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Chapter 1

Introduction

1.1 Approximations of empirical processes

Empirical processes play a fundamental role in statistics. The theoretical background
of many methods is the fact that an empirical process converges in distribution in
some function space. The best known and most important example is the uniform
empirical process of independent and identically distributed uniform sample variables.
The classical goodness of fit tests, the Kolmogorov—-Smirnov and the Cramér—von Mises
test, are based on the convergence of this process to the Brownian bridge.

In general, an applied statistician does not need any further properties of the uni-
form empirical process, because the weak convergence implies the validity of the stan-
dard methods. However, in theoretical research sometimes it can be very useful if we
have a stronger type of convergence. It is well-known that the uniform empirical process
does not converges almost surely, because the process has infinitely many accumulation
points with probability one. The solution of the problem is the approximation method,
which means that on a suitable probability space we can represent the process in such
a way, that the distance between the process and the elements of a suitable sequence of
Brownian bridges converges to zero almost surely. In the ’60’s and the ’70’s several ap-
propriate representations were constructed. The most remarkable one, which provides
the best rate of convergence, is due to Hungarian mathematicians, to Janos Komlos,
Péter Major and Gabor Tusnédy. This is the Hungarian construction, also known as
the KM'T approximation.

By applying the Hungarian construction in the ’70’s and the ’80’s many new results
were achieved in the theory of empirical processes, which were unavailable by using
only the earlier techniques. One of the motivations of our research in the subject is the
fact that many of these improvements are due to Hungarian mathematicians, and some
of them were achieved in Szeged, at the university of the author. Endre Csaky, Miklos
Csorg6, Pal Révész, and the author’s supervisor, Sandor Csorgé were among the first
who understood and applied the method. Among many others, a few years later two
of their students, Edit Gombay and Lajos Horvath joined them in the research. In the
viewpoint of our research we must mention that Séndor Csorgd’s co-author and friend,



1 Introduction

David M. Mason also has important results in the theory.

Consider independent and identically distributed real valued variables Xi,..., X,
and a measurable function f(¢,z) defined on a Borel set T x X C R?. Assume the X;’s
lie in X with probability one and the mean function h(t) = Ef(t, X) is finite for every
t € T. Also, consider the empirical counterpart of h defined by

B (t) = %Zf(t,Xi), tem,
=1

The classical definition of the empirical process corresponding to the function h is
H,o(t) = n®[h,(t) — h(t)], teT, (1.1)

where « is a suitable real constant. The phrase “suitable” means that using the scaling
factor n® the process H,(t), t € T, converges in distribution as n goes to infinity. Note
that in most cases a = 1/2 by the central limit theorem. Observe that the classical
empirical process can be represented by this form, and also, the empirical characteristic
and moment generating process are considered in this way, as well.

It is important to note that the process H,, defined in (1.1) is not optimal in every
applications, in many problems it is worth to modify the formula. For example, in
some cases the function A is unknown, and we must estimate it with some h,,. In such
a situation we can obtain an empirical process by replacing h with h,, in (1.1). Also,
working in a regression or a bootstrap model we apply the conditional mean of f(t, X)
with respect to some background variable(s) instead of h(t), t € T.

1.2 Aims of the thesis

In the thesis we investigate the asymptotic behavior of some empirical processes based
on independent and identically distributed random variables. In most cases we apply
the approximation technique, that is, on a suitable probability space we construct a
representation of the underlying process and copies of an appropriate Gaussian pro-
cess such that the distance between the empirical process and the Gaussian processes
converges to zero in almost sure or stochastic sense as the sample size goes to infinity.

We study two types of empirical processes. In Chapter 3 we investigate the para-
metric and the non-parametric bootstrap versions of the parameter estimated empirical
process defined on a parametric family of distributions. The main goal of the chapter is
to show the convergence of the processes by proving weak approximation theorems for
them. We present a bootstrap algorithm for testing goodness of fit, and we demonstrate
the bootstrap method with a simulation study.

In Chapter 4 we investigate empirical processes based on the probability generating
function of non-negative valued random variables, and we work out an effective and
flexible background for the study of the subject. Using this framework we prove a strong
approximation result and a law of the iterated logarithm for the generating process and
its derivatives. Also, we define the bootstrapped and the parameter estimated version



1.2  Aims of the thesis

of the probability generating process, and we apply them to construct confidence bands
for the probability generating function and to test goodness of fit.

Chapter 2 is a technical one, we introduce some basic concepts which will be applied
in our research. We present the main results of the Hungarian construction method, we
prove a background theorem for the bootstrap technique and we extend the definition
of stochastic integration on a finite interval to stochastic integral on the real line.

The author has written three papers on the subject of the thesis. The convergence
of the parametric bootstrap version of the estimated empirical process is published
in Sziics (2008). The related theorem for the non-parametric bootstrap process and
the simulation study in Chapter 3 are the subjects of an accepted paper, see Sziics
(2077) for reference. Finally, Sztics (2005) contains the statements on the probability
generating process for non-negative integer valued variables. The generalization of the
results on generating processes for arbitrary non-negative valued variables is new and
unpublished.






Chapter 2

Some basic concepts

2.1 The Hungarian construction

In this section we provide an overview on the so-called Hungarian construction and

the related strong approximation method of empirical processes. Let Uy, Us, ... be
independent random variables distributed uniformly on the interval [0, 1], and consider
the empirical distribution function based on the sample variables Uy, ..., U, defined
by the form

1 n
E,(u) = EZIL{UZSU}, 0<u<l.
i=1

(Here and throughout our work the notation 1 stands for the indicator of an event or
a Borel set on the real line. We mark the indicator variable of an event A by 14, and
La(u), u € R, denotes the indicator function of the set A C R, that is, 14(u) = L{uea}.)
Then, the uniform empirical process based on the sample is

Bo(u) =2 [Ey(u) —u],  0<u<l. (2.1)

The process (3, is a random element of the Skorohod space D]0, 1], that is, the space of
all cadlag functions defined on the interval [0, 1]. (We say that a real valued function
is cadlag if it is right-continuous and has left-side limit at every point where it is
defined.) The space DJ0, 1] is endowed with the Skorohod metric, under which D[0, 1]
is complete and separable. By the well-known result of Donsker the uniform empirical
process converges in distribution in D|0, 1] as n — oo to the Brownian bridge, which
is a Gaussian process defined on the interval [0,1]. For the detailed properties of the
Skorohod space and a proof of Donsker’s theorem see Chapter 3 in Billingsley (1968).

The Brownian bridge noted by B(u), 0 < u < 1, in our work is a sample-continuous
Gaussian process having pointwise mean 0 and covariance function

Cov (B(u), B(v)) = min(u,v) — uv, 0<wu,v<1.

It is obvious that B is a random element of C'[0, 1], the space of all continuous functions
considered on the interval [0, 1]. The distribution of the Brownian bridge can also be

9



2 Some basic concepts

represented based on the standard Wiener process W (u), u > 0, since the process
defined by the form

B*(u) =W(u) —uW(1), 0<u<1l,

has the same distribution as B has. In the later chapters we will work with a special
sequence of Brownian bridges By, Bs, ..., which are not independent, and we desire to
describe the dependence of the processes. It turns out that a biparametric Gaussian
process is the suitable tool to achieve our wish. The Kiefer process K (u,x), 0 < u <1,
0 < z, is a centered sample-continuous Gaussian process with covariance function

Cov (K (u, z), K(v,y)) = min(z,y) (min(u, v) — uv) , 0<wu,v<1, z,y>0.

The covariance structure implies that in the variable x the process K(u,z) acts as a
Wiener process, and in the other variable w it is a Brownian bridge. More precisely,
the standardized process

B*(u) = 27 V?K (u,z), 0<u<l,

is a Brownian bridge for every fixed x > 0.

The weak convergence of the uniform empirical process is a crucial tool in statistics,
and an applied statistician does not need any further nice properties of 3,. However,
in theoretical research sometimes it would be very useful if we have a stronger type of
convergence. By the famous result of Finkelstein (1971) the uniform empirical process
is relative compact in the space D]0, 1], and hence, we can not obtain convergence
with probability 1 as n goes to infinity. Fortunately, it turns out that on suitable
probability spaces one can construct a representation of the variables Uy, Us, .. ., such
that the related uniform empirical process can be approximated strongly by a sequence
of Brownian bridges. We do not detail the construction method of the random variables
and the Brownian bridges, because in our work we will only need the following theorem
and its corollaries provided by Komlos, Major and Tusnady (1975, 1976). (Recent
details on the theory and on the proof of Theorem 2.1 are given by Bretagnolle and
Massart (1989) and Castelle and Laurent-Bonvalot (1998).)

Theorem 2.1 (Komlés, Major and Tusnady, 1975). On a sufficiently rich probabil-
ity space (2, A, P) one can construct a sequence of Brownian bridges By, Bs, ... and
independent random variables Uy, Us, ... having uniform distribution on the interval
0, 1], such that the related uniform empirical process B, satisfies

P( sup |8, (u) — By(u)| > n"Y2(z 4 ¢, log n)) < cgexp(—c3x)

0<u<l1
forallz > 0andn =1,2,..., where c1, co and c3 are positive universal constants. Also,
one can construct a Kiefer process K and an other sequence of variables Uj,U,, . ..,

such that for the related uniform empirical process B, we have

P( sup sup ‘mlﬂﬁfn(u) — K(u,m)| > (z + ¢, logn) logn> < ¢y exp(—chx)

1<m<n 0<u<l

forallz >0 and m = 1,2,..., with positive universal constants ¢, ¢ and cj.

10



2.1 The Hungarian construction

The result of Komlés, Major and Tusnédy is usually called the Hungarian construc-
tion or the KMT approximation of the empirical process. During our work we refer
the probability space and the variables defined in Theorem 2.1 as the KMT space.
The Hungarian construction provides a very powerful method to handle empirical pro-
cesses, but mostly we will need only the following consequence in our applications.
The next statement points out also that the representation is optimal in some sense.
Here and throughout, for a sequence of random variables V;, V5, ... and a sequence of
positive constants ai, as, ... we write V,, = O(a,), n — oo, if there exists a universal
real constant C, not depending on the underlying distributions, such that

limsup}Vn/an} <C, n— oo, a.s.

n—oo

Theorem 2.2 (Komlos, Major and Tusnady, 1975). On the KMT space we have

1
sup ‘Bn(u)_Bn(uM :O<%) ) n — oo,

0<u<1
and also,
1 2
sup, [610) — K| = O( ) oo,
0<u<1 nt/

Furthermore, the rate of the approzimation can not be sharpened, there does not exist
construction which provides o(n="?logn) or o(n="?log®n), respectively.

It is important to note that there were approximations for the empirical process 3,
before the Hungarian construction, but they provided slower rates of convergence. The
first representation using a sequence of Brownian bridges was constructed by Brillinger
(1969), and Kiefer (1972) was the first who applied the biparametric process named
after him. These constructions provided the rates

O(n*(logn)"/?(loglog n)1/4) and O (n'?(logn)*?) .

At this point someone may say that the whole theory is not interesting at all, if
we are able to state something only for the uniform distribution. However, it turns
out that using a simple and well-known technique we can transfer the statements for
an arbitrary distribution. We will refer this method in the following as the quantile
transformation. Let F(z), x € R, be an arbitrary distribution function, and consider
the related quantile function

F~'u)=inf{z: F(z) <u}, O<u<l. (2.2)

Also, consider a sequence of independent random variables Uy, Us, ... having uniform
distribution on the interval [0, 1] and being defined on an arbitrary probability space,
and introduce the transformed variables

X, =F Uy, i=1,2,... (2.3)

11



2 Some basic concepts

Clearly, the X;’s are independent and have common distribution function

P(X;<z)=P(U; < F(z)) =F(z), =z€cR.

Also, the empirical distribution function of the variables Xi,..., X, is
Fn(x) = l i 1{X~<:p} = l i ]1{U~<F(:r)} =F, (F(l’)) , r€R.
4 N nig

That is, the empirical process corresponding to the sample can be written in the form
an(z) =n'?[F,(z) — F(2)] = n'?[E,(F(z)) — F(2)] = B.(F(z)), zeR. (24)

By considering the uniformly distributed variables provided by Theorem 2.1, the first
approximation of Theorem 2.2 immediately implies that for the transformed variables
defined on the KMT space by (2.3) we have

sup |an () — Bo(F(2))| < sup |Ba(u) — Bu(u)| = (’)(%) , n— 00.

z€eR 0<u<l1
Note that one can get a corresponding result using the Kiefer process K, as well.

Theorem 2.3 (Komlos, Major and Tusnady, 1975). Consider the variables X, Xo, . ..
defined by (2.3) based on the uniform variables of the KMT space. The corresponding
empirical process o, satisfies

sup‘an(:ﬁ)—Bn(F(x))’ :O(lol%> : n— 00.
z€eR n

As a result of Theorem 2.3 we get weak convergence of the general empirical process
o, to the Gaussian process B(F') in D[—o0, o], the space of cadlag functions defined
on the real line. (For details on the topology of D[—oc0, 00| see Chapter VI of Pollard
(1984).)

There is an other important consequence of Theorem 2.1, which can not be achieved
by using only the weak convergence of the uniform empirical process. Let 1 be a
real valued measurable functional defined on the space D|0, 1], and assume that v is
continuous on the subspace C[0,1]. Then, since the Brownian bridge lies in C[0, 1]
with probability 1, it follows from Corollary 1 to Theorem 1.5.1 in Billingsley (1968),
that ¢ (f,) converges in distribution to ¢ (B). The most important application of this
result is the case when 1 is the supremum of the functions in D[0, 1]. Unfortunately,
this technique does not provide a rate of convergence, but using Theorem 2.1 one can
improve the result. The following statement holds for any representation of the uniform
empirical process not only for the one provided by the KMT space.

Theorem 2.4 (Komlos, Major and Tusnady, 1975). Consider a real valued measurable
functional ¢ defined on DI0, 1] satisfying the Lipschitz condition

[ (f) —¥(g)| < M sup | f(u) = g(u)]

12



2.2 The bootstrap method

with some finite M > 0, and suppose that ¥(B) has bounded density. Then, we have

logn
suﬂg}P(%D(@n)Sx)—P(z/)(B)S:p)}:(’)(nl/Q), n — 0o.
xe

Note that we apply similar method to prove our Theorem 4.20 as required for the
justification of Theorem 2.4. With some improvements on the technique one can obtain
similar results for certain continuous functionals which are not Lipschitzian. Perhaps
the most important example is the functional

42 D0,1] 5 R, w<f>:/0 F2(u) du,

that is, when ¢ (f,) is the Cramér-von Mises type statistics based on the sample.
Csorg6 (1976) showed that the distribution function of ¢(3,) converges to that of
¥ (B) with the same rate as Lipschitzian functionals do in Theorem 2.4.

Motivated by the results of Komlos, Major and Tusnady (1975, 1976) the Hungarian
construction became a widely used tool to handle both unweighted and weighted em-
pirical processes. Note that Csorgd and Révész (1975) and Philipp and Pinzur (1980)
provide similar uniform strong approximations also for the multivariate empirical pro-
cess. We do not present these statements, because in our research we investigate only
one-dimensional problems. For a survey on the most important results obtained by the
KMT approximation see Csorgé and Révész (1981), and Shorack and Wellner (1986)
provides a comprehensive overview on the whole theory of empirical processes.

2.2 The bootstrap method

Consider a typical statistical problem. There is a sample of independent and identically
distributed variables Xi,..., X, having unknown distribution function F(x), = € R,
and the goal is to estimate some parameter 7 = 7(F") of the background distribution.
In a favorable case there is a statistic

Tn = Tn(X1, ..., Xp)

which serves as an estimator of the parameter 7. For example, if we want to determine
the expected value or the variance of the distribution then the sample mean and the
empirical variance provides a good estimation. In some other applications we want to
specify not a single parameter but a function 7(z, F'), z € R, of the distribution. The
most important case is that when the desired function is the theoretical distribution
function F'(x), z € R, and the empirical distribution function F,(z), x € R, of the
sample is a suitable tool. But, unfortunately, based on a single collection of observations
we can not determine the variance or the error of the statistics 7,,. This difficulty is
not surprising in the sense that to get an estimation for the variance of 7,, we need
several observations of the statistic, but having only one sample X;,..., X,, we can
write it up only once. That is, we have no tool the determine the variance by using

13



2 Some basic concepts

only the standard statistical methods. Similarly, the empirical distribution function
is a pointwise estimate of its theoretical counterpart, but we can not construct a
confidence band for F'. A possible solution for these difficulties is the application of
some resampling technique, that is, the usage of the jackknife or the bootstrap. In our
work we study the latter one.

The bootstrap method was introduced by Efron (1979) and the basic idea is very
simple. It seems that all of the presented difficulties are derived from the fact that
we have only a single collection of observations X7,..., X,,. Since it is not possible to
obtain further samples from the “real life” let us create them by ourselves. Of course, we
have no information on the original distribution of the sample variables, and hence, we
can not construct additional samples having the unknown distribution function F'. The
solution of the problem is to obtain samples by choosing values with replacement from
the observations X, ..., X,. That is, consider bootstrapped variables X; ..., X*

1,7’17 Mn,N

being conditionally independent with respect to the X;’s and having distribution

P(X),=X;|X1,....Xn) =1/n, j=1,....,n, i=1,...,m,.
By this way we get the bootstrapped sample X7, ,..., X} with size m,,, where m,, is
an arbitrary positive integer. Now, let us apply the statistics 7,,, on the bootstrapped
variables to obtain a bootstrap estimation

T:;Ln,n = Tmn (Xirw o 7X7*nn,n)
for the unknown parameter 7. Heuristically, since the bootstrapped variables comes
from the original sample they “behave similarly” as the X,’s, and hence, the boot-
strapped statistics 7,7, has a distribution being close to the law of 7, in some sense.
That is, the distribution of 7, , may be a good estimation for the law of 7,,, and we
can estimate the error or the variance of the statistics 7,, based on the corresponding
attributes of 7, . Because the bootstrapped observations are obtained by a simple
replacement from the original sample, the conditional attributes of the statistics 7;,
can be determined in theoretic way by direct calculations or by applying the Edgeworth
expansion method. However, thanks to the high performance of computers, nowadays
we can apply a much simpler method. By using a computer we can generate hundreds
of copies of the bootstrapped sample X7,,..., X} in a few seconds, and by calcu-
lating the statistics 7, , for each sample we can obtain a good empirical estimation
for the law of 7, .

In his fundamental paper Efron (1979) recommended also a variant of the presented
method. Suppose that we know it a priori that the sample comes from a member of a

distribution family
F = {F(x,@):xéIR,@E@},

that is, F'(x) = F(x,0y), * € R, with a fixed but unknown 6, € ©. Again, the goal is to
estimate some parameter 79 = 7(6y) of the background distribution using the sample
Xi,...,Xp. In a favorable case the desired parameter is a smooth function 7(6) on

14



2.2 The bootstrap method

the family, and we can obtain a good statistics in the form 7, = 7(6,) based on an
estimator

0, = 0,(X1, ..., X0)

of the unknown parameter 6. Unfortunately, in this way we get only a point estimator,
but in most cases we have no information on the variance and the error of 7,. Again,
the basic idea is to consider additional samples, but in this case the bootstrapped
variables are not obtained by replacement from the original sample. If the function
F(x,0) is smooth enough in the parameter #, and 6,, is a good estimator of 6y, then
the laws corresponding to the functions F(z,6y) and F(z,6,,) are close to each other in
some sense. That is, if we consider independent bootstrapped variables X7 ,,..., X}
having conditional distribution function F(z,0,,), = € R, then the bootstrapped sample
“behaves similarly” as the original one. Hence, we can estimate the distribution of 7,

with the statistics 7, , = 7(0}, ), where
O = O (X1 o X )

is the estimation of 6, based on the bootstrap sample. Again, the attributes of 7,
can be determined by direct calculation, but this method can be very difficult if the
function F'(z,0) of the family is provided only in a complicated formula. In this case
the usage of computer programs to determine the distribution of 77, by generating
large number of bootstrap samples is preferred.

The first method, when we obtain the bootstrap sample by replacement from the
original observations is the so-called “Efron bootstrap”, and the second one, when we
generate the variables by using an estimation 6, is the “parametric bootstrap”. The
common point of the two methods is that in both cases there is an estimator ﬁ’n(x) of
the unknown distribution function F'(x), x € R, based on the sample Xi,..., X, and
the bootstrapped observations X7, ,..., X} are conditionally independent and have
conditional distribution function £, with respect to the X,’s. This remark highlights
that the bootstrap method might be applied in a much general framework than the
Efron and the parametric bootstrap. In some applications it might be preferable to
obtain bootstrapped variables based on some other estimation F),(x) of F(x), and not
by applying the distribution functions F,,(x) or F(z,6,), x € R.

It is important to note that the presented idea is only heuristics and not a proved
fact, but under some conditions we can verify the validity of the bootstrap technique.
The theoretical background of many standard statistical methods is that some func-
tional 1, = 1, (7, 7) of the estimator 7, converges weakly to a variable . In many
applications we can determine the distribution of ¢ which provides a better or wrong
estimation for the law of 7,,. The difficulty arises in those models when we can not
specify the distribution of the limit variable ¢. In a typical case these statistics can be
written in the forms

Un=v(n) and ¢ =19(B(F)),

where «,(z), © € R, is the empirical process based on the sample Xi,...,X,, the
random function B(u), 0 < u < 1, is the Brownian bridge, and 1 is a functional on

15



2 Some basic concepts

the space D[—o00,c0]. In many applications the convergence of the functional 1, fol-
lows from the weak convergence of the empirical process o, to B(F'). Now, consider
a bootstrapped sample based on the original variables, that is, choose conditionally
independent values X7, ..., X}, from X,..., X, with replacement. Then, the boot-
strapped observations have empirical distribution function

* 1 -
qu,ﬂ(x) = m_ Z :n‘{Xz,nSx}
" =1

and their conditional theoretical distribution function with respect to the X;’s is the
empirical distribution function F,(z), z € R, of the original sample. The heuristics
presented in the previous paragraph advices us to consider a bootstrapped sample and
apply the same statistical function on the generated variables as we use for the original
sample. That is, it seems to be a good start to apply the functional ¢y, ., = w(&;}mn),
where
oz:nmn(x) = nl/2 [F;Lnn — Fn(x)} , reR.

is the so-called bootstrap empirical process, which is conditionally the empirical process
of the bootstrap sample. It is important to note that we can determine the conditional
distribution of ¢, by applying theoretical calculations, or at least, we can obtain an
empirical estimation for it by large number of bootstrap sample generations. Now, if we
can show that ¢y,  converges weakly to ¢, then we have a better or worse estimate of
the distribution of ¢, and hence, we have an approximation for the law of ,,, and we are
done. Similarly to the non-bootstrapped setup in many cases the convergence of ¢,
can be obtained by showing that the bootstrap empirical process a;, , converges in
distribution to B(F'). This asymptotic behavior would not be surprising in the sense
that the basis of the bootstrap heuristics is the idea that the objects based on the
generated sample behave just the same way as the corresponding objects based on the
original sample.

The paper of Efron (1979) was much rather a receipt book than a theoretical work.
He introduced the basic concepts of the bootstrap on some interesting examples, but
he did not prove the validity of the technique. The theoretic background of the method
was demonstrated firstly by Bickel and Freedman (1981) who provided a law of large
numbers and a central limit theorem for the Efron bootstrap, and they showed also the
convergence of oy (r) in distribution to B(F(r)), € R, in the space D[—00, oq].
The next decade was the renaissance era of the bootstrap, and many applications of
the method was found both in applied statistics and in theoretic fields. For an overview
on the most important developments see Efron and Tibshirani (1993) or Hall (1992).
Also, for a theoretic survey on the asymptotic properties of bootstrapped sums see the
paper of Csorgé and Rosalsky (2003). In the viewpoint of our work the most interesting
result is a uniform strong approximation for the bootstrap empirical process provided
by Csorgs and Mason (1989).

Theorem 2.5 (Csorgd and Mason, 1989). Consider an arbitrary distribution function
F(z), € R, and assume that there ezist positive constants Cy and Cy such that

C1 <my/n < Cy, n=12,...

16



2.2 The bootstrap method

On a sufficiently rich probability space one can define independent random variables
X1, Xo, ... having common distribution function F(x), x € R, and bootstrapped sample
variables X7 ,,,..., X, ., n=12,... based on the X;’s, and a sequence of Brownian

bridges B, By, ..., such that for the corresponding bootstrap empirical process we have

sup ’a:‘nmn(x) - By, (F(x))‘ = (’)( max{l(m,), l(n)}) ,

z€R

with the function l(n) = n=*(logn)/?(loglogn)'/*. Also, the Brownian bridges are
independent from the X;’s.

We must note that the last statement of the theorem about the independence of
the Brownian bridges is not stated in the referred result of Csérgé and Mason (1989),
but it also holds. The proof of the theorem applies the KMT approximation presented
in Theorem 2.1. The basic idea of the construction is that we consider the product of
two KMT spaces, and define the variables X;, X5, ... on the first space, and construct
the bootstrapped samples on the other one. In this way the empirical process and

the Brownian bridges of the second KMT space serve as «;, , and B;, and they
provides the desired approximation. Since the original sample variables X, X5, ... are

considered on the first KMT space, they are independent from the Brownian bridges.
This interesting idea is adapted also by us in the proofs of our Theorems 3.2 and 3.3.

Unfortunately, this approximation has a weakness. In a typical application we have
a significance level 0 < a < 1, and the goal is to obtain a critical values ¢, («) satisfying
the equation

P<¢n§0n(a)) =1l-a,

or at least the convergence
Py < (@) = 1—a, n— 00. (2.5)

Since the statistics 1, converges weakly to ¢, the critical value ¢,(«) can be estimated
by using one any value from the interval [¢(«), d(«)], where

cla)=inf{z eR: Fy(z)>1—a}, da)=suwpf{zeR:F,(z)<1l—a}, (2.6)

and F (z), x € R, is the distribution function of . By the bootstrap heuristics the
quantile ¢(«) may be approximated by

¢ (@) = inf {3: ER: P,  <a|Xi,.. X)) >1— a} , (2.7)
and cj,(a) can be estimated by the empirical quantiles of ¢, after a large number
of bootstrap sample generations. That is, working with a given sample X,..., X, we
need the conditional weak convergence of the bootstrap empirical process with respect
to the observations. The difficulty derives from the fact that Theorem 2.5 implies only

unconditional convergence. Fortunately, the approximation technique provides also a
solution for this problem.
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2 Some basic concepts

Consider the observations X, Xs, ..., the related bootstrapped variables, and an
arbitrary statistics with the form

o = (X X, X X )

1,n» Mn,Nn

*

Since for any fixed n the bootstrapped variables X7 ,,..., X} come from the original
sample Xi,..., X, the statistics ¢}, , is independent from the remaining variables
Xni1, Xnao, ... Assume that the background probability space is rich enough to pro-
vide a sequence of variables ¢y, @o,... having the same distribution function F,(x),
r € R, such that

|z/;* — Om, | — 0, n — 0o, (2.8)

My, N

unconditionally in almost sure or stochastic sense. Based on the KM'T approximation
such a representation may exist. Additionally, suppose that the sequence @1, o, ... is
independent from the observations Xi, Xs,... The goal is to obtain some conditions
under which the quantile ¢ («) introduced in (2.7) converges to c(«) of (2.6).

First, investigate the case when we have almost sure convergence, that is, the event

A= {W);n,n _‘pmn| — 0,n—> OO}

has probability 1. Since the variables X;, X5, ... are independent the conditional prob-
ability of the convergence in (2.8) can be written as

By using Lemma 1.1 of Csérgs and Rosalsky (2003) it follows that the event A has
probability 1 if and only if the conditional probability (2.9) is equal to 1, and hence, the
unconditional strong approximation in (2.8) is equivalent with the related conditional
strong convergence. Since the variables @1, s, ... have the same distribution as ¢ and
they are independent from the X;’s, we also obtain the conditional weak convergence
of ¥y, ., to o, that is, we have

P, o <clXi,...,X,) > Plp<c|Xi,....,Xn) = F,(c), (2.10)

mnp,n —

as n — oo for every continuity points ¢ € R of the function F,.

In our next proposition we show that the conditional weak convergence (2.10) holds
also in the case when we have the convergence in (2.8) only in stochastic sense, and in
Theorem 2.7 we provide a theoretical background for our applications in the following
chapters. The proofs of the statements adapt the ideas presented in the Appendix of
Csorgd and Mason (1989). Note that the results can be applied both for the parametric
and for the non-parametric case. It is possible that these results or similar ones are
already published by someone, but the we have not find any reference for them.

Proposition 2.6. If the convergence (2.8) holds in probability then for any continuity
point ¢ € R of the distribution function F,(x), x € R, we have

Py §c|X1,...,Xn)i>F<p(c), n— 0o.

Moy, N
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2.2 The bootstrap method

Proof. Fix any values €, > 0 and consider the events

Ane) = {

w:nn,n - (pmn‘ > 5} g

and
B(,8) = {P(Amn,n(g) X1, X)) > 5}.

Note that the stochastic convergence in (2.8) implies that the probability of the event
A, () converges to 0. By restricting the domain of integration from the whole universe
Q to By(g,0) we get

P(A,(c)) = E(P(An(s) | X, ... ,Xn)> > 6P (B,(c,9)) .
Since the left side converges to 0 it follows that
P(P(An(g) | X1, X)) > 5) = P(Bu(£,0)) = 0,

for any positive J, and hence,

P(I¢5, 0 = Pmal > € | Xty s X)) = P(A(e) | X1y, X)) =20,

Using the fact that

{Unn e} S{om, Scref U{lYn, = om| > ¢}

and the independence of the variables ¢, s, ... from the X;’s, we obtain

P <clXi,...,X,) <P(pm, <c+el| Xi,...,X,)

mMn,N

. b (2.11)
+ P(|¢mmn — Oma| > | X1, Xn) — Fo(z+e)+0.

Similarly, from

{(pmn S c—= 5} g {¢;L7L,n S C} U {|¢:nn,n - (pmnl > 5}

we have also the inequality

P((pmn gc—g]Xl,...,Xn)
<P <] Xir o X))+ P — m| > 2| X1boo, X,)

My, N

which implies that

Py, <c|Xi,....Xn) > Pom, <c—e| Xq,...,X,)

Moy, , N

2.12
— P = Pl > | X1y, X)) S Fo(x — ) — 0. (2.12)

Since € > 0 was arbitrary and the distribution function F|, is continuous at the point
¢, the statement follows from formulas (2.11) and (2.12). O
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2 Some basic concepts

Theorem 2.7. Consider independent and identically distributed variables X, Xo, ...,
the related bootstrapped samples X ... X* n=1,2,..., and a statistic

1,n My,n?

* _ * * *
V= (X1,..., Xn, Xipho- ,Xmmn) .

Suppose that the underlying probability space provides identically distributed variables

01, e, ... which are independent from the sequence Xy, Xs,... and
’zﬁ;n’n—cpmn‘g(), n — 00.

Fiz an arbitrary value 0 < o < 1, and assume that the distribution function F,(z),
x € R, of the ¢;’s is continuous at the points c(«) and d(«) defined in (2.6) Then, for
the quantile ¢ (a) of (2.7) we have

Fsp(cfl(oz))iﬂ—a7 n— o00.

Furthermore, if c(a) = d(«) then ¢ (a) — c(a) in probability.

Proof. Choose any € > 0 such that ¢(«) — € and d(«) + ¢ are also continuity points of
F,,. Using Proposition 2.6 and the definition of ¢(a) in (2.6) we have

P(pm, <cla)—e| Xi,...,X,) i>E(,(c(oz) —g)<l-a,
and from (2.7) it follows that
P(ci(a) < cla) —¢) < P(P(gpmn <cla)—e|Xy,..., Xn) >1— a) 0.
Similarly, by Proposition 2.6 we obtain the convergence
P(fm, <d(@)+e| Xi,...,X,) —5 Fy(d(a) +¢) >1—a,
and we have
P(ci(a) > d(a) +¢) < P(P(gpmn <d(e)+e| Xy, X)) <1 a> L0.
That is, we obtain that
P(c(a) —e < c(a) < d(a) +¢) — 1, n— oo, (2.13)

and the monotony of the distribution function F, implies
P(Fg) (c(a) —¢) < Fy(ch(a)) < Fy(d(e) + 5)) —1.

