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CHAPTER 1

Introduction

The concepts of Hilbert spaces and bounded operators on them are very important in
most parts of mathematical analysis and also in the mathematical foundation of quantum
physics. One of the first important steps in this topic was to develop the theory of normal
operators, to which many famous mathematicians contributed including for instance D.
Hilbert and J. von Neumann. The main result concerning this class of operators is the
well-known spectral theorem which gives us a very useful model of normal operators.
This theorem was proven by von Neumann in the 20th century. This is in fact the right
generalization of the finite dimensional spectral theorem which was proven first by A. L.
Cauchy in the 19th century. In view of this theory we have a very powerful tool if we
would like to deal with normal operators.

On the other hand, the theory of non-normal operators is not very well-developed.
However, many results have been obtained in the second half of the 20th century. One
of the main methods of examining non-normal operators, acting on a complex Hilbert
space, is the theory of contractions. We say that a bounded, linear operator T' € B(H) is
a contraction if ||T|| < 1 is satisfied, where B(H) denotes the set of bounded operators
acting on the complex Hilbert space H. This area of operator theory was developed by B.
Sz.-Nagy and C. Foias from the dilatation theorem of Sz.-Nagy what we state now.

THEOREM 1.1 (Sz.-Nagy’s dilation theorem, [45]). Let us consider a contraction T €
B(H). There exists a larger Hilbert space KC 2 H and a unitary operator acting on it such
that

T" = PyU"H

holds for all n € N where Py € B(K) denotes the orthogonal projection onto H. In this

case we call U a unitary dilation of T'.
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Moreover, there is a minimal unitary dilation in the sense that

VUrH =K
nez

15 fulfilled and such a minimal dilation is unique up to isomorphism. This U is called the

mainimal unitary dilation of T.

Sz.-Nagy and Foias classified the contractions according to their asymptotic behaviour.
This classification can be done in a more general setting, namely when we consider the
class of power bounded operators. An operator 7" € B(H) is called power bounded if
sup{||T™]|: » € N} < oo holds. We call a vector € H stable for T" if lim,,_,, ||T"z|| = 0,
and the set of all stable vectors is denoted by Ho = Ho(T). It can be derived quite easily
that H, is a hyperinvariant subspace for T' (see [23]) which means that H, is a subspace
that is invariant for every operator which commutes with 7. Therefore we will call it
the stable subspace of T'. The natural classification of power bounded operators given by

Sz.-Nagy and Foias is the following:

e T is said to be of class Cy. or asymptotically non-vanishing if Ho(7") = {0},

e T is said to be of class Cj. or stable if Ho(T") = H, i.e. when 7™ — 0 holds in the
strong operator topology (SOT),

e T is said to be of class C'; (j € {0,1}) whenever T* is of class C}.,

e the class Cj;, (j, k € {0,1}) consists of those operators that are of class C;. and

C'k, simultaneously.

We will use the notation T € Cj(H) (j,k € {0,1,-}).

Trivially, if T ¢ Co.(H) U C1.(H) U Co(H) U C1(H), then T has a non-trivial hyper-
invariant subspace, namely Ho(T) or Ho(T*)*t. Sz.-Nagy and Foias got strong structural
results in the case when T' € C1(H) (see [23, 47]). However, basic questions are still open
(e.g. the hyperinvariant and the invariant subspace problems) in the remaining cases, i.e.
when T' € Cyo(H) U Cro(H) U Co1(H).

Our aim in this dissertation is to explore the asymptotic behaviour of power bounded
operators. Then we will present some applications, namely we will investigate similarity
to normal operators, the commutant of non-stable contractions and cyclic properties of a

recently introduced operator class, the weighted shift operators on directed trees.
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Sz.-Nagy characterized those operators that are similar to unitary operators. This
theorem belongs to the best known results concerning the study of Hilbert space operators
that are similar to normal operators. The result is very elegant and, in its original form,

reads as follows.

THEOREM 1.2 (Sz.-Nagy, [46]). An operator T is similar to a unitary operator if and

only if it is invertible and both T and T~ are power bounded.

The ”=" direction is a trivial assertion. In order to verify the other direction, Sz.-
Nagy defined a positive operator using Banach limits in an ingenious way. In what follows
we will give this definition. The Banach space of bounded complex sequences is denoted

by ¢>°(N). We call the linear functional

L:t*(N)—-C, z={z,};2,— Llimz,

n—s00
a Banach limit if the following four conditions are satisfied:

. L] =1

e we have L-lim,,_, x, = lim,_, x, for convergent sequences,

e L is positive, i.e. if x, > 0 for all n € N, then L-lim,,_,, x,, > 0, and

e [ is shift-invariant, i.e. L-lim,, .o x, = L-lim, o Tp11.
Note that a Banach limit is never multiplicative (see [7, Section II1.7] for further details).
We would like to point out that Sz.-Nagy was the first who effectively applied the notion
of Banach limits, before that it was considered only as a mathematical curiosity.

For a power bounded T" € B(#) let us consider the sequence of self-adjoint iterates

{T*"T"}%° | and fix a Banach limit L. We consider the sesqui-linear form

wrr: HXH—C, wrp(r,y) = Llim{T"T"z,y)

n—oo
which is bounded and positive. Hence there exists a unique representing positive operator

Ar € B(H) such that

wr(z,y) = (Arpz,y) (z,y € H).

The operator Arp is called the L-asymptotic limit of the power bounded operator T,
which usually depends on the particular choice of L. It is quite straightforward to show

that ker Ay, = Ho(T') is satisfied for every Banach limit L. Sz.-Nagy showed that if 7" and
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T-! are both power bounded, then A is invertible and there exists a unitary operator
U € B(H) such that
AT = UAYS.

In the case when 7" is a contraction, the sequence of self-adjoint iterates {T*"T"}2° | is
evidently decreasing. Thus it has a unique limit A7 = A € B(H) in SOT, which is clearly
positive. This positive operator is said to be the asymptotic limit of the contraction T’
which of course coincides with the L-asymptotic limit of T" for every L.

The L-asymptotic limit gives us information about the asymptotic behaviour of the

orbits {T"x}2° |, namely
Lelim [T7a]2 = [|AY 22| = [ AY2Tal? (x € 3). 1)
There is a certain reformulation of Theorem 1.2 which reads as follows (see [31]).

THEOREM 1.3 (Sz.-Nagy). Consider an arbitrary operator T € B(H) and fiz a Banach

limit L. The following siz conditions are equivalent:

(i) T is similar to a unitary operator,

(ii) T is onto and similar to an isometry,

(iii) T is power bounded and there exists a constant ¢ > 0 for which the inequalities
|T™z|| > c||z|| and ||T*"x|| > c||x| hold for every n € N and x € H,

(iv) T is onto, power bounded and there exists a constant ¢ > 0 for which the inequality
T"x|| > c||z|| holds for everyn € N and x € H,

Yy
(v) T is power bounded and the L-asymptotic limits Ar, and Ar- 1 are invertible,

(vi) T has bounded inverse and both T~' and T are power bounded.

Moreover, if we have an arbitrary power bounded operator T' € B(H), then the next three
conditions are also equivalent:
(i) T is similar to an isometry,
(ii’) there exists a constant ¢ > 0 for which the inequality | T"z| > c||z|| holds for
everyn € N and x € H.

(iii") the L-asymptotic limit Arp, is invertible,

Sz.-Nagy’s method naturally leads us to a little bit more general definition, the so-called

isometric and unitary asymptote of a power bounded operator. We consider the operator
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X7, € B(H,H}) where Hj = (ranAg )~ = (ker App)t = Hy and X7 o = A;/ix
holds for every = € H. Since || X7 Tz|| = || X} | is satisfied (z € H), there exists a
unique isometry Vp € B(H7) such that X ;T = V5, X7, holds. The operator Vp
(or sometimes the pair (Vr, L,X;{ 1)) is called the isometric asymptote of T'. Let Wr €
B(Hr,1) be the minimal unitary dilation of Vy ;, and X, € B(H, Hr), X712 = X;{Lx for
every © € H. Obviously we have X7 T = Wr X7 . The operator Wr (or sometimes
the pair (Wr ., Xr)) is said to be the unitary asymptote of 7. We note that a more
general definition can be given, however, we will only need these canonical realizations (see
[3]). These asymptotes play an important role in the hyperinvariant subspace problem,
similarity problems and operator models (see e.g. [3, 5, 10, 24, 25, 32, 33, 48]).
When T ¢ C1.(H) U Cy.(H), we have the following result which was first proven by

Sz.-Nagy and Foias for contractions and by L. Kérchy for power bounded operators.

LEMMA 1.4 (Kérchy [25]). Consider a power bounded operator T' ¢ Cy.(H) U Co.(H)
and the orthogonal decomposition H = Ho & Hy. The block-matriz form of T in this

decomposition is the following:

T, R
T=|"" € B(Ho ® HY), (1.2)
0

where the elements Ty and Ty are of class Cy. and C4., respectively.

This is a very important structural result which will be applied several times through-
out this dissertation.

The outline of the dissertation is as follows: in Chapter 2 we characterize those positive
operators A € B(H) that arise from a contraction asymptotically, i.e. there is such a
contraction T" € B(H) for which A7 = A. Then, in Chapter 3, we give a description of
those positive semi-definite matrices A € B(C?) which arise from a power bounded matrix
asymptotically, i.e. there exists a power bounded matrix 7" € B(C?) and a Banach limit
L such that Ar; = A holds. In fact we show that the matrices Ay, coincide for every
L, moreover we will describe this operator as the limit of the Cesaro-sequence of the self-
adjoint iterates of T'. Chapter 4 is devoted to the generalization of Theorem 1.2, concerning
power bounded operators that are similar to normal operators. This gives us a method

in certain cases which helps us to decide whether a given operator is similar to a normal
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one. Then, as a strengthening of Sz.-Nagy’s result for contractions, we will describe those
positive operators A that arise from a contraction 7" that is similar to a unitary operator.
In Chapter 5 we will investigate the case when the so-called commutant mapping of a
contraction, which is a transformation that maps the commutant of a contraction into
the commutant of its unitary asymptote, is injective. Finally, we will prove some cyclicity
results in Chapter 6 concerning weighted shift operators on directed trees which were
recently introduced by Z. J. Jablonski, I. B. Jung and J. Stochel in [22]. In each chapter
there is a separate section for the main statements of our results and motivation, and

another which is devoted to the proofs.



CHAPTER 2

Positive operators arising asymptotically from contractions

1. Statements of the main results

This chapter contains our results published in [15]. Throughout the chapter, if we do
not state otherwise, it will be assumed that 7" € B(H) is a contraction. The main aim is to
characterize those positive operators on a Hilbert space of arbitrary dimension which arise
asymptotically from contractions. The following information concerning the asymptotic
limits were known before or are trivial (see e.g. [31, 48]):

(i) 0< Ar <1,
(ii) ker(Ar) = Ho(T) := {x € H: lim, . ||T"z| = 0} is a hyperinvariant subspace,

(ili) ker(Ar —I) = Ho(T') := {x € H: lim, o ||T"x|| = ||z||} is the largest invariant

subspace where T is an isometry,

(iv) A7 =0 if and only if T' € Cy.(H),

(v) 0 ¢ 0,(Ar) if and only if T' € C1.(H).
We note that H;(7") N H(T™) is the subspace on which the unitary part of T acts.

Moreover, we provide the following further information about || Az|.

THEOREM 2.1. Suppose L is a Banach limit and T is a power bounded operator for
which Ay, # 0 holds. Then we have

Azl > 1. (2.1)
In particular, ||Az|| = 1 holds whenever T is a contraction.

In finite dimension the asymptotic limit is always idempotent. The verification of this
can be done with the Jordan decomposition theorem as well, but we will use the Sz.-Nagy—

Foias—Langer decomposition instead.

THEOREM 2.2. Let T € B(C%) be a contraction. Then Ap = A2 = Ap«, ie. Arp
is simply the orthogonal projection onto the subspace Ho(T)*+ and Ho(T) = Ho(T*) is
satisfied.
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We say that the positive operator A € B(H) arises asymptotically from a contraction
in uniform convergence if lim,_, [|7*"T™ — A|| = 0. Of course in this case A = Ar. On
the other hand, it is easy to see that usually for a contraction T" € B(H) the equation
lim, oo T""T™ = A7 holds only in SOT. Whenever dimH < oo, Ar arises from T in
uniform convergence, since the SOT is equivalent to the usual norm topology. The sym-
bols o, and r. denote the essential spectrum and the essential spectral radius (see [7,
Section XI.2]). Our result concerning the separable and infinite dimensional case reads as

follows.

THEOREM 2.3. Let dimH = Ny and A be a positive contraction acting on H. The

following four conditions are equivalent:

(i) A arises asymptotically from a contraction,

(ii

(iii

)
) A arises asymptotically from a contraction in uniform convergence,

) 7e(A) =1 or A is a projection of finite rank,

(iv) dim #(]0,1]) = dim H(]d,1]) holds for every 0 < § < 1 where H(w) denotes the

spectral subspace of A associated with the Borel subset w C R.

Moreover, if one of these conditions holds and dimker(A — I) € {0,8g}, then T can be

chosen to be a C.o-contraction such that it satisfies (ii).

We will also give the characterization in non-separable spaces. But before that we need
a generalization of the essential spectrum. If x is an infinite cardinal number, satisfying
k < dim#H, then the closure of the set &, := {S € B(H): dim(R(S))” < k}, is a
proper two-sided ideal, denoted by C,. Let F,, := B(H)/C, be the quotient algebra, the
mapping m,: B(H) — F,, be the quotient map and || - ||, the quotient norm on F,. For
an operator A € B(H) we use the notations ||A||. := ||7x(A)|lx, 0x(A) := o(7m:(A)) and
re(A) = r(m:(A)). (For k = Xy we get the ideal of compact operators, ||A|lx, = ||A]e is
the essential norm, oy, (A) = 0.(A) and ry,(A) = 7.(A).) For more details see [11] or [35].

Now we state our result in the non-separable case.

THEOREM 2.4. Let dimH > Wy and A € B(H) be a positive contraction. Then the

following four conditions are equivalent:

(i) A arises asymptotically from a contraction,

(ii) A arises asymptotically from a contraction in uniform convergence,
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(iii) A is a finite rank projection, or k = dim H(]0, 1]) > Ry and r.(A) =1 holds,
(iv) dim# (]0,1]) = dimH (]9, 1]) for any 0 < 6 < 1.
Moreover, when dimker(A —1I) € {0,00} and (i) holds, then we can choose a C.y contrac-

tion T such that A is the uniform asymptotic limit of T.

The main tool in the proof of the above theorem is the following well-known property:
any vector h € H generates a separable reducing subspace V{T*T* .. . T*iThp: |
No, j1, k1 ... ji, ki € No} for T. Therefore H can be decomposed into the orthogonal sum
of separable reducing subspaces H = 3. ®H¢ and so T' = } .- BT, where Tg = T'|H,.
Hence Ar is the orthogonal sum of asymptotic limits of contractions, all acting on a
separable space: Ap = dea DAT, .

It is natural to ask what condition on two contractions 71, Ty € B(H) imply A, = Ap,,
or reversely what connection between 77 and 73 follows from the equation Ap, = Ag,.

Finally, we will investigate this problem.

THEOREM 2.5. Let H be an arbitrary Hilbert space and T, Ty, Ty € B(H) contractions.

The following statements are satisfied:

<1> Zf T17T2 commute, then AT1T2 < AT1 and AT1T2 < AT27
(ii) if w € H*™ is a non-constant inner function and T is a c.n.u. contraction, then
AT = Au(T)7
(111) ATl = AT2 =A zmplzes A S AT1T27

(iv) if Ty and Ty commute and Ap, = Ar,, then we have Apr, = Ap, = Ar,.

We will conclude this chapter by providing some examples.

2. Proofs

We begin with the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. Assume that 0 < |[Ar | happens. Set a vector v €

H, ||v|| =1 and an arbitrarily small number € > 0 such that

: n N2 1/2 |12 1/2 2
I:lilOTHT vl = [|A7Lo||” > ([[AZL] —€)
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is satisfied. By (1.1) we get

2

B ||A1/2’U||2 (HA1/2 | —6 2
[T [T%][?

Tk
H T (k € N).

P TR

Since liminfy o [|T%0])> < L-limyo [|T%0]% < | AYF

ko € N for which ||T*v]||? < (||Al/2 | +1)? holds. This suggests that

|2, for every n > 0 there exists a

(AL —e)? _ (IAL ] —&)?
IT*oull* = A7 +n)?

1/2 TkO’U
PR

A

Since this holds for every n > 0, we infer that

Afr] )’

aoat < >

“ T7L|| H ” HAI/QH

In the beginning we could choose an arbitrarily small € > 0, hence we obtain (2.1). U

We proceed with the verification of Theorem 2.2.

PROOF OF THEOREM 2.2. Let us consider the Sz.-Nagy—Foias-Langer decomposition
T=UaC € BH =N a&N*') where U € B(N) is unitary and C' € B(N*) is c.n.u
If N = H, then obviously Ay = Ap. = I. Therefore without loss of generality we may
assume that this is not the case. Suppose that r(C') = 1. Then there exists a vector
0 # v € ker(C — M) with a A € T. We can find a 0 # w € (ker(C — \I))*, because C is

not unitary. Using the contractivity of C'; we obtain
[0]I* + 2Re(Ni(v, Cw)) + |ul*[|Cwl)* = [\ + pCwl* = ||Cv + pCuw|* < |lv + pw]|?

= [[o[|* + 2Re(7i{v, w)) + |p[*llw]® = [v]* + [uPw]*  (n € C),

or equivalently
0 < [pl*(Jwl* = [ICwl*) — 2Re(Mi(v, Cw))  (u € C).
In particular we derive the following inequality:
0 < (JJw]* — |Cwl*) = 2t[{v, Cw)| (¢t € R),

which implies (v, Cw) = 0. Therefore any eigenspace of C' associated with a complex
number of unit modulus has to be a reducing subspace, which is impossible since C' was

c.n.u. Thus r(C) < 1 follows, and e.g. by Gelfand’s spectral radius formula ([7, Proposition
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VIL.3.8]) we infer ||C™|| — 0. Hence we get N+ = Ho(T) = Ho(T*). This implies that
Ar =1®0 = Ap. € BIN ® N1) is the orthogonal projection onto N' = Hj-. O

Our next goal is to prove Theorem 2.3, but before that we need three auxiliary results.

The next lemma gives us some necessary conditions on the asymptotic limit of 7.

LEMMA 2.6. If the positive operator 0 < A < I is the asymptotic limit of a contraction
T, then one of the following three possibilities occurs:
(i) A=0,
(ii) A is a non-zero finite rank projection, Ho(T)+ = H1(T) and dim H,(T) € N,
(i) [JA] = r.(4) = 1.

PROOF. As we have already seen ||Ar|| € {0,1}. Assume that (i) and (iii) do not hold.
Then 1 is an isolated point of o(A) and dimker(A — I) = dimH;(7T") € N. Since T is an
isometry on the finite dimensional invariant subspace H;(7"), the contraction 7" must be
unitary on H; (7). Therefore H,(7T') is reducing for 7. Now consider the decomposition
T =T @©U where U = T|H(T). Evidently A = Ap @ Iy, () and o(Ap) C [0, 1] holds
which implies ||A7/|| < 1, and thus Ap = 0. Therefore Ho(T) = Hi(T)*+, so A is a

projection onto H;. ([l

Now, we would like to point out some remarks. It is easy to see that in a triangular

decomposition

Ty T / "
T = eBH & H").
0 1T

Ap = A, @ Ap, does not hold in general. A counterexample can be given by the contractive

bilateral weighted shift operator defined by

ep+1 for k>0

Tek = )
%ekﬂ for k<0

(2.2)

where {eg }rez is an orthonormal basis in H. Indeed, an easy calculation shows that

e for k>0

ATek == .
(3) 2+ 2¢,  for k<0
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On the other hand, H1(T") = Viso{ex}, and the matrix of 7" is

Ty Tho
0 T

T =

in the decomposition H,(T') ® Hy(T)*. Here Ty € Co.(H1(T)1), s0 Ay, @ Ap, = ®0is a
projection, but Ar is not.

In fact Ay is a projection if and only if H = Ho(T)@H1(T") happens ([31, Section 5.3]).
In this case Ho(T') is a reducing subspace of 7.

If T has only trivial reducing subspaces, dimH > 2 and Ar is a projection, then
either T is stable or T is a simple unilateral shift operator (i.e. all weights are 1 in (2.2)).
This follows directly from the previous remark, Theorem 1.3 and the Neumann-Wold
decomposition of isometries ([23, p. 204]).

Obviously for each power bounded operator T € B(#H) and unitary operator U € B(H)

we have

Avruer = UAr U (2.3)

We proceed with the proof of the following lemma which provides a sufficient condition.
For any positive operator A € B(H) we shall write r(A) for the minimal element of

a(A) C [0, 00[.

