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One of the first sentences of the seminal paper Extremal polynomials associated with a system of curves in the complex plane
by Harold Widom is ”All asymptotic formulas have refinements.”
The goal of this thesis is to refine, extend and establish asymptotic formulas related to orthogonal polynomials with respect to
generalized Jacobi measures, i.e. measures having an algebraic singularity |x − x0 |α dx somewhere in their support.

The main objects of our study are the Christoffel-Darboux kernel defined by
Kn (z, w) =

n−1
X

pk (z)pk (w),

k=0

where pn denotes the n-th orthonormal polynomial with respect
to µ, and the Christoffel function defined by
Z
|P (z)|2
λn (µ, z0 ) = inf
dµ(z),
deg P <n
|P (z0 )|2
where the infimum is taken for all nonzero polynomials of degree
n − 1. It is a known fact that
λn (µ, z0 ) =

1
.
Kn (z0 , z0 )

The study of Christoffel functions has started in the beginning
of the XXth century, one important early result is due to Gábor
Szegő. He proved that if µ is a measure supported on the unit circle

1

T which is absolutely continuous with dµ(eit ) = w(eit )dt and
Z π
1
log w(eit )dt > −∞
2π −π
holds, which is called Szegő condition, then we have
lim λn (µ, z) = (1 − |z|2 )eRe D(µ,z) ,

n→∞

|z| < 1,

where D(µ, z) is the Szegő function defined by
Z π it
1
e +z
D(µ, z) =
log w(eit )dt.
2π −π eit − z
The influence of this result can be seen in the asymptotic theory
of orthogonal polynomials, but it has also served as a motivation
to study Hardy spaces.

If we study the asymptotics in the points of the unit circle, we
have
lim λn (µ, z) = µ({z}),

n→∞

|z| = 1,

which is zero, if the measure is absolutely continuous, therefore
this does not provide much useful information. In this case, the
main question is to determine the exact order of asymptotics. A.
Máté, P. Nevai and V. Totik proved in the seminal paper [2] that if
µ is supported on the unit circle with dµ(eit ) = w(eit )dt + dµs (eit )
there, then if the Szegő condition
Z π
1
log w(eit )dt > −∞
2π −π
2

holds, we have
lim nλn (µ, eit ) = 2πw(eit )

n→∞

for t ∈ [−π, π) almost everywhere. A similar result was proved for
measures supported on [−1, 1].

For measures supported on a general compact subset of the
real line, the above results were extended by Totik in [6] using
the polynomial inverse image method developed by him in [8].
He showed that if µ is regular in the sense of Stahl-Totik and
it is supported on a compact set supp(µ) = K with dµ(x) =
w(x)dx + dµs (x) there, then if the local Szegő condition
Z
log(w(x))ωK (x)dx
I

holds, where ωK is the density function of the equilibrium measure,
we have
lim nλn (µ, x) =

n→∞

w(x)
ωK (x)

for x ∈ I almost everywhere. Asymptotics are also established for
measures supported on a set of disjoint Jordan arcs and curves.
Totik proved in [7] that if µ is supported on a disjoint union of
Jordan curves γ lying exterior to each other, then if z0 ∈ γ and µ
is absolutely continuous with respect to the arc length measure sγ
in a small subarc containing z0 and dµ(z) = w(z)dsγ (z) there for

3

some continuous and strictly positive weight w, we have
lim nλn (µ, z0 ) =

n→∞

w(z0 )
,
ωγ (z0 )

(1)

where ωγ again denotes the Radon-Nikodym derivative of the equilibrium measure with respect to the arc length measure sγ .

If, however, w(z) is not continuous or positive at the prescribed
point z0 , the asymptotics in (1) does not hold anymore. The first
main result of this thesis is the generalization of this result for
measures exhibiting dµ(z) = w(z)|z − z0 |α dsγ (z) behavior around
z0 for some α > −1. Our main result in this setting is the following.
Theorem 1. Let γ be a disjoint union of rectifiable Jordan curves
lying exterior to each other and let µ be a finite Borel measure regular in the sense of Stahl-Totik with support supp(µ) = γ. Suppose
that for a z0 ∈ γ, there is an open set U such that J = U ∩ γ is a
C 2 smooth Jordan arc and µ is absolutely continuous with respect
to the arc length measure and
dµ(z) = w(z)|z − z0 |α dsγ (z),

z∈J

there for some α > −1 and some weight function w which is
strictly positive and continuous at z0 . Then
α+1