Note that ¢(«) and d(«) are continuity points of Fi, by assumption, which implies that
the distribution function is constant 1 — « on the interval [¢(a), d(«)] by (2.6). Since
€ is an arbitrary positive value we immediately get that

Fw(c*(a))iﬂ—a, n— o0o.

n

Similarly, if ¢(a) = d(«) then formula (2.13) implies the convergence ¢ (a) — ¢(a) in
probability. O]
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2.3 Stochastic integral processes

To summarize what we found consider the significance level a and the quantiles
defined in (2.5)—(2.7). In a favorable case c¢(a) = d(«) and ¢(«) is a continuity point of
the distribution function F,. Since v, converges in distribution to ¢ by assumption,
the theory of statistics implies that for any sequence c¢,(«) satisfying (2.5) we have
cn(a) = c(«@) in probability. Also, in this case we have ¢’ (a) — ¢(«) in the same sense
by Theorem 2.7, and hence, the quantile ¢ («) can be applied as an estimator of ¢(«)
and ¢, ().

In the less favorable case, when F,, is continuous at c(a) and d(«), but it is not
sure, that these values are equal, then for any z in the interval [¢(«), d(«)] we have

PY,<z) > Plp<z)=1-«

in probability. That is, any element of the interval can serves as ¢,(«). By Theorem
2.7 the bootstrap quantile ¢ («) asymptotically lies in [¢(«), d(«)], and it can play the
role of ¢,(«), again.

Based on this concept in the following chapters we will construct such a represen-
tations of various bootstrapped empirical processes which provide approximations for
the processes, and using Theorem 2.7 we will apply the bootstrap quantiles ¢ (a) to
estimate the unknown critical values c(«) of some related statistics 1.

2.3 Stochastic integral processes

Stochastic integration with respect to a local martingale on a finite interval is an im-
portant and well investigated field of probability, but in our work we will face stochastic
integrals on the whole real line. In this section we provide an extension of the basic
theory. We prove a condition for the existence of the integral, and also, we investigate
processes defined as the integral of a bivariate deterministic function. (For a simple
introduction to stochastic calculus we recommend the book of Karatzas and Shreve
(1988). For a more general and deeper framework see Jacod and Shiryaev (2003).)

Let M(x), z € R, be a local martingale with respect to a filtration {F, : x € R} on
the underlying probability space. Suppose that M has pointwise mean 0 and cadlag
trajectories, that is, with probability 1 the process is right-continuous and has left-side
limit at every point z € R. Additionally, assume that M is locally square integrable,
which means that it has finite second moment EM?(z) for any real x, and the second
moment is bounded on each finite interval. The Doob—Meyer decomposition provides
an adapted process (M),, © € R, which has non-decreasing and cadlag trajectories,
such that M?(x) — (M),, © € R, is a local martingale. (See Theorem 4.2 in Chapter I
of Jacod and Shiryaev (2003).) The process (M) is called the quadratic characteristic
of the local martingale M, and its mean function E(M),, z € R, is also non-decreasing
and cadlag.

Consider a real valued deterministic function f(z), z € R, such that f is locally
bounded, that is, bounded on every finite interval. Additionally, assume that f is left-
continuous and has right-side limit at every point z € R. Then, for any fixed values
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2 Some basic concepts

Ty < 0 < T5 the stochastic integral

T>

f(z)dM(x) (2.14)

T

is a well-defined random variable having mean 0 and variance
g = [ Playdn..
[—T1,T%]

Also, the covariance of the stochastic integrals of the functions f(x) and g(z) is

cor ([ stwane). [ gty av) = & [, Setyd..

Ty T

We say that the function f can be integrated on the real line with respect to the local
martingale M if the variable in (2.14) has limit in L? sense as T} — —oo and Ty — oo.
In this case the integral is defined as

00 i
/ flz)dM(x) = Thm f(x)dM(x) in L? sense.
- Fyoroe /T

In our first statement we provide a condition for the existence of the integral.

Lemma 2.8. The integral [, f(x)dM (z) is well-defined if and only if

12 = E / P2(2) d(M), < oo,

In this case [, f(x)dM(z) has mean 0 and finite variance || f]|%.

Proof. If the 1ntegral Jg f(x)dM (z) exists then by definition it is the L* limit of the
variables le x)dM (x), which implies that [, f(z)dM (z) has mean 0 and variance

Tlh_f{loo HfH[ThTQ] = ||f||R < 0.

Ty —o00

Contrary, let S;,T71 — —oo and Sy, 7o — oo such that 77 < 57 < 0 < Sy < Ts, and let
1p(x), © € R, denote the indicator function of the Borel set B. Then we have

T 2

So 2
f(as)dM(x)} =E[ F() (1 = sy (x)) dM ()

S1 Ty

E[ : (@) dM (z) —

_ / 2(2) (12 = 1, g () d(M),
(T1,13]
1 — 1135, < I = 11255 — O

and hence, the integrals fo f(x)dM(z), Ty < 0 < Ty, form a Cauchy system in the
Hilbert space of all square integrable random variables being defined on the underlying
probability space and having mean 0. This implies that they have finite L? limit as
T, — —o0 and Ty — oo. O
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2.3 Stochastic integral processes

In many applications the local martingale M (z) can be represented by the form
W(F(z)), x € R, where W(u), u > 0, is a standard Wiener process on the underlying
probability space and F(z), € R, is the right-continuous distribution function of an
arbitrary random variable X. In our next result we investigate the stochastic integrals
of functions f(z,t), € R, parametrized by the variable ¢.

Lemma 2.9. Consider a family of deterministic functions f(z,t), x € R, parametrized
byt € T CR, and assume that the integral

Ny

exists for every t € T. Then, 1(t) is a Gaussian process with pointwise mean 0 and
covariance function

Cov (I(s), /fxs (x,t)dF(z), s,teT.

Proof. First, note that W (F(x)), x € R, is a centered and cadlag martingale for any
distribution function F'(x), and it has the pointwise second moment and the quadratic
characteristic

EW?(F(z)) = (W(F)) =F(z), zeR.

To show that the process I(t) is Gaussian on T fix an arbitrary integer d = 1,2, . ..
and parameters tq,...,t; € T, and consider the d-dimensional vector valued function

fd(x;tl,...,td):(f(x,tl),...,f(x,td)), reR.

By the standard definition of the stochastic integral the integral of f; on [T, T] is

(2.15)

(/ [z, t1) dW (F /fmtddW(F())>

and the properties of the Wiener process imply that (2.15) has d-dimensional normal
distribution. Since each component of (2.15) converges in L? sense to the corresponding
integral considered on the whole real line, the vector variable has the L? limit

(/ f(a,tr) dW (F( /ifxdeuK») (2.16)

as T — oo. Because the L? convergence implies the convergence in distribution, and the
family of normal distributions is closed under the weak convergence, we immediately
obtain that (2.16) has normal law. Then, the process I(t), t € T, has normal finite
dimensional distributions, and hence, it is Gaussian.
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2 Some basic concepts

Using Lemma 2.8 it is clear that I(¢) has mean 0 at every ¢ € T. Since the covariance
matrix of (2.15) converges to that of (2.16) it follows that

Cov (I(s). 1(1)) = Jim Cov (/_T (@, 5) dW(F(a:)),/_T Fat) dW(F(x))>
i [ a0 dWE), = [ feswdF@).

T—o0 [—T,T]
with any s,t € T. This completes the proof. O

In our work a Gaussian process presented by the form I(t), t € T, will acts as
the weak limit of some empirical process based on some sample variables. The main
goal will be to approximate some functional of the corresponding empirical process by
the same functional of the limiting process. In such an applications we will sometimes
face the problem that this functional of the Gaussian processes must have bounded
density function, or at least continuous distribution function. The following result is a
simplified version of Theorem 1 of Tsirel’son (1975), and it will serve us well when we
will investigate the supremum functionals of Gaussian processes.

Theorem 2.10 (Tsirel’'son, 1975). Consider variables X1, X, ... defined on the same
probability space having normal distribution with mean EX; > 0,1=1,2,.... Assume
that not all of the X;’s are degenerate and they have supremum

S =sup X; < > a.s.
ezt

Let Fg(x) = P(S < s), s € R, denote the distribution function of S, and let
so =inf {s € R: F5(s) > 0} € [—o00,00)

stand for the left endpoint of the support of Fg. Then, the distribution function Fg
is absolute continuous on the interval (so,00), and its derivative is bounded on [s, 00)
with any s > so.
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Chapter 3

Bootstrapped parameter estimated
empirical processes

3.1 Introduction and preliminary results

Consider a family F = {F(z,0) : x € R,0 € © C R¢} of univariate distributions, and
let X1, X5, ... be independent random variables having common distribution function
F(z,0p), x € R, where 6, € © is a fixed parameter. Let F,(z), x € R, stand for
the empirical distribution function of the sample variables Xi,..., X, and applying
some estimation method let 4, = én(Xl, ..., X,) be an estimator of f. The parameter
estimated empirical process based on the sample X, ..., X, can be defined as

A

n(7) = n'?[Fy(z) — F(x,0,)] r eR. (3.1)

The weak convergence of &, to a Gaussian process G(x), x € R, in the space D[—o0, 0]
was showed by Durbin (1973), and a few years later Burke et al. (1979) proved a weak
approximation theorem for the process under similar regularity conditions as Durbin
used. This latter result is stated in Theorem 3.1 in the next section. Note that under
a wider set of assumptions Burke et al. (1979) provided almost sure convergence, and
also, they provided a rate for the convergence.

Since the famous result of Durbin (1973) statistical procedures based on the esti-
mated empirical process became widely used to test goodness-of-fit. These methods
usually are not distribution free, that is, the limiting process, and thus the asymptotic
critical values of the test statistics depend not only on F, but also on the unknown
parameter 0y, as well. Consequently, we can not test directly the original hypotheses
Ho, just the fit of the sample to a fixed element of the distribution family. To make the
situation worse, there is no known theoretical way to calculate the distribution of non-
trivial functionals of the limiting process GG, so the critical values can be determined
only by computer simulation separately for each 6y. To overcome these difficulties, we
can apply the bootstrapped version of the estimated empirical process, which requires
computer work, but provides distribution free procedures.
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3 Bootstrapped parameter estimated empirical processes

Let Fn(az) be an estimator of F'(x,6y), x € R, based on X7, ..., X, and generate in-
dependent sample elements X7 ,,..., X, having distribution function F;,. Consider

the corresponding empirical distribution function

1 &
Fy () = oo Z Lix;, <o) s reR,
"oi=1

and let 07 be an estimator of 6, based on the bootstrapped variables. The bootstrapped
estimated empirical process is the estimated empirical process pertaining to the gen-
erated sample, and it is defined by the form

(1) = m}L/Q [F:%”(x) — F(z, 92)} , r€ER. (3.2)
The resampling method is called parametric bootstrap if F,(z) = F(z,0,), and the
method is called non-parametric bootstrap or Efron bootstrap if F,,(z) = F,(z), z € R.
In the latter case the bootstrapped values X7, ,..., X}  are obtained by sampling
n times with replacement from the original observations such that for each of the n
selections, each X has probability 1/n of being chosen.

To understand the essence of the bootstrap technique, consider any continuous
functional ¥(é&,) of the process &, as a test statistics for Ho. Since &, converges
weakly to GG, the asymptotic critical values of the statistics are the proper theoretical
quantiles of ¢(G). Whenever the bootstrapped process a;, , converges in distribution
to the same limit G, the critical values can be replaced by the empirical quantiles of
w(o_z;“nmn) based on a large number of independent sample generations, which process
can be made by using computers. The most important benefit of this method is that
we do not need to specify the parameter 6y in the algorithm.

The parametric bootstrap was introduced by Stute et al. (1993), and it was designed
directly to test goodness-of-fit for parametric distribution families. The idea behind
their method might be the Monte Carlo technique, with which one can investigate the
distribution of a random variable by generating large number of observations. Since
in the applications we do not know the parameter 6y, heuristically, it seems to be a
good idea to replace it with the estimator én, and generate realizations of the process
&, based on samples having distribution function F (x,én), x € R. The parametric
bootstrap method works exactly this way. For a fixed sample size m,, € N consider

independent sample variables X7, ..., Xy  coming from the distribution F(r, én),
r € R, and let R R
0;‘: - QZ(XT,TH - 7X;zk@n,n)

be an estimator of the parameter 0,,. The parametric bootstrap estimated empirical
process is the parameter estimated empirical process based on the bootstrapped sam-
ple, and it is defined by the form

an, o(x) =mi?[F: () - F(2,05)], xeR. (3.3)

mn,n

The process was investigated by several researchers in the recent years. Stute et al.
(1993) and Babu and Rao (2004) proved that &, . converges to G in the case m,, = n
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3.1 Introduction and preliminary results

for continuous distribution families under slightly different groups of assumptions.
Henze (1996) showed the convergence of the non-negative integer valued version defined
by Z,(k) = &, . (k), k=0,1,2,..., as a random element of the Banach space of all
real sequences converging to zero, endowed with the supremum norm. An interesting
and useful variant of the procedure was investigated by Genz and Haeusler (2006) for
processes under auxiliary information.

The non-parametric bootstrap of Efron (1979) originally was designed for estimat-
ing variance and for constructing confidence intervals, not for testing goodness-of-fit.
Burke and Gombay (1988) were the first who defined a non-parametric bootstrap
based empirical process similar to the one in formula (3.4) as a tool for testing com-
posite hypothesis, and they proved the convergence of their process to GG. Later, Babu
and Rao (2004), in the same paper where they investigated &, ., introduced the
non-parametric version of the process. To obtain a non-parametric bootstrap sample
having size m,, select sample variables X7 ,..., X} among the original observations
X1, ..., X, with replacement such that each X} has probability 1/n of being chosen
each time. Let ) )

On =00 (X{ s X )
be an estimator of 0y, and let F};  (x), € R, stand for the bootstrapped empirical
distribution function. The non-parametric bootstrap estimated empirical process is
ar . =mb? [Fr o (x) — F(x, 5;;)} : r €R. (3.4)

My, N

Babu and Rao (2004) found that the process does not converge to G in distribution,
because it requires bias correction, and they proved that in &;, , — &, converges to G
for m,, = n in continuous distribution families. As a result, the critical values of a given
test statistics ¢(d,) can not be determined as the empirical quantiles of ¥ (a;, ,) as in
the parametric case, but the method works if we apply the functional w(d;m — Q). For
more details see Babu and Rao (2004), where the parametric and the non-parametric
bootstrap procedure are illustrated in the uniform, the normal and the Cauchy family.
The aim of the chapter is to state and prove weak approximation theorems for the
parametric and the non-parametric bootstrapped estimated empirical process under
some general conditions, which contain the most important continuous and discrete
distribution families and estimation methods. That is, we will construct a representa-
tion of &;, , and &;, ., and copies G, of the limiting process G, n = 1,2,..., such
that the supremum distance between the bootstrapped processes and G,,,, converges to
zero in probability. This implies the weak convergence of a5, |, and &, , in the space
D[—00, 00]. We present our main results in Section 3.2 with a short discussion of the
conditions. The proofs can be found in Section 3.3. The approximations will be highly
valued later in Section 4.9, where we will introduce the related probability generator
processes, and we will apply the results of this chapter to prove their convergence. The
bootstrap test algorithm and its theoretical background for the Kolmogorov—Smirnov
type functional of the processes is provided in Section 3.4. Finally, in Section 3.5 we
check the validity of the assumptions of the method for the Poisson and for the normal
distribution, and in Section 3.6 we report on a simulation study in these families.
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3 Bootstrapped parameter estimated empirical processes

3.2 Assumptions and results

Consider the distribution family F = {F(z,0) : x € R,§ € © C R}, and let 6 be a
fixed and let 6 = (61, ..., 0) be an arbitrary vector in the set ©. Let X1, X5, ... and
Y1,Ys, ... be sequences of independent and identically distributed random variables
having distribution function F(z,6y) and F(z,0), x € R, respectively. Also, consider

a statistical function

as an estimator of the general parameter 6, and let 0, = 0, (X1,...,Xy,) be the estima-
tion of 6y based on X1, ..., X,. Let m, be the bootstrap sample size, and based on the
bootstrapped sample let 6* and 0* denote the estimator of 6,, in the parametric and of
Oy in the non-parametric case, respectively. Unless otherwise specified, all asymptotic
statements are meant as n — o0.

Assumption 1. We will use the following assumptions in our main results.

(al) The vector

VoF (z,0) = (898 F(z,0),. aj(d)F(x, 0))

of partial derivatives exists for all (z,0) € R x A, where the set A C © is a proper
neighborhood of 6.

(a2) VoF(z,0), x € R, converges uniformly to VoF(z,0y), x € R, as 0 — 0.
(a3) VoF(z,6y), z € R, is bounded.

(a4) There exist Borel measurable functions () : R — R? and ,(6,) : R® — R?
such that

. 1 <&
Hn — 60 = E ; Z(XZ, (90) —+ n*1/25n((90) a.S.

holds with €,(6y) = e,(X1, ..., Xy, 0o).

(a5) There exist Borel measurable functions [ : R x A — R? and ¢, : R x A — R?
such that

1 n
0,—0==> 1.0 ~12¢ (0 s.
nZ( ,0)+n"Fen(0) as

holds with ¢,(0) = ,(Y1,...,Y,,0) for every 6 € A.

(a6) There exist a Borel measurable function &, ,(6p) : R"™™ — R? such that

m

|
Or — 0, = — > U(X],,00) ——szz,eo +m Ve, (00) as.

m -
=1

holds with the function [ defined in (a4), and with the non-parametric bootstrap
sample X7 , X and with e, (00) = €mn (X, o, X, XT0s 0, X s Oo)-

1ny: - m,n’
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3.2 Assumptions and results
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Throughout the chapter the primary notation of vectors refers to row vectors, and
VT and V® will stand for the transpose and the k-th component of a row vector V.
As further notation, MU () will denote the element of the matrix M () in the j-th
row and k-th column. Also, for a d-dimensional vector valued function g(x,6) we use

the notation
¢*(@.0) = (9™ (@ 0)% .. (9"(x.0))?)

The norm || - || on R? is the usual Euclidean norm. The following theorem is due to
Burke et al. (1979).

Theorem 3.1. (Burke, Csirgd, Csirgd and Révész, 1978) Assume that the distribution
family F, the fixed parameter 6y and the applied estimation method satisfy conditions
(al)-(a4), (a7), (a9), (a12) and (al4). Then, on a suitable probability space, one can
construct independent random variables X1, Xo, ..., having common distribution func-

tion F(x,0y), and a sequence of Brownian bridges By, Ba, . .., such that the parameter
estimated empirical process &y, (x), © € R, based on the variables Xy, ..., X, satisfies
sup‘dn(as)—Gn(x)‘LO, n— oo,
zeR

with the process
Gu(z) = B, (F(z,6p)) — [/Rl(x,éo)dBn(F(x,QO))]VQF(x,GO)T, r€R.

As a consequence of Theorem 3.1 we obtain the well-known result of Durbin (1973),
the weak convergence of &, to the process

G(z) = B(F(z,6y)) — [/Rl(x, 0o) dB(F(x,QO))]VgF(x,HO)T, re€R, (3.5)
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3 Bootstrapped parameter estimated empirical processes

where B(u), 0 < u < 1, is an arbitrary Brownian bridge. Note that G is a mean-zero
Gaussian process having covariance function

Cov (G(z),G(y)) = F(min(z,y),0) — F(z,60)F(y,60) — J(x)VoF (y,6)"
— J(y)VeF (x,60)" + VoF(x,00) M (60)VoF (y,00)"

for z,y € R, with J(z) = f—xoo [(z,00) dF(z,6p). Now, we state our main results in the
subject of bootstrapped empirical processes. Theorem 3.2 deals with the parametric
and Theorem 3.3 is about the non-parametric case.

Theorem 3.2. Assume that the bootstrap sample size m,, — 0o, and assume that the
distribution family F, the fized parameter 6y and the applied estimation method satisfy
conditions (al)—(a3), (a5), (a8), (a10)—(al5). Then, on a suitable probability space,
one can construct random variables X; and X;p, 0 € ©, 1 =1,2,..., having distribu-
tion function F(x,00) and F(x,0), respectively, and a sequence of Brownian bridges
By, By, ..., such that the random variables X1, X1, X2, X209, ... are independent for
every 0, and the parametric bootstrapped estimated empirical process of (3.8) based on

the variables X4, ..., X, and on the parametric bootstrap sample
(Xin, s ’Xf*nn,n) = (Xl,én’ . ’Xmmén) , n=12,...,
satisfies N
sup @:‘nn,n<x> _Gmn(x” HO, n — oo,
z€R

where G1, Gy, ... are defined by (3.5) based on By, B, . ..

Theorem 3.3. Assume that the bootstrap sample size m,, — 0o, and assume that the
distribution family F, the parameter 6y and the estimation method satisfy conditions

(al)-(a4), (a6), (a7), (a9), (al2), (al4) and (al6). Then, on a suitable probabil-

ity space, one can construct independent random variables Xy, Xs, ... with distribu-
tion function F(x,0y), and non-parametric bootstrap sample variables D CIFTRIIND, G
form =1,2,..., and a sequence of Brownian bridges Bi, Bo, ..., such that the non-
parametric bootstrapped estimated empirical process defined in formula (3.4) based on
the variables X1, ..., X, and bootstrap sample X7 ..., X} . satisfies

sup |ay, (7)) — <%)1/2&n(3:) — G, () 0, n— 0o,

zeR

where Gy, is the estimated empirical process of (3.1) and G1, G, ... are defined by (3.5)
based on By, Bo, . ..

Since the process G,,,, have the same distribution as G for every n, we obtain the
following consequence of Theorems 3.2 and 3.3.

Corollary 3.4. Under the assumptions of Theorems 3.2 and 3.3 the processes

1/2
ar (x) and ay, o (x) — <%> G (), reR,

mMn,Nn mMn,N n

converges weakly to G(z), x € R, in the space D]|—o0, 00].
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3.3 Proofs of Theorems 3.2 and 3.3

For the proofs of the theorems we drew inspiration from two papers. The construc-
tion of the random elements is based on the method of Csoérgs and Mason (1989) who
introduced the idea of representing the original and the bootstrapped sample variables
on the product of two KMT spaces. Fortunately, this technique does not require any
regularity condition on the model. Also, we adopt the approximation method which
was applied for the non-bootstrapped process &, by Burke et al. (1979), from where
we inherit the conditions of Theorem 3.1 along with the technique. That is, we require
the existence and the smoothness of the function VyF(z,0) in a neighborhood of 6,
and we must also take some assumptions on the regularity of the applied estimation
method at the single point 6y. In the non-parametric bootstrap case we do not need
much more additional assumptions, we only need a similar sum representation for
the bootstrapped parameter estimator é;; as we already have in the non-bootstrapped
model. Contrary, in the parametric bootstrap case the bootstrapped sample comes
from the distribution F(m,én)7 x € R, and hence, we must extend the assumptions
on the estimation method for a neighborhood of 6, and we need uniformity for the
functions M (0) and [(x,0). Surveying the earlier proofs for the convergence of the
bootstrapped processes by Stute et al. (1993), Babu and Rao (2004) and the version
entertained by Henze (1996) we meet similar conditions.

3.3 Proofs of Theorems 3.2 and 3.3

The construction of the random variables and function of Theorems 3.2 and 3.3 is based
on the Hungarian construction presented in Theorem 2.2. This provides independent
variables Uy 1, Ui 2, ... distributed uniformly on the interval [0, 1] and a sequence of
Brownian bridges By 1(u), By 2(u), ... on an appropriate probability space (21, Ay, Py),
such that the related uniform empirical process 51 ,(u), 0 < u < 1, defined in (2.1)
satisfies
logn
0221 |Brn(u) = Bip(u)| = O(W) , a.s. (3.6)

Now, let (22, A, P2) be an other KMT probability space which carries the random
variables Us;, empirical processes (2; and Brownian bridges By, i = 1,2,.... Define
(Q, A, P) as the product probability space of (Q4,.41, P) and (25, Az, P,), and consider
the random elements

Ui(w) = Upi(wi), Uf(w)=Uyi(wz), Bi(u,w)= By;(u,ws), (3.7)
w= (w,w2) € Y xQy=Q,7=1,2,.... The empirical process based on the U;’s is
Bn(w) = Pan(ws), and (3.6) implies that

sup |0 = sup |31~ Bua0] = (%7 (53

0<u<l1 0<u<l

holds with H,(u) = f,(u) — B, (u), 0 <u < 1.
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3 Bootstrapped parameter estimated empirical processes

Let F), be the empirical distribution of the sample variables X1, ..., X,,, and let
FYu,0) =inf{z: F(z,0) <u}, F,'(u)=inf{z: F,(z)<u}, 0<u<l,

denote the quantile function pertaining to F(z,0) and F,(z), respectively. Using the
elementary properties of the quantile function, the variables
X; = F YU, 0), i=1,2,... (3.9)
are independent and have the same distribution function F'(z,60y), x € R. Also,
X9 =FYU},0), i=1,2,..., 00O, (3.10)

are independent from each other and from the X;’s, and they have the same distribution
function F(z,0) for every 6 € ©, that is, X, 5 ,..., X, is a parametric bootstrap

) Mp,0n

sample for every n. The conditional empirical process of the bootstrap sample with
respect to the variables Xq,..., X, is

* 2 1 el A
M [Fr ) = F (. 00)] = m/? {m— D Ly, <0 = Flab)
=1
m (3.11)
1 & . A
= m/? [m_ > L erany — Flo. ‘)n)] = B, (F(2,0r))
" o=1

By similar reasons

X, =FENUY),  i=1,...,m, (3.12)
are conditionally independent from each other and have conditional theoretical dis-
tribution function F,(z), * € R, given Xy,..., X,,. Hence, X{,,..., X}  is a non-
parametric bootstrap sample based on X1,..., X, forn =1,2,..., and its conditional
empirical process is

ml/? [F;Lnn(x) - Fn(x)} = B, (Fr(2)) . (3.13)

The rest is to show that the constructed variables and Brownian bridges satisfy the
statements in Theorems 3.2 and 3.3.

Throughout the proofs we may and do assume that A is a sphere with center 6,
and radius » > 0. Using (a2) and (a3) we can and do assume that the components
of the function VyF'(x, ) are bounded on R x A by a positive value M. Also, in the
parametric bootstrap case by (all) we can assume that the components of M(6) are
bounded on A by the same M. In the proofs we often use the fact that if a real valued

random sequence A,, n =1,2,... converges to 0 in probability, then there exists
Pn — 0 such that P(]An] >pn) < Dn, n=12... (3.14)
Also, if E,, n = 1,2,... is a sequence of events such that P(E,) — 1, and we have

P(|A,| > €|E,) — 0 for any ¢ > 0, then applying the complementer event E,, = Q\ E,
we find that

P(|A,| > €) = P(|An| > € | Eo)P(E,) + P(|An| > ¢ | E,) P(E,)
< P(|A,| > e | E,) + P(E,) = 0.
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3.3 Proofs of Theorems 3.2 and 3.3

That is,
P(|A) >¢|E,) —»0,Ye>0, and P(E,) —1, imply A,—-0. (3.15)

Introduce the modulus of continuity of a deterministic or random function f(u),
0 <wu <1, by the formula

w(f,p) = _sup |f(v) = f(u)],

and observe that w(B,,,p), m = 1,2,... have the same distribution as w(B,p) with
an arbitrary Brownian bridge B. It is known that based on a standard Wiener process
W (u) the random function B(u) = W (u) —uW (1), 0 < u < 1, is a Brownian bridge,
and Lévy’s famous result for the modulus of continuity of the Wiener implies that

w(W, p) ~ (2plog(1/p))1/2, p—0, a.s.

We obtain that the modulus of continuity of the Brownian bridge is

w(B,p) = sup

0<u<v<1

(W) = oW (1) = (W(w) —utW (1))

v—u<p
< sup [W(v) = W(w)|+ sup [vW(1) —uW(1)| < w(W,p)+p|W (1) -0,
0<u<v<1 0<u<v<1
v—u<p v—u<p

almost surely as p — 0, and it follows that
P(w(Bm,,pn) <€) — 1, Ve >0, n — 0. (3.16)

Proof of Theorem 3.2. First, we examine the asymptotic behavior of the estimated
parameters 6, and 0*. From (a5) we obtain

Zz (Xi,00)

where the terms I®) (X, 6p), i = 1,2,..., are independent and identically distributed
with finite mean 0 and variance M * (90) by (a7) and (a9) for every k. The law of
large numbers implies that S;, — 0 almost surely, and by (al4) the second term
converges to 0 in probability, too. Hence,

d

+ 0 len(80)ll = Y ISkal + 12 llen(80)]] -
k=1

e

16, — 60| == 0. (3.17)

Similarly, we have

107

11, |, (6

_EénH <:§£: j{:l k) 297
k=1

- Z 1S5 2] + 72 e, (B)]] -
k=1
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3 Bootstrapped parameter estimated empirical processes

Using (a8) and (a10) we find that E[S; | 0,] = 0 and

. A 1 & A 1 & A d My
Var [S;,, | 0n] = o) ZVarl(k)(an, 0,) = — ZM(k’k)(Hn) < -
n =1 n =1 "

whenever 0, € A, from which

E[S;, | 0, € Al =0 and  Var [S, | 0, € A] < Mo :

My

Applying the Chebyshev inequality with the conditional mean and variance we have

Var [S,, | 0. € A _ dMy

g2 ~ mye?

P(IS;,] >l b, eA) < =0,

for every ¢ > 0. Since P(f, € ©) — 1 by (3.17), the remark in (3.15) implies that
Skn — 0 in probability. Then, using assumption (al5) we have

167 — 6, =0, (3.18)

and formula (3.17) implies that P(6* € A) — 1 because A is a sphere with center 6.
In the remaining part of the proof we work on the event F, = {0, € A} N {0 € A},
and prove that

P(sup |65, (@) = G ()] > €| En> =0 (3.19)

z€eR
holds in case of any ¢ > 0. Since P(E,) — 1, the convergence in (3.19) with (3.15)
implies Theorem 3.2.
Given E, condition (al) implies the one-term Taylor expansion

~

F(z,0,) — F(x,00) = (6 — 00)VeF (z,0,(x))7
where 6,(z) lies in A for every integer n and real x. Then, we have

Sn = sup ‘F(xvén) - F(xveo)’

zeR
d_ R - (3.20)
< (6, — 90)(’“)‘ sup |V F (z, Hn(:c))(k)’ <d||6, — || My — 0.
E—1 zeR

Let
15, = sup ‘an(F(x, 0,.)) — B, (F(z,60))

zeR

Y

and consider a sequence p, — 0 satisfying (3.14) with A, = S,,. By (3.7) and (3.9)
the random variables X, X,,... are independent from the processes By, Bs, ..., and
hence, we have
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3.3 Proofs of Theorems 3.2 and 3.3

for any € > 0. By (3.16) and (3.20) both probability on the right side converge to 1,
that is, 75, — 0 in probability. Next, define

~

K () = B, (F(2,0n)) = B, (F(2,600)) -
Then, by (3.8) we have

Ty = sup| K ()] = sup | B, (F (2, 6n)) = By, (F(x,60))|

zeR z€eR

< sup | B, (F(z, én)) — By, (F(2,0,))| + sup | By, (F(2,0,)) — By, (F(,60))]

z€R z€R
= sup |Hy, (F(2,6,))| + To = sup |Hp, (u )| + Ty =0,
weR 0<u<1

(3.21)
Now we separate a crucial element of the proof in the following lemma.

Lemma 3.5. Let I, = [, l(x,00) dB,, (F(x,6y)). Then
[ml/2(6; — 6,) — L 0.

Proof. Let V#)(y) denote the total variation of the component I¥)(z, 6) on the interval
[—y, ], which is finite for any y > 0 by (al2), and let V(y) = (V(y),...,V@(y),
y > 0. We show that for the functions

Lyn(z) = 1(x,0,) — l(z,600) and Ly, (z) = 1*(z,6,) — 1*(z,6,),

we have
sup ||Lin(z)] =50,  and sup || Lan(2)]| =0, (3.22)

—y<z<y —y<z<y

with any fixed y > 0. The first convergence immediately comes from assumption (al3)
and (3.17). Also, if « lies in [—y, y], then

18 (2, 00)| < |1®)(2,80) — 1%)(0,80)| + |1*)(0,60)| < VP (y) + [1%)(0,60)],

which implies that

sup 100z, 6,) + 19 (2, 00)] < sup_ [[19)(,6,) = 19, 00)]| + 21, )|

—y<z<y —y<z<y

< sup |L{ ()] + 2V (y) + 215990, 69)|

—y<z<y

is a bounded sequence for any fixed y and k. Hence,

—y<z<y 1 ~ySesy
d A
SZ sup [ L5 (@)| sup [10(,0,) + 19, 60)] = 0.
—1 ~YSTZY —y<z<y



3 Bootstrapped parameter estimated empirical processes

In the next step we show that there exists real valued sequence y, — oo such that

TV )l =50,  sup  [|[Lin(@)]| =50 and  sup ||Lon(z)]|—20. (3.23)

—yYn<z<yn —Yn<z<yn

Such a sequence can be constructed in the following way. If lim, . ||V (y)| is finite
then the first convergence holds with arbitrary v, — oco. Otherwise, consider p,, of
(3.14) with A, = T,, and let

yin =sup{y > 0: V()| <p, '}

By (al2) the values y; ,, are finite, and y;,, — 0o because lim,_,. ||V (y)|| = oco. Since

we have P(T, ||V (y1..)] > pl/z) < p, for every n, the first convergence in (3.23) holds
with y; ,. From (3.22) we have

P

sup || Lyn(z)[| —0
—k<z<k
for any fixed £ = 1,2,..., and hence, there is a strictly increasing integer valued

sequence ng — oo for which

1 1
P< sup || Lyn(x)] > E) < T

—k<z<k

whenever n > ny. Letting yo,, = k, ni, < n < ngy1, k= 1,2,..., the second conver-
gence in (3.23) follows with vy, — oo, and the third convergence can be guaranteed
with a sequence y3 ,, based on similar construction. Thus y,, = min{yi ,,, Y2.n, Ys.n} — 00
is a suitable sequence for all three statements in (3.23).