LEMMA 2.7. Suppose that the block-diagonal positive contraction A = Z;io DA, €
B(H = Z]‘?‘;O ®X;) has the following properties:

(i) dim X; = dim &y > 0 for every j,

(iii) Ay is invertible, and

)

(ii) r(A;) < r(Aj41) for every j,
)
)

(iv) r(4;)

Then A arises asymptotically from a Co-contraction in uniform convergence.

PROOF. Let us consider the following operator-weighted unilateral shift operator S €

B(H) which is given by the equation

S(ZL’()EBCQ@IQ@...):O@Uol’o@Ull’l@... (ZEjGXj),
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where U;: X; — X4, are unitary transformations (i.e. bijective isometries) (7 € Np). Let

T be defined by
T\X; = A PSA? (j e Ny).

j+1

Since

1 1/2 r(4;)
Al < x| < |z,
Al < bl < )

we obtain that T is a contraction of class Cy. An easy calculation shows that

—1/2 1/2
JA S A ]| <

j+1

*ngm __ - 1/2 cxn =1 an 41/2
T = @A/ ST A S A
=0

By the spectral mapping theorem, we get

14; = 425 ATL ST AT < AT -l — S AL S 1477

Jj+n J Jj+n
<r(A7l —1 < 1 1< 1 1
>~ T( j+n XjJrn) = E(A—]Jrn) = f(An) o

This yields

|77 — Al = sup {|14; — A}*5"" AL, S" A2 j € No}

K(An)_1—>0 (n — 00),

which ends the proof. 0

The last lemma before verifying Theorem 2.3 reads as follows.

LEMMA 2.8. Let A be a positive diagonal contraction on a separable infinite dimen-
sional Hilbert space H. Suppose that the eigenvalues of A can be arranged into an increasing
sequence {\;}32, C|0, 1[, each listed according to its multiplicity such that A\; /1. Then

A is the uniform asymptotic limit of a Co-contraction.

PROOF. First we form a matrix (a,)imen from the eigenvalues in the following way:

a1 = )\1, Qg1 = )\2 and Q12 = )\3, Q31 = )\4, Qg2 = )\5 and Q13 = )\67 ...and so on.
Q11 O12 (13 Q14 ... Al A3 As A
Qg1 Qg2 Q23 A2 A5 Ag
Q31 032 =M\ As

(67N A7
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We can choose an orthonormal basis {e;,,: [,m € N} in H such that e, is an eigenvector

corresponding to the eigenvalue «;,, of A. Now we form the subspaces:
X =V{em: 1 €N} (meN),

which are clearly reducing for A. For any m € N, we set A,, := A|X,,. Let us consider
also the operator S defined by Se;, = e;m+1 (I, m € N). We note that S is the orthogonal
sum of Ny many unilateral shift operators. Now the operator T' € B(#H) is given by the
following equality:

T|X,, = A,'/2SAY? (m e N).

Since

Al m
T@l’m = €l,m41 (l, m e N),
A m+1

T is a Cy-contraction. Furthermore, for every I,m,n € N, we have A\, < o n4n, and so

Al m

HT*”T”el,m — AelymH =

1
—yp<——-1—-0 (n— 00).
Al m+n )\n

Since ey, is an eigenvector for both A and 7*"T™, the sequence T*"T™ uniformly converges

to A on H. So A arises asymptotically from a Cy-contraction in uniform convergence. [J

Now we are in a position to prove the characterization when dim H = N,. This states
that a positive contraction, which acts on a separable space, is an asymptotic limit of
a contraction if and only if one of the conditions (i)—(iii) of Lemma 2.6 holds. In what
follows, E stands for the spectral measure of the positive operator A and H(w) = E(w)H
for any Borel subset w C R. Let us consider the orthogonal decomposition H = Hy @ H.,
reducing for A, where A|H, is diagonal and A|H,. has no eigenvalue. Let us denote the
spectral measure of A|H, and A|H. by E4 and E., respectively. For any Borel set w C R
we shall write H.(w) = E.(w)H, and Hy(w) = Eg(w)Ha.

PROOF OF THEOREM 2.3. The implication (i)==-(iii) follows from Lemma 2.6, and
(il)==(i) is trivial. First we prove the implication (iii)== (ii) in order to complete the
implication circle (i)=-(iii)=(ii)==(i), and second we show the equivalence (iii) <=
(iv).

(ili)== (ii): We suppose that r.(A) = 1. (If A is a finite rank projection, then 7' = A
can be chosen.) If ker(A) # {0}, then A has the form A = 0@ A; in the decomposition
H = ker(A) D ker(A)*, where r.(A;) = 1. If A; arises asymptotically from the contraction
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T} in uniform convergence, then A arises asymptotically from 0677 in uniform convergence.

Hence we may assume that ker(A) = {0}. Obviously, one of the next three cases occurs.

Case 1. There exists a strictly increasing sequence 0 = ag < a; < as < ... such that
a, /1 and dim H([an, ani1[) = Ro for every n € Ny. If 1 is not an eigenvalue of A, then
Lemma 2.7 can be applied. So we may suppose that dimker(A — I) > 1. In this case we
have the orthogonal decomposition: A = Ay ® A;, where Ay = A|ker(A — )+ and A; =
Al ker(A — I). Again using Lemma 2.7 we obtain a contraction Ty € B(ker(A — I)*) such
that the uniform asymptotic limit of 75 is Ag. Choosing any isometry T} € B(ker(A — 1)),

A arises asymptotically from T := T & T} in uniform convergence.

Case 2. ker(A — I) = {0} and there is no strictly increasing sequence 0 = ag <
a; < ag < ... such that a, /1 and dimH([a,,an1]) = Ro for every n € Ny. If
dim H([0, B]) < Wy for each 0 < B < 1, then A is diagonal, all eigenvalues are in ]0,1]
and have finite multiplicities. Therefore Lemma 2.8 can be applied. If this is not the case,
then there is a 0 < b < 1 which satisfies the following conditions: dim #([0, b[) = R, and
dim H([b, B]) < N for all b < § < 1. We take the decomposition H = H([0,b]) ® H([b, 1]),
where dim #([b, 1[) = X, obviously holds, since 1 € o.(A). In order to handle this case, we
have to modify the argument applied in Lemma 2.8.

Let us arrange the eigenvalues of A in [b, 1] in an increasing sequence {\;}32,, each listed
according to its multiplicity. We form the same matrix (o, )imen as in Lemma 2.8, and
take an orthonormal basis {e;,,: {,m € N} in H([b, 1[) such that each e, is an eigenvector
corresponding to the eigenvalue oy, of A. Let Xy := H([0,b]) and &, := V{eym: | € N}
(m € N). Take an arbitrary orthonormal basis {e;¢}72; in the subspace Xy. We define the
operator T' by the following equation:

T|X,, = A, [2SAYV X, (meNy),

where A, := A|X,,, and S € B(H), Seim = e1m+1 (I € Nym € Ny).

For a vector xg € X, we have

—1/2 1/2 1 1/2
ITaoll = 11475450 | < \ﬁuAO/ 7ol| < o]l

therefore T is a contraction on X,. But it is also a contraction on X" (see the proof of

Lemma 2.8), and since T X, L T(X;), it is a contraction on the whole H.
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We have to show yet that T*"T™ converges uniformly to A on Xy. For zq € Ap, ||xo|| = 1
we get

T T2y — Axol| = || Ay S™™ (A — I, )S™ Ay >0

1

So A arises asymptotically from 7" in uniform convergence.

Case 3. dimker(A —1) > 0. If dimker(A — 1) < Wy, then we take the orthogonal
decomposition H = ker(A — I)* @ ker(A — I). Trivially 1 € o.(A| ker(A — I)*). By Cases
1 and 2, we can find a contraction Ty € B(ker(A — I)*) such that the uniform asymptotic
limit of T' = Tt @ lyer(a—1) is A.

If dimker(A—1) = Xy and A # I, then we consider an orthogonal decomposition
ker(A — I) = 777, @&, where dim &X; = dimker(A4 — I+, and apply Lemma 2.7. If
A =1, then just take an isometry for 7.

(ili) <= (iv): If A is a projection, then dim(]d, 1]) is the rank of A for every 0 < 4§ < 1.
If 1 € 0.(A), then dim#(]0, 1]) = Ny holds for all 0 < 6 < 1. Conversely, if the quantity
dim #(]0, 1]) = dim #(]0, 1]) is finite (0 < 6 < 1), then obviously A is a projection of finite
rank. If this dimension is Ny, then clearly 1 € o.(A).

Finally, from the previous discussions we can see that if the equivalent conditions (i)-

(iv) hold, then the contraction 7', inducing A, can be chosen from the class Cy provided

dimker(A — 1) ¢ N. O

Now we turn to the case when dimH > Ny. As was mentioned earlier, for every
contraction T € B(H) the space H can be decomposed into the orthogonal sum of separable

T-reducing subspaces.

PROOF OF THEOREM 2.4. We may suppose that A is not a projection of finite rank.
Since T' = dez @7, where every T¢ acts on a separable space, the (i)==(iv) part can be
proven by Theorem 2.3 straightforwardly. The implication (ii)==-(i) is obvious. First we
will prove the direction (iv)==-(ii) and then the equivalence (iii) <= (iv).

(iv)==(ii): Set v = dim H(]0, 1]), which is necessarily infinite. If & = R, then applying
Theorem 2.3 we can get A as the uniform asymptotic limit of a contraction (on ker A we
take the zero operator). Therefore we may suppose that a > ;. We may also assume that

Aisinjective. Now we take an arbitrary strictly increasing sequence 0 = ag < ay < as < ...
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such that lim; ,.oa; = 1, and let o; = dimH(]a;, aj1]) for every j € Ny. Obviously
8= a; =dimH(]0,1]) < dimH(]0, 1]) = a. Clearly one of the following four cases

occurs.

Case 1: aj = a for infinitely many indices j. Then without loss of generality, we may
suppose that this holds for every index j. By Lemma 2.7 we can choose a contraction

To € B(H(]0,1])) such that ||[Tg™T5 — A|H(]0, 1[)|| — 0. Set the operator
Ti=TyeVeB(H(01) @ H({1})),

where V' € B(H({1})) is an arbitrary isometry. Trivially 7" is a contraction with the

uniform asymptotic limit A.

Case 2: dimH({1}) = a. Let us decompose H({1}) into the orthogonal sum H({1}) =
(220:1 @Xk) @ X, where dim X}, = 8 for every £k € N and dim X = a. Setting A :=
([0, 1[), we may apply Lemma 2.7 for the restriction of A to Y .-, @X}. Taking any
isometry on X, we obtain that (ii) holds.

Case 3: dAimH({1}) < a and o; < «a for every j. Then clearly dimH(],1]) =
dim H(]0,1[) = « for any § € [0, 1]. Joining subintervals together, we may assume that
Ny < a; < ;i holds for every j € Ny and sup,5oa; = a. Let &; = H(]a;, a;41])
for every j € Nj. Obviously we can decompose every subspace & into an orthogonal
sum X; = Zi:o @&, such that dim X;;, = o for every 0 < k£ < j. Then by Lemma
2.7 we obtain a contraction T}, € B(Z;’ik ®X; ) such that the asymptotic limit of T} is
A‘ Z;’ik @& i, in uniform convergence. In fact, from the proof of Lemma 2.7, one can see

that

1
-1<——-1—=0.
An+k Qp,

<

T T — A

> B
=k
Therefore, if we choose an isometry V € B(H({1})), we get that (ii) is satisfied with the
contraction T":= (Y ;2 ®T}) ®V € B(H).

Case 4: dimH({1}) < a and o;; = a holds for finitely many j (but at least for one). We
may assume o = a, 8o < a; < a;yq for every j € N and sup;-, a; = a. Take an orthogo-
nal decomposition H(]0, a1[) = > 7o, BLy, where dim £, = ay,. Set also &X; := H(]a;, aji1])
for every j € N and take a decomposition &; = Zi:l @&, such that dim &, = ay, for
every 1 < k < j. Thus by Lemma 2.7 we obtain a contraction Ty € B(Ly @ D72, ®Xj4)
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such that the asymptotic limit of T}, is the restriction of A to the subspace Ek@z;ik DX
in uniform convergence. As in Case 3, we get (ii).
(ili)==-(iv): Since 1 = r,(A) < || 4|l < ||A]| < 1, we have ||A]|, = 1. An application of
[11, Lemma 5] gives us dimH(]0,1]) = (0 <0 < 1).
(iv)==(iii): We may assume that dim #(]0, 1]) > X,. Again applying [11, Lemma 5|,
we get ||A™||, = 1 for all n € N. This means that r,(A) = 1.

Finally, we notice that if dimker(A—1) ¢ N, then we can choose a Cy-contraction. [J

The following corollary is a straightforward consequence. In particular, this corollary
gives that whenever A is an asymptotic limit of a contraction, then A? is also an asymptotic

limit of a contraction for every 0 < q.

COROLLARY 2.9. Suppose that the function g: [0,1] — [0, 1] is continuous, increasing,
g(0) =0, g(1) =1 and 0 < g(t) < 1 for 0 <t < 1. If A arises asymptotically from a

contraction, then so does g(A).

Next we verify Theorem 2.5, but before that we need the following lemma. For every
a € D the function b,: D — D, by(2) = =% is the so called Md&bius transformation
which is a special type of inner functions. Moreover, it is a Riemann mapping from D
onto itself. We use the notation T, := b,(T) where we use the well-known Sz.-Nagy—
Foias functional calculus, which is a contractive, weak-* continuous algebra homomorphism
Or: H*® — B(H) such that &7(1) = I and $r(x) =T (x(2) = z) is satisfied. For further

details see [48]. Tt is easy to see that b_o(T,) = b_q(b(T)) = (b_g 0 b)(T) =T.
LEMMA 2.10. For every c.n.u. contraction T" we have Ap = Ar,

PROOF. Consider the isometric asymptotes (X7, Vr) and (X}, Vr,) of T and Ty, re-
spectively. Obviously (X, b,(Vr)) is a contractive intertwining pair for 7,,, hence we have

a unique contractive transformation Z € Z(Vr,,b,(Vr)) and X = ZX] . Since
(Ara,) = (X}, Xpa) = | Xfal? = |2} al? < | Xhal® = (Ana.o) (2 € H)
Ar < Ar, follows. Therefore

Apr < Ar, < Ay, = Ar.
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Now we are ready to prove Theorem 2.5.

PROOF OF THEOREM 2.5. (i): For an arbitrary vector x € H and ¢ = 1,2, we have

<AT1T2£L‘7.T> = llm <(T1T2)*n(T1T2)nI7ZL’> = nlLHQlQ ||(T1T2)nl’||2

n—oo

. n_N2 __ 1: *NTIN —
< lim (|[T72|® = lim (7T, x) = (Ag, ),

where we used the commuting property in the step (1773)" = 17Ty = Ty3T7.

(ii): Set a := u(0) and v = b, o u. Then obviously v = xw, where x(z) = z and w
is an inner function. From (i) and Lemma 2.10 we get A,y = Ayr) < Ap. We consider
isometric asymptotes (X, Vr) and (X ;(T), Viury) of T and u(T), respectively. The pair
(X7, u(Vr)) is a contractive intertwining pair of u(7"). Using the universal property of the
isometric asymptotes, we get a unique contractive transformation Z € Z(Vyr, u(Vr)) and
X5 = ZX:(T)‘ The last equality implies A7 < A7), and so Ap = Ay ).

(iii): Consider the isometric asymptotes
(X+a ‘/1)7 (X+7 ‘/2) al’ld (XT—L_ITW W)

of Ty, Ty and TiT, respectively, where X = X7 = X/, . Obviously the pair (X*,V1V3)
is a contractive intertwining pair for 717,. Hence we get, from the universality property
of the isometric asymptote, that there exists a unique contractive Z € Z(W,V;V5,) and
Xt =ZX] . Therefore A < Apq,.

(iv): This is an immediate consequence of (i) and (iii). O

For an alternative proof of (ii) above see [6, Lemma III.1]. It can be also derived from
[28, Theorem 2.3].

Concluding this chapter we provide two examples. First we give two contractions
Ty, T, € C1.(H) such that Ap, = Ap, and App, # Ar. This shows that (iii) of Theo-
rem 2.5 cannot be strengthened to equality even in the C}. case. By (iv) of Theorem 2.5

these contractions do not commute.
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EXAMPLE 2.11. Take an orthonormal basis {e; ;: ¢, 7 € N} in . The operators Ty, T, €

B(H) are defined in the following way:

€1,2 lfl =7=1
o g1 fj=1 Tye, = d Citrict ifj =2
1655 = 51 ) 2G5 - — . . )
JTlem-H Zf] >1 \/Tgei—l,j-l—Q Zfl > ]-7.7 =1
21 .
\ ]j €ij+1 ifj>2

Ty and Ty are orthogonal sums of infinitely many contractive, unilateral weighted shift

operators, with different shifting schemes. Straightforward calculations yield that

%Gi,j ifj=1

Areiy = Anei; =9 .7 )
Tem if g >1

2 )
for every 7,7 € N, since > Y1) — J=1 for j > 1. On the other hand
Y =5 1 J

T €it+1,1 ifj=1
€5 = - -
24164, /]2,1 (j+1)2—1 N f o )
j j+1 e’L,j-‘rQ [ ]
hence
€i1 ifj=1
AT2T1€%J j—1 o !
Tei,j ’ij >1
since

(fixﬂj+%m2—1¢0+4+2mP—1>{=(fi ﬁ_1>{:j_y

Jj+2m Jj+1+4+2m

m=0

Therefore Ar, < App, and Ay # App,.
Finally, we give two contractions 17, Ty € Co.(H) such that 71Ty € Ci.(H).

ExAMPLE 2.12. Take the same orthonormal basis in H as in the previous example.

The Cp.-contractions Ty, Ty € B(H) are defined by

(i+1)2—-1 0  fj=1

heiji= "= ¢, Taeij =

ei1jr1 g >1
By a straightforward calculation we can check that

(i+1)2-1

Bhey ===

€it+1,,



and so

Therefore we have 11Ty € C1.(H).
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A€ =

—61 -
+1 "
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CHAPTER 3

Cesaro asymptotic limits of power bounded matrices

1. Statements of the main results

This chapter is devoted to the characterization of all possible L-asymptotic limits of
power bounded matrices which was done in [16]. Throughout the chapter T € B(C%)
(2 < d < 00) will always denote a power bounded matrix if we do not say otherwise. The
first important step towards the desired characterization is to show that Banach limits
can be replaced by usual limits if we consider Ceséro means of the self-adjoint iterates of

T.

THEOREM 3.1. Let T € B(C?) be power bounded, then

n—o0 N <

] & o
AT,L = AT,C = lim — ZT*]T]
7j=1

holds for all Banach limits L.

We note that the above limit holds in norm, since we are in finite dimensions.
Concerning arbitrary dimensions if for an operator 7' € B(#H) the limit Apc =
limy, o0 = > i T*TI exists in SOT, it will be called the Cesaro asymptotic limit of 7". In
order to prove Theorem 3.1 we will derive some properties of the Jordan decomposition of
T. Then we will give the characterization of C';; matrices. We would like to point out that
any matrix is of class C}. if and only if it is of class C';; which happens exactly when it
is similar to a unitary matrix (this will follow from Proposition 3.5). The characterization

reads as follows in that case.

THEOREM 3.2. The following statements are equivalent for a positive definite A €
B(CY):

(i) A is the Cesaro asymptotic limit of a power bounded matriz T € Cn((Cd),
23
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(i) if the eigenvalues of A are ti,...,tq > 0, each of them is counted according to

their multiplicities, then
—+- 4+ —=d (3.1)

holds,

(iii) there is an invertible S € B(C?) with unit column vectors such that
A=8718"1 = (95971

The proof of the general case uses the C}; case, Lemma 1.4 and a block-diagonalization
of a special type of block matrices. We shall call a power bounded matrix T € B(C?) I-
stable (0 <1 <d) if dim Ho = [. We will see later from Proposition 3.5 that 7" and 7™ are
simultaneously [-stable, which is not true in infinite dimensional spaces (simply consider
a non-unitary isometry). In the forthcoming theorem the symbol I; stands for the identity

matrix on C' and 0, € B(C*) is the zero matrix.

THEOREM 3.3. The following three conditions are equivalent for a non-invertible pos-

itive semidefinite A € B(C?) and a number 1 <1 < d:

(i) there exists a power bounded, l-stable T € B(C?) such that Arc = A,
(ii) let k =d —1, if ty, ...ty denote the non-zero eigenvalues of A counted with their
multiplicities, then
1 1

— 4+ — <k,
t te —

(iii) there exists such an invertible S € B(C?) that has unit column vectors and
A=S"YL®0,)S™

One could ask whether there is any connection between the Cesaro asymptotic limit
of a matrix and the Cesaro-asymptotic limit of its adjoint. If T € B(C?) is contractive,
then Ap- = Ar is valid (see Theorem 2.2). In the case of power bounded matrices usually
the subspaces Ho(T') and Ho(T*) are different and hence Ap+ and Ar are different, too.

