4|A| — (Im & )?|w| 4 2R4(Re &) |w|* + R3|wl|?,

for every |w| < py and a € Z. For a € Z;, we obtain with interval arithmetic that Re ¢
and Im ¢, are negative, |Reé;| < 2.1, |[Imé| < 3.5 and |A| > 0.99. It can be checked
that for |w| < pg the choice Ry = 0.1 will be suitable. Therefore, the left hand side of the

inequality (2.19) can be written in the form
|[Al+ éfw]?| 4 Raolw]® < (JA] + Reér|w|?) + (Ry + Rao)|[w]® <
S 1 -+ (Reél + (R4 + R20)|w|)|w|2,
which is less than 1, provided

—Reél

o< |l < ———.
| | R4—|—R20

Using the fact that | Reé;| > 2, we obtain

—Reél

—> ,
Ri+ Ry~ 10

Therefore, inequality (2.19) holds for every w € C with 0 < |w| < po. Set e¢ = 0.014.
From |h~'(2)| < h™(|z|), the inequality |z| < e¢ implies |w| = |h~(2)| < po, so the

proof of Proposition 11 is complete. O]

To obtain a neighborhood in the shifted real coordinate system we use z = (p, v), just
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like in the linearized case. Note that, the set {z € C: |z| < eg} will be transformed into

an ellipse-shaped neighborhood in the v-plane.

2.4 Graph representation

In the computer assisted part, we follow the method in [5]. In this subsection for a € (%, 2}
we associate the map (2.5) with a directed graph reflecting the behavior of the map up to
a given resolution. Therefore, we can derive properties of our dynamical system through
the study of this graph. More precisely our aim is to show with the help of this graph,
that every point of S\ M enters the attracting neighborhood M of the nontrivial fixed
point constructed in the previous subsections.

Let D be a subset of R". A set & is called a cover of D if the elements of & are
subsets of R" and Usegs 2 D. Let a map f: Dy C R"” — R", a subset D C Dy and a
cover & of D be given. The directed graph G(V, E) is called a graph representation of f
on D with respect to & if there exists a bijection ¢ : V' — & such that

fw)NnD)Nne(v)ND #0 = (u,v) € E (2.20)

for all u,v € V.

The meaning of the implication (2.20) is the following. If we can get with the map
f from an element s; of the cover & to an other (possibly the same) element s, of &,
i.e., there exists € 1 and y € s such that f(z) = y, then there is an edge between
the vertices corresponding to the two sets, more precisely (u,v) € E for s; = «(u) and
69 = (v). The reverse implication is not necessarily true, namely if there is a directed
edge between the vertices u and v, it is not sure there exists = € s; such that f(z) € sq,
where §; and s9 are the corresponding sets to u and v.

It is easy to see that (2.20) can be reformulated as follows. For every u € V

fwynD) < | Juv)nD, (2.21)

veEVy
where V,, denotes the set of vertices, into which there is an edge from w in graph G.
So the sets corresponding to vertices in V,, need to form a cover of the image of ¢(u).
From this it can be seen the graph representation can be regarded as some kind of upper
estimate of the original map f. The finer the cover is, the better the graph representation
approximates the map. Therefore, if we would like to determine the possible location of
the image of a point P € R™ under f, we can do it with the help of the graph, since
f(P) € Upev,t(v)N D for P € t(u). This means iterating f the point P can move forward
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only along the edges, i.e., it can move from an element of the cover to an other one only
if there is a directed edge between the two vertices corresponding to them. Consequently,
we can draw conclusions regarding the possible location of the iterates of a point studying
only the graph. In the following we take the liberty to handle the elements of the cover
as vertices and vice versa, omitting the use of ¢.

The construction of the graph representation in our case is the following. For a fixed
k € N we divide the unit square [0,1]? parallel to the sides into small congruent closed

squares with side length » = 27%. According to Proposition 8 we only need to consider
17
167 8
correspond to the vertices of the graph. As for the edges, for every small square s we

the squares lying in [ ]2. The cover & of S consists of these sets. The small squares
construct a rectangle with reliable numerical methods which contains f(s). If the rect-
angle intersects the small square s5, then there is an edge from s to s5. It is clear, that
this construction satisfies relation (2.21). Note that we considered only that part of the
rectangle obtained by the numerical method, which lies inside the square [%, g} 2, but this
is not a restriction, since the studied set S is invariant under the map (2.5), so getting
out of the unit square is only the consequence of the numerical method and the "upper
estimate’ nature of the graph representation. Note also that, instead of map (2.5) we
use the second iterate of it, since the formula is still compact enough not to cause big
overestimation in interval arithmetic and it considerably speeds up the calculations.

In the thesis we suppose a graph is always finite. A graph is strongly connected if
there are uv and vu (directed) paths for every u # v vertices of the the graph. We use

the following decomposition of a directed graph (see [21]).

Proposition 12. The vertices of a directed graph can be classified and the classes can be
ordered such that

e the subgraphs spanned by the classes are strongly connected, and

o for every directed edge between these classes, the class of the tail of this edge precedes
(in the order) the class of the head of it,

moreover, the partition above is unique.

The aforementioned classes are called the strongly connected components (SCC') of the
graph. A strongly connected component is called nonessential if it consists of one vertex
without loop. Otherwise we call it essential.

From the graph representation and from Proposition 12 it is clear what happens to
an arbitrary point of S during the iteration of f. Starting from a small square containing
this point it moves to an other (possibly the same) small square along a directed edge.

If we are not in an essential SCC we step out of this small square not returning to here
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afterwards because of the ordering of the SCCs. If we are in an essential SCC it can
happen, that the point stays here forever, or the point steps out of this SCC, but in this
case it can not return to this SCC any more.

Since during the partition we obtain finitely many small squares and consequently the
graph is finite, it is straightforward that for every point of S there exists an essential
strongly connected component, which the point enters during the iteration and never
leaves it. So it is true for every P € S that it enters an essential SCC with finitely many
steps and stays here afterwards, therefore, we only need to study the essential SCCs.

Our aim is to show that those essential SCCs, in which the points of S can get stuck,
are in the attracting neighborhood M of the fixed point w4, which neighborhood was
constructed analytically in the previous subsections. It is important to note that, it is
possible for some essential SCC that none of the points of S can get stuck here. Actually,
this would be the case close to origin, since this fixed point is a saddle; that shows the
necessity of Proposition 8 and S.

As a next step we refine the partition as follows. We divide the small squares into four
smaller squares, that have a side length half as long as before, determine their images
with reliable numerical methods and construct the SCCs again. Because of the inclusion
isotonicity property (I; C Iy = F(I;) C F(Iy), where F is the interval-extension of f,
see [15]) of interval arithmetic if there is an edge between two new small squares, then
there must be an edge between their predecessors with the same orientation. We come to
the conclusion that during the refinement, an essential SCC can arise only from a former
essential SCC, therefore it is really enough to trace merely the essential SCCs. Note
that, with the refinements the graph representation becomes a more and more accurate
approximation of the represented map, so an essential SCC can fall apart into smaller
pieces, and it even can happen that none of the small squares born from a former essential
SCC compose a new essential SCC, i.e., this cycle in the graph is only the consequence
of the "upper estimate’ nature of the graph representation. We continue these refinement
steps, until all the remaining SCCs are inside the region of attraction of the fixed point
obtained in the previous subsection. If it occurs in finitely many steps Conjecture 1 is
proven for d = 1.

Finally, instead of checking after every refinement, whether the remaining SCCs are
in the analytically constructed attracting neighborhood M, we can remove all the small
squares lying entirely in M before the first refinement. In that case for a fixed a and
d = 1, Conjecture 1 will be proven if the set of the new SCCs will be empty after a

refinement. We show the correctness of this method.

e If we erase a vertex which is a nonessential SCC, it has no effect at all compared to

our former method (when checking after every refinement).
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e If we remove a whole essential SCC, it also has no substantial effect because during

the checking it always would be in the attracting neighborhood.

e The only significant change happens, when we erase only a proper subgraph of an
essential SCC. Consider such an SCC and color blue the vertices we want to remove
(and do not remove them yet). Delete the directed edges stemming from a blue
vertex, then form the SCCs (referred to as new SCCs later on) of the new graph
and order them such that the blue vertices are at the end of the ordering. (It can

be done, since there are no edges from colored to uncolored vertices.)

- An uncolored vertex can be in a new essential SCC; in that case they remain
under study after the removal of the blue vertices, just as they would be in the

original method.

- However, if an uncolored vertex is a nonessential SCC it will be erased (as
we keep only the essential SSCs), unlike in the method without deleting the
vertices of the attracting neighborhood, but this is not a problem because every
point of this vertex enters a new SCC or a blue vertex (because of the ordering)

in finitely many steps, so this vertex really can be deleted.

Note that the aforementioned method can be regarded as a proof, since the graph
problems are finite, so the computer can work on them punctually, moreover the method
used during the construction of edges was executed with reliable numerical methods,
therefore if we have sufficiently much time, then we could reconstruct by hands the parts
which were executed by the computer, and we would come to the same conclusion if our

estimates are as good as those of the computer.

2.5 Completion of the proof

In the previous subsections we obtained an attracting neighborhood and then a method
to prove the global stability of the nontrivial fixed point for a fixed a € [1.5,2]. In this
subsection we show, how to modify our method to handle not only a single value of [1.5, 2]
but a small subinterval of that, instead.

Let [a] = [a7,a™] C [1.5,2] be a fixed small interval. First, we need a new attract-
ing neighborhood M([a]) such that for every a € [a], the attracting neighborhood M (a)
contains this set, i.e., NyegM(a) 2 M([a]). To this end, we need to take into considera-
tion the displacement of the fixed point and the change in the size of the neighborhood.
Secondly, during the construction of the edges of the graph representation the number

a have to be replaced by the interval [a], since (2.5) and consequently its second iterate
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’ \ parameter \ size of slices \ shape of M \ parameters of M ‘

7, | [1.5,1.95] 2710 rectangle 7-1073
T, | [1.95,1.995] 2713 ellipse eq = 0.0138
Zs | [1.995,2] 2716 ellipse eq = 0.0146

Table 2.1: The partition of the parameter range

depends on a. So while studying the image of a small square s, we need to study it for
every a € [a], i.e., we take a set of small squares during the estimation of the image set
such that they cover F%(s) for every a € [a].

We divide the interval [1.5,2] into subintervals Z; = [1.5,1.95], Z, = [1.95,1.995] and
I3 = [1.995,2], then divide further these intervals into smaller subintervals with length
27109713 "and 2716 respectively (see Table 2.1).

For small intervals in Z; we use the linearized map and the square-shaped neighbor-
hoods with side length 2¢(a) (Proposition 9). It is easy to see the size of this set and
the location of the fixed point also change as a changes. However, it can be shown that
e(a) > 0.007 for every a € [1,1.95], so considering this value fixed, we need to handle only
the displacement of the fixed point.

For small intervals in Z, and Z3 we use the bifurcation normal form, therefore, the size
of the ellipse-shaped neighborhood is fixed (Propositions 10 and 11), so we only need to

consider the displacement of the fixed point.

2.6 The algorithm

Table 2.2 shows the pseudo code of the algorithm. The whole program code, and the
outputs can be found on link [19].
During the calculation of edges of the graph representation we use the second iterate

of the original map (2.5), i.e.,

<“l> o ( ) auz(1 = w) ) . (2.22)
Us a*us(1l — up)(1 — us)

Regarding the examined parameter domain [a~,a™] and the sides [z;, 2] and [y;,y;]
of the squares as intervals, simply, we could use interval arithmetic tools, such as IntLab
to compute the image of a small square. However, the map is quite simple, so we can
accelerate this method as follows. Notice that z; = a”y, (1 — 27 ), so we only need to

force the computer to use a downward rounding in order to guarantee that the obtained
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1 algorithm Log2d

2 V < the initial partition with r = 2710

3 E < construct the edges with reliable numerical method

4 C' < determine the SCCs of directed graph G(V, E)

5 remove vertices of the nonessential SCCs from V'

6 remove vertices of the SCC at the origin from V' if possible
7 remove the initial attracting neighborhood from V'

8

repeat
9 V' <= refine(V) by setting r < 7
10 E « construct the edges with reliable numerical method
11 C' < determine the SCC of directed graph G(V, E)
12 remove the nonessential SCCs from V

13 until V]| =10
14 end algorithm

Table 2.2: Algorithm for the two-dimensional logistic map

Figure 2.4: The remaining vertices before the first, third and fifth
refinements for [a_,ay] = [2— 55,2 — ]

below estimate is really not larger than the possible first coordinates of the image of any
point from the initial square. Similarly we can estimate z3, but at this time we use
upward rounding. As for the y, and y;, remark that instead of y, (1 —yg) in y, we can
use min {yg (1 — yg) Yo (1 — y(]*)} because yy denotes the same number in expression
(2.22), and the function z(1 — z) is monotone on intervals which do not contain  in the
interior (and it is satisfied in the partition). In y5 we replace the minimum by maximum,
after that we proceed just like in the case of x,.

We implemented our program in MATLAB, and used the built-in digraph function to
construct the directed graph from the edge list and the conncomp function to divide the
graph into strongly connected components.

Now, we can run our algorithm with parameters summarized in Table 2.1. As an
example, for the parameter slice [2 — 2%, 2 — 2%} we show the evolution of the remaining

SCCs during the first 4 iterations on Figure 2.4.
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The program ran successfully, therefore we established the nontrivial fixed point is
globally attracting for a € [1.5,2]. Combining this with Proposition 7 and the asymptotic
stability for a € (1, 2] the proof of Conjecture 1 is completed for d = 1.
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Chapter 3

(Global stability for the

three-dimensional logistic map
3.1 Preliminaries

In this subsection we study the equations (1.1) and (1.2) for d = 2, so we consider
Tpi1 = axp(l — xp, o), (3.1)

which is equivalent to the three-dimensional map

(75} U2
ug aug(l — uq)

Now, we describe the dynamics of map (3.2) in the positive octant for a > 0. Introduce

37
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Q|

le —_

Figure 3.1: The subdivision of the positive octant. The union of the colored
surfaces is the set Sy forming the boundaries of the sets S, S, . .., Ss.

the following disjoint sets depending on a (see Figure 3.1).

S={ueR’: uj,us€[0,1), us€(0,1), auz(l—wuy) <1, a’uz(l—wur)(l—up) <1}
Sy ={(u1,us,0) : uy,us >0}
U{(1,uz,u3) : ug >0, ug>0}
U{(u1,1,u3) : ug €[0,1), ug>0}

U{(u,uz,1): ug,us €10,1)}

U{(u1,ug,uz) : up,us €10,1), usz € (0,1), aug(l —uy) =1}

U{ueR?: u,up €[0,1), us€ (0,1), aug(l —w) <1, a’uz(l—u)(l—us) =1}

={ueR’: u,u €[0,1), us€(0,1), aus(l—w) <1, a*us(l—w)(l—up)>1}
gg ={(uy,us,uz) : ug,us €1[0,1), uz € (0,1), aug(l—uy) > 1}

={(u1,ug,uz) : uy,us €1[0,1), uz>1}

={(uy,ug,uz) : uy €[0,1), uy>1, wuz>0}
( )

={(uy,ug,uz) : uy >1, upg >0, uzg>0}
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Clearly, Ri =SuU S[] US;US,uU §3 uS,u §5, moreover S and SU 50 correspond to S?
and S2, respectively, see (1.4) and (1.3). Furthermore, S = [0,1)?x (0,1) and S; = S, = 0)
for a € (0,1]. Recall that ap = @ for d = 2.