Using (a5), (a8) and (3.11), we have

A s 1 & . P .
mY2(0F —0,) = ml/? {m_n Z (X4, 00) — E [l (X14,,0n) \enH + em, (0,)

= / 1(,0,) B, (F(,0,)) + m,, (6,) -
R
To prove the lemma, consider the decomposition
0= 0) L= [ L) b, (b)) + [ i) dR,(
(—ymyn} ( ymyn]
+ / (2, 6,) dB, (Fz,61)) — / I, 60) dBo(F (2, 60)) + €m, (60)

with R, = R\ (—yn,yn], and let I ,, Is,, I3, and I, denote the four integrals,
respectively. We show that all of the terms converge to 0 in probability.
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3.3 Proofs of Theorems 3.2 and 3.3

Define the function f,(u) as Ly ,(F~"(u,6,)) on the interval (F(—yy,0,), F (yn, 0,)]
and as 0 otherwise. From (3.23) we have

P
An = sup [[fa(u) = sup [[Lin(z)]—0.
O<u<1

—Yn<T<Yn

Consider p,, of (3.14) with the sequence A, and let E! = {supg.,1 ||fn(v)] < pn}-
Then, for any € > 0 we have

Pl > <1 2) =P [ s > <] 1)

d £ Coe®\ p
SZ (H £ (w) dBp, (u H>6—1|E;)§d01exp(—d2p%)—>0,

where () and C, are positive umversal constants from Theorem 1 of Major (1988).
Since P(E}) — 1, it follows that I, L0 by (3.15). Next, integrating by parts and
using the deﬁmtlon of the sequence ¥, in (3.23), we get

\ | di(z, 60)
[ Yn, yn

< 180w, 80) — 10, 80) | + (=i, b0) — 10, )| + 21110, eo>||}T IV )IT,
< 3|V ()T, + 2110, 00) | T 0.

1ol < |10, 60) K (9) = U= 60) K

(3.24)

By introducing a standard Wiener process W (u) on an arbitrary probability space

the process B(u) = W(u) —uW (1), 0 < u < 1, is a Brownian bridge, and using (a8),

(al0) and the elementary properties of the stochastic integral the k-th component of
I, has mean 0 and variance

Var I} = Var [ / 1®) (2, 00) dW (F(z,60)) — W (1) / 1®) (z, 6,) dF(x,Qo)]

n n

— Var [ / 1®) (2, 0) dW (F(x, 90))] + [ / 1™z, 0,) dF(:c,Go)rVal"W(l)

n n

—2 /R 1) (x,00) dF (x:, 0,) E[ / 1®) (2, 00) AW (F (, 6p)) /

—00

o0

1dW (F(z, 90))]

_ /R (19 (2, 00))? dF (x, 00) + [ / l(k)(x,éo)dF(a:,Go)r

n n

—2 [ 19, 60) dF(x, 60) / 199, 60) dF (, 0)

Rn n

- /R (19 (x, 00))* dF (x, 0p) — { / 1®) (2, 65) dF(ac,@o)}2

g/ (1% (x,00))* dF (x,05) = 0.
’ (3.25)
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3 Bootstrapped parameter estimated empirical processes

Hence, by the Chebyshev inequality,

P(|Iinl > )<Y P (|I4n )gi(g)QVarlﬁzﬁO (3.26)

k=1 k=1

U

with an arbitrary € > 0, and thus, I, — 0 in probability. Also, using the conditional

independence of the variables X, ; ,..., X, ; we obtain the mean

E|:/ l(k)(l',én) dF:"bn,n( 1 m ZE[ 19 ) )H{XLG €Rn} } 9 :|
n =1
:/ 1®)(2,,) dF (z,6,,)

n

(3.27)

and the variance

. . . 1 &= A 9
n n =1

3

1 mn

t oz > [z<k> (Xig, On)Lix,, croy | en] E[ﬂ’“(Xj,gn, On)lix,, cha) en}
z;;:jl
1 9 my, — 1 2
= — 1) (x,0,))" dF (z, 0, n / 1) (x,0,) dF (x,0,)]| .
o ARG AR I I E AT
(3.28)
Applying (3.27) and (3.28) the variable [3(’2 has conditional mean
E150,] = E[ / 1®)(z,0,) dﬁmn(F(x,én))Mn}
Ry
= m;ﬂE[ / 1 (z,8,) dF;mn<x>|én} —m? [ 1 (z,8,)dF(x,0,) =
n Rn
and conditional variance
Var | 145 | 0,]
R R R 2
:mnEQU 1) (2,0,) dFy, . (2) en] +mn{/ 1™ (x,6,) dF(z, 0 )}
y ) . " . (3.29)
—Zmn/ z<k>(x,9n)dF(a;,9n)EU 1) (2,0,) dF, . (2) 9}

- / (1% (x,6,))* dF (x,6,) — [ / 1®)(z,6,) dF(z, én)r.
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3.3 Proofs of Theorems 3.2 and 3.3

This implies that

Var [Igﬁi\én] g/ (l(k)(x,én))2dF(x,én):/ (19, 60))? dF (z, 60)

n n

T { /R (1%(x,0,))° dF (x,0,) — /R (l(’“)(fc,Qo))QdF(fEﬁo)}

_ / L) (2) dF(z,0,) - / (19, 60))* d[F(x,6,) — Fx,05)] 50,
(_ymyn] (_ymyn}

because all of the four terms converge to 0 in probability. The first and the second
terms do that by (al2) and (al3). The third term follows by (3.23) and by the fact
that F(z,6,) is of bounded variation on R. Finally, using the technique in (3.24), one
can show that the fourth term also goes to 0 in probability by (3.20) and (3.23). Now,
let p,, be the sequence defined in (3.14) corresponding to

M,, = max Var [I?()krz ‘ én} 0.

1<k<d
Using again the Chebyshev inequality we have
d " . d_ L a\2
P In >e€ Mngng P(In >_Mn§ n)g (_> n_>0
(Ianll > € | Pn) ; Il > 5| P ;619

for every € > 0, and this implies that [|/3,|| — 0 in stochastic sense by (3.15) because
P(M,, < p,) — 1. The term ¢, (6,) also converges to 0 by (alb), that is, we have
(3.3), and the proof of Lemma 3.5 is completed. ]

Proof of Theorem 3.2, continued. Returning to the proof of Theorem 3.2, if F, occurs
then by (al) we can take the one-term Taylor expansion with respect to 6,,:

G (@) = B (F(,0,)) = my/2[F(,60;) = F(x, 0,)]
= Bun, (F(2,0,)) + Hpn,,(F(2,0,)) = m,/*(0;, = 0,)VoF (2, 6, ()"
= Gy (2) + Hpp (F(2,0,)) — Hap(2)
where 0 () lies in the sphere A for every x and n, and
U 10:(2) = boll < 117 = Oull + 100 = o]l 0.

Using (a2), Lemma 3.5, the stochastic boundedness of I,, and the boundedness of the
function VyF(x,0) on R x A we obtain the convergence

Ha (@) = [n'2(05—0,) — L] VoF (x,0:(x))" + 1, [VoF (w,05(2)) — VoF (w,00)] =0
uniformly in the variable x. Also, from (3.8) we get that

sup |Hp,, (F(2,0,))| < sup |Hp, (u)| = 0 a.s.

zeR 0<u<l1

Hence, we have (3.19) and the proof of Theorem 3.2 is complete. O
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3 Bootstrapped parameter estimated empirical processes

Proof of Theorem 3.3. Consider the random variables defined in the preamble of the
section. Since F,(z) is the empirical distribution function of the independent sample
variables X1, ..., X,, having common theoretical distribution function F'(x,6,), x € R,
the Glivenko—Cantelli theorem implies that

Sp = sup |F,(z) — F(z,6p)| = 0 a.s. (3.30)

z€R

Let
T2,n = sup ‘an (Fn(x)) — B, (F(:L‘, 90))| )

z€R

and consider the sequence p,, — 0 satisfying (3.14) with A, = S,,. Using the fact that
the random variables Xi, X,,... are independent from the processes By, Bs,... we
obtain from (3.16) and (3.30) that

P(|Ty,| <€) > P(w(Bm,,pn) <€)P(|Sn] <pn) — 1,
and hence, T, — 0 in probability. Also, introducing the function
Kn(x) = B, (Fn(z)) = B, (F(2,00)), = €R,
and using (3.8) it follows that

T = sup | K ()] < sup | B, (Fu(2)) = B, (Fu(2))|

z€R

+ sup | B, (Fu()) = Bon, (F(2,60))| = sup | Ho,, (Fu(2))] + Too = 0.
Te

z€R

(3.31)

The following statement is the non-parametric bootstrap version of Lemma 3.5, and
it says that m}/Q(H;fL — 0,,) has the same asymptotic behavior as the related parametric

bootstrapped variable.
Lemma 3.6. Let I, = [, l(x,00) dBy,, (F(x,6y)) be the same as in Lemma 3.5. Then

[ml/(6; — 6,) — L] 0.
Proof. Let V) (y) be the same as in Lemma 3.5, that is, the total variation of the com-
ponent [®)(z,6y) on the interval [—y,y], and consider V(y) = (VW (y), ...,V (y)),
y > 0. Similarly to (3.23) one can construct a sequence

Yp — 00 such that TollV (yn) || =50,

By assumption (a6) and (3.13) we can write

20, = 00) = mi?| [ tetn) (o) - [
R

i I(x,00) an(l‘):| + €myp.n(00)

_ /R U, 00) 0B, (Fu(2)) + Empn(00)
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3.3 Proofs of Theorems 3.2 and 3.3

Let R, =R\ (—yn, yn] and consider the decomposition

mY2(0r —0,) — I, = /( ] I(z,00) dK,(z) + / 1(z,00) dBm, (F,(x))

_ / (@, 60) dBo. (F(2,06)) + 2. n(0) = Tin + Tom + Is + Ere.m(6o) .

n

Our goal is to prove that all terms converges to 0 in probability. Although the sequence
Yy, may differ from the sequence y,, of the parametric bootstrap case, one can prove the
convergence of I, by using the same technique as in (3.24). Also, from the calculation
in (3.25) the variance of the k-th component of I3, is

2

Varfgfji:/ (1% (x,60))* dF (x, ) — U 1) (2, 00) dF (z,00)| — 0,

and the convergence of I3, follows by applying the Chebyshev inequality just the same
way as in (3.26). With the computation method of (3.27)-(3.29) one can obtain the
conditional mean

B[ | X1 . Xo] = B[ | F] =0,
and the conditional variance

Var [I8 | X1,..., X,] = / (1% (x,6,))° dF, (x) — { / 1®) (2, 0,) an(x)r

n

2
= —Z N(Xi,00)) Lixienny — { Zl (Xi, 00) 1, eRn}]

n—1

=1 1,j=1
i#]

Then, EIQ(k,z = 0 and using the independence of the variables Xj,..., X,, we have

,n

Var 1) = B[ Var [I}) | X1, X, | + Var [E[1}) | Xy, X, ]|
n—1

— E[(l““)(Xl,Ho))Q]l{xleRn}] -

n

_n-l / (1%, 6))* dF (s, 6p) — —— ! [/ 1®)(x, 6,) dF(xﬁo)r

1
E2[19(X1, 60)1xsen,

n

n . n
-1

_n Var[ék,z < Var[ék) — 0.
n b

N

Applying the Chebyshev inequality similarly as in (3.26) one can obtain the stochastic
convergence of Iy,. Finally, ¢, ,(6y) also converges to 0 by (al6), which completes
the proof of Lemma 3.6. O
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3 Bootstrapped parameter estimated empirical processes

Proof of Theorem 3.3, continued. Now we examine the limit behavior of the estimated
parameters 0, and é;: The sample variables X7, ..., X,, and the parameter estimation
én are the same in the parametric and the non-parametric case, and using only (a4),
(a7), (a9), (al4) and the strong law of large numbers we already showed in the proof
of Theorem 3.2 that |6, — 6p|| — 0 in probability (see (3.17)). Since the stochastic
integrals I,,, n = 1,2,..., defined in Lemma 3.6 have identical dlstrlbutlon the term

my/ VA0 —0,) is asymptotlcally normal, which implies that [|6% — 6, || 0. Working
on the event E, = {6, € A} N {07 € A} we will show that

P(sup & (@) — (%)1/2@n(x) . Gn(x)) > e En> —0 (3.32)

z€R n

holds for arbitrary ¢ > 0. Since P(E, ) — 1 the convergence in (3.32) implies Theorem
3.3 by (3.15).

If E, occurs then by assumption (al) we can take the one-term Taylor expansion
with respect to én:

~

@)~ (P2) " (w) = B (Ful)) — mi? [Pl 03) ~ F(,0,)]
= B, (F(2,00)) + Ko(a) = ml/ (8, — 0,) VoF (o, 0 (x))"
G, (2) + Lo(x) — Ho (),

X

where é;(x) lies somewhere between 0, and é; for every x €e Rand n =1,2,... Then,
07 (z) € A and sup,cg ||0}(z) — 6o]| — O in probability. Using (a2), Lemma 3.6, the
stochastic boundedness of I,, and the boundedness of VyF (z,0) on R x A we get that

Hy () = [n2(0: —0,) — L] Vo F(x, 0 (2))" + L, [VoF (z,0:(x)) — Vo F (z,6,)] <0

uniformly in z. Also, from (3.31) the sequence K,(x) converges to 0 uniformly in
probability. Hence, we have (3.32), which leads to Theorem 3.3. ]

3.4 The bootstrap algorithm

Consider independent and identically distributed observations Xi,..., X, having an
unknown distribution function F'(x), x € R, and consider a distribution family

F={F(z,0):2€R,6 € ©CR'}

endowed with a parameter estimation 6, : R" — O. In this setup one can test the fit
of the sample to the family F, that is, the null-hypotheses H, : F' € F by applying the
test statistics ¥, = 1¥(&,), where &, is the estimated empirical process defined in (3.1)
and 1 is a real valued functional on the space D[—o0, c0]. If ¢ is continuous then the
weak convergence of &, to the limit process G implies that v, converges to ¢ = ¥(G)
in distribution. If, additionally, the variable ¢ has continuous distribution function F,,
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3.4 The bootstrap algorithm

then the theoretical quantiles of ¢ serves as asymptotically correct critical values for
. That is, for a fixed significance level 0 < a < 1 the (1 — ) quantile

o) =inf{z €R: Fy(z) > 1— a}
satisfies the convergence
P, < c(e)) = 1—a, n— 0o,

and one can reject or accept the null-hypotheses H, by using the test statistics 1,
with the critical value c(«).

As we have specified in the introduction of this chapter, the main difficulty with this
method is that the quantile ¢(«) can not be determined in theoretical way. However,
if the distribution family F and the estimation statistics #,, satisfies the conditions of
Theorems 3.2 and/or 3.3 then one may obtain an asymptotically correct estimation
for ¢(«) by using the parametric and/or the non-parametric bootstrap technique. For
example, assume that the approximation

sup |d; (I)—Gmn($)|i>0, n— oo,
zeR

mn,n

*

holds with the parametric bootstrap estimated empirical process &y, ., and consider
the related statistics ¢? = = (a), ) and o, = ¥(G,), n = 1,2,.... If the functional

Moy, N

1) is smooth enough then we have a good chance to prove the convergence

[k —on| =0, n— oo, (3.33)
Furthermore, Theorem 3.2 implies that the copies @1, (s, ... are independent from the
X;’s, and the common distribution function F, of the copies ¢1, 2, ... is continuous

at the point c¢(a) by assumption. Then, it follows from Theorem 2.7 that the quantile

c:;p(a):inf{xeR:P(@b*p <z|Xy,...,Xn) 21—(1}

mnp,n —

can be applied as an estimator of ¢(«), and it is an asymptotically correct critical value
for the statistics ¢,,. Also, if the conditions of Theorem 3.3 are satisfied then we may
obtain the approximation

*T P . *T, ~ % mn 1/2A
‘mefn — gon‘ —0 with Y =l ar - (—> any, (3.34)
k] (3] n, n
based on the non-parametric bootstrap estimated empirical process &;, ,, and Theo-

rem 2.7 ensures that the quantile

(o) = inf{x ER: PP, <z|Xi,...,X,) >1 —a}

n Mp,N —

can replace ¢(«) in the applications.

The bootstrap method can be used to test the fit of the given sample X, ..., X, to
the family F by using the following algorithm. Depending on which approximation of
(3.33) and/or (3.34) hold we can use the parametric and/or the non-parametric version
of the method. Note that the technique requires a massive amount of random genera-
tions and analytical calculations, so the application of a computer is recommended.
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3 Bootstrapped parameter estimated empirical processes

1. Calculate the estimator 6, based on the observations X0, X,
2. Calculate the test statistics 1.

3. Generate independent parametric or non-parametric bootstrapped observations
X5 -, Xy, having distribution function F'(x,6,) or F,(z), respectively.

17,',” ..
4. Calculate the estimator é;‘L or é: based on the bootstrapped sample.

5. Calculate the bootstrapped statistics ;P | or ¢

My, N*

6. Repeat the steps 3-5 R times, and let ¢ ; < --- < 4} ; be the order statistics
of the resulting R values of ¢;F  or ¢;'"P

Mp,n"

7. Let c;, , be the (1—a) empirical quantile of ¢’?  or ;P ., that is, the [ R(1—a)]-

Mnp,N?

th largest order statistic, where [y]| = min{j € Z : y < j} for y € R.
8. Reject Hy if ¢, is greater than ¢}, .

In Section 3.6 we provide simulation studies for the bootstrap test algorithm using
the Kolmogorov—Smirnov type statistics of the processes. To prove the theoretical base
of the method we must show that the assumptions of Theorem 2.7 hold with

Y D[—o0,00] = R, (h) = sup |h(x)].

z€R

Observe that the supremum functional v is Lipschitz, because for any elements h; and
hy of D[—o00, o0] we have the inequality

W(hﬂ - ¢(h2)| < ilelﬂg }hl(x) - hz(x)’ .

Under the assumption that the distribution family F and the parameter estimation
statistics 6, satisfy the conditions of Theorems 3.2 and/or 3.3, we obtain the desired
approximation for the parametric bootstrap statistic

W02 = G| = [0(Ah, 1) — U(Comy)| < sup |2, () = G ()| 20,

zeR
and /or for the non-parametric bootstrap statistic

1/2
<sup |, o(z)— (%> an(x) — G, (x)‘ i>O,
z€R ’ n

*np
| 1/}mn e Spmn

as n — 00. It only remains to prove that the common distribution function F,, of the
copies @1, (2, ... 1s continuous.

Since the process W (u) —uW (1) is a Brownian bridge for any representation W (u),
0 < u < 1, of the standard Wiener process, the process B(F(z,6y)), * € R, has the
same distribution as

W (F(x,0)) — F(x, 60)W (1) = /R {1(_00,2] (y) — F(a, 90)] AW (F(y,0,)), z€R,
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3.4 The bootstrap algorithm

where 1 stands for the indicator function of the interval appearing in the lower index.
Also, we have

= [ 1000 3P 00) 2 [ 1000 0 (Pl0,00) < W01) [ 160,00) a3, 0
_ /R [z<y,eo>— /R z<z,eo>dF<z,eo>] AW (F(y, 60))

from which the limit process G(z), = € R, has the same distribution than the process
defined by the stochastic integral

/R [n(_oo,x]@)—F(x,eoH ll(y,ﬁg)— /R (2, 00) dF (2, 90)} VQF(x,GO)T] AW (F(y,0,)) .

x € R. Lemma 2.9 in Section 2.3 implies that G(x), = € R, is a centered Gaussian
process, and one can obtain its covariance function presented in Section 3.2 by using
the general covariance function provided by the referred lemma. Since the variable
¢ has a d-dimensional normal distribution with mean 0, and VoF'(z,0y), * € R, is a
deterministic function, the product Vo F(x,0y)" can be equal to the term B(F(z,6)))
at every point x € R only with probability 0. That is, with probability 1 the process

G(z) = B(F(z,00)) — EVoF (z,6)" reR,

is not degenerate at every real x. Observe that we have the inequality

z€R

¢ =sup |G(z)| < sup |B(u)|+ [¢|sup |VoF(z,6)"|, (3.35)
0<u<l1 zeR

where the absolute value of a vector is defined as the vector of the absolute values of
the components. Since the Brownian bridge has finite supremum and £ is normal, the
variable  is almost surely finite. If we additionally assume that Vo F(z,6y), © € R, has
cadlag components, then using Theorem 2.10 we obtain that the distribution function
F, of

p = ¢(G) = sup|G(z)| = sup {G(z), —=G(z) : = € Q}

zeR

is continuous on the interval (sg, 00), where
so=1inf {zx € R: F,(z) > 0} € [0, 00)

is the left endpoint of the support of F,. That is, by the referred theorem the distri-
bution function may have a jump at so. However, we strongly believes that the value
sg is equal to 0, but we could not find a way to prove our conjecture. Since the process
(G is almost surely not degenerate on the whole real line, if one could show that sq =0
then it would follow that the distribution function F, is continuous at every x € R.
To strengthen the conjecture that sy = 0 take a look at the inequality in (3.35). It
is known that for an arbitrary s > 0 the supremum of the Brownian bridge B is not
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3 Bootstrapped parameter estimated empirical processes

greater than s with a positive probability. Also, the variable ¢ has normal distribution
with mean 0, and the function VoF(z,6y), z € R, is bounded by assumption (a3),
which imply that the second term on the right side of (3.35) can be arbitrary small, as
well. If the terms would be independent than we would obtain that for any s > 0 the
process G has a supremum smaller than s with a positive probability, and Theorem
2.10 would imply that the distribution function F, is continuous at every point on
the real line. Unfortunately, we can not apply this idea to solve the present problem,
because there is a strong dependence between the Brownian bridge B and the variable
&. However, similar examples suggest that the value sy seems to be equal to 0 for the
process G, as well.

3.5 Validity of the assumptions

In Section 3.6 we demonstrate the bootstrap method in simulation studies by testing
fit to the Poisson and the normal distribution family. We showed it in the previous
section that the Kolmogorov—Smirnov type statistics based on the parametric and the
non-parametric bootstrap estimated empirical process can be applied if the underlying
distribution family F and the applied estimation method satisfies the conditions of
Theorems 3.2 and 3.3. In this section we check the validity of the assumptions for the
Poisson and the normal family with the maximum likelihood estimation.

From the practical point of view, when we test the fit of a given sample to a family
F, we can not fix the parameter 6, and we must check the conditions for every possible
6o in ©. The validity of (al)—(a3) must usually be verified by direct calculations. The
most frequently used estimation methods satisfy (a4)—(al0), if the family has a finite
second moment, and the estimator #,, has an asymptotically normal distribution, but
sometimes we must choose a non-standard parametrization. Assumptions (all)—(al3)
do not seem to be stringent either. The hardest conditions are (al4)—(al6). Burke et al.
(1979) showed the stochastic convergence of ¢,(6y) under some analytical conditions
on the distribution family for the maximum likelihood estimation, and Chapter 5 of
van der Vaart (1998) investigates the same problem in case of M- and Z-statistics in a
much more general framework. For the convergence of the non-parametric bootstrap
error term €,,, ,(6p) Burke and Gombay (1991) provides similar analytic conditions as
Burke et al. (1979) in the non-bootstrap case. Also, Babu and Singh (1984) proved the
validity of the assumptions of the non-parametric bootstrap case for empirical quantile
type estimators and for L-statistics defined by the forms

n i/n 1 n
Z Xin / w(t) dt and — Z Xinw(i/n),
i=1 (i=1)/n n=

where X, <.-- <X, is the ordered sample based on the observations X;,..., X,
and w(t), 0 < t < 1, is a sufficiently smooth weight function. Unfortunately, general
results for the limiting behavior of the bootstrap error terms are not available. In most
practical applications the most simple solution is to determine the error terms and to
check their convergence by direct considerations.

46



3.5 Validity of the assumptions

If we apply the maximum likelihood estimation, then in many distribution families
the function
I(x,0) = Vof(x,0)I(0), reR, €0, (3.36)

satisfies assumptions (a4)—(a6), where f(z, ) is the density function of F'(z,0), x € R,
with respect to a o-finite measure p on the real line, that is, dF'(z,0) = f(z,0)du for
every 6, and I71(9) is the inverse of the Fisher information matrix

1(0) = /RVQJI(:E,Q)Vef(x,Q)T dF(x,0), 0e€o.

Although, in many families representations (a4)—(a6) with [(x,0) of (3.36) provide
the asymptotic normality of the estimators én, éfl and é;’;, in general we have no rate
of convergence, and the validity of assumptions (al4)-(al6) does not follow directly.
However, in many cases the convergence of the error terms can be guarantied by using
a simple trick.

Observe that the convergence of the error terms are obviously satisfied if the family
F is parametrized by some of its moments and we apply the method of moments to
estimate the parameter. For example, if the k-th component of € is the moment of order
a of the underlying distribution F(z,6), z € R, and if we estimate this component

with the empirical moment

n )

n

then using a function I(z, §) having k-th component [®)(z,0) = 2 —0®) z € R, 0 € A,
the corresponding components of the error terms in representations (a4)-(a6) vanish.
Of course, in general we prefer the maximum likelihood estimation, and in many cases
we can not use the method of moments either, because the family is not parametrized
only by its moments. However, if the parameter 6 is a one-to-one function of some of the
moments, then the maximum likelihood estimation of the parameter is equivalent with
the estimation of the corresponding moments, and the maximum likelihood provides
the same estimation for the moments as the method of moments does. That is, in such
cases it is a good idea to choose a new, equivalent parametrization. For example, if we
consider the family of negative binomial distributions of order 1 parametrized by the
success probability p, then the maximum likelihood method provides the estimator

n
X i+ Xt

Pn

At a first glance it is not clear not at all how we can represent p, in formula (a4),
and unfortunately, the function defined in (3.36) is provided in a very unfriendly form.
However, if we choose an equivalent parametrization, and we parametrize the family
with the expected value § = 1/p of the distributions, then the maximum likelihood
estimator of 6 is the sample mean, and the error terms in assumptions (a4)-(a6) are
constant 0. Similar tricks can be applied in many distribution families.
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3 Bootstrapped parameter estimated empirical processes

3.5.1 The Poisson distribution family

The Poisson family is a parametric collection of distributions F = {Po(\), A > 0} with
probability mass function and distribution function

k L]

A
p(k,\) = o e, k=01,..., F@X=)Y pk)), zeR.
k=0

The distribution function can be differentiated with respect to the variable A, and the
derivative is V F(z, A) = 0 for < 0, while

\ L] Akl N \ ALz \

ViF(x,\) = +Z{ —)1 H}e :—we , z>0.

Since lim,_,o, VA F'(x,\) = 0, the derivative is bounded by a real bound R(\). Consider
arbitrary fixed values A\g > 0 and > 0, and let k = || > 0. If A < 2\, then

A e A A8
[VAF (2, A) = VaF(z,\o)| < H{e— e |+ T e
(2X0)%, _ EAEL
< k:[!] le™ — e + A = A X e
(2M)* _5, (M) 5
< il (|€ 1‘—|—|>\ )\0|W6 0
< R(2Xg)e™ [ — 1| 4+ |A — Ao R(2)o)

with a value A\, lying between A and )y provided by the one-term Taylor expansion.
Hence, VF(x, A) converges to V,F(x, \g) uniformly in z as A — Ao, and conditions
(al)—(a3) are satisfied.

Let Y1,...,Y, be independent sample variables having distribution Po(\) with an
arbitrary A. The maximum likelihood estimation of the parameter is the sample mean

Y1‘|""‘|‘Yn
—n .

An =

Since \ is the expected value of the Poisson distribution, the method of moments
provides the same estimation. Based on our remark at the beginning of this section on
the method of moments with

l(x,\) =2 — X, reR, €O,

the error terms vanish in representations (a4)—(a6), that is, we have (al4)—(al6). Note
that the formula in (3.36) provides the same function I(z, #). It can be easily checked
that we have (a7)—(a9) and (al2)—(al3). Finally, the identity

M) = BI(Yi, )2 = B(Y; = )2 = Var (¥;) = A

implies (all)—(al2), and all assumptions are satisfied.
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3.5 Validity of the assumptions

3.5.2 The normal distribution family

The normal distribution family F = {N(6),0 = (u,0%) € © = R x (0,00)} is defined
by the biparametric distribution function

T—p T—p

1 o 42 o
F(JZ,[I,,OJ)Zw/OO Gt/th:/oo ¢(t>dt, I‘GR,
where .
_ —t2/2
¢(t) - (271')1/26 / ) te Ra

is the density function of the standard normal distribution N(0,1). The vector of the
derivatives with respect to the variables p and o2 exists and it is given in the form

Ve Flae) = (= o) e (E) ).

o

Since the functions ¢(t) and |t|¢(t), t € R, are bounded by 1/(27)2 and 1/(27e)'/?,
respectively, we have

2 2
o\ (12 1 1
Hv(u,UQ)F@?/%U )“ < ((27r)1/20> + ((871-6)1/20-2> ’

and the validity of assumption (a3) follows. For condition (a2) consider an arbitrary
fixed parameter 6y = (o, 02) € © and a value € > 0. Observe that there exists a real
T > |po| such that ||V, o2)F(z, p1,0%)| is increasing on (—oo, =T and decreasing on
[T, 00), and also, the norm is smaller than £/2 on these intervals. Since the derivative
is a continuous function of the parameters, we have

Vo) F(=T, p1,0%)|| <e/2  and  ||Viuory F(T, p,0%)|| < /2

if (, 0?) lies close enough to (9, 03), and also, we can assume that ||V, ,2)F(z, u, 0?)||
is increasing on the interval (—oo, —7T| and decreasing on [T, c0). Hence, we have

sup HV(N7O-2)F(.%', f,0?) — V (w02 F'(, o, 0(2))”

|z|>T

< sup HV(M702)F(Q;,M,U2)H + sup }|V(M702)F(a:,u0,a(2])H <eg,
|z|>T |z|>T

for every (u,0?) lying in a suitably small neighborhood of (1, 02). That is, we obtain
the convergence of the derivative V,, ,2)F (x, 1, 0%) to V(, .2 F(z, o, 0g) uniformly in
x on the set R\ [-T,T] as (1, 0?) goes to (i, 02). Since the derivative is continuous in
variable x in case of any parameter (u,0?), the function V(, ,2)F(x, i, 0%) converges
uniformly to V(, ,2)F(x, o, 05) on the interval [—7,T]. This implies and we have
uniform convergence on the whole real line, and assumption (a2) is satisfied.
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3 Bootstrapped parameter estimated empirical processes

For the remaining conditions note that the maximum likelihood estimators of the

mean 4 and the variance o2 based on an arbitrary sample Y7, ...,Y, are
fhn, = 2ot Vi and 0%, = iz fin) . (3.37)
n n

The bootstrap estimators [i and fi;; are the empirical means of the parametric and the

non-parametric bootstrapped variables, respectively, and O/'\2; and 52:; are the empirical
variances based on the corresponding bootstrapped samples. It can be easily seen that
representations (a4)—(a6) hold by applying the vector valued function

l(:z:,,u,az):(r—u,(x—,u)2—<72>, reR,peR,0*>0.