However, we provide the next connection for C; class 2 x 2 power bounded matrices.

THEOREM 3.4. For each T € C11(C?) the harmonic mean of the Cesdaro asymptotic

limits Ar.c and Ar- ¢ are exactly the identity I, i.e.

Are+ Ao =20, (3.2)
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The proof relies on the fact that the inverse of a 2 X 2 matrix can be expressed with
its elements rather easily. The same method cannot be applied in higher dimensions.
Moreover, (3.2) is not even true in three-dimensions any more. This will be justified by a

concrete 3 X 3 example.

2. Proofs

We begin with the description of the Jordan decomposition of power bounded matrices.

We recall that a Jordan matrix is a matrix of the following form:

Jy 0 ... 0
. 0 JA o
0 0 ... Jy

where J has the following matrix entries:

Al 0

0 X . 0
Iy =

0 0 . A

By the Jordan decomposition of a matrix 7' € B(C%) we mean the product T' = S.JS~!
where S € B(C?) is invertible and J € B(C?) is a Jordan matrix (see [41]). Recall that for
any matrix B € B(C?) the equation lim,, . ||B"|| = 0 holds if and only if 7(B) < 1 (see
e.g. [31, Proposition 0.4]). The symbol diag(...) expresses a diagonal matrix (written in

the standard orthonormal base).

PROPOSITION 3.5. Suppose T € B(C?) is power bounded and let us consider its Jordan

decomposition: SJS™L. Then we have
J=U®B

with a unitary U = diag(\1,...\) € B(C*) (k € Ny) and a B € B(C*) for which
r(B) < 1.

Conversely, if J has the previous form, then necessarily T is power bounded.
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PRrOOF. For the first assertion, let us consider the block-decomposition of J:

J:JIEB"'EBJI(:

where J; is a Aj-Jordan block. It is clear that power boundedness is preserved by similarity.

Since

Ao 10 0 XX (D)
0 A 1 0 0 A7 At

Jr=10 0 XN of =fo o A (3.3)
0 0 0 Aj 0 0 0 i

holds, we obtain that if X is an eigenvalue of 7', then either |A| < 1, or |\| = 1 and the size
of any corresponding Jordan-block is exactly 1 x 1.

On the other hand, if J = U @ B, then it is obviously power bounded, and hence T is

power bounded as well. O

Next we prove that the Cesaro asymptotic limit of T" always exists. Moreover, it can
be expressed as the Cesaro asymptotic limit of another matrix 7" which is obtained by

replacing the above matrix B with 0.

THEOREM 3.6. Let T € B(CY) be power bounded and by using the notations of Propo-
sition 3.5 let us consider the matrices J' = U ® 0 and T" = SJ'S~'. Then the Cesaaro

asymptotic limit of T and T" exist and they coincide:

AT,C = AT/,C- (34)

Conversely, if the sequence {% Z?Zl THTIYee | converges for a matriz T, then it is neces-

sarily power bounded.
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PRrooF. For the first part, let us consider the following;:

- Z TR Z TR

] 1
]- *x—1 = x] Q% 1 - I%7 Ok 19 —1
= =5 <ZJJS SF =3 Js SJJ)S
= = (3.5)
1 ‘ 1> ‘ , '
_ x—1 - *] Q¥ i - *J Qi J
~S (n;(O@B) S*S(0 @ B) +n;(U®O) S*S(0@ B)

1 & ) )
*) Qrk 7 —1
+—n§ (B®0) SS(U@O))S :

j=1
Since lim; o (0 & B)? = 0, we obtain that (3.4) holds whenever at least one of the limits
exists.
Now we consider the partial sums: % Z?Zl T™IT" Tt is easy to see that multiplying from
the right by a diagonal matrix acts as multiplication of the columns by the corresponding
diagonal elements. Similarly, for the multiplication from the left action this holds with the

rows. We have the next equality:

J*IS*S J1 =
| Seq||? A (Seq, Ses) ... N (Sey, Sen) 0 0
AN, (Sey, Seq) | Ses]|? . A (Sey, Sen) 0 0
(3.6)
A (Sem, Ser) N (Sen, Ses) ... | Seml|? 0 ... 0
0 0 0 0 ... 0
0 0 0 0 0

Since

lim
n—oo

nZ”

if [\| < 1,A#1 (for A =1 the above limit is 1) and multiplying by a fix matrix does not

have an effect on the fact of convergence, we can easily infer that the right-hand side of
(3.4) exists and hence (3.4) is verified.
For the reverse implication, let us assume that {1 > T2 | converges and as in

the statement of Theorem 3.1 let us denote its limit by Ay . According to the following
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equation
1/2
)

1/2 ) 1 « 4
IA5ER] = (anch,? = i (3 T0I7)
J:
and because of uniform convergence, there exists a large enough M > 0 such that
1 Z (TR = L Z 15798~ h||2 < M
"= i -

holds for each unit vector A € C?. Since S is bounded from below, the above inequality

holds exactly when
I~
S PR < M
n <
Jj=1

holds for every unit vector h € C? with a large enough bound M > 0. On the one hand,
this implies that r(J) = r(7") < 1. On the other hand, if there is an at least 2 x 2 A-Jordan
block in J where |A\| = 1, then this above inequality obviously cannot hold for any unit

vector (see (3.3)). This ensures the power boundedness of T O

Let us point out that if a sequence of matrices {S,}>2; is entry-wise L-convergent,
then
L-lim X S, = X - L-lim 5,

n—oo n—oo

and

L-lim S, X = (L-lim S,,) - X

n—oo n—oo

hold. This can be easily verified from the linearity of L.

Now we are ready to prove Theorem 3.1.

PROOF OF THEOREM 3.1. The equality L-lim,_,,o A = A L-lim,,_,,c A™ holds for ev-
ery |A| < 1 which gives us L-lim,, .o A" = 0 for all A # 1,|A\| < 1 (the Banach limit is
trivially 1if A = 1). Now, if we take a look at equation (3.6), we can see that Ay, = Ap ¢

holds for every Banach limit. Since
(0@ B)S*S(0@ BY + (00 U)¥S*S(0@® B) + (B®0)S*S(0@ U)’ — 0,

the equation-chain

App = Ap g = Ap o= Arc

is yielded. 0
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A natural question arises here. When does the sequence {T*"7"}°, converge? The
forthcoming theorem is dealing with this question where we will use a theorem of G.

Corach and A. Maestripieri.

THEOREM 3.7. The following statements are equivalent for a power bounded T €
B(C%):
(i) the sequence {T*"T™}>°, C B(CY) is convergent,
(i) the eigenspaces of T' corresponding to eigenvalues with modulus 1 are mutually

orthogonal to each other.

Moreover, the following three sets coincide:

n—o0

{A € B(CY: 3T € B(C?) power bounded such that A = lim T*"T”} ,
{P*P e B(C%: P e B(CY, P> =P},
{A € B(C?) positive semidefinite: o(A) C {0} U [1, 00, dimker(A) > rank E(]1,00[) } ,
(3.7)

where E denotes the spectral measure of A.

PRrOOF. The (ii)=(i) implication is quite straightforward from (3.6).

For the reverse direction let us consider (3.6) again. This tells us that if A; # Ax, then
(Sey, Sex) has to be 0 which means exactly the orthogonality.

In order to prove the further statement, we just have to take such a 7" that satisfies (ii).
Since the limit of {T*"T"}5°, exists if and only if the sequence {T""T"}° | converges

(by a similar reasoning to the beginning of the proof of Theorem 3.6), we consider
T/*nT/n — S*fl(J/*ns*SJm,)Sfl.

Trivially, we can take an orthonormal basis in every eigenspace as column vectors of S and
if we do so, then the column vectors of S corresponding to modulus 1 eigenvalues will form
an orthonormal sequence, and the other column vectors (i.e. the zero eigenvectors) will
form an orthonormal sequence as well. But the whole system may fail to be an orthonormal

basis. This implies that

lim 777" = S* 1 (T ®0)S™ ' = S* Y1 ©0)S*S(I ®0)S™ .

n—oo

By [8, Theorem 6.1] we get (3.7). O
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Next we prove Theorem 3.2.

PROOF OF THEOREM 3.2. (i)==(iii): Let us suppose that 7" = SUS~! holds with an
invertible S € B(C%) and a unitary U = diag(\y, ... \q). Of course, it can be supposed
without loss of generality that S has unit column vectors (this is just a right choice of
eigenvectors). Moreover, if an eigenvalue A has multiplicity more than one, then the corre-
sponding unit eigenvectors (as column vectors in ) can be chosen to form an orthonormal
base in that eigenspace. Trivially, this does not change T'. Now considering (3.6), we get

Lt e
=N UHNSISUT 1
n -
7j=1
and therefore

Arc = S8

(ili)==(i): Take an S such that it has unit column vectors. If we put \;-s to be pairwise

different in U and T' = SUS™!, then we obviously get A = S*1S~! from equation (3.6).

(ili)==-(ii): By the spectral mapping theorem we have

d = tr(S*S) = tr(SS")

1 7

J

(ii)==(iii): It would be enough to find such a unitary matrix U € B(C?) which satisfies

| diag(v/1/t1, ..., \/1/ta) - Uej|| = 1.
Indeed, if we chose

S :=diag(\/1/t1,...,\/1/tq) - U,

SS* would become diag(1/ty,...,1/ts) and (2.3) would give what we wanted.

The idea is that we put such complex numbers in the entries of U that have modulus
1/V/d, because then the column vectors of S will be unit ones and we only have to be
careful with the orthogonality of the column vectors of U. In fact, the right choice is to
consider a constant multiple of a Vandermonde matrix:

d

U — <€<J>1>(IH> /\/3>

J,k=1
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where £ = e27/¢. We show that its column vectors are orthogonal to each other which will

complete the proof. For this we consider j; # ja, j1,J2 € {1,2,...d} and the inner product

1 d
_32 (j1—j2)(k—1) —0.
k=1

This shows that U is indeed unitary. 0

d 5311k1 2G2—1)(k—1)
<Uej17U631 E

=1

In order to handle the non-C'; case we will use a reversal of Lemma 1.4. This reversal

statement reads as follows.

LEMMA 3.8. Suppose that the matriz T € B(C?) has the block-matriz upper triangular

representation as in Lemma 1.4, with respect to an orthogonal decomposition C* = H'®H"
such that Ty € Co.(H') (R € B(H",H') is arbitrary) and Ty € Cy.(H"). Then necessarily

T is power bounded and its stable subspace is precisely H'.

PROOF. By an easy calculation we get

" R,
0 Tr

T =

where

n . .

R, =Y Ty ’RT}.

j=1
Let us assume that |70, [| 77, [|R]] < M is satisfied for each n € N. In order to see the
power boundedness of T, one just has to use that ||7j'|] < ™ holds for large n-s with a
number r < 1, since we are in a finite dimensional space. It is quite straightforward that
H' C Ho(T) and since for any vector © € ‘H” the sequence {77z}, does not converge to

0, then neither does {T™z}5° ;. Consequently we obtain that H' = Hy(T). O

The above proof works for those kind of infinite dimensional operators as well for which
r(Ty) < 1 is satisfied. However we note that in general it is not valid.

Now, we are in a position to show the characterization in the non-C; case.

PROOF OF THEOREM 3.3. The equivalence of (i) and (iii) can be handled very simi-

larly as in Theorem 3.2.
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(i)==(ii): Let us write

0 R 0 RE* i
T = = (E S Cn(@ ))
0 E* 0 FE*
for the adjoint of a power bounded matrix (up to unitarily equivalence) which is general

enough for our purposes (see Theorem 3.6 and Lemma 3.8). Since E* is invertible it is

equivalent to investigate the two forms above. From the equation

— 0 RE™ 0 0\ [RE™E"R" RE™E"
we get
RAE’CR* RAE’C
Arc =
ApcR*  Agc
Calculating the null-space of A7 ¢ suggests that for the block-diagonalization we have

to take the following invertible matrix:

I, R\ [+ RR*)~Y? 0
—R* I, 0 (I + R*R)™/?

X =

The inverse of X is precisely

(II +RR*)_1/2 0 I, —R
0 (I, + R*RR)"V2 ] \R* I,

-1 _

which implies that X is unitary. With a straightforward calculation we derive
X "ArcX =0,® [(Is + R'R)?Ap (I + R*R)'?].

Here (I, + R*R)'/? = I, + Q holds with a positive semi-definite () for which rank(Q) <1
holds and conversely, every such I, +@Q can be given in the form (I + R*R)/2. Therefore
the set of all Cesaro-asymptotic limits of I-stable power bounded matrices (again, up to
unitarily equivalence) are given by
{0 (I + Q) ARl + Q) : Q € BCY),
positive semidefinite rank(Q) <[, F € Cll((Ck)}

and every positive operator of the above form is the Cesaro-asymptotic limit of an [-stable

power bounded matrix.
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Finally, let us write
(I, + Q)2 =U - diag(qy,...q) - U*

and

U AU = (aiy)f

ij=1
where U is unitary and ¢; <1 for each 1 < j < k. Therefore

% + % =tr (4 Q) 'Agclr+Q)7") =tr (Aglc(le +Q)7?)

k
= tr (U*A;;}CU - diag(qy, - . . qk)) = quam < tr(A;;}C) =k

Jj=1

is fulfilled for each [-stable power bounded matrix 7.

(ii)==(i): Set some positive numbers ti, ..., t; such that
1 1
— 44+ =<k
ty ty

is valid. If we take such a 0 < ¢ < 1 for which

! +1+ +1—k
c-t; 1o t,

then obviously A = diag(c - t1,ts...t;) arises as the Cesaro asymptotic limit of a power
bounded operator from Cj;(CF). Therefore if we take the rank-one Q = diag(1//c —
1,0,...0) positive semi-definite matrix, we get (I + Q)A(I; + Q) = diag(ty,t2 .. .t;). This
ends the proof. O

Next we prove our formula concerning 2x2 matrices.

PROOF OF THEOREM 3.4. Let T' = Sdiag(A;, A\2)S™! with [A\| = |A2] = 1 and S €
B(C?) be invertible for which the column vectors are unit ones. We have learned from the
proof of Theorem 3.2 that in this case Ailc = 55" happens. The matrix S can be written

in the following form:

1,18 1,2t
poaV1—s% poov/1 —t2

where |p;;| =1 (4,1 € {1,2}) and s, € [0, 1] provided that the above matrix is invertible.

S:
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By taking diag(1/p1.1,1/12.1) - S instead of S and using (2.3), we can see that without

loss of generality p111 = p21 = 1 can be assumed, so we have

s f1 2t
V1—5% pooV1—12

and thus

s% + 2 svV/1 — 52 + /1 — t2liga 19
svV/1 — 52 + 11 — t2ligolins 2 — 52—t

Ak = 557 =

Finally, since 7% = S*~! diag(\;, A\2)S* and we have

1 V1—125 —v1—s?
sV1 =i — V1 = 8%z | —t7z s ’

we immediately obtain

S*—l

vV 1-— tQE —V 1-— 82 vV 1-— tQMQQ —t,u12

Ate =
—tli2 S —v/1— 52 S
2— 52—t —svV1 — 52 —t/1 — t2lga s
—5V1 — 82 =tV 1 — t*jugofin; s? 4 12
which implies (3.2). O

In the proof we used that the inverse of a 2 x 2 matrix can be expressed quite nicely.
As we mentioned earlier, the above theorem cannot be generalized in higher dimensions.
In fact when dimH = N, then we can get counterexamples quite easily. Let us consider
a weighted bilateral shift operator which has weights 1 everywhere except for one weight
which is 1/2. This trivially defines a contraction. Moreover, Ay and Arp. are invertible
which implies that T is similar to a unitary. However Ap, Ap« < I, Ap # [ and Ap« # [
which implies A7' + A7l > 21 but A7' + A7l # 21.

In the matrix case we do not have such an easy counterexample. However, simple
computations tell us that usually (3.2) does not hold even for 3 x 3 matrices. For example
if we consider »

21 1 0 0 1 21
T=101 1 0 —1 0 01 4
1 0 4 0 0 =1 1 0 4
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then the eigenvalues of Ailc + A;iyc are approximately 1.27178,2.1285 and 2.59972.
Finally we give some examples. First, we provide such a power bounded weighted
shift operator T for which the L-asymptotic limit really depends on the choice of the
particular Banach limit L. Moreover, the Cesaro asymptotic limit of T" exists. We will use
a characterization from [34] of all the possible Banach limits of a bounded real sequence.

Namely, G. G. Lorentz proved that for every x € £*° real sequence the equality

{Llimaz,: LeLl}=[d(x)qx)] R

n—o0

holds where £ stands for the set of all Banach limits and

k—o0

1 p
q(z) = inf{limsupgz:xnﬁk: peNny,...n, € N},
j=1

1 p
! . . .
¢ (z) = sup{h’gglogf]—);:l Tnk: P ENyng,..omy € N}.

EXAMPLE 3.9. Let us fix an orthonormal basis {e;};en and define 7" in the following
way':
\/ﬁ-ejﬂ j = 3! for some [ € N
Te; =9 +/1/2 ¢4 j=3"+1forsomelecN.
€j+1 otherwise
Since ||T"|| = v/2 holds for each n € N, T is power bounded. A rather easy calculation

shows that the equation

2e; 3 <n<3+1forsomeleN
T*nTnel —
e1 otherwise

is valid. Therefore by Lorentz’s characterization we get
{<AT7L61,61>2 L e L} = [1, 2]

It is quite easy to see that the sequence {T*"T™}>° | consists of diagonal operators
(with respect to our fixed orthonormal basis). A straightforward computation gives us

AT,C’ =1.

The last two examples concern the existence of the Cesaro asymptotic limit and power
boundedness. From these examples we will see that none of the mentioned properties

concerning 7" implies the other one.
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ExAMPLE 3.10. We define T" with the equation

\/E-ejﬂ j = 3! for some [ € N
Te;j =< +/1/2-¢j41 j=2-3 for somel €N .
€41 otherwise

Clearly

2-e7 3<n<2-3 forsomeleN
T*nTnel _
el otherwise
holds. The Cesaro means of the sequence {(T*"T"eq, €1) }nen does not converge, hence the
the Cesaro asymptotic limit of 7" cannot exist. On the other hand, ||7"| = v/2 is satisfied

for every n € N, thus T' is power bounded.

ExaMPLE 3.11. Our shift operator is defined as follows:

T \/§~e]~+1 3 <j<3 +1forsomeleN
e; = :

J .
€j+1 otherwise

On the one hand, it is not power bounded because | 7"|| = v/2". On the other hand, it is

not hard to see that Ap ¢ exists and it is precisely the identity operator.



CHAPTER 4

Asymptotic limits of operators similar to normal operators

1. Statements of the results

The present chapter contains our results from [17]. First we will give a generalization of
the necessity part in Sz.-Nagy’s similarity result (Theorem 1.2 and 1.3). Let us consider a
normal power bounded operator N € B(H). Since r(N)™ = r(N™) = [|[N"]| holds (n € N),
we obtain that N is a contraction. A quite straightforward application of the functional
model of normal operators (see [7, Chapter IX]) gives us that Ax = I (n)L © 0y holds
where N|(ran Ayx)~ is the unitary part of N. In view of Theorem 1.3 it is reasonable to
conjecture that when a power bounded operator T’ is similar to a normal operator then
Arp|(ran Ay )~ should be invertible. Indeed this is the case as we shall see from the
forthcoming theorem. But before stating it we need some definitions. We recall that if the
operator A € B(H) is not zero, then the reduced minimum modulus of A is the quantity
y(A) == inf{||Az||: = € (ker A)*, ||z|| = 1}. In particular if A is a positive operator, then
7(A) > 0 holds exactly when A|(ran A)~ is invertible. Our first result concerns two similar

power bounded operators and it reads as follows.

THEOREM 4.1. Let us consider two power bounded operators T, S ¢ Cy.(H) which are
similar to each other. Then v(Ar.) > 0 holds for some (and then for all) Banach limits
L if and only if v(As,) > 0 is valid.

Moreover, ¥y(Ar,) > 0 holds if and only if the powers of T are bounded from below

uniformly on Ho(T)L, i.e. there exists a constant ¢ > 0 such that
cllz]| < |[|[T"z|| (x € Ho(T)*,n € N).

In particular, if T is similar to a normal operator, then y(Ar) > 0 and y(Apr- 1) >0

are satisfied.

The proof of Theorem 4.1 will use Lemma 1.4. This theorem can be considered as

a generalization of the necessity part in Sz.-Nagy’s theorem and it can help in deciding

37
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whether an operator is similar to e.g. a normal operator in some cases. However, the last
point of Theorem 4.1 is clearly not reversible which can be seen by easy counterexamples.
For instance set an arbitrary operator B € B(#H) with r(B) < 1 and consider T':= B& I €
B(H @ H). On the one hand, T is usually not similar to any normal operators, but on the
other hand, A7 = 0 @ I which implies v(Ar) = 1.