Proposition 13. For all a > 0 and i € {1,2,3,4} we have
Fg(go) = {(0, O, O)} s Fg(gg,) N Ri_ = (Z) and Fg(s’l) g SZ'+1.

Furthermore, F3(S) C S for a € (1,ao).

Proof.  From the definition of Fj(u) it is obvious that FJ(Sy) = {(0,0
also straightforward to check the relations Fj3(Ss) N R} = 0 and F5(S))
i€{1,2,3,4).

For the invariance, introduce the notation @ = F3(u) with @ = (4, U9, u3). We only

)b It s

,0
C Siyp for

need to check that 4 satisfies the inequality

2 3
a’iis [ J(1 — ) = aus [ J(1 —w) < 1 (3.3)
k=1 k=1

because all the other conditions are guaranteed by the definition of S.

Since the inequality
2
a’us H(l —uy) <1
k=1

holds for v € S we obtain that
3 2
abug [](1 = uy) = a<a2u3 10 - uk)> (1= us) < a(l — ug).
k=1 k=1

Consequently, (3.3) holds for ug > A.

For a € (0,1] the point u € S satisfies ug > 0 > A, so for u3 < A we can assume
a € (1,a0). In this case A € (0,3] and the map z + z(1 — ) is strictly increasing on
[0, A]. Thus, for ug < A with a € (1, ag], we obtain that

3
alug H(l —uy) < a3u3(1 —ug) < agA(l —A) = a’ — a.
k=1

Since x + x? — z is strictly increasing on [1,00) and a3 — ap = 1, we showed that (3.3)
holds also for us < A. O

Because of Propositions 13 and 2 we can assume that v € S and a € (1, ag] in the rest

of the section. We divide S into eight subsets with planes u;1 = A, us = A, uz3 = A, and
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X

Figure 3.2: The dynamics in S\ ua. The sets S; are
symbolized by a smaller cube for the sake of transparency.

introduce the following sets.

Si={uesS: uy <A uwu<A uz<A}
So={uesS: uy <A u>A uz<A}
Ss={uesS: uy>A u >A u3<A}
Sy={uesS: uy>A u <A u3<A}
Ss={uesS: uyy <A u <A u3>A}
Se={uesS: uy <A u >A u3>A}
Sr={uesS: uy>A u>A u3>A}
Ss={uesS: u>A u <A wuz>A}

Clearly, S = |JS_, S; U {ua}. For given xo,x1, 25 the sequence (z,)3%,, where z, is

defined by (3.1) for n > 2, corresponds to the three-dimensional sequence (u™)>° , with
u’ = (z0,71,72), u" = Fu’) = (Tn, Tni1, Tnya), n €N,

Proposition 14. Let a € (1,a9] and the sequence (u™)2, in S be given by u® # ua and

u" = F'(u®), n € N,
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(1) The sequence (u™)>2, follows the transition graph given in Figure 3.2.

(11) If (u")22, does not converge to uy then there exists an ng € N such that u™ € Sy,

(U)o, follows the transition graph

@@@@@S
'\

and (u");2,,, does not eventually stay in Sy or S.

Proof. In order to show (i), observe the following transitions, see Figure 3.2.

e For u € Sy we obtain @ = F3(u) with 41 < A and 4y < A. Therefore, S; — {51, S5},
that is, u € S; or 4 € S5.

e For u € Sy we have @; > A and Uy < A. Thus, Sy — {S4, Ss}-

e For u € S35 we get 4; > A, 4y < A and 43 = aug(l —uy) < aA(l —A) = A, so
Sg>—>S4.

e For u € Sy we have 1,1y < A and u3 < A. Consequently, Sy, — 5;.
e For u € S5 we obtain 1, < A, 4y > A and 43 > A. Hence, S5 — Sg.
e For u € Sg we get uq,Uy > A and u3 > A. Consequently, Sg — 7.
e For u € S; we have 4; > A and 4y > A. Therefore, S; — {S3, S7}.

e For u € Sg we have 4; < A and 4y > A, so Sg — {59, Se}.

We obtain that there is a cycle C; = (S; — S5 — Sg — S7— 53— S, — 57). If a
sequence (u™)°, enters the cycle C; then the sequence never leaves C;. However, during
one cycle along Cy, the points of (u")2%, can spend more time in Sy or S;. Possibly, the
sequence can get stuck and stay forever in S; or S7. Furthermore, we have another cycle
Cy = (S — Sg — S5). If a sequence steps out of the cycle Cy then it enters C; and never
returns to Co. Consequently, we only need to show that if a sequence (u")°, gets stuck
in S or S7, or in the cycle Cy then it converges to the fixed point u4.

First, consider the case, when the sequence (u")22 , stays in Co. We can assume xy < A.

We obtain a sequence (x,,)2°, such that zo; < A and w9511 > A, where k£ € Ny. Since

1
1—A

A < Topy1 = amop(l — Top_2) = Tk (1 — Top—2),
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we get
A(l — A) < $2k<1 — SL’Qk,Q). (34)

Introduce the function s(z) = z(1 — z). Since s(z) is increasing on [0,1] and 0 <
Top—o < A < % we obtain s(zg,_2) < s(A). Combining it with (3.4) we get Tor_o < Tog.
Consequently, (z2)52, converges monotonically to some B < A. Taking the limit of both
sides in inequality (3.4), we obtain A(1 — A) < B(1 — B). On the other hand s(x) is
increasing on [0, A], so B(1 — B) < A(1 — A), and B = A. The odd indexed subsequence
also converges to A, since xo,y1 = awor(l — xor_2) — aA(1 — A) = A. So in this case, the
sequence (u")°, converges to the nontrivial fixed point uy.

If (u™)92, gets stuck in Sy or Sz, then Proposition 3 provides the convergence. O

Now we assume 1 < a < % and show that for every u

converges to the nontrivial fixed point u4. Combining this fact with the local asymptotic

0 o)

€ S the sequence (u")%2,

stability of the fixed point (see Section 3.2), Conjecture 1 is proven for a € (1, %] and
d=2.
Proposition 15. Ifa € (1, %] and u € S, then lim F{'(u) = uq.

n—o0

Proof. Tt follows from Proposition 14 that we only need to consider the case when the
sequence (u™)>, where vy = u and u™ = F(u), goes around the fixed point along the
cycle Cq, not getting stuck in S; or S7. Without loss of generality we can assume that

uo € S and Proposition 4 completes the proof, since S; = S2. n

We remark that the technique of |22, 12] seems to work for (3.1) to prove global
stability for 1 < a < %. However, [22, 12] does not apply directly, some additional work
is necessary. Note that Proposition 15 is essential in the sense that the case a ~ 1 can
not be handled in the computer-aided part of the method. The two fixed points can be
arbitrarily close to each other, so after some point they can not be handled efficiently by
interval arithmetic tools. Moreover, if they get closer to each other, they can not even be
distinguished in the floating point system.

In the rest of the section we assume a € (%, ao].

3.2 An attracting neighborhood with linearization

For each fixed a, translating u,4 into 0 € R?, i.e., introducing the new variable v = u — .4,
the shifted version
RS v F3(v+us)—us €R?

of (3.2) can be written as
R? > v Ju+ fo(v) € R, (3.5)
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where
0 10 0
J, = 0 0 1|, falv)= 0
1—a 0 1 —av1v3

The characteristic polynomial of J, is
P(a,\) = =N+ X +1—a,

and the roots of P(a,\) are \; = \;(a), where i € {0,1,2}. Since P(1,\) = —A?(\ — 1)

and P (‘3—;,)\) = — ()\+ %) ()\ — %)2, it follows from the graph of P(a,\) that for a €
(1, 3] the polynomial P(a, A) has three real roots (counting multiplicity) and |A;| < 1 for

i €{0,1,2}. For a > % the characteristic polynomial has a real root v = v(a) = A\ and
two complex roots A; = Ay. Denote A the complex root with positive imaginary part, i.e.,

A = A(a) = A;. Formulas of v and A can be found in the Appendix, see Subsection 4.2.1.

From the graph of P(a, \) it follows that v < 0 and v is a strictly decreasing function
of a for a > 3L Since P(3,)) = —=(A+1)(A =1 —1)(A — 1 41i), it is clear that |v| < 1 for

a € (%, 3). From Vieta’s formulas it follows that

v+2Rel =1, 2vRe A+ |A\? =0, vIAP=1-a.
From the first two formulas we get
A =12 — b (3.6)

Combining the facts that R 3 s + s> — s € R is decreasing on (—o0c,0], and v(a) is a
decreasing function of a, we obtain |A(a)| is a strictly increasing function of a. From (3.6)
and the third Vieta’s formula, it follows that |A| = 1 implies v = %5 and a = ag. Thus,
we obtain for a € (1, ag) that |\;| < 1,4 € {0, 1,2}, i.e., the fixed point ua of F3 is locally
stable. For a > ag we get || > 1, so the fixed point is unstable.

The eigenvectors ¢;, corresponding to the eigenvalues \; of J,, are ¢; = ¢;(a) =

(1,\,A\2), i € {0,1,2}. Let Q, be the matrix whose columns are the eigenvectors g;,

(2

ie.,

1 1
Qi=1| X X v
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For a > % the matrix @), is invertible and

Q. =[d(3-X) d(A-1) d|, (3.7)

where

3v2 — 2
Note that the rows of Q! are the eigenvectors of J.

Applying the linear transformation

N
Il
IR
Il
)
Sl
_
<
[NC——

the map (3.5) takes the following form

Az+dg(z,y
Z leJaQaZ + Q;lfa(QaZ) = /_\z‘f' Jg(z,y) s (38)
vy+eg(z,y
where the function g : C x R — R is
9(z,y) = gu(2,2,y) = —alz+ 2+ y) (/\22 + M2z + VQy) ) (3.9)

Clearly, the second component in (3.8) is the complex conjugate of the first one.

Therefore, it is sufficient to consider the map

H, CxR> [*) o (¥ T9EY) cowr (3.10)
y vy +eg(z,y)

Remark that for the sake of simplicity, we omit the argument z, and indicate only the
variable z in the subsequent functions. We also emphasize that g(z,y) and H,(z,y) are

smooth functions of 2,z and y, but they are not necessarily complex differentiable.

3.2.1 Local stability by linearization

First, for a fixed parameter a € (3, ao) we use the map (3.10) without further transforma-
tion to construct a neighborhood My(a) C C x R, which is inside the region of attraction

of the origin, i.e., lim, .., H?(z,y) = (0,0) for every (z,y) € My(a).
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Proposition 16. For every a € (%,ao) define &(a) by

(1= [AD

@)= T+ e

Then the set
Mo(a) = {(z,y) € CxR: |2| + |y| < {(a)}

is in the region of attraction of the fized point (0,0) of H,.

Proof. Introduce the norm |(z,y)| = |z| + |y| on the space C x R. We show that there
exists a £ = £(a) > 0 such that |H,(z,y)| < |(z,y)| for every 0 < |(z,y)| < & If such
a § exists, it is clear that the open ball B¢ around the origin is invariant. We show
that every point of B¢ tends to the origin. Let (29,y0) be an arbitrary point from B¢ and
consider the nonnegative, strictly decreasing sequence (|(zn, yn)|)32, where (2p41, Ynt1) =
H.(zn,yn). This sequence can converge only to a fixed point of the continuous map
T MaX|( )= | Ha(2,y)], which is only r = 0, provided that r € [0,£).

From (3.6) we obtain [A| > [v| for 3 < a < ag, so
l9(z, )| < 4alAP(J2] + [y])* = 4alAP|(z, ).
Consequently, estimating (3.10) we obtain

[Ha (2, 9)| < (M (2, 9)] + (Id] + [e]) [9(z, )|
< |G )l (1A + (d] + [e]) 4al A% (z, )]) < [(z,9)]

for every (z,y) # (0,0), provided that |(z,y)| < (a), where

IR
Sl NP (ld] + Jel)

§(a)

Therefore, £(a) is a suitable choice. ]

First, note that Mgy(a) is in C x R. Clearly, this set corresponds to an attracting
neighborhood M(a) C R? around the nontrivial fixed point u4 of (3.2). However, we let
this transformation be done in the second, computer-aided part of the proof, in order to
obtain better accuracy.

Second, since lim,_,q, |A(a)| = 1, we obtain that Mg(a) shrinks to the origin as a
tends to ag. However, the smaller the neighborhood is, the less efficient and more time-
consuming the computer-aided part of the proof is. Furthermore, Proposition 16 does not
provide at all an attracting neighborhood at the critical parameter value ayg. Consequently,

close to ag this approach is not suitable for reliable numerical methods, and thus we need
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to find another way to construct the attracting neighborhood.

3.3 A center manifold reduction

In the subsequent subsections we study the case a € Zy = [ag — 1072, ag]. For a € Zy we
want to adapt the normal form technique from [4] to create an attracting neighborhood
around the nontrivial fixed point of map (3.2). However, F3(u) is a three-dimensional

map, so we need a center manifold reduction first (see [8, 23, 24]).

As we explained in the introduction, a polynomial approximation of the generalized
center-unstable manifold will be used here for each a € Z,. We look for the fourth-order

polynomial approximation ¢(z) = ¢,(z, Z) of the manifold in the form
1 L
¢(z) = Z Wiz ?, (3.11)

where w;; = w;;(a). Every coefficient w;; is determined by symbolic computer calculation

so that in the expression

N(6(2)) = 6(Az + dg(2,0(2)) ) = v6(2) — eg (2 0(2) (3.12)

the at most fourth-order terms of z,z are eliminated (see [23]), so N(¢(z)) = O (|z]°).
The coefficients w;; depend smoothly on a and the formulas can be found in the Appendix,
see Subsection 4.2.3. In the subsequent subsections we study the dynamics of (3.10) in
the set

T(r,C) ={(z,y) €ECxR: |o| <7, |y —¢(2)] < Clz]}.

Note that it would suffice to consider a second-order approximation of the generalized
center-unstable manifold with a term C|z|> in T'(r,C) in order to obtain an attracting
neighborhood. Also in this case C' would appear only in the at least fourth-order terms
of (1.6) which is of crucial importance. However, this does not provide a sufficiently large
neighborhood for the computer-aided part of the method. Indeed, the larger the order of
the approximation of the center manifold is, the larger the obtainable initial attracting
neighborhood is, since our estimates are more precise. On the other hand, calculations
become lengthier as the order of the approximation increases. Furthermore, the growth of
attracting neighborhood due to extra orders is diminishing, that is why, we have chosen

a fourth-order approximation for ¢(z).

Throughout the section we need an a-independent estimate of some coefficients. First
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of all, from the characteristic polynomial (see Section 3.2), it is easy to see that
Al <1 and |v| <y for a € Iy, (3.13)

where vy = ag — 1. Furthermore, with interval arithmetic it can be shown that dy = 0.559

and ey = 0.425 satisfy the inequalities

|d| < dy and |e| < e for a € I,. (3.14)

Then, we choose constants wy, k € {2,3,4} such that the following holds

ZM<Q}]€ for a € 1.