We note that formula (3.36) provides the same function I(x, i, 0?). If the X;’s have a
common distribution N(zg,c2) then the non-bootstrapped error term

En(/vL(]?O-?)) = gn(Xlu o 7Xn7/vL070-(2)) = (O 1/2<,LL - MO) ) LO

by the central limit theorem. Using the central limit theorem on the triangular array
of the bootstrapped variables one can prove stochastic convergence for the parametric
bootstrapped error term

Emp, (/:Lm O/-\Q”) = Em, (Xiknv s 7X::1n,n7 lam O/-én) = (0 1/2<:U’n /:Ln)2> :

The representation of 6, — 6, in (a4) and the identity 0% — 0, = (6 — 60y) — (6,, — 6,)
lead to the non-parametric bootstrapped error term

6777/717”(/”“070—(2)) = (O 1/2(,Un M0)2> - €n(/LQ,O§)
= (0, =025, = i) (5, + fin — 2110))

From the bootstrap central limit theorem of Bickel and Freedman (1981) we get the
convergence of the conditional distribution

c( V2 —un)|X1,...,Xn)$N(o,1), n— oo,

and it follows that | — fi,,| converges conditionally to 0 in stochastic sense. Since the
condition can be omitted by Lemma 1.2 of Csorgd and Rosalsky (2003), and /i, goes
to po by the law of large numbers, we obtain that g + fi, — 2u converges to 0 in
probability. Hence, assumption (al6) is satisfied.

It is obvious that the function I(x, i, 0?) satisfies assumptions (al2)—(al3). If the
variable Y has distribution N(p, 0?) then we obtain the mean Fl(Y, s, 0?) = 0 and the
covariance matrix

M(p, 0%) = E(Y — p)? E(Y — p)3 " ] B {02 0 }

E(Y —p)® E[(Y —p)*— 0 20t

which satisfy assumptions (a7)—(all).
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3.6 Simulation studies

We note that the maximum likelihood estimation (3.37) and the above method for
proving conditions (a4)—(al6) can be applied not just in the normal family but in many
other cases, when the distribution family is parametrized by the mean and the variance
of the elements and the members have finite fourth moment. In general, the natural
parametrization of biparametric distribution families is not based on the moments,
but in most cases the family can be reparameterized. Since the difference between the
empirical variance 2, and its non-biased counterpart no2, /(n— 1) converges to 0 with
asymptotic rate O(1/n), one can also use the latter to estimate .

3.6 Simulation studies

To demonstrate the non-parametric and the parametric bootstrap method in practical
applications, we made simulation studies in the Poisson and the normal distribution
family. As a parameter estimation method we used the maximum likelihood estimation,
which satisfies the conditions of Theorems 3.2 and 3.3 by our investigation in Section
3.5. We applied the Kolmogorov-Smirnov type statistics based on the parameter esti-
mated empirical processes, that is, we applied the algorithm presented in Section 3.4
with the non-bootstrapped, the non-parametric bootstrap and the parametric boot-
strap statistics

wn = sup |dn(x)| ’ ¢:r2€n = sup ‘O‘ (aj) - dn(aj)‘ and @Zj;ﬁr];n, = sup }amn n(fﬁ)} :
z€R z€R z€eR
We considered the sample size n = 50 and the bootstrapped sample size m,, = n, and
we made R = 100 bootstrap replications.

3.6.1 Testing for the Poisson distribution

In our first simulation, we considered identically distributed random samples from the
negative binomial family {NB(r,p),r = 1,2,...,0 < p < 1} having probability mass

function
E+r—1

and we tested the fit for the Poisson distribution using both the non-parametric and
the parametric bootstrap method. We made the tests for every odd r between 1 and
41, and for each r we varied the parameter p between 0.2 and 0.99 by stepping 0.05. To
investigate the empirical power of the procedures, we generated variables and executed
the above algorithm N = 1000 times for each pair (r,p). To compare the efficiency of
the bootstrap technique to other methods see Giirtler and Henze (2000), where large
scale simulation studies are presented for the Poisson distribution based on various
true distributions including members from the negative binomial family.

The bivariate empirical power function of the statistics ;7 and ¢;P  for signif-
icance level a = 0.05 can be seen in Figure 3.1, and Figure 3.2 presents the related
contour diagrams. In the contour charts the interval [0, 1] is divided into eleven equal
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3 Bootstrapped parameter estimated empirical processes

Figure 3.1: The empirical power of ;"7 and 4,7 , for the Poisson distribution

against negative binomial samples for significance level a = 0.05.
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Figure 3.2: The contour diagrams of the functions plotted in Figure 3.1.
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Figure 3.3: The empirical power of the tests for fixed » = 20 (on the left) and
for fixed p = 0.5 (on the right).
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3.6 Simulation studies

subinterval, and the eleven tones of color gray indicates that the power is in a given
section. The deeper tone the lower power, that is, in the black area the power is below
0.09, and in the white region the power is above 0.91. In Figure 3.3 we plotted the
power for fixed order r = 15 (on the left) and for fixed p = 0.5 (on the right). The
continuous and the dashed curves represent the non-parametric and the parametric
power, respectively, and in both cases the upper curve belongs to significance level
a = 0.1 and the lower curve belongs to a = 0.05. We found that the empirical power
depends mostly on the parameter p. Since NB(r,0) is the degenerate distribution at
0, and it is an element of the Poisson family, we may expect that the empirical power
is close to the significance level « if the parameter p is close to 1 for every r. This idea
is valid for large r’s, but does not work if r is small. We can observe the latter fact
in the left side diagram of Figure 3.3 at the point p = 0.99, and the author cannot
explain it. The power grows if we lower p, and reaches 0.9 when p = 0.2 and a = 0.05
for every investigated r. This is because for small a p the variance of the negative bi-
nomial distribution is much greater than the mean, and hence, the negative binomial
samples are more distinguishable from the Poisson ones. While the empirical power
of the non-parametric and the parametric bootstrap method are close in case of large
p’s, the parametric version has greater power for small values of p. In Figure 3.2 the
black parts approximately overlap each other, but the white region is much wider in
the parametric case. For a fixed p the power is slowly decreasing as r grows. Also, if
r — oo and p = p, — 1 such that r(1 — p) — A > 0, then the distribution NB(r, p)
converges to Po(\) by Bartko (1966). We represented this fact in Figure 3.4, where we
plotted the power of the tests based on negative binomial samples having parameters
rand p=1— \/r, (for r = X\ we chose p = 0.2.) On the left side A =1, and A =5
on the right, and the significance levels are 0.1 and 0.05, again. We can see that the
empirical power goes to the theoretical significance level as p grows in each case, but
for larger A\ the convergence is slower.

1 1
0.7 0.7
0.4 \ 04
0.1 “‘\;_ — s - 0.1
1 11 21 31 41 ' 5 11 21 31 41 '

Figure 3.4: The empirical power of the tests against negative binomial samples
of order r and parameter p = 1 —1/r (on the left) and p = 1—5/r (on the right).
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3 Bootstrapped parameter estimated empirical processes

3.6.2 Testing for the normal distribution

In our second Monte Carlo simulation we tested normality by generating location and
scale contaminated normal samples. We say that a variable has location contaminated
normal distribution having parameters m and p, if the observation is randomly selected
from the standard normal distribution with probability 1 — p and from N(m, 1) with
probability p. The scale contaminated normal distribution with parameters o? and
p can be defined similarly as the mixture of N(0,1) and N(0,0?). For comparative
simulation studies for the normal distribution see Gan and Koehler (1990).

First, we generated location contaminated normal samples. We raised the param-
eter m from 0 to 6 by stepping 0.5 and varied p between 0 and 1 by stepping 0.05.
We repeated the tests N = 1000 times for each (m,p). The power function of ¢,
and ;P . for significance level a = 0.05 can be found in Figure 3.5, and Figure 3.6
shows the corresponding contour diagrams. Also, in Figure 3.7 we plotted the power
for fixed p = 0.5 (on the left) and for fixed m = 4 (on the right). Since the true distri-
bution of the generated samples is a mixture of two normals having equal variances,
the power function is symmetric for p = 0.5. Also, if p = 0 or p = 1 or m = 0, then
the generated variables have normal distribution, and the empirical power is close to
the significance level. We can see that the power is very low, it is under 0.2 if m < 2,
and then, it rises very steeply on the interval [2,4] nearing to 1. Interestingly, in the
non-parametric bootstrap case the power function is approximately constant in p if
0.2 < p < 0.8, and what is more, in the parametric case the test has unexpectedly low
power for p = 0.5. The parametric bootstrap test has higher power for small and large
p’s, but it is weaker than the non-parametric method if p is near to 0.5.

Finally, we generated scale contaminated normal samples. We scaled the parameter
o logarithmically, namely, we made our tests for 0 = 1.5%, where we raised s from —10
to 10. Again, we varied p between 0 and 1 by stepping 0.05, and we made N = 1000
repetitions. The bivariate empirical power function for significance level a = 0.05 can
be seen in Figures 3.8 and 3.9, and Figure 3.10 shows the power for fixed p = 0.2
(on the left) and for fixed s = 5 (on the right) for significance levels o = 0.05 and
a = 0.1. Since for p = 0, p = 1 and s = 0 the true distribution of the generated
sample is normal, the empirical power is approximately equal to the significance level.
We found that excluding these cases the parametric bootstrap has higher power than
the non-parametric method.
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3.6 Simulation studies

Figure 3.5: The empirical power of ;"7 ‘and ;P | for the normal distribution

against location contaminated samples for significance level oo = 0.05.
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Figure 3.6: The contour diagrams of the functions plotted in Figure 3.5.
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Figure 3.7: The empirical power of the tests for fixed m = 4 (on the left) and
for fixed p = 0.5 (on the right).
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3 Bootstrapped parameter estimated empirical processes

Figure 3.8: The empirical power of ;"7 ‘and ¢;P | for the normal distribution

against scale contaminated samples for significance level a = 0.05.
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Figure 3.9: The contour diagrams of the functions plotted in Figure 3.8.

Figure 3.10: The empirical power of the tests for fixed s = 5 (on the left) and
for fixed p = 0.2 (on the right).
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Chapter 4

Empirical probability generating
processes

4.1 Introduction and preliminary results

Let X, X, X5, ... be asequence of independent and identically distributed nonnegative
valued random variables having distribution function F'(x), x € R. Let

1 n
g(t) = Bt = / FdF(r)  and g =~ #Y, 0<t<1,
R j=1

be the common probability generating function and its empirical counterpart based
on the first n observations. Throughout this chapter the symbol 0° is interpreted as 1,
because we will need the continuity of the function ¢* in variable x. Then the empirical
probability generating process can be defined by

T(t) =n'?[g.(t) —g(t)],  0<t<1.

In the last two decades several authors examined the process 7, and its parametric
versions in the case when the variable X has only non-negative integer values. The pa-
pers by Kemp and Kemp (1988), Kocherlakota and Kocherlakota (1986) and Nakamura
and Pérez-Abreu (1993a,b) were overviewed by Dowling and Nakamura (1997), while
Giirtler and Henze (2000) basically summarize the contents of Baringhaus, Giirtler and
Henze (2000), Baringhaus and Henze (1992) and Rueda, Pérez-Abreu and O’Reilly
(1991). The idea of the application of generating functions to solve various statistical
problems is not unusual, similar transformed processes based on empirical characteris-
tic and moment generating functions are well-known. (For example, see Csorgs (1981)
and Csorgs, Csorgs, Horvath and Mason (1986).) In each case the theoretical basis of
the method is the fact, that under appropriate conditions the transformed processes
converge in distribution in some function space. In the case of the empirical probability
generating process, Csorgé and Mason (1989) and Marques and Pérez-Abreu (1989)
independently and by different methods proved that if X has finite variance, then ~,
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4 Empirical probability generating processes

converges in distribution in C[0, 1], the complete and separable metric space of all
continuous functions on the interval [0, 1] with respect to the supremum distance. The
limiting process is

/tde(F(x)), 0<t<1,

where B(u), 0 < u < 1, is the Brownian bridge defined in Section 2.1. Remarkably,
Proposition 3.1 of Rémillard and Theodorescu (2000) states that no tail condition on X
is needed, and the empirical probability generating process converges in distribution
in C]0, 1] for every non-negative integer valued random variable X. This statement
is particularly striking in comparison to the asymptotic behavior of the empirical
characteristic function process, as described by Csorgs (1981). Unfortunately, there is
an oversight in the proof of Rémillard and Theodorescu (2000). In Section 4.5 we will
show that their basic idea is nevertheless good, their proof can be corrected, and so
their remarkable result is in fact true.

The aim of this chapter is to present a general approach to convergence problems
for probability generating functions and processes and their derivatives, for the param-
eter estimated version of the empirical probability generating process, and for their
bootstrapped analogues. Our results are general in the other sense, as well, that they
hold not only for an integer valued variable, but for an arbitrary non-negative valued
variable X. In Section 4.2 we investigate the existence of the generalized version of the
empirical probability generating process, and provide some useful inequalities for it,
which practically trivialize all the convergence problems by reducing them to conver-
gence problems for the corresponding empirical processes. This way it also becomes
possible to transfer rate of convergence and strong approximation results to empirical
probability generating processes. The applications of the general results can be found
in the later sections.

4.2 General results

In this section we investigate processes defined by the form I(t) = [, t*dK(z), where
K(x), x € R, is some empirical type process (empirical or theoretical distribution
function, empirical bootstrapped and/or parameter estimated process) based on the
sample variables X1, ..., X,,. Because in our case the sample comes from a distribution
having only non-negative values, the related empirical type processes vanish on the
negative half-line (—o0,0). Also, these processes are cadlag, that is, with probability 1
the trajectories are right-continuous and have left-side limit everywhere on the real
line. Hence, we can assume that K satisfies all of these criterions.
Throughout in the section we assume that K can be represented by the form

K(z) = M(x) + A(x), reR, (4.1)

where M (z), x € R, is a zero mean locally square integrable martingale adapted to
a filtration F = {F, : > 0} on the underlying probability space, and A(z), z € R,
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4.2  General results

is a deterministic or random function which is of bounded variation on every finite
interval. Furthermore, we will assume that both M and A are cadlag on the real line
and vanish on (—o0, 0) with probability 1. By letting A (x) and A~ (z) be the positive
and the negative variation of A on the interval (—oo, z], x € R, respectively, we also
have A = A" — A~. From the assumptions on A the processes AT and A~ are constant
0 on the negative half-line, and they are non-decreasing and cadlag on the real line.
In Section 2.3 we have already investigated locally square integrable martingales,
and we introduced some of their basic properties. Since the choice of the filtration F
is of no significance during the applications of the later sections, we can choose a very
comfortable one, we will work with the augmentation of the generated filtration

Fy={M(y):0<y <z}, x>0.

We recall that the process (M),, z € R, is the quadratic characteristic of the local
martingale M. Since M is cadlag on the real line and vanishes on the negative half-
line, the process (M), and its pointwise mean function E(M),, = € R, also have these
properties, and additionally, they are non-decreasing on the positive half-line.

If f(x), x € R, is some locally bounded deterministic function, that is, it is bounded
on every finite interval, then we define its integral on the real line with respect to the
process K by the formula

/f )dK (x /f )dM (z !/f ) dA(z

and the integral is well-defined if both terms of the sum exist. The first term on the
right side is a stochastic integral, which was defined in Section 2.3, and in Lemma 2.8
we showed that it is well-defined if and only if

12 = E / P(a) d(M), < oo,

By technical reasons we consider the last integral in Lebesgue-Stieltjes sense, that is,
the integral exists if and only if f can be integrated with respect to both AT and
A~. However, we will see that in our applications the integral is also well-defined in
Riemann—Stieltjes sense.

Our base goal is to investigate of the generalized probability generating process

I(t) :/tde(x),
R
and its “differentiated” versions
L@y3/x@—1y~@—r+nﬂrdK@% P01,
R

Observe that we have I(t) = Io(t). As we have already noted earlier, we define the
expression 0° by 1, just because the continuity of the function ¢* in variable z is more

29



4 Empirical probability generating processes

crucial than the continuity in . It can be easily seen that the integral I(0) = K(0) is
finite, and I,.(0) is not defined if r = 1,2, ..., but it is not a trivial question at all that
the integrals I(t) and I,(t) exist or do not for any other ¢. Firstly, we investigate this
question. For this we need the following definition and a technical lemma.

Definition. Consider a real valued random or deterministic function L(z), z € R,
which is cadlag on the real line and vanishes on (—o00,0). Let E(L) be the set of those
outcomes w € ) for which there exists a real constant 6 = d(w, L) > 0 such that the
trajectory L(z) = L(z,w), x € R, satisfies

L((m+1)0) — L(md
72161% |L(md) — L((m —1)§)| <oo or lifnnjolip ;Lgné)_l——)lz()(m —<1)5;1 <1. (4.2

Also, let F1(L) C E(L) denote the set of those outcomes w for which (4.2) holds with
0 = 1. We say that L has bounded or slowly growing increments if (L) has a sub-
event having probability 1, and L has bounded or slowly growing increments on the

unit intervals, if the same holds for F1(L). Note that if L is bounded on the positive
half-line almost surely then it has bounded increments on the unit intervals.

Proposition 4.1. Consider a random or deterministic function L(x), x € R, which
is cadlag on the real line and vanishes on the negative half-line. Then, on the set E(L)
with 6 = §(w, L) defined in the previous paragraph the series

S.0(0) = 3w L (ms)  L(m — 1)9)]
m=1
converges absolutely for every —1 <t < 1. As a consequence, on the subset F1(L) the

series Sy1,1(t) is also absolutely convergent with any —1 <t < 1.

Proof. Fix an arbitrary outcome w € F(L) and a real value —1 < ¢ < 1, and consider
the deterministic trajectory L(x) = L(z,w), x € R. The increments of the function L
are either bounded and we find that

Z ’mrtm_1 [L(m5)—L((m—1)5)]‘ < sup |L(mé)—L((m—1)J)] Zmr|t|m_1 < 00}

meZ+

or the increments grow slowly, from which we have

Cme 1y g [L((m 4+ 1)9) — L(ma)
1 < ) < 1,
s ) T L (o) = L(m = )] | =T
and using the ratio test we can obtain the absolute convergence of S, 5 1.(1). []
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Our next goal is to provide a sufficient condition under which the integral I.(t)
exists. For any fixed 0 <t <1and r=0,1,... consider the decomposition

1(t) = IM(0) + TA(1) = I (0) + I (6) — I (1),

where IM(t), IA(t), IF(t) and I (t) are the integrals of x(x —1) - - (x —7+1)t*"" with
respect to M (z), A(z), AT(x) and A~ (z), x € R, respectively. Also, the r-th moment
of the process K can be considered by the form

/R 2 dK (z) = /R o dM(z) + /R 2 dA*(z) — /R " dA=(z).

Then, the variable I,.(¢) is finite if and only if IM(¢), I.7(t) and I (t) are finite, and the
integral [, 2" dK(z) is well-defined if and only if all terms in its sum representation
exist. In the next two propositions we investigate the processes I and IM,

Proposition 4.2. Assume that the processes AY(x) and A~ (x), x € R, have bounded
or slowly growing increments. Then, the integral I2(t) is a well-defined and can be
differentiated at any point t of the interval (0,1), and it has derivative I, (t). Also,
the integral 15 (t) is finite and right-continuous at t = 0. Furthermore, I*(1) exists
if and only if A(z), x € R, has finite r-th moment [, x"dA(z). In this case I,_1(t)
have left-side derivative IA(1) at t = 1, and I*(t) is left-continuous at this point. (All
statements are understood with probability 1.)

Proof. Since AT and A~ have bounded or slowly growing increments it is enough to
prove the statement for a fixed outcome w coming from the set E(AT) N E(A™).

First, we prove the statement in the case of a non-decreasing A, that is, when
A~ vanishes with probability 1. In this case the fixed trajectory A(z,w) = A*(z,w),
x € R, has bounded or slowly growing increments. Fix any 0 <t <1land r=0,1,....
The factors of the product z(x — 1) --- (x —r + 1) has absolute value not greater than
rif 0 < x <r, and not greater than x if x > r, which implies that

|I;4(t)| S/R|x(x—1)~--(x—r+1)‘tx_TdA(x)

< / " dA ) + / T dA ) (4.3)

—0o0

< (g)/ tsz(:c)+tlT/oooxrtIdA(x).

o0

Since the process A has finite values

/,« tdi(x)g/r 1dA(z) = A(r) < 00, (4.4)

and (4.3) implies that I;*(1) is finite if [, 2"dA(x) exists. For the opposed direction
assume that the integral [”(1) is finite, and consider a real value y > r such that
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2" <2x(x—1)---(x —r+1) holds for every x > y. Then, the integral of the product
x(x —1)---(x —r+ 1) with respect to A is finite on [y, c0), and we obtain that

/Rm””dA(a:):/_ioa:’”dA(x)+/yoox’”dA(a:)

g/y y’"dA(x)+/002x(a:—1)---(:v—r+1)dA(m)

—0o0

§yTA(y)+2/OOa:(:)3—1)---(:E—r+1)dA(93)<oo.

Now, let 0 < ¢ < 1 be arbitrary and consider the value § = §(w, A) corresponding
to the outcome w € E(A) appearing in the definition of functions having bounded or
slowly growing increments. We have the inequality

mé

/]R 2 dA(z) < /{0} S A+ 3 / (mo)"Hm=D3 g A(z)

= 0"t°A(0) + 0" f: m" ()" [A(md) — A((m —1)8)] = 0"A(0) + 6" Sy6.4(t°),

and the series S, 5 4(t°) is convergent by Proposition 4.1. Using this with formulas (4.3)
and (4.4) we obtain the existence of the integral I (¢).

In the next step, we show that the function I | can be differentiated on the interval
(0, 1]. Consider any values 0 < s,¢ < 1. Then, there exists an s, = s.(s,t,z—7) between

s and ¢ such that
txfrJrl _ S:rfr+1

=(x—r)s

t—s
from which we obtain the equation

LA () = I (s) _ /Rx(x 1) (=74 2)

t—s
:/Rx(:c—1)"‘($—r+2)($—7’+1)5fTdA(f)-

tac—r—i—l _ Sac—r—i—l

t—s

dA(z)

Let s — t and assume that /2 < s < (t+1)/2. Then, s, - tand t/2 < s, < (t+1)/2,
as well. Since s*~" is a monotone function of the variable s on the positive half-line for
every fixed x — r, we find that

t\z—r t+ 1\z—r t\z—T t+1\z—r
T—T < _ < (= e —
o —max{(2> ( 2 ) }-(2) +( 2 ) ’

and the inequality remains valid if we multiply both sides by |z(x —1)--- (z —r+1)|.
Observe that after the multiplication the right side can be integrated with respect to
A because the expressions [2(¢/2) and I((t + 1)/2) are both finite. Since s, — t the
dominated convergence theorem implies that

L () = LA (s

t—s

)_>/$($_1)...(x—7’+1)t“rdA(m):[?(t)'
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Furthermore, if the integral [, 2"dA(x) is finite, then I*(1) exists and we can apply
the presented method for ¢ = 1 with only some minor change. If s — t = 1 such that
t/2 < s <1, then the formulas remain valid if we replace (¢ + 1)/2 with the constant
1. We find that the inequality

t\z—r
s < (5) + 1o (4.5)

holds, and we can prove the differentiability of I? | at t = 1 by using the dominated
convergence theorem similarly as above. Note that inequality (4.5) is still valid if s, is
replaced by s, and by using the dominated convergence theorem again, we have

IA(s) = /Rx(x — 1) (x—r+1)s" " dA(z) — IA(1).

That is, I2(¢) is continuous at t = 1.

In the special case r = 0 it is obvious that the variable I'(0) = A(0) exists, and
we can apply our well-tried technique to prove continuity. By letting s — ¢ = 0 such
that 0 < s < 1/2 we have s* < (1/2)? for every x > 0. Since the process I3 is finite
at the point 1/2, the function (1/2) can be integrated with respect to A. Using the
dominated convergence theorem again, we have

I3(s) = /Rs:‘ dA(z) — /ROx dA(z) = 154(0), s—0,

and the right-continuity of I5'(¢) at the point ¢ = 0 follows. This completes the proof
of the proposition for a non-decreasing A(z), € R.

To handle the case of an arbitrary A observe that the processes A* and A~ are
non-decreasing, and hence, the statement of the proposition is valid for the functions
If and I. Since we have

IA) = IH (1) — I (1) (4.6

r

for every possible 7 and ¢, the value I(1) is well-defined if and only if the integrals
Jp#"dAT (z) and [, 2"dA™(x) are finite, which condition is equivalent with the exis-
tence of the r-th moment [, 2"dA(x). The other statements immediately come from
the representation (4.6) and the results of the lemma for a non-decreasing A. O

Note that if the integral I(t) exists for some fixed ¢ and 7 in Lebesgue-Stieltjes
sense, then it is also well-defined as an improper Riemann—Stieltjes integral. To show
this fact consider any 7} < 0 and T, > r, and let 15(z), = € R, stands for the indicator
function of a given interval B. Also, let d A(z) and drA(x) denote integration with
respect to the process A(x), © € R, in Lebesgue—Stieltjes and in Riemann—Stieltjes
sense, respectively. Assume that the integral I”(¢) exists in Lebesgue-Stieltjes sense.
Then, the function

flz)=x(z—1)--(x —r+ 1)t* ", r eR,
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can be integrated with respect to A on (77, T3] in Lebesgue-Stieltjes sense. Since f is
continuous, it follows that it can be integrated on [T7,75] also in Riemann-Stieltjes
sense, and we have

Ts Ts

f@)drA@) = [ fa / @) doA@) + [ f@) duAG).

T1 Tl

Since f is positive on (7, Ts], the monotone convergence theorem implies that

1>
f(z) dpA* (2 /f VL3 (2) dp A" (z ﬁ/ f(2) dpA* () < oo,

r

as Ty — 0o, and the same holds if A" is replaced by A~. Hence we have

Ts

f(2) Az /f YauA@) + [ f@) duAs %/f ) dpA(z).,

T

as Ty — —oc and Ty — co. That is, the integral I(¢) exists in Riemann—Stieltjes sense,
and it has the same value as in Lebesgue-Stieltjes sense. Unfortunately, the reverse
fails, because it is possible that fT2 f(z)drA(x) has finite limit, but the integrals

f_Tio f(z)dp AT (x) and f f(z)dp A~ (x) explode as Ty — oo. Of course, in such a case
one can not apply Prop051t1on 4 2

Proposition 4.3. Assume that the function E(M),, © € R, has bounded or slowly
growing increments. Then, the process IM(t), r = 0,1,... is well-defined and con-
tinuous in L* sense on (0,1), and it has a sample-continuous modification IM(t) on
this interval. In the case r = 0, the variable I} (0) is well-defined, and the processes
IM(t) and I} (t) are right-continuous at the point t = 0 in L* sense. Also, the integral
IM(1) exists if and only if M(x), x € R, has finite r-th moment [, «"dM (z). If this
condition is satisfied, then IM(t) and IM(t) are left-continuous at t = 1 in L? sense.
Furthermore, if K has finite (r +1)-th moment, then we can choose a modification IM
which is continuous almost surely at t = 1.

Proof. First, we prove the finiteness of I (¢). Using Lemma 2.8 the stochastic integral
IM(t) is well-defined for fixed 0 < ¢ <1 and r=0,1,... if and only if

2
ff(t):E/ [a(w = 1)@ —r+ 1) d(M), < 0.
R
For r =0 and ¢t = 0 we have

1F(0) = E/ td(M), = E/ 1d{M), = E{(M)y < o0,
R {0}

and hence, I} (0) exists. Now, consider any 0 <t < 1 and r = 0,1,..., and use the
same arguments as in formula (4.3) in the previous proof. That is, observe that the
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factors in the product z(x — 1)--- (z —r + 1) has absolute value not greater than r if
0 <2 <r, and not greater than x if x > r. From this we obtain the inequality

L7 (t)

EAJax—mn-@—r+1wﬁﬂ%m@I<a>

IN

E / r 2@ d(M), + E / 2@ d(M), (4.7)

—00

IN

or r 1 o0
;) E / £ d(M), + - E / 21 A(M), .
0

—0o0

Since the mean E(M), is finite for every x € R, it follows that

E/ t* d(M), < E/ 1d{M), = E(M), < . (4.8)

—00 —0o0

If the stochastic integral [, «"dM (z) is well-defined then it has variance

E/:):QTd(M)x <00,
R

which implies the finiteness of I7(1) and we obtain the existence of IM(1). Contrary,
suppose that the integral IM (1) is well-defined, and choose a value y > r such that
2¢(x —1)---(x —r+1) > 2" holds for every x > y. We obtain that

y 00
E/ ¥ d(M), = E/ ¥ d{M), + E/ ¥ d(M),
R —o0
v o0 ! 2
SE/ y2Td<M>x+E/ [2x(:r—1)~--(x—7’+1) d{M),
o y

< P BOM), +4IF(1) < oo,

from which the integral [, z"dM (x) exists.
Fix an arbitrary point 0 < ¢t < 1 and consider the value 6 = 6(E(M)) coming form

the definition of functions having bounded or slowly growing increments. Note that
E(M) is deterministic, and hence, 6 does not depend on the outcome w. Since the

process (M) is non-decreasing, we have the inequality
Z §)2r(m=13 |:<M>m6 - (M>(m1)5}]

E / I2rt2$
0 m=

= 5% Z m? t5 ml |: m6 - M>(m—1)5] - 52TS2T757<M> (té) )

o0

and by Proposition 4.1 the series on the right side is convergent. Then, (4.7) and (4.8)
imply the finiteness of I”(t), form which the stochastic integral IM () is well-defined.
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4 Empirical probability generating processes

Let us examine the continuity of the process IM on the interval (0, 1). By consid-
ering arbitrary values 0 < s,t < 1 there exists a constant s, = s.(s,t,x — r) between
s and t such that

7 — s = (t —8)(x — 1)t

*

From this we obtain the identity

B(|1M) - 1)) :E{/Rm_ 1)---<as—r+1><tx-r—sx-’">dM<x>r

2

= E/R w@ = 1) (= ) =) (M), (4.9)
=(t— s)QE/]R [x(x -z —r+1)(z— T)sf_’”_l] 2d(]\/[>x :

For a fixed integer n > 2 let 7 = (1/2)", and assume that s,¢ € [r,1 — 7]. Then, the
value s? lies between 72 and (1 — 7)?, and we have

Sz(x—r—l) < max {7_2(:1:—7“—1)’ (1 . T)?(x—r—l)} < 7_2(1:—7"—1) + (1 o 7_)2(90—1"—1)
for every z > 0. Multiplying this inequality by [z(xz —1)--- (z — r)]?, integrating both
sides with respect to (M), taking the mean, and using (4.9) we get that

B(|1) ~ 6)) < (¢ = ) [1E1 () + 1,0 - 7). (4.10)

Since the terms I% () and I% (1 — 7) are finite by the first part of the proof, the
right side of (4.10) converges to 0 as s — ¢, which implies the L? continuity of I
at t. Since ¢ is an arbitrary point in [(1/2)", 1 — (1/2)"], the process IM is continuous
in L? sense on this interval, and by letting n — oo we obtain the L? continuity on
the whole (0, 1). Also, from (4.10) the Kolmogorov—Chentsov theorem (Theorem 2.8
of Karatzas and Shreve (1988)) implies that I has a sample-continuous modification
1M on [(1/2)",1—(1/2)"] for every n. Note that by the dyadic construction method of
the Kolmogorov—Chentsov theorem these modifications are expansions of each other,
that is, we have

_ _ I\» 1\
Lf‘flﬂ(t) :I%L(t) for every te [<§> 1= <§) }, n=223,...

From this we obtain that the process IM(t), 0 < t < 1, defined by the equations
I3"(0) = 157(0), IM(1) = 1} (1),

— . I 1\
MEy=1"1@),  te [(§> 1 (5) } . n=23,... (4.11)
is a sample-continuous modification of I} on the interval (0, 1).

66



4.2  General results

It only remains to prove the continuity of the processes at the endpoints of [0, 1].
Consider the case r = 0 and t = 0, and recall that the function t* = 0% is defined as 0
if z > 0 and as 1 if x = 0. Then, for any 0 < s < 1/2 we obtain that

E(\Jg”(s) - 134(0)]2> - E[/R (5" — 07) dM(x)r
= E/R (s* = 0°)2d(M), = E/OOO $2 d(M),
< E/R (%)%du\@w — [P(1/2) < 0.

Since s — 0 for every z > 0 as s — 0, it follows from the dominated convergence
theorem that

B(11() - 1 OF) = £ [~ dpn. o,

0

and we get the L? continuity of I)/(¢) at ¢ = 0. Similarly, let » = 0,1, ... be arbitrary
and assume that the integral I (1) exists. If s — ¢ = 1 such that 1/2 < s < 1, then
we have

1= s < 14" <1+max {177+ (1/2)" "} <1+ (1+(1/2)"")
for every x > 0, from which
[1— "] <444(1/2)" " + (1/4)".