As we have seen, Sz.-Nagy’s theorem says that Ar ; is invertible when 7" is similar to a
unitary. If 7" is a contraction, then we can state more than simply the invertibility of Ar.
Namely we will prove the following statement where (i) is only an implications statement,
but (ii) is an ”if and only if” one. We recall that the minimal element of the spectrum of

a self-adjoint operator A is denoted by r(A).

THEOREM 4.2.

(i) Let dimH = oo and T € B(H) be a contraction which is similar to a uni-
tary operator. Then dimker(Ar —r(Ar)I) € {0,00}. Consequently, the condition
r(Ar) € o.(Ar) holds.

(i) Let dimH = Rg, A € B(H) be a positive, invertible contraction and suppose that
the conditions 1 € o.(A) and dimker(A — r(A)I) € {0,80} are fulfilled. Then
there exists a contraction T € B(H) which is similar to a unitary operator and

the asymptotic limit of T is exactly A.

This theorem can be considered as a strengthening of the necessity part in Sz.-Nagy’s
similarity theorem. In particular, in the separable case it provides a characterization of
asymptotic limits for those contractions which are similar to unitary operators. We note
that it is an open problem to describe the L asymptotic limits of those operators that are

similar to unitary operators and act on infinite dimensional spaces.

2. Proofs

In order to prove Theorem 4.1 we need two lemmas. The first one reads as follows.

LEMMA 4.3. Consider a power bounded operator T & Co.(H). Then the following con-

ditions are equivalent:

(i) the inequality v(Ar,) > 0 is satisfied for some and then for all Banach limits L,
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(ii) the compression Ty := P\T|Hg is similar to an isometry, where Py denotes the
orthogonal projection onto the subspace Hy,
(iii) the powers of T are bounded from below uniformly on Hpy, i.e. there exists a

constant ¢ > 0 such that c||x|| < ||T™z|| is satisfied on Hg for all n € N.

PROOF. (i)==(ii). We will use the decomposition Ay = 0d A; € B(Ho®Hy ), where
Ay is obviously invertible. Consider the isometric asymptote (X;f 1, Vr.p). If we restrict the

equation
to the subspace Hy, we get the following:

VT,LAi/Q = VT,LXZJ:,L|7'1(0L = X:JFF,LT|”H3 = A%/QTM

which verifies that the operator 7} is indeed similar to the isometry Vi p.
(il)==(iii). By Lemma 1.4, we have

Ty *
0 17

" =

Therefore, by Sz.-Nagy’s theorem, there exists a constant ¢ > 0 for which
1Tzl > |T7'z]| > cllz]| (n € N,z € Hy).
(iii)==(i). Let € Hy be arbitrary, then we have
| A7 e ]? = Llim [ 772 |* > |||,
which means exactly that ”y(AlT{ 2) > ¢ and hence y(Arr) > ¢® > 0 is satisfied. O
We proceed with the following technical lemma.

LEMMA 4.4. Consider an orthogonal decomposition H = K @ L, and an invertible
operator X € B(H). Suppose that the block-matriz of X is
X1 X

X = eB(Ka L),
0 X
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and the element X11 € B(K) is surjective. Then the elements X1; € B(K) and Xa9 € B(L)

are invertible and the block-matriz form of X ' is the following:

X' X1 X X5

X 1= eBKaL).
0 X5
Yin Y
PrOOF. Let X1 = [ 1 "] ¢ B(K @ L). Since X is invertible, X;; has to be
Yor Yoo

injective, thus bijective. The (2,1)-element of the block-matrix decomposition of X 1 X = T
is Y51 X171 = 0 € B(K, L) which gives us Y;» = 0. The (2,2)-elements of XX~ = [ and
X7'X =T are X93Yas = I and Y59 X9y = I, respectively, which imply the invertibility
of X5 € B(L). Finally, an easy calculation verifies the block-matrix form of X 1. O

Now we are in a position to present our generalization of Sz.-Nagy’s theorem.

PROOF OF THEOREM 4.1. We begin with the first part. Let X € B(H) be an invert-
ible operator for which S = XTX ! holds. It is easy to see that H(S) = XHo(T), which
gives us dim Ho(T) = dim H(S) and dim Ho(T)*+ = dim H(S)+. Therefore we can choose
a unitary operator U € B(H) such that the equation

Ho(T) = UHo(S) = UXHo(T) = Ho(USU*) (4.2)
is valid. By (2.3), it is enough to prove the inequality

Y(Avsv=r) > 0.
Now, consider the block-matrix decompositions (1.2) and

Yii Yio
UX = € B(Ho(T) @ (Ho(T))"H).
0 Yo

The latter one is indeed upper block-triangular and moreover, the element Y7, is surjective,

because of (4.2). Therefore by Lemma 4.4 we obtain the equation
Vi Y YY)

UX)" = "
(R

€ B(Ho(T) & (Ho(T)) ™).

An easy calculation gives the following:

PUUSU*|(Ho(T))* = P(UX)T(UX) ™ |(Ho(T))" = YouT1 Yo'
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where P; denotes the orthogonal projection onto the subspace (Ho(T))*. Now, if the
inequality 7(Ar ) > 0 holds, then by Lemma 4.3 the operator 7} is similar to an isometry.
But this gives that the compression P,USU*|(Ho(T))* is also similar to an isometry, and
hence by Lemma 4.3 and (4.2) we get that v(Agz) > 0 holds.

The second part was proven in Lemma 4.3.

The third part is an easy consequence of the fact that the asymptotic limit of a power

bounded normal operator N is always idempotent. 0

Next we prove a consequence of Theorem 4.1. We recall definitions of some special
classes of operators to which the similarity will be investigated in the forthcoming corollary.
The operator T' € B(H) is said to be

e of class Q if || Tz||> < 5(||T%x||* + [|=||?) holds for every = € H,

e log-hyponormal if log(T*T) > log(T'T*) is satisfied.
An operator T is called paranormal if | Tz||* < ||T%z||||x| is valid for all x € H. It is
quite easy to verify from the arithmetic-geometric mean inequality that every paranormal
operator is of class () as well.

We say that the operator T has the Putnam—Fuglede property (or PF property for
short) if for any operator X € B(#,K) and isometry V € B(K) for which 7X = XV*
holds, the equation T*X = XV is satisfied as well.

COROLLARY 4.5. For a power bounded operator T' € B(H) and a Banach limit L the

following tmplications are valid:

(i) if T ¢ Co(H) 1s similar to a power bounded operator that has the PF property,
then the condition ~y(Ar~ 1) > 0 is fulfilled.
(i) if T ¢ Co(H) is similar to an operator that is either log-hyponormal or of class

Q) or paranormal, then the inequality v(Aq+ 1) > 0 is satisfied.

PROOF. Theorem 3.2 of [39] tells us that the PF property for a power bounded opera-
tor T is equivalent to the condition that 7' is the orthogonal sum of a unitary and a power
bounded operator of class C'y. Therefore (i) is an easy consequence of Pagacz’s result and
Theorem 4.1.

If T is log-hyponormal, then Mecheri’s result (see [36]) implies that T has the PF
property, and thus v(Ar. ) > 0 holds.
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Finally, let us assume that 7" is a power bounded operator which also belongs to the
class Q. We prove that then it is a contraction as well. If || Tz||* — ||z]|* > a > 0 held for a
vector x € H, then we would obtain ||T?z||*> — | Tz|* > ||Tx||* — ||z||* > a. By induction
we could prove that |7 z||> — ||T"z||*> > a would hold for every n € N. Therefore the
inequality ||[T"z||? — ||z||* > n - a would be true, which would imply that 7" could not
be power bounded. Consequently, 7" has to be a contraction. P. Pagacz showed that a
contraction which belongs to the class @, shares the PF property (see [40] and [38] for the

paranormal case). This gives us that v(Az, ) > 0 is valid, which completes our proof. [

Next an application of the above results will be presented. It is easy to see that if the
weighted bilateral shift operator T with weights {wy }rez C C is power bounded, then the
L-asymptotic limit satisfies the equation A e, = (L-limn_m H?:o |wk+j|2) - ey, for every

k € Z. A weighted bilateral shift operator 7" is power bounded if and only if the inequality

sup{ﬁ|wk+j|: kEZ,nENU{O}} < 00

=0
is fulfilled (see [44, Proposition 2|). By Sz.-Nagy’s theorem 7' is similar to a unitary

operator exactly when it is power bounded and, in addition, the following holds:

inf{ﬁ]wkﬂ-\: l{:EZ,nGNU{O}} > 0.

j=0

COROLLARY 4.6. Let I be an arbitrary set of indices. Consider the orthogonal sum
W = @i Wi € B(@®ierHi) which is power bounded, and each summand W; is a weighted
bilateral shift operator that is similar to a unitary operator. If W is similar to a normal

operator, then necessarily it is similar to a unitary operator.

PROOF. Let us denote the L-asymptotic limit of W; by A;. Since the subspaces H; are
invariant for the operators W*"W" (i € I,n € N), we obtain the equation Ay = ®erA;.
Since each summand W; is similar to a unitary operator, the operator A; is invertible and
A; / QI/Vi = SiAil /2 holds for every i € I where S; denotes a simple (i.e. unweighted) bilateral
shift operator. From the power boundedness of W, sup{||A;||: i € I} < oo follows.

On the one hand, if sup{||4;"||: i € I'} < oo is satisfied, then

W = (©ierAi) Y (@ierSi) (Dier Ai) ?
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gives that W is similar to a unitary operator. On the other hand, if the inequality fails,
then Ay = ®erA; is not invertible, but injective. By Theorem 4.1, we obtain that in

this case W cannot be similar to any normal operator. Our proof is complete. 0
We continue with the verification of (i) in Theorem 4.2. Point (ii) will be proven later.

PROOF OF (1) IN THEOREM 4.2. Since Ar is invertible, the inequality r := r(Ar) > 0
is satisfied. It is trivial that if r = 1, then A7 = I, and in this case the statement of the
theorem is obviously true. Therefore we may suppose that r < 1.

We will use the notation M = ker(Ar —rI). Assume that the condition 0 < dim M <

oo holds. If we set an arbitrary vector h € M, then we have
2R = AR = AT R = 2T (43)

which implies that the inequality [|Th| < ||h] is fulfilled for any h € M. But T is a
contraction, therefore ||T~'h|| = ||A|| for every h € M. Because of the latter equation
and (4.3) we deduce ||A%F/2T*1h|| = r'2|T~'h|| (h € M) which implies that the finite-
dimensional subspace M is invariant for the operator 7-!. Since 7T is bijective, we get
that T-'M = M is satisfied and the restriction T|M is unitary. Since 7' is a contraction
and dim M < oo, these imply that M is reducing for 7. On the other hand, rI|M =
Ar|M = I|M follows which is a contradiction. O

Before proving (ii) of Theorem 4.2, we need the following lemma. We note that the
method which will be used here is similar to the one which was used in Section 2. There
operator-weighted unilateral shift operators were used and here we use operator-weighted

bilateral shift operators. This will result in some further complications.

LEMMA 4.7. Suppose we have a positive, invertible contraction A € B(H), an orthogo-

nal decomposition H = & _ Vi where the subspaces Vi, are reducing for A, and a unitary

—0o0

operator U € B(H) such that the following conditions hold:

(i) the equation UYy = Vi1 1 satisfied for all k € Z,
(i) we have limg_,oo T(A|Vy) = 1, and

(iii) the inequality ||AY?y.|| < ||AY2Uyy|| is fulfilled for every k € Z and y € V.

Then T := AY2U AY? € B(H) is a contraction for which Ay = A holds.
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PRroOOF. By (iii) we obtain
1T yull = (| AU A2y | < [ AV2OU* APy = [y,

which gives that T is indeed a contraction.
Consider an arbitrary vector yi € Vi (k € Z). The following inequality holds for any

e > 0 choosing n large enough:
1T Ty — Aye| = [|AYVPU (A = DU A2y, |

< A2 1A = DIeall - 1Ayl < & - [yl

This shows that T*"T"y, — Ay holds for every vector yx € ) and number k € Z. But
Yk is reducing for the operator T*"T" (k € Z,n € N) which implies Ay = A. O

Finally, we present our proof concerning (ii) in Theorem 4.2.

PROOF OF (11) IN THEOREM. 4.2.
PART L.

We will assume in this part that ker(A — I) = {0} holds. First, we choose an ar-
bitrary two-sided sequence {ay}rez Clr, 1] for which the conditions ay < agi1 (k € Z),
limy_, oo ap = r and limy_,, ar = 1 are valid. We will use the notations X, := H([ax, axs1[)
(k € Z) and M = ker(A — rl) where H(w) denotes the spectral subspace of A associ-
ated with the Borel subset w C R. There are five different cases which will be considered

separately.

Case I.1. When #{k < 0: dim X}, = N} = #{k > 0: dim A}, = Ny} = Ny holds.
Choosing a subsequence if necessary we may suppose that dim X}, = N, is valid for every
k € Z. On the one hand, if additionally M = {0} is satisfied, then using Lemma 4.7 we
get what we wanted. On the other hand, if dim M = N, then we choose an orthonormal
base {e;}r. ., in M, set

X @ (C-ep) ifk<O

k — )
X elsewhere

and choose an arbitrary unitary operator U such that UYy, = V.1 (k € Z) and Uey,_1 = ¢y,
(k < 0) hold. Then again, we use Lemma 4.7.
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Case 1.2. When #{k < 0: dim X}, = No} = Vg > #{k > 0: dim X}, = Ny} is valid. We
can assume without loss of generality that the condition dim &} = N, is satisfied exactly
when k£ < 0. We choose an orthonormal base {ex;: k£ > 0,1 > 0} in H([ao, 1[) such that
every vector ey is an eigenvector of A associated with the eigenvalue oy, and the equation
ag; < a1y holds for every k > 0,1 > 0. This can be obviously done since 1 € o.(A).
Set Vi := V{ex,: Il > 0} if £ > 0 and for £ < 0 in the same way as in the previous case
(bearing in mind whether M = {0} or not). Now, if we choose such a unitary operator
U € B(H) for which point (i) of Lemma 4.7 and the equation Uey_1 = ¢, (k < 0) hold,

we can easily complete this case.

Case 1.3. When #{k < 0: dim X} = Ro} < Ry = #{k > 0: dim X}, = Ro} is true. We
may suppose that the equation dim X, = Ny holds if and only if £ > 0. The restriction
A|H([r, ao[) is trivially diagonal and trivially acts on an infinite-dimensional subspace,
since r € 0.(A). Therefore we can choose an orthonormal base {ej;: k,I < 0} which

consists of A-eigenvectors: Aey; = oy €ex,, such that the inequality ag_1; < oy is fulfilled

for all k,1 < 0. If we have

\/{ek,l:l<0} ifk<0O
Vi =

X, elsewhere

and a unitary operator U € B(H) such that the equations UYy, = Vs (kK € Z) and

Uer—1, = ek, (k < 0) are satisfied, then again by Lemma 4.7 we easily complete this case.

Case 1.4. When 0 < #{k € Z: dim X, = Ny} < Ng is fulfilled. Without loss of
generality we may suppose that the equation dim X} = N; is true exactly when £ = 0.
Obviously, both of the restrictions A|H([r, ao[) and A[H([a1,1]) are diagonal operators
and are acting on infinite-dimensional subspaces. We choose orthonormal bases {ey;: k <
0,0 € Z} and {ey;: k > 0,1 € Z} in the subspaces H([r, ao[) and H([a, 1]), respectively,
such that Aey; = oy ex; holds for some positive numbers {oy;: k,l € Z,k # 0}, and

ag < ayy is valid for arbitrary integers k, k', [ for which k # 0,k" # 0,k < k’. Now, if

Xo ifk=0
\/{ek,l:ZEZ} 1f]€7é0

Vi =
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and U € B(H) is a unitary operator such that UYy = Vi1 (k € Z) and Uep_1; = exy
(k < 0,k > 1) are satisfied, then again, we can use Lemma 4.7 in order to complete this

case.

Case 1.5. When dim X, < R s fulfilled for all k € 7Z. We can use a very similar

argument as in the previous case, therefore we omit the details.
PART II.

In this part we assume that dimker(A — I) > 0. It is easy to see that exactly one of
the equations ker(A — I) = H and dim ker(A — I)* = Ry holds, because r € o.(A) is valid.
It is also quite obvious that if 77 € B(H') and T"” € B(H") are two contractions such
that both of them are similar to a unitary operator, then 77 & 7" € B(H' & H") is also a

contraction that is similar to a unitary operator and we have Apgr = Ap @ Ap».

Case I1.1. When either A =1 or 1 € o.(A|ker(A — I)*). If A = I, then we simply
set T = I. If the relation 1 € o.(A|ker(A — I)*1) holds, then by PART I we can choose

a contraction 7" € B(ker(A — I)') that is similar to a unitary operator and for which

A = Alker(A—I)* holds. U T =T"® I € B(ker(A—I)* @ker(A—1)), we get A = A.

Case 11.2. When dimker(A — I)* = Ry and 1 ¢ o.(A|ker(A — I)*). Obviously, the
conditions dimker(A — I) = Ry and r(A|ker(A — I)*) < 1 hold. Consider a sequence
{ag}_ . C[r,r(Alker(A—1)%)] such that ar_1 < aj, (k <0), ap = r(A|ker(A—1)*) and
limy, o ar = 1 are satisfied. Set Xj, := H([ax, ar+1]) (k < 0). If the equation dim X), = Ny
holds for infinitely many k£ < 0, then we may assume that it holds for every k < 0. Assume
first that this happens. Then we simply choose YV, = A} (k € Z) where ker(A — I) =
DR o Xk, dim Xy, = Xy (k > 0), and we use Lemma 4.7. In fact, this is the case when the
scalar valued spectral measure of A|ker(A — I)t is continuous (i.e. there are no atoms).

Second, we suppose that the equation dim &} = R; holds only for finitely many numbers
k < 0. We consider the decomposition ker(A —I)* = K, @ K, where both of the subspaces
K, and K. are A-invariant and the scalar valued spectral measure of the restrictions A|KC,
and A|K. are purely atomic and continuous, respectively. If K. # {0}, then we choose
a splitting ker(A — I) = L1 @ L5 where dim £; = dim £, = Ny holds. By the previous

paragraph there is a contraction 7" € B(L; & K.) which is similar to a unitary operator
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and for which A7 = A|(£; @ K.) holds. This shows that it is enough to consider the case
when A is diagonal.

If A is diagonal, then the eigenvalues (counting with their multiplicities) {ay;: k.1 € Z}
can be easily ordered in a way such that ag; < a1y (k€ Z) and oy =1 (k, 1 € Z, k >
0) hold. Now, if we choose Yy, := V{ex,: | € Z} and define the unitary operator U € B(H)
by the equation Uey; = exi1,; (k,I € Z), then by a straightforward application of Lemma
4.7 our proof is completed. 0



CHAPTER 5

Injectivity of the commutant mapping

1. Statements of the results

Throughout this chapter T" always denotes a contraction. Given any C' € {T'} there
exists exactly one D € {Wr} such that XpC = DXyp. This enables us to define the

commutant mapping 7 of 7" in the following way:
v=77:{T} — {Wr}', C — D such that X;C = DXr.

It can be shown that v is a contractive algebra-homomorphism (see [48, Section IX.1] for
further details). This commutant mapping is among the few links which relate the con-
traction to a well-understood operator. It can be exploited to get structure theorems or
stability results, see e.g. [1, 26, 27, 29, 30]. Hence it is of interest to study its properties.
Our purpose in [14] was to examine the injectivity of 7, and in this chapter we give the
results obtained in that publication. If T is asymptotically non-vanishing, then X and
hence ~r are clearly injective. A natural and non-trivial question is that if the commutant
mapping is injective, is necessarily T' of class (.7 However, this is not true. A counterex-
ample will be given which will justify it. But before that we will prove the next two results.
The first one provides four necessary conditions for injectivity. For a contraction 7' let P,
denote the orthogonal projection onto the stable subspace. The compressions PyT'|H and

(I — Py)T|Hg are denoted by Ty and Ty, respectively.

THEOREM b.1. If the commutant mapping v of the contraction T € B(H) is injective,
then

(i) Z(T1, Too) = {0},
(1) 0ap(Tio) N 0up(Tha) # 0,
(i) 0,(T) N o, (T*)ND =0, and
(iv) there is no direct decomposition H = Mgy + My such that My, My are invariant
subspaces of T and {0} # My C Hy.

48
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In view of condition (iii) of the previous theorem it is of interest to express the point
spectra of T"and T™ in terms of the matrix entries. We will give such a result as Proposition
5.6.

For an operator A on a Hilbert space F, and for a complex number A\, the root subspace
of A corresponding to A is defined by lzevr(A — M) := V32, ker(A — M)7. We say that the
operator A has a generating root subspace system if F =V {l;;r(A —A): A€ ap(A)}.