Recall that we have already obtained an analytic expression for w;;, see Subsection 4.2.3.
With interval arithmetic we obtain that wy, = 1.29, w3 = 2.193 and wy; = 6.233 are
appropriate choices. Let ¢x(2) denote the k-th-order terms of ¢(z). We obtain

|61(2)] < wr® (3.15)

for k € {2,3,4} and a € Zj. Clearly, (3.15) implies the polynomial estimate

6(2)] < ¢™"(]2]) (3.16)

for every a € Z,, where
4
¢maz(7,) _ Z wkrk
k=2

is a real polynomial with positive coefficients, so ¢"**(r) is an estimate by order of ¢(z).

Now, we turn our attention to the function g(z,y) from (3.9) and consider the expan-

sion
. ik _i_j k
i+j+k=2
%,7,k€Ng
where

Gijk = Gige(a) = —a (iX* + jN° + kv?) .

Using interval arithmetics it can be shown that g0 = 4.237, g11 = 3.805 and gpo =
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0.6181 satisfy

Z |g',](')| < 920, Z ’g:]1‘| < g11, |go?2| < goe fora €.
S~y A~ alg! 2!
i+j=2 i+j=1
4,j€Ng 1,7€Np
Thus, from (3.9) we obtain
l9(z,9)| < 3™ (|2, |yl) (3.18)

for every a € 7y, where

~max 2

G (r, 8) = gaor® + guirs + goas*.

Later, we need also the composition of functions ¢ and g, so we introduce the eighth-

order polynomial
gmam (7,) — gmax (T, ¢mam (7’)) 7

and for every a € Z; we obtain

l9(z, 0(2))] < g™ (|2])- (3.19)

It is important that (3.19) is also an estimate by order, since it is a composition of two

functions with that property.

After these estimations we can proceed to show the conditional invariance of T'(r, C').
First of all, y = ¢(z) is just an approximation of the center manifold, so N (4(z)) is
not zero. Nevertheless, N'(¢(z)) = O(|z]°) follows from the choice of coefficients w;;. In
the computer-aided part, for a given p; > 0 we need an explicit N'(¢(z)) < Co|z[>-type
estimate for |z| < p; and a € Zy, where the constant Cj is independent of a@ and z. Recall

that the most frequently used constants can be found in Table 4.1.

Proposition 17. Let p; = 0.02234 and Cy = 37.379. For every |z| < p1 and a € Iy the
following holds
N (6(2))] < Colz]-

Proof. Because of the construction of ¢(z), the fourth and lower-order terms of z, Z are

zero in (3.12). To obtain a better estimate of Cy, we consider the decomposition
N(¢(2)) = N5(2) + Nxo(2),

where N5(z) and N>g(z) denote the fifth and the at least sixth-order terms of N (¢(z)),
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respectively. Clearly, N5(z) can be written in the following form

N,: .
N5 (2) = Z Z’ll'jlzzzj’
i+j=5 -
4,jE€Np

where N;; = N;;(a). Using (3.11) and (3.17) the coefficients N;; can be determined
explicitly for i+ j = 5. The formulas can be found in the Appendix, see Subsection 4.2.4.
With interval arithmetic it can be shown that N5 = 25.094 satisfies

N,
> Wil (3.20)

for every a € Zy. From this we obtain |N5(z)| < Ns|z|° for a € I,.

For the estimation of Nsg(2) we use (3.13), (3.14), (3.16) and (3.19). For every a € Z,
we get
NV (6(2))] < 6™ (r + do g™ (1)) + vo 6™ (r) + 0 g™ (1), (3.21)

where 7 = |z|. The right hand side of (3.21) is a polynomial, so it can be written in the

form

32
¢ (1 + do g(r)) 4 1o ¢ (r) + €0 g™ (r) = Z boxr".
k=2

The a-independent real coeflicients by ;, can be determined by the real polynomials ¢™*(r)
and ¢™*(r). The inequality (3.21) is also an estimate by order, since (3.16) and (3.19)
also have that property. Furthermore, the lower-order terms of AV (¢(z)) were eliminated,

so the following also holds

32
(N>6(z)| < Zbo,krk-
k=6

Note that this inequality would not be necessarily true without the estimate by order

property.

Using r < p; we obtain

32
(N>6(2)| < (Z bo,kﬂ’f_5> El
k=6

It can be shown that Ng = 12.285 satisfies

32
> borpf T < N (3.22)

k=6
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Combining (3.20) and (3.22) we obtain
N (6(2))] < IN5(2)] + IVz6(2)] < (N5 + No)l2|”.

So the proposition is proven, since Cy was chosen such that N5 + Ng < Cy. O

In the following corollary we reformulate Proposition 17 in order to obtain a geomet-

rical interpretation of the statement (see Figure 3.3).

Corollary 18. Let p; and Cy be from Proposition 17. For every |z| < p1 and a € Iy the
point (20, %0) = Ha(z0, 9(20)) satisfies the inequality

|6(20) — Go| < Col20l.

3.3.1 Attractivity in direction y

Corollary 18 states that for parameter values close to the critical ag if we consider a point
(20, Yo) from the surface (z, ¢(z)), i.e., yo = ¢(20), then the image (2o, 7o) remains close to
that surface. Now, with the help of Corollary 18 we are able to make a statement about
the y-directional behavior of map (3.10). It is well-known (see [24]) that if the fixed point
has no eigenvalues moduli greater than one, then the center manifold has an attracting
property, i.e., every solution close enough to the fixed point decays exponentially to the
center manifold. Based on this idea we prove a similar statement about the approximation

y = ¢(z) of the center manifold.

Proposition 19. Let p; and Cy be from Proposition 17. Furthermore, let ps = 0.0237,
o =21-10"2 and L = 0.66. For every |z| < p1, |wo| < o and a € Iy the point
(21,y1) = Ha(20,90) satisfies [21] < p2 and

|6(21) — y1] < L|o(20) — ol + Col20].

Proof.  First, note that o was chosen large enough such that Proposition 19 can be
applied in Propositions 20, 22 and 23, i.e., {(z,y) € Cx R : |z| < py, |y| < o} contains
the occurring T and T. Second, from (3.10), (3.13), (3.14) and (3.18) it is clear that

|z1] < Jz0| + do G (| 20], |90l

for every a € Zy. The constant p, was chosen such that

P2 > p1+do g™ (p1,0).
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Figure 3.3: The dynamics close to y = ¢(z2)

Thus, we obtain that |z1| < py for every |z < p1 and |yo| < o. Similarly, |Zo| < po also
holds for (Zo,90) = Ha(z0, ®(20)), since ¢"*(p;) < o (see Corollary 18 and Figure 3.3).
Finally, introducing the notation k; = y; — ¢(z;) for i € {0, 1} (see Figure 3.3), the formula

to be proven in this proposition can be reformulated into the form

|]€1‘ S L’k’o’ + 00‘2()'5.

Using (3.10) and the mean value theorem we obtain

21 = Azp + d g (20, 9(20) + ko) = Zo + d ko B29(20, d(20) + /;70)7 (3.23)
y1 = v (¢(20) + ko) + € g(20, d(20) + ko) = Gio + v ko + e ko Oag (20, D(20) + /Afo),

where
0ag(2,y) = —a (N + 1)z + (\ + %)z + 20%y)

is the partial derivative of g(z,y) with respect to y, and l;g, ko are some numbers between
0 and k. Since |¢(20) + ko| < o and |¢(20)| < o, we get

|6(20) + kol <o, |d(20) + kol <o (3.24)

From (3.18), we obtain

1029(2,y)| < g11]2| + 2902y

for every a € Z,. Introduce d,¢ such that |029(2,y)| < 0,9 holds for every |z| < p; and
ly] < o. It can be shown that d,g = 0.088 is a suitable choice. Using 0,9, (3.13), (3.14)
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and (3.24) we obtain from (3.23) that
Similarly, from (3.23) we see that

1 — Gio] < (1o + €0 Dyg) |kl (3.26)

for every |z0| < p1, |v0| < 0 and a € Zy.

It is easy to see that
|9(21) — @(20)| < |21 — 20[09™ (7)), (3.27)
provided that |z;| < r and |Z| < r, where
OP™ (1) = 29 + 3wsr? + 4wy,
Since |zo| < p1 and |yo| < o implies |z1| < po and |Zy| < po, we introduce J¢ such that

9" (p2) < 0.

It can be shown that d¢ = 0.066 is a proper choice.
Using Corollary 18, (3.25), (3.26), (3.27) and the definition of 0¢ we get

k1| = ly1 — o(20)] < |y1 — ol + 90 — ¢(20)| + |#(20) — (21)]
< (vo + €0 0yg)|ko| + C’0|Zo\5 + 0¢ dy Oyglko|
= (1o + €0 0yg + 09 do 8,9) |ko| + Co|zo|°

for every |zo| < p1, |vo| < o and a € Zy. It can be checked that
Vo + eg 8yg + 3(;50[0 8yg S L,

so the proposition is proven. ]

It can be seen that Proposition 19 is slightly weaker than similar statements about
center manifolds. Even if a solution remains close to the fixed point, y = ¢(z) does not
have a real exponentially attracting property, since we have the extra term Cy|zo|® in the
estimate. This term originated from the fact that y = ¢(2) is not the center manifold,
but only an approximation of it. On the other hand, it is of crucial importance that

we explicitly give the neighborhood where the proposition holds, and determine also an
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explicit value for the parameter L.

3.3.2 Conditional invariance in direction y

Using Proposition 19 we can show the y-directional conditional invariance of T'(p;, Cy) for

an appropriately chosen C; > Cj.

Proposition 20. Let p; be from Proposition 17 and Cy = 7700. For every (z9,y0) €
T(p1,Cy) and a € Iy the point (z1,y1) = Ha(z20,Y0) satisfies

|6(21) — 1| < Chlz)°.

Proof.  Using the notations from Proposition 19 it is clear that |ko| = |¢(z0) — yo| <

C1|z0]?, since (29, 40) € T'(p1, C1). We need to prove the inequality |ki| < Cy|z|°.
Since ¢ was chosen such that ¢™*(p1) 4+ pi < o, we can apply Proposition 19. We

obtain |z1]| < po and
k1| < Liko| + Colz0l” < (LCy + Co)lz0]”.

However, we need a |k;| < C|z|>-type inequality, so first, we are looking for a constant
(s such that |z|> < Cy]21]°. From (3.23) we see that

|21] > Aminl 20l — do G (|20], [y0l) > Aminl 20l — do 3™ (|20], ¢ (|20]) + C1l20]”)

for every (20,y0) € T(p1,C1), and furthermore, \,;, = 0.9952 was chosen so that it
satisfies Anin < || for every a € Zy. Since g™ (r, ¢ (r) + C17°) = O(r?), introducing

gmaa} (7”, (bmaa: (7,) 4 C1T5)

gy (r) = - ,

where ¢g{"**(r) = O(r), we obtain

‘Zl‘ 2 ’ZO’()\mzn - dO ggmx(’ZOD) Z ‘ZO‘()\mzn - dO g(T)nax(pl))

because |zp| < p; and g{"**(r) is a polynomial with positive coefficients.

Since Cy = 1.358 satisfies

1
()\mm - dO g(gnax(pl))

5§027
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we conclude |z|® < Cy|2|°, and
|6(21) = yi| = [k1| < (LCy + Co)Calza .
Using the values of Cy, C, Cy and L it can be checked that
(LCy + Cy)Cy < O,
so the proposition is proven. O

It follows from Proposition 20 that if |z1| < py, then (z1,41) € T(p1, C1). However, at

this point we can guarantee only that |2z;]| < po, and thus
Ho(T(p1,C1)) € T(p2, Ch).

Roughly speaking, for T'(p;, C1) we proved some kind of conditional invariance in direction
y under the map (3.10), but we still do not have overall picture about the z-directional
dynamics. It will be covered in the subsequent subsection using the bifurcational normal

form technique adapted from [4].
Note that it also follows from Proposition 20 that T'(r,C}) is also conditionally in-

variant in direction y for every r < p;. Finally, we remark that C} is not the smallest
value for which Proposition 20 holds; it is about C &~ 475. However, we need a relatively
thick (in direction y) set for the computer-aided part, and it is easier to construct a real

neighborhood around the origin from a 7'(r, C') with a larger C.

3.4 Transforming to normal form

In the previous subsection we saw that T'(p;,C1) is conditionally invariant in direction y
under the map (3.10). Now, using the Neimark-Sacker bifurcational normal form tech-
nique from [4] we study the z-directional dynamics. Essentially, we perform a nonlinear
transformation on the z-coordinate of the z—y-coordinate system such that (close to the
fixed point) in the new coordinate system the transformed coordinate is getting strictly
closer to zero by every iteration. In the end, combining this with the y-directional dy-
namics we obtain that some subset of T'(p;, C1) is in the region of attraction of the fixed
point of (3.10).

For every (zo,v0) € T'(p1,C1) the y-coordinate can be written in the form yo = ¢(zp) +
c|zo|® for some ¢ € R with |c¢| < Cy. Thus, for (21,y1) = Ha(z0,Y0) the z-coordinate is
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determined by z; = G(29), where
G(z) = Gae(2,2) = Az + dg(z, 0(2) + c|2]%). (3.28)

For every fixed a € Zy and ¢ with |¢| < C} we adapt the normal form technique to (3.28).
However, we have an extra parameter ¢ in (3.28) and an additional stable direction in
(3.10) compared to [4]. Thus first, before the main result of this subsection we investigate
in detail how this ¢ effects the method from [4]. We also discuss the specific shape of
T(r,C), which assures that the aforementioned normal form technique can be adapted
with minor changes. After that, the proof of Proposition 21 is essentially the same as in
[4]. However, we elaborate it for the sake of completeness.

Introducing the sets

(€)= {(2,6(2) + lz°) : 2 €C}
r(r,e) = {(2,0() + cl2I) : z€C, |2 <7}

we can note that for a fixed a € Z the set T'(p1, Cy) is foliated by the sets 7(p1, ¢) with
lc| < Cy. That is, T(p1,C1) = Uje<er 7(p1,¢) and 7(p1,¢) N 1(p1,¢) = {(0,0)} for every
¢ # ¢ with |¢] < €y and |¢] < C). Using (3.28) and the normal form technique we
consider the dynamics on 7(py,c) for a fixed a € Zy and |¢| < Cy. However, 7(p,c) is
not invariant under (3.10), more precisely H,(7(p1,¢)) € 7(c) in general. Consequently,
proving |h™(G(h(w)))| < |w]| for every a and c separately, could cause a lot of difficulty
if there is no connection between the methods for different parameter values. The reason
is that the nonlinear transformation of the z-coordinate and the neighborhood on which
the transformed map satisfies |h~'(G(h(w)))| < |w| could vary from parameter value
to parameter value. Therefore, considering a € Z, fixed, our aim is to handle these
transformations together in some sense for every ¢ with |¢| < Cf.

Following the steps from [4] the function G(z) in (3.28) can be written as a formal
Taylor series of complex variables z and Zz, i.e.,

5
G(z) =Xz + Z %Zi,?j + Ry, (3.29)

1l
i+j=2 v
1,j€ENg
where G;; = Gyj(a) and Ry = Ry (2,%,a,¢) = O (|z]°). The expression of G;; can be found
in the Appendix, see Subsection 4.2.5. Observe that, because of the definition of the set
T(r,C), the parameter ¢ appears only in the at least sixth-order terms of G, i.e., G;; is

independent of ¢ for 2 <7+ 5 < 5.