After multiplying the inequality by [z(z—1) -+ (z—7r+1)]?, integrating both sides with
respect to (M), and taking the mean we get the finite sum 477 (1)+47F(1/2)+IF(1/4)
on the right. Then, the second equation of (4.9) and the dominant convergence theorem
imply that

E<|I7f”(1) - 1;”(3)\2) - E/

R

2

[x(x—1>---(x—r+1)(1—SH)} d(M), =0,

because s*~" converges to 1, and hence, the function in the integral converges to 0 for
every x > 0 as s — 1. That is, we have obtained the L? continuity of I} (t) and IM(t)
at t = 0 and t = 1, respectively. Since I is a modification of the process I™, it also
satisfies these continuity properties.

Finally, assume that the process M has finite (r+ 1)-st moment. For a fixed integer
n > 2let 7 = (1/2)" and consider any values s,t € [1,1]. We can repeat the compu-
tation presented in (4.9) and (4.10) with the minor change that 1 — 7 is replaced by
the constant 1. Then, the Kolmogorov—Chentsov theorem provides sample-continuous
modifications on the intervals [(1/2)", 1], and we can obtain a sample-continuous mod-
ification of IM on (0,1] by using the method presented in (4.11). O
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4 Empirical probability generating processes

We can summarize the results of Propositions 4.2 and 4.3 in the following theorem.

Theorem 4.4. Assume that the function E(M), and the processes At (x) and A~ (z),
x € R, have bounded or slowly growing increments. Then, the integral I.(t) is well-
defined and the process I.(t) has a sample continuous modification I.(t) on the interval
(0,1) for anyr =0,1,.... Also, Iy(t) is right-continuous at the point t = 0 in stochastic
sense. Furthermore, 1.(1) is well-defined if and only if both M and A have finite r-th
moment. If this condition holds, then I.(t) is left-continuous at t = 1 in probability.

Proof. Working with the process IM provided by Proposition 4.3 consider the random
function

L(t) = LY (t) + I(t),

in case of every ¢ and r for which the processes on the right side are defined. Then, I,
is clearly a modification of I, and all of the statements of the theorem immediately
follow from Propositions 4.2 and 4.3. The only harder question is the continuity of I,
at those endpoints of the interval [0, 1], where it is defined. Since the processes I and
I are continuous at these points in L? and almost sure sense, respectively, we can
state only stochastic continuity for the sum of them. O]

After we proved the existence of the process I, in the following we investigate its
supremum on certain subintervals of [0,1]. We will see that this supremum can be
bounded by a linear functional of the supremum K(z), x € R, which will be crucial in
the applications later. Proposition 4.6 provides a pointwise inequality, and the main
result is stated in Theorem 4.7. But before that, we need a technical tool.

Proposition 4.5. If f(z), x € R, is a continuous deterministic function of bounded
variation on every finite interval, then for any a < 0 < b we have the integration by

parts formula
b
| stayar) = s /K ) df(a

Proof. Consider the representation K (z) = M(z) + A(z), x € R. Since we have

/de /fdM /fdA

its enough to prove the statement for K = A and for K = M, separately. The process
A is of bounded variation on finite intervals, and the integral of f with respect to A
is considered in Lebesgue-Stieltjes sense, so we can apply the standard integration by
parts formula for the second term of the sum. Because A vanishes on the negative
half-line we obtain

b b
/f@MM@=f@M@—ﬂ@M@—/A@MW@
:f@ij/AM#@%
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4.2  General results

To obtain the formula for the stochastic integral let

M_(z) =lim M(y), reR,
Yz
be the left-continuous version of the process M. That is, M_ and M have the same
value at the points, where M is continuous, and M_ is equal to the left-side limit of
M at the points of discontinuity. The stochastic integration by parts formula provides
the equation

b b
/f(ﬂf)dM(w)=f(b)M(b)—f(a)M(a)—/ M_(z)df (z) — [M, f],

— F(B)A(D) — / M. () df (=) — [M. f),.

where the correction term [M, f]y, b > 0, is the so-called quadratic covariation of M
and f. Since the function f is deterministic and continuous, Theorem 4.52 in Chapter I
of Jacod and Shiryaev (2003) implies that the quadratic covariation vanishes for every
b. Also, the local martingale M is cadlag which ensures that it has only countably
many points of discontinuity. Since f is continuous at every point of the interval [a, b]
we can replace M_ with M in the integral on the right side, and we have

b b
[ s ant@) = 0)A®) - [ () dfa). 0
Proposition 4.6. Assume that the integral 1(t) exists for some fired 0 <t < 1. Then,

|1(t)| < sup |K(x)] a.s.
zeR
Furthermore, fitr =1,2,... and assume that I,.(t) is well-defined for some 0 <t < 1.
Then, we have

|I.(t)| < Co(t,r)sup |K(x)| a.s.

z€R

with the constant

(2r 4+ 4)x

Co(tﬂ”) = td

—Int)2"
7“(7“ nt) ,7"}.

h = t =
, where xo = xo(t,7) max{ i

Proof. Since the first inequality requires more sophisticated technique than the second
one, we separate the proofs. Let t € [0, 1] be an arbitrary value for which the integral
I(t) exists. If t = 0, then t* = 1 for = 0, and ¢* = 0 for > 0, and thus,

[1(0)] = |K(0)] < sup |K(x)]

zeR

Also, for t = 1 we have

[1(1)| =

lim K(x)’ <sup|K(z)|.

T—00 z€R
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4 Empirical probability generating processes

Having the trivial boundary cases disposed of, let 0 < ¢t < 1, and choose any a > 1
and b > 0. Using the fact that the process K vanishes on the negative half-line, the
integration by parts formula of Proposition 4.5 implies that

b b b
/ t*d K (z) = / t” dK (z) = t* K (b) — K(z)dt®.
—o0 log, a log; a

Since t* is a decreasing function of the variable x, its total variation on the interval
[log, a, b] is equal to (a — t*). Whence

‘ / ; # dK (z)

If now a — 1 and b — oo, we obtain the first inequality.
For the second statement fix any values 0 <t < 1 and r = 1,2,... such that I,(¢)
is well-defined. Let

<SHIKB)| +(a—1") sup  |K(2)| < asup|K ().

log; a<xz<b zeR

h(z) = [w(x = 1) (@ —r+ D]t* = [a,2” + apq2” "+ -+ + a13 + ag]t”.

Since the constants in the product on the left side of the equation are all smaller than
r, the function h.(z), z € R, is positive on the interval (r,00). Also, the multinomial
theorem implies that if > r then

lag| < (;)W‘k < (;)rxT_k_l, k=0,...,r—1,

and we have a, = 1 < r. The derivative of h;(x) with respect to the variable z is

i akxk] t*Int

k=0

'+

[ r—1
W) = | ) apa(k+ 12"
L k=0

[y

<

= (2" Int + [akﬂ(k—i—l)—i—aklnt]xk]tx.
0

i

The factor Int is negative, so for every x > r we have

r—1 r—1 r—1
Z [akﬂ(k +1) + ay lnt] z*| < Z |lagi1|(k + 1)z" — lntz |ag|2F
k=0 k=0 k=0

r—1 r—1
< plprt ( " ) —rz" tnt (T> < 7"(7" —In t)m’”’12” .
5 (i) - (;

k=0 k=

From this, we find that the inequality
hy(z) < a"Int+r(r—Int)2"2"' <0
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holds if x > z((t,r). That is, the function h; is positive and decreasing on (g, 00). The
derivative h; has at most r different zero points, which implies that the function h,
has at most r local extremum points and they are positioned in the set (—oo, z¢]. The
factors of the product z(x —1) - -- (x —r+ 1) have absolute value not greater than z, if
x € [—1, 2], so we have |hy(x)| < z{, on this interval. Now, consider the local extremum
points positioned on [—1,x¢]. Since h; is bounded on this interval, its total variation
between two adjoining extremum points is not greater than 2z{. Furthermore, 2z is
an upper bound on the total variation between the smallest extreme on this interval
and —1, and also, on the total variation between the largest extreme and x(. Since the
function h; has at most r different extremum points, its total variation on [—1, x¢] can
not be greater than 2(r + 1)xf.
Let b > zy be an arbitrary real value. Using Proposition 4.5 we obtain that

| mia) ik @ = [ h@ ) =Ko - [ K@ dia).

—00 —1 —1

The function h, is decreasing and positive on [z, 00) from which its total variation on
[z0, b] is not greater than zf,. Summing up, the total variation of h; on [—1,b] can not
be greater than (2r + 3)z{. Since 0 < hy(b) < zf, we have

b
T 2 3 T
| o tan)| < Bixe)+ EE2 g (K@) < Gottr) s K@)l
—00 td td z€eR z€eR
If b — oo then we obtain the desired inequality, and the proof is complete. O

Theorem 4.7. Assume that the function E(M), and the processes AT (x) and A~ (z),

x € R, has bounded or slowly growing increments, and consider any modification I.(t)
of the process I.(t) which is sample-continuous on the interval (0,1). Then, with I = I,
we have the inequality

sup |I(t)] < sup |K(z)] a.s.

0<t<1 zeR
Also, if M(x), A~ (z) and AT (z), x € R, have finite limit at infinity with probability
1, then the approximation can be extended to the point t = 1. Furthermore, in case of
any 0 <e<1/2 andr=1,2,... we have

sup |(t)] < Ci(e,r)sup [K(2)]  a.s.,

e<t<l—e z€eR

where the constant in the formula is independent from K, and it is

r(r—1Ing)2r }

(2r + 4)x]
Sl § o
—In(1 —¢)

01(6,7“) = td

with z1 = x1(€,r) = max {

Note that Theorem 4.4 provides a sample-continuous modification of the process
I, on the interval (0,1) for every r = 0,1,..., which can be applied in this theorem.
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Proof. Using Proposition 4.6 and the fact that I(¢) and I(¢) are equal with probability
1 at any single point 0 <t < 1 we have

sup [I(t)] = sup |I(t)|= sup |I(t)| <sup|K(z) a.s. (4.12)
0<t<1 t€[0,1)NQ t€[0,1)NQ z€R

Also, if M, A~ and A* have finite limit at infinity, then M and A have 0-th moments

/:UodM(x) = lim M(z) < o0

T—00

and

/xo dA(z) = /xo dA*(z) — / 2°dA™(r) = lim A" (z) — lim A~ (x) < o0,
respectively, and Theorem 4.4 implies that I(1) is well-defined. Then, using Proposi-
tion 4.6 again the supremum on the left side of (4.12) can be extended to the point
t =1, as well.

For the second part of the statement fix any 0 < ¢ < 1/2 and r = 1,2,..., and
consider an arbitrary value ¢ in the interval [e,1 — £]. Working with the constants
provided by Proposition 4.6 we find that

zo(t,r) < x1(g,7) and Co(t,r) < Ci(e,r),

and we immediately get that

sup |L(t)|= sup |L(t)]= sup |L.(t)] < Ci(e, t)sup|K(z)| a.s.
e<t<l—e tele,1—€]NQ tele,1—e]NQ z€R
With this inequality the theorem is completely proved. O

As we specified earlier the goal of this section is provide a flexible theoretical base
what we can apply in the following sections. In the applications K (z), z € R, will stand
for some empirical type process related to some non-negative integer valued random
variable X. We assumed that K satisfies some conditions which are common properties
of these empirical type processes, but till now we did not make any assumptions
on the background variable itself. Since in most practical applications of probability
generating processes X is a non-negative integer valued variable, we must examine this
special case in detail.

If the variable X is integer valued, then the related empirical type processes are
constant on the intervals [m,m + 1), m = 0,1,..., and hence, we can assume that
K(z), z € R, also satisfies this additional condition. Then, K is of bounded variation
on every finite interval, that is, we have K = A on the real line and we do not need
to bother about the martingale part M. Furthermore, if the integral I;(t) exists then
it can be written in the sum formula

I(t) = m(m—1)---(m—r+1)t""[K(m) — K(m—1)].

m=0
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Note that the convergence of the sum does not implies the existence of the integral
I(t) in Lebesgue—Stieltjes sense, but the finiteness of the related Riemann—Stieltjes
integral follows. By this motivation in our last statement we consider the integral I,.(¢)
in the more general framework, in Riemann—Stieltjes sense. To distinguish this special
case in notation let

()= m(m=1)---(m—r+ " "[K(m) - K(m-1)], (4.13)

and

J(t) = Jo(t) = Y _t"[K(m) - K(m—1)] .

Furthermore, let J;F(t) and J (¢) stand for the corresponding sums by replacing K (z)
with AT(z) and A~ (x), z € R, in (4.13).
To examine the existence of the sum J,.(¢) consider the inequality

|J.(t)] < Z m” [t K (m) — K(m —1)| < [K(0)| 4 [t|'"S.1,x(t). (4.14)

If the process K has bounded or slowly growing increments on the unit intervals then
J.(t) converges absolutely for every —1 < t < 1 by Proposition 4.1. That is, in the case
of an integer valued variable X the Riemann-Stieltjes integral J,.(¢) can be defined on
a much wider set than I,(¢) in the general setup. Additionally, if both A* and A~
has bounded or slowly growing increments on the unit intervals, then applying the
same estimation as seen in (4.14) we obtain that the sums J(¢) and J(¢) are also
absolute convergent for every —1 < ¢ < 1. This immediately implies that the series
J.(t) = JF(t) — J.(t) converges absolutely and it agrees with the Lebesgue—Stieltjes
integral I,(t) on the interval (—1,1). Also, it can be easily seen that J(1) exists if and
only if K has finite limit at infinity with probability 1. If both A" and A~ has almost
sure finite limit at infinity, then the sums J*(1) and J (1) are convergent, as well,
from which the Lebesgue—Stieltjes integral (1) is defined, and it is equal to J(1).
We can summarize the results of our examination in the following statement.

Proposition 4.8. Assume that the process K(x), x € R, is constant on the intervals
[m,m+1), m =0,1,... If K has bounded or slowly growing increments on the unit
intervals, then J.(t) is absolute convergent for any —1 <t <1 and r =0,1,... Fur-
thermore, if both A*(x) and A~ (x), x € R, has bounded or slowly growing increments
on the unit intervals, then J.(t) converges absolutely on (—1,1), again, and it is equal
to the Lebesgue—Stieltjes integral I.(t) on this interval. Also, if K has finite limit at
infinity with probability 1, then J(1) is finite. Assuming that AT and A~ have almost
sure finite limit at infinity, the sum J(1) and the integral I(1) ezist, and they are equal.

Our next statement is an inequality for the supremum of the process J,., which
is similar to the result of Theorem 4.7. We also show that the function J.(¢) can be
differentiated in variable .
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4 Empirical probability generating processes

Theorem 4.9. Assume that the process K(x), x € R, is constant on each interval
[m,m+1), m=0,1,..., and it has bounded or slowly growing increments on the unit
intervals. Then, the series J,.(t) can be differentiated by the variable t on (—1,1), and
its derivative is J..1(t) for any r =0,1,.... Furthermore, we have the inequality

sup [, ()] < Ca(7, 7) sup | K ()]

—7<t<t zeR

for any 0 < 7 < 1, where the constant Cy(7,7), not depending on K, is

TT’—QZ —.7" mr<22m’"mr

Proof. With an arbitrary integer £ > r let us define the sum

Jer(t) =D m(m—1)--(m—r+ D" " [K(m) - K(m-1)], —1<t<l,

m=r

and note that J;, (t) = J,11(t) on the interval (-1, 1). From Proposition 4.8 it follows
that under the assumptions the power series J,(t) is absolute convergent on (—1,1).
This implies that the partial sums Jj,(¢) converges uniformly to J,.(¢) as k — oo on
the subinterval [—, 7] for any fixed value 0 < s < 1. Then, J,(¢) is also differentiable
and its derivative is J,;1(t) on the same interval. Since 7 is an arbitrary value we have
J!(t) = Jr11(t) on the whole (—1,1). For the second statement we have

o

st<1p A Z '|K K(m—l)!sm”’ < Cy(s,d)sup |K(z)],
—s<t<s m—d R
completing the proof. O

It deserves to point out that the constant Cy(7,r) is tight. Indeed, the supremum
of the function

)", m<zx<m+1, m=01,...
K(x):{é ) x <0

on the real line is 1, and we have the equation
=Y m(m—=1)-(m—r+ 1)(=7)""(=2)" = (=1)" Ca(r,7)

forany 7> 0and r =0,1,...
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4.3 The empirical probability generating process

4.3 The empirical probability generating process

Using the general results of the previous section now we investigate the existence and
the continuity of the empirical probability generating process, its derivatives and some
corresponding Gaussian processes. Let X, X;, Xo,... be a sequence of independent
non-negative valued variables having common distribution function F(z), and let F,,(z)
stands for the empirical distribution function based on the sample X;,..., X,,, x € R.
Also, consider the empirical process

o () = nt/? [F(z) — F(z)], r eR.

The theoretical and the empirical probability generating function corresponding to
the sample variables can be written in the integral forms

g(t) = Bt* = /R AR (z),  ga(t) = %thi = /R t* dF,(z) . (4.15)

Since F'(z) and F,,(z), z € R, are bounded on the real line, they have bounded or slowly
growing increments, and by Proposition 4.2 the functions g and g, are well-defined and
infinitely many times differentiable on the interval (0, 1) with r-th derivative

g (t) :/I(ZL‘— ) (z—r+ )" "dF(z) = B(X(X — 1)+ (X —r+ 1)t*7"),
and

ggr)(t) _/:U(x—l)...(;U—r—l—l)tm—Tan(x) = %iXi(Xi—l)...(Xi_r_i_l)txi—r.

Also, ¢(t) and g,(t) are right-continuous at the point ¢ = 0 without any regularity
condition on the variable X. The derivative ¢g(")(t) is left-continuous at ¢ = 1 for some
r=20,1,... if and only if the function F' has finite r-th moment. Since the theoretical
distribution function have finite limit as * — oo, this condition is satisfied for » = 0.
For any higher r the existence of the r-th moment of F'is equivalent with the finiteness
of the expected value E(X"). Also, the empirical distribution function has r-th moment

1 n
/xran(x) = —ZXZ < 00,
R "o

which implies that the function gff) (t) is left-continuous at t = 1 for any r =0, 1,. ..

In the special case, when the random variable X has only non-negative integer
values, the theoretical and the empirical distribution function are constant on the
intervals [m,m + 1), m = 0,1,... Since F(z) and F,(x), z € R, are bounded, they
have bounded increments on the unit intervals. Then, Proposition 4.8 and Theorem
4.9 imply that the theoretical and the empirical probability generating function can be
extended to (—1, 1], and they have r-th derivative g™ and g on the interval (—1, 1).
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By (4.15) the empirical probability generating process can be written in the form

(t) = 2 g () — g(a)] = / 1* don(z)

and the properties of the functions g and g,, imply that ~,, exists and sample-continuous
on the interval [0, 1] for any non-negative valued random variable. Also, the process
has continuous r-th derivative

A0 (1) = n 2 [g0 () — ¢ (2)] = / w(e—1) (4 DE " dag(e)  (4.16)

on (0,1) for any r =1,2,..., and %(f)(t) exists and it is continuous at t = 1 if and only
if X has finite 7-th moment. Furthermore, if the variable X is non-negative integer
valued, then the empirical probability generating process can be extended to (—1,1],
and has r-th derivative ’y?(f) on the interval (—1,1) for any positive integer r. Also, we
have

nlt) = D0 1" [anm) — an(m = 1)] = Jim 37 " aa(m) — o (m — 1)
[k L (4.17)
= Jm [Z — ") an(m) + tkan<k>] = > an(m)(1 - 1),

for every —1 <t < 1, since the process a,(z) has limit 0 as x — oo.

In the following section we will show that the weak limit of the empirical probability
generating process for an arbitrary non-negative valued variable X can be written in
the form

Y (t) = /Rtl“ dB(F(z)),

and we will also investigate the corresponding “differentiated” processes

Y (t) = /R:c(x 1) (-4 DT AB(F()), (4.18)

where B(u), 0 < u < 1 is the Brownian bridge defined in Section 2.1. We must note
that the phrase “differentiated” is misleading in the sense that the process Y (¢) can not
be differentiated at any ¢ with probability 1. We use this word onlgf to point out that
Y, (t) is defined by a similar integral as the differentiated process % ). Not motivated
by the applications but by curiosity, first we examine the related mtegl al with respect
to the standard Wiener process W (u), u > 0, that is, the process

Z.(t) = /Rx(x — 1) (z—r+ 1)t" T dW (F(z)) . (4.19)

First of all, observe that W (F(x)) is a martingale and has quadratic characteristic
(W(F)): = F(x), z € R. Since F vanishes on the negative half-line and the standard
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4.3 The empirical probability generating process

Wiener process is bounded on the interval [0, 1], the process W (F') has bounded or
slowly growing increments. The quadratic characteristic (W (F')) = F' also has bounded
or slowly growing increments, which implies that we can apply Proposition 4.3 for the
process Z,. We obtain that Z, is well-defined and has a sample-continuous modification

n (—1,1). Also, by the same proposition Z,(0) exists. Furthermore, Z,.(t) is defined at
the point t = 1 if and only if the quadratic characteristic F' has finite 2r-th moment,
which condition is equivalent with the finiteness of the mean E(X?). Of course, this
is satisfied for r = 0.

By considering the processes

M(z) =W (F(x)), At(z) =0, A (z) =W(Q)F(z), r €R,
the time transformed Brownian bridge can be represented by the form
B(F(z)) =W (F(z)) = W(1)F(z) = M(z) + A*(z) — A (z) = K(z), r€R,
and using the notation of Section 4.2 we have
Yo(t) = LNt + L5 () — L7 (1) = Z:(t) + 0 = W(1)g.(t)

That is, Y,.(t) is well-defined if 0 < ¢ < 1, and the sum on the right side has a sample-
continuous modification on (0, 1). Note that applying Theorem 4.4 for the process Y,
we obtain exactly the same sample-continuous modification. Also, Y (t) = Yy(t) exists
and continuous at t = 0 and £ = 1 without any regularity condition on the distribution
function F.

If we suppose that X is a non-negative integer valued variable then we can represent
the processes Z, in the form

Z,(t)=> m(m—1)-(m—r+)t" " [W(F(m)) - W(F(m-1))], (4.20)

m=r

and the sums exist and sample-continuous on (—1, 1) by Proposition 4.8 and Theorem
4.9. Since the Wiener process W (u) is continuous at u = 1, it follows that W (F(z)) has
finite limit as * — oo almost surely. Using Proposition 4.8 again, we find that the sum
Z(t) is convergent at t = 1. We must note that this implies the existence of the integral
in (4.19) at ¢t = 1 only in Riemann-Stieltjes sense. Obviously, the integral is defined in
Lebesgue-Stieltjes sense if and only if the series in (4.20) converges absolutely. Using
Kolmogorov’s three series theorem in the case r = 0 one can show that this condition
is satisfied if and only if the sum Y_°°_ [F(m+ 1) — F(m)]/? is finite. By rearranging
the terms we get the identity

= lim Ztm —W(F(m—1))]

H:j . . (4.21)
= lim (™ =YW (F(m)) + W (F(k)) | = Y W(F(m))(1 - t)t',
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4 Empirical probability generating processes

which implies that the process Z(t) is continuous also at the point ¢ = 1. Since in the
integer valued case the r-th derivative g™ is continuous on (—1,1], we obtain that
Y, (t) = Z,.(t) — W(1)g") () is well-defined and continuous on this interval, as well. Of
course, in certain cases the integral Y,.(1) can be considered only in Riemann-Stieltjes
sense. Using the method of formula (4.21) we have also that

Y(t) =Y B(F(m))(1—t)t. (4.22)

m=0

In the next sections we will consider the processes on some closed intervals where
they are continuous on, or at least have a continuous modification. We can summarize
the results of our investigation in the next statement.

Proposition 4.10. The processes Y,(t) and Z,(t) are well-defined and have a sample-
continuous modifications on [a, b, where the interval [a,b] can be chosen as

o [e,1—¢] with any 0 < e < 1/2, if X is an arbitrary non-negative valued variable;
o [—7,7] with any 0 < 7 < 1, if X is a non-negative integer valued variable;

e [0,1], if X is a non-negative integer valued variable and r = 0.

Furthermore, Y =Yy and Z = Zy exist att =0 and t = 1 for any non-negative valued
variable, but at t = 1 the integrals might be considered only in Riemann-Stieltjes sense.
Also, the r-th derivative %(f) (t) exists and continuous on |a,b] in each case.

Since for a negative value t the function ¢t*~" is not defined for every x > 0, at a
first glance it seems that we can not apply the friendly integral forms (4.16), (4.18) and
(4.19) in the second case of Proposition (4.10). However, in this case the random or
deterministic measures corresponding to the functions F(z), W(F(z)) and B(F(x)),
r € R, put mass only into the non-negative integers. Since at these points z the
function t*~" is defined for any negative ¢, we can still use formulas (4.16), (4.18) and
(4.19). Furthermore, for simplicity, in the following Y,.(¢) and Z,(t), a <t < b, stand
for the sample-continuous modifications provided by Proposition 4.10.

4.4 Properties of the process Y,

In the following sections we investigate Kolmogorov-Smirnov and Cramér-von Mises
type statistics based on the empirical probability generating process 7, and its deriva-
tives. In these applications we must ensure that the statistics have bounded density
functions on certain subintervals of the real line. First, we show that Y, and Z, are
Gaussian processes with continuous covariance function on the interval [a, b] provided
by Proposition 4.10.
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4.4 Properties of the process Y,

Proposition 4.11. The random functions Y, and Z, are Gaussian processes on the
interval [a,b] with pointwise mean 0 and covariance functions

Cov (Z,(s), Z,(t)) = /R [2(z—1)- (z—r+ 1)]2(st)$_r dF(x)
and

Cov (Yr(s), Yr(t)) = / [m(a: -1 (z—r+ 1)}2(3t)”’"_’“ dF(x) — g(r)(s)g(’")(t) ,
R
where a < s,t < b.
Proof. Observe that the process defined by the form
B*(t) = W(u) — uW(1), 0<u<l,

is a representation of the Brownian bridge, and the variable W (1) can be written as

W(1) = / LdW (F(x)) .
R
By introducing the function
he(t,z) =x(x — 1) (x —r+ 1)t*",

the processes Y and Z, can be written in the stochastic integral forms
Z,(t) = /R o (2, 2) AW (F(2)) (4.23)
and
Vi) = [ bult,) dW(F(@) = F)W ()]
_ /R o (t,2) AW (F(2)) — ¢)(2) /R LdW (P(x)) (4.24)
= [ [rtt.0) = g0] aw (Plo)).

At this point we must recall our remark at the end of the previous section. Although
the function h,.(t, z) is not defined in variable z on the whole positive half-line if £ < 0,
the integrals (4.23) and (4.24) are valid for any a < ¢ < b. This is because we consider
the processes Y, and Z, at a negative t only in case of an integer valued variable X,
and the function t*" is well-defined at integer points x for any t.

Since Y, and Z, exist on the interval [a, b], Lemma 2.9 implies that they are Gaus-
sian processes on this set with pointwise mean 0. Also, we obtain the desired covariance
functions

Cov (Z,(s), Z:(t)) = /th(s,x)h,,(t,x) dF(x),
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4 Empirical probability generating processes

and
Cov (¥,(5). (1) = [ [ho(s,2) = 97(5)] [(t,2) = 9 ()] F o)
= [ hes,)h(t,0) 4P (@) + (51 1)
— () /R bt 2) dF(z) — g (1) /R ho(s,2) dF (x)
= [ s, (t.) dF (@) = g (9570)
for any a < s,t < b. 0

Proposition 4.12. The covariance functions of Y, and Z, are continuous on [a, b]?.

Proof. By Theorem 1.3.4 and Corollary 1.3.5 of Ash and Gardner (1975) the covariance
functions are continuous on [a, b]? if and only if the processes Y, and Z, are continuous
in L? sense on the interval [a, b]. Using formulas (4.18) and (4.19) with Proposition 4.3
we get that Y; and Z, are L? continuous on [0, 1] for any non-negative valued X, and
Y, and Z, are continuous in the same sense on [e,1 —¢] for any ¢ > 0 and r = 0,1, ...

It remains to investigate the case when the variable X has only non-negative integer
values and [a,b] = [—7, 7] with some 0 < 7 < 1. Introduce the function

Jp(t) :/R[m(w—1)~--(:E—7“—|—1)]2t””_rdF(x), —T<t<T.

Since the distribution function F' is constant on the intervals [m,m+1), m =0,1,...
and it is bounded on the real line, we get that

1:(1)] =

D [mlm = 1) (m = + )" [F(m) = Flm — )] | < 3 m7""

The right side of the formula is convergent by the ratio test, and hence, the series J,.(t)
converges absolutely and uniformly on [—7,7]. Since the terms of J,.(¢) are all contin-
uous on this interval, we obtain the continuity of J,(¢), as well. Then, the continuity
of the derivative ¢") on [—7, 7] immediately implies that the covariance functions

Cov (Z,.(s), Z,(t)) = J,(st) and Cov (Y;(s), Y;(1)) = J.(st) — g (s)g" (1)
are continuous on the square [—7,7]%. O

Proposition 4.13. The process Y is degenerate at every point of the interval (0,1)
if and only if the variable X is degenerate. Otherwise, Y is not degenerate at any
0 <t < 1. Also, for an arbitrary r = 1,2,... the process Y, is degenerate on the whole
(0,1) if and only if X is constant with probability 1 or P(X € {0,...,r —1}) = 1.
Otherwise, the points where the Y, is not degenerate are dense in (0,1).
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4.4 Properties of the process Y,

Proof. Since Y, is a well-defined Gaussian process on [a,b] = [¢, 1 — €| with any values
0<e<1/2and r=0,1,..., it is Gaussian on the whole (0,1) with the same mean
and covariance function. Using Proposition 4.11 the variance of the integral Y,.(¢) is

VarY,(t) = /R [2(z—1)-(z—r+ 1)tx_r]2dF(m)
- Mm_1)---<x—r+1>tw—rdF(x>r=Var[X(X—l)---(X—rH)tX‘T -

In the case r = 0 we have Var Y (¢) = Vart*. If X is constant with probability 1,
then the variable t¥ is also degenerate for every 0 < ¢ < 1, which implies that Y, (¢) has
variance VartX = 0. Contrary, assume that X is not constant with probability 1 and
consider an arbitrary 0 < ¢t < 1. Since t* is a strictly monotone function of the variable
x, the power ¥ is not constant, either. From this, it follows that VarY,(t) = Vart¥ is
strictly positive.

Let r =1,2,... be an arbitrary fixed integer, and consider the function

he(t,z) =x(x—1)---(x —r+ 1)t" ", 0<t<l, zeR.

If X is constant with probability 1 or P(X € {0,...,r —1}) = 1, then the variable
h,(t, X) is degenerate, and hence, VarY,(t) = 0 for every value 0 < ¢ < 1.

For the opposite direction consider an arbitrary interval [a’,0] C (0,1). Suppose
that there exists a non-negative valued variable X such that P(X € {0,...,r—1}) <1
and Y, (X) is degenerate for every t € [/, V]. Then, h,(t, X) is constant with probability
1 for any fixed ¢ in [/, V/]. By derivating h,.(t, z) with respect to x we showed it in the
proof of Proposition 4.6 that h.(t,x), x € R, has finitely many extremum points, and
between them the function is strictly monotone. This implies that h,.(t, ) has the same
value at most finitely many points € R. Since h,.(t, X) is constant the variable X
lies in a finite set £ = {x1,..., 25} C R almost surely. We assume that E is minimal
is the sense that we have P(X = z;) > 0 for any ¢ = 1,..., k. Because h,(t, X) is
degenerate for every t, the function h,. (¢, x) is constant in variable x on the set £ for
any o/ <t <. If any of the values 0, . ..,r—1 would lie in the set E, then the function
h,(t,z) would be constant 0 on E, which implies that h,.(t, X)) would be degenerate at
0. But, this alternative does not hold, because X has value in the set {0,...,r — 1}
with probability strictly smaller than 1, and hence, h,.(t, X) is not constant 0. That is,
none of the values 0,...,r —1 lies in E, which implies that P(X € {0,...,r—1}) =0.