Our second result is about sufficiency. Namely, it shows that under certain circum-

stances (iii) of Theorem 5.1 is sufficient for the injectivity of ~.

THEOREM 5.2. Let us assume that the stable component Tog of the contraction T
satisfies the following conditions:

(i) op(T50) C op(Too),

(i) Ty has a generating root subspace system.

Then v is injective if and only if o,(T) No,(T*) ND = (.

We recall that a c.n.u. contraction 7' is called a Cp-contraction, if there exists a function
¥ € H* such that ¥(T) = 0. If 9 = 9,9, where ¥; and ¥, are the inner and outer part of 1J,
respectively, then 9;(T) = 0. It can be shown that here exits an inner function Jp € H>
such that ¥7(7") = 0, and whenever ¥ € H*°,J(T") = 0 holds, the function 9 is a multiple
of ¥7. This Y1 is called the minimal function of T'. The conditions of the previous theorem

are satisfied in a large class of C-contractions.

COROLLARY 5.3. Let us assume that the stable component Tog of the contraction T
15 a Cy-contraction, and the minimal function ¥ of Ty is a Blaschke product. Then v is

injective if and only if o,(T) No,(T*) ND = 0.

After that we will be able to present our example for a non-Cj. contraction which
has injective commutant mapping. This will be followed by investigating the injectivity of
commutant mappings for quasisimilar contractions and orthogonal sum of contractions.
Two operators A, B € B(H) are quasisimilar if the quasiaffinities (i.e. operators with trivial
kernel and dense range) X € Z(A, B) and Y € Z(A, B) exist. We say that T € B(H) is
in stable relation with 77 € B(H'), if C € Z(T,T") and ran C' C H{(T") imply C' = 0, and
if C" € Z(T",T) and ran C" C Ho(T) imply C’ = 0. Our result concerning quasisimilar

contractions and orthogonal sum of contractions reads as follows.
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THEOREM 5.4. Let T € B(H) and T'" € B(H') be contractions.
(i) If T and T" are quasisimilar, then yr is injective if and only if yr is injective.
(ii) The commutant mapping ¥ = ~Yyrer is injective if and only if yr and ~p are
injective, and T is in stable relation with T".
(iii) Assuming T = T', the commutant mapping ¥ = Yrer is injective if and only if

Yr 18 injective.

In particular if the contraction T € B(H) is quasisimilar to a normal operator N €
B(G), then ~r is injective if and only if T is of class C1;. We would like to point out
that (ii)-(iii) of the above theorem can be extended quite easily for orthogonal sum of
countably many contractions. We also note that the injectivity of v and ~p does not
imply the injectivity of 4. This will be verified by a concrete example.

Finally, using certain properties of shift operators, we will provide an example for which
()-(iv) of Theorem 5.1 are satisfied but still 7 is not injective. This shows that these four

conditions together are not enough to provide a characterization of injectivity of ~r.

2. Proofs

Suppose that v is injective and consider a C' € {T'} such that ranC C Hg. Then
0X =0 = XC = ~(C)X implies v(C) = 0, whence C' = 0 follows. Second, if - is not
injective, then v(C) = 0 for some non-zero C' € {T'}/, and XC = v(C)X = 0X = 0 yields
ran C' C Hy. Therefore « is injective if and only if the only operator in {T'}’, whose range
is included in the stable subspace Hj, is the zero operator. In particular, if T" € Cj. then
~v = 0 is highly non-injective, while 7" € (;. evidently yields that ~ is injective. Therefore
we are interested in the mixed case 0 # Hy # H.

Throughout this chapter we will use Lemma 1.4 many times. But here we will use the

following more convenient notation:

Ty T
T=|"" """ €B(HaH).

Now we prove the following lemma.

LEMMA 5.5. The commutant mapping v is injective if and only if the conditions

To0Co1 — Co1Th1 = CooTon and  Cy € {Too}, (5-1>
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imply Coo = 0 and Cy; = 0.

PRrROOF. The range of any operator C' € B(H) is included in H, precisely when its

matrix is of the form
Coo C
c_ o0 Coi EB(’HO@Hé).
0 0
Furthermore, the equation C'I' = T'C' reduces to the equations CyyThy = TpoCoo and
CooTo1 + Co1 Ty = TpoCoi. Thus, by the observations of the first paragraph, the proof is

complete. O
Now we are in a position to give the verification of Theorem 5.1.

PROOF OF THEOREM 5.1. Taking any Cy € Z(T11,Ty), the condition (5.1) is ful-
filled with Cypp = 0. Hence (i) must hold, if v is injective. If (ii) fails, then the mapping
T € B(B(Hi,Ho)), defined by T:Y — ToY — YT, is surjective (see [9]). Thus (5.1)
can be satisfied with Cypg = I and Cy; = T }(Tp1), and so « is not injective. If (iii) fails,
then there exist A € D and unit vectors u,v € H such that Tu = A\u and T*v = Av. Then
ran(u ® v) = Cu C Ho, and

(u@)T =u®Tv=u® M) =) ®@v="T(uxv),

hence « cannot be injective. Finally, if (iv) fails, then the projection P onto M, parallel

to My, commutes with 7" and is transformed to zero by 7. OJ

As we mentioned before by (iii) of Theorem 5.1 it is of interest to express the point
spectra of T" and T™ in terms of the matrix entries. The next proposition is about that

problem.

PROPOSITION 5.6. For any A € D, we have:
(i) X € 0,(T) if and only if X € 5,(Tto),
(ii) A € 0,(T*) if and only if X € o,(T},) or
Ty (ker(Tgo — M)\ {0}) N (17, = M) Hy # 0.

PROOF. (i): Let h = ho @ hy € Ho ® Hg be a non-zero vector. The equation Th = \h
holds exactly when T()(]ho +T01h1 = )\ho and Tuhl = )\hl Since O'p(Tn) ND = @, it follows

that A; = 0, and so the latter equations are equivalent to Toohg = Ahg with a non-zero hy.
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(ii): the equation T*h = Ah is equivalent to Tyho = Mg and T ho + T hy = Ahy. If
A € 0,(T7;), then these equations hold with iy = 0 and with a non-zero hy. If X & 0,(T7;),

then the previous two equations hold precisely when 7,hg = Ahy is fulfilled with a non-zero

ho and Tiho = (T3 — M)(—h). 0

Now we turn to the sufficiency result of this chapter, but before we prove Theorem
5.2, we need some auxiliary results. Given two operators A € B(F) and B € B(G), let
us consider the transformation T4 5 € B(B(G, F)) defined by Tap: Y — AY — Y B. The

following lemma is crucial in our proof.
LEmMMmA 5.7. If
F=V {@(A* M) A€ oy (A7) ap(B*)}
or
G=vV {Ee}(B — M) : M€ oy(B) \gp(A)} ,
then the mapping Ta p is injective.

PROOF. Let us assume that the second condition holds, and T4 g(Y) = 0 is true for
some Y € B(G,F). Then for every A € 0,(B) \ 0,(A), j € Nand g € ker(B — \)’ we
have (A — XY g =Y (B — A )’g = 0, whence Yg = 0 follows, since A — \I is injective.
Our assumption yields now that Y = 0. The other case can be treated similarly turning

to the adjoints. 0

Now we give a technical sufficient condition for the injectivity of the commutant map-

ping.

PROPOSITION 5.8. Let us assume that the contraction T € B(H) satisfies the condi-

tions:

(1) Ho =V {ker(Ti — A1) : X € 0,(T5) \ 0(T5) |

(i) Tg (ker(Tygo — ADN\{OH) N (T, = ADH1 =0 for all X € o,(Ty)-
Then the commutant mapping v of T' is injective.

PROOF. Assuming that v is not injective, by Lemma 5.5 we can find transformations

Coo € {Tho}' and Cy, € B(H1, Ho) satistying the equation

To0Co1 — Co1Th1 = CooTon (5.2)
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such that Cyy # 0 or Cyp; # 0. Our condition (i) implies by Lemma 5.7 that Cyy # 0.
Another application of (i) yields that we can give A € 0,(Ty) \ 0,(17;) and r € N so that

Cgo (ker(Tgy — MI)") # {0} and  Cjy (ker(Tyy — M)™") = {0}.

Assuming r = 1, there exists v € ker(Tj, — AI) such that Cjov # 0. The equations
(To — M) Cov = Cio(Tho — M)v = 0 imply that Ciyv € ker(T5, — AI). Applying (5.2) we
obtain

(17, — )‘D(_Cglv) = Cpyy (T(Sko — M)v — (17, — )\I)C'Slv = T5,Coov, (5.3)

which contradicts the condition (ii).
Let us assume now that r» > 1. For every v € ker(Tg, — AI) we have (5.3) with
T3, Coov = 0. Since T}, — Al is injective, we get Cg ker(T5, — AI) = {0}. Suppose that

Co1 (ker(Tgy — AI)*~1) = {0}

holds for an integer 1 < s < r. Taking any v € ker(Tg, — Al)°, we obtain (5.3) with
T3, Coov = 0, whence Cf; (ker(Tg, — AI)®) = {0} follows. By induction we arrive at the
relation

Coy (ker(TJO - )\[)’"*1) = {0}.

Setting any v € ker(T, — M) such that Cjyv # 0, we deduce (5.3), where 0 # Cjv €
ker(T3, — AI), contradicting to (ii). O

We proceed with proving Theorem 5.2

PrROOF OF THEOREM 5.2. The necessity of the condition was stated in Theorem 5.1.
Let us assume now that o,(T) N o,(T*) N D = §. By Proposition 5.6 we have a,(Tp) N
o,(T})) = 0, and that Tj; (ker(Tg, — M) \ {0}) N (T3, — AI)H1 = 0 holds for every A\ €
0,(Too). Since 0,(Tt,) C 0,(Th), we conclude that the conditions of Proposition 5.8 are

satisfied, and so 7 is injective. O
We continue with the verification of Corollary 5.3.

ProOF OF COROLLARY 5.3. We have to verify the conditions of Theorem 5.2. Since
0p(Too) ND = {z € D : ¥(2) = 0} and the minimal function of Tj; is 9(z) = 9(z),
we obtain that o,(Ty) = 0,(Too) (see [48, Proposition I11.4.7 and Theorem III.5.1]).
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The completeness of the root subspace system of Tf, readily follows from [48, Theorem

111.6.3]. 0

In what follows we provide an example for a non-C}. contraction which has injective
commutant mapping. This answers a question mentioned before. In order to present the

desired example, we need the following technical lemma.

LEMMA 5.9. Let K; (i = 1,2,3,4) be non-zero Hilbert spaces, and A € B(K1,Ks), B €
B(K1,K3),Y € B(Kq,Ky),Z € B(K3,Ky). Fizing A and B, the equation YA = ZB has
only the trivial solution Y = 0,7 = 0 if and only if A and B have dense ranges and
ran A* Nran B* = {0}.

PRroOF. If A does not have dense range, then taking non-zero vectors v € ker A* and
ky € K4, the transformations Y = ky ® v and Z = 0 provide a non-trivial solution of
the equation YA = ZB. The case when B does not have dense range can be discussed
similarly. If A*ky = B*ks = u # 0 holds with some k; € K; (i = 2,3), then setting a
non-zero k; € K4, the transformations Y = k; ® ke and Z = k4 ® k3 provide a non-trivial
solution.

Assuming that A*, B* are injective and ran A* N ran B* = {0}, let us consider the
adjoint equation A*Y* = B*Z*. If Y # 0, then Y*k; # 0 for some k; € K4, and so the
non-zero vector u = A*Y*ky = B*Z*k4 belongs to ran A* Nran B*. Hence Y = 0, and a

similar reasoning shows that Z = 0. 0

Next we present our example.

ExaMPLE 5.10. Let Hg be a 1-dimensional Hilbert space and Toy = A € B(Ho)
with some A € D\ {0}. Let us fix a unit vector e € Hy. Let H; be an Ry-dimensional
Hilbert space, and let T1; € B(H;) be a Cj.-contraction satisfying the conditions 1 ¢
o,(THTh), N & 0,(T},) and ran(T}; — M) # H;. We construct a contraction 7' on the

Hilbert space H = Hy @ H; such that its matrix in this decomposition is of the form

A Ty |
T= € B(Ho & H) (5.4)
0 Tn

It remains to identify T}, .
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Since the operator I — ATy = (I — T}, T11) + (T, — M)Th, is invertible, we can find
a unit vector u € H; such that u — 75, Thu does not belong to the range of T}, — 1.
We recall that the defect operator of a contraction 7' is Dy = /I — T*T. Clearly Dy, =
Drs = (1—|A]*)21. Now we define To; = Dy, (e® Dy u) Dy, . By [13, Lemma IV.2.1] the
operator T' is a contraction, whose stable subspace obviously coincides with the non-zero
space Hy. Let us assume that ThoCoy — Cp1T11 = CooTpr holds for some transformations
Cor € B(Hi,Ho) and Cyy € {Too} = B(Ho). It follows that Coi (A — T11) = CooTo1-
Applying Lemma 5.9 with A = A\[ — T1; and B = Ty;, we infer that Cy; = 0 and Cyg = 0.

Thus the commutant mapping v of 7" is injective by Lemma 5.5.

We note that a contraction 7}, with the requested properties can be obtained as a

bilateral weighted shift operator with weight sequence {w;}:_, satisfying the conditions
w; = A for i <0, w; €]0,1] for i > 0, and [[;2, w; > 0.

Next we prove Theorem 5.4

PROOF OF THEOREM 5.4. (i): Let Y € Z(T,T") and Z € Z(T', T) be quasiaffinities. It
can be easily seen that Y Ho(T') C Hy(T") and ZHy(T") C Ho(T) hold. If vz is not injective,
then there exists a non-zero C' € {T'} such that CH C Ho(T). But C' =YCZ € {T"} is
also non-zero, and C'"H' = YCZH' C YCH C YHo(T) C Hy(T') is satisfied. Thus ¢ is
not injective.

(ii): We know that 7 is injective exactly when C' € {T}, CH C Ho(T) = Ho(T) &
Ho(T") imply C = 0. Taking the matrix of C in the decomposition H = H & H/, the
statements of the theorem can be easily verified.

(iii): It is clear that 7' is in stable relation with itself if and only if v is injective. O

After that we give example for the case when 77, v+ are injective but 7 is not injective.

EXAMPLE 5.11. Let us assume that H = H' = Ho ® Hg, where dimH, = 1 and
dim Hg = Wy. Let A\, ' be complex numbers such that 0 < |A\| < || < 1. The operators
Too, T}y € B(Ho) are defined by Tyg = A and T, = N'I. Choosing an orthonormal basis
{e }2 . in Hy, let us define the operators Ty, T}, € B(Hg) by the equations

Aenit ifn <0 Neni1 ifn <0

(1-n"e,1 ifn>0 7 (1-n"e,1 ifn>0 .
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It is easy to check that 1 is not an eigenvalue of 77,71, and 7777, and that the operators
T#, — M and T}t — NI are injective, but not surjective. As in Example 9, we can define
the transformations Ty, T4, € B(Hq, Ho) so that the operators

Too Ton Ty T

T = and T =

are contractions on H, their stable subspaces coincide with Hg, and the corresponding
commutant mappings vz and vy are injective.

Coo ¢
The operator C' = % N intertwines T with T precisely when CyoTho = T5,Coo

0 0
and O()()T()l + O()lTH = T(;()O()l- The first equation holds only with 000 = 0, and then the

second equation takes the form Cy(T1; — N 1) = 0. Applying the condition X' € D it is
easy to verify that N € o,(T%,). Since the range of T1; — NI is not dense in Hg, we can
find a non-zero transformation Cy; satisfying Co; (717 — A'1) = 0. Thus the contraction 7'
is not in stable relation with 7", and so the commutant mapping 7 of the orthogonal sum

T=T&T is not injective.

Our final aim in this chapter is to provide such a concrete contraction 7' € B(H)
which satisfies (i)—(iv) of Theorem 5.1 but still vz is not injective. Before that we give
a reformulation of condition (iv) of Theorem 5.1. We say that an operator A € B(F) is
strongly irreducible if the only decomposition F = F; + Fs, where F; and F; are invariant

subspaces of A, is the trivial decomposition.

PROPOSITION 5.12. Let us assume that the stable component Tog of the contraction

T € B(H) is strongly irreducible. Then condition (iv) of Theorem 5.1 is equivalent to
T ¢ ran 7-Too,Tu :

PRrooF. If (iv) fails, then the invariant subspaces Mg, M; of T exist such that {0} #
My C Hy and Mg + M; = H. Let Ny denote the stable subspace of the restriction
T|M;. Since My + Ny = Ho and Ty is strongly irreducible, it follows that My = H,.
Let P € B(H) be the projection onto H, parallel to M, and let us consider its matrix

1 Py

P = in the decomposition H = Hy & Hy . Since P commutes with 7', we infer
0 0

that T01 + P01T11 = ,_T()().P()l7 whence T01 = TO0P01 — P01T11 € ran 7}0077“11 follows.
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Conversely, assuming Tp; € ran Tz, 7, there exists a transformation Py € B(Hy, Ho)

I P,
such that TogFPy1 — Po1Th1 = 1oy is valid. Then the operator P = o1 is a projection,
0 0
commuting with 7. Hence condition (iv) fails with the subspaces My = Hy and M; =
ker P. O

We finish this chapter with providing the desired example as follows.

THEOREM 5.13. There exists a contraction T' € B(H) such that the conditions (i)-(iv)

of Theorem 5.1 hold, but the commutant mapping of T' is not injective.

ProOF. Let Hy and H; be Rp-dimensional Hilbert spaces, and let us form the orthog-
onal sum H = Ho & H;. Let us fix an orthonormal basis {e; : j € N} in Hy, and let
{f;i:j € Nyi € Z} be an orthonormal basis in H;. The operator Tyy € B(Ho) is defined
by Tooe; = (j + 2) tej1q for j € N. It is easy to see that T is a strongly irreducible
Coo-contraction, furthermore Dy ey = e and Drye; = (1 —(j + 1)72)1/2¢; for j > 1. The
operator 111 € B(H;) is defined by

(G+2)" fia ifi=0,j€N

Tllf',i - .
j fiin ifieZ\{0},j eN

It is clear that T3, is a Ci-contraction, where

(1= (+2)7)Y2%f0 ifi=0,j €N

Dry, fji = .
! 0 ifieZ\{0},jeN

The partial isometry V' € B(H1,Ho) is defined by

€ le:O,jEN

V= o ' :
0 ifieZ\{0},j €N

Setting Ty = %V € B(Hi,Ho), let us consider the operator

Too T
T="" "¢ B(H).
0 Tn
Applying [13, Lemma IV.2.1], it is easy to verify that T is a contraction, whose stable

subspace obviously coincides with H,.
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Since Tp is of class Cyy and T7; is of class Cyy, we infer that Z(T¢,, T};) = {0}, whence
Z(T11,Too) = {0} follows. Hence condition (i) of Theorem 5.1 holds. Since o,(Tho) = 0, it
follows by Proposition 5.6 that 0,(T) NI = (). Thus condition (iii) is also fulfilled.

Following the method of [12] we show that V' is not in the range of the transformation

Tryo1y,- For any Z € B(H1,Ho) and j € N, we have
[T00Z — ZTh = V|| 2 [[(TooZ — ZT11 = V) fioll = [ TooZ fi0 — €5l = 1 Z][[|T11.f;.0]l-
Furthermore, for any 7 € N we have
1 To0oZ fio — eill* = 1 TooZ fioll* — 2Re(Z fi0. Topes) +1 > 1 = 2|1 Z]|[| Tpe;]l.

Since lim;_, ||T711 f;0/| = 0 and lim;_, ||T,e;|| = 0, we obtain that || Ty Z —ZT1, -V > 1,
and so V' & ran Tpy, 1y, Since Ty, 1y, is not surjective, we infer by [9] that the condition
(ii) must hold. Applying the previous proposition we also conclude that condition (iv) is
valid.

Therefore, all conditions of Theorem 5.1 hold. It remains to show that the commutant
mapping 7 is not injective. By Lemma 5.5 it is enough to verify that —T4,76; € ran Tr,, 7, -
Then an appropriate Cy; can be found for Cyy = —Tpo # 0.

Let ”;fl\l denote the linear span of the basis vectors f;; in H;. Let us consider the linear

transformation Yj: 7/-[\1 — Ho defined by
0 if7 <0
Yofii= €j+1 ifi=1.
(Hj—i__ljilg N ) €jti if 4 2 2
To show that Y| is bounded, we note first that e; is orthogonal to YQ?-/L\l, and Yo_l(Cez) =

Cfi1. For any j > 3, the inverse image Y(fl(Cej) is the linear span of the vectors

. 1—1
fi=11, fi—2.2, ..., J1,j—1. For any choice of complex numbers {&;}/-; we have

i1 i1 i1 2 i 1/2
WS e szmwji,ius(z\sf) -(zuij) |
=1 =1 =1 =1

where
j—1

ZHYI]]CJ H = Z H ]—2)(]“‘1) < 2.
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Since these inverse images linearly generate 771, we obtain that Yj is indeed bounded. Thus
Yy can be uniquely extended to a transformation Y € B(H;,Ho). Simple computations
show that TooY fj: — YT f;: = —TooV f;: holds for every j € N and 7 € Z. We conclude
that ThoY — Y111 = —TyoV. Hence —Ty1Tp = —%TOOV € ranTp,, 1, , what we wanted to

prove. 0

The complete characterization of injectivity of the commutant mapping remains open.