It is well known (see, e.g., Lemma 4.7 in [8]) that there is a locally invertible parameter-
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dependent change of the complex coordinate z = h(w) with A : C — C in the form

h h h h h
h(w) = w + %uﬂ + hyww + %EQ + %w?’ + gwﬁ + %wi” (3.30)

so that the coefficients h;; = h;;(a) are independent of ¢, and the map (3.28) is transformed

into its normal form
w = hHG(h(w))) = Aw + qw?*w + Ry, (3.31)

where ¢; = ¢;(a) is the Lyapunov-coefficient and Ry = Ro(w,w,a,c) = O (Jw|*). The
inverse h~! of h can be defined in a small neighborhood of 0 € C in the form hy'(2) +
O (]z]%), where

hii
ho'(z)=z+ Y %27 (3.32)
with c-independent coefficients iLZ'j = izij(a). The existence of h with the properties above
A k
[Ala)l

for k € {1,2,3,4} and a € Zy, which obviously holds. The coefficients Bij of hy' can be
obtained from the equation z = h (hy'(2)) 4+ O (|2|%) by equating the coefficients of the

requires the nonresonance condition

same type up to fifth-order, see Subsection 4.2.7. The coefficient h;; of h are chosen so
that the second and third-order terms of hy'(G(h(w))) are eliminated (apart from w?w),
see Subsection 4.2.6. The coefficients h;; and ﬁij are determined by symbolic computer
calculation. As the coefficients G;; with 2 < ¢+ j < 5 are independent of ¢, it is not

difficult to see that h,; and izij are also independent of c.

The inverse h~! will be given in Subsection 3.4.2 as the inverse of the restriction of h

to a neighborhood of 0 € C. The main issue here is the construction of
h='(z) = hy'(2) + Rs (3.33)

with some R3 = R3(z,z,a) = O(]z|°), and an explicit bound for R3 on its domain
uniformly in a € Zy and ¢ € R with |¢| < C}.

A key fact is that for each fixed a € Z; the transformations h, h~! are the same for
all ¢ with |¢| < C}. Therefore, the transformation z = h(w) is the same for the whole
set T'(p1,C1). The c-dependence appears only in Ry in the transformed map (3.31). The

above argument justifies that ¢, without causing any further difficulties, can only appear



CHAPTER 3. THREE-DIMENSIONAL LOGISTIC MAP 57

in the higher-order (more precisely in the at least third-order) terms in the definition of

T(r,C).

Since a supercritical bifurcation takes place at ag, it can be shown that for every c
with |¢] < C} and a < ag sufficiently close to ag there exists some py = po(a,c) > 0 such

that for every w € C with 0 < |w| < py(a, ¢) the inequality
|Aw + W + R| < |w] (3.34)

holds. Our aim is to obtain a uniform pgy for all a € Zy and |c¢| < C; such that this pg is

sufficiently large for the rigorous computational part of the method.

Note that if initially we considered a constant neighborhood, similar to (3.46), around
y = ¢(z) instead of T'(r,C), then additional difficulties would arise to guarantee (3.34)
in this neighborhood. Namely, the stable manifold belonging to the fixed point needs to
be a subset of the line w = 0 after the coordinate transformation, otherwise it is very
likely that (3.34) is not satisfied in a neighborhood of the line w = 0. Theoretically
the transformation could be obtained in this way by the implicit function theorem for

instance, but a polynomial transformation (3.30) is not appropriate in general.

The elaboration and combination of the ideas above lead to the following result.

Proposition 21. Let Cy be from Proposition 20 and e = 0.01976. For every a € Iy the
set T'(eq, Cy) is in the region of attraction of the fizved point of map (3.10).

Proof. 'The rest of this subsection is devoted to the proof of Proposition 21 following the
steps of [4]. First, let a € Zy and ¢ with |¢| < C) be fixed.

3.4.1 Estimation of the lower-order terms in G, h and h~!

Throughout this subsection we need an estimate of the coefficients of the lower-order

terms in G, h and h™! such that these estimates are independent of a € Zy. Using (3.29),
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(3.30), (3.32) and (3.33) we look for constants satisfying the inequalities

i+j=n
1,jENp
sl oy,
i+j=2 ily!
i,jENo (3.35)
|hao| | [haz| | [hos]
2 BB < g,
6 2 "6 — 7
> el <,
i+j=n v
i,7E€Np

for every a € Zy and n € {2,3,4,5}. With interval arithmetic it can be shown that
Gy = 2.341, Gs = 2.352, G4 = 3.955, G5 = 11.237, hy = hy = 2.93, hy = 4.976,
hs = 10.353, hy = 34.796 and hs = 110.572 satisfy the requirements. From the definition
of these constants we obtain the following finite-order polynomial estimates of functions
h and hy*

[h(w)] < K7 (), Ihy(2)] < Bges(21), (3.36)

where

R (r) = r + hor? 4 har®,

. - - - - (3.37)
hg (1) = 1 + hor® + har® + hyr® + hsr®.
0

We emphasize that in (3.36) we estimate by order and in (3.37) the coefficients are all

independent of a and c.

From the definition of hy and h3 we also get
[w] = he|w|* — hsJw]® < [h(w)]. (3.38)
Consequently, assuming |w| < p and hap + hzp® < 1 we obtain
jw| < n(p)|h(w)| (3.39)

with
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3.4.2 The definition of h!

Set §; = % and 6, = %. Our aim is to show that A~' can be defined on §52 C C. For a
fixed a € Zy and z € C define 2} , : C > w + w+ 2 — h(w) € C. Then there is aw € C
with h(w) = 2 if and only if A} _(w) = w. From (3.36) and (3.37), for all z,w;, w, € C we
obtain

|h,-(w1) = hg . (w2)] = [wi — h(wy) — wa + h(ws)|

< Jwn = wal (aleoa| + ual) + b (jun]? + ] - | + fesf?) ).
If z € Bs, and w;,wy € By,, then
| (wy) = b (ws)] < [wy — wa| (261hs + 367hs) -
In addition, for z € Bs, and w € Bs, we infer
B ()] < 62 + 62hy + 83hs.

It can be checked that 20,hy + 36%h3 < 1 and &y + 0hy + 03hs < d;. Consequently,
for each a € 7y, and z € Bs, we obtain h . (E(sl) C Bs,, and h; . is a contraction on
By .

and the relation h (Bj,) 2 Bs, follows. Define h™! as B;, 3 z — w*(z) € C. Clearly,
11 (Bs,) C Bs,.

Therefore, for each z € Bj, there is a unique w*(z) € Bs, with h(w*(2)) = 2,

In the subsequent subsections it is principal to estimate the moduli of h(w), G(h(w))
and h~'(G(h(w))) in (3.31), provided that |w| < py (see Figure 2.3). The magnitude of
the remaining term Rs highly depends on the size of the set, where the estimations are

considered. Recall p; = 0.02234 from Proposition 17, and set
po = 0.021, po =0.02354, p3 = 0.02532. (3.40)
Clearly, pg, p3 < 01 and pq, po < 6. Our aim is to show that

h(BPO) g Bp17 G(‘Bpl) g Bp27 h_l(BP2> C BPB

see Figure 2.3. For the first relation we chose py such that A" (pg) < p; holds. Conse-
quently, during the study of G’ we can assume that |z| < p;. The other two relations will

be shown in the subsequent subsections.
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3.4.3 The estimation of R;

From (3.28), (3.16) and (3.18) it is straightforward that in order to obtain an estimate of

Ry, we need the at least sixth-order terms of the real polynomial

Ri(r,c) =r+do g™ (r,¢" " (r) + cr®) = Z by i(c) 7,

k=1

since we estimated by order in g™ and ¢™?". Note that, the coefficients b, can be
obtained by symbolic computer calculation from the real polynomials ¢™** and ¢™*.

Thus, using |¢| < C} and |z| = r < p; we obtain
10 10
[Bal < bual(o)l=* < Y bia(Cr)ph |z < 16550]2,
k=6 k=6

i.e., Rijp = 16550. Using (3.35) we get the following finite-order polynomial estimate of G
G(2)] < G™*(]z]) (3.41)

with
Gmam(,r) =+ GQTQ + G3T3 + G4T4 + G5T5 + RIOTG- (342)

Note that the coefficients are independent of a and c¢. Now, it can be checked that
G™**(p1) < po holds. Hence, we get G(B,,) C B,,, so during the study of A~ we can

assume that |z] < po.

3.4.4 The estimation of B3 — the higher-order terms in h !

Now, we turn our attention to the estimation of Rz in (3.33), which consists of the sixth
and higher-order terms of h~!. More precisely, Rz is defined as Bs, > z +— h™!(z) —
hy'(z) € C and we need an estimate |Rs(2)| < Rsg|z|%, assuming |z| < py. First, we give
an estimate of type |R3(h(w))| < Rsi|wl.

Set p3 = 0.0256. Combining (3.38) with the facts that [0, p;] 2 s+ s—has? —h3s® € R
is strictly increasing, and p3 — hop3 — haps > pa, we can give the a priori estimate ps of
|h=1(B,,)|. That is, w = h™!(z) satisfies |w| < p3, provided that |z| < pa.

Using the definition of hy' and h, we obtain
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where the coefficients bs ;; = b3 ;;(a) are complex. Furthermore, consider the composition
Ra(r) = hg* (W™ (r)) =Y bssr”

of the real functions A" and ﬁg”“. Note that, the coefficients b3 can be obtained by
symbolic computer calculation from the real polynomials A* and AZ'**. Since in (3.36)

we estimated by order, it follows that

Z |b3,i5| < b3

i+j=k
1,j€Ng

for every a € Zy and k € {6,7,...,15}. Thus,

|Rs(h |<Zb3k\w| <Zb3k,ok S|,

assuming |w| < ps. Using (3.39) we get |w| < n(ps3)|z| and
|R3(2)| < Zbgk 55 (n(73))°|2]° < 9814]2[°,

ie., Rso = 9814. Consequently, we can give the estimation
|h_1(2)‘ <1+ hor? 4 hyr® + har* + hsr® + Ryor®,

where |z| = r. However, using |z| < ps we see that |h™1(2)] < p3, where p3 was defined
n (3.40). It means that h~! maps B,, actually into B,,, i.e., we obtain a better estimate
of [h"Y(B,,)|. Thus, repeating the argument above with ps instead of p3 we find a better

estimation of the higher-order terms

| Rs(2 |<stkp3 (ps))°|21° < 974425,

i.e., R3g = 9744. We obtain
|h*1(z)‘ < ﬁm‘”’(]zD (3.43)

with
Emaa:(r) =7r+ iL27’2 + iLgTs + iL4’l“4 + il5’l“5 + R307’6. (344)

It can be checked that fzm”(pg) < ps holds with R, so h™'(B,,) C B,,. Note that the
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coeflicients in (3.44) are independent of a and ¢, and we estimate by order in (3.43) in

the sense that the higher-order terms are estimated together in the term Rj.

3.4.5 The estimation of Ry — the higher-order terms in h=*(G(h))

Now, we turn our attention to the estimation of R,, which denotes the at least fourth-
order terms in h='(G(h(w))). To obtain a better estimate we handle the fourth (Ry4), the
fifth (Ry5) and the higher-order terms (Rayg) separately, i.e., set Ry = Roy + Ras + Rag.

As h (G (h(w))) is in normal form, it can be written in the form

52]

—Ww wj + R26,
Ijl

5

R (G (h(w)) = w + cw’T + Y

i+j=4

i,j€No

where coefficients ¢; = ¢1(a) and f;; = §;j(a) are complex, and Ry = Rog(w, W, a,c) =

O(Jw|®). Note that coefficients f;; are independent of ¢, as in T'(r,C) the parameter ¢

appears only in the term c|z|°. Actually, that is why we chose the fourth-order approxima-

tion of the center manifold and the fifth-order term c|z|° in 7. We can explicitly determine

even the coefficients of the fourth and fifth-order terms in A~'(G(h(w))). Thus, we can

obtain better accuracy during the estimation of the higher-order terms of A~ (G(h(w))),

and consequently, we can get a larger py. The formulas of coefficients 3;; for 4 < i+7 <5,

and the Lyapunov-coefficient ¢; can be found in the Appendix. With interval arithmetic

we find that

> Pl < 33549 and > Bl < 148723,

2191 219!
i+j=4 v i+7=5 v
4,J€Np 1,7E€Np
ThllS, with R240 = 33.549 and R250 = 148.723 we obtain
| Ray| < Rogo|w!* and | Ros| < Raso|w|’.

Using (3.37), (3.42) and (3.44) we get the real polynomial
R ( ) _ hmax (Gmam hmax szkr

Note that, the coefficients b, can be obtained by symbolic computer calculation from
the real polynomials 2% G™% and h™, Since in (3.36), (3.41) and (3.43) we estimate

by order, we infer
108

|Rag| < Z b2,kz|w|k-
k=6
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Using |w| < po one sees that

108
|[Rag| < bosplHwl* < 35.122[wl*,
k=6

SO R260 = 35.122.

Combining these three results we obtain
|Ra| < |Roa| + |Ras| + |Rog| < (Roao + Rasopo + Roeo)|w]* = T1.8Jw]*,

and consequently, Ry = 71.8.

3.4.6 The dynamics in direction z
Now, with our previous estimate of Ry we can finish our proof. Since

IAa)w + ¢ (a)w’w + Re| < |w| ([|A| + & |w]*| + Raolw]?)

where ¢; = cl%, we only need to prove
“/\| + 61|w|2’ + R20]w|3 <1 (345)

for every a € Z; and w € C with 0 < |w| < py.

To this end, we show that with a suitable R4 > 0 the inequality
|IM+ afwl?] < A+ (Reéy) w]? + Ry|wf?
holds, or equivalently (by squaring the last inequality and dividing it by |w|?)
0 < 2Ry A — (Im&)? |w| + 2Ry (Re &) |w|* + R |wl?

for |w| < pp and a € Z,. With interval arithmetic we obtain that Reé; and Imé; are
negative, |Reé;| < 1.513, |Im¢;| < 2.481 and |A| > 0.9952 for a € Z,. So it can be
checked that R4 = 0.065 is a suitable choice, assuming |w| < po. Therefore, the left hand

side of (3.45) can be written in the following form

“/\| + 51|w|2‘ + R20|w|3 S <|)\| + Re 61|w|2) + (R4 + RQO) |w|3
<1+ (Reéi + (Ry+ Ry)|w|)|w]?,
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which is less than 1, provided that

—Reél

o< |l < ———.
| | R4+R20

Using the fact that | Reé;| > 1.511 we obtain

< —Reél
PSR+ Ru

Therefore, the inequality (3.45) holds for all w € C with 0 < |w| < py. Consequently, with
the arbitrarily chosen a € Zy and |c| < C) we proved (3.34) for all w # 0 with |w| < py.
Note that we obtained also that the bifurcation is supercritical since Re ¢ (ao) is neg-

ative.