Consider any elements z;, z; € E, and let t > o’ and € > 0 such that t+¢ < ¥'. Since
both h,.(t,z) and h,(t + &, x) are constant in z on the set F, we have the derivatives

dhr(thl) — lim hr(t + Z.:7'%'1) B hr(tyxl) — lim h?"(t + 5,1‘2) B h’r‘(tva) _ dh?"(twrQ)

dt el0 h el0 h dt

That is, the function

dh,.(t,x)

o =z(z—1)-(x—r+1)(x—r)t"" ", reR,
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4 Empirical probability generating processes

is also constant on FE. Since E does not contain the values 0,...,r — 1, the fraction

dh.(t,z) rx—=1)-(z—r+)(x—r)t*"1 z—7r
d /hr(t,m): z(x—1)--(z—r+ 1)t Tt

is valid and constant on £ for any t. This implies that £ has only one element, and
hence, X is constant with probability 1. That is, if X is not degenerate, then there
exists a t € [a/, ] such that Y,(¢) is not degenerate. O

We note that by the proof of our Proposition 4.13 one can construct a variable X
which is not constant with probability 1 and also P(X € {0,...,r—1}) < 1, but Y,(¢)
is degenerate for a given 0 <t < land r = 1,2, ... Just consider two positive values x;
and x5 not being equal to any of the integers 0, ..., r—1 such that h,(¢,z1) = h,(t, z2),
and let us define the distribution of X by P(X = x;) = P(X = x9) = 1/2.

In the following statement we investigate the supremum functionals

S, = sup |Y,(t)], St = sup Y,(¢) and S, =— inf Y.(¢).

r r
a<x<b a<x<b a<z<b

Depending on which case of Proposition 4.10 provides the interval [a, b], Theorem 4.7
or Theorem 4.9 provides us a finite positive constant C' = C(a, b, r) such that

S, = sup |Y;(t)| < Csup|B(F(z))| < C sup |B(u)|=CS' a.s.
a<z<b zeR 0<u<l1
Using this and the inequalities |S;F| < S, and |S,7| < S, we get that S,, S;F and S, are
finite with probability 1. Let F.(s), F."(s) and F, (s), s € R, denote the distribution
functions of the variables, respectively. Consider the value

=inf {s € R: F.(s) > 0},

and similarly, let s; and s, denote the left endpoints of the supports of the functions
Ft and F. Using the distribution function of S’ provided by Kolmogorov we have

P(S, <s)>P(S<s/C)=1- i ) lexp (= 2k*(s/C)?) > 0

k=1

with any positive s. From S, > 0, it follows that s, = 0, which clearly implies the
inequalities s < 0 and s <0

Proposition 4.14. The distribution functions of S,, S;7 and S, are absolute continu-
ous on the intervals (0,00), (s}, 00) and (s, , 00), respectively. Also, they have bounded
density functions on [s1,00), [s2,00) and [s3,00) with arbitrary values s; > 0, sy > s
and s3 > s, .

Proof. If the process Y, () is degenerate at every point ¢ on the interval [a, b], then it
is constant 0 on this interval. Hence, in this case S,, S and S is equal to 0 with
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4.4 Properties of the process Y,

probability 1, and the statement clearly follows. If the process is not degenerate at
every point on [a, b], then the continuity of Y, implies the identities

S, = sup {Yr(t),—Yr(t) ca<t<bte @},

S =sup{Y,(t):a<t<bteQ}, S

r

:sup{—YT(t):aStSb,tEQ},
and we obtain the statement by using Theorem 2.10. O

Finally, we prove a similar statement for the Cramér—von Mises type statistics of
the process Y, as we have in the previous proposition for the supremum functionals.
First, we present a general theorem for sample-continuous Gaussian processes having
continuous covariance function. Our result for Y, is stated as corollary.

Proposition 4.15. Consider a Gaussian process G(t), a < t < 3, having pointwise
mean 0 and continuous covariance function on [a, 8]?. If G is not degenerate at every
point of the interval [a, 8], and its trajectories lie in the space L?[cv, B] with probability 1,
then the integral

B
I= / G(t) dt
s absolute continuous and has bounded density function on the real line.

Proof. Let c(s,t), a < s,t < 3, stand for the covariance function of the process G.
Using the results of Section 5.2 in Shorack and Wellner (1986) the Karhunen-Loéve
expansion provides the representation

Gt) =Y N aen(t), a<t<p, (4.25)
k=1
where &1, &5, ... are independent variables on the underlying probability space, the real
constants Ay, A9, ... are the eigenvalues of the Fredholm operator
b
®: 0,8 Pladl, BW0) = [ s 0hl)ds.

and the deterministic functions ey, es, ... are the corresponding eigenvectors. Note that
ey, eq,... are continuous on the interval [«, 5] and form an orthonormal basis for the

space L?[a, B]. Also, the series on the right side of (4.25) converges with probability
1 to the process G in the standard L?[, 3] norm. Since G is Gaussian, the variables
&1,&, ... have standard normal law, and not all of the coefficients A, Ao, ... are equal
to 0, because the process G is not degenerate at every point ¢ on [a, 3]. By applying
the properties of Hilbert spaces the representation in (4.25) immediately implies the
well-known almost sure identity

/ﬁ G(t) dt = i Ml
« k=1
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Let the variable I denote the square integral of G on [, 3]. The variables £2, €2, ...
have y? distribution with degree of freedom 1, and we obtain the characteristic function
of I in the form

t)=[]oe(ut) =1 —2000)""*,  teR.
= k=1

The characteristic function has absolute value

. ~1/4

—1/2
lpr(t)] = [H\l—mkt\] [H (1442217 ] ,

k=1

and by using the multinomial theorem and keeping only the main term 1 and the terms
with factor t° we have

H (1+4X24%) > 1+ 43 Z NS =14 Dt (4.26)
k=1 i,j,k=1

Since the characteristic function of a finite random variable is not constant 0 on the
whole set R\ {0}, the absolute value of ¢;(t) is strictly positive for some ¢ # 0. At this
point ¢ the left side of (4.26) is finite, which implies that the constant D is also finite.
Using (4.26) the absolute integral of the characteristic function can be bounded by

Dl/6 o
/|¢1(t)|dt§/(1+Dt6)1/4dt§ 2/ 2—1/4dt+2/ (205 ar,
R R 0 D1/6

and the right side is clearly finite. Then, the variable I is absolute continuous and its
density function f;(x), x € R, can be obtained from the characteristic function ¢; by
the inverse Fourier transform. We get that

fila ——\/ g (1 dt\<—/\e “lonolde =5 [ loro]dr

and hence, the density function is bounded. O]

Corollary 4.16. Consider the interval [a,b] of Proposition 4.10. If X is not constant
with probability 1 and P(X € {0,...,r—1}) < 1, then the distribution function of the

variable ,
/ Y2(t)dt

s absolute continuous and has bounded density function on the real line.

Proof. Since Y, is sample-continuous on [a, b], it lies in the space L?[a, b] almost surely.
Also, by Proposition 4.13 the process is not degenerate at every point ¢ on the interval,
and Proposition 4.11 implies that Y, has pointwise mean 0 and continuous covariance
function. Then, the statement follows from Proposition 4.15. m
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4.5 Weak convergence

4.5 Weak convergence

Let us consider independent and identically distributed variables X, X;, X5, ... having
only non-negative values with distribution function F'(z) and theoretical probability
generating function g(t). Also, let F,(x), x € R, and ¢,(t), 0 < t < 1, denote the em-
pirical distribution function and the empirical probability generating function based on
the sample X1, ..., X,,. As we saw it in Section 4.3 the empirical probability generating
process can be written in the form

(®) =12 [gn(0) ~ 9(0)] = [ ¢ dao),
R
where a,,(x), x € R, is the empirical process corresponding to the given sample. Also,
by using the Brownian bridge B(u), 0 < u < 1, consider the process

Y (t) = /Rt”f dB(F(x)) .

By the results of Proposition 4.10, the processes 7, and Y are well-defined and sample-
continuous on an arbitrary interval [e,1 — €], € > 0, and in case of an integer valued
X they exist and continuous on the whole [0, 1].

In statistical applications the most important question is the weak convergence
of the process 7, in the space C[0,1] for non-negative integer valued variables. The
convergence was firstly proved independently by Csorgé and Mason (1989) and Mar-
ques and Pérez-Abreu (1989) for variables having finite variance. Later, Rémillard and
Theodorescu (2000) generalized their results for arbitrary non-negative integer valued
variables, but unfortunately, there is oversight in their proof. However, their basic idea
is very interesting and the proof can be corrected, as we see in our next result.

Theorem 4.17 (Rémillard and Theodorescu, 2000). For an arbitrary non-negative
integer valued random wvariable X the empirical probability generating process v, con-
verges weakly to Y in the space C[0,1] as n — oo.

Proof. Since the distribution of the defined processes is the same for any representation
of the sample variables X, X5,..., we can assume without the loss of generality that

X, = F YUy, i=1,2,...,

where Uy, Us, ... are independent random variables on a suitable probability space
having uniform distribution on the interval [0, 1], and

F'u)=inf{z e R: F(z) >0}, O<u<l,

is the quantile function corresponding to the theoretical distribution function F. As
we saw it in Section 2.1, in this representation the empirical process of the variables
Xi,...,X, can be written in the form

an(z) = B, (F(2)), r€eR,
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with the uniform empirical process f,(u), 0 < u < 1, corresponding to Uy, ..., U,.
Then, using (4.17) and (4.22) the empirical probability generating process and the
limiting process can be written as

Zﬂn J(1—t)t'  and ZB YA—t)t,  0<t<1.

Let Cp be the subspace of all functions in C|0, 1] which are vanish at the point 1. In the
original proof Rémillard and Theodorescu introduce the operator ¥ : Cy — C10, 1],

Zh )1 —t), 0<t<1, (4.27)

and they show that W is well-defined and continuous on Cj. Since we have ~,, = V(5,)
and Y = ¥ (B), and f3,, converges in distribution to the Brownian bridge B, the authors
conclude that v, converges weakly to Y. The mistake in this argument is obvious: the
process (3, is not continuous, so it does not lie in the space (. Hence, the weak
convergence of 3, cannot be mapped to that of ¥(j,,) if ¥ is only defined on Cj.

The oversight can be corrected if we extend ¥ properly and prove a more general
continuity property for it. Let D[0, 1] denote the space of all cadlag functions defined
on [0, 1] endowed with the Skorohod metric. Under the generated topology the space
DJ0, 1] is complete and separable, as described in Chapter 3 of Billingsley (1968). Let
Dy stand for the subspace of those elements of D|[0, 1] which are continuous and vanish
at the point 1, and define the operator ¥ on Dy with the formula (4.27). First, we
show that ¥ maps into C|0, 1], it is measurable on Dy and it is continuous on Cy C D,
with respect to the Skorohod topology.

Consider any element h of the subspace Dy. Since h is continuous and vanishes at
the point 1, the sequence h(F(k)), k = 0,1,..., is bounded and converges to 0. This
implies that the series W(h)(t) is absolute convergent for any 0 < ¢ < 1, and hence,
the image W(h) is continuous on the interval [0, 1). We show that the continuity holds
also at the point 1. For any fixed € > 0 we can consider a positive integer m such that

sup  |h(u)| < e/2.

F(m)<u<1

Then, we obtain the inequality

—_

(W(R)(1)] <D |h(FE) (1=t + > [h(F(k)|(1 - t)t*

3

i

< oo 0=+ s Bl =0)Y ¢
k=0 F

0<u<1 m)<u<1 k—m (4.28)
-1
tm
< sup |h(u)|(1—1t) 1+ su |h(u)|(1 —t)—
_o<u£)1| kz <pu<1 () )1—75

=m(1—1) sup [h(u)]+ sup |h(u)| <e/2+¢/2,

0<u<1 F(m)<u<l
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for any 0 <t <1 satisfying the condition
€

t>1- :
2msupg<,<; [h(u)]

Hence, ¥(h) is an element of the space C10, 1] for any h € Dy.

Consider functions h € Cy and h, € Dy, n = 1,2,..., such that h, — h with
respect to the Skorohod topology. Since the convergence to an element of the space
C[0,1] in the Skorohod metric is equivalent with the convergence in the supremum
distance, it follows that h, converges uniformly to h on the interval [0, 1]. Using the
linearity of the operator ¥ inequality (4.28) implies that

limsup [¥(h,)(t) — U(h)(t)| = limsup |¥(h, — h)(t)|

0<t<1 0<t<1
. e €
< mnh_{gO 0221 | () = h(u)| + 5= 75"
Because ¢ is an arbitrary positive value, we obtain that W(h,) converges uniformly to
U(h), and hence, ¥ is continuous on the subspace Cy C Dy. (Note that the argument
is delicate in that W is not continuous at some functions in Dy. See the counterexample
after the proof.)

Next, we show that the terms in the representation of W in (4.27) are all measurable
operators Dy — C/[0, 1], which implies that ¥ is also measurable. The inverse image
of an open ball in C[0, 1] with center at the function ¢ and radius € given by the k-th
term of the series in (4.27) is

{h € Dy : sup |h(F(k)tH(1 —t) ¢(t)]} = () Alp.e)nDy,  (429)
Ost<1 +€Qn(0,1)
where for a fixed t € Q N (0,1) the set A;(p,¢) is defined by
_ ) —¢ p(t) +¢
Ai(p,e) = {h € D[0,1] : 1) < h(F(k)) < 1 t)}'

While A;(p,¢) itself is generally not a Skorohod open set, it is measurable. For this
goal consider the projection

T D[0,1]] > R,  m(g9) =g(u),

with any 0 < v < 1, and note that 7, is a measurable function by the argument on
page 121 of Billingsley (1968). This implies that the inverse image

()= plt)+e
A, €) = Ty (t’“(l —t) k(1 — t)>

is a measurable subset of D[0,1]. Using the standard definition of left-continuity the
set Dy can represented by the form

D=1 U N m'(-=9),

+ + teQ
c€Q* €Q 1-6<t<1
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4 Empirical probability generating processes

which is measurable, as well. Hence, we conclude that the inverse image in (4.29) is a
measurable set, and the measurability of the operator ¥ : Dy — C|0, 1] follows.

Since the operator ¥ is continuous on the subspace Cy C Dy with respect to the
Skorohod metric, and the uniform empirical process converges weakly to the Brownian
bridge B in the Skorohod topology, and the process B lies in Cy with probability 1,
Corollary 1 to Theorem 1.5.1 in Billingsley (1968) implies the weak convergence of the
image v, = V(8,) to Y = ¥(B) in the space C[0,1] as n — oc. O

It is a crucial point in the proof of Theorem 4.17 that the operator ¥ is continuous
on Cj in the Skorohod topology. It is a naturally arising question if one can extend
this property for the whole subspace Dy or ¥ has some points of discontinuity in the
domain. Let

ki =min{k e N: P(X =k) >0}

be the smallest value of the non-negative integer valued random variables X. Also,
this is the smallest jumping point of the related distribution function F. We show
that ¥ is continuous on the whole domain Dy if and only if the background variable
is degenerate, that is, P(X = ky) = 1.

If X is degenerate then the distribution function F' vanishes on (—o0, k1) and it is
equal to 1 on the interval [k1, 00). In this case ¥ can be written in the form

= h(F(k))(1—t)t Zh Y1 =t =), 0<t <1,

k

oo
=0 k= k‘l

By considering functions h, h, € Dy, n = 1,2,... such that h, — h in the Skorohod
topology, the basic properties of the Skorohod metric implies that h,(1) — h(1), and
the sequence W(h,,) converges to W(h) in C[0, 1]. That is, ¥ is continuous on D.

On the contrary, assume that X is not degenerate, and let ky denote the second
smallest value of X, that is, let

kzz{k>k12P(X:/{2)>O}.
Consider the functions

h(u) = Ljo,r(k)(u), hn(w) = Ljo,p(k1)+1/m) (1) 0<u<l.

where the notation 1 stands for the indicator function of the interval marked in the
lower index. It is clear that h and h, lie in Dy for every n and h — h,, in the Skorohod
metric. The image of the function ~ under the operator V is

ki—1

h(F(k)tF(1—t) = Zt’fl—t e 0<t<,

WE

W(h)(t) =

B
Il
=]

and if the integer n is large enough to satisfy the inequality F'(k;)+1/n < F(ks) then

ko—1

ho(F(R))E(1 —t) = Ztkl—t the . 0<t<1.

NE

U (hn)(t) =

iy
o
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4.6 Strong approximations for the generating process

Since ky > ki, the sequence ¥ (h,,) does not converge to W(h) in C]0, 1], which implies
that h is a point of discontinuity in the domain of .

We note that the weak convergence of 7, to the process Y in C]0, 1] can also be
proved in the usual way, by showing that the finite dimensional distributions converge
and the sequence v, is tight. However, in comparison to the elegant idea of Rémillard
and Theodorescu (2000), the classical method is much more complicated since the
proof of the tightness requires a massive amount of calculations.

4.6 Strong approximations for the generating process

In this section we provide a uniform strong approximation for the empirical probability
generating process 7, and its derivatives, and based on this result we investigate the
asymptotic behavior of some functionals of the processes.

Let X1, X5, ... be independent non-negative valued variables with the same distri-
bution function F'(x), x € R, and for an arbitrary fixed » = 0,1, ... consider the r-th
derivative 7,(1” of the probability generating process and the corresponding Gaussian
process Y, represented by formulas (4.16) and (4.18). Note that the processes are well-
defined and sample-continuous on the interval [a, b] provided by Proposition 4.10, and
in the case r = 0 they exist also at t =0 and t = 1 for any X.

Throughout the section we prove our statements by applying a suitable represen-
tation of the processes on the KMT probability space. Using the independent and
uniform variables Uy, Us, ... provided by Theorem 2.1 consider the random values

X, =F Uy, i=1,2,...,
with the quantile function F~! of the distribution function F defined as
F~'u)=inf{z € R: F(z) > u}, O<u<l.

In Section 2.1 we found that using this representation the related empirical process
can be written in the form

an(z) = B, (F(2)), r€eR,

with the uniform empirical process (5,(u), 0 < u < 1, appearing in Theorem 2.1. To
highlight the fact that this construction takes place on a unique probability space we
use a different notation for the corresponding empirical probability generating process
and for its derivatives. The representation of 'y,(f) based on the variables X, ..., X, is
marked by 7. Then, using the general formula (4.16) we have the identity

Yo (t) = / (x—1)-(z—r+1)t" " dB,(F(z)). (4.30)
R
Also, let us define the independent and identically distributed variables X7, X}, ... as

X =FYU)), i=1,2,... (4.31)

2
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4 Empirical probability generating processes

by applying the uniform variables Uj, UJ, ... of the second part of Theorem 2.1. If 3/,
stands for the uniform empirical process of the sample Uj,..., U] as in the referred
theorem, then the empirical process and the derivative 7, , = ) based on X1, X,
can be written in the forms

ol (z) =3, (F(:c)) , 7;7n(t) = /Rx(x — 1) (z—r+1)t""ds, (F(m)) . (4.32)

Again, we use the notation 7, instead of vq(f) to point out that the process is con-
structed on the KMT space.

Let B, (u), n = 1,2,..., be the sequence of Brownian bridges and let K (u,y) be
the Kiefer process provided by Theorem 2.1, 0 < u < 1, y > 0, and define

Y, n(t) = / (x—r)-(x—r+1)t""dB,(F(z)), 0<t<1,
and

Y., (t) = n~1/? / (x—r)(x—r+1)t" " dK (F(z),n), 0<t<1. (4.33)
R

Since for any fixed integer n the processes B,(u) and n~ 2K (u,n), 0 < u < 1,
are Brownian bridges, the integrals Y, (t) and Y] (t) exist exactly at those points
t € R whereat Y,.(t) is well-defined. That is, Y., and Y}, are finite and have sample-
continuous modifications on the interval [a, b] defined in Proposition 4.10. For simplic-
ity, in the following Y., and Y/, stand for these modifications.

Our next results are uniform strong approximations for the processes v, and ’y;,,n.
Recall that for a sequence of random variables V;, V5, ... and a sequence of positive
constants ai, as,... we write V,, = O(a,), n — oo, if there exists a universal real
constant C', not depending on the underlying distributions, such that

limsup}Vn/an} <C, n— oo, a.s.
n—oo
Theorem 4.18. Consider the distribution function F(z), v € R, of an arbitrary non-
negative valued random variable X. Then, for the processes defined on the KMT space
we have

logn log® n

0<t<1 0<t<1

Also, for anyr=1,2,... and 0 < e < 1/2 it holds that

logn log®n
sup [1en(®) = Vo0)] = O3} and s -2, 0] = 051

e<t<l—e e<t<l—e nl/2

Furthermore, if X has only non-negative integer values, then with any r = 0,1,...
and 0 < 7 <1 we obtain

logn log®n
sup |y (t) = You(t)| = O(%) and  sup |y () =Y., (t)] = O(g_) '

—7<t<T —s<t<s n1/2

All statements are understood almost surely as n — oo.
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4.6 Strong approximations for the generating process

Proof. By Proposition 4.10 the processes on the left sides of the equations exist at every
point of the intervals where we consider their supremums. Using the representations
(4.30) and (4.32) we have the identities

o (£) = Yo (1) = /R ve = 1)+ (2 =+ D d] 5, (F(@)) — B(F(@))]
and
Yron(t) = Y, () = /R:E(as 7)o (z = d[ﬁ;(F(m)) —n PK(F(x), n)] :
Applying our Theorem 4.7 with the process
Ko(2) = 0n(x) = Bu(F(2)) = fu(F(2)) — Bo(F(@)),  z€R,

and by the first formula of Theorem 2.2 we obtain the desired rate

1
sup [Yon(t) = You(t)] < sup|Kn(@)| < sup [Bu(u) = Ba(w)| = o(—zlg/;) .
xe <

0<t<1

The third and the fifth equations of the statement can be shown similarly by using
Theorems 4.7 and 4.9, respectively. Also, with the choice
K} (z) = al,(z) = n K (F(x),n) = B, (F(z)) —n V2K (F(z),n), reR,

n

Theorem 4.7 and the second formula of Theorem 2.2 imply

_ log?n
sup.[15(6) = ¥, (0] < sup K1) < sup [610) — 2K )| = O 25 )
fAS =

0<t<1

One can prove the remaining equations just the same way by applying Theorems 4.7
and 4.9, again. |

As a direct consequence of Theorem 4.18 we obtain the weak convergence of the
process 7, and its derivatives. We note that, as a special case, the following statement
also contains Theorem 4.17, the result of Rémillard and Theodorescu (2000).

Corollary 4.19. Consider an arbitrary non-negative integer valued random variable
X defined on any probability space. The process ’y?(f) converges in distribution to Y, in
the space Cla,b| as n — oo, where the interval [a,b] is provided by Proposition 4.10.

Proof. By Proposition 4.10 the processes ’y?(f) and Y, lie in the space C|a, b]. Theorem
4.18 implies that the supremum distance of the processes v, , and Y, , constructed on
the KMT space converges to 0 almost surely. Since the representations ,,, and Y, ,
have the same distribution in C|a, b] as the general versions ’yr(f) and Y., respectively,
we obtain the weak convergence. O
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4 Empirical probability generating processes

A typical application of the weak convergence of the probability generating process
v, and its derivatives is testing the fit of a given sample X1, ..., X, to some hypothetic
distribution. Let gg) stand for the r-th derivative of the probability generating function
g corresponding to the hypothetic distribution and consider the process

n

@) =021 - gl (1], a<t<b.

Observe that 77(2[ is obtained from the formula (4.16) of 7" by replacing the unknown
theoretical probability generating function g with g4. If we consider some continuous
functional ¢ on the space Cla,b|, then w(v,(f;{) serves as a test statistic, and we can
obtain critical values by determining the theoretical quantiles of the variable 1 (Y,).
The theoretical basis of the method is the fact that if the hypothetic probability
generating function is the true one, then the statistics ¢(77(Z;{) = (W) converges
in distribution to (Y,.) as n — oo. In the applications it is a crucial question that
how fast the quantiles of the statistics @/)(%(f)) converge to those of ¥ (Y,). The next

statement provides an answer for this problem, a uniform rate of convergence.

Theorem 4.20. Consider a non-negative valued variable X and an integerr = 0,1, ...
Let 1) denote a functional on the space Cla,b] satisfying the Lipschitz condition

[ (h1) = ¥(hs)| < Maililib |ha (u) — ho(u)

3 h17 h2 € C[(I, b} )

with some finite positive constant M, and assume that ¥ (Y,) has bounded density
function on [s,00) with some s € R. Then we have

sup
r>s

PG <) - Pl(Y,) < 2)| = 0(1#) |

Proof. We adapt the ideas of Komlés, Major and Tusnady (1975) which were applied
in the proof of the related theorem for the uniform empirical process. (See Theorem 2.4

in our Section 2.1.) Since the statement is a property of the distributions of %(f) and
Y, in the space Cla, b], we can prove the theorem by using a suitable representation of
the processes. Of course, we will work with the versions v, , and Y,, constructed on
the KMT space in Section 4.6. First, we need a stronger version of the approximations
presented in our Theorem 4.18. By considering the process

K,(z) = Bn(F(x)) — Bn(F(x)) , reR,
Proposition 4.10 with Theorems 4.7 and 4.9 implies that

sup "yr,n(t) — Y},n(t)’ < C’sgg |Kn(x)] < C sup lﬁn(u) — Bn(u)‘ (4.34)

a<t<b 0<u<l1

with a positive constant C' = C(a, b, r). From the Lipschitz property of the functional
1) we obtain the almost sure inequality

() — 0 (Ven)| € M sup [1on(t) = Yrn(t)] < OM sup |Bu(u) — Ba(u)|. (4.35)

a<t<b 0<u<1
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4.6 Strong approximations for the generating process

Consider the strictly positive constants ¢q, co and c3 of Theorem 2.1, and let

+cilogn (logn)

2 Un
Yp = 0_3 logn and e, =CM pYE YD

The first statement of Theorem 2.1 with (4.35) implies that

Yn +c1logn
P((100) ~ 07| > 20) = P( s, [3u) — Buto)] > 57
< caexp(—cgyn) = c2/n?.

Let M, stand for a positive bound on the density function of ¢(Y;) on the interval
[s,00), and observe that for any fixed 2 > s we have

{0 <o} € {0 <o+ e U {100m) = 00n0)] > n}

Since the functional (Y, ,,) has the same distribution as ¢(Y;) for every n = 1,2, ...
it follows that

P(4(0nn) < ) < P(0(V0) 3+ ) + P([9000) = 6(Ven)]| > e0)
< P(@w(m < g:) + P<:E <Y, <w +5n> + ey /n?
< P(w(m < x) + enMy + cafn?.
Hence, we get the inequality
P((yn) <) = P($(Y2) < ) < enMp + co/n.
We can easily obtain a similar lower bound for the difference, as well. From the formula
fon) <o —en} € {otma) <2 b U {1000 — 0] > 20}
it follows that
P(4(V) Sz —20) < P(000) < 2) + P([9(00) = 0(V)| > 20)
By rearranging the terms in the inequality we have
P(4(n) <) 2 P(6(V) < 2= 0) = P([9(00) = 6(¥0)] > 2
> P(v(V,) <) = Pz =20 < 0(¥) ) = co/n®
> P(0(Y;) o) — 20l — ca/n?,
which leads to

P((Y,) <) = P((vn) < 2) < e,Ms+ /0.
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4 Empirical probability generating processes

Since the term ¢, M, has a slower rate of convergence than cg/n2 has, we get that

‘P(W%,n) <z)—P(y(Y,) < :1:)‘ < enMy + co/n? = O(loﬂ) |

nl/2
and the proof is complete. O

The best known and most important application of Theorem 4.20 is that when v
is a supremum functional on Cfa, b, that is, one of

Yo(h) = sup |A(t)[, (k)= sup A(t) and  ¢_(h)=— inf h(f).

a<t<b a<t<b a<t<b

Observe that with any functions hy, hy € C|a, b] we have

|14 (h1) — i (ho)| < [dho(hn) — tho(ha)| < sup |ha(u) — ha(u)

a<u<b

Y

and a similar inequality holds for ¢)_. Hence, the functionals vy, ¢y and _ satisfy
the Lipschitz condition with M = 1. Also, in Proposition 4.14 we showed that the
functionals ¢y (Y;), ¥4 (Y;) and ¢_(Y;) have bounded densities on certain subintervals
of the real line. As a result we can apply Theorem 4.20 for these functionals and we
obtain the uniform approximations presented in Corollary 4.21.

Corollary 4.21. Consider the values s} <0 and s, <0 of Proposition 4.14, and let
s1 >0, so > st and s3 > s, be arbitrary. Then, we have

p( sup [0 (8)] < x) - P( sup [¥; ()] < w) ‘ - 0(12?/?> ’

a<t<b a<t<b

sup
r>Ss]

and the distribution function of

(r) ~inf A
S % (t)  and Jof 7.,(1)

converge with the same rate to that of

sup Y, (%) and — inf Y,(¢)

a<t<b a<t<b
on the intervals [sq,00) and [s3, 00), respectively.

In the last result of this section we investigate the Cramér—von Mises type statistics
of the process %(f), and we show that its distribution function converges uniformly to
the distribution function of the related statistics based on the limiting process Y,. In
the proof we apply a simplified version of the method which was invented to prove the
corresponding statement for the uniform empirical process (3, by Csoérgs (1976). Our
theorem provides a rate of convergence O(n~/2(logn)??), and it is a crucial point of
the justification that the functional

vy = [ v2od
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4.6 Strong approximations for the generating process

has a bounded density function f(x), x € R, by Corollary 4.16. Note that if one can
show that f(x)z'/? is bounded, too, then using the original technique of Csérgé (1976),
the rate O(n~'/2logn) can be achieved.

Theorem 4.22. We have

p([eorowse)-p( [voase)

Proof. If the variable X is degenerate or P(X € {0,...,r — 1}) = 1 then 7% and Y,
vanish on the interval [a, b] by formula (4.18) and Proposition 4.13. Hence, the square
integrals of the processes are equal to 0 with probability one, and the statement follows.
In the remaining we assume that X is not degenerate and P(X € {0,...,r—1}) < 1.

Consider the processes 3,, By, vrn and Y,,, n = 1,2,..., defined on the KMT
probability space, and let

sup
zeR

of ey,

nl/2

b b
) = / 2o, (Vi) = / Y2, (1) dt

and
S, = sup |B,(u)l, T, = sup ‘Bn(u) — 6n(u)| .
0<u<l1 0<u<1
Depending on which case of Proposition 4.10 holds for the variable X and the
integer 7, by using Theorem 4.7 or Theorem 4.9 we obtain the inequality

sup |Yon(t)] < Csup | B, (F(2))] <CS,,  as.
z€R

a<t<b
and (4.34) provides the approximation
sup ‘%,n(t) — Ym(t)| < C sup ‘Bn(u) — Bn(u)| =CT,, a.s.

a<t<b 0<u<l1

with a positive constant C' = C'(a, b, r). By applying the elementary properties of the
supremum functional we obtain the almost sure bound on the distance of (v, ,) and
Y (Y,.,) in the form

[900) = 0| £ [ 10 = Y20]de < (b= a) sup 12, (0) ~ Y2,0)

a<t<b

< (b—a) sup |yrn(t) = Yrn(t)| sup Ve (£) + Yrn (1)

a<t<b

(4.36)
< (b—a) sup ’fym(t) — Y},n(t)} { sup hm(t) — Y;m(t)‘ + 2 sup |an(t)‘

a<t<b a<t<b a<t<b

< (b—a)C°T, (T, + 25,) .
Consider the constants ¢q, ¢ and c3 provided by Theorem 2.1 and the sequences

2 Yn + c1logn
Yy, = — logn, En= """/ —
cs nl/

and 6, = 3(b — a)C?%e,(logn)"/?.
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4 Empirical probability generating processes

Applying the first statement of Theorem 2.1 we obtain the inequality

0<u<l

< cpexp(—csy,) = ca/n’.

Also, by using the the well-known result of Smirnov for the supremum of the Brownian
bridge (formula (1.5.3) in Csorg6 and Révész (1981)) it follows that

P(S, > (logn)"/?) = P( sup | Bu(u)| > <logn>1/2) < 2exp(~2logn) = 2/n’.

0<u<l

If n is large enough to satisfy the inequality £, < (logn)'/?, then from (4.36) we get
P(W(%n) —p(Yon)| > 6., T, < gn> < P(Tn(Tn +28,) > 3e,(logn) V2, T, < en)
< P(gn(gn +2S5,) > 3€n(logn)1/2) < P(Sn > (logn)lﬁ) < 2/n*.
Hence, we have

P([n) — V)| > 82)
< P(!d}(%,n) = P(Yon)| 2 0, T < gn) +P(T, > &,) < (c2+2)/n.