lim n

n→∞

α + 1 α + 3
w(z0 )
α+1
λn (µ, z0 ) =
2 Γ
Γ
(πωγ (z0 ))α+1
2
2
4

holds, where Γ(z) denotes the Gamma function and ωγ again denotes the Radon-Nikodym derivative of the equilibrium measure
with respect to the arc length measure sγ .
Asymptotics for the Christoffel-Darboux kernel can also be
studied off the diagonal. One area of interest is the so-called universality limits for random matrices, which is an intensively studied
topic of mathematical physics, having several applications even
outside mathematics.
For measures supported on [−1, 1], a new approach for universality limits was developed by D. S. Lubinsky in the seminal papers
[3] [4] [5]. In [3] it was shown that if µ is a finite Borel measure
supported on [−1, 1] which is regular in the sense of Stahl-Totik
and absolutely continuous with dµ(x) = w(x)dx in a neighbourhood of x0 ∈ (−1, 1), where w(x) is also continuous and strictly
positive, then the universality limit


a
b
e
Kn x0 + Ke (x ,x ) , x0 + Ke (x ,x )
sin π(b − a)
n 0 0
n 0 0
lim
=
n→∞
e n (x0 , x0 )
π(b − a)
K
p
e n (x, y) =
holds, where K
w(x)w(y)Kn (x, y) denotes the normalized Christoffel-Darboux kernel. The terminology universality
limit comes from the fact that inside the limit we have a quantity which is heavily dependent on the measure, but after taking
the limit, it is independent of it. Before this result of Lubinsky,
5

analiticity of the weight function was required on the whole support [−1, 1], therefore this was a large step ahead.

When the measure exhibits singular behavior at the prescribed
point x0 , for example it behaves like |x − x0 |α dx for some α > −1,
it no longer shows the same behavior and instead of the sinc kernel,
something else appears. Generalized Jacobi measures of the form
dµ(x) = (1 − x)α (1 + x)β h(x)dx,

x ∈ [−1, 1],

where h(x) is positive and analytic, were studied by A. B. J. Kuijlaars and M. Vanlessen in [1]. Using Riemann-Hilbert methods,
they showed that
1 e 
a
b 
K
1
−
,
1
−
= Jα (a, b)
n
n→∞ 2n2
2n2
2n2
lim

(2)

uniformly for a, b in compact subsets of (0, ∞), where Jα (a, b) is
the so-called Bessel kernel defined as
√ √
√
√
√ √
Jα ( a) bJα0 ( b) − Jα ( b) aJα0 ( a)
Jα (a, b) =
2(a − b)

(3)

and Jα (x) denotes the Bessel function of the first kind and order
α. This was extended by Lubinsky in [4]. He proved that if µ is
a finite Borel measure supported on [−1, 1] which is absolutely
continuous on [1 − ε, 1] for some ε > 0 with
dµ(x) = w(x)|x − 1|α ,
6

x ∈ [1 − ε, 1]

there, where w(x) is strictly positive and continuous at 1, then

a
b 
1
Kn 1 − 2 , 1 − 2 = J∗α (a, b)
lim
n→∞ 2n2α+2
2n
2n
holds, where J∗α (a, b) =

Jα (a,b)
aα/2 bα/2

is the entire version of the Bessel

kernel. It was also shown by Lubinsky in [5] that if K is a compact subset of the real line and x0 ∈ K is a right endpoint of
K (i.e. there exists an ε > 0 such that K ∩ (x0 , x0 + ε) = ∅),
then if µ is a finite Borel measure with supp(µ) = K which is absolutely continuous in a small left neighbourhood of x0 behaving
like dµ(x) = |x − x0 |α dx there for some α > −1, then
Kn (x0 − aηn , x0 − aηn )
J∗ (a, a)
= α∗
n→∞
Kn (x0 , x0 )
Jα (0, 0)
lim

(4)

for all a ∈ [0, ∞) implies
J∗ (a, b)
Kn (x0 − aηn , x0 − bηn )
= ∗α
n→∞
Kn (x0 , x0 )
Jα (0, 0)
lim

(5)

uniformly for a, b on compact subsets of the complex plane, where
the sequence ηn is ηn = (J∗α (0, 0)/Kn (x0 , x0 ))1/(α+1) . In such a general setting, it was not known if (4) holds.