3.4.7 Combining the y- and z-directional dynamics

Now, let a € Zy be fixed and consider the set
T = {(z,y) eCxR: !h’l(z)‘ < po, |y — o(2)] < 01]2]5} )

Note that pg, h and h~! are independent of c¢. Clearly, T’ C T'(py, C}), since h™®(pg) < p1.
Considering an arbitrary point (zo,yo) € 7" there exists a ¢ € R with |¢| < C} such that
(20,90) € T(p1,c). For (21,y1) = Ha(z0,y0) the inequality |h™1(21)| < po follows from
(3.34). For the y-directional dynamics we obtain |y; — ¢(21)| < Cy]z|® from Proposition
20. Combining these two results we obtain that 7" is invariant under (3.10). Consequently,
(2n,yn) € T for every n € Ny, where (2,11, Ynt1) = H(zn, Yn)-

Introduce w,, = h™'(z,) for n € Ny. Combining (3.34) with the fact that (z,,y,)
remains in 7" for every n € Ny, we get that (Jw,|)S2, is strictly decreasing. From the
continuity of functions h, G and h~! we obtain w,, — 0, consequently, z, — 0 also holds.
Therefore, T" is in the region of attraction of the trivial fixed point of map (3.10). Note
that there exists a ¢ with |¢| < Cy such that (z1,71) € 7(p1,¢). It does not cause any
trouble if ¢ # ¢, i.e., if the point (29, yo) jumps from 7(py,c) to 7(p1,¢), as maps h and
h~! are the same for every |c| < C}.

Finally, ¢ was chosen such that /™% (eg) < po, so T, C1) C T" is also in the region
of attraction of the fixed point. Although T'(e¢, C1) is not invariant, its projection on the
z-coordinate is a disc, so it is easier to work with it in the computer-assisted part of the

proof. Since a was an arbitrary value from Z;, the proof of Proposition 21 is complete. [

Notice that T'(e¢, C1) is not a neighborhood of the origin since the y-directional thick-

ness is zero for z = 0. In the following subsection we construct thicker sets around the
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¢(2) + Cul2°

¢(z) = Cul2]°

—€a —(o G ¢¢

o(z) — K

Figure 3.4: The set T(r, K)

origin to obtain a proper neighborhood of it.

3.5 Constructing the attracting neighborhood

In the previous subsections we showed that T'(e¢, C1) is in the region of attraction of the
origin. Based on this set we construct attracting neighborhoods around the fixed point
of (3.10).

Introduce the set (see Figure 3.4)

Tr,K)={(z,y) e CxR: |z| <r, |¢p(z) —y| < K}. (3.46)

Notice that in T'(r, K), unlike in T'(r,C), the y-directional thickness of the set is in-
dependent of the z-coordinate. Using Proposition 19 we can construct an attracting

neighborhood around the fixed point.

Proposition 22. Let ¢, = 0.01883 and Ky = 2.74 - 107°. The set Ty = T(Co, Ko) is in
the region of attraction of the fized point of (3.10).

Proof. Let (z0,y0) € T, and (z1,y1) = Hu(20,y0). The value (, was chosen such that
Co + dog™ ™ (Co, ¢ (Co) + Ko) < eq,

and therefore, |21] < ¢ also holds. Recall that in Proposition 19 the constant o was

chosen such that it satisfies ¢((y) + Ko < 0. Clearly, (y < p1, and we can use Proposition
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19 to obtain
k1| < Lko| + Col20)° < LKg + Cozo)?,

where k; = y; — ¢(z;) for i € {0,1}.
We chose K| such that Ky < %C’lf(‘;’ holds, so we get that |z;| > (, implies

3
k1] < LKo 4 Co¢ < (iLcl + Co) o < Cigg < Chla ).

Hence, (z1,y1) € T(eg, CY), i.e., (20,%0) is in the region of attraction of the fixed point.

If |z1] < (o, then it is enough to examine the case (20,40) ¢ T(eq,C1), otherwise,
(20,0) is clearly inside the region of attraction. Therefore, suppose |ko| > Ci25. We see
that

C, 2
1| < Llko| + Colzol® < (L + 50> kol < 3 Ko, (3.47)
1

ie., (z1,41) € T (Co, %KO) C Tp. Repeating the argument above, we obtain that as long as
(Zn, Yn )22 is outside of T'(eg, C1), the sequence exponentially decays to the approximation
y = ¢(z) of the center manifold. Consequently, either there is an ny € N such that
(Zng> Yny) € Teq, C1), or (zn,yn) € T (¢o» (3)" Ko) \ T(e, C1) holds for every n € N. It
is easy to see that T (¢o, (3)" Ko) \ T(e, C) shrinks to the origin, as n tends to infinity.
Thus, (z,,y,) tends to the fixed point also in this case. Consequently, Ty is also in the

region of attraction of the fixed point. O

Now, Tp is a neighborhood of the origin. However, during the computer-aided part of

our method we need thicker (in the direction y) neighborhoods.
Proposition 23. Let K,, = (%)nKO and

¢ =0.01804, G =0.01731, (3 =0.01664, ¢ =0.01601, 5 = 0.01543,
(s =0.01480, (7 =0.01437, (s =0.01389, (o= 0.01342, (0 = 0.01297.

Then T, =T (Cny K1) is in the region of attraction of the origin for n € {1,2,...,10}.

Proof. We only need to show that H,(7,\T,_1) C T,_; holds for every n € {1,2,...,10}.

It can be checked that the decreasing sequence () satisfies

Cn + dog™™” (Cm " (Cn) + Kn) < o1,

so the z-direction inclusion is shown. Proposition 19 can be applied, since (, < p; for
every n € {1,2,...,10}, and o was chosen such that ¢((y) + (%)10 Ky < 0. Hence, the

y-directional inclusion follows from (3.47). O
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Note that for every n € {0,1,...,10} the set T, is an attracting neighborhood of
the trivial fixed point of (3.10), and the size of these neighborhoods are independent of
a € Iy. Clearly, it still needs to be transformed, in order to obtain a neighborhood M of

4. This transformation is, however, handled by the algorithm, see Section 3.7.

3.6 Computer-assisted part for a fixed a

To study the global behavior of map (3.2) we follow the method from [4] and [5]. In this
subsection we show how use it for a fixed a € [%, ao]. The method is essentially the same
as in [4], so we just outline the steps. The only main difference is that the two-dimensional
squares are replaced by three-dimensional cubes. The detailed description of the method
along with the correctness of that can be found in [4] and in [5].

For a given a € [%, ao] we associate the map (3.2) with a directed graph reflecting the
behavior of the map up to a given resolution. Using this graph we show that every point
of S enters the previously obtained attracting neighborhood M of the nontrivial fixed
point u4.

The construction of the graph representation in our case is the following. For a fixed
k € N we divide the unit cube [0, 1] parallel to the faces into small congruent closed cubes
with side length r = 27%. These small cubes serve as the cover & of S and also as the
vertices of the graph, too. To determine the edges we construct with interval arithmetic
methods (see |15]) a rectangular cuboid for every small cube s, such that this cuboid
contains f(s1). So there is an edge from s; to s, if the cuboid constructed for s; intersects
the small cube s5. Note that instead of map (3.2) we use the third iterate of it, since the
formula is still compact enough not to cause big overestimates in interval arithmetic and
it considerably speeds up the calculations.

As we saw in Section 2.4, we only need to study the essential SCCs. Our aim is to
show that the SCCs are in the attracting neighborhood M of the fixed point u,, which
neighborhood was constructed analytically in the previous subsections.

It is important to note that it is possible for some essential SCC that in fact none of
the points of S can get stuck here. Actually, this can be the case close to the origin. Since
this fixed point of map (3.2) is a saddle, the small cube containing this point always has
a loop in the graph representation, consequently, it is always an element of an essential
SCC. Let us suppose that this SCC is inside the set [0, A]? for some A < A, and a point
gets stuck in this SCC, ie., (u**)22, is in [0, A%, (since we considered the third iterate
of f). From the transition graph (see Figure 3.2) it follows that (u*)$2, is also in [0, AJ.
Using Proposition 14 we obtain u* — u4, which contradicts A< A Consequently, if the

essential SCC containing the origin is included in [0, A]* for some A < A, then we can
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algorithm Log3d
V < the initial partition with r = 2710
repeat
E <+ construct the edges with reliable numerical method
C' < determine the SCCs of directed graph G(V, F)
remove vertices of the nonessential SCCs from V'
remove vertices of the SCC at the origin from V if possible
remove the initial attracting neighborhood from V'
V' < refine the partition by setting r < 3
10 until |[V| =10
11 end algorithm

O ~1 O UL i W N

Ne}

Table 3.1: Algorithm for the three-dimensional logistic map

exclude this SCC from our study.

As a next step we refine the partition by dividing the small cubes into eight identical
smaller ones. Then we restart the process, i.e., we determine their images with reliable
numerical methods and construct the SCCs again. Note that with the refinements the
graph representation becomes a more and more accurate approximation of the represented
map, so it is likely to appear new nonessential SCCs, which can be excluded from our
study. This property slows a little bit down the eightfold increase in the number of
vertices caused by the refinement. Finally, instead of checking after every refinement,
whether the remaining SCCs are in the analytically constructed attracting neighborhood
M, we can simply remove the small cubes lying entirely in M. So for d = 2 and a fixed
a, Conjecture 1 is proven if the set of the essential SCCs is empty after some refinements.
For the correctness of these steps see [4]. Note that in Propositions 16 and 23 we obtained
attracting neighborhoods in C x R. Therefore, we need a transformation so that we can
determine whether a small cube is inside the region of attraction of the fixed point or not.

We also mention here the fact that in 7'(r, C') and consequently in T'(r, K) the constant
r can be enlarged only at the expense of C' (and K'), so we need to find the balance
between them. In the optimal case the obtained attracting neighborhood should resemble
the shape of the remaining set after some iteration in the computer-aided part of the
method. Neither » nor C' can be too small. If r is not sufficiently large, we need more
refinement steps and the exponentially growing number of vertices causes some difficulties.
On the other side, if C' (and K) is too small, then the initial attracting neighborhood is
too thin in direction y, and we can not remove any small cubes at all for a long time, as
the small cubes are larger than the thickness of the attracting neighborhood. Here, we
remark that the removal of the cubes in the initial attracting neighborhood considerably

reduces the number of the vertices, which results in faster running of the algorithm.
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‘ interval ‘ Subinterval length ‘ Proposition ‘ Running time
(5. 1.56] 1072 16 255 sec
[1.56,1.6] 1074 16 35 min

[1.6, a9 — 1077] 107° 16 4h
[ap — 1072, 1.616] 1074 23 52 min
[1.616, ao 107° 23 10 h

Table 3.2: The partition of the parameter range

Table 3.1 shows the pseudo code of the algorithm. The whole program code and the
outputs can be found on [25|. Note that the aforementioned method can be regarded as a
proof, since the graph problems are finite, so the computer can work on them punctually.
Moreover, the method used during the construction of edges was executed with reliable
numerical methods. Thus, if we would have sufficient time, then we could reconstruct
by hand the parts which were executed by computer, and we would come to the same

conclusion if our estimates are as good as the computer’s.

3.7 Computer-assisted part for an interval of «

In the previous subsections we obtained an attracting neighborhood and then a method
to prove the global stability of the nontrivial fixed point for a fixed a € [%, ao]. In this
subsection we show how to modify our method to handle not only a single value of the
interval [2,ao] but also a small subinterval [a] = [a_, a;] of that, instead.

When we replace the single parameter value with an interval, we obtain rougher esti-
mates, as we handle more parameter values together at the same time. Far away from ag
the convergence is relatively fast, so we can use longer subintervals when we divide the
interval [3, ao| into small intervals (see Table 3.2). Far away from aq the algorithm is still
fast enough with these rougher estimates. However, close to ay the convergence is much
slower, so the precision of estimates is more crucial in this case. Therefore, we need to
use finer partition close to ay.

When we apply our method to a small subinterval [a], essentially two modifications
need to be done. First, we need to adjust the function (3.2) during the construction of
edges in the graph representation. For a given subinterval [a] and a given small cube s
we consider a set of small cubes such that they cover F3(s) for every a € [a]. Second, we
also need to modify the attracting neighborhood we remove during the algorithm. For
a given subinterval [a] the attracting neighborhood must be chosen such that it is inside

the region of attraction of the fixed point for every a € [a]. Note that not only the size of
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the neighborhood but also the location of the fixed point w4 can vary for different values
from [a].

For [a] C [3,a0 — 10~ ] we use the linearized map and Proposition 16. For a given
[a] the size of the neighborhood can be chosen as mingcp &(a). For [a] C Z, we use the
attracting neighborhoods from Proposition 23 which are obtained by the center manifold
reduction and the bifurcational normal form. In this case the size of the neighborhood is
independent of the choice of [a]. In both propositions the neighborhood is given in the
C x R, but the small cubes are in R*, and thus we need to transform them first. We

accomplish the transformation with computer using interval arithmetic calculation.

For a given [a| and small cube k we use interval arithmetic calculations to determine
the new coordinates in the z—y space. First, we need to shift the small cube with the
interval version u4) of ua. Here, every coordinate of is an interval containing w4 for
every a € |a], i.e., every coordinate of upy) is [A] = [1 — =4, 1- } Then similarly, we
apply the interval version Q[;}l of (3.7) to obtain [y] and [ ] Here7 every element of Q'
is replaced by an interval containing that element of Q! for every a € [a]. Thus, [y] C R

is an interval and [z] C C is a disc such that

Q. (u—ua) €{(z,y): z€ 2],y €y}

for every a € [a] and u € s.

For [a] C [3,a0 — 1072] we only need to check whether

max ly| + max |z| < miné(a).
yely] z€[z] a€lal
For [a] C 7, first, we need to determine with interval arithmetic the image [¢] C R of [2]
under the map ¢p,. Here, ¢, means the interval version of ¢, i.e., every coefficient w;;
is replaced by a disk in the complex plane such that this disk contains w;;(a) for every
a € [a]. Hence, for every a € [a] and z € [z] we have ¢(z2) € [¢]. Then we need to check

the inequalities

max |z| < (, max |z| — m1n|y[ < K,, max |y| — min |z| < K,
z€lz] z€l¢] yely] yelyl z€(¢]
for some n € {0,1,...,10}. Practically, for a given [a] we use larger n at the beginning

of the algorithm, since K, needs to be large enough compared to the refinement of the
partition of the unit cube. In this way we can remove a lot of small cubes close to the
nontrivial fixed point. Thus, we can reduce the size of the graph which considerably
speeds up our algorithm. Later, when the partition is finer, we can use smaller n to

obtain a larger (along the z-coordinate) attracting set, which makes our program finish
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Figure 3.5: The output from two different points of view for a = 1.612 after 4 iterations

earlier.

In Figure 3.5 we can see that for a = 1.612 after 4 iterations the union of the remaining
small cubes are a flat set along the center manifold. The running times can also be found
in Table 3.2. It can be observed that close to ag — 1072 the first method using the
linearization becomes less and less efficient. If our aim had been to reduce the running
time, then we could have repeated the second method using the normal form and the
center manifold on a larger interval. The calculations in the proofs would have differed
only in the specific values. For the sake of example some results can be found on our
website see |25].

The program runs successfully, so Conjecture 1 is proven for d = 2.
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Chapter 4
Appendix

In most cases, for the sake of transparency we do not express that coefficients depend
on a, but keep it mind they actually do. Including, but not limited to G;; = G,j(a),
hij = hij(a) etc.

4.1 The two-dimensional logistic map

The complex eigenvalue with positive real part is

Ma) = 5+ 5iV(a)

where V(a) = v/4a — 5.