Note that by Corollary 4.16 there exists a bound M on the common density function
of the variables ¢(Y,.,,). One can complete the proof by applying the same method as
we used in the second part in the proof of Theorem 4.20. Consider an arbitrary real x.
Using the formula

{w<7r,n) < w} - {@Z)(Ynn) ST+ 671} U {W)(%,n) — nl| > 6n} J
one can obtain the inequality
P(p(vrn) <2) < P(W(Yyn) <) + 6, M + (c2 +2)/n*,

and
{W(Vin) €2 =0} C{(vn) <2} U{[v(vn) — v (Yen)| = 6a},
implies that

P(b(n) < ) > P(4(¥r) < 7) = 8,M — (2 +2)/n?,

just as in the proof of Theorem 4.20. From these we have

co + 2 logn)3/?
su;o) P(iﬂ(%n) < :zc) — P(w(Y},,n) < {L’)‘ < 0,M + 2n2 =0(5,) = O((nl—/; 7
x>
since d, has a slower rate of convergence than the term (cp + 2)/n? has. O
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4.7 Law of the iterated logarithm

4.7 Law of the iterated logarithm

We continue our investigation on the empirical probability generating process by work-
ing in the same framework as in the previous section. The variables X, X, Xo,... are
independent and non-negative valued with the same distribution function F'(z). Also,
an(z), v € R, and 'yr(f) (t), a <t < b, are the empirical process and the r-th derivative
of the generating process 7, being written up based on the sample X;,..., X,,. The
interval [a, b] is provided by Proposition 4.10. Also, let £,(u), 0 < u < 1, stand for the
uniform empirical process corresponding to the first n elements in the sequence of in-
dependent random variables Uy, Us, . .. distributed uniformly on the interval [0, 1], and
let K(u,y), 0 <u <1,y >0, denote the Kiefer process represented on an arbitrary
probability space.

The famous Smirnov-Chung law of the iterated logarithm (Theorem 5.1.1 in Csorg6
and Révész (1981)) states that

I SUPp<y<1 | B ()| 1
im sup

n—00 (log log n)1/2 - 21/2 a.8., (4.37)

and hence, the supremum of the uniform empirical process has the rate

sup |Bn(u)| = (’)((log logn)1/2> : n— 0o.

0<u<1

This result can be generalized for a variable X having an arbitrary distribution. Simply
consider the quantile function F~'(u), 0 < u < 1, corresponding to the distribution
function F', and define the sample variables by the form

Xi:Fil(Ui)7 Z:172,

Just as in the previous sections the distributed function of the constructed X;’s is F,
and their empirical process can be written as

an(t) = Bu(F(x)),  z€R.
This and the special form of the law of the iterated logarithm presented in (4.37) imply

: SUp,cg |an ()| _ . SUPg<y<1 | Bn ()] 1
| <1 = .S.
Tf}jp (loglogn)t/2 — lgl_ﬂip (loglogn)1/2 21/2 ’

(4.38)

and we have equation if the distribution function F' is continuous everywhere on the
real line. Since this inequality is a property of the distribution of the empirical process
o, in the space D[—o00, 0], the rate (4.38) is valid in case of any representation of
the variables X, Xs,... and the process «,. Also, based on Section 1.15 of Csorgs
and Révész (1981) one can show that the “normalized” Kiefer process y~'/2K (u,y),
0 < wu < 1, has the same rate of convergence as y — oo, that is,

K (u, 1
lim sup Sbocucs K0 y)] a.s. (4.39)

yooo (yloglogy)t/2 2172
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4 Empirical probability generating processes

The first goal of this section is to present a law of the iterated logarithm for the
empirical probability generating process v, and its derivatives. Also, we investigate a
process which provides copies of the limiting process Y,.(t), a <t < b, n=1,2,....
Let K(u,y) stand for the Kiefer process and let

Y, (t,y) =n"/? /R oz —1)-(x—r+1)t" " K(dF(z),y), (4.40)

for a <t < band y > 0. Fix an arbitrary value y > 0. Since y~ /2K (u,y), 0 < u < 1,
is a Brownian bridge, the integral Y, (¢,y) is defined exactly at those points where
Y, (t) exists. Using Propositions 4.10 and 4.11 we get that Y,.(¢,y) is a well-defined
Gaussian process on [a,b] and it has a sample-continuous modification in variable ¢
on this interval. In the following the notation Y,.(¢,y) stand for this modification. Of
course, in general Y, (,y) is not continuous in the parameter y, but we will not need
this property at all. Also, in the case r = 0 the process Y,.(t,y) is defined at ¢t = 0 and
t =1, as well.

Note that if we consider Y,.(t,y) based on the Kiefer process provided on the KMT
space by Theorem 2.1, then for any positive integer n we have

Yiltn) =Yu(t),  a<t<b,

since the right side is defined by the form (4.33). The examination of the process is
motivated by the fact that using the covariance structure of Y,.(£,n) one can investigate
the dependence between the identically distributed but not independent processes Y/, ,

n=1,2,... We can state the following law of the iterated logarithm for the introduced
processes.

Theorem 4.23. For any non-negative valued random variable X we have

SUPp<¢<1 Vn(t)] SUDg<t<1 1Yo(t, y)| 1

li =1li .
Tl (loglogn) 2~ LAY T(loglogy) 2 22 4F
Also, with any r =1,2... and 0 < e < 1/2 it follows that
lim sup SUDc<t<1- |77(zr)<t)| — lim sup sup.<i<1- |V, (4, y)] _ Ci(e,r) s
nooo  (loglogn)t/? yooo  (loglogy)/z = 21/ '

Furthermore, if X is non-negative integer valued then with an arbitrary r = 0,1,...
and 0 < 17 < 1 we have

lim su Sup—TStST |77(Lr)<t)| — lim su Sup—TStST |Y:/‘(t7y)| 02(7_7 T)
n—>oop (loglogn)l/? y_}oop (log log y/)1/2 = " o1/2

The constants C1(e,r) and Cy(,r) are defined in Theorems 4.7 and 4.9, and they are
independent from the distribution of the variable X.
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4.7 Law of the iterated logarithm

Proof. Since the statements correspond to the distribution of the underlying processes
we can work with any suitable representation of them. Let us consider the variables
X1, X}, ..., and the related empirical process o/, (x), z € R, and the generating process
Yrn(t), a <t < b, defined on the KMT space by formulas (4.31) and (4.32). Also, let
us define Y)/(t,y) with equation (4.40) by using the Kiefer process of the KMT space.

Note that all of the processes are well-defined on the intervals where we consider
their supremums. Using the first part of Theorem 4.7 we get that

sup [Yy(t,y)| < sup |y K (F(z),y)| <y /? sup |K(u,y)|,
0<t<1 z€eR 0<u<1

and the law of the iterated logarithm for the Kiefer process in (4.39) implies that

. SUPp<¢<1 Yo (t, )l . SUPg<yu<1 | K (u, )| 1
lim sup < lim sup

=, 4.41
yoo  (loglogy)'/? yooo  (yloglogy)l/? 21/2 (441)

From the identity Y{(t,n) = Y{ ,(t) and Theorem 4.18 it follows that

sup h&n(t) — Yy (t,n)| =0, n — 0o, a.s.
0<t<1
Also, for every n =1,2,... we have

V0. (0] = [Y5(t,7) + (0,,(t) = Yo (t. 1)) | < Y5 (8. )| + 90,0 () = Yo(tm)|,  (4.42)
and we get that

SUPp<t<1 ”Yé,n(t)‘ SUPp<i<1 Yy (t,n)|

lim sup < lim sup

nooo  (loglogn)l/2 nooo  (loglogm)l/2 (1.13)
+ lim SUPg<¢<1 |7(/),n(t) = Yy(t,n)| 1 SUPp<t<1 Yo (t,n)| '
n—00 (loglog n)'/2 nooo  (loglogmn)l/?

By changing the roles of g, (f) and Y;(t,n) in formulas (4.42) and (4.43) we obtain

that there is equation in (4.43), and the first statement of the theorem is showed.
One can prove the second and the third statement with the change that in formula

(4.41) one must apply the second part of Theorem 4.7 and Theorem 4.9. ]

Corollary 4.24. Working on the interval [a,b] provided by Proposition 4.10 we have

sup "yr(f)(t)’ = sup ’Y}(t,n)‘ = O((log logn)1/2> )

a<t<b a<t<b

Also, for the representations v, , and Y, ,, defined on the KMT space we have the rates

<1og n(loglogn)'/? )

nl/2

sup [12,(6) = ¥2,(0)| = 0

a<t<b

' ’ log n(loglog n)/?
/vi,r(t)dt—/ Yﬁn(t)dt‘:o< g (ngimg ) )
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Proof. The first statement follows from Theorem 4.23. By using Theorem 4.18 and the
method of the previous proof we have

sup |v2,(t) = Y2, (0)] < sup |y (t) = You(t)] sup [ynr(t) + Yin(t)]
a<t<b a<t<b

a<t<b

< S [ (t) = Vo) | 519 [0 () = Vi) +2 sup |0, (0)]|
a<t<bh a<t<b

a<t<b

logn logn /9 log n(log log n)'/?
:o(nm)[()(nm)+0<(1og10gn)/) —0 = .
From this we obtain the rate
b b b
[rwa- [vaod < o= vio)a

(log n(log log n)l/z) -

< b—a) sup |22, () = Y2, = O

a<t<b nl/2

We saw it in Theorem 4.19 that %(f) converges in distribution to the process Y, in
the space Cla,b], but these results do not say anything about the limiting properties
for a fixed outcome w of the underlying probability space. It is known that the uniform
empirical process (3, may be convergent only on an event having probability 0, because
it is relative compact. We will see that %(f) behaves similarly.

Consider random elements &1, &5, ... having values in some metric space X. We say
that the sequence &1, &, ... is relative compact in the space X with limit set Y C X if
there exists an event )y having probability 1 on the underlying probability space such

that for every w € {2y the following three conditions hold.
1. Every subsequence &,/ (w) of &,(w) has a further convergent subsequence &,»(w).
2. If a subsequence &,/ (w) of &,(w) converges then the limit lies in Y.

3. For each element y € Y there exists a subsequence &,/ (w) of &,(w) depending on
the outcome w such that &, (w) converges to y.

By the famous result of Finkelstein (1971) the uniform empirical process £, (u),
0 <u < 1, is relative compact in the space D[0, 1] with respect to the Skorohod metric.
The limit points are those functions h € D[0, 1], which are absolute continuous, vanish
at the points 0 and 1, and have Radon-Nikodym derivative h'(u), 0 < u < 1, with
respect to the Lebesgue measure such that

/01 (R'(uw))*du < 1.

Let C3 C DJ0, 1] denote the set of limit points, and for a fixed » = 0,1, ... consider

{
{

—

Crla,b] = m(x—l)---(x—r+1)t$_rdh(F(x)),agtgb:hGC’g}

—

ZL“(ZL’—1)--.(1‘—7"+1)t$_rh/(F((L’))dF(ZL‘),GJStSbihGCg}.
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4.7 Law of the iterated logarithm

Our result for the process vy(f) is the following.

Theorem 4.25. For an arbitrary non-negative valued random variable X and integer
r=20,1,... the process %(f) (1), a <t <b, is relative compact in the space Cla,b] and

the set of limit points is C,|a, b].

Proof. We apply the variables X1, ..., X,, with which we worked in the proof of The-
orem 4.23. By the referred result of Finkelstein (1971) the sequence (3, constructed
on the KMT space is relative compact, and the set of the limit points is Dg. Let €
stand for the corresponding event in the definition of relative compactness. We prove
that for any outcome w € € the sequence 7, ,(w) satisfies all of the three conditions
of relative compactness with the limit set C..[a, b].

First, we show that if an arbitrary subsequence S,/ (w) of (3,(w) converges to an
element h of the limit set C'g, then 7, ,»(w) converges to

U, (h)(1) _/Rx(x—1)-.-(x—r+1)tf—7'dh(F(x)), a<t<b

[t is important to note that the convergence of g, (w) is understood in the Skorohod
topology, but since the limit function h is continuous on the interval [a, b] we also have
uniform convergence. Introducing the function

Kn//<(L') = ﬁn//(F(l’),w) — h(F(ZL‘)) , r€eR,
we obtain that

sup | K, ()| < sup | B (u,w) — h(u)| = 0, n" — o0o.
TzeR zeR

Observe that under the fixed outcome w the function
7r,n/’(t>w) - qu(h)(t) = / x(m - 1) e (l’ —Tr+ 1>tx_r dKn”(x) ) a<t< b>
R

is not random. Depending on which case of Proposition 4.10 holds for the given variable
X and integer r and provides us the interval [a, b], we can use the first or the second
part of Theorem 4.7 or Theorem 4.9. We get that

SUP |fy7‘,n// <t7 w) - \Ijr(h> (t)‘ S Sup ‘Kn// (:C>| % O’ n// _> 0 .
ast<b z€R

Hence, 7, ,»(w) converges in the space C[a, b] to the element U,.(h).

For the first condition consider a subsequence n’ of the positive integersn = 1,2, ...
Using the relative compactness of the process (3, there exists a further subsequence n”
such that [, (w) converges to some h € Cs. Using the previous paragraph we obtain
that 7, (w) also converges.

Now, assume that the subsequence 7,/ (w) converges to some function ¢ in the
space C|a, b]. Since (3, is relative compact we have a subsequence n” of n’ such that
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4 Empirical probability generating processes

B (w) converges to an element h of C, which implies that 4, ,»(w) converges to W,.(h).
Since n is a subsequence of n’ we get that ¢ = W,.(h), and hence, ¢ is an element of
C.la, b].

Finally, consider any function W, (h) in the set C,[a,b]. Since h is a limit point of
the relative compact process [3,, there is a subsequence n’ for which 3,/ (w) converges
to the function h. With the sequence n” = n’ we obtain the convergence of 7, (w) to
U,.(h). This completes the proof of relative compactness. O

4.8 Confidence bands

The empirical and the theoretical probability generating function based on the first n
elements of the sequence of independent variables X, X5, ... having only non-negative
values and common distribution function F'(z), x € R, were defined as

gul(t) = %ZtXi = / t*dF,(z) and  g(t) = BE@tY) = / " dF (z),
i=1 R R

where F),(z) is the corresponding empirical distribution function and X has the same
distribution as the X;’s. By the strong law of large numbers the function g, converges
pointwisely to g with probability 1 at every point ¢ where the variable ¥ exists and has
finite mean. As we saw it in Section 4.3 this condition is satisfied for every —1 <t < 1.
The strong uniform consistency of the empirical probability generating function, as
an estimator of its theoretical counterpart, on the interval [0, 1] for any integer valued
variable X was already proved by Marques and Pérez-Abreu (1989) and Rémillard and
Theodorescu (2000). Note that one can obtain this result also by using the inequality
of Theorem 4.9 and the Glivenko—Cantelli theorem. However, thanks to our work in
the previous section, we already have a much stronger result for g,, and also, for its
derivatives. Applying Corollary 4.24 we obtain a uniform rate of convergence

sup [o7)(1) — g0 (0)] =0 sup [1{7(1)] = 0w~ (10glogn)'/?)

a<t<b a<t<b

where the interval [a, b] comes from Proposition 4.10. Note that if X is integer valued
and r = 0 then we have the option to choose a =0 and b = 1.

The main goal if this section is to construct asymptotically correct confidence
bands for the probability generating function. For this, motivated by Efron (1979) and
Csorgé and Mason (1989), we apply the bootstrap technique. For a fixed n consider a
positive integer m,, and the Efron type bootstrapped variables X7, ..., X}, . based
on the sample X,..., X, as described in Section 2.2. That is, choose values among
Xi,..., X, with replacement m,, times such that at each selection each X; has the
same probability of being chosen. Then, we can introduce the bootstrap empirical
process

a (m):m1/2[F* (z) — Fu(2)] r €eR,

My, N n My, N
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4.8 Confidence bands

by applying the empirical distribution function F, . of the bootstrapped sample.
Observe that conditionally under the original observations Xi,..., X, the function
F,, is the theoretical distribution function of the bootstrapped variables, and hence,

*

.. » 18 the conditional empirical process. Then, the empirical probability generating

function and the conditional theoretical probability generating function of the X/ ’s
can be written as

J RO
g:nmn(t) = thm = /tz F;Lnn(x) and gn(t) = / t*dF,(z) . (4.44)
i=1 R R

By using Propositions 4.2 and 4.8 and Theorem 4.9 for g;, , just the same way as
we applied these results for g, in Section 4.3, one can show that the function g, . 18
well-defined and has continuous r-th derivative

)

R
—_ l Mmn * * o . % . X;n—r
= ;Xi,n(X@n 1) (Xi,n r 4+ 1)t i

on the interval [a,b] provided by Proposition 4.10. Also, we can define the bootstrap
empirical probability generating process

() = 0 g () — ga()] = / £ ar, (@),
R

and we find that the process exists and has continuous r-th derivative

) = P[50 0 — 0] = [ ale=r) @ —r D0, (@)
R

on the same [a, b]. By the bootstrap heuristics we expect that the process ’y;kn(z)n has the
same asymptotic behavior, and hence, it has the same weak limit in the space Cla, b]
as its non-bootstrapped counterpart ’yﬁf) has. It turns out in the next result that this

is true under a slight condition for the sequence m,,, n =1,2,...

Theorem 4.26. Consider the distribution function F(x), x € R, of an arbitrary non-
negative valued random variable, and assume that there exist positive constants Cy and
Cy such that

C'1<mn/n<C'2, n=12...

On a sufficiently rich probability space one can define independent random variables

X1, X, ... having common distribution function F(x), x € R, and bootstrapped sample
variables X7 ,,..., X5, ., n=1,2,... based on the X;’s, and copies Y';, Y5, ... of

the process Y,., such that

Vo () = Yo, ()] = O(max{i(ma), 1(n)})

sup
a<t<b
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4 Empirical probability generating processes

with the function [(n) = n=*(logn)"/?(loglogn)*/* and with the interval [a, b] provided
by Proposition 4.10. Furthermore, the processes Y., Yy, ... are independent from the
sequence X1, Xo, ...

Proof. Consider the variables Xy, Xy, ..., the bootstrapped samples X7, ,..., X}
n =1,2,..., and the Brownian bridges By, B;, ... of Theorem 2.5. Also, consider the
bootstrap empirical process a:‘nmn(x), x € R, and the bootstrap empirical probability

generating process 7, ,(t), a <t < b, based on these variables. Let

Y5 (t) = / (x—1)--(z—r+1)t""dB;, (F(z)), a<t<b,
and
Ky(z) =0, (z)— B, (F(z)), r € R.

Mn,

Since in Theorem 2.5 the Brownian bridges are independent from the X;’s, the same
holds for the processes Y,%, Y%, ... Depending on which case of Proposition 4.10 gives
us the interval [a, 0] the first or the second part of Theorem 4.7 or Theorem 4.9 implies

that

sup [y, (1) = Vi, (8)] < Csup [Ku(2)]

a<t<b z€eR
with some constant C' = C(a, b, r). By Theorem 2.5 the right side has the desired rate
of convergence. O

Corollary 4.27. If there exist positive constants Cy and Cs such that
C1 <my,/n < Cy, n=12...,

then the process 7;1(;)” converges weakly to Y, in the space Cla,b] as n — oc.

To construct confidence bands for the probability generating function we use the
method of Csorgé and Mason (1989). We note that they illustrated their receipt by
applying it on the infamous horsekick sample of von Bortkiewitz, as well. We say that
on a given significance level 0 < o < 1 the sequence of positive values ¢, («) provides
an asymptotically correct confidence band for g on the interval [a, b] if we have

P(gn(t) — () < gt) < gn(t) +i(a),a <t < b) Sl-a, (4.45)

as the sample size n — oo. By introducing the functional

¢ Cla,b) =R, (h) = sup |h(t)],

a<t<b

and the sequence c,(a) = n~"/2¢, (), formula (4.45) can be written in the form

P( sup |gn(t) — g(t)] < c%(oz)) = P(w(%) < cn(oz)) —1—-a. (4.46)

a<t<b
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4.9 Parameter estimated generating processes

The goal is to provide an estimation of ¢, («) based on the sample variables X7, ..., X,,.
Observe that this is a special case of the problem faced in formula (2.5) and we find a
possible solution for it at the end of Section 2.2.

Introduce the variables vy, = (ay, ) and ¢ =¢(Y) with the process

Y(t):YO(t):/thF(:c), a<t<b.
R
Since aj, |, converges to Y in distribution and the functional 1 is continuous on
the space Cla,b], we immediately get that ¢y, . converges weakly to ¢ as n — oo.
However, we can obtain a much stronger result, a strong approximation for ¢y, ., as
well. Using the representation of the processes v;, . and Y, provided by Theorem
4.26 define the copies p, = ¥(Y*), n = 1,2, ... of the variable . Since the supremum

functional v satisfies the Lipschitz condition

[U(hy) — ¥(hs)| < sup |ha(t) = ha()

) hla h? € C[aa b] ’

we get that
[ = P | = |0 ) = 0V )| < sup |y, (8 = Yo (£)] =0

a<t<b
almost surely as n — oo. Also, in the current representation the variables 1, ¢o, . ..
are independent from the sequence X, X, ...

Of course, our aim with the representation is to apply Theorem 2.7. For this end we
only need to check the last assumption of the theorem, the continuity of the distribution
function F,(x), v € R, of the variable . Observe that the distribution function Fj is
continuous on the real line by Proposition 4.21. Using this with Theorem 2.7 and the
discussion at the end of Section 2.2, we find that the quantile

c;(a):inf{xER:P(i/zgmngx|X1,...,Xn) 21—04}

can play the role of ¢,(a) in (4.46).

From the practical point of view, one can determine ¢ («) by direct calculations.
Since conditionally under the sample Xy, ..., X,, the statistics ¢, , has finitely many
possible values, using combinatorical arguments one can obtain its exact conditional
distribution. Also, the quantile ¢} («) can be estimated in arbitrary precision by using
a computer. Generating a large number of bootstrapped samples and calculating the
corresponding statistics ¢, , for each sample, one can obtain a good empirical estima-
tion for the conditional distribution of ¢, under the given observations X, ..., X,.
Then, the empirical quantiles of ¢, provide a good estimation for ¢ (), and hence,
for the desired value ¢, («).

4.9 Parameter estimated generating processes

Consider a family F = {F(x,0) : x € R, 0 € © C R?} of non-negative valued univariate
distributions, and also, a sample of non-negative values X1, ..., X, having empirical
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distribution function F, () and unknown theoretical distribution function F(z), x € R.
Our aim is to test the fit of the sample to the family F, that is, the null-hypotheses

Ho: F(x)=F(x,00),  €R, for some fixed 6, € O .

As we sketched it in Section 3.1, one can test Hy by applying a proper measurable
functional ¢(&,) of the parameter estimated empirical process

n(z) = n'?[F,(z) — F(z,0,)], z€R,

where 6, is a parameter estimation based on the sample X,..., X,,. The theoretical
base of the method is that under Hy and the regularity conditions of Theorem 3.1 the
process &, converges weakly in the space D[—o0, 0] to the centered Gaussian process

G(z) = B(F(z,60)) — [/Rl(x,éo)dB(F(x,QO))]VQF(x,GO)T, reR. (4.47)

In this formula B(u), 0 < u < 1, is a Brownian bridge, the function I(z,6y), = € R, is
defined by assumption (a4) in Section 3.2, and

VoF(z,0) = (%F(L 0),..., %F(m, 9)) , r € R. (4.48)
Unfortunately, there are distribution families whose parametric distribution function
F(x,0), x € R, § € © C RY, are not provided in simple forms, and by this reason the
application of the parameter estimated empirical process &, can be difficult. However,
in many cases the probability generating process can be written in friendly formulas.
For example, see the discrete stable, Linnik and Sibuya distributions in Rémillard and
Theodorescu (2000). Note that we can face this difficulty also in case of more com-
mon distributions. Since the distribution function F'(x,0) of a discrete variable is a
step function, in certain applications the use of the continuous probability generat-
ing function can be favorable. By this motivation we define the parameter estimated
probability generating process

Sult) = 2 [ga(t) — g(t.6,)] = / £ dén(x), (4.49)
R
where
gn(t) = %Zn;txi = /Rt‘” dF,(x) and g(t,0) = /Rt”” dF(x,0)
are the empirical probability generating function based on the sample X1, ..., X,, and

the parametric generating function of the family F, respectively. Later in this section
we show that under some conditions 4, converges in distribution to

Y(t) = /R t*dG (), (4.50)
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and hence, one can apply the process to test Hg in just the same way as the parameter
estimated empirical process &, can be used.

It is important to observe that the application of the process 7, can lead to an other
difficulty. As we detailed in Section 3.1, in most cases the critical values corresponding
to a test statistics ¢/(&,) can not be determined by theoretical calculations, and these
statistics usually are not distribution free, either. Since the limit process Y is defined as
an integral transformation of G, the same problems can arise for a functional (%, ). As
a possible solution, we introduce the bootstrapped versions of the parameter estimated
probability generating process. For this end, consider a bootstrap sample size m,, and
parametric or non-parametric bootstrapped variables X7 ..., X as described in
Section 2.2. Let F};  stand for the empirical distribution function of the bootstrapped
sample, and consider the corresponding empirical probability generating function

1 = x:
g (1) = — 3 i = / £ dFp. ().

Also, consider parameter estimators é;‘L and 5; based on the bootstrapped variables in
the parametric and the non-parametric bootstrap case, respectively. The parametric
bootstrap estimated generating process can be defined as

) = 027, 0 (8) = g(t.07)] = / t*dag,, . (x), (4.51)
R

and its non-parametric variant is

T ) = 1550, 0) = 9(8.)] = [ #2485, (0), (4.52)
R

where &;, . and a;, , areintroduced by (3.3) and (3.4) in Section 3.1. If we can show

that under H, the processes 4;,  and/or ¥,  converge to Y then we can apply the
parametric and/or the non-parametric bootstrap method to obtain critical values for
(&) by using a simple variant of the algorithm presented in Section 3.4.

Consider a sequence of independent variables X, X5, ... having common distribu-
tion function F(x,6y), x € R, with some fixed 6, € ©. First, we answer the question
which points t € R are the corresponding generating processes defined at. It is clear
that the empirical functions g,(t) and gy, . (t) exists and are continuous on the posi-
tive half-line. Since the distribution function F'(x,#), z € R, has bounded increments
and finite limit at infinity for every € ©, Proposition 4.2 implies that g(¢, én), g(t, é;‘;)
and g(t, 6% ) are well-defined and continuous on [0, 1]. Then, clearly, the processes 4, (t),
Y (t) and 4y (t) exist and are sample-continuous on this interval, as well. Further-
more, if the family F contains only non-negative integer valued distributions then g, (¢)
and gr, . (t) can be extended to the real line. Since in the integer valued case Propo-

sition 4.8 implies that g(t, én), g(t, é,’i) and g(t, é;) are well-defined and continuous on
the interval (—1,1], the same holds for the processes 9, (t), ¥y, () and 75, (t).
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Assume that the components of the vector function VyF'(x,6,) are of bounded
variation on finite intervals, and let V; (y, 6y) and V; (y,6p) be defined as the positive
and the negative variation of the k-th component 0F(x, 0)/00;, at 6 = 6, on the interval
(—00,y]. Also, let lx(x,0) denote the k-th component of the function I(x,0), v € R,
and consider the d-dimensional normal variable

E= (&, &) :Al@,@@dB(F@,g@).

Observe that the process

A(z) = EVF (x,00)" Z§k (x,60) — V, (z, 90)}, reR.

is of bounded variation on every finite interval, and its positive and negative variation
on (—oo,y] can be written as

d
A+(;1j) = ng [ﬂ{gkzo}v:<l'7 90) + 1{§k<0}v;(ﬂf, 90)] y T e R,
k=1

and
d
A (z) = Zék [H{QZO}VI;(:C? bo) + 1{§k<0}v;(x7 90)] J r€eR,
k=1

respectively. Because the distribution function F'(x,#) vanishes on the interval (—oo, 0)
for every 6 € O, the derivative VyF(x,60,) and its positive and negative variation
Vi(z,0y) and V, (z,6,) are constant 0 on the negative half-line. This implies that the
processes A(z), AT(z) and A~ (x) vanish on (—o0,0). Furthermore, if the components
of VoF(z,0y), v € R, are cadlag, then clearly A(x), A™(xz) and A~ (x) are cadlag, too.
In the remaining part of the section we work under the following assumption.

Assumption 2. The function VyF(x,0), x € R, exists and its components are cadlag
and of bounded variation on finite intervals. Also, with some fixed § > 0 the sequences

V,j((m + 1)5, 90) - V;r (mé, 90) , V]; ((’m + 1)5, 90) - Vl; (mé, 90) , M= O, 1, cee,
are bounded for every k= 1,...,d.

Note that Assumption 2 holds for any § > 0 if the function VyF'(z,0), x € R, has
bounded components. The increment of A*(z) on the interval (zi, o] is

AT (w2) — AT (21)
d
= ka []l{gkzo} [Vz(@, 0o) — V,ﬁ(:cl, 90)] + Lig, <o [V (z2,00) — V;;(xb 90)]] )
k=1

and the related increment of A~ (z) can be written in a similar form. Hence, if the
assumption is satisfied then A™(z) and A~ (z), x € R, have bounded or slowly growing
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increments, and if the assumption holds with 6 = 1 then the processes have bounded
or slowly growing increments on the unit intervals.
From (4.47) we clearly have

V(1) = /R ¢ dB(F (x, 00)) + /R 1 dA(z) = Y (1) + IA(1) (4.53)

for every real ¢t where both sides are defined at, and by Proposition 4.10 the process
Y (t) exists on the interval [0, 1] and has a continuous modification on (0,1). If A*(z)
and A~ (x) have bounded or slowly growing increments, then Proposition 4.10 and
formula (4.53) imply that I4(¢) and Y (t) are well-defined on the interval [0,1) and
has a modification which is sample-continuous on (0, 1). In the following the notation
Y (t), 0 <t < 1, stands for this modification. Additionally, if V; (z,6y) and V (z,6;)
have finite limit at infinity for every k = 1,...,d, then the processes A*(z) and A~ (x)
have finite O-th moment, and I4(¢) and Y (t) exist at the point t = 1, as well.

If the law corresponding to the distribution function F'(z, ) is non-negative integer
valued, then VyF(z,0,) and the processes B(F(x,6y)), AT(z) and A~ (z), x € R, are
constant on the intervals [m, m+ 1), m = 0,1,... In this case the integral Y (¢) can be
considered also in Lebesgue-Stieltjes sense, and by Proposition 4.10 the process Y is
well-defined and sample-continuous on (—1,1). If A*(z) and A~ (z) have bounded or
slowly growing increments on the unit intervals, then Propositions 4.9 and equation
(4.53) imply that I4(¢) and Y () can be defined in Lebesgue-Stieltjes sense on (—1, 1)
and they are continuous on this interval. Note that the investigation presented in
Section 4.3 highlighted that the integral Y (1) may be not defined in Lebesgue-Stieltjes
sense, and hence, f/(l) do not exist for every possible background distribution F'(z, 6,),
x € R, in this sense.

We summarize what we found in the next result.

Proposition 4.28. Under Assumptions 2 the process Y is defined and has a sample-
continuous modification on the interval [a', V'], where [a', V] can be chosen as

o (0,1 —¢] with any 0 < e < 1, if F is an arbitrary non-negative valued family;
e [0,1], if Vi (x,00) and V,, (z,60) have finite limit as x — oo for k=1,...,d;

o [—7, 7] with any 0 < 7 < 1, if F is non-negative integer valued and Assumption 2

holds with 6 = 1.
Also, A, A, and 7y, exists and continuous on [a’, 0] with probability 1.

In our following theorem we prove approximations for certain representations of the
parameter estimated generating processes 4y, 7, , and 7;, . For this end consider the
independent variables X, X5, ... provided by Theorem 3.1. The parameter estimated
probability generating process based on the sample Xi,..., X,, can be written in the
form (4.49) with the estimated empirical process &, of the referred theorem. Let

Y, (1) :/Rt”“"dGn(x), n=12,... (4.54)
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4 Empirical probability generating processes

be copies of Y being defined by using the Gaussian processes Gy(z), Go(x), ..., = € R,
of Theorem 3.1. Also, using the bootstrap samples of Theorem 3.2 the parametric boot-
strap estimated generating process 4;, . can be represented by the equation (4.51) with
the bootstrap empirical process &, , of the theorem. Similarly, the non-parametric
bootstrap generating process 7;, , based on the variables provided by Theorem 3.3 is
in (4.52) with the corresponding empirical process &, . Finally, let Y*(t) and Y (t)
be defined with the integral (4.54) by applying the processes G, Ga, ... of Theorems
3.2 and 3.3 instead of those of Theorem 3.1, respectively.

Theorem 4.29. Suppose that Assumption 2 is satisfied. Under the conditions of The-
orem 3.1 we have

sup |’?n(t)—Yn(t)’L0, n— 0o.