CHAPTER 6

Cyclic properties of weighted shifts on directed trees

1. Statements of the results

The classes of the so-called weighted bilateral, unilateral or backward shift operators
([37, 44]) are very useful for an operator theorist. Besides normal operators these are the
next natural classes on which conjectures could be tested. Recently Z. J. Jablonski, I. B.
Jung and J. Stochel defined a natural generalization of these classes in [22]. They were
interested among others in hyponormality, co-hyponormality, subnormality etc., and they
provided many examples for several unanswered questions.

In this chapter we will study cyclic properties of bounded (mainly contractive) weighted
shift operators on directed trees. Namely first we will explore their asymptotic behaviour,
and as an application we will obtain some results concerning cyclicity. These are the results
of [18].

We recall some definitions from [22]. The pair 7 = (V, E) is a directed graph if V
is an arbitrary (usually infinite) set and £ C (V x V) \ {(v,v): v € V}. We call an
element of V and E a vertex and a (directed) edge of T, respectively. We say that T is
connected if for any two distinct vertices u, v € V there exists an undirected path between
them, i.e. there are finitely many vertices: u = vg,v1,...v, = v € V,n € N such that
(vj_1,v;) or (vj,vj_1) € E for every 1 < j < n. The finite sequence of distinct vertices
Vo, V1, ...V, € V,n € N is called a (directed) circuit if (v;_;,v;) € Eforall1 < j <n
and (v, vo) € E. The directed graph T = (V, E) is a directed tree if the following three

conditions are satisfied:

(i) 7T is connected,
(ii) for each v € V there exists at most one u € V' such that (u,v) € E, and

(iii) 7 has no circuit.

From now on 7 always denotes a directed tree. In the directed tree a vertex v is called

a child of u € V' if (u,v) € E. The set of all children of u is denoted by Chiy(u) = Chi(u).
60
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Conversely, if for a given vertex v we can find a (unique) vertex u such that (u,v) € F,
then we shall say that u is the parent of v. We denote u by par,(v) = par(v). We will

also use the notation par®(v) = par(... (par(v))...) if it makes sense, and par® will be the
————

k-times

identity map.

If a vertex has no parent, then we call it a root of 7. A directed tree is either rootless
or has a unique root (see [22, Proposition 2.1.1.]). We will denote this unique root by
roots = root, if it exists. A subgraph of a directed tree which is itself a directed tree is called
a subtree. We will use the notation V° =V \ {root}. If a vertex has no children, then we
call it a leaf, and 7T is leafless if it has no leaves. The set of all leaves of T will be denoted by
Lea(7). Given a subset W C V of vertices, we put Chi(W) = U,e Chi(v), Chi®(W) = W,
Chi"*'(W) = Chi(Chi*(W)) for all n € N and Desy(W) = Des(W) = |J°, Chi"(W),
where Des(W) is called the descendants of the subset W, and if W = {u}, then we simply
write Des(u).

If n € Ny, then the set Gen,, 7(u) = Gen,(u) = U], Chi’ (par’ (u)) is called the nth
generation of u (i.e. we can go up at most n levels and then down the same amount of
levels) and Geny(u) = Gen(u) = (J,-, Gen,(u) is the (whole) generation or the level of

u. From the equation (see [22, Proposition 2.1.6])

V= U Des(par”(u)) (6.1)

n=0

one can easily see that the different levels can be indexed by the integer numbers (or with
a subset of the integers) in such a way that if a vertex v is in the kth level, then the
children of v are in the (k + 1)th level and par(v) is in the (k — 1)th level whenever par(v)
makes sense.

The complex Hilbert space ¢2(V) is the usual space of all square summable complex

functions on V with the standard innerproduct

(f.9) =) flwg(u), f.gel(V).

ueV

For u € V we define e,(v) = 6,, € (*(V), where 4,, is the Kronecker-delta function.
Obviously the set {e,: u € V} is an orthonormal basis. We will refer to ¢?(W) as the
subspace V{e,: w € W} for any subset W C V.
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Let A ={\,: v € V°} C C be a set of weights satisfying

sup Z A2 u eV » < 0.
vEChi(u)

Then the weighted shift operator on the directed tree T is the operator defined by
Syt C(V) = V), eurs D> ey
v€EChi(u)

By [22, Proposition 3.1.8.] this defines a bounded linear operator with precise norm |5, | =

sup {\/ZveChi(u) ’)‘UP: u € V}

We will consider only bounded weighted shift operators on directed trees, especially

contractions (i.e. |[|Sy|| < 1) in certain parts of the chapter. We recall that every S, is
unitarily equivalent to S)y where |A| := {|A\|: v € V°} C [0, 00[. Moreover, the unitary
operator U with S}y = US,U™ can be chosen such that e, is an eigenvector of U for every
u € V. It is also proposed that if a weight ), is zero, then the weighted shift operator on
this directed tree is a direct sum of two other weighted shift operators on directed trees
(see [22, Theorem 3.2.1 and Proposition 3.1.6]. In view of these facts, this chapter will
exclusively consider weighted shift operators on directed trees with positive weights.

The boundedness and the condition about weights together imply that every vertex
has countably many children. Thus, by (6.1), ¢*(V) is separable.

An operator T' € B(#H) is cyclic if there is a vector such that

Hrp=Hp :=V{T"h:n e No} ={p(T)h: p € Pc}” =H,

where Pc denotes the set of all complex polynomials. Such an h € H vector is called a
cyclic vector for T'. The first theorem concerns a countable orthogonal sum of weighted

backward shift operators.

THEOREM 6.1. Suppose that {e;r: j € J,k € Ny} is an orthonormal basis in the
Hilbert space H where J # 0 is a countable set and {w;x: j € T,k € No} € C is a

bounded set of weights. Consider the following operator:

0 ifk=0
Bejvk = .
Wjk—1€jk—1 otherwise

(i) If there is no zero weight, then B is cyclic.
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FIGURE 1. When there is at least one leaf.

A
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(ii) Assume there is no zero weight and there exists a vector g € N2, ran(B") such
that for every fized j € J, (g,ejx) # 0 is fulfilled for infinitely many k € Ny.
Then we can find a cyclic vector from the linear manifold N2, ran(B").

(iii) The operator B is cyclic if and only if B has at most one zero weights.

The proof of Theorem 6.1 was motivated by the solution of [20, Problem 160]. We
would like to note that the case in (iii) of Theorem 6.1 when #J = 1 was done by Z.
G. Hua in [21]. However this article was written in Chinese, therefore the author of the
dissertation was not able to read the proof. The above theorem can be considered as a
generalization of Hua’s result.

Now we give our results concerning cyclicity of weighted shift operators on directed
trees. The following quantity:

Br(T)= > (#Chi(u)—1)
ueV\Lea(T)

is called the branching index of 7. By (ii) of [22, Proposition 3.5.1] we have

1+B if Th t
dim (ran(Sy)") = + Br(7) if 7 has a root, 6.2)
B Br(7) if 7 has no root.

It is easy to see that for every cyclic operator T € B(H) we have dim(ran(7T)*) < 1.
Therefore the only interesting case concerning the cyclicity of Sy is when 7 has no root
and Br(7) =1 (if the branching index is zero, we obtain a usual shift operator).

If #Lea(7) = 2, then T will be represented by the graph (V) E) with vertices V' =
{j€Z:j < joU{k:1 <k < ko} where we assume 1 < ky < jo < oo, and edges
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FIGURE 2. T
E={{G—-17):7 <ot U{0, 1N} u{(( —1),7):1 < j < ko}. The corresponding
weights will be A = {\,: v € V}. If #Lea(T) = 1, then it will be represented by a very
similar graph (see Figure 1).
If there is no leaf, then usually the associated representative graph will be denoted by

another symbol: T (Figure 2). We remind the reader that every weight is positive.

THEOREM 6.2. Suppose that the directed tree T = (V, E) has no root and Br(T) = 1.

(i) If #Lea(T) = 2, then every bounded weighted shift on T is cyclic.

(i) Suppose T = (V, E) has a unique leaf. A weighted shift Sy on T is cyclic if and
only if the bilateral shift operator W on the subtree T' := (Z,E N (Z X Z)) with
weights {\,}>2__ = {\,: € VNZ} is cyclic. In particular, if Sy & Co((*(V)) is
contractive, then Sy is cyclic.

(iii) Assume that Sy is contractive and of class Cy.. Then it has no cyclic vectors.

(iv) There exists a cyclic weighted shift operator Sy on T.

As far as we know complete characterization of cyclicity of bilateral weighted shift op-
erators is open. Our last result concerns cyclicity of the adjoint of weighted shift operators

on directed trees.

THEOREM 6.3.

(i) If T has a root and the contractive weighted shift operator Sy on T is of class Cy.,
then S3 1s cyclic.

(ii) If T is rootless, Br(T) < oo and the weighted shift contraction Sy on T is of class
C., then Sz 15 cyclic.

In order to prove the above theorem we will verify that S @ (S;)* (k € N) is cyclic
where S denotes a simple bilateral shift operator and S, denotes the orthogonal sum of

k pieces of simple unilateral shift operators.
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2. Proofs

First we would like to show how the asymptotic behaviour of a Hilbert space contraction
can be applied in order to obtain cyclicity results. If T"is cyclic and has dense range, then
h is cyclic if and only if T'h is cyclic. This and a consequence are stated in the next lemma
for Hilbert spaces, but we note that in Banach spaces the proof would be the same. This
proves, in that case, that the set of cyclic vectors span the whole space. In fact, this is

always true (see [19] for an elementary proof).

LEMMA 6.4.

(i) If a dense range operator T' has a cyclic vector f, then T f is also a cyclic vector.
(i) If T is a cyclic operator which has dense range and N € B(C™) is a cyclic nilpotent
operator (n € N), i.e. a 0-Jordan block, then T & N 1is also cyclic.

PROOF. (i) The set {p(T)f: p € Pc} is dense. Since ran(7’) is also dense, a dense
subset has dense image under 7', so {Tp(T)f = p(T)Tf: p € Pc} is also dense.

(ii) Let us take a cyclic vector f € H for T" and a cyclic vector e € C* for N. We
will show that f @ e is cyclic for the orthogonal sum T'@ N. Of course V{T*f & N*e =
TFf@®0: k>n} =H. Thus 0 Nie € V{T*f & N*e: k € Ny} for every 0 < j < n, and

hence f @ e is a cyclic vector. 0

The vector h € H is hypercyclic for T if
{Tnh n € No}i =H.

Then the operator 7' is said to be hypercyclic.

The previous and the next lemma will be used many times throughout this chapter.

LEMMA 6.5.

(i) if T,Q,Y € B(H), Y has dense range, YT = QY holds and f is cyclic (or
hypercyclic, resp.) for T, then Y f is cyclic (or hypercyclic, resp.) for @,
(i) iof T € C1.(H) is a contraction and the isometric asymptote Vp has no cyclic
vectors, then neither has T,
(iii) if T € C1.(H) is a contraction and V' has a cyclic vector g, then AIT/2g is cyclic
for T™,
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(iv) if T € C1(H) is a contraction and Uj. has a cyclic vector g, then AIT/*zg is cyclic
forT.

PROOF. (i): Of course Yp(T) = p(Q)Y holds for all p € Pc. Let us assume that f is
cyclic for T, i.e. {p(T)f: p € Pc} is dense in H. Then {Yp(T)f = p(Q)Y f: p € Pc} is
also dense since Y has dense range, which means that Y f is cyclic for (). The hypercyclic
case is very similar.

The other three points are special cases of (i). O

There is a consequence of the previous lemma.
COROLLARY 6.6. Suppose that the operator T is hypercyclic. Then T/||T|| ¢ C1.(H).

PROOF. Obviously T" # 0. Assume that T/||T|| € C1.(H) and let us fix a hypercyclic
vector f € H for T. Since AV2T*f = ||T||*VEAY2f, {||T||*VEAY2 122, should be dense
in 1. But ||||T|*VEAY2f|| = |IT||*|AY2 f|| is bounded or bounded from below, which is a

contradiction. ]

It is easy to see that for the adjoint of a contractive weighted bilateral shift operator:

Syer = wrep—1, (0 <)|wg| < 1, the asymptotic limit is defined by

Asey, = (H |wj|2>ek.

J<k

This means that S} is stable or S, € C.1(¢*(V)). If S, € C1(¢*(Z)), then the isometric
asymptote Vgy € B((*(Z)) of S}, is the simple bilateral backward shift operator: Vs; ey =
ex—1. Since Vg‘;’ is cyclic, this means that all contractive C.; bilateral shift operators are
cyclic. R

We point out that non-cyclic bilateral shift operators exist. The first example was given
by B. Beauzamy in [2]. In [44, Proposition 42| sufficient conditions can be found for cyclic-
ity and non-cyclicity. But there is no characterization for cyclic bilateral shift operators
which is quite surprising since for other cyclic type properties such characterizations exist
(see e.g. [42] and [43]). Therefore it is a challenging problem to give this characterization
for cyclicity.

We proceed with the proof of Theorem 6.1.
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PrROOF OF THEOREM 6.1. Throughout the proof we may always assume without loss

of generality that ||B|| < 1 holds. This happens if and only if the weights are from D~.

(i): Take a vector of the following form:

o0
f= Zéjl:kl €k € H,
=1

such that &, x, > 0 for every [ € N, 0 < ki1 — k; /" 00 and for any j € J infinitely many
I € N exist which satisfy 5, = 7.

Our aim is to modify f by decreasing its coordinates in a way that they remain positive
and after the procedure we obtain a modification of f: f # 0 which is a cyclic vector of

B. We have
1

B*f
Ejm sk Wi ken—1 -+ Wiy ko —k
(6.3)
_ fjhkzwjl,kz—l o Wik —k
= € km—k T * Chki—k
5 Sk Wi b =1+ + + Wi ek
for every m € N, k,,_1 < k < k,,,, where we set kg = —1. Let us consider the quantity
1 2
S i=maxq y BYf —ej k| kmo <k <k
I>m gjmﬁmwjmvkm—l e wjmvkm_k
) (6.4)
Z Eiik Wi k=1« - Wiy ky—k
— max IR IR IR :km_1<k‘§km
o | Smskon Wi o =1+ -+ Wi =

which is clearly finite. Let us suppose for a moment that >, < (1/2)™ is satisfied for all
m € N. In this case e;; € Hp s would hold for every j € J,k € Ny and thus f would be
a cyclic vector for B. Therefore our aim during the modification process is that (6.4) will

hold for the modified vector.

If ¥ > 1/2, then let us change every &, 5, to f;% for every | > 1, otherwise we do
not do anything. Then with these modified coordinates ¥, < 1/2. If 35 > 1/4, then we
S,

change every &, i, to T for every | > 2, otherwise we do not modify anything. Then
%1 becomes less or equal to than before and ¥y < 1/4 ... Suppose that we have already
achieved ¥; < 1/27 for every 1 < j < m — 1. In case when 3, > 1/2™, we modify &, s, to

\/% for every | > m. Otherwise we do not change anything. Then X; becomes less or

equal to than before for every 1 < j < m—1 and 3,, < 1/2™ ...and so on. We notice that
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every coordinate was modified only finitely many times. Therefore this procedure gives us

a new vector f with positive coordinates satisfying (6.4). Therefore f is cyclic for B.

(ii): For a vector = := > ° %k - €k € H, v € ran(B") holds if and only if
SNz w P Wik - - - wi gyn—1|? < 0. Thus if & € ran(B™) and y := Y 2, Yj k- Cjks € H
with |y, 5] < |2j,x] (I € N), then y € ran(B") is also fulfilled. Assume that in the be-
ginning we could choose a vector g € N>, ran(B") such that for every fixed j € 7,
(g,€jk) # 0 is fulfilled for infinitely many k € No. Then g := 3", ;> 7, (g, ej) |ejn is
also in NP°, ran(B"), and by changing some coordinates to zero we can find a vector f
which has the form as in the beginning of the proof of point (i). Therefore, applying the

process above we can find a cyclic vector for B which is in N°, ran(B™).

(iii): For the sufficiency we may consider the operator B @& N where B € B(H) is a
backward shift operator with strictly positive weights and N is a cyclic nilpotent operator
acting on C" (for some n € N) (i.e. a Jordan block with zero diagonals), because this is
unitarily equivalent to the operator mentioned in the statement of the theorem. Since B
has a dense range and it is cyclic, (ii) of Lemma 6.4 gives us what we wanted.

The necessity is clear since the co-dimension of ran(B)~ is at most one whenever B is

cyclic. O

We proceed with the verification of several results concerning the asymptotic behaviour
of a weighted shift operator on a directed tree. They will be crucial in the proof of Theorem
6.2 and 6.3. The first step is to calculate the powers of S, and their adjoints which was
done in [4, Lemma 2.3.1]. Namely, for a weighted shift operator Sy on the directed tree T
and for any n € N,u € V the following holds:

n

—1
Skeu= ) Apari (v) * €v,
=0

vEChI™(u) J

n—1 . n
gy _ Hj:() Apari(u) * Eparn(v)s  4f par’(u) makes sense,
A Tu T

0, otherwise

In this chapter the asymptotic limit of Sy and S} will be denoted by A and A,
respectively, and U, U, will stand for the isometric asymptote of them.

We calculate the asymptotic limit A of S, as follows.
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PROPOSITION 6.7. Let Sy be a weighted shift operator on T which is a contraction.

Then every e, is an eigenvector for A

Ae, = aue, Yu€eV,

with the corresponding eigenvalues: o, = lim,, o Z'L}GChi"(u) H;l é )\iar]( )-

PRrOOF. For any n € N and v € V, since the asymptotic limit exists

Sy Sye, = E H Apari (v) * Sy €y = Z H )\parj Cly = QyCy,

veChi” veChi™ (u) 7=0

which implies Ae, = aye,. O

The stable subspace of Sy will be denoted by Hy. We proceed with obtaining some
properties of Hy = (2(V) © Hy. Since A is a diagonal operator, there exists a set V' C V
with the following properties: Ho = £*(V \ V') and Hy = (*(V').

PROPOSITION 6.8. The following implications are valid for every contractive weighted
shift operator Sy on T and for every vertex u € V:
(i) if e, € Ho, then (*(Des(u)) C Ho (i.e. u ¢ V' = Des(u) CV \ V'),
(ii) e, € Ho if and only if *(Chi(u)) C Ho (i.e. u ¢ V' <= Chi(u) CV \ V’); this
is fulfilled in the special case when u is a leaf,
(ili) if ey, € Hy, then epury € Hy for every k € Ny (i.e. u € V! = parf(u) €
V', VkeNy),
(iv) the subgraph T' = (V' E' = EN (V' x V")) is a leafless subtree,
(v) if T has no root, neither has T', and
(vi) if T has a root, then either Sy € Cy.(£*(V')) or rooty = rooty:.

PROOF. The facts that H, is invariant for S) and that the weights are strictly positive
imply (i).

The sufficiency in (ii) is a part of (i). On the other hand, suppose that ¢*(Chi(u)) C H,.
Then

= lim > H Nari ()

'wGChln(u j=0

SCID RIS VIR | IR e
(v)

vEChi(u) weChin—1 vE€Chi(u)
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SINCe D, cnifu) Mo DweChin- (v) H;:OZ /\iarj(w) < Decni e < 1 for all n € N and
D weChin=1 (1) H;:g A2 i (w) N @ This proves the necessity in (ii). Point (iii) follows from
(i) immediately.

We have to check three conditions for 7 to be a subtree. Two of them is obvious since
they were also true in 7. In order to see the connectedness of 77, two distinct v/, v € V'
are taken. Since V' = U;‘;ODeST(parzr(u’)), par® (u') = parl-(v') holds with some &, € Ny.
Then (iii) gives pari-(u') = par)-(v') € V' for every i < k and j < [, which provides an
undirected path in 7’ connecting v’ and v'.

Finally via (ii) it is trivial that 7" is leafless, and the last two points immediately follow

from (iii). O

In view of (v)-(vi), we have par,(u') = pary(v') for any «' € V', so we will simply
write par(u’) in this case as well.

Let us take an arbitrary leafless subtree 7' = (V' E’) of T with the properties that if
T is rootless, then T is also rootless, and if 7 has a root, then 7' has the same root. It is
trivial that £2(V'\ V') is invariant for S). In the special case when it is the stable subspace,
it is also hyperinvariant. But is it hyperinvariant for all weighted shift operators that are

defined on 77 The answer is negative as we will see from the next example.