! 1a {

V(a)’

Gy =—a+

o 4a B 4ia
7 4a—5+iV(a)’

a(i—ﬁ)
hopp = ——= 4~

i —ia+ V(a)’
_— 12ia®
P =25+ V(a) + a(13i — V(a) + 2a(=2i + V(a)))’
s 162 (2 — 2iV(a) 4+ a (=5 + 2a — V(a)))

V(a) (—i+ V(a))* (=7i — 3V(a) + a (7i — ia + 2V (a)))

_ 96a” (-2 + a +1iV(a))
V(a)(1+iV(a))(a —1+iV(a)) (12i(a — 1) — 7V (a) + V3(a))
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il,go = _h207 }Nlll = _h11> }Nl02 = _h02

iL30 = 3h§0 — hso + 3hi1hos, il21 = 3hy1hao + hozhoa + 2h11h1y

hyy = 2h2, — hig + hoohoo + 2hoahiy + haithao, hos = 3hozhi1 — hos + 3hozhao

hg1 = —15hy1h3, + 4ha1hag — 1207, hog + 3ha2hoz — 6hozhaohoz + hozhos
— 12hy1hgohay — 6hozhozhyy — 6haihiy + 3harhiy — 3hathoshao

oy = —12h% hag + 3h1ohag — 3ho2hiy + hozhso 4 hoshoz — Yhozharhor — 12h3, hyy
+ 4hiahyy — 6hoghaghiy — 6hoahiy + 2hoahiz — 3hi1haohay — 3hoghoahag — 6111 hag

his = —6h3, + 6hy1hya + hoshao — Yhgahihao — 3hdyhos + 3hoshiy — 18hoahiihiy
- Gh%JLzo + 3h1ahao — 3hoahaohao — 12heghi1hag — 3h11B§0 + hi1hag

hos = 4hoghis — 12hgah?, + 6hoshys — 3h2,hoo — 12h2,hqy + 6hoshag
— 18hgah11hag — 15hgah3 + 4hoohso

5 1 54—10a(3+a)
24a \/1 Rl oy el ey g ey

4+a(—6+a+a?)

|Bao| =

|B31] =
6a>v/4 — 6a + 21a2 — 242a3 + 741a* — 1035a® + 82448 — 42647 + 148a8 — 324 + 440
(=14 a)?(—=5+ 4a)\/(—1 +a)(14+a)(—4+a2+a))(-94a(12+ (=5 + a)a))

4a®v/1 + 2a + 10a2 + 6a3 + 220a* — 43445 + 222a5 — 2047 + a8
V=b+4a(-1+a)*(1 +a)(—4+ a2+ a))

|B22| =
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’ name \ value \ first occurrence context ‘
ag @ Chapter 1 a € [1,ao)
Co 37.379 | Proposition 17 IN(¢(2))] < Colz|?
Ch 7700 Propsition 20 (z,y) € T'(p1,Ch)
£q 0.01976 | Proposition 21 T'(eq, Cy) - region of attraction
Ky, |2.74-107° | Proposition 22 Ty = T(&o, Ko)
L 0.66 Proposition 19 | |¢(z1) — y1| < L|o(z0) — yo| + Col20/°
Po 0.021 (3.40) lw| < po

P1 0.02334 | Proposition 17 (z,y) € T(p1,C1), |h(Bp)| < p1
P2 0.0237 Proposition 19

p2 | 0.02354 (3.40) |G(B,,)| < pa
ps | 0.02532 (3.40) \h"Y(B,,)| < ps3
o 2.1-107* | Proposition 19 ly| <o

¢o 0.01883 | Proposition 22 To = T(Co, Ko)

Table 4.1: The frequently used numerical constants

|Bi3] = 6a°(— 256 + 64a + 1676a” — 2498a® — 95a* + 2796a°
— 2219a° + 18747 + 730a® — 550a° + 200a™° — 40a"! + 4a'2)

(14 0)5 (5 + 4a)(~4 + a2 + )T+ a9+ a2+ (5 +a)a))) |

24a3\/—11 + a(—6 + a(27 4+ a(—17 + 4a)))

A s s ) T F @ a9+ 12+ (5 )

4.2 The three-dimensional logistic map

In Table 4.1 we collected the most important numerical constants with their first occur-

remnces.
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4.2.1 The eigenvalues

The complex eigenvalue with positive real part and the real eigenvalue are

—i 1+1iv/3) (=29 +27a + 3/3V(a g

)\(a)Z%—l— L-iv3 1+(+ I +l+m)7
325 (~20+27a+3,/3V(a))’ 6- 25

(@ 1 2% (—29+27a+3\/m>‘1’

3 (—29+27a—|—3\/3V(a))§ 328

where V(a) = 31 — 58a + 27a>.

4.2.2 The coefficients of g(z,y)

31
If a > 5z, then

Gijk = —a (2)\2 + ]5\2 + kl/2) s

fori+j+k=2and gjjz =0fori+j5+k> 2.

4.2.3 The coefficients of the center manifold

The coefficients are determined so that in the expression (3.12) the at most fourth-order
terms of z, Z are eliminated, see Section 3.3.
9200€ g110€

Wj; = Wi Wop = w11 = —=<
J 7 A2 —y’ A\ —v

1
A3 —

wsp = » (e (3g101w20 + g300) — 3Aga00(dwi1 + dwso))

B 1
A2\ — v

Wo1 (6 (go11w20 + 20101011 + g210) — d (wWo2g200) + 2Awi1g110)

—d (w1192005\ + 2)\91100020) )
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1
Ny <€(39002w§o + 4g101w30 + Bwaoga01 + Gaoo) — 3d°Wo2g300

Wao =

— 2d (2 wi1 (3g101w20 + g300) + 3dwi1g500 + 3N\ ga00wa1 )
— d (42wao (3g101w20 + g300) + 3dwangage + A% gaoowso) >

w31 2/\3/—\_1_ > ( - e<3w11 (gooawa0 + Gao1) + Go11w3o + 3g101w21 + 3g111Wa0 + 9310)
+ d<3>\ (gonw%[) + wao (2g101w11 + g210) + 920000215\) + wii A (3g101w20 + G300)
+ 3dg110wa09200 + 3)\2911()&)30) + 07(3)\ (w11 (go11wa0 + g210) + 2g10107; + Wi2g200))
+ wo2 (3g101w20 + g300) + 6dwiigii0gaoo + 3Xgriowar + 3ongg1109200>)
_1 )
W22 Zm( - €<w02 (goo2wao + g201) + 2g002wi; + 2go11wWa1 + Go21wao + 2g101Wi2

+ 4dwi1g111 + 9220) + d<2/\(2g011w11w20 + Wo2g101W20 + 2911001215\ + g120w20)
+ 2w A (go11wa20 + 2g101wW11 + g210) + dwao(Go209200 + 29%10) + >\29020w30
+ w129200/_\2) + 67(2)\ (2901100%1 + w11 (Wo2g101 + g120) + 2911000125\)

+ 2wo2 (go11w20 + 2g101w11 + g210) + 2dwny (90209200 + 29%10)

+ )\290200J21 + w0392005\2 + dwos (gozogzoo + 29%10) >>

4.2.4 The fifth-order terms of N (¢(z))

The fifth-order terms of N'(¢(z)) appear in the proof of Proposition 17. For the definition
of N(¢(z)) see (3.12).
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Nsp = 5<3CZ29200(9200)\W12 + 2g101Woawao) + 6ddgano (2g101w11wWa0 + GaooAwa1)
+ 3d29200(29101w§0 + g200Aws0) — €(2g0o2w20ws0 + g101Wao)
+ CD\(390020«2110030 + 69101 A\waowa1 + 4gio1wiiwso + 29200/\2w31)
+ dA (3gonawiy + 29101 (2 + 3\ )wagwso + 29200)\2w40)>

Ny = 3d° (ggooj\wos + 4g1019110W02wW20 + 2G200(2G101W02w11 + 29110 AW12 + 9011WO2W20))
+ 3d? (4g101w20( 9200011 + G110w20) + G200(2g011W30 + G200 Awar + 4g110Awso))
+d (39002w20(4)\wf1 + Awoawso)
+ 6d(4g101w11(g200w11 + g110w20) + g200(g200Aw12 + 2g0110W11Wa0 + 49110)\w21))
+ 4g101 (BN wi1war + 3A(Awiawsen + wiiwar) + Awoawso)
+ 2X(3go11 Awaowar + 3ga00AAwaz + 2go11wiiwso + 29110)\26031))
— e(6gonawaowa1 + 4gonawiiwso + 4g101wWs1 + Jo11Wao)

+ d<39002(4)\ + S\)wuwgo + 4:9101 (3)\(1 + 5\)0)20(4)21 + 3)\2w11w30 + 5\&)110}30)

+ 2 (go11(2 + 3A)waowso + A(3gaooAwss + 29110)\&140)))
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N3 = 3d° (2911092005\w03 + 2901920000211 + 20710AwW12 + Go209200 A2
+ 290119110W02w20 + Gr01Wo2 (Gaoowoz + 4g110win + 9020w20))
+ 3d (91016020 (g200wo2 + 4g110wi1 + Go20wa0) + 2g011wWa0(g200w11 + Jr10wW20)
+ 291109200 Awa1 + 29710 Aws0 + Go209200Aws0 )

— e(3g101w22 + ooz (Bwiawao + 6wiiwar + woowso) + 2go11wst )

+ CZ<69002)\W?1 + 6g101 Awniwiz + 129101 )\5\00110012 + 39200)\5\2(,013 + 39101 5\200030020
+ 3002 Awozw11wao + 6gooe Aworwi1wzo + 6go11 AAwiawag + 3g101 A woaws1

+ 69101 Awoawar + 6go11 Awiiwar + 6go11 A wiiwar + 6d(291109200/_\w12

+ gr01w11 (ga0owoz + 4g110w11 + Go2owa0) + 2901111 (g200w11 + Gri0wa0) + 29510 wWa1
+ 90209200)\w21) + 69110\ Awaz + 29011 Awoawso + 9020>\3w31>

+ d<3g002w20(2)\wf1 + 22w, + Awgawag) + 69011 Awaoway

+ 69011 Mwaowa1 + 39200 AN waz + 6go11 A2Wi1wso + 2g011 Aw11Wso
+ 3g101 (2Awi2w20 + Nwiowng + 2 wii1war + AW 1Way + /\2w02w30)

+ 69110\ Aws; + 9020)\36040)

4.2.5 The lower-order terms of G(z)

For the definition of G(z) and its coefficients see (3.28) and (3.29).

JGZ‘]‘ - déﬂ

G20 = — 2ad>\2, G11 = —ad()\2 —+ 5\2>, Ggo = — 6Cld<)\2 + VQ)(.UQO,
G21 = — CLd(Z)\2CL)11 —+ 2u2w11 -+ 5\2(,()20 -+ Vz(.dgo), G40 = — ad(6u2w§0 -+ 4)\2(,4.]30 + 4V2(U30)

Gs1 = — ad(61%wi1wao + 3N 2way + 3v2wo1 + N2wso + 12ws)

Gy = — ad(4y2w%1 + 202w + 20%w19 + 202wWeawan + 20 %ws; + 2y2w21)
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Gsp = —ad(20u2w20w30 + 5\ 2wy + 5u2w40)
G41 = —ad(12u2w20w21 + 8V2w11w30 + 4)\2&131 + 4V2LU31 + 5\2(4.140 + V2w40>
Gy = —ad(3u2w12w20 + 20%ws3; + 317 (Wiawag + 2wW11wWar + Wao)

+ 3/\2(,022 + QI/QWnggo + 25\2(4)31 + 6V2CU11WQ1)

4.2.6 The coefficients of h(z)

The coefficients are chosen so that the second and third-order terms of iy ' (G(h(w))) are
eliminated (apart from w?w), see Section 3.4. First, the lower-order terms of hy'(2) need

to be determined as expressions of h;;, see Subsection 4.2.7.

G20 Gll _GOQ

hoy = —5—— hig = ——— hos =

1 _
hso = SEIESY <3Gzoh20 + 3G11ho2 + G0 — 3haoA(Ahag + Gap)

— 3hi A(Maga + Gloo) + 3h2A° + 3hul302A3)

1 _ _
hia = SO CIEDY (Gzohoz + 2Go2h11 + Giirhao + 2G11ha1 + Gia — haoA(Ahg2 + Gog)

— 2hgeA(Aha1 + Gi1) — by ()\O\BQO + Ga9) — 2Mhyy (Mg + Gn))
¥ Roshao 2\ -+ 2h2 N2 + 2hgahi A2A + hHBQOPA)

1 _ o _
hos = = \ <3G02h20 + 3G11ho2 + Goz — 3hoaA(Ahao + Gap)

— 3hi A Mg -+ Goo) + 3hoshao X* + 3h11h025\3>

4.2.7 The coefficients of h,"'(2)

The coefficients are obtained from the equation z = h (hy'(z)) + O (|2|%) by equating the
coefficients of the same type up to fifth-order, see Section 3.4.

iL2O = _h207 iLll = _h117 BO2 = _h02
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hao = 3h3, — hso + 3hi1hog, ho1 = 3hirhao + hoohog + 2111y

hyp = 2h3, — hig + hoghoo + 2hoahiy + haihao, hos = 3hozhar — hos + 3hozhag

il40 = —15h§0 + 10haohsg — 30hi1haghos — 3h02332 + 4hi1hos — 12h11hoohiy

hsy = —15h11h5y + 4hi1hgo — 12h7, hoy + 3hiohos — 6hoghaohos + ho2hos
— 12h1haohyy — 6hoohoghiy — 6h11hT, + 3hiihia — 3hy1hozhag

hay = —12h%  hag + 3hiahao — 3hoahy + hoahao + hoshoz — 9hoohaihos — 1203 hay
+ 4hiahyy — 6hoghaohiy — 6hoahi, + 2hoahis — 3hi1hoohay — 3hoshoshag — 6R11hy1hag

513 = —6}7?;’1 + 6h11h12 + hoshag — Yhoahiiheg — 3h32}_l02 + 3hosh11 — 18hgahi1hiy
— 6h%17120 + 3h12hoo — 3hoghaohao — 12hgahy1hag — 3h117130 + hy1hsg

hos = 4hgshiy — 12hgah?, + 6hoyhys — 3h2,hoo — 1202, A,

hso = _5( - théo + 4hozhyi (hiy + 3hao) + 21h§0h30 — 2h§0
— 3h3,(2h11hog + hoohyy + 6h3, — hig + 3hoohag)
+ hoz (2hoshoz — 3hi1(4hTy — 2his + 12hy1hag + 215, — 4h30))>
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hyy = — 24ha1highyy + 2403 hyy — h2,(=9haohos + 3hos — 45hgahat) + 60h2, hyyhag
4+ 90h11hi1hay — 2hos(4hi1hoy + 2Rhaghiy + 10h3, — 2h1g + Shoahag)
+ 105h11 kg — 30h1ohi1hag — 20h11hi1hse — 60h11hoohsg
+ R (3671’;’1%2 — 12h12hgs + 12h11 (3haohay 4+ 10h%, — 2hy + Shoshao)