0<t<1
Also, if the assumptions of Theorem 3.2 and Theorem 3.3 hold then we have

=50 and  sup |3, () = Ault) — Y

mn

2.0

~ % O
sup fymn,n(t) - Ymn
0<t<1 0<t<1

as n — oo, respectively. Additionally, if Vi (z,0p) and V, (x,0), x € R, have finite
limit at infinity for k= 1,...,d, then the approrimations hold also at the point t = 1.
Furthermore, suppose that the all distributions in the family F are non-negative integer

valued and Assumption 2 is valid with 6 = 1, and consider any value 0 < 7 < 1. If the
conditions of Theorem 3.1 are satisfied then

sup "Ayn(t)—Yn(t)‘LO, n— oo,
—7<t<t
and we have the approrimations
sup ”y;nn(t) — Y;;n L0 and sup H;"nnn(t) — An(t) — fﬁ,ﬁn (t)| 50
—7<t<7 —7<t<r

as n — oo under the conditions of Theorem 3.2 and Theorem 3.3, respectively.

Proof. Observe that under the conditions all processes are defined on the intervals,
where the supremums are taken, and consider the process

K,(x) = a,(z) — Gp(x), r €R,

with the sequence G, G, ... provided by Theorem 3.1. Applying the first inequality
of Theorem 4.7 and the approximation of Theorem 3.1 we obtain that

/R = dK (z)

Furthermore, by Theorem 4.7 the supremum can be extended also to ¢ = 1 if 4, and
Y,, exist at this point, which additional condition is satisfied if the functions V} (z,6p)

§sup|Kn(x)\i>(), n— 0o.
r€R

sSup "A}/n(ﬂ - ifn(t)l = Ssup
o<t<1 0<t<1
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and V (z,6p), v € R, have finite limit at infinity for k = 1,...,d. In the integer valued
case Theorems 4.9 and 3.1 imply that

/R £ dK,(z)

The corresponding statements for the parametric and the non-parametric bootstrap
processes can be proved similarly by applying the approximations of Theorems 3.2 and
3.3, respectively. O

< Cy(7,0) sup | Ky ()] 50, n— .

sup |9 (t) — Yn(t)‘ = sup 1D

—7<t<1 —7<t<T

Since the processes are sample-continuous on the interval [a’, b] of Proposition 4.28,
Theorem 4.29 has the following consequence.

Corollary 4.30. Suppose that Assumption 2 holds, and consider the interval [a’, V']
provided by Proposition 4.28. Under the conditions of Theorem 3.1 the process 4,
converges to Y in distribution in the space Cla',t']. Also, 4y, ., and 3, — An have
the same weak limit in C|a’, V] if the assumptions of Theorems 3.2 and 3.3 are satisfied,
respectively.

Based on the results presented in Theorem 4.29 and Corollary 4.30 one can test
the fit of a given non-negative valued sample X1, ..., X, to the family F by using the
bootstrap algorithm of Section 3.4. Assume that we have the approximations

sup |9 (t) — Yn(t)‘ 50 and sup

a’ <t<b a’ <t<d

Ve alt) =Y ()] =0,

on some interval [a’, 0], where ~5,  stands for 45, in the parametric and for 75, | in
the non-parametric bootstrap case, and Y, is the corresponding copy of Y provided

by Theorem 4.29. Also, suppose that the limit process Y(t) is not degenerate at every
point ¢ on the interval [/, V'], because we can not obtain any statistical result based on
a constant limit distribution. Consider a continuous functional ¢ : Cld’,b'] — R such
that the statistics

Vo =V Vmn) and on =Y, n=12,...

satisfy the assumptions of Theorem 2.7, that is, the common distribution function of
the ,,’s is continuous, and

|7 —gon’LO, n— 0o. (4.55)

My, N

Then, all conditions of the bootstrap algorithm hold, and we can apply the method in
the same way as in Section 3.4.
It can be easily seen that we have (4.55) if ¢ is Lipschitzian, that is, if

W(hl) - ¢(h2)’ < M sup Vh(t) - hz(t)| ) hi, hy € Cld', ],

a<t<b
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with some constant M, because using the assumptions we obtain the convergence

YL =YE )] 0.

mn

[0 = @n| < sup
a’ <t<b/
Since the supremum functional is Lipschitzian, the Kolmogorov—Smirnov type statistics
of the processes satisfy (4.55). The other condition, the continuity of the distribution
function F, on the whole real line or, at least, at certain points x € R, requires different
considerations for different functionals. We investigate only the supremum functional

Y(h) = sup |h(t)], h e Cld,V].

a' <t<b’

Observe that under the regularity conditions of Proposition 4.29 we can apply the
first or the second inequality of Theorem 4.7 or the inequality of Theorem 4.9 on the
interval [a, 0] for the process Y defined by formula (4.50), and it follows that

B(1) = sup [V(1)] < sup|Gla)]. (4.56)

o/ <t<b' z€R

Since the right side of the inequality is finite with probability 1 by our results in Section
3.4, we obtain that 1/)(57) is almost surely a finite variable. Because the process Y is
Gaussian and continuous on [a/,'], and it is not degenerate at every point on this
interval, Theorem 2.10 implies that the distribution function F,(x), x € R, of variable

p=1()= sup |[Y(t)|=sup{Y(t),-Y(t):d <t<V tcQ}

a’ <t<b’
is continuous on the interval (sg, 00), where
so=inf {z € R: F,(z) > 0} € [0,0)

is the left endpoint of the support of F,.

We suggest that s is equal to 0 and the function F,, is continuous at s, as well, but
unfortunately, we can not prove our conjecture. Recall that we had a similar unproven
conjecture in Section 3.4 for the supremum of the process G(z), x € R. Let

s1 = inf {w eR: P(sup|G(x)| < :E) > O},

zeR

and note that (4.56) implies the inequality so < s;. If one can show that s; = 0, then
we immediately get that sy = 0, and using the assumption that the Gaussian process
Y is not degenerate at every point ¢ on the interval [a/, V], the continuity of F, at sg
follows. Hence, F,, is continuous on the whole real line, and we can apply the bootstrap
method without any restriction.
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Sumimary

Introduction

In the thesis we investigate the asymptotic behavior of some empirical processes based
on independent and identically distributed random variables. In most cases we apply
the approximation method which means that on a suitable probability space we con-
struct a representation of the underlying variables and empirical processes, and also,
a sequence of copies of a Gaussian process such that the distance between the empiri-
cal process and the Gaussian processes converges to zero in almost sure or stochastic
sense as the sample size goes to infinity. In this way, using the properties of the applied
(Gaussian process, we can obtain information on the examined empirical process.

The thesis is organized as follows. In Chapter 2 we introduce some basic tools which
will be applied in our research. In Chapter 3 we investigate the parametric and the non-
parametric bootstrap versions of the parameter estimated empirical process defined on
a parametric family of distributions, and we demonstrate the bootstrap technique in a
simulation study. Finally, in Chapter 4 we provide an effective and flexible background
for the study of empirical processes based on probability generating functions of non-
negative valued variables. Using this framework we prove asymptotic results for the
empirical probability generating process and its derivatives, and for the corresponding
bootstrapped and/or parameter estimated versions.

Some basic concepts

In the chapter we introduce three concepts. The first one is the Hungarian construction
or so-called KMT approximation for the uniform empirical process f,(u), 0 < u < 1,
based on independent variables distributed uniformly on the interval [0, 1]. By the con-
struction one can define the uniform variables on a suitable probability space carrying

a sequence of Brownian bridges Bi, Bs, ... such that we have
sup ‘571(“) - Bn(u)} = O(n_1/2 log n) , n— o0, a.s.
0<u<l

This construction of Komlos, Major and Tusnady will be essential in our research.
The second tool is Efron’s bootstrap method for estimating the distribution of some
statistics 7, based on a given sample having n elements. Note that such an estimation
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can not be obtained by using only the standard statistical techniques, because having
only one set of sample variables we have only one observation for the variable 7,,. By the
bootstrap heuristics if we estimate the unknown distribution function F'(z) of the sam-
ple variables with a function Fn(x)7 z € R, and consider conditionally independent vari-

ables X7 ,,..., X},  having conditional distribution function F, with respect to the
original observations, then the corresponding statistics 7,7, . = Ty, (X7, .-, X )

has “similar” distribution as 7, has. Since the distribution of 77, , can be obtained in
arbitrary precision by direct calculations or by applying Monte Carlo simulation, we
can get a better or worse estimation for the distribution of 7,,. We apply two versions
of the bootstrap technique, the parametric and the non-parametric bootstrap.

Finally, we need to extend the standard theory of stochastic integration on a finite
interval with respect to a locally square integrable martingale to stochastic integration
on the whole real line. We provide a condition for the existence of the integral, and
we examine the distribution of processes defined as the integrals of bivariate functions
with respect to the one-dimensional standard Wiener process.

Bootstrap parameter estimated empirical processes

Consider a parametric collection of distributions F = {F(z,0) : z € R,0 € © C R},
and independent variables X7, X5, ... having common distribution function F'(z,6y),
z € R, with a fixed 6, € ©. If F,(x), x € R, stands for the empirical distribution
function of the first n elements of the sequence and 0, is an estimator of 0y based on
this sample, then the corresponding parameter estimated empirical process is

n(x) = n'?[F, () — F(x,0,)], x€R.

Since Durbin proved the weak convergence of &,, to a Gaussian process G(z), = € R, as
the sample size n goes to infinity, the parameter estimated empirical process became a
widely used tool to test goodness-of-fit to parametric distribution families. In general,
statistical methods based on the process are not distribution free, and the critical values
can not be calculated in theoretical way. However, one can avoid these difficulties by
applying the parametric or the non-parametric bootstrap technique.

Consider bootstrapped sample variables X7, ,..., X based on Xj,..., X, and
let Fy, (), z € R, stand for the empirical distribution function of the bootstrapped
variables, and let # be a parameter estimator based on the bootstrapped sample. The
bootstrapped parameter estimated empirical process can be defined as the parameter
estimated empirical process based on the bootstrapped sample, that is, by the form

ay o (x) = nl/? [F;%n(x) — F(x, 9:)} , r€eR.

My, N

* *

The process is denoted by &;, , in the parametric and by a7, , in the non-parametric
bootstrap case. The heuristics of the bootstrap method is that if &y, and /or A
converges in distribution to the same weak limit as &,, does, then the critical values of
a test statistic ¥ (&, ) can be estimated by the empirical quantiles of the corresponding
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functional ¥ (a;, ,) and/or ¢(a;, ). It turns out that the convergence of &;,  isin
fact true, but a;, , requires bias correction.

In Sections 3.2 and 3.3 we show that, under certain conditions on the distribution
family F and the parameter estimation method, on a suitable probability space, one

can construct a representation of the original sequence and the bootstrapped variables

and copies Gy, G, ... of the limiting process GG such that we have the approximation
sup|ay, . (2) = G, (7)] 0, n — 0o,
zeR

in the parametric and

sup | &y, o (r) — (%)1/26%(3?) - Gmn(x)‘ o0, n— oo,
zeR ' n
in the non-parametric case. As a direct consequence we obtain the weak convergence
of the processes

Gpn®) and a0 - (M) Paw), sk,
as n — oo to the limit of &,,, that is, to the GGaussian process G.

We present the bootstrap testing algorithm in Section 3.4, and we prove that the
method can applied for the Kolmogorov—Smirnov type supremum functionals on the
empirical processes. In Section 3.5 we discuss on the regularity conditions of the results,
and we check the validity of these assumptions for the Poisson and the normal distri-
bution family endowed with the maximum likelihood parameter estimation method.
To demonstrate the bootstrap technique in an application in the last section we report
on simulation studies. Using the parametric and the non-parametric bootstrap method
we test the fit of negative binomial variables having various parameters to the Poisson
distribution, and also, the fit of location and scale contaminated normal samples to
the normal family.

Empirical probability generating processes

Let X, X, X5, ... be asequence of independent and identically distributed nonnegative
valued random variables having distribution function F'(x), z € R. Let

g(t) = Bt* :/

1 n
t*dF (x and  g,(t)=—) tY, 0<t<l1,
[ aF () 0=3%

be the common probability generating function and its empirical counterpart based
on the first n observations. Throughout this chapter the symbol 0° is interpreted as 1,
because we will need the continuity of the function t* in variable x. Then the empirical
probability generating process can be defined by

Yalt) = n'2[ga(t) —g(1)] . 0<E<T.
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The idea of the application of generating functions to solve various statistical prob-
lems is not unusual, similar transformed processes based on empirical characteristic
and moment generating functions are well-known. (See Csorgd (1981) and Csorgd,
Csorgs, Horvath and Mason (1986).) In each case the theoretical basis of the method
is the fact, that under appropriate conditions the transformed processes converge in
distribution in some function space. In the case of the empirical probability generating
process, Rémillard and Theodorescu (2000) state that 7, converges in distribution in
C10, 1] to the process

Y(t):/Rt”dB(F(x)), 0<t<1,

for every non-negative integer valued variable X. Unfortunately, there is an oversight
in their proof, but we show that their basic idea is good, and the proof can be corrected.

The aim of the chapter is to present a general approach to convergence problems
for probability generating functions and processes and their derivatives, and for the
bootstrapped and /or parameter estimated versions of the empirical probability gener-
ating process. Our results are general in the other sense, as well, that they hold not
only for an integer valued variable, but for an arbitrary non-negative valued X.

In Section 4.2 we investigate processes defined by the integral

L(t) = /Rx(:z: 1) —r 4+ )T dK(2)

where the function K (x) can be represented by the sum of a locally square integrable
martingale M (x) and a process A(x) being of bounded variation on finite intervals,
x € R. Also, we assume that M and A vanish on the negative half-line (—o0,0) and
have cadlag trajectories. In Propositions 4.2, 4.3 and 4.8 we provide conditions under
which the process I, exists on certain subsets [a, b] of the interval (—1,1]. The main
results of the section are Theorems 4.7 and 4.9 where we prove inequalities in the form
sup |Y,(t)] < C'sup |K(z)]
a<t<b Tz€R
with a constant C' = C'(r, a,b) not depending on the process K. In the following sec-
tions these inequalities trivialize the investigation of probability generating processes,
because we can obtain asymptotic results for them simply by applying the asymptotic
properties of the corresponding empirical processes.
In Section 4.3 we prove that the empirical probability generating process =, has
r-th (r =0,1,...) derivative

YD) =020 () — g (1)] = /Rx(x — 1 (z—r+ DI dag(z),

where gg) and ¢ are the r-th derivative of the empirical and the theoretical probabil-

ity generating function of the variables X1, ..., X, and a,,(z), x € R, is the empirical
process corresponding to the sample. Also, we investigate the process

Yi(t) = /R:L’(x 1) (e )E T dB(F()),
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with the Brownian bridge B. In Proposition 4.10 we found that %(f) is continuous and

Y, has a sample-continuous modification on certain subintervals [a,b] of (—1,1]. In
Section 4.11 we show that Y, is Gaussian with mean zero and continuous covariance
function. Also, we prove that the Kolmogorov—Smirnov type supremum functionals and
the Cramér—von Mises type integral functional of Y, have bounded density function.

As we specified earlier, Rémillard and Theodorescu (2000) showed the convergence
of v, in distribution to Y for non-negative integer valued random variables, but there
is an oversight in their proof. However, the justification method is interesting, and we
correct it in Section 4.5. In Section 4.6 we improve this result by proving uniform strong
approximations for the empirical probability generating process v, and its derivatives
not only in the integer valued case but in case of an arbitrary non-negative valued X.
We provide a rate of convergence, as well, and we show that representing the processes
v, and Y, on a suitable probability space we have

sup [7(t) = Vou(t)| = O(nlogn), n—o0, as.

a<t<b

The approximation immediately implies the weak convergence of ”y?(f) to Y, in the space
C'la, b]. Additionally, we obtain the uniform convergence of the distribution functions
of the Kolmogorov-Smirnov type supremum functionals and the Cramér-von Mises
type integral functional of the process %(Lr) with rates of convergence.

In Section 4.7 we prove the law of the iterated logarithm

lim su SUP,<i<p |77(1T) (t)| < C A
n—)oop (log IOg n)1/2 N 21/2 -

with a constant C' = C(a,b,r) not depending on the distribution of the variable X.

Furthermore, we show that the process V,Sr)

and we determine the set of limit functions.

In Section 4.8 we investigate the bootstrapped version of the probability generating
process fy,(f), and we prove a strong approximation for it. Based on this result we show
how to construct confidence bands for the unknown probability generating function
g(t),a <t <b,of the variable X. Finally, based on a parametric family of distributions
we define the parameter estimated probability generating process and its parametric
and non-parametric bootstrap versions in Section 4.9. Applying the result of Chapter 3
we prove weak approximations for the processes, and we explain their application for
testing goodness-of-fit.

is relative compact in the space Cla, b,
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Osszefoglalas

Bevezetés

A disszertacioban fiiggetlen és azonos eloszlasu valtozok segitségével felirt bizonyos
empirikus folyamatok aszimptotikus viselkedését vizsgaljuk. A legtobb esetben az app-
roximéacios modszert fogjuk alkalmazni, ami azt jelenti, hogy a vizsgalt valtozokat és
a kapcsolatos empirikus folyamatokat egy megfelelen valasztott valoszintiségi mezén
konstrualjuk meg, valamint ezen a mezén definidljuk egy megfelel6 Gauss folyamat
reprezentansait. Mindezt olyan modon tessziik, hogy az empirikus folyamat és a Gauss
folyamatok tavolsdga nullahoz konvergél, amint a mintaméret tart a végtelenbe. Ezaltal
az alkalmazott Gauss folyamat tulajdonsagai alapjan lefrhatjuk a vizsgalt empirikus
folyamat viselkedését.

A disszertacio a kovetkezSképpen épiil fel. A 2. fejezetben ismertetiink néhény
alapvets eszkozt, melyeket alkalmazni fogunk a vizsgalataink soran. A 3. fejezetben
a paraméteres eloszlascsaladokon definidlt becsiilt paraméteres empirikus folyamat
paraméteres és nemparaméteres bootstrap véaltozatat tanulmanyozzuk, valamint egy
szimulaci6s tanulmény segitségével bemutatjuk a modszer gyakorlati alkalmazasat.
Végiil, a 4. fejezetben megteremtiink egy hatékony és rugalmas elméleti hatteret a
nemnegativ értékid valoszintiségi valtozok valoszintiségi generatorfiiggvényei alapjan
felirt empirikus folyamatok vizsgalatdhoz. Ennek segitségével aszimptotikus tételeket
bizonyitunk az empirikus valészintiségi generator folyamatra és derivaltjaira, tovabba
a kapcsolatos bootstrap és/vagy paraméterbecsiilt valtozatokra.

Néhany alapvetd fogalom

A fejezetben harom elméleti fogalmat mutatunk be. Az els6 a fiiggetlen, a [0, 1]
intervallumon egyenletes eloszlasa valtozok segitségével felirt 3, (u), 0 < u < 1, egyen-
letes empirikus folyamatra vonatkozo KM'T approximécié. Eszerint egy alkalmasan
valasztott valdsziniiségi mezén a valoszintiségi valtozok definidlhatéak olyan modon,
hogy Brown hidaknak egy alkalmas By, By, ... sorozatira

sup ‘Bn(u) - Bn(u)‘ = O(n_1/2 logn), n — 0o, m.b.

0<u<1
A konstrukcié Komlos Janostol, Major Pétertél and Tusnady Gabortél szarmazik, és
alapvets lesz a munkénk sorén.
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A maésodik eszkoz Efron bootstrap mddszere, melynek segitségével megbecsiilhetjiik
egy n elemt mintara felirt 7, statisztika eloszlasat. Vegyiik észre, hogy ilyen becslés a
szokasos statisztikai technikdkkal nem adhato, ugyanis egyetlen minta birtokdban a 7,
valtozora csupan egy megfigyelés all rendekésiinkre. A bootstrap alapotlete az, hogy
ha a mintaelemek ismeretlen F(z) eloszlasfiiggvenyét egy F(z), © € R, fiiggvénnyel

becsiiljiik, és tekintiink az eredeti mintéra nézve feltételesen fiiggetlen X7,,..., X7
valtozokat, melyek feltételes eloszlasfiiggvénye F),, akkor Tonm = T (X{ oo s X )

eloszlasa ,hasonlit” 7,, eloszlasdhoz. Mivel elméleti szamitasok vagy Minte Carlo szimu-
lacio révén 7, eloszlasa tetszleges pontossaggal megkaphato, ilyen modon egy jobb
vagy rosszabb becslést nyerhetiink 7,, eloszlasara. Munkank soran a bootstrap médszer
két valtozatat alkalmazzuk, a paraméteres és a nemparaméteres bootstrapet.

Végiil, ki kell terjeszteniink a véges intervallumon értelmezett lokdlisan négyzetesen
integralhato martingalokra vett sztochasztikus integralt az egész valos egyenesen vett
sztochasztikus integralra. Bizonyitunk egy allitast az integral létezésére, és leirjuk az
olyan folyamatok eloszlasat, melyek bizonyos kétvaltozos fiiggvényeknek a standard
Wiener folyamatra vett integréljaként allnak elé.

Bootstrap becsiilt paraméteres empirikus folyamatok

Tekintsiik eloszlasoknak egy F = {F(z,0) : x € R,0 € © C R¢} paraméterezett
csaladjat, tovabba fliggetlen X7, X, ... véaltozokat kozos F(x, 6p), v € R, eloszlasfiigg-
vénnyel, ahol 0y € ©. Jeldlje F,(x), z € R, a sorozat elsé n elemének, mint mintanak
az empirikus eloszlasfiiggvényét, és legyen 6, az ismeretlen 6, paraméter egy becslése.
Ekkor a becsiilt paraméteres empirikus folyamat

~

b () = n'/? [F(z) — F(z,6,)], r eR.

Miéta Durbin bebizonyitotta, hogy &, (z) gyengén konvergal egy G(z), = € R, Gauss
folyamathoz, amint a mintaméret tart a végtelenbe, a becsiilt paraméteres empirikus
folyamat széles korben hasznélt eszkdz Osszetett illeszkedési hipotézisek tesztelésére.
Sajnos a folyamatra épiil§ statisztikai modszerek altalaban nem eloszldsmentesek, és
a kapcsolatos kritikus értékeket nem lehet elméleti Gton meghatarozni. Szerencsére
ezen nehézségek kikiiszoObolhetGek a paraméteres vagy a nemparaméteres bootstrap
modszer alkalmazéiséval.

Tekintsiink X7,,..., X, bootstrap mintaelemeket az Xy, ..., X, megfigyelések
alapjan. Legyen F),  (r), z € R, a bootstrap valtozok empirikus eloszlasfiiggvénye, és
legyen 0 paraméterbecslés a bootstrap mintaelemek segitségével. A bootstrap becsiilt
paraméteres empirikus folyamat a bootstrap mintaelemekre felirt becsiilt paraméteres
empirikus folyamat, tehat

as, o(x)=n'?[F; (x)— F(z,07)], z € R.

mn,n Mp,N

A folyamatra a &;, ,, jelolést hasznaljuk a paraméteres és a aj, , jelolést a nempara-
méteres bootstrap esetben. A bootstrap alkalmazasdnak motivacioja az az otlet, hogy
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ha &y, . és/vagy a;, . eloszlasban konvergdl ugyanazon hatarfolyamathoz, mint d,
akkor egy 9(dy,) statisztika kritikus értékei becsiilhetéek, mint a kapcsolatos ¢(4;, )
és/vagy ¥(a;, ) funkcional empirikus kvantilisei. Vizsgalataink soran kideriil, hogy

*

Q. » valoban konvergal, de a a;, ., folyamat esetében bias korrekciora van sziikség.

Tegyiik fel, hogy teljesiilnek bizonyos, az F csaladra és az alkalmazott paraméter-
becslg eljarasra vonatkozo feltételek. A 3.2. és a 3.3. fejezetben megmutatjuk, hogy egy
megfelels valoszintiségi mez6n konstrualhato az eredeti és a bootstrappelt valosziniiségi

valtozoknak olyan reprezentacidja, hogy

sup [, (%) = G, ()| =20, n = 00,
z€R ’
a parameéteres, és
My \ /2
sup |&y, o (x) — <—n> G () — Gmn(x)‘ i>0, n— oo,
zeR ' n
a nemparaméteres bootstrap esetben. A G, Gs, ... folyamatok a G Gauss folyamat
reprezentacioi. Ezen eredményekbdl kozvetleniil kapjuk a
N s mp\ /2
Gy, () és a Ay () — <7"> G (), reR,

folyamat eloszlasbeli konvergenciajat a G Gauss folyamathoz.

A bootstrap tesztel§ algoritmus a 3.4. fejezetben taladlhato. Ugyanitt megmutatjuk,
hogy a modszer alkalmazhatd a vizsgalt empirikus folyamatok Kolmogorov-Szmirnov
tipusi szuprémum funkcionéljaira. A 3.5. fejezetben korbejarjuk a tételek regularitasi
feltételeit, és bebizonyitjuk, hogy ezen feltételek teljesiilnek a Poisson és a normalis
eloszlasra és a maximum likelihood becslésre. Hogy bemutassuk a bootstrap technikat
egy gyakorlati alkalmazason keresztiil, az utolsé fejezetben ismertetjiik egy szimulacios
tanulmany eredményeit. A paraméteres és a nemparaméteres bootstrap alkalmazésaval
teszteljiik negativ binomialis mintak illeszkedését a Poisson csalddhoz, valamint lokacio
és skala kontaminélt normalis valtozok illeszkedését a normalis eloszlashoz.

Empirikus valoszintiségi generator folyamatok

Legyen X, X1, X5, ... nemnegativ értéki fiiggetlen és azonos eloszlasi valoszintiségi
valtozo F(x), x € R, eloszlasfiiggvénnyel, és legyen

1 n
g(t) = BtX = /ﬂdF(x) 6 galt) =~ N, 0<t<l,
R j=1

az els6 n elem valdszintiségi generatorfiiggvénye és a generatorfiiggvény empirikus val-
tozata. A fejezetben a 0° szimbolum 1-nek van definidlva, ugyanis sziikségiink lesz a
t* fiiggvény az x valtozdéban vald folytonossagara. Ekkor az empirikus valdszintiségi
generator folyamat

Yalt) = n"2[ga(t) —g(1)] . 0<E<T.
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A generatorfiiggvények hasznalata statisztikai problémak megoldésara nem 1j otlet,
a karakterisztikus és a momentumgeneralo fiiggvényen alapulé hasonld transzformalt
folyamatok ismertek. (Példaul, Csorgs (1981) és Csorgs, Csorgs, Horvath and Mason
(1986).) Ezen modszerek elméleti alapja az, hogy bizonyos feltételek teljesiilése esetén
a transzformalt folyamatok eloszlasban konvergalnak valamilyen fiiggvénytérben. A
valosziniiségi generator folyamat esetében Rémillard and Theodorescu (2000) mondta
ki, hogy =, eloszlasban konvergal a C[0, 1] téren a

Y(t):/Rtde(F(m)), 0<t<1,

folyamathoz minden nemnegativ egész értékii X valtozora. Sajnos a bizonyitasukba
belecstszott egy hiba, de az alapétlet jo, és a bizonyitas javithato.

A fejezet célja kidolgozni egy olyan altalanos és rugalmas eszkoztarat, melynek
segitségével vizsgalhatjuk az empirikus generator folyamat és derivaltjai, valamint a
bootstrap és/vagy becsiilt paraméteres valtozatok aszimptotikus viselkedését. Az ered-
mények abban az értelemben is altalanosak, hogy nem csak az egész értékd esetben
alkalmazhatoak, hanem tetszéleges nemnegativ értéki valtozora.

A 4.2. fejezetben olyan folyamatokat vizsgalunk, melyeket az

L{t) /Rx(x ) (g =+ 1) dK ()

integral definidl, ahol a K(z) fiiggvény elGall egy lokilisan négyzetesen integralhato
M (z) martingal és egy A(x) korlatos valtozasu folyamat Osszegeként, = € R. Emellett
feltessziik, hogy M és A eltiinik a (—o00,0) negativ félegyenesen, és a folyamatoknak
cadlag trajektoriai vannak. A 4.2., 4.3. és 4.8. Allitasban megmutatjuk, hogy bizonyos
feltételek mellett az I, folyamat definidlt a (—1, 1] intervallum valamely [a, b] részhal-
mazain. Az altalanos rész f6 eredménye a 4.7 és a 4.9 Tétel. Fzekben az I, folyamatra
vonatkoz6 egyenlGtlenségeket bizonyitunk

sup |Y,(t)| < Csup |K(x)|
a<t<b z€R
alakban, ahol C' = C(r, a,b) a K folyamattol fiiggetlen konstans. Ezen egyenlGtlenségek
alkalmazasaval a kdvetkezs fejezetekben a generatorfolyamatokra vonatkozo problémak
visszavezethetGek a kapcsolatos empirikus folyamatok aszimptotikus tulajdonsagaira.
A 4.3. fejezetben megmutatjuk, hogy a ~, generator folyamat r. derivaltja

Yt =n'2gl0(t) — g (t)] = /Rx(:t — 1) (= + DI dag(x)

alakban irhaté fel, » = 0,1, ..., ahol g}f) és ¢ az empirikus és az elméleti valoszintségi
generatorfiiggvény r. derivaltja az X, ..., X,, minta alapjan, tovabba a,(x), z € R, a

kapcsolatos empirikus folyamat. Emellett definidljuk az
Y (t) = / w(x—1)-(x—r+1)t""dB(F(z))
R
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folyamatot, ahol B a Brown hid. A 4.10. Allitasban megmutatjuk, hogy %(LT) folytonos és
az Y, folyamatnak létezik mintafolytonos modifikacioja a (—1, 1] bizonyos |a, b] rész-
intervallumain. A 4.11. fejezetben belatjuk, hogy Y, Gauss folyamat nulla varhato
értékkel és folytonos kovariancia fiiggvénnyel. Tovabbé bizonyitjuk, hogy a folyamat
Kolmogorov—Szmirnov tipust szuprémum funkcionaljai és Cramér—von Mises tipusi
integral funkcionalja abszoliat folytonos valtozok korlatos stirtiségfiiggvénnyel.

Mint azt korabban mér emlitettiik, Rémillard and Theodorescu (2000) megmutatta,
hogy 7, eloszldsban konvergal az Y folyamathoz tetsz6leges nemnegativ egész értékii
valtozo esetén, de van egy kisebb hiba a bizonyitdsban. Mindazonéltal az alapotletiik
érdekes, és a 4.5. fejezetben sikeriil kijavitanunk a bizonyitést. A kovetkezs fejezetben
tovabbfejlesztjiik ezt az eredmény, és bizonyitunk egy erds approximéacios tételt a ~,
empirikus valoszintiségi generator folyamatra és derivaltjaira. Ez azt jelenti, hogy egy
alkalmas valoszintiségi mezén megkonstrualjuk a v, és a Y, folyamatok olyan reprezen-
tansait, melyekre

sup |70 (t) = V()| = O(n"?logn),  n—o0,  mb.
a<t<b

Az approximéaciobol azonnal jon, hogy %(f) eloszlasban konvergdl az Y, folyamathoz a
Cla, b] térben. Emellett bebizonyitjuk, hogy a %(f) derivalton értelmezett Kolmogorov—
Szmirnov tipusi szuprémum és Cramér—von Mises tipust integral funkcionalok elosz-
lasfiiggvényei egyenletesen konvergéilnak egy meghatarozott rataval.

A 4.7. fejezetben igazolunk egy iteralt logaritmustételt a %(Lr) folyamatra, megmu-
tatjuk, hogy

i sup SPezizn O] €

nooo  (loglogm)l/2 = 21/2

valamely C' = C'(a, b, r) konstanssal, mely nem fiigg az X valtozo eloszlasatol. Emellett

megmutatjuk, hogy %(f) relativ kompakt a C|a, b] térben, valamint meghatéarozzuk a
hatarfiiggvények halmazat.

A 4.8. fejezetben az empirikus generator folyamat bootstrap valtozatat vizsgaljuk,
és bizonyitunk egy erds approximéacios tételt a folyamatra. Ezen eredmény segitségével
megmutatjuk, hogyan lehet konfidenciasavot konstrualni az X valtozo ismeretlen g(t),
a <t < b, valoszintiségi generatorfiiggvényéhez. Az utolsé fejezetben, egy paraméteres
eloszlascsaladot alapul véve, definidljuk a becsiilt paraméteres valosziniiségi generator
folyamatot, valamint ennek paraméteres és nemparaméteres valtozatat. A 3. fejezet
eredményeit alkalmazva gyenge approximéaciot bizonyitunk a folyamatokra, és vazoljuk,
hogy a folyamatok hogyan alkalmazhatoak illeszkedési hipotézisek tesztelésére.

m.b.
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