EXAMPLE 6.9. Let us consider 7 and set all of the weights to be equal to 1, then Sy
is a bounded weighted shift operator on T. The unitary operator defined by the following
equations: Ueg = eg and Uep = ey, Uep = e, Ue_p = e_;, for every k € N, obviously
commutes with Sy. But it is easy to see that ¢*(N) is not invariant for U, hence it is not

hyperinvariant for Sy.

Now we identify the asymptotic limit A, of the adjoint S§. The stable subspace of S}
will be denoted by ;. Since the weights are in the interval ]0, 1] any infinite product is

unconditionally convergent.

PROPOSITION 6.10. If Sy is a contractive weighted shift operator on the directed tree

T, then the following two points are satisfied:

(i) If T has a root, then Sy € C.o(¢*(V)).
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(ii) If T is rootless, then Hy* = V{h,: u € V} where

= > HAW v, € (V).

vEGen(u) j=

The equality h, = h, holds if v € Gen(u) and every h, is an eigenvector:
Aihy = ayhy, YueV

with the corresponding eigenvalue

Ay = ”hU”2 = Z HAparﬂ(v

vEGen(u) j=0
So, every level has one such h,. Moreover, if h, is not zero for a verter u, then

it is not zero for every u € V.

PROOF. The first statement is clear, so we only deal with (ii). We have

> HAparf PR H N ity = 19xeparmn(I* < 1,

vEGeny (u) j= vEGeny, (u) j=0
for all n € N. Indeed, 0 < > qenqu T2, 22 » < 1 which means that h, is actually a

j=0 "‘pari (
vector of £2(V'). For n € N we have

n—1 n—1
S;LS)\ €y = H )‘parj (u) * Sgepar“ (u) — H )\parJ Z H )‘par] () * €y-
Jj=0 j=0

vEGeny (u) Jj=

Since lim,, oo SySyre, = Aey,

<A e e > _ H]OO() )‘pari(u H;)io par’ (v) if v e Gen(u)

0 otherwise
which yields
H )\paﬂ Z H )\parﬂ (v) " €v = H )\parj (u) * Py
vEGen(u) 7=0
Now we get

S [t (S )

vEGen(u) j v€Gen(u) j=0

since Gen(u) = Gen(v) and thus h, = h,.
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To conclude the relation Hit C V{h,: u € V}, fix a vector h € ¢*(Gen(u)), h L h,.
Using the notation n, = (h,e,) (v € Gen(u)), the equation

A*h - Z nvA*ev = ( Z Ny - H )‘parJ v)) =0

vEGen(u) vEGen(u)
follows by the orthogonality of h and h,,. Therefore the equation Hit = V{h,: u € V} is
trivial since h, = 0 if and only if a, = 0.
Finally let us suppose that h, = 0 holds for a vertex u € V. Then ¢*(Gen(u)) C H,
and since H§ is invariant for S%, (*(Gen(par®(u))) C H; for every k € N. If we set a
w € Chi(u), then

= 2. HAW w= Y Y e

weGen(w v€Gen(u) weChi(v) j=0
SR ICHED ST ol | (NS P S
vEGen(u) J weChi(v) vEGen(u) weChi(v)
So £%(Chi(Gen(u))) C Hj. By induction, we get Hy = ¢2(V). O

The next step is to compute the isometric asymptote. We call the vertex u a branching
vertex if [Chi(u)| > 1 and the set of all branching vertices is denoted by V<. In Proposition
6.8 we used the notation 7’ = (V’, E’) for the subtree such that (*(V') = Hg-.

We will write S € B(¢*(Z)) and ST € B(¢*(Np)) for the simple bilateral and unilateral
shift operators, i.e.: Se, = e¢,41, n € Z and Ste, = epy1, k € Ny. From the von Neumann—
Wold decomposition it is clear that the c.n.u. isometries are exactly the orthogonal sums

of some simple unilateral shift operators.

PROPOSITION 6.11. For such a weighted shift operator Sy on T that is a contraction
and Sy ¢ Co.(*(V)), the isometric asymptote U € B((*(V")) is a weighted shift operator
on the subtree T' = (V', E'): U = Sp, with precise weights B, = 2V e (V")°. This

Fpar(v)
wsometry is unitarily equivalent to one of the followings:

(i) 2T @8t if T has a root,

J

(ii) 2;3;(17— @S, if T has no root and U is a c.n.u. isometry, i.e.:

D veGen () [0 Biasiwry = 0 for some (and then for every) u' € V',
(iii) S ZBr @S, iof T has no root and U is not a c.n.u. isometry.
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PROOF. Because of the condition Sy ¢ Cy.(¢3(V)), V' # (). For any «’ € V' we have

1 1
U@u/ = . UAl/Qeu/ =

Oy A/ Oyt

. A1/2SAeu’

1 Nyr/ Oy
\/oz_' Z A, - AY%e, = Z \C{_wav/.

This establishes that U is a weighted shift operator on 7’ with weights 5, = /O

V/Opar(v')
(v e (V')°).

First, suppose that 7 has a root. Then 7' has the same root as 7. But contractive

vEChiy(u’) v'€Chirr (u

weighted shift operators on a directed tree which has a root are of class Cy, so in this case

U is a unilateral shift operator. Since the co-rank of U is Br(7”) 4+ 1, we infer that U and

ZBr(T')-ﬁ-l

i1 ®ST are unitarily equivalent.

Second, assume that 7 has no root and U is a c.n.u. isometry. The isometry U is c.n.u.
if and only if U € Co(¢*(V")) which happens if and only if Zv,eGenT, w) [0 ﬁﬁaﬂ(v') =0
for some (and then for every) v’ € V' by Proposition 6.10. Again, the co-rank of U is
Br(7"), and therefore U is unitarily equivalent to Z ™) @S+,

Finally, let us suppose that 7 has no root and ZU/GGGHT/ (') H;O:O Bﬁaﬂ W) > 0 for every
u’ € V'. Then the unitary part of U acts on

oy =V{ooh - ¥ Hﬂpaﬁ ol ev)

v'€Gengr (u

Set u’' € V', then

Uku’ = Z H 6parj(v/) ’ U@U/ = Z Z H Bparj(vl) ) Bwlewl

v'€Genpy (u') j=0 v'€Gen (u') w' €Chipy (v') j=0

- Z Hﬂparj (') * Cw = kg

w’€Geny (@) j=0
for some @' € Chip (u'). Therefore we get that U|H(U) is a simple bilateral shift operator.
Since the co-rank of U is Br(7”), the operator U is unitarily equivalent to S @Zfi(f/) ®ST.
U

REMARK 6.12. (i) If the directed tree 7 has a root, then any isometric weighted shift
operator on 7 is of class Cl, i.e.: an orthogonal sum of Br(7) pieces of unilateral shift

operators.
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(ii) In general if we have an isometric weighted shift operator U on a directed tree, then
the set-up of the tree does not tell us whether U is a c.n.u. isometry or not. To see this take
a rootless binary tree, i.e.: #Chi(u) =2 V u € V. If we set the weights 3, = i (veVe),
then Sp is clearly an isometry with >° qen o [ 120 ﬁpar] = veGeny(w) H°° 3 =0 for
every u € V. Therefore U is a unilateral shift operator.

On the other hand, if we fix a two-sided sequence of vertices: {u;}7°__ C V such that

par(u;) = w1 for every | € Z, and consider the weights

2 fv eV (U Chi(u).
By = expm if v =y for somel € 7Z,

1—p6%2  ifve Chi(u_y) \{w} for somel € Z,

uj
we clearly get an isometric weighted shift operator on that directed tree which has non-

trivial unitary part. In fact,

o0

> Lo > [T, o0 (2 gty ) =0 vem.

vEGenT(u;) =0 Jj=0

(iii) Suppose that the rootless directed tree T has a vertex u € V which has the
following property:

V = (Des(u) U(U{par )

If we take an isometric weighted shift operator on 7 with weights {3,: v € V°}, then Sg

is not a c.n.u. isometry. Indeed, B,ax () = 1 for every k € Ny, and thus

Yo Bwnw=1>0

v€Gen(park (u)) j=0

The above points show that two unitarily equivalent weighted shift operators on di-
rected trees can be defined on a very different directed tree. Now we turn to the calculation

of the isometric asymptote U, € B((H)") of the adjoint Sj.

PROPOSITION 6.13. Suppose that the contractive weighted shift operator Sy on T does

not belong to the class Cg. Then T has no root and we have

U.hy = Vo hpar)  (u € V)

Opar(u)
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where hy, # 0 for every uw € V. As a matter of fact, U, is a simple unilateral shift operator
if there is a last level (i.e. Chi(Gen(u)) = 0 for some w € V'), and it is a bilateral shift

operator elsewhere.

PROOF. If Sy ¢ Co(¢3(V)), then h, # 0 and a, # 0 for every u € V. For a u € V:
1 1 1

_ 1/2 _ 1/2 *
¢_ = —UAh, = —AVSEh,

> H Apars (0 AL/ 2 S5 ey = ai o e r A epa

a
% veGen(u) j=0 % veGen(u) j=0

arv harv
i I D etmel i,

u v€Gen(u) j=0 thar (v)

1
= )\ i (v ) ar(u) — ——h ar(u)-
Ay, apar(u) (’Ueg u H pa ] ) P A/ apar(u) P

One can easily see the unitary equlvalence with the simple uni- or bilateral shift operator.

O

As a consequence we obtain a characterization for contractive weighted shifts on di-
rected trees that are similar to isometries or co-isometries. The related result reads as

follows.

COROLLARY 6.14. Consider the contraction Sy which is a weighted shift operator on
a directed tree. Then the following statements hold:
(1) Sy is similar to an isometry if and only if inf{c,: v e V} > 0.
(ii) Sy is similar to a co-isometry if and only if it is a bilateral weighted shift operator
with Hr wAj >0, oritis a weighted backward shift operator with Hr oA > 0.
Then it is similar to the simple bilateral or the simple backward shift operator,

respectively.

PROOF. (i): This is a simple consequence of [31, Proposition 3.8], Proposition 6.7 and
6.11.

(ii): The similarity to a co-isometry implies the similarity of S} to an isometry. Then
by Proposition 6.10 we have that 7 has no root and #Chi(u) < 1 for every u € V.

First, suppose that 7 has no leaves. Then clearly S, is a weighted bilateral shift
operator. By [31, Proposition 3.8] we have [[;Z__ A; > 0 and therefore S is similar to S.
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Second, assume that 7 has a leaf. Then it has a unique leaf and trivially S} is a
weighted unilateral shift operator. Again by [31, Proposition 3.8] we have H?io A_; >0
and that S5 is similar to S*. O

We notice that a contractive weighted shift operator on a directed tree is similar to a
unitary operator if and only if it is a bilateral shift operator of class C'1; and its asymptotic
limit is invertible. This is a simple consequence of the previous corollary.

In what follows we prove some preliminary results in order to verify (i)—(iii) of Theorem

6.2. First we provide the following similarity lemma.

LEMMA 6.15. Consider a rootless directed tree T with the properties Br(T) = 1 and
Lea(T) # 0. Let S\ be a bounded weighted shift operator on T (see Figure 1). Then S) is

similar to an orthogonal sum W @& N where

(i) W is a weighted backward shift operator and N is a cyclic nilpotent operator acting
on a finite dimensional space whenever #Lea(T) = 2,
(il) W is a weighted bilateral shift operator and N is a cyclic nilpotent operator acting

on a finite dimensional space if #Lea(T) =1 holds.

PROOF. Let us define the following two subspaces: £ := (2(ZNV) and & = £+ =
2({1,2,3 ...} NnV). Clearly, the second subspace is finite dimensional. Set the vectors
Ok = (Hle Lex — (H?ﬂ =) ew for every 2 < k < ky. Now we define two operators on

these subspaces as follows:

Api1€ if n is not a leaf
W.E—=E, e, T

0 if n is a leaf

which is a weighted bilateral shift operator, and

llgl .
N:&E =&, epr Tosa ] CCe+1) it k < ko .
0 if k= ko

These are clearly bounded operators. We state that the following operator

1
X: (V)= V), epr Tor % (1<k<k), en=e,(nEZNV)
9k
is invertible and X (W @ N)* = S{X is satisfied. The boundedness of X is trivial since

V{ex, e } is invariant for all 1 < k < kg and e,, is an eigenvector for every n € ZNV, the
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invertiblity is also obvious. The following equations show that X (W @ N)* = S} X holds

as well which ends the proof:

X(W e N)e, =X \en1 = Men1 = Sie, =S Xe, (n€eVNZ)
* * 1 *
X(W @ N)ep =0 = SA(ng) _ S Xey
g A

_||gk—1||e(k 1)y = —1 Jk—1
Hng

X(Wa N)ey =X =
||9k:||

1
=S\ — =S Xep (2<k <ky).
i(agee) = SiXew @k
[

Let m be the normalized Lebesgue measure on T and L? the Lebesgue space L? =
L*(T). The simple bilateral shift operator S can be represented as the multiplication
operator by the identity function x(¢) = ¢ on L% Tt is a known fact that g € L? is cyclic
for S if and only if g(¢) # 0 a.e. ¢ € T and [ log|g|dm = —oo. From Lemma 6.4 it is
obvious that ¢ is cyclic if and only if Sg = xg¢ is cyclic, but this can be obtained from the
previous characterization as well.

The simple unilateral shift operator St can also be represented as a multiplication
operator by , but on the Hardy space H? = H?(T). Before proving the first three points
of Theorem 6.2 we show that the orthogonal sum S & S has no cyclic vectors. The proof

uses only elementary Hardy space techniques.
PROPOSITION 6.16. The operator S & S™ has no cyclic vectors.

PROOF. Suppose that f @& g € L? ® H? is a cyclic vector, and let us denote the
orthogonal projection onto L? & {0} and onto {0} & H? by P, and P», respectively. Then
V{X"f:n € No} = P (V{X"f ® x"g: n € Ng}) is dense in L? i.e.: f is cyclic for S, and
similarly we get that g is cyclic for ST as well. This implies that f(¢) # 0 is valid for a.e.
¢ € T and g is an outer function. We state that 0® g ¢ (L*@® H?) ya,. To see this consider

an arbitrary complex polynomial p. Then

|(of) @ (pg) — 0 g|]* = / pfP? + |(p — DgPdm.
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One of the sets A =p 1({z € C: Rez < 1/2}) or A*=p ({2 € C: Rez > 1/2}) has
Lebesgue measure at least 1/2. If m(A) > 1/2, then we obtain

10f) & (pg) — 0@ g|]* > / (p— 1)g|2dm = / (92 /Adin

1
> Zinf{/ lgl*’dm: E € £L,m(E) > 1/2} > 0.
B

Similarly if m(B) > 1/2, then we calculate

1
05 ® () - 00 gl > Jint{ [ [fPdm: £ € £m(B) 2 172} > 0.
E
Thus S @ ST is not cyclic. O

Now we are in a position to prove (i)-(iii) of Theorem 6.2.

PROOF OF THE POINTS (1)-(11I) IN THEOREM 6.2. (i) This is an easy consequence
of Lemma 6.15 and Theorem 6.1.

(ii) By (ii) of Lemma 6.15, Sy is similar to W & N. If W has no cyclic vectors then
obviously neither has Sy. If W is cyclic, then by Lemma 6.4 we can obviously see that
Sy has a cyclic vector. Since C'; bilateral shifts are cyclic, the other statement follows
immediately.

(iii) By Proposition 6.11, the isometric asymptote U of S} is unitarily equivalent to the
orthogonal sum S @ S* which has no cyclic vectors. This implies - together with Lemma

6.5 - that neither has S). O

We proceed with the examination of the case when a weighted shift operator on T is
similar to an orthogonal sum of a bi- and a unilateral shift operator. Then we will be able
to verify the last point of Theorem 6.2.

Let us define another bounded operator W e (*(V) by the following equations:

We, = wpy1€n41, Wej, = werryewsry (n€Zk > 2)

where the weights {w,: n € Z} U{wy: k € N\ {1}} are bounded. Obviously W is an
orthogonal sum of a bi- and a unilateral weighted shift operator.
Our aim is to find out whether there exists a W such that it is similar to S - In order to

do this, we will try to find a bounded, invertible X € B(¢?) which intertwines Sy with a W
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e (D= (D)= (D (D)= (D)o - -
(oo —ED—~ED—

FIGURE 3. Similarity of S, on T to an orthogonal sum in some cases

XSy = WX. However, we found it easier to examine the adjoint equation: S3X* = X SV

We shall use the following notations:

US| f1
gk:H)\_j'ek_H)\_j/.ek, (kZGN)
7j=1 7j=1
It is easy to see that
N Gr—1 ifk>1
Sygk =
- 0 ifk=1

and that for k # [ the vectors g and g; are orthogonal to each other. We also define the

following subspaces
E=V{er: keZ}, & =V{ep:keN}, G=V{g:keN}
In the next lemma, for technical reasons, we assume that S is contractive.
LEMMA 6.17. The following two conditions are equivalent for the contractive S):

(i) the positive sequence {szl /\4]' k € N} is bounded,
(i) A(V)=€E+G.

PROOF. (i)==(ii): It is obvious that ENG = {0}, so we only have to prove the equation
*(V) =&+ G. To do this take an arbitrary vector z € £2(V') and suppose that z = e+ g

for some vectors e € £ and g € G. With the following notations

gk’: <[)3,6]€/>, fn: <x7€n>7 Hi = <gagk‘>7 Up = <676n>a (kEanGZ)
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we can write the following equations:

80

Mk
5/: g,e; = g’ = ,
v =igew) <|r el ™ o) lgll - M- A
M
= {e,er) + (g,e ) keN
and
gm:Vm (mENO)~
From them we infer that
)\/...)\/
o= —Cwllgrll - Avo A, =&+ 5, (keN).
A A

Therefore there exists an e € £ and g € G such that + = e + ¢ holds if and only if

Sore e/ Nlgell? < oo and Yop2 vE < oo are fulfilled. But the first inequality always

holds, since

o0

= e
k=1

The second one is equivalent to

i ’ﬂk‘Q

2
— || gl

i (All . ;\\Zl>2|£k’|2 < 00
=1

: k € N} is bounded.

and in particular this holds if the sequence { H P 1 /\

oo
)2 < 3 Jel < Jlef? < o
k=1

(il)==(i): If the sequence is not bounded, then there exists a vector x € ¢*(V) such

that this sum is not finite. In fact, if

!
Y

hold with some increasing sequence {k,}o_;, then let & = m™

we have

i <>\1/

k=1

>§kf>z

A >m (Vm e N)

3/2 and with this choice

OJ

Now, we are able to prove a similarity theorem. We say that the operator T} € B(H) is

a quasiaffine transform of Ty € B(K) if there exists a quasiaffinity (i. e.: which is injective

and has a dense range) X € Z(Ty,T3).
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PROPOSITION 6.18. Let Sy be a weighted shift contraction on the directed tree T and

set

o ||gk71||
k' — )
[ grl

Wy, = Ay, (n € Z), (k>1).

The following two points hold:

(i) Sy is always a quasiaffine transform of w.
(i) If { T Mk e N} is bounded, then the weighted shift Sy is similar to w.

J=17;

PROOF. Since Sy is a contraction, wy = % < 1 and thus W is bounded. We define

X* as follows:

1
X*ek/:mgk, X¥e, = e, (keN,neZ).

The operator X* is bounded and quasiaffine because V{ey, ey } is invariant for X for every
k€N, and | X*|V {e, e}
Si:

‘ < 2. The next equations show that X* intertwines W* with

S X", = Sien = A1 = M X ep 1 = X*W*en, (nez)

1 0 k= —
S/’{X*ek/ = —S}k\gk = = X"W¥ep. (k‘ S N)
n Hng n Lgk—l k>1
llgll
This proves that S is a quasiaffine transform of W,

If £+ G = (3(V), then since X*|&' € B(£',G) and X*|€ € B(E,E) are unitary transfor-

mations, therefore X* is an invertible bounded operator. This proves the similarity. [J

We provide the following special case of the above proposition.

COROLLARY 6.19. If Sy & Co.(/%(V)) which is defined on T, then it is similar to an

orthogonal sum of a weighted bi- and a weighted unilateral shift operator.

PROOF. The condition Sy ¢ Cy.(¢*(V)) is equivalent to the positivity of [[>2; A; or

H?’;l Ajr. By interchanging \; and A; for every j € N, if necessary, we may assume that

the first one is not zero. Then the sequence {Hle A#]' k € N } is obviously bounded.

Proposition 6.18 implies the similarity. U

We continue with the verification of (iv) of Theorem 6.2.
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PROOF OF (1v) IN THEOREM 6.2. Let us consider an Sy such that it is similar to
a W and the bilateral summand of W is hypercyclic. By decreasing A\y/-s, we may also
assume that the unilateral summand is contractive. Take a hypercyclic vector f € & for
the bilateral summand. We will show that f @ ey is cyclic for W and therefore Sy is cyclic.