4 5(6Raoh11hao + 36h2, hao — 6h1ohao + OhoshZ, — 2h02h30)>

haz = — Ohiohaohiy + 2403 hoa + 9h2,h2, + Yhgohaghiy — 3hoshaohi — 24hish?,
+ 36ho2haoht; + 60hoah}; — hos(3haohos — hos + 12ho2h11) + 6hizhis
— 9hgzhaohis — 36hozhiihiy — 12hyahoshag + 18hg2haohozhag — 6hoshoshag
+ 90hoahozhi1hao + 15haohi1h3y + 90RT, h3y — 15hi2h3y + 15hoahd,
+ 18h3, (2hooh11 + 4hT, — g + 2hoohag) — dhoohiihsg — 20hT, hao + 4hiahso
— 10ho2haohso — hay (18512%2 — 9ho2(4haohoz — hos + 12hoah1y)

— 36haghi1hao — 120R3, hag + 24h19hag — 30hoah3, + 8h02h30)

hay = — Ahoshaohos + 15ho2h3ghos — 3hoshiy — 6hozhaohes + 54hoahaohoshiy
— 12hgahoshiy + T2ho2hozhiy — 3hiz(4haohos — hos + 9hoohar)
+ 12h3, (5haoho — hos + 9hoohi1) — 18hoghozhis + 18hoahiyhag
+ 9ﬁ§0h11h20 — 3hsohi1hoo + 36hogh? hog + 60R3, hog — Yhaohizhag
— 36h11h12hag + Yhaohoshiy — 3hoshdy + 45hoahi1h3y — 12hoaha1hag
+ (36hogh32 + 3002, b1y — 8haohay + 7203, — 54h11 s — Yhoshao

+ 108Nho2i1heo + 12620(6%1 — 2hyo + 3h02h20)> — 3haohozhso + hoshso
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his = — 12h15h2, + 60h%, h2, + 30hoshaoh2, — 10hoshozhos + 15h3,h11 — 10haohsohyy
+ 45hgoh2,hit + 30h3,h3, — 8haohd, + 36haohs, + 24k, — 15h3,his
+ 4hsohia — 36hoghi1hia — 36hT, hig + 6h3y + 15h3,hoahao — 4hsohoahag
— 6haphozhao + 54haohoahiihag — 12hozhyihag + T2hoahi; hag
— 18hgahashag + 9h2yh2, + 2hiy (45E§0h02 — 15hao(hos — 6hozht)

— 2(5hsohoz + 8hoshir — 3hoa(12h7, — 4his + 3h02h20))> + 3hyhso

hos = —5( — 2173, hos — 3hoahly — 2haohos + 10h11hoshos + 6haohoshn
— 30hy1h2 by + 4hosh?, — 12hgoh, + 9h2y(hos — 3hozhit)
— 2hgzhiz + 12hgaha1 bz + 2hoahoshag — Ohiahiihag
+ 2o (6hs0hoz — 181 h2y + dhoshyy — 12hosh?, + Ghozhis — 3h32h20)>

4.2.8 The lower-order terms of G(h(w))

The composition of G(z) and h(w) can be written in the following form

where Rs = Rs(a, w,w,c) = O(Jw|®) and a;; = yj(a) is complex.

ap =\ a9 = Gag + hopA
ap; = G+ hitA a2 = Gog + hoaA

a0 = Gl + 3Gaohao + haoA + 3G11hos

21 = Ga1 4 2Goohi1 + Giihao + Goohos + 2Gi1hay

a1y = G + Gaoho + 2G11hay + hia + 2Goohay + Grihag
ooz = Gog + 3G11ho2 + hosA + 3Goahao
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g0 = Guo + 6G30hgg + 3Ga0h3, + 4Gahso + 6(Gor + Giihag)hoo + 3Goehdy + 4G11hos

sy = Gz1 + 3G30hi1 + 3Garhag + 3Gaohiihao + Giihso + Gozhos + 3Garhiy
+ 3G11hoohiy + 3BOQ(G12 + Guihi + GOQBH) + 3G 11h1a

Qo9 = G22 + Gg()hoz + 4G!21hll + 2G20h%1 + 2G20h12 + G12h20 + G20h02h20
+4(Grz + Guihi)hiy + 2Gohy + 2Goahis + Garhao + Giihaohag
+ ho2(Goz + Giihoa + Gozhao)

a13 = Gz + 3Ga1hoa + Gaohos + 3G12h11 + 3Ga0hozhin + 3G11ha2
+3(G12 + Gnhn)ﬁzo + 3]_111(G03 + Gi1ho2 + G027120) + G11hso

Qpq = G04 + 6G12h02 + 3G20h(2)2 + 4G11h03 + 6(G03 + Gllhoz)ﬁgo + BGOQBgO + 4G027130

aso = Gso + 10G40hag + 15G30h3, + 10G30hs0 + 10Goghaghsg + 15G19h3,
+10(Ga1 + Gi1hao)hos + 10ho(Gsy + 3Garhao + Grihso + Gozhos)

a1 = Ga1 + 4G yohy1 + 6G1heg + 12G30hy1hog + 3G21h§0 + 4G hsg
+ 4Gohi1hao + 3G03B32 + 4G'31h11 + 12Ga1haohiy + 4G11haghi
+ 4ho3(Gra + Gi1hyy + Gooha) + 6Garhis 4 6Gi1hoohys
+ 6ho2(Gaa + 2Ga1hiy + Grahao + 2G12h11 4 Gozhao)
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sz = Gz + Gaohoa + 6G31h1 + 6G3ohi; + 3Gsphia + 3Gazhag + 3Gaphozhag
+ 6Ga1hi1hog + 3Gaohizhag + Gizhao + Gaohozhso + 6Gashay + 12Ga1hyhyy
+ 6G12ho0h11 + 6G12hi) + 6G12h1s 4+ 6G11hihis + 6Goshiihia
+ Gs1hao + 3Garhaohag + Giihsohao + hos(Gos + Gi1hoz + Gozhao)
+ 3ho2(Gis 4+ Garhos + 2G12hi1 + Giihiz 4 2Goshiy + Gizhao)

g3 = Gog + 3Gs1hoy + Gaohos + 6Gashi1 + 6Gsohg2hy + 6Garhiy + 6Ga1his
+ 6Gaoh11hia + Gishao + 3Garheshao + Gaohoshao + 6Goshiy + 3Goshas
+ 3G11hozhia + 3Gashag + 6Garhiihag + 3G12haohao + 3Gozhiahag
+ 6h11(G13 + Garhoa + 2G12h11 + Giihis + Gizhao) + Gathsg
+ Gr1haohso + ho2(Gos + 3G12hos + Grihos + 3Goshao 4+ Gozhso)

a1y = Gy + 6Goohge + 3G30h32 + 4Go1hoz + 4G13hi1 + 12G a1 hoohar 4+ 4Gahoshia
+ 6G12h12 + 6Goohozhis + 6(Gis + Garhoe + 2Gh2hyy + G11h12)]_120 + 3G127l§0
+ 4G 12h3o 4+ 4G 11hi1hso + 4h11 (Gog + 3G 12hoa + Giihos + 3Goshao + Goghao)

s = Gos + 10G 13hg + 15Ga1 k3, + 10G 12003 + 10Go0hoahos + 15Go3hs,
+ 10(Gos + Gnhoz)}_l:ao + 107120(G04 + 3G12ho2 + Gi1hos + G027130)

4.2.9 The lower-order terms of h™}(G(h(w)))

See Subsection 3.4.5 for the definition of 3;;, 4 <7+ j <5.

Bao = g + 30(%0%20 + 4a100é30ilzo + 604%0@20%30 + o/fofuo

+ 6(0420;l11 + 04%0521)0702 + 3l~1025é§2 + 4Oé1o;l110703
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Ba1 = g1 + 304110420520 + 304100421520 + 304%00411;&30
+ (043();111 + 304100420521 + 04?0;131 + E02@03)5é10 + 30620}~111@11

+ 30&%071215411 + 30702(04117111 + 0410}1125410 + 71025411) + 3041071110712

Bag = oo + 204%1520 + 20410a12B20 + 06020420520 + 040204%0%30 + (0420512 + Oé%o;lm)@%o
+ 40411;1115411 + QﬁOQ@% + 2(5410((3621;111 + 204100411}321 + 2()610;112@11 + FL025412)

+ 0420;L110720 + 04%071215420 + 0702(04027111 + 50354%0 + 5025420) + 2041071110721

Bis = a1z + 04030410;@0 + 304020411520 + Oéloillgdi’o + 307%0(0411512 + 7L030711)
+ 30411}3110720 + 35411(0402illl + EUQ@QO) + 04105110730

+ 35410(0412}~111 + 04020410}~l21 + 0410}~1120_é20 + il025é21)

504 = Q4 + 30(%22L20 + 5045/110 + 6@02ﬁ11@20 -+ 350267!%0

+ 60—6%@(0402}312 + iL035420) + 40—410(0603511 + }3020730)

Bso = s + 10aspazohag + Sangaugha + 15a10a§0iz30 + 1004%00430530 + 10051300420;140
+ Oéi]oilg)() + 15@10%12@32 + 10(0&20511 + Oz%oilzl)@()g

+ 100—402(0430ﬁ11 + 304100420;L21 + Oézfoilzn + ]~1025403) + 504105110704
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But = aur + 6asgan hag + daniasehag + dargasihag + 1200000103030 + 604%00421;130
+ 404?00611}340 + agohiidig + 3043071215410 + dargazoha G + 606%00620;1315410
+ afohar@no + 3hosadyain + hoatioading + dazohiidn + 12000020he101
+ 404?05315411 + 40—403(0411]~ln + 0410B120710 + ;L020711) + 604207111@12
+ 602 <a21iL11 + 200011 + (asohiz + afghas) g + 2001280, + il025412>

+ 604305210712 + 404105115613

Bsg = aigy + 3a2020h90 + 610091 higg + Bagaiashag + agaasohan + 6041004317130
+ 304%004127130 + Bageangaaohsg + 040204?0540 + 2031 hy1 @10 + 6 aphar A
+ 6041004217321@10 + 604%004112%1@10 + 0430%254%0 + 30610(120%2254%0
+ ai’oiLSQ@%o + 6agihyan + 12a10a1hor @y + 6aaghiadiodi
+ 60«4%0]32264106-’11 + 60410;l1207%1 + 60[11illld12 + 6a10ﬁ120710d12
+ Bhoa1Gia + 2hoaGio@as + ol dao + 3angaaohar diag + 06?02%15420
+ 5403(0402;111 + }Nloz@%o + il025420) + Bagohy oy + 304%071210721

+ 32 <a12il11 + 060204107121 + 06107113@%0 + 2(3410(6‘411]~112 + il030711)

+ a10ﬁ12@20 + ﬁ02@21) + 30410;“1@22

Baz = Qs + 6aniizhag + 2010013090 + Qoznghag + 3anaa hiag + 04030430530
+ 6anzaioanihae + (aaohns + afohas) @y + 6anahii g + 6agzanoherai
+ 3@02}~l115412 + 354?0(0421}312 + 204100411}322 + 20410}~l135411 + B035412) + 3042171115420
+ 6010011 D21 Qoo + BaiohiaiiGing + 3hoaiatoo + 6anihiidia
+ 6l~lo25é115¥21 + 35410(04227111 + 20[%1%21 + 20410%27121 + CY020420Ffvb21 + 06020430%1
+ 4a11il125é11 + 2%3@%1 + Oézoillzdm + 0430%20720 + 20410E125421 + il()z@m)
+ apoh1@igo + 20011831 + Ay g

+ Qo2 (0403il11 + il04d:150 + 30710(0402B12 + hosding) + ;l020_é30)
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Bia = aig + agaariohag + dogzont hag + 6agaaizhag + 304320410530 + 041051407110
+ 454?0(0611i113 + ;1040711) + 612h1 G + Bagaripha ding + 3(110}3126430
+ 6gahi1 @1 + 6hgadioding + 65&%0(0412512 + agaiohgs + anohisdsg + 71035421)
+ 4o hiraso + 46[11(@03%11 + hoaligo) + 4auig (0613l~1n + agzanohar + 3ageaiiha

+ a1 hiaGag + 3011 (ozhiz + hosdiag) + aiohiads + B02@31) + aohibug

Bos = aos + 10agacozhag + hosajy + 1003 (o2his + hoadiag) + 10agah o
+ 10&20(a03ﬁ11 + 502@30) + 10@%0(0403]312 + ﬁogdgo)
+ 50_410(0404;“1 + 3&%2;@1 + 606022L12C_k20 + 3%030_430 + EOQ@AH))

4.2.10 The Lyapunov-coefficient
|G02|2_ G21

_ GuGy(2A+ )X —3) |Gl
C1 = = =+ +
22 =N (A =1) IAZ—=X  2(A2 =) 2




Summary

In this thesis we are studying the global stability of the delayed logistic difference equation

Tpy1 = aZn(l — Tp_q),

or equivalently the (d + 1)-dimensional map

Uy Uz
Uz Uus
. Rd+1 _ d+1
F;: R Su= ] — ) e R,
Ugi1 atgi1 (1 —uy)

where @ > 0 and d € N. The thesis is based on papers [4, 7| of the author. Chapter 1
is the introduction where we describe the problem and also outline the main parts of the
dissertation. In Chapters 2 and 3 we consider the cases d = 1 and d = 2, respectively.
Finally, in Chapter 4 the lengthy coefficients were collected to preserve the readability of
the main part of the thesis.

It is well known that for a € (0, 1] the origin is the unique fixed point of Fy in [0, 1]4+1,

d+1 For g > 1 a nontrivial

which is locally stable and lim,,_,o Fj'(u) = 0 for every u € [0, 1]
fixed point us = (A, A,..., A) with A =1 —% appears in [0, 1]4T1. There exists an ag > 1,
depending on d such that this fixed point is locally asymptotically stable for a € (1, ap),
and unstable for a > ag. At a = ag a Neimark—Sacker bifurcation takes place. We show

that the following conjecture is true for d € {1,2}.

Conjecture. The fized point uy is locally stable and lim Fj(u) = ua for a € (1,a0] and

n—oo
k
ue St = {u c [0,1)% x (0,1) : akudHH(l —uj) <1 for ke {1,2,...,d}}.
j=1
Here, S¢ contains exactly those (z¢,1,...,7q4) € R4 for which z,, > 0 for every

n > d. The conjecture can be formulated so that local stability implies global stability
for the fixed point u4. This is satisfied for several problems, see e.g., [11, 12, 13, 5, 6],
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but it is not true in general, see e.g., [14].

In Sections 2.1 and 3.1 we give purely analytical proofs of the conjecture for smaller
parameter values, more precisely for a € (1, %} with d = 1 and d = 2, respectively.
However, for larger a the proof of the global stability is a combination of analytical and
computer-aided tools. First, we construct analytically an attracting neighborhood M of
the nontrivial fixed point u4. Then, by applying reliable numerical tools, it is shown
that for every u € S the iterates F7(u) eventually enter M. Consequently, all points
of S¢ belong to the region of attraction of u,. Here, reliable means that all possible
numerical errors are controlled by using interval arithmetic techniques. Therefore, the

computer-assisted part also provides mathematically rigorous statements.

In Sections 2.2 and 3.2 a standard linearization technique gives an attracting neighbor-
hood of uy for parameter values further from ag. However, the attracting neighborhood
obtained via linearization shrinks to the fixed point as a tends to ag. Therefore, for pa-
rameter values a close to ag this neighborhood is not big enough for computer use in
the second part of the method and we need another approach to construct an attracting

neighborhood for these parameter values.