In the second main part of the thesis, we show that (4) does
indeed hold, hence (5) also holds as well. On the other hand, we
also aim to establish universality limits in the case when the singularity is located in the interior of the support rather than at the
hard edge.
7

In order to express universality limits for measures exhibiting
power-type singularity in the interior of its support, we define the
kernel function for a, b ∈ R by
√

ab 
J α+1 (a)J α−1 (b) − J α+1 (b)J α−1 (a)
Lα (a, b) =
2
2
2
2
2(a − b)
if a, b ≥ 0,
p

a(−b) 
Lα (a, b) =
J α+1 (a)J α−1 (−b) + J α+1 (−b)J α−1 (a)
2
2
2
2
2(a − b)
if a ≥ 0, b < 0, and Lα (a, b) = Lα (−a, −b) otherwise, where Jν (x)
denotes the Bessel functions of the first kind and order ν. Since
Jν (z) = z ν G(z) where G(z) is an entire function, we can define
the entire version of the kernel function for arbitrary complex arguments as
L∗α (a, b) =

Lα (a, b)
,
aα/2 bα/2

L∗α (a) =

Lα (a, a)
,
aα

a, b ∈ C.

(6)

Our main results are the following four theorems. The first two
deals with the asymptotics of Christoffel functions when the power
type singularity is in the interior (in other words, in the bulk) or
at an endpoint (in other words, at the hard edge). The last two
theorems are concerned with universality limits in the same cases.
Theorem 2. Let µ be a finite Borel measure which is regular in the
sense of Stahl-Totik and suppose that µ is supported on a compact
set K = supp(µ) on the real line. Let x0 ∈ int(K) be a point
8

from the interior of its support and suppose that on some small
interval (x0 −ε0 , x0 +ε0 ) containing x0 , the measure µ is absolutely
continuous with
dµ(x) = w(x)|x − x0 |α dx,

x ∈ (x0 − ε0 , x0 + ε0 )

there for some α > −1 and α 6= 0, where w is strictly positive and
continuous at x0 . Then


−1
a
w(x0 )
∗
lim nα+1 λn µ, x0 +
=
L
πω
(x
)a
(7)
K
0
n→∞
n
(πωK (x0 ))α+1 α
holds uniformly for a in compact subsets of the real line, where
L∗α (·) is defined by (6).
The analogue for the edge is the following.
Theorem 3. Let µ be a finite Borel measure which is regular in the
sense of Stahl-Totik and suppose that µ is supported on a compact
set K = supp(µ) on the real line. Let x0 ∈ K be a right endpoint of
K (i.e. K ∩ (x0 , x0 + ε1 ) = ∅ for some ε1 > 0) and assume that on
some interval (x0 − ε0 , x0 ] the measure µ is absolutely continuous
with
dµ(x) = w(x)|x − x0 |α dx,

x ∈ (x0 − ε0 , x0 ]

there for some α > −1, where w is strictly positive and left continuous at x0 . Then


−1
w(x0 )
a 
2α+2
α+1 ∗
2
lim n
λn µ, x0 − 2 =
2 Jα M (K, x0 ) a
n→∞
2n
M (K, x0 )2α+2
(8)
9

holds uniformly for a in compact subsets of [0, ∞), where J∗α (·) is
the Bessel kernel defined by (3) and M (K, x0 ) is defined by
M (K, x0 ) = lim

x→x0 −

√

2π|x − x0 |1/2 ωK (x).

(9)

By symmetry, there is a similar result for left endpoints. From
the asymptotics for Christoffel functions we obtain universality
limits.
Theorem 4. With the assumptions of Theorem 2, we have

Kn x0 + na , x0 + nb
L∗ (πωK (x0 )a, πωK (x0 )b)
lim
= α
(10)
n→∞
Kn (x0 , x0 )
L∗α (0, 0)
uniformly for a, b in compact subsets of the complex plane.
Theorem 5. With the assumptions of Theorem 3, we have


J∗α M (K, x0 )2 a, M (K, x0 )2 b
Kn x0 − 2na 2 , x0 − 2nb 2
=
.
lim
n→∞
Kn (x0 , x0 )
J∗α (0, 0)
(11)
uniformly for a, b in compact subsets of the complex plane.
Again by symmetry, there is a similar result for left endpoints.

The proofs of the main results are done in several steps. First,
we study the measures µbα and µeα supported on [−1, 1] and defined
by
dµbα (x) = |x|α ,
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x ∈ [−1, 1]

and
dµeα (x) = |x − 1|α ,

x ∈ [−1, 1].

Using the Riemann-Hilbert method, we shall prove (7) for µbα and
(8) for µeα , which shall serve as a model case for our investigations
about measures supported on the real line. Then we transform
some of the results to obtain Theorem 1 for the measure µTα defined
by
dµTα (eit ) = |eit − i|α dt,

t ∈ [−π, π).

After this, we shall transform these model cases using the polynomial inverse image method of Totik, to obtain Theorems 1, 2 and
3 in their full generailty. After these, we prove Theorems 4 and 5
using the normal family approach of Lubinsky.

The thesis is based on the following publications.
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