First, let us take an arbitrary vector e € &, then there is a subsequence such that
%ijf — e (k — 00). Therefore %ij(f ®ey) — e (k — oo) also holds, since the
unilateral summand is a contraction.

Second, fix an n € No. Our aim is to prove that Wney € V{W*(f @ er): k € Ny}
Since {W’“ f: k> n}is dense in &, there is a subsequence {/VIV/J’C f122, with the property
%/V\V/jkf — Wnf (k — o00). This implies that %Wﬂk(f @ er) — Wnf (k — oo) and hence
Wrey € V{WE(f @ ey): k € No}. Therefore f @ ey is indeed a cyclic vector of W O

Let us denote the operator ST @ ---® S by S; (k € N) and the orthogonal sum of
——

k times

No piece of ST by Sy, .
We close this chapter by proving Theorem 6.3. In order to do that we will apply the

following theorem.
THEOREM 6.20. The operator S & (S;")* is cyclic for every k € N.

PROOF. The method is the following: we intertwine S @ S, and S with an injective
operator X € B(L? @ H?, L?): SX = X(S @ S,). Then taking the adjoint of both sides
in the equation we get: (S* @ (S;7)*)X* = X*S*. Since X* has dense range and S* is
cyclic, this implies the cyclicity of S* & (S;7)* for any k € N by (i) of Lemma 6.5, which
is unitarily equivalent to S @& (S;")*.

For the k = 1 case the definition of the operator X is the following:

X:LP®oH - L* fdg fo+ag,

where p € L™, () # 0 for a.e. ( € T and [} log|p(¢)]d¢ = —oco. An easy estimate shows
that X € B(L?> ® H? L?*). Assume that 0 = fo+¢. If f =0 (g = 0, resp.), then g = 0
(f =0, resp.) follows immediately. On the other hand, taking logarithms of the absolute

values and integrating over T we get

~o0< [ loglgldm = [ 1og]f] +log|ldm < [ |fldm -+ [ logeldm = ~ox,
T T T T
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which is a contradiction. Therefore X is injective. The equation SX = X(S @ ST) is
trivial, therefore S @ (S™)* is indeed cyclic.

Now let us turn to the case when k > 1. We will work with induction, so let us suppose
that we have already proven the cyclicity of S& (S} |)* for a k > 2. Consider the following
operator

ViPoH'® --eH > LPeld’s & H,
k times k—1 times
o9& - Dag— (fet+ta)®ad: - &,
with the same ¢ € L* as in the definition of X. Obviously Y is bounded, linear and
injective, and we have Y (S & S;) = (S @ S ,)Y. This proves that S & (S;)* is also
cyclic. O

Of course, now a question arises naturally: Is the operator S & (S;O)* cyclic? The
previous thoughtline does not work for this case. However, if the answer were positive, we
could prove (ii) of Theorem 6.3 without the condition Br(7) < oo.

Now we are able to verify Theorem 6.3.

PRrROOF OF THEOREM 6.3. Obviously 7T is leafless in both cases. The isometric asymp-

tote U of Sy is just taken. Since U is cyclic, the operator S is also cyclic by Lemma 6.5,

Proposition 6.11 and Theorem 6.1. 0]

We would like to point out that if we take a weighted shift operator on a directed tree
which is similar to a W and the adjoint of the bilateral summand has no cyclic vectors,
then obviously we get an Sy on T such that S} has no cyclic vectors. This shows that the

adjoint of a weighted shift on a directed tree is usually not cyclic.



Summary

In this dissertation we presented results concerning asymptotic behaviour of Hilbert
space power bounded operators and some applications. The dissertation consists of five
papers. [14]| has appeared in Periodica Mathematica Hungarica, [15] has appeared in
Acta Scientiarum Mathematicarum (Szeged), [16] has accepted in Linear and Multilinear
Algebra, and [17] has been accepted in Proceedings of the American Mathematical Society.
The last one [18] is still under revision. The papers [15, 16, 17, 18] were also uploaded
to the arXiv.

First in Chapter 2, we characterized all possible asymptotic limits of Hilbert space
contractions. We proved that in a finite dimensional space the asymptotic limit of a con-
traction is always a projection. In the case when H is separable and infinite dimensional we
proved that a positive and contractive operator A arises asymptotically from a contraction
if and only if A arises asymptotically from a contraction in uniform convergence. More-
over, these conditions are equivalent to the following: either r.(A) = 1 or A is a projection;
which holds if and only if dim H(]0,1]) = dim H(]6,1]) is satisfied for every 0 < 6 < 1
where H(w) denotes the spectral subspace of A associated with the Borel subset w C R. If
dimH > N, then we provided a similar result. We concluded Chapter 2 by investigating
what conditions on two contractions have to be satisfied in order that their asymptotic
limits coincide. We also examined the reverse question.

Then we turned to the investigation of L-asymptotic limits of power bounded matrices.
We showed that in this case Ar ;, is independent of the particular choice of the Banach limit
L, moreover, we have Ay = Apc = lim, o > T+T7. We called Arc the Cesaro
asymptotic limit of T". In order to characterize the possible Cesaro asymptotic limits, we
examined two separate cases. The first one is when 7' is similar to a unitary operator,
which is (in the matrix case) equivalent to the condition that T is of class C;. We proved
that a positive definite matrix A is the Cesaro asymptotic limit of a power bounded matrix
T if and only if the trace of A=! equals the dimension of the space which is equivalent

84
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to the condition that there is an invertible matrix S with unit column vectors such that
A= 851871 = (§5*)7! holds. Using the charaterization in the previous case we proved
the description in the other case too, i.e. when 7' is not similar to a unitary matrix. Namely,
for a given singular positive semi-definite matrix A # 0 we can find a power bounded
matrix 7" such that A = Ay ¢ is valid if and only if tr(A|(ker A)+)~! < dim(ker A)*, which
holds if and only if A = S*"1(I¢0)S~! is fulfilled with some invertible matrix S with unit
column vectors and an orthogonal projection of the form: 0 # I & 0 # I.

Chapter 4 was devoted to a possible generalization of Sz.-Nagy’s similarity theorem
and a strengthening of it. We proved that similar power bounded operators T and S
share the same asymptotic property, namely the powers of the operator 7" and its adjoint
T* are bounded from below on the orthogonal complement of the corresponding stable
subspaces if and only if the same holds for S. In particular, this property is satisfied by
any power bounded normal operator, and therefore by any power bounded 7" that is similar
to a normal operator. This can be considered as a generalization of Sz.-Nagy’s theorem,
although only in the necessity part (the sufficiency part trivially cannot be generalized in
this way). Similarity to operators belonging to some other special classes was examined,
too. Theorem 1.3 is one of the most important results concerning similarity to normal
operators. Therefore we hope that our result will be useful when one wants to investigate
similarity questions. In the second part of Chapter 4 we described all possible asymptotic
limits of those contractions that are similar to unitary operators and which act on a N,
dimensional space. Namely, we proved that the positive contraction A € B(H) arises from
such a contraction T if and only if it is invertible, r.(A) = 1 and dimker(A — r(A)I) €
{0,Ng}.

Next, in Chapter 5, we examined the commutant mapping of contractions. This map-
ping belongs to those few links which relate the contraction to a well-understood operator
(i.e. a unitary operator). The injectivity of this mapping was investigated. Of course when
T is of class (., the associated commutant mapping v is necessarily injective. We pro-
vided an example when the stable subspace of T" is non-trivial yet v is injective. Moreover,
we provided four necessary conditions which has to be fulfilled whenever 7 is injective.
One of these conditions is that o,(7") N W ND = (). We also proved that certain

conditions on the stable component implies that the injectivity of ~ is equivalent to this
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previously mentioned condition. We verified that the commutant mapping of quasisimilar
contractions are simultaneously injective or not. We examined the commutant mapping
of orthogonal sums as well, and in particular it turned out that yrer is injective if and
only if yr is injective. Finally, we proved that the above mentioned four conditions to-
gether are still not enough to ensure that the commutant mapping is injective. Complete
characterization was left open.

Finally in Chapter 6, we were interested in (contractive) weighted shifts on directed
trees (with positive weights). This is a recently introduced class ([22]) which is a very
natural generalization of the classical weighted shift operators, and it turned out that they
are very useful in testing certain problems. In our work first we proved that a countable
orthogonal sum of backward shift operators with at most one zero weight is always cyclic.
Our second aim was to provide cyclic properties of weighted shift operators on directed
trees. In order to do this first, we examined their isometric asymptotes. Using cyclic
properties of the isometric asymptote we were able to provide necessary and sufficient
conditions for cyclicity in the case when the directed tree 7T is rootless, its branching
index is 1 and there is at least 1 leaf. Namely, when there are two leaves, the operator
is always cyclic. If there is exactly one leaf, then the cyclicity of the weighted shift Sy
is equivalent to the cyclicity of a bilateral shift operator which can be obtained from Sy
very easily. There is one more case when the cyclicity of Sy is an interesting question,
this is when S) is defined on T which is a rootless and leafless directed tree such that the
branching index is 1. On T we can find cyclic and non-cyclic shifts as well, but we could
not provide necessary and sufficient conditions. In the special case when Sy is of class
(., the weighted shift on T has no cyclic vectors. We were also interested in the cyclic
properties of the adjoint of a weighted shift on a directed tree. We showed that not every

*

1 is cyclic. On the other hand, if Sy is of class C1. and T has a root, then S} is cyclic.

When T is rootless and the branching index is finite, then the adjoint of every C. class

contractive weighted shift on 7 is cyclic.



Osszefoglalés

Disszertaciomban Hilbert térbeli hatvanykorlatos operatorok aszimptotikus viselkedését
vizsgaltam, és bemutattam ezen teriilet néhany lehetséges 1j alkalmazasat. A dolgozat 6t
publikdcié eredményeit tartalmazza. A [14] cikk mar megjelent a Periodica Mathematica
Hungarica folyéiratban és a [15] pedig az Acta Scientiarum Mathematicarum (Szeged)
foly6iratban. A [16] publikdciém megjelenés alatt all a Linear and Multilinear Algebra
folyGiratban, a [17] cikkem pedig a Proceedings of the American Mathematical Society
folysiratba fogadtak el. Otodik cikkem [18] egyelére birdlat alatt van. A fenti 6t cikk
kozil négyet [15, 16, 17, 18] feltoltéttem az arXiv-ra is.

A disszertaciom maéasodik fejezetében karakterizaltam azon pozitiv operdtorokat,
melyek el6allnak kontrakciék aszimptotikus hatarértékeiként. Belattam, hogy véges di-
menzids térben ez az aszimptotikus limesz csak ortogonalis projekcié lehet. A szeparabilis,
végtelen dimenzids esetben kidertilt, hogy egy A pozitiv kontrakcié pontosan akkor teljesiti
a kivant feltételt, ha létezik olyan 7" kontrakcid, melynek onadjungalt hatvanyai normaban
A-hoz konvergélnak. Ezen feltételek ekvivalensek azzal, hogy vagy r.(A) = 1 vagy A egy
projekci; és végiil ez akkor és csak akkor igaz, ha dimH(]0,1]) = dim H(]d,1]) teljesiil
minden 0 < ¢ < 1 szamra, ahol az A operator w C R Borel halmazhoz tartozé spektral
alterét H(w) jeloli. Nem szepardabilis terek esetén is hasonld ekvivalens feltételek adhatéak.
A fejezet végén azt vizsgaltam, hogy két kontrakciora milyen feltételeket kell tenniink ah-
hoz, hogy aszimptotikus hatarértékiik megegyezzen. A forditott kérdést is vizsgaltam, azaz
hogy az aszimptotikus limeszek egyenlosége mit implikal a kontrakciékra vonatkozodan.

Ezutéan hatvanykorlatos matrixok L-aszimptotikus limeszét vizsgaltam. Az els6 fontos
lépés az volt, hogy megmutattam, nem kell Banach limeszekkel foglalkoznunk, ugya-
nis az Ap; matrix flggetlen L megvalasztasatol. Kideriilt, hogy: Ar;, = Apc =
lim, o0 = > T+T7 mindig tejesil. Az Arc operdtort a T Cesaro aszimptotikus
hatarértékének hivjuk. A lehetséges pozitiv szemidefinit matrixok leirdasdhoz két kiilon
esetet vizsgaltam. Az elsd, amikor a T matrix hasonlé egy unitér maéatrixhoz, vagy

87
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méasképpen mondva Ch; osztalyu (ez az ekvivalencia természetesen csak matrixok esetén
all fenn). Bebizonyitottam, hogy egy A pozitiv definit matrix pontosan akkor Cesaro asz-
imptotikus limesze egy hatvanykorldtos 7" métrixnak, ha tr A=! megyegyezik a tér di-
menzidjaval. Ez pontosan akkor igaz, ha létezik olyan invertalhaté S matrix, melynek
oszlopvektorai egységvektorok tigy, hogy A = S*71571 = (55*)7! teljesiil. Ebbél a karak-
terizaciobodl vezettem le a masik eset karakterizaciojat is, azaz amikor valodi a stabil altér.
Nevezetesen egy A # 0 szinguldaris, pozitiv szemidefinit matrix pontosan akkor Cesaro
aszimptotikus limesze egy hatvénykorldtos T-nek, ha tr(A|(ker A)+)~! < dim(ker A)*t. Ez
pedig pontosan akkor igaz, ha A = S*1(I @ 0)S™! teljesiil egy 0 # I & 0 # I alakd
ortogonalis projekcioval és egy olyan invertalhaté S matrixszal, melynek oszlopvektorai
mind egységvektorok.

Az ezt kovetd negyedik fejezetben az Sz.-Nagy féle hasonldsdgi tétel egy lehetséges
altalanositasat bizonyitottam be, illetve bebizonyitottam egy erositést is. Belattam, hogy
egymashoz hasonlé hatvanykorlatos operatorok esetén az alabbi tulajdonsag ekvivalens: a
stabil altér ortogonalis komplementerén az adott operator hatvanyai alulrél egyenletesen
korlatosak. Specialisan ez a tulajdonsag igaz normaélis hatvanykorlatos operatorokra, s igy
a hozzajuk hasonlé operdtorokra is. Ez tekinthetd az Sz.-Nagy tétel egy altalanositasanak.
Mas specialis operatorokhoz valé hasonldsdgot is vizsgaltam. Ugy gondolom, ez az
alalanositds hasznos lehet kiilonféle hasonlésdgi problémak vizsgédlata esetén. A fejezet
masodik részében leirtam azon pozitiv kontrakcidkat, melyek egy olyan kontrakciobdl
allnak elé aszimptotikusan, mely hasonlé egy unitér operatorhoz. Nevezetesen, egy A €
B(H) pozitiv kontrakcié pontosan akkor &ll el6 egy ilyen T kontrakciébdl, ha invertalhato,
ro(A) =1 és dimker(A — r(A)I) € {0,R,} teljesiil.

Az ezt kovetd fejezetben kontrakcidk kommutans leképezését vizsgaltam. A ~p
leképezés kapcsolatot létesit az adott T' kontrakcié kommuténsa és a Wrp unitér aszimp-
tota kommutansa koézott (mely jol ismert). 7 injektivitdasat vizsgaltam. Természetesen
ha T a (. osztalyhoz tartozik, akkor v sziikségképpen injektiv. Megvizsgaltam azt a
kérdést, hogy a kommutans leképezés lehet-e injektiv abban az esetben, amikor a stabil
altér valédi. Eloszor példat adtam ilyen kontrakciora. Ezen kiviil négy sziikséges feltételt
adtam meg, melyet T-nek teljesiteni kell ahhoz, hogy vr injektiv legyen. E négy feltétel

koziil az egyik ekvivalens feltételt ad abban az esetben, ha bizonyos egyszeri feltételeket
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megkovetelink kontrakcionkrdl. Ezen kiviil megmutattam, hogy a kommutans leképezése
két kvéazihasonlé kontrakciénak egyszerre injektiv vagy nem. Kontrakcidk ortogondlis
Osszegeit is vizsgaltam; példaul kideriilt, hogy ~yrer pontosan akkor injektiv, ha ~p is
az. Végil konktrét példaval aldtamasztva megmutattam, hogy a fent emlitett négy feltétel
egylitt sem ad elegendd feltételt a kommutans leképezés injektivitasara. A teljes jellemzés
nyitott probléma maradt.

Az utolsé fejezetben iranyitott fakon valé kontraktiv eltolds operatorokat viszgaltam
(ahol a sulyok pozitivak). Ezt az osztélyt 2012-ben vezették be ([22]). Tulajdonképpen a
szokasos stlyozott eltolds operatorok egy nagyon természetes altalanositasat definidaltak
a szerzok. Kideriilt, hogy ezekkel az operatorokkal bizonyos addig niytott kérdésekre
egyszeri valasz adhatd. Legel6szor beldttam, hogy egy szokésos csonkité visszatolas
operator pontosan akkor ciklikus, ha legfeljebb egy darab zéré silya van. Ezt kovetéen
ratértem az iranyitott fakon valo eltolas kontrakciok izometrikus aszimptotainak leirasara.
Ezt felhaszndalva pedig sziikséges és elegendd feltételeket adtam azon iranyitott fakon vald
eltolas kontrakciok ciklikussagara, melyek esetén az adott fanak nincs gyokere, pontosan
egy helyen agazik el, és ott kétfele, valamint van levele. Nevezetesen, ha két levele van a
fanak, akkor azon minden eltolas ciklikus. Ha pontosan egy levél van, akkor a fan definialt
eltolas operator ciklikussaga ekvivalens egy abbdl egyszertien kaphaté kétiranyu eltolas
operator ciklikussagaval. Még egy esetben érdekes a ciklikussag kérdése, mégpedig amikor
nincs gyokér, nincs levél, és az eldgazasi index pontosan 1. Ez esetben talalhato olyan
eltolas operator, mely ciklikus, és olyan is, mely nem ciklikus. Azonban a ciklikussag tel-
jes jellemzése nyitott maradt. Viszont sikeriilt belatni, hogy ha ez az eltolas kontrakcio
még C. osztalybeli is, akkor nincs ciklikus vektora az adjungaltnak. Megvizsgdltam az
S} operdtorok ciklikussdgat is. Kideriilt, hogy nem minden S} ciklikus. Azonban ha Sy
benne van a Cj. osztdlyban, és a fdnak van gyokere, akkor S3 ciklikus. Végiil belattam,
hogy amikor a fanak nincs gyokere, és az eldgazasi indexe véges, akkor a rajta definialt

C'.-kontrakciok adjungéltjai mindig ciklikusak.
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List of symbols

Y/ the set of integers
N the set of positive integers: {1,2,3,...}
Ny the set of non-negative integers: {0,1,2,3,...}
R the set of real numbers
[a, b] closed interval
la, b] open interval
:]a, 0] half-open half closed intervals
C the set of complex numbers
D the unit disk of C: {z € C: |2]| < 1}
T the unit circle of C: {z € C: |z| =1}
#H cardinality of a set
H~ closure of a set
H conjugate of a set H C C
H¢ complement of a set
L-lim,,_ o Banach limit (L-limit) of a sequence
L the set of all Banach limits
Pc the set of complex polynomials
|- |l norm of a vector or the operator norm of an operator
inner product of two vectors

<'7 >
adjoint of an operator T'

e
ol(+) spectrum of an operator
op(+) point spectrum of an operator (the set of eigenvalues)
aap(-) approximate point spectrum of an operator
r(-) spectral radius of an operator
oe() essential spectrum of an operator
essential spectral radius of an operator

re(")
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ran
Z(A,B)
{1y
Ho = Ho(T)
rank
tr
Arp
Ar
(XYJ“F,LJ VT,L)
(X1, Wr)
Chi(W)
(u)
root
Ve
Lea(T)
Gen,,(u)
Gen(u)
>~

LIST OF SYMBOLS

the set of bounded linear operators T: H — KC
B(H,H)
orthogonal sum of subspaces or operators
direct sum of subspaces
restriciton of an operator T' to a subspace M
reduced minimum modulus of a non-zero operator
commutant mapping of a contraction T'
orthogonal complement of a set H in a Hilbert space
the generated (closed) subspace of a set H in a Hilbert space
the identity operator on the subspace M
kernel of an operator
range of an operator
Intertwining set of two operators A and B
commutant of T € B(H)
stable subspace of a power bounded T’
rank of an operator
trace of a matrix
the L-asymptotic limit of a power bounded operator T’
the asymptotic limit of a contraction T
isometric asymptote of a power bounded operator T’
unitary asymptote of a power bounded operator T’
The set of children of a set W in a directed tree T
The parent of a vertex u in a directed tree T
The root of a directed tree
The set of all vertices in a directed tree exept for the root
The set of leaves in a directed tree T
The nth generation of a vertex u in a directed tree 7
The level of a vertex u in a directed tree T

The Banach space of bounded analytic functions on D
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