In Section 2.3 for a close to ay we use the normal form of the Neimark—Sacker bifur-
cation. More precisely, with smooth and invertible maps, we transform the map into the
form

w = \w + W’ + Ry,

where ¢; is the Lyapunov-coefficient and Ry = O (Jw|*). Then we show that there exists
a po > 0 such that
A + ciw® + Ry| < |wl

for every w € C with 0 < |w| < po, which guaratees that B, is inside the attracting
neighborhood. Since we need the size of the constructed neighborhood M for computer
use, it is not enough to determine only the lower-order terms during the normal form
transformation, like we would do in a regular bifurcation analysis. These lower-order
terms only assure the existence of such a sufficiently small neighborhood, whose size is
not explicitly determined by them. Therefore, it is essential during the transformation to
trace the higher-order terms and to estimate them as well as possible, in order to obtain

a sufficiently big neighborhood M.

In Section 3.4 we adapt the Neimark—Sacker bifurcational normal form technique for
the case d = 2. However, we need new ideas, since F3(u) is three-dimensional, and thus
the adaptation of the method is not that straightforward. The novelty of this section is an
explicit construction of a relatively large attracting neighborhood of the nontrivial fixed

point of the three-dimensional logistic map by using center manifold techniques and the
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Neimark—Sacker bifurcational normal form.

In Section 3.3 we carry out an approximate version of the center manifold reduction.
We consider the fourth-order polynomial approximation ¢(z) of the center manifold and
the set

T(r,C) ={(z,y) € CxR: [2| <7, |y —¢(2)] < O}

around y = ¢(z), where r and C' are some positive constants.

In Subsections 3.3.1 and 3.3.2 we investigate the y-directional dynamics in T'(r,C').
Using the property that solutions close to the fixed point decay exponentially to the
center manifold we show that 7'(r, C') is conditionally invariant in direction y. In Section
3.4 the z-directional dynamics in T'(r,C) is investigated by using the Neimark—Sacker
bifurcational normal form technique. Exploiting the special shape of T'(r,C') we can
show that in an appropriate coordinate system the transformed z coordinate is strictly
decreasing during the iteration, similar to the two-dimensional case. Finally, combining
the y- and z-directional dynamics, we obtain that T'(r, C') is inside the region of attraction
of the fixed point.

However, T'(r, C') is clearly not a proper neighborhood of the origin in C xR. Therefore,

in Section 3.5 we define the set

T(7, K) = {(z,y) € Cx R: || <7, |6(2) — y| < K}

for some 7 > 0 and K > 0. By using the exponential y-directional attractivity of T'(r, C')

we show that T(7, K) is also in the region of attraction of the fixed point.

In Sections 2.4 to 2.6 and 3.6 to 3.7 we describe the computer-assisted part of our
method for d = 1 and d = 2, respectively. We cover S¢ with finitely many (d + 1)-
dimensional small cubes. Considering these cubes as vertices of a graph we introduce a
directed graph, which, to a certain extent, describes the behavior of map Fj; on these
cubes. Therefore, we convert the issue of examining infinitely many points into a finite
graph problem, which can be handled by computer. To construct the edges of this graph
we use reliable numerical methods in order to handle the rounding errors of the computer.
We show with the help of this graph that the iterates of every point from S? enter the
neighborhood constructed before, and the proof of Conjecture is completed for d € {1, 2}.

Despite the fact that we demonstrate our method only on a specific equation, we
believe that it can be applied or extended to other similar maps. For instance the Ricker
map (see [5]) and the Pielou map (see [13]) with delay d = 2 essentially differ only in
that they are not polynomial maps. Hence, only a slight modification would be necessary
in the estimations. However, the main question is whether the obtained neighborhood

is large enough for the computer-aided part of the method. These two maps along with
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the logistic map would also be interesting for larger delay, i.e., d > 2. We believe that
the analytical part could be extended using only natural modifications. However, the
computer-aided part can be critical in these cases, since the increasing dimension causes
an exponentially growing graph.

It also would be interesting to prove the existence of the unique invariant closed
curve around the nontrivial fixed point for parameter values larger than the critical value.

However, this question is substantially different from the one studied in this thesis.



Osszefoglalo

A disszertacioban az

Tpp1 = ap (1 — 2p—q)

késleltetett logisztikus differenciaegyenlet globalis stabilitasat vizsgaljuk az a > 0ésd € N

paraméterek esetén. Az egyenlet ekvivalens modon az

Uy U2
Uz Uus
Fy:RF syu=| 7 | = , c R,
Udt1 attgy1(1 — uy)

alakba irhato. Jelen mi a szerz6 [4, 7| cikkein alapul. Az 1. fejezet a bevezetés, ahol
ismertetjiik a problémakort és felvazoljuk a disszertacio {6 1épéseit. A 2. és 3. fejezetben
ad =1, illetve d = 2 esetekben vizsgéaljuk a késleltetett logisztikus leképezés globa-
lis stabilitdsat. Végezetiil a 4. fejezetben gyiijtottiik Ossze az értekezésben elGforduld
egylitthatokat, hogy a terjedelmes kifejezések ne nehezitsék a disszertacio olvashatosagét.

Jol ismert, hogy a € (0,1] esetén az Fy fiiggvénynek a [0, 1] halmazon az origd
az egyetlen fixpontja, amely lokalisan stabil és lim, o, F7(u) = 0 minden u € [0, 1]¢"!
esetén. Amennyiben a > 1, ugy egy nemtrivialis ua = (4, A, ..., A) fixpont jelenik meg
[0,1]%"! halmazban, ahol A =1 — L. Tovabba létezik egy d-t6l fiiggs ag > 1, gy, hogy
ez a nemtrivialis fixpont lokalisan aszimptotikusan stabil, ha a € (1, ag), és instabil, ha
a > ag. Az a = ag helyen Neimark—Sacker bifurkacié kovetkezik be. Megmutatjuk, hogy
a kovetkez sejtés teljesiil d € {1,2} érték esetén.

Sejtés. Az uya fizpont lokdlisan stabil, tovabbd lim Fj(u) = ua minden a € (1,a0] és

n—oo
u € S esetén, ahol
k
g — {u €10,1)" x (0,1): duge [[(1 —uy) <1 for ke {1,2,...,d}}.
j=1
A fenti kifejezésben az S¢ halmaz pontosan azokat az (xg,1,...,14) € Rff’l pontokat
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tartalmazza, melyekre x,, > 0 teljesiil minden n > d esetén. A sejtés olyan alakba is
atfogalmazhato, hogy az u, fixpont lokélis stabilitdsa maga utan vonja annak globélis
stabilitasat. Ez a tulajdonsag szamos esetben teljesiil, lasd |11, 12, 13, 5, 6], azonban nem
igaz mindig, lasd [14].

A 2.1. és 3.1. szakaszban tisztan analitikus bizonyitast adunk a sejtésre az a paramé-
ter kis értékei esetén, pontosabban az a € (1, %] értékekre, ahol d = 1, illetve d = 2.
Ezzel szemben az ap-hoz kozeli a < ag értékek esetén a bizonyitas analitikus és megbiz-
hatd, szamitogéppel tadmogatott modszerek 6tvozésével torténik. ElGszor az uy fixpont
koriil analitikus eszkozokkel konstrualunk egy M vonzé tartomanyt, majd megbizhato
numerikus modszerekkel megmutatjuk, hogy minden v € S¢ esetén az F7'(u) iteraltak
elébb-utobb belelépnek az igy kapott M kornyezetbe. Kovetkeztetésképpen S? minden
pontja az us vonzastartomanyaban van. Jelen esetben a megbizhat6 azt jelenti, hogy
minden lehetséges numerikus hiba kontrolldlva van intervallum aritmetikai technikakkal.

Ezaltal a szamitogéppel tamogatott rész is matematikailag preciz eredményeket szolgaltat.

A 2.2, és 3.2. szakaszban az aop-t6l tavolabbi paraméterértékek esetén standard li-
nearizacios technikadk segitségével nyerjiik az uy koriili vonzé kérnyezetet. Azonban az
igy nyert kérnyezet rdhuzodik a fixpontra, ahogy a tart ag-ba. Emiatt az ag-hoz kozeli
paraméterértékek esetén ez a kornyezet nem lesz elegendGen nagy a szamitégéppel tamo-
gatott rész szamara a modszeriink masodik felében. Igy e paraméterértékek esetén egy

méasik megkozelitésre is sziikséglink van a vonzo6 kornyezet konstrukcidjahoz.

A 2.3. szakaszban ag-hoz kozeli a esetén a Neimark—Sacker bifurkaciés normalformét

hasznaljuk. Pontosabban sima és invertalhato leképezésekkel a
w > A + cqw?W + Ry

alakba transzformaljuk a leképezést, ahol ¢; a Lyapunov-egyiitthato és Ry = O (Jw|?).

Ezutdn megmutatjuk, hogy létezik py > 0 gy, hogy
|Aw + 1w + R| < |w]

minden w € C-re, ahol 0 < |w| < po. Ez biztositja, hogy a B,y = {w € C: |w| < po}
halmaz benne van a vonz6 koérnyezetben. Mivel a szamitogépes részben sziikségiink van
a konstrudlt kornyezet méretére, ezért a normalforméas transzformécié soran nem elegen-
d6 csupan az alacsonyabbrendid tagok egyiitthatoit meghatarozni, ahogy egy szokasos
bifurkaciés vizsgalat esetén tennénk. Ezek az alacsonyabbrendd tagok csak a létezését
biztositjak egy elegend&en kis kornyezetnek, de annak explicit méretét nem szolgéltatjik.
Emiatt lényeges, hogy a transzformécié soran nyomon kovessiik a magasabbrendii tago-

kat, valamint hogy amennyire lehetséges, pontos becslést adjunk rajuk annak érdekében,
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hogy elegendGen nagy M kornyezetet kapjunk.

A 3.4. szakaszban a Neimark-Sacker bifurkiciés normalformat adaptéljuk a d = 2
esetre. Ehhez azonban 1j Gtletekre van sziikségiink, ugyanis az F3(u) egy haromdimenzios
fliggvény, és igy a modszer adaptalasa nem magatol értet6ds. E szakasz tjdonsigéat az
alkotja, hogy a haromdimenzios logisztikus leképezés nemtrivialis fixpontja koriil explicit
modon konstrudltunk egy viszonylag nagy vonz6 kornyezetet a centralis sokasag és a
Neimark-Sacker bifurkiciés normalforma segitségével.

A 3.3. szakaszban a centralis sokasigra valo redukcié egy kozelit§ valtozatat hajtjuk
végre. ElGszor tekintjiik a centralis sokasag ¢(z) negyedrendii polinomidlis kozelitését,

majd az y = ¢(z) koriili
T(r,C) ={(z,y) eCxR: [z[ <7, |y — ¢(2)] < C|2[’}

halmazt, ahol r és C' pozitiv konstansok.

A 3.3.1. és 3.3.2. alszakaszokban az y iranyt dinamikat vizsgaljuk a T'(r,C') hal-
mazban. Felhasznalva, hogy a fixponthoz kozeli megoldésok exponencidlisan kozelitik
meg a centralis sokasagot, megmutatjuk, hogy T'(r, C') feltételesen invarians az y irany-
ban. A 3.4. szakaszban pedig a z iranya dinamikat vizsgaljuk a T'(r,C') halmazban a
Neimark—Sacker bifurkicios normélforma segitségével. Kihasznalva a T'(r, C') halmaz spe-
cialis alakjat, megmutathato, hogy egy megfelels koordinata-rendszerben a transzformalt
z koordinata szigortian csokken a leképezés iteralasa soran, hasonléan a kétdimenzios eset-
hez. Végezetiil az y és a z iranya dinamika kombinalasaval megkaphatjuk, hogy a T'(r, C')
halmaz benne van a fixpont vonzastartomanyaban.

Vilagos, hogy T'(r,C) nem egy valodi kérnyezete a C x R koordinata-rendszer origo-

janak. Ezért a 3.5. szakaszban bevezetjiik a

T(7, K) = {(z.y) € Cx R: 2] <7, [6(2) —y| < K}

halmazt adott 7 > 0 és K > 0 konstansok esetén. Felhasznalva a T'(r, C') halmaz y iranya
exponencilisan vonzo tulajdonsagat megmutatjuk, hogy T (7, K) is a fixpont vonzastar-
toméanyaban van.

A 2.4-2.6. és 3.6-3.7. szakaszokban a médszer szamitogéppel tdmogatott részét ismer-
tetjiik d = 1, illetve d = 2 esetben. Az S¢ halmazt lefedjiik véges sok (d + 1)-dimenzios
kis kockaval. Ezeket a kockdkat tekintve a graf cstucsainak, bevezetiink egy irényitott
grafot, amely leirja az F,; leképezés viselkedését ezeken a kis kockdkon. Ezaltal az S¢ hal-
maz végtelen sok pontjdnak vizsgalatat egy véges grafprobléméra vezettiik vissza, amely
kénnyebben kezelhet§ szamitogépes eszkozokkel. Az iranyitott graf éleinek konstruala-

sdhoz megbizhaté numerikus modszereket hasznalunk, hogy a szamitogép lebegépontos
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abrazolasabol adodo hibikat kezelni tudjuk. E graf segitségével megmutatjuk, hogy S¢
minden pontjanak iterdltjai belelépnek a korabban kapott vonz6 kornyezetbe. Bebizo-
nyitva ezzel a sejtést a d € {1,2} esetekre.

Annak ellenére, hogy modszeriinket a logisztikus leképezésen mutattuk be, gy gon-
doljuk, hogy konnyedén alkalmazhato, illetve kiterjeszteté mas, hasonlo leképezésekre is.
Példaul a Ricker (lasd [5]), valamint a Pielou leképezés (lasd [13]) d = 2 késleltetéssel
a modszer szempontjabol lényegében csak abban kiilénbozik a logisztikus leképezéstol,
hogy azzal ellentétben ezek nem polinomialis leképezések. Ennek kovetkeztében a mod-
szer konnyen adaptalhato; minddssze kis modositast kell bevezetni becsléseink sordan. A
6 kérdés igazabol az, hogy a kapott vonzo kérnyezet elegendGen nagy méretii-e a modszer
szamitogéppel tdmogatott részéhez, azaz belathatd szamitasi id6t és memoriat felhasznal-
va sikeresen le fut-e az algoritmus. A fenti két leképezés a logisztikus leképezéssel egyiitt
érdekes probléma nagyobb késleltetés, azaz d > 2 esetén is. Hissziik, hogy az analitikus
rész, egészen pontosan a centralis redukcio, természetes modon adodo modositasokkal at-
iiltethet6 magasabb dimenzioba is. A kritikus pontot a szamitogépes rész jelenti, ugyanis
a magasabb dimenzi6 exponencidlisan novekv§ grafot eredményez.

Ezeken feliil érdekes probléma lehet a kritikus értéknél nagyobb paraméterértékek
esetén megjelend egyetlen invarians zart gérbe létezésének bizonyitasa is. Azonban ez a
kérdés merében kiilonbozik a disszertdcioban vizsgalt problémétol, igy 1ényegesen tobb 1j

Otletre van sziikségiink ennek megmutatasahoz.
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